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Summary

In this Bachelor thesis we researched the second order finite element method as a method to
solve the one-dimensional Westervelt wave equation. The Westervelt equation is a wave equation
that describes the propagation of a nonlinear plane wave. The goal was to use a first order finite
element method and a second order finite element method to solve the Westervelt equation, re-
search the difference between these methods and known solutions and simulate the effect of certain
changes in parameters. First we developed an understanding of the nonlinear wave propagation
by analyzing the Burgers equation, which is an approximation to the Westervelt equation without
attenuation term in another coordinate system. This analysis explains the influence of nonlinearity
on the frequency spectrum of the solution. By looking at the derivation of the Westervelt equation
changes in wave form during propagation are explained.

We used our own finite element method to make implementations in Matlab to solve the linear wave
equation, the Westervelt equation without attenuation term and the complete Westervelt equation.
To deduce the implementations, we assumed that our unknown solution was a linear combination
of first order basis functions. We then wrote the term of the equations into these linear combination
and paraphrased them as matrix vector multiplications. Finally, a backwards differential method
was used to solves these matrix vector multiplications iteratively in time.

We compared the solutions of the linear wave equation using FEM to the known analytic solution
and compared the solutions of the Westervelt equation without attenuation term to the solution
of the Burgers equation. The finite element method cannot not be completely accurate because it
depends on a mesh size that is not infinitely small. This means we always use an approximation
in space. There is also an error in time, because we use backwards difference scheme to solve the
equation iteratively in time. To approve accuracy we should put research into an adaptive mesh,
where we choose a mesh with a lot more points around the peaks.

The difference between the first and second basis functions of the finite element method was for
the linear wave equation only caused by the small phase shift of the solutions. For the Wester-
velt equation with and without attenuation term the difference was larger, because of the effect of
the nonlinear term on the Westervelt equation. The nonlinearity caused the slope of the wave to
steepen when going from a maximum to a minimum. This effect eventually caused the formation
of shock waves. The attenuation term inhibited the effect of the nonlinearity on the form of the
wave during propagation and thus made the slope of the wave less steep. As a result, no shock
waves were formed. The formation of shock waves was immediately clear, when we looked at the
solutions at two times the shock wave distance. We concluded from this that the finite element
method is not usable after shock waves are formed. We have also shown the frequency spectrum of
the solutions and saw the transfer of energy to higher harmonics for the solutions that depended on
nonlinearity. The attenuation term damped the transfer of energy and indeed in the spectra we saw
less peaks in the higher harmonics. Lastly, we discussed a sudden change in velocity of the wave and
calculated the amplitude of the reflected and transmitted wave. We simulated these waves with our
implementation in Matlab and concluded that the theory about reflection and transmission agrees
with our simulations.
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1 Introduction

1.1 Medical Acoustic Imaging

Through the late 19th and 20th centuries there was a deep desire to look inside the body. This caused
many scientists to develop diagnostic and treatment devices that used all kinds of waves. Rontgen’s
discovery of the X-rays is just one example of this. Interestingly not only the desire to see the insides
of a live body caused this vast spur in development. Also the sinking of the Titanic in 1912 triggered
people to discover applications to search the bottom of the ocean. This search for discoveries was
stimulated by the French government, because they wanted a device that was able to detect enemy
submarines during the first World War. The basis of medical ultrasound was formed in that device
but it was not till 1940 that the first ultrasonic echo imaging device was made. Karl Theo Dussik was
the first person to make an image of the human body using ultrasonic echo.

Now medical acoustic imaging is a standard in the medical diagnostic practice. The most known use
is obstretric ultrasonography during pregnancy. This creates the real-time image of the fetus in its
mother’s womb. This image is used to monitor the health of the fetus and detect potential problems
with the fetus. The gender of the fetus can also be discovered by imaging. Beside obstretric ultra-
sonography, acoustic imaging is also used in many other applications. In cardiography, for example,
it has given the cardiologists a way to diagnose several heart diseases and abnormalities.

Figure 1.1: An image of a fetus in the womb of a mother made with obstretic
ultrasonography.

Ultrasonic images are made by sending ultrasound pulses into the body using a probe. The sound
echoes off the tissue. These echoes contain spatial and contrast information. The probe records the
different echoes and sends them to a computer that processes the echoes and displays the image. With
obstretric ultrasonography the fetus will reflect an echo that has a different intensity and shape than
the echo reflected by womb tissue. So the computer will process them differently and they will have
a different color in the image. The fetus is solid, so the wave will bounce off and the computer will
show this as a light-colored image. The tissue of the uterus is a lot less compact, so most of the sound
wave will pass through and the echoes will be few and faint. In the image this region will stay black.

There are a lot of advantages using ultrasound imaging compared to other imaging procedures.
Firstly, ultrasound uses non-ionizing sound waves. These waves are not associated with the formation
of cancer, while other imaging procedures can only be used a maximum amount of times on a person’s
body because of radiation exposure. That is one of the reasons why ultrasound imaging is used
to make an image of a fetus in an uterus, so the fetus does not get exposed to radiation. Another
advantage of ultrasound imaging is that it is far less expensive than a CT-scan or a MRI. Additionally,
with ultrasound imaging a real-time image can be made. So when making an image of a heart, the
heartbeat and its influence on the heart tissue are visible. So, for example, a cardiologist can see



abnormalities during the closing of the heart valve when the heart is beating.

Since 1940 the ultrasound imaging has been revolutionized. One sizable improvement is the adding
of a spatial element. Multiple 2D-images at different angles can be converted to a 3D-image which
gives doctors an advantage when looking for abnormalities. The first 3D-image of a fetus was made
by processing raw 2D-images in 1986 [1]. Another improvement is the adding of contrast agents. The
contrast agents are bubbles filled with gasses, composed of soft- or hard-shell material. On the shell of
the bubbles specific ligands are coupled, which bind to specific molecules in tissue. Thus the bubbles
improve the sensitivity for tumor detection by enhancing the contrast between different structures.[2]
Finally, the utilization of the nonlinear distortion of the ultrasound field has resulted in significant
improvement of the image quality. The utilization of nonlinear distortion is elaborated in [3] and [4].
In the next section this nonlinear distortion will be explained in more detail.

1.2 Westervelt equation

When working in the field of acoustics the propagation of the sound waves have to be described by a
nonlinear wave equation. The nonlinearity is caused by field dependent medium behavior that shows
up in the derivatives as well as in the medium parameters of the wave equation. This nonlinearity
only has significant effect at large acoustic pressures or frequencies, so most of the time it is sufficient
to use the linear wave equation to model wave propagation. This works especially when attenuation
is taking into account as well, because it damps the effect of the nonlinear term. The solution to the
linear wave equation is well known, so it is easy to get information about the propagation. However
the linear wave equation is not usable for all applications of acoustics, like medical acoustic imaging.
In medical acoustic imaging ultrasound waves are used. These waves have high frequencies and high
amplitudes so the nonlinearity becomes significant.

In this thesis we will state an equation which describes the nonlinear wave equation in general terms.
This equation is known as the Westervelt equation and is given by
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where p is the unknown pressure field, § is the coefficient of nonlinearity, d is the sound diffusivity, pg
is the ambient density of mass and ¢y is the small signal sound speed. The subscript 0 emphasizes (for
all materials) that we mean the small signal sound propagation speed in case of ¢y and the ambient
density of mass in case of py, which must not be confused with the local sound propagation speed and
the local density of mass. § is a coefficient with SI-units m?/s that accounts for the attenuation of
the wave. The acoustic energy losses are mostly caused by absorption and scattering. The coefficient
depends on the shear viscosity, the buld viscosity, thermal conductivity and specific heat. More
discussion on this coefficient can be found in [4]. § is a dimensionless material property that accounts
for the nonlinear effects. It is theoretically derived from the equation of states and its values are
usually obtained empirically. More discussion on this coefficient can be found in [3] or [5].

If we set 8 =0 and § = 0 in the Westervelt equation, the linear wave equation is left. The term with
f3 is clearly nonlinear, because the second derivative of p? is taken. So it is understandable that when
the frequency and wave amplitude are considerable the partial derivative becomes very large, which
causes nonlinear propagation.

In this thesis only the one-dimensional version of the Westervelt equation is used. So V2 is replaced
Withai; with z the spatial coordinate.

1.3 Finite Element Method

The Westervelt equation (1.1) does not have a known analytic solution. This is because of the nonlin-
earity, superposition of wave fields does not apply. With linear waves the wavefield of a combination
of several sources is equal to a superposition of the wavefields of several sources. Because of the non-
linearity the pulse shape of the wave deforms during propagation thus the principle of superposition
cannot be used. So this equation has to been solved numerically. There are a lot of different common
methods to solve the Westervelt equation. Because of the large amount of computation time that is



needed these models have been limited to 1D or 2D cartesian of cylindrical implementations. The
first method to solve the Westervelt equation is the use of finite difference method. This is the most
straightforward way. The derivatives in the equation are approximated by finite difference schemes.
The new equations that are derived from this are solved iteratively in time. Sparrow and Raspet [6]
studied nonlinear effects in air both with a finite difference solution of a set of first-order conservation
laws. Solovchuk and Sheu used an implicit finite difference time domain method to solve the nonlinear
Westervelt equation to investigate the influence of blood flow on temperature distribution during high-
intensity ultrasound[7]. Another method to solve the Westervelt equation is with the use of Greens
function. It is used to solve the Westervelt equation iteratively and the nonlinear term is viewed as
a source function to the linear wave equation. Jing, Tao and Clement proposed an implicit solution
for the nonlinear term by employing the Greens function and used this to solve the nonlinear wave
equation [8]. Another method is the finite element method (FEM). For this method the Westervelt
equation first has to be written into its weak formulation. This weak formulation is then solved for
given boundary conditions and a specific test function. This new equation is then solved using specific
basis functions. For the time domain the approximation of the derivatives with difference schemes is
used.

In this thesis the applicability of FEM to the Westervelt equation is researched. We want to research
FEM as a method to solve the Westervelt equation, because it is a method that is not commonly used
to solve the Westervelt equation. So there is still research to be done about solving the Westervelt
equation using FEM. Another reason why we have chosen the FEM method is the fact that this thesis
is actually a continuation of Bas Dirkse’s Thesis [9]. In his thesis the applicability of first order FEM
to the Westervelt equation is researched. He discovered that his own implementation of first order
FEM was more accurate than more general build-in time solvers. Also was concluded that FEM had
an advantage over other methods when solving equations with inhomogeneous domains. He concluded
that it is more advantageous to use higher-order basis functions, since they reduce the relative error
by a larger factor than the low-order basis functions for certain refinement. The higher-order FEM
use more auxiliary points in between every two element points than lower-order FEM, which should
give a better approximation. To test this theory, a first order FEM and a second order FEM are used
to solve the Westervelt equation in this thesis. In the thesis of Bas the Westervelt equation is taken
without attenuation term. In this thesis the effect of the attenuation term on the solution and the
efficiency of the solving scheme is researched as well. The values of the parameters of the surroundings
are also researched on the effect that they have on the solution.

To compare the accuracy of the solution by using FEM, the solution to the Burgers equation is used.
The Burgers equation is an equation derived from the one-dimensional lossless Westervelt equation
that can be solved implicitly, because it neglected some terms. The derivation of the Burgers equation
and the information on the propagation it contains are described in Section 2.1.

1.4 Structure of this thesis

In Chapter 2 we study the derivation of the Burgers equation along with its implicit solution. In
Matlab we use interpolation to turn this implicit solution into an explicit solution to compare to
solutions made with the finite element method. In Chapter 2 we also study wave propagation given
by the Westervelt equation. This propagation tells us where and why shock wave formation occurs.
We also discuss the effect of the attenuation term on the shock wave formation. In this Chapter
the frequency spectrum of the solution to the Burgers equation is debated, as well. It explains that
through nonlinearity the energy will transfer to higher harmonics. Finally, we discuss the effect of a
change in parameters during the propagation of the wave. If we change the small signal sound speed of
the wave during propagation, reflection and transmission of the wave will occur. Formulas to compute
the amplitude of the reflected and transmitted wave are given.

In Chapter 3 we discuss solving the Westervelt equation using the finite element method. Firstly, we
write the Westervelt equation into its weak form using a test function v. The unknown pressure wave
function and the test function are both linear combinations of basis functions. In this Chapter we
discuss first order and second order basis function in space. First we use first order basis functions in
space. With these basis functions we write out the terms of the equation in basis functions and we



determine which terms of the summation are zero. The rest of the terms are now smartly written into
a matrix vector multiplication. After we have solved the equation in space, we explain how to solve
the equation iteratively in time using difference schemes. We do the same for the Westervelt equation
without attenuation term and with attenuation term. We repeat this notion using second order basis
functions. We implement the matrices and difference schemes that we got in Matlab.

In Chapter 4 we discuss the results obtained by the Matlab implementations from Chapter 3. We put a
source function at x = 0 into the wave equation. For the linear wave we know the analytic solution, so
we implement this into the figure with the solutions of the linear wave equation of the first and second
order FEM. Into the figure with the solutions of the Westervelt equation without attenuation term
of the first and second order FEM, we put the explicit solution of the Burgers equation to compare.
All the figures are plotted at the shock wave formation distance. For the figures of the linear wave
equation and the Westervelt equation with/without term of attenuation we also show the difference
between the solution of the first order FEM and the second order FEM. We discuss if the figures
agree with the theory. We plot the solutions to the different wave equations at two times the shock
wave formation distance and discuss the changes. Thereafter, the frequency spectra of the solutions
are shown to make the nonlinearity of the solutions of the Westervelt equation clearly visible and the
effect of damping on the nonlinearity. Finally, solutions are plotted for a sudden change in small signal
sound speed in the middle of the travel length. This sudden change of parameter causes reflection
and transmission waves to arise. For different changes in small signal sound speed the reflection and
transmission coefficients are calculated. These coefficients are linked back to the figure and agreements
are discussed.



2 Theory

2.1 Burgers equation
2.1.1 Derivation of the Burgers equation

To derive the Burgers equation the comoving or retarded time, 7 =t — % has to be introduced into
the lossless Westervelt equation. We change the coordinate system from (z,t) to (z,7). So p, the
unknown pressure field, now is a function of p(z, 7). The first order derivatives of the new coordinate
system are
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So if we use the new derivatives to rewrite all the term of the lossless Westervelt equation we get the

following equation.
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Within the comoving time frame, the variation of the pressure with respect to  small. So using
this we neglect the second order derivative with respect to z and then we integrate the function with
respect to 7. Finally we multiply this final equation with the factor —% and this gives us the lossless

Burgers equation [4].
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For this Burgers equation an implicit solution is known as derived in [4] and [10]. It is of the form
_ _ B
p(x,7) = f(¢), ¢ =7+ o (# — xo)p(z,7) (2.4)
0

where p(xg, 7) is the source pressure as a function of the comoving time at = xg. This solution can
be used to compare to the solution obtained by FEM.

2.1.2 Numerical approximation to the implicit Burgers solution

If we define z = xg + Az and subsitute the Taylor expansion of p(zy + Ax,7) around z( into ¢ from
(2.4) and neglect the higher-order terms, we obtain [10]

p(xo + Az, 7) ~ p(xo, T + iAm;zo(ac 7)) (2.5)
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This approximation is valid only if p(z,7) varies slowly over Axz. So with a source function at z = 0
we can get the explicit solution at every x of our domain length iteratively. To compare this to a FEM
solution the coordinate system has to be changed back so we change back the time basis for every x

p(a,t) = plz, 7 + %) (2.6)

A implementation of this explicit scheme can be found in Appendix A

2.2 Nonlinear wave propagation using the Westervelt equation

In this thesis we did not discuss the derivation of the Westervelt equation, but we just gave the general
form. However, the derivation gives us a lot of information about the propagation of the wave. In [3]
and [4] the derivation is explained. It tells us for the lossless Westervelt equation that at a point of
constant pressure the velocity at that point is

da 8
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So every point of a wave moves with the constant small signal sound speed and an extra nonlinearity
factor that depends on the pressure at that point. This means that when we are discussing a linear
wave all the points of the wave travel with the same speed ¢y. But when discussing a nonlinear wave
this means that the point of the wave at maximum pressure travels a lot faster than the point at
minimum pressure.
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Figure 2.1: Every point of a wave moves with the constant small signal sound speed
and an extra nonlinearity factor that depends on the pressure at that point. [4]

So when traveling in time there will be a point that the higher pressure point takes over the lower
pressure point. This is where % — —oo. At this point a shock wave is formed and we call this point

the shock formation distance. This shock formation distance is derived in [4] and is given by

3
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ae 18 the maximum of the derivative of the source function f to the variable that it depends on.
If we assume that the source is a single frequency sine wave (f(t) = Pysin(2w fot), with fy the frequency
and Py the amplitude of the wave), then the derivative with respect to t is f’(t) = 2 fo Pocos(27 fot).
Thus f] .. = 27 Py fo and using this in Equation 2.8 we get

(2.8)
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The lossless Burgers solution is valid only on the area in front of the shock formation distance. This
is because in the derivation it is assumed that the variation in pressure with respect to x is small and
at the shock formation distance the variation goes to infinity.

Now we have not taken into account the effect of the attenuation term on the nonlinear Westervelt
equation. The attenuation term damps the amplitude of the wave and damps the velocity of the wave,
especially at the points of high pressure. So the attenuation term can retain the beginning of the
shock wave. If the coefficient of attenuation is very small it will slow the steepening of the wave, but
it will not stop the forming of a shock wave. If the coefficient of attenuation has a greater influence
than the nonlinear term no shock wave will form. So the point of high pressure will never overtake
the point of low pressure. Because of the effect of attenuation on the amplitude of the wave, this wave
will just eventually damp out.

Tsh (29)
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Figure 2.2: First the wave is a normal sinus. The wave undergoes nonlinear
propagation and it slope steepens. But because of attenuation also working on the
wave, the wave will not become a shock wave but will remain propagating with a
shrinking amplitude.

2.3 Fourier Spectrum

In this section we will explain what happens to the Fourier spectrum of nonlinear wave propagation.
For a single frequency source there is also an explicit solution known to the Burgers equation (2.3)
found by Fubini in 1935 [4]. For this solution we assume the source has the form of

p(0,t) = Pysin(wt),

Fubini found that given this source the solution to the Burgers equation is
2
plo,7) =Py Z — Jn(no) sin(nwr), (2.10)

where 0 = x/xg4, is the dimensionless measure of length and J,, is the ordinary Bessel function of
order n. Because of our derivation of the Burgers equation it is only valid for 0 < ¢ < 1 [11]. This
solution shows that energy is passed over to higher harmonics as the wave travels along z. So at small
o the energy is still based in one peak at the source frequency. When z travels to z, the energy of
the first peaks is passed over to higher harmonics. So the first peak will lose part of its amplitude and
more peaks will arise. It is important to remember that this happens for the solution of the Burgers
equation and this is a consequence of the nonlinearity of the Burgers equation. For the linear wave
equation the energy will not transfer to higher harmonics so in the frequency spectrum there is only
one peak.

This is an important observation that does not only apply to single frequency sources. For each
frequency component in the source function, higher-order harmonics will form as the wave progresses.
In this thesis, however, we will keep our research to a single frequency source function.

2.4 Reflection and Transmission Coefficients

We know from the Introduction that the Westervelt equation is used in medical ultrasound to make
an image of the insights of a body. To get this image the wave has to travel through a lot of different



tissues in the body. These tissues all have distinct parameters. These changes in parameters cause
the arising of acoustic reflection and transmission. Now in this thesis we want to simulate this on a
smaller scale. We assume that somewhere in the travel length the medium changes. We also assume
that the wave is incident to the interface between the two media. We know that the displacement and
the stresses of the incident wave plus the reflected wave have to be the continuous before and after
the interface with the transmitted wave. We define the acoustic impedance as [12]

Z = pc (2.11)

with p the ambient density of the medium and ¢ the small signal sound speed of the wave in the
medium. This gives us the following equations for the reflection and transmission coefficients [12]:

 Zo— 74

R=——+ 2.12
Z1 + Zo (212)

275
T=—" 2.13
21+ 2o (2.13)

The index of the impedance is used to describe the medium in which the impedance act. The index
1 is given to the medium in front of the interface and the index 2 is given to the medium after the
interface. These reflection and transmission coefficients describe the amplitudes of the reflected and
transmitted waves .

10



3 Using the Finite Element Method for solving the Westervelt equa-
tion

In this section we formulate a first order and second order finite element method to solve the one-
dimensional Westervelt equation. We do this to analyze the difference between the numerical solutions
of the first order finite element method and the second order finite element method. We want to
research FEM as a method to solve the Westervelt equation, because it is a method that is not
commonly used to solve the Westervelt equation. Another reason why we have chosen the FEM
method is the fact that this thesis is actually a continuation of Bas Dirkse’s Thesis [9]. In his thesis
the applicability of first order FEM to the Westervelt equation is researched. He discovered that his
own implementation of first order FEM was more accurate than more general build-in time solvers
and it was very applicable for inhomogeneous domains. He concluded that it is more advantageous
to use higher-order basis functions, since they reduce the relative error by a larger factor than the
low-order basis functions for certain refinement. The higher-order FEM uses more auxiliary points in
between every two element points than lower-order FEM, which should give a better approximation.
To test this theory, we formulate a first order FEM and a second order FEM to solve the Westervelt
equation. Another important change from the thesis of Bas is researching the effect of the attenuation
term on the solution. That is why in this chapter the attenuation term is a part of the eventual finite
element scheme that we deduce.

First, we start this chapter by writing the Westervelt equation into its weak form using a test function.
Then we introduce our first order basis functions in space. The unknown solution and the test function
can both be written as linear combinations of the basis functions. Next every term of the Westervelt
equation is written into the linear combinations. The terms of the summations that are zero are
subsequently determined and the summations are written into matrix vector multiplications. This is
done in succession for the terms of the linear wave equation, the linear wave equation with the nonlinear
term and the complete Westervelt equation. For these three equations we also determine how to solve
them iteratively in time using a backwards differential scheme and successive approximation. The
same approach is used for second order basis functions. So eventually we have for the first order and
second order FEM three backward differential scheme to solve iteratively in time; one for the linear
wave equation, one for the Westervelt equation without attenuation term and one for the complete
Westervelt equation.

3.1 Weak Formulation

We want to cast the one-dimensional Westervelt equation into its weak formulation. To do so, we
start with the Westervelt equation accompanied by suitable initial and boundary conditions:

Pp_ 19 5%p_ B 9%
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Note that f(t) is the source function at z = 0. Then we multiply the PDE by a (arbitrary) test
function v(z) and integrate over the domain to get
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which is the first weak formulation. We need to add a constraint to (3.2) in order to make it equivalent
to (3.1). We require that v is sufficiently smooth and satisfies v(0) = v(L) = 0, since p has essential
boundary conditions at x = 0 and x = L [13]. Now if we integrate the first term by parts to reduce
the highest order spatial derivative present in the weak formulation, we get

11
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homogeneous boundary conditions. Plugging (3.3) into (3.2) and multiplying by —1 we get the desired
weak formulation
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v(x)dz, (3.4)

which is now only valid for all smooth v satisfying v(0) = v(L) = 0, since we used this condition in
(3.3).

3.2 First order FEM
3.2.1 Discretization of the linear wave equation

We start by taking a look at discretizing the linear wave equation, i.e. =0 and 6 =0 in (3.1).

Discretization in space We can discretize the domain into n elements, and hence n + 1 nodes in a
one-dimensional problem, where xyp = 0 and x,, = L. The unknown solution p can then be expanded
as a linear combination

n

n—1
pla.t) = Y ui(t)di() = uo(t)do() + un(t)dn(@) + Y uilt)di(x), (3.5)
i=1

1=0

where {¢; : i = 0,1,...,n} is a set of suitable basis functions around z;. Note that uy and u,, are
known from the Dirichlet boundary conditions. We choose ¢; to be a piecewise linear function such
that

1 ifi=g
gbl(xj)—{o7 iz (3.6)

In Figure 3.1 we have shown two of such basis functions.

1

0.9

0.8
0.7
0.6
0.5
0.4
0.3
0.2

01/

0 / L Il L 'l L
1 1.5 2 25 3 3.5 4

Figure 3.1: Example of two adjacent basis functions

In the figure above and the Matlab scripts we have used the basis functions that are defined as
followed:

;ig:iill, if x € [:L'i_l, xz]
$i(x) = § gy if @ € (24, Tiga] (3.7)
0 else
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If we assume that the test function v can also be represented by (linear combinations of) these set
of basis function {¢; : i =0, 1,...,n} [13], we obtain the following finite element representation of the
weak form:

{Find the set {u(t),...,un—1(t)} such that, (3.8)

S (u Jy $idhda + i [ czbiqudx) —0 Vje{l,..n—1}

It is important to note that fOL ¢§¢9dm and fOL ¢i¢jdx vanish if [j — i| > 1, because of the choice of
the basis functions.

Looking more closely to the case j = 1 in (3.8), we see that there is a non-vanishing term containing
ug, which accounts for the (time-dependent) Dirichlet boundary condition. Since ¢o(0) = 1 it follows
that ug(t) = f(t), the source function which is known. Hence, we can bring that term to the right-
hand-side of the equation and obtain

n L 1 L L 1 L

i—1 0 % Jo 0 € 0

Of course when wug(t) is known, iy can either be calculated analytically or can be approximated
numerically to an arbitrary accuracy.

The case 7 = n — 1 is similar to j = 1, where a non-vanishing term containing w,, exists. u,
accounts for the homogeneous Dirichlet boundary condition at = L and therefore uy,(t) = 0. So that
term can just be eliminated from the set of equations.

Recognizing that the set of equations described by (3.8) can be written in matrix vector notation,
we get

Ku+ Mii =g, (3.10)
where the elements of the mass matrix M and the stiffness matrix K are
K(i,j) = [ di¢)de  and )
M(i,j) = %fOL pigidr Vi, j € {1l,...,n—1}

respectively.

Note again that M(i,j) and K(i,7) equal zero if |j —i| > 1 and thus M and K are very sparse
(n — 1) x (n — 1) matrices. If we use the basis functions given by formula 4.7 we get the following
values for the matrices.
For matrix K all possibilities are

.o L i 1 i 1
K(Z,’L) = fO ¢;¢;daj‘ = f;_l mdw + f; i mdlﬁ
_ 1 1
R T Tip1—;
. L ;
K(i,i+1) = [y ¢i¢i, de= ffz 1 xiilxiﬂ xiﬂlfxi dx (3.12)
_ 1
T
. . L
K(i+1,9) = [y ¢ ¢ide= _-'EH—ll—-'Ei

For matrix M all possibilities are

M) = kI e =k T (e [T ()

2 w1 NTi—mi Ti—Tit1
_ 1 1
= 32— zio1) + 55 (@i — 1)

M(i,i4+1) = %fOL bidii1dr = %fyl LTipl _2o@i gy (3.13)

Ti—Titl Tip1—T;
- (s .
= g (Tit1 — )

. . L
M(i + 1,4) % Jo Gir1ida = é(%’ﬂ — ;)
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and the elements of g are given by

L) {—uo(t) Jy dhrde — Fiio(t) [y dodrda, if j =1 (3.14)

0, if j £ 1.

The right-hand-side vector g is a column vector of length n — 1 and only the first value is not equal
to zero because of the boundary condition.

Discretization in time The semi-discretized system (3.43) still needs to be discretized in time. We
can do that by use of finite difference methods. We would like to use a backward differential formula
accurate up to O((At)?). This is given by (see Appendix B for derivation)

2uk — suk—1 4 4uk—2 _ k-3
KuX+M =gk 3.15

where u¥ is the vector containing the coefficients {u1, ..., u, 11} at time t;. Solving (3.15) for uX, we
arrive at

((At)*K 4 2M)uk = 5Muk~1 — 4Muk~2 + Muk—3 + (At)2gk, (3.16)

which can be solved quickly for u¥ by Matlab’s backslash operator without inverting the matrix
((At)’K + 2M). So u¥ can be calculated from the values of u at times t;_q, tx_o and t;_3. Using
iteration the solution can be solved in evolving time.

We identify u® as the initial condition, discretized in space. But in order to initiate the above
scheme, we need an u'! and a u?. We can get u1 from the initial condition on the first time derivative
of the pressure field. If we discretize 2 F7]i=0 as 0. then we can estimate u'! by

ut = u + Ara®. (3.17)
To solve for u?, we start with one time step of first-order accuracy (i.e. use the fifth equation in (B.6)),
which only depends on the previous two time steps. So using this scheme the u? can be found. After
that the backward differential formula with second order accuracy will be used.
A Matlab code implementing this finite element scheme can be found in Appendix C.1.

3.2.2 Discretization of the nonlinear term

Discretization in space We start by expanding the time derivative in the right-hand-side term of

(3.4), which gives us
0%p? o0 o 0 dp Op 0%p
P _ 9202 = 22 ) =2 L) +2p%L 1
12 8t<8tp at\ ot ot ) T Poe (3:.18)

Using the same basis function and linear expansion of p(z,t) as in Section 3.2.1, we get the following
set of terms on the right-hand-side of (3.8)

(Zm@) ( Z um¢m> ¢z + —— (Zuqﬁ) (;:()um%) ¢;dz, (3.19)

for the j¥" equation, where j € {1,2,...,n — 1}. Interchanging summation over i and integration, we
get

PO Co poc o

n n

> 2p L(Zu é >¢¢dx+zu 25 <zn:u b >¢>-¢-dm (3.20)
7 4 0 mY¥m 1Y) (] mzomm 1Y) . .

Now if we recognize that both integrals vanish if m # j —1, 4,7+ 1 (because of the choice of the basis
functions), we can eliminate the summation over m to arrive at
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Z?:() U; uj 1p064 fo ¢] 1¢z¢jdx+ujp o fo ¢j¢l¢]dm+uj+1 —7 fo ¢j+1¢l¢]dm +

pocy

(3.21)
Z?:()ﬂi Uj— 1p0c fo ¢] 1¢z¢jdx+ujp C4 fo ¢j¢z¢yd$+uj+lpoc4 fg ¢j+1¢l¢]d‘r )

for the j** equation, where again j € {1,...,n — 1}. (3.21) is the term that should be added to the
right-hand-side of (3.8).
Identifying three new matrices Cy1, Co and Cg with elements

Cl(i7j> = poc4 0 ¢] 1¢Z¢jdm
Ca(i,j) = fO Gjpipidx and (3.22)

POC

03(7”.7) = 4 fo ¢]+1¢Z(Z)de V’L,j € {17"'>n_ 1}

POCH

respectively, we can express (3.21) more compactly as

Yooty | wj—1C1 (i, 5) + 4;C2(4, ) + 14 1Cs(i, ) +
(3.23)
Yoot | uj—1C1(4,5) + u;Ca(i, §) + ujr1Cs(i, j)

In each of the equations j = 1,...,n — 1 where the term between brackets does not vanish for ¢ = 0
and i = n (this is only the case for j = 1 and j = n — 1 because of the choice of basis functions), those
contributions to the summation, which account for the Dirichlet boundary conditions, are separated
and absorbed into the g vector as mentioned in Section 3.2.1.

Now if we look carefully at the first term of (3.23) we see that for a fixed j*" equation, all elements
Ci(i,j) Vi e {1,..,n — 1} are multiplied by @;_;. All elements Ca(4,5) Vi € {1,...,n — 1} are
multiplied by @; and all elements Cg(i,j) Vi € {1,...,n — 1} are multiplied by ;1. The second
term of (3.23) is similar except each row of a C matrix is multiplied by u;_1, u; and ;41 respectively.
This applies for all j =1,...,n — 1. Therefore (3.23) can be written in full matrix form as

(49 0 0 [0, 0 - 0 (4 0 0]
< (_) L Ko (_] Y2 ey 9 s C3> it
0 0 Un—2 0 0 Up_1 |0 0 ]
] ] ] ] ] ] (3.24)
uQ 0 0 (51 0 0 u9 0 0
< 9 L Ko 9 Y2 oyt 9 s C3> ii.
N { N { N
i 0 0 Up—2 | i 0 0 Up—1 | | 0 0 Un, |

Note that all explicitly given matrices in (3.50) are diagonal matrices, such that when matrix multi-
plication is used, the the first term on the diagonal is multiplied by the first column of Cx and so on.
Also note that we know ug and u, from the given Dirichlet boundary conditions and there derivatives
can therefore be calculated analytically or numerically.

Now name the matrices in the first row of (3.50) from left to right H_1 (@), Ho(1), H1 (1) and in
the second row I_1(u), Ip(u), I;(u), where the bracket notation means that H is a function of &1 and
I is a function of u.

Defining
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N, (u) = H_1(1'1)01 + Ho(ﬁ)02 + H; (fl)Cg and
(3.25)
Nz(u) = I_1(u)Cl + Io(u)C2 + I (u)C3 R

we can finally state the semi-discrete matrix form of the finite element formulation of the one-
dimensional Westervelt equation:
Ku + Mii = Ny(a)a + Nz(u)ii + g, (3.26)

where g now also includes the Dirichlet boundary condition contributions of the nonlinear term:
L . L
— Jy ¢h¢hdr — %Uo Jo doprdx
. .2 L .2 L
+p uoé Ih ¢0¢0¢1d1‘+ulé Jo P1¢0p1dx

tiio | w0 22 [ dododrda +ur 2y [ drgodnda |, it j =1

p pocy

0, if j # 1.

Discretization in time Now we focus on the time discretization of (3.52). As in the linear case,
we use a second-order backward differential scheme. But for these equations we also need first order
backward differential scheme. The derivation of expressions for these derivatives of first order and
second order accuracy can be found in Appendix B. Applying them to (3.52) gives us

k_rik—1 k—2_ k-3
Kuk—i—M2“ Su (Zt4)121 u —

(3.28)

3uk—quk—14uk—2,\ 3yk_gquk-1pyk—2 k) 2uk—5uk—144uk—2_yk-3 k
Ny ( 2At ) AL + N2 (u®) (At)2 +8"

where just as before we find u! from the given initial condition u® and its derivative 01°, and find u?
from a single first-order BDF time step.

(3.28) is an implicit system of nonlinear equations in unknown u* which can not be made explicit
in a straight forward way. Therefore we solve it by the method of successive approximation. Because
the time step At is small, we expect this method to converge in just a few iterations.

During each time step we start by estimating u¥, i.e. by Qu® = u}‘inear, where uﬁnear is the solution
to (3.16) and the left superscript 0 means that it is an initial guess for uX. We can then, based on
this guess, calculate the matrices N7 and Na. Then we can solve (3.28) and obtain Luk., Now we can
repeat calculating Ny and N, and solving (3.28) until max(|*u® — *~1uX|) < ¢, where € is a small
number defining the allowed tolerance. Then we set uX = TuX and we have finished this time step.
This process, which is called successive approximation, is summarized step by step below:

k

1. Initiate by guessing Oyk = Uihear:

2. Calculate N7 and Na.
3. Solve (3.28) for Tuk

4. Tf max(|"u¥ — "1u¥|) < € go to 5.
Otherwise go to 2.

5. set uk = Tuk.
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3.2.3 Discretization of the attenuation term

Discretization in space In the former sections we forgot about one the term, the term of atten-
uation. Now we want to bring that term into our numeric scheme as well. To make it easier we will
forget about the nonlinear term for now.

First we assume that we use the same first order basis functions as we did in (3.7). The unknown
solution p and the test function v can be represented by (a linear combinations of) these set of basis
functions. Using this we obtain the following finite element representation of the weak form:

Find the set {u(t),...,un—1(t)} such that,
n L 1 . L § -+ L . . (329)
Zﬁwmk¢Wﬂx+%wk¢mﬂx—%udbQQMO—O Vje{1,.,n—1}.

It is important to note that fOL ¢;¢sdx and fOL ¢i¢;jdx vanish if |j —i| > 1, because of the choice of
the basis functions.

Also for j = 1 and j = n—1 the Dirichlet boundary conditions still have the same influence, but there
is now an extra term. So for j = 1 we obtain the following equation

L 1. [ 5. [*
(ws [ dhotdn+ i [ igydo— i [ oisar) =
e w0 o (3.30)

L 1 L I
o / Py de — —iig / dodrda + iy / dobrda
0 & 0 €y 0

n

)

Of course when ug(t) is known, iip and U can either be calculated analytically or can be approximated
numerically to an arbitrary accuracy. Just as before for j = n — 1 the term of u, can be eliminated.
Namely because of the homogeneous Dirichlet boundary condition at x = L the value of w,(t) is
always zero.
Recognizing that the set of equations described by (3.29) can be written in matrix vector notation,
we get

1. 9d..

Ku + M( it - i) = g, (3.31)

0 €

where the elements of the mass matrix M and the stiffness matrix K are

K(i,j) = fOLgbggb;dl' and

g (3.32)
M(i,j) = [y ¢ipjdz Vi, je{l,..,n—1}

respectively.

Because of the chosen basis functions M and K are very sparse (n — 1) X (n — 1) matrices. Their
values are given by (3.32). g is a column vector of length n — 1 and only the first value is not equal
because of the boundary condition. The elements of g are given by

gﬁ_{—mawfd@wx—%%@Ug@@ﬂx+%ﬂdﬂﬁﬁmﬂa ifj=1 (3.33)

o, if j # 1.

If the non-linear term is taken into account as well, the set of equations that describes the system
can be described as followed

1. §..
Ku+N(7ﬁ—ju>:Nﬂmﬁ+Nﬂmﬁ+g (3.34)
=0 =0

N; and N3 are the same as in the previous section. M and K are the same as defined as in (3.32).
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Only the vector g has changed.

- fOL 0drdr — C%ilo i dodrdx + %ﬂo(t) Ji dodrdz
¥ dodod " proodida
gi) = (3.35)
il Uo% Jo dododrdr +ur 2 [ drdodrda |, if =1
0, if j# 1.

Discretization in time The semi-discretized system (3.31) still needs to be discretized in time. We
can do that by use of finite difference methods. We would like to use a backward differential formula
accurate up to O((At)?). This is given by (see Appendix B for derivation)

= g*,
(3.36)
where u¥ is the vector containing the coefficients {uy, ..., u, 1} at time t,. Solving (3.36) for u¥, we

arrive at

1 2uX —5uk 1 4 4uk2 —yk3  §25uK —9guk !+ 12uk2 — Tuk3 4 1.5uk4>

K M - —
ut (co (At)? g (At)3

2At  2.56 At 4At
- —i)M) uk = S—QMuk_1 - —QMuk_2+
Co Co € €
At 96 126 70 1.56
—QMuk_3 _ juk—l 4 Tuk_z _ 7uk—3 4 Tuk—4
€ €0 € Co €0

((at"K + (=
(3.37)
+(At)’g"

which can be solved quickly for u¥ by Matlab’s backslash operator without inverting the matrix
((At)’K + 2M). So uX can be calculated from the values of u at times tj_1, tg_o, tx_3 and t_4.
Using iteration the solution can be solved in evolving time.

We identify u® as the initial condition, discretized in space. But in order to initiate the above
scheme, we need an u' and a u?. We can get ut from the initial condition on the first time derivative
of the pressure field. If we discretize 2 F7li=0 as 0. then we can estimate u'! by

ul = u® 4 At (3.38)

To derive the value of u? we use the sixth equation in Appendix B. For this differential formula
we need to know virtual element u~!. Because of the initial conditions we derive that this is equal
to ul. We also need element u® before we can use equation 3.37. These can also be found using the
lower accuracy order backward differential formula(use the sixth equation in Appendix B).

If we also take the nonlinear term into account, we get the following scheme:

k 2uk—suk—14gquk—2_yk3 —2.5uK4+9uk—1_12uk—247uk-3_1.5uk—4 _
Ku*+M Z(Al)? M (AD? =
(3.39)
Suk—quk—14uk—2\ 3uk—guk—14yk-2 k\ 2uk—H5uk—144uk—2_yk-3 k
Ny ( 2A¢ ) IAT + N2z (u®) a2 +g

The first values can be found the same way as described above. The rest of the values are found
using the method of successive approximation as is described in 3.2.2. A Matlab code implementing
this finite element scheme can be found in Appendix C.3.

3.3 Second order FEM
3.3.1 Discretization of the linear wave equation

Now that we have solved the Westervelt equation using the first order FEM, we would like to solve
it using a second order FEM. We want to use second order FEM because they converge faster to the
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eventual solution than the first order FEM. This happens because the second order basis functions
are dependent on more points in the domain.

Now we are going to do the same for second order FEM as first order FEM. We divide the domain
again into n+1 elements. Each element e; has two element points (x; and xj41) and one auxilary
point (z il ). So actually the domain is divided into 2n + 1 points. We can still expand the unknown
solution of p using a linear combination of basis functions, but now the basis functions are of the
second order.

The second order basis functions are defined as follows

ifx e [I‘Z;l, .%1]

z—x, ?)
i+ ifx e [xz-, $i+1] (340)

0 else

—j=1
\\ ~ “ —— =32
\ /! \ =2
08+ N\ /
\\\
\\\ .'.'
0.6 N/
A
/\
/ Y
\\
0.4 r N\
: \\\
AN
AN \
02 / \ A
.
0 > A
ey -
-0.2 *
1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2

Figure 3.2: Example of a quadratic basis function

We can also expand the test function v in the above basis functions. If we do this we get the
following finite element representation of the weak form:
Find the set {u1(t),ui(t), ..., un—1(t),u,_1(t)} such that,
2
N L . L .
Z(ﬂl(mk¢@m+%mk@@wzﬂ) Vie{l ..n—1}

RN

(3.41)

It is important to note that fOL ¢§¢9dm and fOL ¢i¢jdx vanish if [j — i| > 1, because of the choice of
the basis functions.

Looking more closely to the case j = 1 in (3.41), we see that there is a non-vanishing term
containing ug, which accounts for the (time-dependent) Dirichlet boundary condition. Different to the
first order basis equation there is also a non-vanishing term containing ug in the case of j = % Since
¢0(0) = 1 it follows that ug(t) = f(t), the source function which is known. Hence, we can bring the
terms to the right-hand-side of the equations and obtain

u/ didyde + /wldx = o [ hoyaa - %uo/OLm@d:c

2

> / Hidhde + / Gidrdz) = —ug / Syshda — /0L¢0¢1d$

2

(3.42)
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Of course when wug(t) is known, iy can either be calculated analytically or can be approximated
numerically to an arbitrary accuracy.

The case j = n — 1 and j :n—§ is similar to j = 1 and j = 4 55
containing u, exists. wu, accounts for the homogeneous Dirichlet boundary condition at * = L and
therefore u,(t) = 0. Those terms can just be eliminated from the set of equations.

Recognizing that the set of equations described by (3.41) can be written in matrix vector notation,

where a non-vanishing term

we get
Ku+ Mi =g, (3.43)

where the elements of the mass matrix M and the stiffness matrix K are

K (2i,25) i ¢idide  and

L L L o (3.44)
M(2i,25) = %fo ¢igjdr Vi,je{s,1,..,n—1,n—

}

N[

respectively.

Note again that M(2i,25) and K(2i,25) equal zero if |j —i| > 1 and thus M and K are very sparse
(2n — 1) x (2n — 1) matrices. The elements of g are given by

—uo(t) [y’ hdydr — io(t) [y’ dodyda, ifj =3

8(27) = { ~uo(t) Ji* dhoida — iiolt) [ donda, 5 =1

0, else

(3.45)
The right-hand-side vector g is a column vector of length 2n — 1 and only the first two values are not
equal to zero because of the time-dependent Dirichlet boundary condition.

The discretization in time is the same for the second order as the first order FEM.

3.3.2 Discretization of the nonlinear term

We start by expanding the time derivative in the right-hand-side term of (3.4) in the same way as we
did in 3.2.2. Then the following equation is derived

n L n n
(Z um) ( 3 um¢m> oz + 22 / (zu¢> ( 3 um¢m) gidz,  (3.46)
m=0 poco Jo =0 m=0

Now if we recognize that both integrals vanish if m # j —1,j — %,j,j + %,j + 1 (because of the choice
of the basis functions), we can eliminate the summation over m to arrive at

)00 C()
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. 2 L . 28 L
>0l (uy'—lpofg Jo $i10ibsdr + ;1 25 [y b5 1 Gyt

0 ¢]¢z¢]d$ + UH_ p0€4 OL ¢j+%¢i¢jd$ + uj+1poc4 fo ¢j+1¢z¢]dx) +

]POC4
(3.47)
L
Zzn 07;717 uz <’LL] 19064 fo ¢] l(b’b(bjdx—’_u] lp?)lfél 0 (bj_%(b’b(b]dw—i—
2 L
]poc4 0 ¢]¢z¢]d$+uj+ p£4 0 ¢j+%¢i¢jdl‘+uj+lpoc4 fo ¢j+l¢z¢]dl‘>

for the j¥" equation, where again j € {%, vy — %} (3.47) is the term that should be added to the
right-hand-side of (3.41).

As one can see above we know have 5 terms instead of the 3 terms we had using first order FEM.
So now we have to identify five new matrices Cy, C2, C3,C4 and Cs with elements
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1 22,2]) = 0 ¢_] 1¢2¢jdm

( poc4
Ca(2i,25) = poc fo i 1¢¢¢jd:1:
Cs(2i,2)) = poc4 o Gibitidx (3.48)
Cal2,2)) = 2% [ 6,10i0;dx
Cs(2i,2j) = %fé%ﬂ@%dfﬁ Vi,j €{3,...,n— 3}

respectively, we can express (3.47) more compactly as

Z?:O,%,l,...ui uj_101(27;,2j) +u Co (21 2]) —|-UJC3(2’L 2]) +u 1C4<2i,2j) +ﬂj+1C5(2i,2j)

_1
2

oo | ui1C1(24,25) + u;

S %C 2(24,27) + u;Cs(21, 2) + v, 1 C4(24,25) + uj+1Cs(24, 25)
(3.49)

In each of the equations j = %, e % where the term between brackets does not vanish for i = 0
and i = n (this is only the case for j = 1, j = %, j=n—1land j=n— % because of the choice
of basis functions), those contributions to the summation, which account for the Dirichlet boundary
conditions, are separated and absorbed into the g vector as mentioned in Section 3.2.1.

Now if we look carefully at the first term of (3.23) we see that for a fixed j** equation, all elements
C1(2i,25) Vi€ {i,..,n— %} are multiplied by @;_1. All elements C2(2i,2j) Vi€ {1,...,n— 3} are
multiplied by u];%. All elements Cg(2i,25) Vi € {%, ey — %} are multiplied by ;. All elements
C4(2i,25) Vie {%, ey M — %} are multiplied by uH% and all elements Cy(2i,25) Vi€ {%, ey T — %}
are multiplied by #j41. The second term of (3.23) is similar except each row of a C matrix is multiplied
by uj_1, Ui 1, Ujs Uy 1 and u;41 respectively. This applies for all j = %, ...y — 12. Therefore (3.49)
can be written in full matrix form as

0 O 0 ug 0 0 11% o - 0
<0 4o . Ci+ 0 o Ca + 0 Cs+
: . 0 0 0
0 0 un—l% 0 0 an_l 0 0 un_%
w0 0 Uy 0 0
0 Cy+ 0 us C5)u+
: 0 0
0 0 1, 0 0 0
(3.50)
0 O 0 ug 0 0 uL 0 0
(Ouo o |0 e | oy
Dot 0 ST 0 ST 0
0 0 un—l% 0 0 Up—1 0 0 un_%
up 0 0 ul% 0 0
0wy Ci+ |0 Wy C5>ii.
S 0 Lo )
0 - 0 wuy o -~ 0 0

Note that all explicitly given matrices in (3.50) are diagonal matrices, such that when matrix multi-
plication is used, the first row of Cx is multiplied by the first term on the diagonal and so on. Also
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note that we know ug and u,, from the given Dirichlet boundary conditions and there derivatives can

therefore be calculated analytically or numerically.
Now name the matrices in the first row of (3.50) from left to right H_; (1), H_1 () Ho(a), Hi (1),
2 2

H; (1) and in the second row I_1(u),I_1(u), Ip(u), I1(u),I;(u), where the bracket notation means
2 2

that H is a function of i1 and I is a function of u.
Defining

~1(@)Cy + Ho()C3 + Hi(0)Cy + Hi(W)Cs
(3.51)

(0)C2 + Ip(u)Cs + (u)Cs + Ii(u)Cs

1 I.
2 2

we can finally state the semi-discrete matrix form of the finite element formulation of the one-
dimensional Westervelt equation:

Ku + Mii = Ny (a)a + Na(u)ii + g, (3.52)

where g now also includes the Dirichlet boundary condition contributions of the nonlinear term:

—uo(t) fy G4 dx — friio(t) fy dodyda

+1ig uoﬂfo ¢1dododz + iy 28k ¢1 001 da

1 2
iio | w022 [ dododrdr+uy 2 [ 61000 yda |, if j = 1
8(25) = { —uo(t) [ ¢y dz — ot (t) [iF dodrda

+g uo 4 fo ¢0¢0¢1d96+u1 4 fo ¢1 ¢0¢1d90+U1 4 fo p1001dw

Jo dododidr +uy 22 [* d1dodrde +wros i rdodnde |, if =1

.. 2
+ug | ug b L oocd

4
POCyH

0, else

(3.53)
The discretization of time still is the same as with the first order FEM.

3.3.3 Discretization of the attenuation term

As we did before, we want to bring that term of attenuation into our numeric scheme as well. To
make it easier we will forget about the nonlinear term for now.
For the derivation one should look in the same section for first order FEM because the second order
FEM does not change the derivation, only the K, M and g are different. So we get the same semi-
discretized system

1 o ...

0 €
where the elements of the mass matrix M and the stiffness matrix K are

K(2i,2j) = [ ¢ididx and

, (3.55)
M(2i,25) = [y ¢idjdx Vi, je {5, 1,...,n—1,n— 3}

respectively.
Note again that M(2i,25) and K(2i,2j) equal zero if |j — | > 1 and thus M and K are very sparse
(2n — 1) x (2n — 1) matrices. The elements of g are given by
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—uo(t) fy S — iio(t) fy dodyda + fiio(t) [y dodyde, if =}
8(27) = § —uo(t) fy ¢hohdz — %ﬂo(t) Ji doprdz + %iio(t) i dopndz, if j=1 (3.56)

0, else

The right-hand-side vector g is a column vector of length 2n — 1 and only the first two values are not
equal to zero because of the time-dependent Dirichlet boundary condition.

To get the complete scheme of the Westervelt equation we have to add the derivations from the
previous section to what we did in this section. So the complete scheme of the Westervelt equation is

1., .. " .
Ku+M<C(2)u céu) = Njp(1)ua+ Na(u)i+ g, (3.57)

with M and K from (3.55), N1 and N1 from (3.51) and g is as given above with the nonlinear terms
from (3.53).
The discretization in time is the same for the second order as for the first order FEM.
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4 Results and Discussion

In this section we show and discuss the results obtained from the implementations that are discussed
in Chapter 3. We have made implementations for solving the linear wave equation, the Westervelt
equation with the nonlinear term and the Westervelt equation complete with nonlinear term and
attenuation term. These implementations are made for both the first order finite element method and
the second order finite element method. All implementations were made in Matlab. First we have
plotted the solutions to the equations at the shock wave formation distance. These figures show us
the effect of the nonlinear term and the attenuation term on the solutions. We will look at the form of
the wave as it changes because of nonlinearity and attenuation. To make the difference between first
and second order FEM visible we have plotted the difference between the two at various times. We
have also plotted the solutions at two times the shock wave formation distance, which shows us the
efficiency of finite element method implemented in Matlab. To get a better insight into the effect of
nonlinearity and attenuation we look at the frequency spectrum of the Westervelt equation with and
without attenuation term. In the frequency spectrum energy is shifted to higher harmonics, because of
nonlinearity. So we expect to see a lot of peaks in the frequency spectrum of the Westervelt equation.
Finally, we choose a domain that has a sudden change in small signal sound speed in the middle of
the domain. This causes there to be reflection and transmission waves. The amplitude of these waves
are calculated and the waves are plotted for different changes in speed.

4.1 Source function and Parameters

So when we started in Chapter 3 we assumed that we had a source function working on the Westervelt
equation. The source function we use for our results is given by

p(0,1) = Pysin[27 fo(t — Ty)] exp [— (tT;/TQd)QM, (4.1)

where Py is the pressure amplitude, fy is the frequency of the source, T, is a time delay, T, is a pulse
width and 7,4 is the end of the pulse. We set, as is customary in ultrasound imaging pulses, T; = %,

Ty = % and T,,q = 2Ty [10]. The sinus component is the single frequency source function. The
exponent makes sure that only a small part of the sinus is taken by putting a Gaussian envelope over
the function. This means that the shock wave formation distance that was calculated in Section 2.2
is still valid for this source function. In Figure 4.1 the source function is shown.

061 I || i
|
04t o .

02F /2 W Y O Y B -
[ [

p/PO
o
T
(
\
P
)
|
Il

| \ /
02 1 O I g
\ i
|\
04+ \ | | -
061 | | J‘ ]
| |

08| | | .

0 0.2 0.4 06 08 1 12
t %104

Figure 4.1: A single frequency source function with a Gaussian envelope as de-
scribed by (4.1). The delay and width parameters are chosen so that a pulse of about
stx periods is generated. In this case Ty = % and T, = %
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In the simulations that are made from the Matlab implementations the following parameters are

used. These parameters are found in the thesis of Huijssen[10]. For the surroundings we have chosen
the physical properties of water. The only thing that we have chosen differently is the value of .
For water the value of § is typically 3.5, but we have chosen to set g = 10. Because the shock wave
distance depends inversely on 3, the computation time is shortened.
Some of the parameters depend on other parameters. For these parameters we will discuss why we
chose to give them these values if they have not been discussed before. The domain length of the wave
is L = xgp + Tpng - o, which assures us that the wave at least passes the shock wave distance. This
domain is divided into an equidistant mesh. We cannot take infinitely small element size, because the
time step needs to be decreased as well for the propagation to be solved correctly. This will lead to an
infinite computation time. So from [14] we know that for quartic elements a well chosen mesh size is
1?}0. In this thesis we use first and second order elements. For quartic elements there are 3 auxiliary
points between every two element points. So when keeping equal refinement the mesh size for first
order elements has to be 4 times finer than the mesh size of quartic element so dx = 7;%. To compare
the first order elements to the second order elements dx is the same for both methods. This means
that for second order element there is an auxiliary point between every two element points. For the
time step it is important that ngt < 1, because of the CourantFriedrichsLewy (CFL) condition.[15]
This is a necessary condition for convergence of the solution when solving partial differential equations
numerically with difference schemes. This means that dt < ‘i—;”. We choose dt = % which agrees with
the condition and still gives us an acceptable computation time.

Table 1: A summary of the parameters used for simulations of the one-dimensional
Westervelt equation in all Matlab simulations presented in this section. These pa-
rameters are used, unless specified differently.

Po 1000 % Material ambient density
Co 1500 = Small signal sound speed
I} 10 Coefficient of nonlinearity
Py 105 Pa Maximum pressure amplitude
fo 10° Hz Single source frequency
Ty % S Source envelope delay
Tw % S Source envelope width
Tend 2-Ty = }—3 S Source end time
Tsh 3 1500267% 7 m Shock formation distance
L Tsh + Tend-co m Domain length
dz 75(}0 m Mesh element size
dt z% S Maximum time step
€ 107?. Py Pa Absolute tolerance for succes-
sive approximation

5 0.007 m?/s | Attenuation coefficient.

1&2 Element order

equidistant Mesh type
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4.2 Solutions to multiple wave equations using FEM

Figure 4.2 shows a plot of the result obtained with the first and second order FEM for the linear wave
equation. In Figure 4.3 the difference between the result of the first and the second order element
method is shown. The solution is plotted at the shock wave distance. In the figure the analytic
solution is plotted as well. This is the well known solution to the linear wave equation.

X . x t— % - Td 2
plat) = St~ ) = Fosinl2nfo(t — — ~Ty)exp | - (Tm) I (4.2)
The solution of the Westervelt equation without term of attenuation is plotted in Figure 4.4. In
Figure 4.5 the difference between the result of the first and the second order element method is shown.
In this implementation we used the method of successive approximation to solve the nonlinear system of
equations for each time step. Note that we choose to set the absolute tolerance e = 1079 Py = 1073 Pa.
We argue that the number of iterations this would take during each time step was going to be small,
because the time step taken is very small and the nonlinear term is small compared to the linear
terms in the Westervelt equation. To verify this, we plotted the number of iterations needed to solve
the nonlinear system of equations for each time step versus the time step. The result is shown in
Figure 4.6. From this figure we can see that the number of iterations needed is at most 4. This
justifies the implementation of successive approximation.

In Figure 4.7 we have plotted the results of the complete Westervelt equation for the first and second
order FEM. In Figure 4.8 the difference between the result of the first and the second order element
method is shown.
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Figure 4.2: Solution of the linear wave equation calculated for the first and second
order FEM The analytic solution to the linear wave equation is also added to the
figure. Parameters were set as in Table 1.
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Figure 4.3: The difference of the solution between the linear wave equation between
first and second order FEM
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Figure 4.4: Solution of the nonlinear wave equation without attenuation term
calculated with our own tmplementation for the first and second order FEM. The
implicit Burgers solution is also added to the figure. Parameters were set as in

Table 1.
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Figure 4.5: The difference of the solutions of the nonlinear wave equation without
attenuation term between first and second order FEM at different moments in time
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Figure 4.6: Number of iterations that the successive approximation algorithm took
to solve the nonlinear wave equation up to a desired tolerance per time step versus
the number of the time steps. The figure on the left plots the iterations of the first
order FEM, the figure on the right plots the iterations of the second order FEM. No
more than four iterations were needed.

28

14000



% 10° t=418.0932ms

0.5

-0.5

At ]

0.9 092 094 096 0.98 1 1.02 1.04 1.06 1.08 1.1
xshock

Figure 4.7: Solution of the complete Westervelt equation calculated with our own

implementation for the first and second order FEM. Parameters were set as in Ta-
ble 1.
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Figure 4.8: The difference in the solutions of the complete Westervelt equation
between first and second order FEM at different moments in time
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Figure 4.9: The solutions of the linear wave equation, the Westervelt equation
without attenuation term and the complete Westervelt equation plotted using the
first order fem
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Figure 4.10: The solutions of the Westervelt equation with attenuation term with
different coefficients of attenuation using first order FEM
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In Figure 4.2 one cannot see the difference between the first order FEM, second order FEM and
the analytical solution to the linear wave equation. In Figure 4.3 the difference between the solution
for second order FEM and first order FEM is plotted. You can clearly see that the difference is a linear
wave in itself, which is good because there are no nonlinear terms working on the solution. According
to the scale of the y-axis, the greatest difference between the two solutions is about 10 percent of the
solution. This is large error, but can easily be explained. Because of the different order of FEM of
the solutions and the not infinitely small mesh size, the solution of second order FEM has a small
phase shift compared to the solution of the first order FEM. The slope of the solution, however, is
really massive in the points of the x-axis. So even though the phase shift is really small, the difference
between the solution is enormous in the points on the x-axis, so the error seems to be a really large
percentage of the solution.

In Figure 4.4 one can clearly see the difference between the first order FEM, second order FEM
and the Burgers solution to the Westervelt wave equation without attenuation term. In Figure 4.5
the difference between the solution for second order FEM and first order FEM is plotted. It is evi-
dent that a nonlinear term works on the wave because the difference is not a linear wave anymore.
According to the scale seen in the plot, the greatest difference between the two solutions is now a lot
more that 10 percent of the solution. This is visible in Figure 4.4. Especially at the bottom, the first
order FEM differentiates a lot from the second order FEM and the Burgers solution. At the top the
solution of the second order FEM differentiates a bit from the Burgers solution. This can be explained
through the orders of FEM. The second order FEM uses second order basis functions, which results
in a better solution on a small grid part, because it uses more information of the neighboring points.
But using second order FEM is still a numerical approximation, so the solution is better than the
first order FEM but not the exact solution of the Westervelt equation. While we now use the Burgers
solution as a solution of the Westervelt equation to compare the solutions of FEM to, it is in itself
an approximation, because of interpolation done in Matlab and neglecting higher-order terms of the
Taylor expansion from Section 2.1. A part of the difference between the solutions of the second and
first order FEM still is an result of the phase shift between the two solutions.

Also a distinct feature in Figure 4.4 is the shallower slope of the numerical solution compared to the
solution of the linear wave equation when going from a minimum to a maximum in the wave, and a
steeper slope when going from a maximum to a minimum. The explanation for this phenomenon is
given in Section 2.2. For a better comparison one should look at Figure 4.9, where the solutions of the
linear wave equation, the Westervelt equation without attenuation term and the complete Westervelt
equation are plotted with the same parameters for first order FEM at the same time.

In Figure 4.7 the difference between the first order FEM and the second order FEM is larger than in
Figure 4.2, but smaller than in Figure 4.4. This can also be seen in Figure 4.8. Here the difference
is still a nonlinear wave, but it is a lot smaller than the difference wave plotted in Figure 4.5. The
difference can again be explained by the difference in order of the FEM and the phase shift of the
different solution. Because of the damping from the attenuation term, the amplitude of the wave is
not only smaller at the shock wave distance but also the effect of the nonlinear term on the slope is
less. The effect is better visible in Figure 4.9. This figure shows that the solution of the Westervelt
equation with attenuation and nonlinear term has a smaller amplitude than both the linear equation
and the Westervelt equation without attenuation term. Also while the slope going from a maximum
to a minimum is steeper than the slope of the solution to the linear wave equation at that point, it is
a shallower slope than the slope of the solution to the Westervelt equation without attenuation term
at that point. The explanation for this effect caused by the attenuation term is given in Section 2.2.

It is clear that the attenuation term has a substantial influence on the solution, both on its am-
plitude and its shape. In Figure 4.10 the effect of choosing a different coefficient of attenuation is
shown. When a higher term of attenuation is chosen, the amplitude of the wave is smaller and the
slope of the wave is less steep.
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4.3 Solutions at two times the shock wave distance

Because we want to see some more effect of the nonlinearity and attenuation on the source wave we
have plotted the wave at two times the shock wave distance. The figures are shown below. We have
done this for the linear wave equation, the Westervelt equation without attenuation term and the
Westervelt equation with attenuation term. For the linear wave equation the difference between first
order FEM and second order FEM are bit more clear than in Figure 4.2, but overall it is still a small
error. Now Figure 4.12 shows a massive change. While the maxima and minima still align, except for
a small phase shift, they are at a completely different heights and the waves shows a lot of nonlinearity
at distinct places. This can be explained by the nonlinear term. As explained in Section 2.2 it causes
the high pressure points to travel faster than the low pressure points. At the shock wave formation
distance the high pressure point is directly above the low pressure point. So at this point the derivative
% goes to —co. Because we are using a numerical method to solve the Westervelt equation this ruins
the computation of the solution. So as one can see the solution using FEM is not usable after the
shock wave distance. In Figure 4.13 the complete Westervelt equation is shown at two times the shock
wave distance. As mentioned in Section 2.2 the attenuation damps the effect of the nonlinear term
and makes sure the high pressure point will not overtake the low pressure point. Because of this the
derivative g—g never goes to —oo so the computation using the numerical method still works. The
solutions in this plot are a lot more aligned than the solutions in Figure 4.12. There is still a difference
between the first order FEM and second order FEM but this is caused by the difference in order and
a small phase shift and not by enormous computational mistakes. Also when looking at the y-axis it
is clear that the wave has been greatly damped along the way.
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Figure 4.11: The solution of the linear wave equation at two times the shock wave
distance. Both the solutions obtained by using first order FEM and second order
FEM are plotted.
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Figure 4.12: The solution of the Westervelt equation without attenuation term at

two times the shock wave distance. Both the solutions obtained by using first order
FEM and second order FEM are plotted.
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Figure 4.13: The solution of the Westervelt equation with attenuation term at two
times the shock wave distance. Both the solutions obtained by using first order FEM
and second order FEM are plotted.
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4.4 Fast Fourier Transform

To get a better insight into our solution we have plotted the absolute value of the fast Fourier transform
of the solutions. To find this value we used the Matlab command fft. We have plotted the absolute
value of the fast Fourier transform at multiple times for all the different solutions we have shown earlier
in this report. Also to see the effect of the pressure amplitude of the source wave on the solution we
have plotted the Fourier spectrum for the Westervelt equation with and without the attenuation term
with Py = 2-10% Pa. As one can see in Figure 4.14 for the linear wave the absolute value of the
Fourier transform has only one peak. This agrees with the frequency spectrum of a wave with linear
propagation that is given in the thesis of Huijssen[10]. You can only see one peak, because there is no
energy transferred to higher harmonics as there is no nonlinearity.

Nonlinear behavior in the time domain causes an energy shift towards higher-order harmonics in the
frequency domain. So for the frequency spectrum of the solutions to the Westervelt equation with and
without attenuation term one would expect there to be more peaks. As we saw before in Figure 4.9
the attenuation term damps the effect of the non-linear term. So we would expect a lot of peaks in
the spectrum of the solution of the Westervelt equation without attenuation term and damped and
less peaks in the spectrum of the complete Westervelt equation. And if we look at Figures 4.15 and
4.17 the theory is right. In the sixth frame of Figure 4.15 six peaks are clearly visible. But in the sixth
frame of Figure 4.17 only four peaks are clearly visible. The first peak is also a lot smaller than the
first peak in the spectrum of the Westervelt equation without attenuation term, because of damping.
Another thing that stands out in both figures is the fact that the higher-order peaks are smaller for the
second order FEM solution than the first order FEM. This means that the solution is more nonlinear
for the first order FEM than the second order FEM.

In the figures that are discussed above all the parameters have the values given in Table 1. In
Figures 4.16 and 4.18 we have changed the pressure amplitude from 1 - 10°Pa to 2 - 10Pa. While all
the aspects described above remain the same, there are clearly more peaks visible in both plots. The
first peak of the spectrum is also a lot larger in both figures than the first peaks of Figures 4.15 and
4.17. So this means that if we would plot the wave at the shock wave distance for these solutions we
would get a wave that is more nonlinear. The shock formation distance for
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Figure 4.14: The absolute values of the Fourier Transform of the linear wave
equation plotted at different times
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Figure 4.15: The absolute values of the Fourier Transform of the Westervelt equa-
tion without attenuation term plotted at different times. The solutions for first and
second order FEM are plotted together with the Burgers solution. Here PO = 106 Pa.
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Figure 4.16: The absolute values of the Fourier Transform of the Westervelt
equation without attenuation term plotted at different times. The solutions for
first and second order FEM are plotted together with the Burgers solution. Here
P0 =2-10%Pa.
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Figure 4.17: The absolute values of the Fourier Transform of the Westervelt equa-

tion with attenuation term plotted at different times.
second order FEM are plotted together
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Figure 4.18: The absolute values of the Fourier Transform of the Westervelt equa-

tion with attenuation term plotted at different times.

second order FEM are plotted together. Here PO =2 -10°Pa.
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4.5 Change in small signal sound speed

In all the figures above this point the parameters of the surroundings were constant during the propa-
gation. Now we want to show the influence of a change in parameter during progation. So we assume
that at a certain point in the mesh the material of the surroundings changes. We have chosen this
point to be at the middle of the travel length. We change only the small signal sound speed of all the
parameters. We appoint a larger small signal sound speed on the second half of the domain length
than on the first half. So before the interface the wave has a velocity ¢; and after this interface it has
a velocity cs, with ¢; < ¢o. Because of this velocity change there will be reflection and transmission
of the wave. In Figure 4.19 we have plotted the first order FEM solution of the linear wave equation
with three different small signal sound speeds cy. In this figure we have chosen the three different
velocities to be: 1800 m/s,2000 m/s and 2500 m/s. The small signal sound speed before the interface
is still 1500 m/s and the ambient density is still 1000 kg/m?3 on both sides of the domain. Now using
Section 2.4 we can derive the reflection and transmission coeflicients for these different solutions.

Table 2: The reflection and transmission coefficients calculated for three solutions
with different velocities after the interface. The reflection and transmission coeffi-
cients are derived using Equation 2.11, 2.12 and 2.13 from Section 2.4.

R = Zo—271 _ 279
T Zh+ 2o T 1422
co = 1600m/s 0.09 1.09
co = 2000m/s 0.14 1.14
co = 2500m/s 0.25 1.25

So in Figure 4.19 one should see that for all the solutions the amplitude of the transmitted wave is
larger than the incident wave and the amplitude of the reflected wave is a lot smaller than the ampli-
tude of the incident wave. Also the solution of the wave with the highest co has the largest amplitude
for the reflected and transmitted wave. Now if one looks at Figure 4.19 the three solutions in the first
frame are traveling at the exact same speed so at that moment there is no difference. However in
the third and fourth frame it is clear that the amplitude of the transmitted wave is larger than the
amplitude of the incident wave for all solutions and the solutions with the highest co has the largest
amplitude. This is the same for the reflected wave so our theory is right. In the figure one can see
as well that the reflected waves of all solutions move at the same speed, because they move with the
same c1, but the transmitted waves move with different speeds, because of the difference in co.

For the Westervelt equation without and with attenuation term we have plotted a solution for a sud-
den change in velocity as well. Those are plotted in Figures 4.21 and 4.22. We have made the figures
with parameter c; = 2000 m/s, so we have the same reflection and transmission coefficient for these
solutions as the second line of Table 2. You see in these plots that the nonlinearty has influence
on both the reflected as the transmitted wave. Also because of damping both the reflected and the
transmitted wave are a lot smaller in Figure 4.22.
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Figure 4.19: The effect of a sudden change in velocity for three solutions. This
is plotted for the first order FEM solutions of the linear wave equation at different
times. The different velocities that the waves experience are given in the legend.
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Figure 4.20: The effect of a sudden change in velocity for the linear wave equation
at different times. Here ¢c; = 1500 m/s and co = 2000 m/s
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Figure 4.21: The effect of a sudden change in velocity for the Westervelt equation
without attenuation term at different times. Here ¢y = 1500 m/s and co = 2000 m/s
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Figure 4.22: The effect of a sudden change in velocity for the Westervelt equation
with attenuation term at different times. Here ¢y = 1500 m/s and ca = 2000 m/s
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5 Conclusion

In Chapter 1 we formulated the Westervelt equation and explained its relation to medical acoustic
imaging. In this thesis we discuss using first order and second order FEM to solve the Westervelt
equation and the observations we obtain from our different results using FEM.

We conclude from our simulations in Matlab that the finite element method is an adequate method
to solve the Westervelt equation, because the analytic solution of the linear wave equation is the same
as both solutions of FEM except for a small phase shift. For the solutions of the Westervelt equation
without attenuation term we cannot say the solution completely agrees with the Burgers solution, but
that is logical because they are all approximations. However, we can conclude that for approximations
they are all valid. The finite element method cannot not be completely accurate in space because
it depends on nonzero mesh size. Another thing that accounts for inaccuracy is our choice in basis
functions. Higher-order basis functions depend on more points in the mesh. Taking more points into
account gives us a better solution. Because of a finite amount of computation time, we cannot use
an infinitely high-order basis functions. There is also an error in time, because we use backwards
differential schemes to solve the equation iteratively in time. To improve accuracy we should put
research into an adaptive mesh, where we choose a mesh that has a small mesh size around the peaks.
The difference between the first and second order finite element method was for the linear wave
equation only caused by the small phase shift of the solutions. This phase shift was caused by the
mesh size used in the FEM. For the Westervelt equation with and without attenuation term the
difference was larger, because of the effect of the nonlinear term on the Westervelt equation. The
nonlinearity caused the slope of the solution to the Westervelt equation to steepen when going from
a maximum to a minimum. The attenuation term inhibited the effect of the nonlinearity on the form
of the wave during propagation and thus made the slope of the wave less steep. When we looked
at the solutions at two times the shock wave formation distance, it was clear that the solutions for
the Westervelt equation without attenuation term were not usable. The enormous derivatives of the
solution caused computation problems when using the finite element method. The solutions of the
complete Westervelt equation at two times the shock wave formation distance were not deformed.
From this we conclude that no shock waves were formed and thus the attenuation damped the effect
of the nonlinear term.

In the frequency spectra of the solutions we saw the transfer of energy to higher harmonics for the
solution for the equations with a nonlinear term. However, in the frequency spectra of the complete
Westervelt equation there were a lot less peaks than in the spectra of the Westervelt equation without
attenuation term. As we know the attenuation term damps the effect of the nonlinear term, which
causes the transfer of energy to higher harmonics. So, the attenuation stopped the arising of more
peaks

The finite element is a favorable method to solve a wave equation on an inhomogeneous domain. We
chose an inhomogeneous domain with a sudden change in small signal sound speed of the wave in
the middle of the domain. Before the interface the small signal sound speed was smaller than after
the interface. The rest of the parameters were the same before and after this interface. Using theory
about reflection and transmission we calculated the amplitude of the reflected and transmitted wave
for different changes in small signal sound speed. From these amplitudes we concluded that for the
largest change in small signal sound speed, the amplitudes of the reflected and transmitted waves are
the largest. We simulated these waves with our implementation in Matlab and concluded that the
theory about reflection and transmission agrees with our simulations.
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Appendices

A Implementation of the Burgers solution

%$Burgers solution
clc; clear all; close all;

%parameters
c0=1500;
rho=1000;
beta=10;

PO = 1leb6;
f0 = leb;

© 0 N O Ul R W N =

=
— O

xsh = rho*c073/ (beta*xP0*2xpixf0);
L = xsh +12xc0/£0;

n=round (72+x£0xL/c0) ;
Mesh=linspace (0,L,n+1)"';

dx=L/ (length (Mesh)) ;

e e
[ A

dt=L/ (nxc0%4);

dtau=L/ (nxc0x4) ;

Td = 6/£0;

Tw = 3/£0;

T=L/c0;

t=[0:dt:T];

TauEnd = L/c0;

tau = [0:dtau:TauEnd];

NONONNN NN E = =
S R W N = O O N

$defining the source signal
source = PO.xsin(2+pi*f0x (tau—Td)) .*»exp(—((tau—Td) ./ (Tw/2))."2); %$Source signal
burgers(l,:) = source; % burgers (x=0,tau)

W N NN
o © W =

$interpolation
for j=2:length (Mesh)
phi = tau + beta/(rho*c07°3) * dx x burgers(j—1,
burgers(j, :) = interpl (tau,burgers(j—1,:),phi);
the values

w W
[ S

:); %calculating the shifted times

interpolating in time to find

w
w

34 end

35

36 %$Solution plotted at different times

37 time=round (xshxT/L%1/dt + 6/£0/dt);

38 Time=[round(time/9) round(time/6) round(time/4) round(time/2) round (3*time/4)
round (time) ];

39 for i =1:6

40 for k=1l:1length (Mesh)

41 tijd(k)=round (Time (i)—1/dt*Mesh (k) /c0);
42 if tijd(k)>0

43 pburg(k, i) =burgers (k,tijd(k));

44 else

45 pburg(k, 1)=0;

46 end

47 end

48 plot (Mesh/xsh, pburg) ;

49 end

B Derivation of the backward differential formulas

In this section we briefly derive the backward differential equations used in the time stepping sequence.
In the time stepping sequence we need the first, second and third differential equations. In this
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appendix we drop vector notation, such as bold font, but the derivation applies to a single equation
as well as to systems of (time depending) equations.
Suppose we want to estimate the first, second and third derivative at time t; (denoted by a
superscript)
e auf +buFT 4 cuk 2

(VS A7 , (B.1a)
e auf +buF T 4 cuf 2 4 duh 3
~ TR , (B.1b)
e auf + buF T 4 cuR T 4 duF 3 4 euk
(VRS (A2 (B.1¢c)

for unknown coefficients a, b, ¢, d, e (the coefficients with the same letter do not have the same for
all the equations). Using Taylor expansion on each u around t; we get

U,k _uk:

whl =gk - Ak 4+ Bk AR GOk 4 o((AL)P)

_ . .. 3... 16(At)* -k 5

w2 =k - AR 4 2Ag - BSigk g 1B pk L o((Ar)) (B.2)
2 3 4

uk_3— E SAtﬂk + 9(A2t) ﬁk - 27(§t)3'ﬁk + 27(?1&)4&-1€ + O((At)5)

ubt =k~ AR o g(AnZiEk — &gk g 2Egk L o((A))

Now we just have to plug these equations into (B.la), (B.1b) and (B.1lc). So first we will try to
find the coefficients {a,b,c} of (B.1a) such that all higher and lower (including the zeroth) orders of
derivatives vanish except for the first derivative. To do so, we solve the system of equations (given in
matrix form), where we use the Taylor expansions of (B.2) up to order O((At)?).

1 1 17 [a 0
0 -1 —=2| |b| = 1], (B.3)
0 2 2| |c 0

which has solution [3/2 —2 1/2]T. Note that the smallest local truncation error in u O((At)?) is,

o((Aat)3
which means that the local truncation error in ¥ is ESTI)?) = O((At)?).
The coefficients of the second and third order derivative can be found using systems of equations in

matrix form as well. For the second order derivative the following of equations has to be solved.

1 1 1 1 a 0
0o -1 =2 -3 b 0
0 1/ 2 /2 cl (1]’ (B.4)
0 -1 -8/ —27/6| |d 0

which has the solution [2 -5 4 —1]T
ol(an*

s % = 0((A0)?).

Now only the coefficients of the third order derivative have to be found.

. Since the smallest local truncation error is O((At)?) in u,

the local truncation error in " i

1 1 1 1 1 a 0
0o -1 =2 -3 —4 b 0
0 12 2 /2 8 cl =10}, (B.5)
0 —16 -8 —27/6 —32/3| |d 1
0 1pa 16f4 278  32/3 | |e 0
which has the solution [2.5 —9 12 -7 1.5] " Since the smallest local truncation error is O((At)%)
5
in u, the local truncation error in ¥ is % = O((At)?).
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For the first, second and third derivative the diffential equations of order O((At)) have also been
used in the time stepping sequence. The derivation of those differential equations are analogous to

the derivations above.
So in conclusion we have

3uP —4uF—1 4y k2
2uk75uk712+4uk727uk73
(At) ,
2.5uF —9uF 1 412uF 2 _7yF =341 5uk 4

(&)

A
uk_2uk71+uk72
(At)?
uk _3uk71+3uk72_uk73
(At)?
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C Matlab code for the implementations of various finite element
schemes

C.1 linear wave equation for both orders

clear all; close all;
tic

c = 1500;

rho = 1000;

f0 = 1leb5;

PO = leob;

beta = 10;

© 00 g DOk W N

%$xshock
xsh=rhoxc”3/ (beta*P0*2xpixf0) ;

= o= e
N o= O

L=xsh+12xc/£0;
n=round (72+xf0*L/c) ;
N=2+n;

e
S s W

Mesh=linspace (0,L,n+1)"';

o
3

dt=L/ (nxc=*4);
T=L/c;

k=round (T/dt) +1;
t=0:dt: (k—1)*dt;

NN =
N = O © o

$first order FEM
K=Kmatrix (Mesh,n);
M=Mmatrix (Mesh,n,c);

[gM gK]=vectorg(Mesh,n,c);

NONNN NN
0 N O Ot kW

ul0t = zeros(size(t));
u0t=Pulse (t,P0, £0);

w W N
= O ©

gl=sparse(n—1,length(t));
gl (1, :)=—ul0txgK—ult*gM;

w W W
=W N

ul(:,1)=zeros(n—1,1);
ul(:,2)=ul(:,1)+dt*zeros(n—1,1);

w W w
~N O >

A=dt " 2+K+M;
B=dt "2+K+2xM;
ul(:,3)=A\(g1(:,3)*th2+2*M*ul(:,2)—M*u1(:,1));

B W W
o © w

for i=4:round(T/dt)+1
ul(:,i)=B\(g1(:,i)*th2+5*M*u1(:,i—l)—4*M*u1(:,i—2)+M*u1(:,i—3));

PN
N =

end
Ul=[u0t; ul; =zeros(l,i)];

el
otk W

$second order FEM
Mesh2=linspace (0,L,N+1)"';
elmat=GenerateTopologyother (n);
K=sparse (N+1,N+1);

[ L
= O © 0 N O

for i=1:2:1length(elmat)
Ke (:, :)=GenerateElementK (Mesh2 (i), Mesh2 (i+1),Mesh2 (i+2));
for 3=1:3
for k=1:3
K(elmat (i, j),elmat (i, k))=K(elmat (i, j),elmat (i,k))+Ke(J, k);
end
end

o oot or >
N O ok W N

end

ot
oo
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k=GenerateElementK (Mesh2 (1) ,Mesh2 (2),Mesh2 (3));
gKl=k (1,2);

gkK2=k (1, 3);

K=K (2:N, 2:N) ;

M=sparse (N+1,N+1);
for i=1:2:length(elmat)
Me (:, :)=GenerateElementM (Mesh2 (i) ,Mesh2 (i+1) ,Mesh2 (i+2));
for j=1:3
for k=1:3
M(elmat (i, j),elmat (i,k))=M(elmat (i, j),elmat (i,k))+Me (7, k);
end
end
end
M=Mx*1/c"2;
m=GeneratekElementM (Mesh2 (1) ,Mesh2 (2),Mesh2(3));
gMl=m(1l,2)x1/c"2;
gM2=m(1,3)*1/c"2;
M=M(2:N,2:N);

g2=sparse (zeros (N—1,length(t)));

g2 (1, :)=—u0t*gKl—( [0 ulOt(l:round(T/dt))] —2%ult + [u0t(2:round(T/dt)+1) 0]
) *gM1/dt " 2;

g2 (2, :)=—u0t*gK2—( [0 ult(l:round(T/dt))] —2xult + [u0t (2:round(T/dt)+1) 0]
) *gM2/dt " 2;

u2(:,1)=zeros (N—1,1);
u2(:,2)=u2(N—1,1)+dt*zeros (N—1,1);

u2 (:,3)=(dt " 2+K+M) \ (g2 (:, 3) *»dt " 2+2*M»u2 (:,2)—M*xu2 (:,1));

for i=4:round(T/dt)+1
u2(:,i):(th2*K+2*M)\(g2(:,i)*th2+5*M*u2(:,i—l)—4*M*u2(:,i—2)+M*u2(:,i—3));

end

U2=[ult; u2; =zeros(l,i)];

Uanalytic = linearpropagation(f0,P0,c,Mesh,t); %Linear Analytic solution
figure(l) $%plot Ul,U2,Uanalytic

time=round (xshxT/Lx1/dt + 6/£f0/dt);

plot (Mesh/xsh,Ul (:,time), 'r")

axis([0.9 1.1 —1.3x107"6 1.3x1076])

hold on

plot (Mesh2/xsh, U2 (:,time), 'k")

plot (Mesh/xsh,Uanalytic(:,time), 'b")

xlabel ('xshock")

ylabel ('P")
strtime=num2str (timexdt+1076) ;
title(strcat ('t = ', strtime, 'ms'));

legend('Ul'", 'U2"', 'Uanalytic")

figure(2) %plot difference Ul and U2
for 1=1l:1length (Mesh)—1

difU(l, :)=(U2(2%1, :)+U0U2(2+«1—1,:))/2=U0U1(1,:);
end
subplot (2,2,1)
plot (Mesh/xsh, [0; difU(:,round(time/4))])
hold on
plot (Mesh/xsh, [0; diflinl (:,round(time/4))])
plot (Mesh/xsh, [0; diflin2(:,round(time/4))])
axis ([0 1.5 —1%10"5 1%x10751])
xlabel ('"xshock")

ylabel ('P")
strtime=num2str (time/4xdt+x1076) ;
title(strcat ('t = ', strtime, 'ms'));

subplot (2,2, 2)
plot (Mesh/xsh, [0; difU(:, round(2+time/4))])
hold on

45




123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149

plot (Mesh/xsh, [0; diflinl (:,round(2*time/4))1])
plot (Mesh/xsh, [0; diflin2 (:,round(2*«time/4))1])
axis ([0 1.5 —1%10"5 1%x10751])

strtime=num2str (time/2*xdt*10"6) ;

title(strcat ('t = ', strtime, 'ms'));
xlabel ('"xshock")
ylabel ('P")

subplot (2,2, 3)

plot (Mesh/xsh, [0; difU(:, round(3*time/4))])
hold on

plot (Mesh/xsh, [0; diflinl (:,round(3*time/4))1])
plot (Mesh/xsh, [0; diflin2(:,round (3*time/4))])
axis ([0 1.5 —1x10"5 1%x107517)

strtime=num2str (time*3/4xdt*10"6) ;
title(strcat ('t = ', strtime, 'ms'));

xlabel ('"xshock")

ylabel ('P")

subplot (2,2, 4)

plot (Mesh/xsh, [0; difU(:, round (4*time/4))1])
hold on

plot (Mesh/xsh, [0; diflinl (:,round(4*time/4))])
plot (Mesh/xsh, [0; diflin2 (:,round (4*time/4))1])
axis ([0 1.5 —1x10"5 1x10757)

strtime=num2str (timexdt*«1076) ;

title(strcat ('t = ', strtime, 'ms'));

xlabel ('"xshock")

ylabel ('P")
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C.2 the Westervelt equation without attenuation term for both orders

1 clear all;close all;

2 tic

3 c = 1500;

4 rho = 1000;

5 f0O = 1le5;

6 PO = leb6;

7 beta = 10;

8 a=beta/ (rhoxc”4);

9

10 xsh=rho*c”3/ (betaxP0x2+pi*f0); %$xshock

11 L=xsh+12xc/f0;

12 n=round (72+xf0xL/c);

13 Mesh=linspace(0,L,n+1)"';

14

15 dt=L/ (nxc*4);

16 T=L/c;

17 k=round (T/dt)+1;

18 t=0:dt: (k—1)*dt;

19

20 %1lst order

21 %define matrices K,M and the C's

22 M=Mmatrix (Mesh,n,c);

23 K=Kmatrix (Mesh,n);

24 [gM gK]= vectorg(Mesh,n,c);

25

26 [Cl C2 C3 gCl gC2 gC3]=Cmatrix (Mesh, beta ,rho ,c,n);

27

28 $%BC

29 ulOt = Pulse(t, PO, £0);

30 ulOt_tt=Pulsett (t,P0,£f0);

31 uOt_t=Pulset (t,P0,f0);

32 gl = sparse(ones(l,k),1l:k,—ul0t_tt*gM —
ult*+gK+2xaxult_t.* (u0t_txgCl+ult_t+gC2)+2+ault_tt.x (u0txgCl+ultxgC2),n—1,k,k);

33

34 SIC

35 ul=zeros(n—1,1);
36 utl=zeros(n—1,1);

38 uz2=ul+dt.xutl;

40 % time solver, linear
41 Wl=zeros (n—1,k);

42 W1 (:,1l)=ul;

43 W1 (:,2)=u2;

45 W1 (:
46 for

3)=(th2*K+M)\(g1(:,3) *dt " 242+M+WL (:, 2)—M+W1(:,1));
=4:k
(:,3)=(dt"2xK+2%M) \ (gl(:,J)*dt " 2+5+«MxW1 (:, J—1)—4*MxW1l (:, 3—2) +MxW1l (:, 3—3));

49 end

51 %time solver, non—linear
52 Ul=zeros (n—1,k);

53 Ul (:,1)=ul;

54 Ul (:,2)=u2;

56 iteratiel=zeros(l,k);

58 % now we solve for i=3

59 for i=3

60 fguess=(dt "2xK+M) \ (gl (:,3)*dt"2+2+MxUL (:,2)—MxULl(:,1));
61 ft=3+xP0*ones (size (fguess));
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while (max (abs (ft—fguess))>10"—9xP0);

end

Ul (:

end

for i=4:

ft=fguess;
iteratiel (i)=iteratiel (i)+1

HA=sparse(l:n—1,1:n—1, ([u0t(i); ft(l:n—2)]—[ult(i—1); Ul (l:n—2,i—1)])/dt ,
n—1,n—1,n—-1);

HB=sparse(l:n—1,1:n—-1, (ft-U1(:,1i-1))/dt , n—1,n—1,n-1);

HC=sparse(l:n—1,1:n—1, ([ft(2:n—1);0]—([Ul(2:n—1,i-1);0])/dt , n—1,n—1,n—1);

N1=HA+*C1l+HB+C2+HC*C3; clear HA HB HC;

LA=sparse (l:n—1,1:n—1, [uOt (i); ft(l:n—-2)] , n—1,n—1,n—1);

LB=sparse(l:n—-1,1:n-1,ft , n—-1,n-1,n-1);

LC=sparse(l:n—1,1:n—-1, [ft (2:n-1); O] , n—1,n—1,n-1);

N2=LA*xC1+LB*C2+LC*C3; clear LA LB LC;

fguessz(thZ*K+M—Nl*dt—N2)\(gl(:,i)*th2+2*M*Ul(:,i—l)—M*Ul(:,i—Z)...
—N1+Ul(:,i—1)*dt+N2* (—2+U1 (:,1—1)+Ul(:,1-2)));

,1)=fguess;

k

fguessz(th2*K+2*M)\(gl(:,j)*th2+5*M*U1(:,j41)74*M*U1(:,j42)+M*U1(:,j73));
ft=3xP0xones (size (fguess));

while (max (abs (ft—fguess))>10"—6%P0);

ft=fguess;
iteratiel (i)=iteratiel (i)+1;

l:n—1,1:n—1, (3x[ult(i); ft(l:n—2)]—4*[ul0t(i—1); Ul(l:n—2,1i—1)]..

i—2); Ul(l:n—2,1—2)1)/(2*dt) , n—1,n—1,n—1);

HB=sparse (l:n—1,1:n—1, (3*xft—4+U1 (:,1—1)+U1(:,1—2))/ (2*dt) , n—1,n—1,n—-1);

HC=sparse(l:n—1,1:n—1, (3« [ft (2:n—1);0]—4x[Ul(2:n—1,i-1);0]+
[Ul(2:n—1,1—2);0]1)/ (2%dt) , n—1,n—1,n—1);

N1=HA+C1+HB*C2+HC*C3; clear HA HB HC;

HA=sparse (
+[ult (1
(
(

LA=sparse(l:n—1,1:n—1, [u0t (1);
IB=sparse(l:n—1,1:n-1,ft , n—1,n— —1);
LC=sparse(l:n—1,1:n—1, [ft(2:n—1); O] , n—1,n—1,n-1);
N2=LA*C1l+LB+xC2+LC*C3; clear LA LB LC;

ft(1l:n—2)] , n—1,n—1,n—1);
1,n

fguess=(dt "2*K+2*M—3/2*N1+dt—2*N2)\ (gl (:, i) *dt"2+. ..
(5%M+N1*—4%dt/2—5xN2) xULl (:, 1—1)+ (—4*M+1/2+dt*N1+4xN2) Ul (:,i—2)+
(M—N2) Ul (:,1-3));

end
Ul(:,1)=fguess;
end
Ul=[u0t;Ul; zeros (1, k)],
=[ult; Wl;zeros(1l,k)];
Uanalytic = linearpropagation(f0,P0,c,Mesh,t); %$Linear Analytic solution

%$2nd order

N=2x*n;

Mesh2=linspace (0,L,N+1)"';

B=round

$define

(T/dt)+1;

matrices K,M and the C's

elmat=GenerateTopologyother (n);
K=sparse (N+1,N+1) ;
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177
178
179
180
181
182
183
184
185
186
187
188
189

for i=1:2:1length(elmat)
Ke(:,:)
for j=1:3
for k=1:3
K(elmat (i, Jj)
end
end

end

k=GenerateElementK (Mesh2 (1), Mesh2 (2)

gK1=k (1, 2) ;
gK2=k (1, 3) ;
=K (2:N,2:N);

M=sparse (N+1,N+1);
for i=1:2:1length (elmat)

Me (:, :)=GenerateElementM (Mesh2 (i) ,Mesh2 (i+1),Mesh2 (1+2));
for j=1:3
for k=1:3
M(elmat (i, j),elmat (i,k))=M(elmat (i, j),elmat (i,k))+Me (7, k);
end
end
end
M=Mx1/c"2;
m=GeneratekElementM (Mesh2 (1) ,Mesh2 (2),Mesh2(3));
gMl=m(1,2)x1/c"2;
gM2=m(1,3)*1/c"2;
=M (2:N, 2:N) ;
Cl=sparse (N+1,N+1);
C2=sparse (N+1,N+1);
C3=sparse (N+1,N+1);
C4=sparse (N+1,N+1);
CS5=sparse (N+1,N+1);
for i=1:2:1length(elmat)—2
[Cel(:,:), Ce2(:,:), Ce3(:,:), Ced(:,:), Ceb(:,:) .
]=GenerateElementCtry (Mesh2 (i), Mesh2 (i+1),Mesh2 (i+2), Mesh2 (i+3),
Mesh2 (i+4) , beta, rho, c¢);
for 3=1:3
for k=1:3
1 (elmat (i, j),elmat (i,k))=Cl (elmat (i, j),elmat (i,k))+Cel (7, k);
(elmat (i, J),elmat (i,k))=C2 (elmat (i, j),elmat (i,k))+Ce2 (73, k);
3(elmat (i, j),elmat (i,k))=C3(elmat (i, J),elmat (i, k))+Ce3(J,k);
(elmat (i, j),elmat (i,k))=C4 (elmat (i, j),elmat (i,k))+Ced (7, k);
5(elmat (i, j),elmat (i, k))=C5(elmat (i, j),elmat (i, k))+Ce5(7j,k);
end
end
end
for i=length (elmat)
[Cel(:,:), Ce2(:,:), Ce3(:,:), Ced(:,:), Ceb(:,:) .
]=GenerateElementC (Mesh2 (i) ,Mesh2 (i+1),Mesh2 (i+2), beta, rho, c);
for 3=1:3
for k=1:3
1 (elmat (i, j),elmat (i,k))=Cl (elmat (i, j),elmat (i, k))+Cel(Jj,k);
(elmat (i, j),elmat (i,k))=C2 (elmat (i, j),elmat (i,k))+Ce2(7,k);
3(elmat (i, j),elmat (i, k))=C3 (elmat (i, j),elmat (i, k))+Ce3 (7, k);
(elmat (i, j),elmat (i,k))=C4 (elmat (i, j),elmat (i,k))+Ced (3, k);
5(elmat (i, j),elmat (i, k))=C5(elmat (i, Jj),elmat (i, k))+Ce5(7j,k);
end
end
end

gCl2=C1 (1, 3);

gC22=C2 (1, 3);

=GenerateElementK (Mesh2 (1)

,elmat (i,k))=K(

, Me

,Mesh2 (i+1)

elmat (i,

sh2(3));

49

)

,Mesh2 (i+2));

,elmat (i,k))+Ke(J,k);




190

191 Cl1=Cl(2:N,2:N);
192 C2=C2(2:N,2:N);
193 C3=C3(2:N,2:N);
194 C4=C4(2:N,2:N);
195 C5=C5(2:N,2:N);
196

197 %BC

198 uOt = Pulse(t, PO, £0);

199 ulOt_tt=Pulsett (t,P0,£f0);

200 uOt_t=Pulset (t,P0,f0);

201

202 g2=sparse (zeros (N—-1,B));

203 g2 (1, :)=(—ul0t*xgKl—ulOt_tt+gMl+arult_t.x (ult_t*gC22));
204 g2 (2,:)=(—ultxgK2—ult_tt+gM2+axult_tt.* (ul0txgCl2));

205
206 gzC2=sparse (zeros (N—1,B));

207 gzC2(1l, :)=(—ul0t'xgKl—ulOt_tt'xgMl)';
208 gzC2 (2, :)=(—ult'xgK2—ult_tt'xgM2)"';
209

210 %I1C

211 ul=zeros (N—1,1);

212 utl=zeros (N—1,1);

213

214 u2=ul+dt.*utl;

215

216 % time solver, linear
217 W2=zeros (N—1,B);

218 W2 (:,1)=ul;

219 W2 (:,2)=u2;

220

221 W2 (:,3)=(dt 2+K+M)\ (gzC2 (:,3) xdt " 242xM*W2 (:,2)—M*W2 (:,1));
222

223 for j=4:B

224 W2 (:, 3)=(dt"2+K+2xM) \ (gzC2 (:, J) *dt " 2+5xM*xW2 (:, J—1)—4*M*«W2 (:, J—2) +M*xW2 (:, 3—3)) ;
225

226 end

227

228 %$time solver, non—linear
229 G=zeros (N—1,B);

230 G(:,1)=ul;

231 G(:,2)=u2;

232

233 iteratie2=zeros(1,B);

234 %

235 % now we solve for i=3

236 for i=3

237 fguess=(dt"2xK+M) \ (g2 (:, 3) *dt "2+42+MxG (:,2)—MxG (:,1));

238 ft=3+xP0*ones (size (fguess));

239

240 while (max (abs (ft—fguess))>10"—9«P0);

241 ft=fguess;

242 iteratie2 (i)=iteratie2 (i)+1;

243

244 HA=sparse (1:N—1,1:N—1, ([0; uOt(i); £ft(1:N—3)]—[0;u0t (i-1);
G(1:N—3,i—-1)])/dt ,N—1,N—1,N—-1);

245 HB=sparse (1:N—1,1:N—1, ([u0t(i); ft(1:N—2)]—[ul0t(i—1); G(1:N—2,i—1)])/dt
,N—1,N—1,N-1);

246 HC=sparse (l1:N—1,1:N-1, (ft—G(:,1i-1))/dt , N—1,N—1,N—-1);

247 HD=sparse (1:N—1,1:N—1, ([ft(2:N—-1);0]—([G(2:N—-1,i—-1);0])/dt ,N—1,N—1,N—-1);

248 HE=sparse (1:N—1,1:N—1, ([ft(3:N-1);0;0]—[G(3:N—-1,i—1);0;0])/dt ,N—1,N—1,N-1);

249 G1l=HA*Cl+HB+C2+HC*C3+HD*C4+HE+C5; clear HA HB HC HD HE;

250

251 LA=sparse(1:N—1,1:N—1, [0;u0t (1); £ft(1:N-3)] , N—1,N—1,N-—1);

252 LB=sparse (1:N—1,1:N—1, [uOt(i); ft(1:N—2)] , N—1,N—1,N—-1);

253 LC=sparse(l:N-1,1:N-1,ft , N—-1,N—-1,N-1);
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LD=sparse(1:N-1,1:N-1,
LE=sparse (1:N—1,1:N-1, [ft

[ft (2:N-1)
(3:N—-1)

G2=LA*C1l+LB*C2+LC*C3+LD*C4+LE*C5;

fguess=(dt " 2*K+M—G1l+dt—G2) \ (g2 (:,

MxG(:,1—2)—G1l+G(:,i—1)+dt+G2
end
G(:,1)=fguess;
end
for i=4:B

fguess=(dt"2xK+2+M) \ (g2 (:, J) »dt "2+5%
ft=3+xP0*ones (size (fguess));

while
ft=fguess;
iteratie2 (i)=iteratie2 (i) +1
HA=sparse (1:N—1,1:N—1, ([ul0t (1
G(1:N—3,i—1)])/dt
HB=sparse (1:N—1,1:N-1,
,N—1,N—1,N-1);
HC=sparse (1:N—1
HD=sparse (1:N-1,
1
+

)i

([udt (1) ;

N—1
N—1, ([ft (2:N—-1
HE=sparse (1:N—1,1:N—1, ([ft (3:N—-1

G1l=HA*C1l+HB*C2

,N—1,N—1,N—
—1, (ft—G(:,1i—-1)

1

1

1
HC*C3+HD*C4+HE*C5;

;O] ’ N*l,N*l, Nil)l‘
;O; O] 14 N_lIN_llN_l);
clear LA LB LC LD LE;

(max (abs (ft—fguess) )>10"—6+P0) ;

1) *dt "242+«M*G (:,i—-1)—. ..
*(—2+G(:,1—1)+G(:,1=2)));
M*G (:, J—1)—4+MxG (:, J—2)+M*G (:, J—3)) ;
ult (1); ft(1:N—3)]—[ult (i);ult (i—1);

1);
ft (1:N—2)]—[ult (i—1); G(1:N—2,i—1)])/dt
1))/dt , N—1,N— lN 1)~

); 01— [G(2:N—1,i-1) )/dt  ,N—1,N—1,N—1);
),0,O]—[G(3.N—1,1—1),O,O])/dt ,N—1,N—1,N-1);

clear HA HB HC HD HE;

LA=sparse (1:N—1,1:N—1, [uOt (i),;u0t(i); ft(1l:N—-3)] ,
LB=sparse (1:N—1,1:N—-1, [uOt 1), t(1:N—-2)] , N—1,N—1,N—-1);
LC=sparse(1:N-1,1:N-1,ft , N— 1,N 1,N—1);

LD=sparse (1:N—1,1:N—1, [ft (2:N—-1);0] , N—1,N—1,N—-1);
LE=sparse (1:N—-1,1:N—-1, [f£t (3:N-1);0; O] , N—1,N—1,N—1);
G2=LA*Cl+LB*C2+LC*C3+LD+xC4+LE*C5; clear LA LB LC LD LE;

fguess=(dt "2xK+2+M—3/2xG1l+dt—2%G
(5*M+G1lx—4*dt/2—5%xG2) xG (:
(M—G2) *G(:,1-3));

end
G(
end

:,1)=fquess;

U2=[u0t;G; zeros (1,B)];
=[ult; W2;zeros(1,B)];

figure(l) S%plot Ul,U2,Burgers
time=round (xsh*T/Lx1/dt + 6/£f0/dt)
plot (Mesh/xsh,Ul (:,time), 'r")
axis([0.9 1.1 —1.5%x10"76 1.5%1076])
hold on

plot (Mesh2/xsh,U2(:,time),
plot (Mesh/xsh, pburg, 'b")
xlabel ('xshock")

ylabel ('P")
strtime=int2str (timexdt+x1076) ;
title(strcat ('t = ', strtime,
legend('Ul'", 'U2'", 'Burgers")

lkv)

'ms ")) ;

figure(2) %plot difference Ul and U2

for 1=1l:1length (Mesh)—1
difU(1, :)=(U2(2+1,

end

subplot (2,2,1)

plot (Mesh/xsh, [0; difU(:, round(time/4))

axis ([0 1.5 —7%10"°5 7%«1075])

) +U02(2%1-1,:))/2

r 1=

2)\ (g2 (:,1)*dt"2+. ..
L+ (=

—U1l(1,:);

1)

o1

4%M+1/2xdt*G1l+4xG2) xG (:

N—1,N—1,N—1);

,1-2)+. ..




318 xlabel ('xshock"')

319 ylabel ('P")

320 strtime=int2str(time/4xdt*1076);

321 title(strcat ('t = ', strtime, 'ms'));
322 subplot (2,2,2)

323 plot (Mesh/xsh, [0; difU(:,round (2*«time/4))])
324 axis ([0 1.5 —7%10"5 7%«1075])

325 strtime=int2str (time/2+xdt*1076);

326 title(strcat('t = ', strtime, 'ms'));
327 xlabel ('xshock")

328 ylabel ('P")

329 subplot (2,2, 3)

330 plot (Mesh/xsh, [0; difU(:, round(3*time/4))])
331 axis ([0 1.5 —7«10"5 7«10°5])

332 strtime=int2str (timex3/4xdt+x1076);

333 title(strcat('t = ', strtime, 'ms'));
334 xlabel ('xshock")

335 ylabel ('P')

336 subplot (2,2, 4)

337 plot (Mesh/xsh, [0; difU(:,round(4+time/4))])
338 axis ([0 1.5 —7%x10"5 7+x107°5])

339 strtime=int2str (timexdt+x1076);

340 title(strcat('t = ', strtime, 'ms'));
341 xlabel ('xshock")

342 ylabel ('P'")

343

344 figure (3)

345 plot (l:B,iteratiel)

346 axis ([0 14000 0 571)

347

348

349 figure (4)

350 plot (l:B,iteratie2)

351 axis ([0 14000 0 57)

52




C.3 The complete Westervelt equation for both orders

clear all;close all;
tic

c = 1500;

rho = 1000;

f0 = 1leb;

PO = leob;

beta = 10;
delta=0.007;

© W N s W N

xsh=rhoxc”3/ (beta*P0*2xpixf0);
L=xsh+12xc/f0;

n=round (72+x£0*L/c) ;
Mesh=linspace (0,L,n+1)"';

e e e
B W N = O

dt=L/ (n*xcx4) ;
T=L/c;

k=round (T/dt) +1;
t=0:dt: (k—1)*dt;

e e
© o N o «»

$first order FEM

$define matrices K,M and the C's
K=Kmatrix (Mesh,n) ;

M=Mmatrixd (Mesh,n);
diffmesh=diff (Mesh);
gM=1/6+diffmesh (1) ;
gk=—1/diffmesh (1) ;

NONONN N NN NN
0w N O A W N = O

[C1 C2 C3 gCl gC2 gC3]=Cmatrix(Mesh, beta ,rho ,c,n);

[
©

$BC
ul0t = Pulse(t, PO, £0);
ul0t_tt=Pulsett (t,P0, £f0);

w W w w w
N N =]

gl = sparse(ones(l,k),1l:k,—ult_ttxgM/c”"2 — ult*gK+delta/c"4xgMx( —1/2x[0 0O
ult (1:round(T/dt)—1)]+[0 ult (l:round(T/dt))] —[ult(2:round(T/dt)+1) 0]
+1/2%[u0t (3:round(T/dt)+1) 0 0] )*1/(dt"3),n—1,k,k);

36 %1C

37 ul=zeros(n—1,1);

38 utl=zeros(n—1,1);

39

40 u2=ul+dt.xutl;

41

42 % time solver, linear
43 Wl=zeros (n—1,k);

44 W1 (:,1l)=ul;

45 W1 (:,2)=u2;

46

47 W1 (:,3)=(dt"3xK+dt/c 2xM—delta/c 4+M)\ (gl (:,3) *dt " 3+2xdt/c 2*M*W1l (:,2)—. ..
48 dt/c”2«M+W1 (:,1)+3*delta/c " 4«M*W1l(:,1)—3+delta/c " 4xMxW1l(:,2));

49 Wl(:,4):(dt"3*K+dt*2/c“2*M—delta/c“4*M)\(gl(:,4)*dt“3+dt/cA2*5*M*W1(:,3)—...
50 dt/c”2%4*MxW1 (:,2)+dt/c " 2+xM*xW1l (:,1)—delta/c " 4*MxW1l (:,1)+...

51 3xdelta/c 4+MxW1 (:,2)—3xdelta/c " 4«M*W1l(:,3));

52 for i=5:round(T/dt)

53 W1(:,1i)=(dt"3*K+2*dt/c"2+«M—2.5«delta/c 4*M)\ (gl (:,1i)»dt"3+...

54 dt/c”2*«5«M+W1 (:,i—1)—dt/c " 2*x4*«M*W1 (:,1—2)+dt/c " 2+MxW1l (:,1—3)—..

55 9xdelta/c " 4*MxW1l (:,1i—1)+12+«delta/c 4+M*«W1l (:,1—2)—...

56 7Txdelta/c " 4*MxW1 (:,i—3)+1.5+xdelta/c " 4*MxW1l(:,i—4));

57 end

58

59 %time solver, non—linear
60 Ul=zeros(n—1,k);
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124

%$solve for i=3

i=3;

fguess=W1l(:,1);
ft=3+xP0xones (size (fguess));

while (max (abs (ft—fguess))>10"—-9%P0);
ft=fguess;

HA=sparse (l:n—1,1:n—1, ([u0t(i); ft(l:n—2)]—[ult(i—1); Ul (l:n—2,i—1)])/dt ,
n—1,n—1,n—1);

HB=sparse(l:n—1,1:n-1, (ft—U1(:,i-1))/dt , n—1,n—1,n-1);

HC=sparse (l:n—1,1:n—-1, ([ft(2:n—1);0]—[U1(2:n—1,1i—1);0]1)/dt , n—1,n—1,n—1);

N1=HAxC1l+HB*C2+HC%C3; clear HA HB HC;

LA=sparse(l:n—1,1:n—1, [u0t(i); ft(l:n—2)] , n—1,n—1,n—-1);
ILB=sparse(l:n—-1,1:n-1,ft , n—1,n—-1,n-1);
LC=sparse(l:n—1,1:n—1, [ft (2:n—1); O] , n—1,n—1,n-1);
N2=LA+xC1l+LB*C2+LC*C3; clear LA LB LC;

fguess=(dt”3*K+dt/cA2*M—delta/cA4*M—N1*th2—N2*dt)\(gl(:,i)*th3+...
2xdt/c”2*M*ULl (:,i—1)—dt/c"2xMxULl (:,1—2)—N1xUl (:,1—1)xdt"2+...
dt*«N2# (—2%UL (:,i—1)+ULl (:,i—2))—3xdelta/c 4+MxUL (:,i—1)+...
3xdelta/c”4+«MxUl (:,1-2));

end
Ul (:,1)=fguess;

%$solve for i=4

for i=4
fguess=Wl(:,1);
ft=3xP0xones (size (fguess));

while (max (abs (ft—fguess))>10"—9%P0);
ft=fguess;

HA=sparse (l:n—1,1:n—1, ([uOt(i); ft(l:n—2)]—[ult(i—1); Ul(l:n—-2,i-1)])/dt ,
n—1,n—1,n—-1);

HB=sparse(l:n—1,1:n—1, (ft—-U1(:,1i-1))/dt , n—1,n—1,n-1);

HC=sparse(l:n—1,1:n—-1, ([ft(2:n—-1);0]—[U1(2:n—-1,1i—-1);0])/dt , n—1,n—1,n—-1);

N1=HA+C1+HB*C2+HC*C3; clear HA HB HC;

LA=sparse(l:n—1,1:n—1, [u0t(i); ft(l:n—2)] , n—1,n—1,n—1);
ILB=sparse(l:n—1,1:n-1,ft , n—1,n-1,n-1);
LC=sparse(l:n—1,1:n—1, [ft(2:n—1); O] , n—1,n—1,n-1);
N2=LA*C1l+LB+xC2+LC*C3; clear LA LB LC;

fguess=(dt "3xK+dt*2/c " 2+«M—delta/c 4«M—N1xdt " 2—N2xdt)\ (gl (:,1) »dt"3+...
dt/c"2+«5«MxU1 (:,1—1)—dt/c"2%«4xMxUl (:,1—2)+dt/c”"2+«MxU1 (:,1—-3)—..
delta/c " 4+«MxUl (:,1—3)+3*delta/c 4*M*Ul (:,1i—2)—...
3xdelta/c”4*«M*ULl (:,1i—1)—NI1*Ul (:,i—1)*dt " 24+dt+«N2x (—2+UL (:,1i—1)+Ul(:,1-2)));

end
Ul(:,1)=fguess;

end

for i=5:k
fguess=Wl(:,1);
ft=3xP0xones (size (fguess));

while (max (abs (ft—fguess))>10"—9«P0);
ft=fguess;
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125 HA=sparse(l:n—1,1:n—1, (3« [ult (i); ft(l:n—2)]—4x[ult(i-1);
Ul(l:n—2,i—1) ]+ [u0t(i—2); Ul(1l:n—2,1—2)]1)/(2*dt) , n—1,n—1,n—1);

126 HB=sparse (l:n—1,1:n—1, (3*xft—4+U1 (:,1—1)+U1(:,1—2))/ (2*dt) , n—1,n—1,n-1);
127 HC=sparse(l:n—1,1:n—1, (3x[ft(2:n—1);0]—4%[ULl(2:n—1,1—-1);0]+...

128 [Ul(2:n—1,1—2);0])/ (2*dt) , n—1,n—1,n-1);

129 N1=HA+C1l+HB*C2+HC*C3; clear HA HB HC;

130

131 LA=sparse(l:n—1,1:n—1, [u0t(i); ft(l:n—2)] , n—1,n—1,n-1);

132 LB=sparse(l:n—1,1:n-1,ft , n—1,n—1,n-1);

133 LC=sparse(l:n—1,1:n—-1, [ft(2:n—-1); O] , n—1,n—1,n—1);

134 N2=LA*Cl1+LB*C2+LC*C3; clear LA LB LC;

135

136 fguess=(dt "3xK+dt*2/c"2xM—2.5+xdelta/c " 4«M—N1xdt " 2—N2*dt) \ (gl (:,1)*dt"3+...
137 dt/c”2*5xMxULl (:,1—1)—dt/c " 2*4+«M+Ul (:,1i—2)+dt/c " 2+xMxULl (:,1—3)—. ..

138 9xdelta/c 4+*MxUl (:,i—1)+12+«delta/c " 4+«M*Ul (:,1—2)—. ..

139 7Txdelta/c”4*«M*Ul (:,1i—3)+1.5+xdelta/c " 4*MxULl (:,i—4)—. ..

140 N1+Ul(:,i—1)*dt"2+dt*N2x (—2+U1 (:,i—=1)+U1l(:,1i-2)));

141

142 end

143 Ul(:,1)=fguess;

144 end

145

146 Ul=[u0t;Ul;zeros(1,k)];

147 wl=[u0t; Wl;zeros(1l,k)]1;

148

149 $2ND ORDER

150 N=2+*n;

151 Mesh2=linspace (0,L,N+1)"';

152 B=round (T/dt)+1;

153

154 %define matrices K,M and the C's
155 elmat=GenerateTopologyother (n);
156 K=sparse (N+1,N+1);

157
158 for i=1:2:1length(elmat)

159 Ke (:, :)=GenerateElementK (Mesh2 (i),Mesh2 (i+1),Mesh2 (i+2));

160 for 3=1:3

161 for k=1:3

162 K(elmat (i, j),elmat (i,k))=K(elmat (i, j),elmat (i,k))+Ke (j, k);
163 end

164 end

165 end

166 k=GenerateElementK (Mesh2 (1),Mesh2(2),Mesh2(3));

167 gKl=k(1,2);

168 gK2=k (1,3);

169 K=K (2:N,2:N);

170

171 M=sparse (N+1,N+1);

172 for i=1l:2:length (elmat)

173 Me (:, :)=GenerateElementM (Mesh2 (i) ,Mesh2 (i+1) ,Mesh2 (i+2));
174 for 3=1:3

175 for k=1:3

176 M(elmat (i, j),elmat (i,k))=M(elmat (i, j),elmat (i,k))+Me (], k);
177 end

178

179 end

180 end

181

182 m=GenerateElementM (Mesh2 (1),Mesh2 (2),Mesh2 (3));

183 gMl=m(1l,2);

184 gM2=m(1,3);

185 M=M(2:N,2:N);

187 Cl=sparse (N+1,N+1);

188 C2=sparse (N+1,N+1);
189 C3=sparse (N+1,N+1);
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C4=sparse (N+1,N+1);

CS=sparse (N+1,N+1) ;

for i=1:2:1length(elmat)—2
[Cel(:,:), Ce2(:,:),

Ce3(:,:),

Ced (:,
]=GenerateElementCtry (Mesh2 (i) ,Mesh2 (i+1)

1), Ceb(:,:)

,Mesh2 (i+2), Mesh2 (i+3),

Mesh2 (i+4) , beta, rho, c);
for 3=1:3
for k=1:3
1 (elmat (i, j),elmat (i,k))=Cl (elmat (i, j),elmat (i, k))+Cel(J,k);
(elmat (i, j),elmat (i,k))=C2 (elmat (i, j),elmat (i,k))+Ce2(7,k);
3(elmat (i, j),elmat (i, k))=C3(elmat (i, J),elmat (i, k))+Ce3(Jj,k);
(elmat (i, Jj),elmat (i,k))=C4 (elmat (i, j),elmat (i,k))+Ced (J, k) ;
5(elmat (i, j),elmat (i,k))=C5(elmat (i, J),elmat (i, k))+Ce5(7,k);
end
end
end
for i=length (elmat)
[Cel(:,:), Ce2(:,:), Ce3(:,:), Ced(:,:), Ce5(:,:) .
]=GenerateElementC (Mesh2 (i) ,Mesh2 (i+1),Mesh2 (i+2), beta, rho, c);
for j=1:3
for k=1:3
(elmat (i, j),elmat (i,k))=Cl (elmat (i, j),elmat (i,k))+Cel (7, k);
(elmat (i, J),elmat (i,k))=C2 (elmat (i, j),elmat (i,k))+Ce2 (73, k);
3 (elmat (i, j),elmat (i, k))=C3 (elmat (i, j),elmat (i, k))+Ce3(Jj,k);
(elmat (i, j),elmat (i,k))=C4 (elmat (i, j),elmat (i,k))+Ced (7, k);
5(elmat (i, j),elmat (i, k))=C5(elmat (i, j),elmat (i, k))+Ce5(7j,k);
end
end
end

gCl2=Cl(1,3); gC22=C2(1,3);

Cl=Cl(2:N,2:N);
C2=C2(2:N,2:N);
C3=C3(2:N,2:N);

C4=C4 (2:N,2:N);
C5=C5(2:N,2:N);

$BC

u0t = Pulse(t, PO, £f0);

u0t_tt=Pulsett (t,P0, f0);
ult_t=Pulset (t,P0, £0);
uldt_ttt=[diff (u0t_tt), 01;
g2=sparse (N—-1,B);

g2 (1,
92 (2,

gzC2=sparse (N—1,B) ;

gzC2 (1, :)=(—ult'+gKl—ult_tt'+«gMl)"';
gzC2 (2, :)=(—ult'+gK2—ult_tt '+xgM2)"'
$IC

ul=zeros (N—1,1);
utl=zeros (N—1,1);
u2=ul+dt.x~utl;

% time solver, linear
W2=zeros (N—1,B) ;

W2 (:,1)=ul;

W2 (:,2)=u2;

W2 (:,3)=(dt"3*K+dt/c"2«M—delta/c 4x*M)\ (gzC2(:,
dt/c”2«M+W2 (:,1)+3*xdelta/c " 4*xW2(:,

W2 (:,4)=(dt " 3xK+dt*2/c"2xM—delta/c"4«M)\ (gzC2 (:,

dt/c 2%4«MxW2 (:,

:)=(—ult+gKl—uOt_tt+gMl/c"2+ult_t .«
1) =(—ult+gK2—ult_tt+gM2/c”2+ult_tt.* (u0t+gCl2))+ult_ttt+gM2+delta/c"4;

2)+dt/c 2xM*W2 (:,

3) «+dt " 3+2«dt/cT2«M«W2 (:,
1)—3xdelta/c 4*W2(:,2));
4) «dt " 3+dt/c T 2x5«M«W2 (:,

1)—delta/c”4*«W2(:,1)+3xdelta/c 4xW2 (:,

o6

(u0t_t*gC22))+ult_ttt+gMl«delta/c"4;

2)—. ..

3)—...
2)—. ..
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3xdelta/c 4+«W2(:,3));

for i=5:round(T/dt)

W2 (:,1)=(dt"3+K+2+dt/c"2+M—2.5+xdelta/c 4*M)\ (gzC2 (:,1)«dt"3+...
dt/c”2*5*M*xW2 (:,1i—1)—dt/c " 2*x4*«M*W2 (:,1—2)+dt/c " 2+xMxW2 (:,1—3)—
9xdelta/c 4xMxW2 (:,1—1)+12*«delta/c 4*M*«W2 (:,1—2)—. ..
T+delta/c”4*«M*W2 (:,1—3)+1.5+delta/c 4*M*W2 (:,1—4));

end

$time solver, non—linear
G=zeros (N—1,B) ;
G(:,1)=ul;

G(:,2)=u2;

o

% now we solve for i=3

for i=3
fguess=W2(:,1);
ft=3xP0xones (size (fguess));

while
ft=fguess;
HA=sparse(1l:N—1,1:N—-1, ult (1
G(l1:N—-3,i—-1)])/dt
HB=sparse(l1:N—1,1:N—-1,
,N—1,N—1,N-1);
HC=sparse(1l:N-—1,1:N-1,
HD=sparse(l1:N—1,1:N—-1,
HE=sparse (1:N-1,1:N-1,

([0;

([ult (1) ;

LA=sparse(1:N—1,1:N—1, [0;u0t (1i); ft(1l:N-3)] , N—1,N—1,N—1);
LB=sparse (1:N—1,1:N—1, [uOt (i); ft(1:N—2)] , N—1,N—1,N—-1);
LC=sparse(l:N—-1,1:N—-1,ft , N—1,N—1,N—-1);
LD=sparse(1:N—1,1:N—1, [f£t (2:N—-1);0] , N—1,N—1,N—-1);
LE=sparse (1:N—1,1:N—1, [ft (3:N—1);0; 0] , N—1,N—1,N—1);
G2=LA*Cl+LB*C2+LC*C3+LD+xC4+LE*C5; clear LA LB LC LD LE;
fguess=(dt " 3*xK+dt/c"3«M—delta/c”4xM +Gl*dt“2—G2*dt)\(g2(:,i)*th3+...
2%dt/c 2xM*G (:, i—1)—dt/c"2+xM*xG (:,1—2)—G1l*G(:,i—1)*dt"2+...
G2*dt* (—2*G(:,1—1)+G(:,1—2))+3*delta/c 4xG(:,1—2)—3*delta/c " 4xG(:,1—1));
end
G(:,1)=fqguess;
end
for i=4
fguess=W2 (:,1);
ft=3+P0xones (size (fguess));
while (max(abs (ft—fguess))>10"—9xP0);
ft=fguess;
HA=sparse (1:N—1,1:N—1, ([0; uOt(i); ft(1:N—3)]—[0;ul0t (i—-1);
G(l1:N—3,i-1)])/dt ,N—1,N—1,N-1);
HB=sparse (1:N—1,1:N—1, ([uOt (i); ft(1:N—2)]—[ult(i—1); G(1l:N—2,i—1)])/dt
,N—1,N—1,N—1);
HC=sparse (l1:N—1,1:N-1, (ft—G(:,1i—1))/dt , N—1,N-—1, Nfl)'
HD=sparse (1:N—1,1:N—1, ([ft (2:N—1);0]—[G(2:N—1,i—1) )/dt  ,N—1,N—1,N—1);
HE=sparse (1:N—1,1 N—l,([ft(3:N—1),0,0]—[G(3.N—1,1—1),0,0])/dt ,N—1,N—1,N—-1);
+HC*C3+HD*C4+HE*C5;

G1l=HA*C1l+HB*C2

LA=sparse 0;ult (1) ;

,N—1,N-1,N—

(ft—G(:,i—
([ft(2:N—-1
([ft (3:N—1
G1=HA*Cl+HB*C2+HC*C3+HD*C4+HE=C5;

(max (abs (ft—fguess) )>10"—9+P0) ;

); f£(l:N—3)]—[0;ul0t (i—1);

1);

ft (1:N—2)]—[ult (i—1); G(1l:N—2,i—1)])
1))/dt , N—1,N—1,N-1);
);01—[G(2:N—1,1i—1);0]) /dt
);0;0]—[G(3:N-1,i—1);0;0])/dt

clear HA HB HC HD HE;

clear HA HB HC HD HE;

ft (1:N-3)]

(1:N—1,1:N-—1, [ , N—1,N—1,N-—1);
LB=sparse (1:N—1,1:N—1, [uOt(i); ft(1:N—-2)] , N— 1, —1,N-1);
LC=sparse(l:N-1,1:N—-1,ft , N—-1,N—-1,N-1);

LD=sparse (1:N—1,1:N—1, [ft (2:N—=1);0] , N—1,N—1,N-1);
LE=sparse (1:N—1,1:N—-1, [ft (3:N-1);0; O] , N—1,N—1,N—-1);

o7

/dt

,N—1,N—1,N—1);
,N—1,N—1,N—1);
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G2=LA*Cl+LB*C2+LC*C3+LD+C4+LE*C5;

fguess= (dt "3*K+2+dt/c 2+«M—delta/c 4*M—Glxdt " 2—G2xdt) \ (g2 (:, 1) »dt"3+...
5«dt/c”2xM*xG (:,1—1)—dt/c " 2%4*MxG(:,i—2)+dt/c " 2xMxG(:,1—3)—
Gl*G(:,1—1)*xdt " 24G2xdt* (—2*G(:,1—1)+G(:,1i—2))—delta/c"4*G(:,i—-3)+
3xdelta/c"4*G(:,1—2)—3xdelta/c 4xG(:,1—1));
end
G(:,1)=fqguess;
end
for i=5:B
fguess=W2(:,1);
ft=3+xP0Oxones (size (fguess));
while (max(abs (ft—fguess))>10"—6%P0);
ft=fguess;
HA=sparse (1:N—1,1:N—1, ([0; uOt(i); ft(1:N—3)]—[0;ul0t (i—1);
G(1:N—3,i—-1)])/dt ,N—1,N—1,N—-1);
HB=sparse (1:N—1,1:N—1, ([uOt(i); ft(1:N—2)]—[ul0t(i—1); G(1:N—2,i—1)])/dt
,N—1,N—1,N—-1);
HC=sparse (1:N—1,1:N-1, (ft—G(:,i-1))/dt , N—1,N—1,N— 1)'
HD=sparse (1:N—1,1:N—-1, ([ft (2:N—-1);0]—[G(2:N—-1,i-1) y/dt  ,N—1,N—1,N—1);
HE=sparse (1:N—-1,1 N—l,([ft(3:N—1),0,0]—[G(3.N—1,1—1),0,0])/dt ,N—1,N—1,N—-1);
+HC*C3+HD+C4+HExC5;

G1l=HA*C1l+HB*C2

clear LA LB LC LD LE;

clear HA HB HC HD HE;

LA=sparse (1:N—1,1:N—1, [0;u0t (i); ft(1:N=3)] , N—1,N—1,N—-1);
LB=sparse (1:N—1,1:N—1, [uOt(i); ft(1:N—2)] , N—1,N—1,N—-1);
LC=sparse(l:N-1,1:N-1,ft , N—-1,N—-1,N-1);

LD=sparse (1:N—1,1:N—1, [ft (2:N—-1);0] , N—1,N—-1,N-1);
LE=sparse (1:N—-1,1:N—-1, [f£t (3:N-1);0; O] , N—1,N—1,N—1);
G2=LA*Cl+LB*C2+LC*C3+LD+xC4+LE*C5; clear LA LB LC LD LE;

fguess= (dt "3xK+2+xdt/c"2+M—3/2%G1
2.5xdelta/c 4«M)\ (g2 (:,
9xdelta/c”4xM) *G(:,1—1)+
4%G2xdt) *G(:,1—2)+(—7*delta/
1.5xdelta/c " 4*xMxG(:,1—4));

end
G(
end

:,1)=fquess;

U2=[ul0t;G; zeros (1,B)];
=[ul0t; W2;zeros(1,B)];

figure (1)

time=round (xsh*T/Lx1/dt + 6/£0/dt)
plot (Mesh/xsh,Ul (:,time), "'r—")
axis([0.9 1.1 —1.2%10"6 1.2%x10761)
hold on

*dt " 2—2+xdt+xG2—. ..

c 4 xM+dt/c”2xM—G2xdt) *G (

plot (Mesh2/xsh,U2 (:,time), 'k")
xlabel ('xshock")
ylabel ('P")
strtime=num2str (timexdt+x1076) ;
title(strcat ('t = ', strtime, 'ms'));
legend('Ul", 'U2")
figure (2)
for 1=1l:1length (Mesh)—1
difU(l, :)=(U2(2%1,:)+U02(2%«1—1,:))/2=U0U1(1,:);
end

subplot (2,2,1)

o8

1) *dt "3+ (5*%dt/c " 2+xM+Glx—4xdt"2/2—5%G2*dt—. . .
(12*delta/c " 4*«M—4xdt/c " 2+«M+1/2xdt " 2xG1l+. ..
c,1-3)+
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plot (Mesh/xsh, [0; difU(:,round(time/4))])
axis ([0 1.5 —3%x10"5 3x10757)
xlabel ('"xshock")

ylabel ('P")
strtime=num2str (time/4*xdt*10"6) ;
title(strcat ('t = ', strtime, 'ms'));

subplot (2,2,2)

plot (Mesh/xsh, [0; difU(:,round(2+«time/4))
axis ([0 1.5 —3%x10"5 3%107517)
strtime=num2str (time/2+xdt*10"6) ;
title(strcat ('t = ', strtime, 'ms'));
xlabel ('"xshock")

ylabel ('P")

subplot (2,2, 3)

plot (Mesh/xsh, [0; difU(:,round (3+«time/4))
axis ([0 1.5 —3%x10"5 3%10751])
strtime=num2str (time*3/4xdt*10"6);
title(strcat ('t = ', strtime, 'ms'));
xlabel ('"xshock")

ylabel ('P")

subplot (2,2, 4)

plot (Mesh/xsh, [0; difU(:,round (4*time/4))
axis ([0 1.5 —3%x10"5 3x10757)
strtime=num2str (timexdt*«1076) ;
title(strcat ('t = ', strtime, 'ms'));
xlabel ('"xshock")

ylabel ('P")

1)

1)

1)
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C.4 Custom function definitions called in the implementations

1 function [ M ] = Mmatrix( Mesh,n,c )

2 %assembles M matrix for 1lst order FEM

3 dMesh=diff (Mesh) ;

4 M = spdiags ([dMesh(2:n) 2x (dMesh (1:n—1)+dMesh (2:n))

dMesh (1:n—1)1/(6*c"2),—1:1,n—1,n—1);

5 end

1 function [ K ] = Kmatrix( Mesh,n )

2 %assembles K matrix for 1lst order FEM

3 diffmesh=diff (Mesh);

4 K=sparse(n—1,n-1);

5 K=spdiags((l./diffmesh(2:n)+1./diffmesh(1l:n-1)),0,K);

6 K=spdiags(—1./diffmesh(2: (n-1)),—1,K);

7 K=spdiags(—1./diffmesh(l:(n—1)),1,K);

8 end

1 function [ gM gK ] = vectorg( Mesh,n,c )

2 %elements of g; they multiply with the known BC at x=0

3 diffmesh=diff (Mesh);

4 gM=1/(6%xc"2)+diffmesh (1) ;

5 gK=—1/diffmesh(1);

6 end

1 function [ elmat ] = GenerateTopologyother( n )

2 %generates topology

3 elmat=zeros(n, 3);

4 for i=1:2:2xn—-1

5 elmat (i,1)=1i;

6 elmat (i,2)=1i+1;

7 elmat (i, 3)=1i+2;

8 end

1 function [ K ] = GenerateElementK( x1,x2, x3 )

2 %generates elements of the K matrix for 2nd order FEM

3 d3=1/6%(1/(x3—x2)+1/ (x3—x1)) "3* (x3—x2) * (x3—x1)—1/6% (x1—x2) "3/ ((x3—x2) "2* (x3—x1) "2);
4 dl=—1/3%(x1—x3) * (4*x1"2—2*x1* (3*x2+xX3)+3*x2"2+x372) / ((x1—x3) x (x1—x2)) "2;
5 d2=1/3%(x3—x1) "3/ ((x2—x1) "2* (x2—x3) "2) ;

6

7 a=—1/3%(x1—x3) * (x1"2+x1x (Xx3—3*x2) +3*xxX2"2—3xx2+x3+x372) /...

8 ((x1—x2) * (x1—x3) * (x3—x2) * (x3—x1));

9 b=—1/3%(x1—x3) "3/ ((x1—x2) * (x1—x3) * (x2—x1) * (x2—x3) ) ;
10 K=[dl b a;b d2 b; a b d3];
11 end

1 function [ M ] = GenerateElementM( x1,x2, x3 )

2 %generates elements of the M matrix for 2nd order FEM

3 dl=— (x1—x3) * (6%xx1"2+3xx1x (x3—5+x2) +10%x2"2—5+x2+x3+x372) / (30* (x1—x2) "2);
4 d2=—(x1—x3) "5/ (30* (x1—x2) "2% (x2—x3) "2);

5 d3=— (x1—x%x3) * (6*x372+3%xX3% (x1—5%x2)+10%x2"2—5xx2xx1+x1"2) /(30 (x2—x3) "2);
6

7 a=(x1—x3)*x (3*x172—10*x1*x2+4*x1*x3+10*x2"2—10%xx2xx3+3%x372) / (60* (x1—x2) * (x2—x3)) ;
8 bl=—(x1—x%x3) 3% (3*x1—5*x2+2%x3) /(60 (x1—x2) "2* (x2—x3));

9 Db2=(x1-x3) "3 (3*¥x3—5%x2+2%x1) / (60* (x1—x2) * (x2—x3) "2) ;

=
o

M=[dl bl a;bl d2 b2; a b2 d3];
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end

1 function [ C1,C2,C3,9Cl,gC2,gC3 ] = Cmatrix( Mesh, beta, rho, c, n )

2 %assembles C matrices for 1lst order FEM

3 Cl=sparse(ntl,n+l);

4 C2=sparse(n+l,n+1);

5 C3=sparse(ntl,n+1l);

6

7 factor=2x+beta/ (rhoxc”4);

8

9 for i=2:n

10 Cl(i,i)=factor*1/12* (Mesh(i)—Mesh (i—1));

11 C2(i,i)=factor*1l/4* (Mesh(i+1l)—Mesh (i) )+factor*1/4x (Mesh (i)—Mesh (i—1));
12 C3(i,i)=factorx1/12* (Mesh(i+1l)—Mesh(i));

13 end

14 for i=1l:n

15 Cl(i,i+l)=factor*1/12* (Mesh (i+1l)—Mesh(i));

16 C2(i,i+1l)=factor*1/12* (Mesh (i+l)—Mesh (i));

17 C3(i,1+1)=0;

18

19 Cl(i+1,1)=0;

20 C2(i+1,i)=factor*1/12* (Mesh (i+l)—Mesh (i));

21 C3(i+1l,1i)=factor*1/12* (Mesh (i+1l)—Mesh(i));

22 end

23

24 gCl=Cl1l(1,2);

25 gC2=C2(1,2);

26 gC3=C3(1,2);

27

28 C1l=Cl(2:n,2:n);

209 C2=C2(2:n, 2:n);

30 C3=C3(2:n, 2:n);

31 end

1 function [ M ] = Mmatrixd( Mesh,n)

2 %assembles M matrix for 1lst order FEM without 1/c”2

3 dMesh=diff (Mesh);

4 M=sparse(n—1,n-1);

5 M = spdiags([dMesh (2:n) 2% (dMesh (1:n—1)+dMesh (2:n)) dMesh (1:n-1)]/(6),—1:1,n—1,n-1);
6 end

1 function [ C1,C2,C3,C4,C5 ] = GenerateElementCtry( a,b,c, d, e,beta, rho, vel )
2 %Generates elements of C matrices for second order FEM

3 factor=2xbeta/ (rhoxvel™4);

4 %C1

5 Al=—1/ (420 (a—b) *x (b—c) "2) x (a—c) * (4*xa"3+a" 2% (9xc—21xb) +6*xax (7+xb " 2—T+xbxc+2+xc"2)—. ..
6 35%xb"3+63*xb"2xc—42+xbxc”2+10xc"3);

7 B1=0;

8 R1=1/(420* (c—d) "2x (d—e) ) * (c—e) * (10*c"3—6xCc 2% (—2xe+7*d) +c* (63*d"2—42xe*d+9xe”"2)—. ..
9 35xd"3+42+d " 2xe—21+dxe"2+4%xe"3);

10 D1=0;

11 E1=0;

12 Fl=(c—e) "3% (2*c " 2—T7*c*xd+3*xcxe+7xd " 2—Txd*e+2xe"2) / (210* (c—d) "2* (d—e) "2) ;

13 G1=0;

14 H1=0;

15 I11=0;

16 Cl=factorx[Al Bl R1l; D1 E1 F1; Gl Hl1l I1];

17

18 %C2

19 A2=—(a——cC) "3%x (3*xa"2—14xaxb+8*a*xc+21xb"2—28+xb*xc+10xc"2)/ (420* (a—b) * (b—c) "3);
20 B2=—(c—e) "3% (10xc"2—28*cxd+8*c*e+21+xd"2—14*drxe+3*e”2)/ (420* (c—d) "3* (d—e) ) ;

61




14

26 H2=(c—e) "3% (2xc"2—Txc*xd+3xcre+7+xd"2—Txd*e+2xe”2) / (210 (c—d) "2 (d—e) "2) ;
27 12=0;

28 C2=factorx[A2 B2 R2; D2 E2 F2; G2 H2 I2];

21 R2=(c—e) "3% (2xc"2—Txcxd+3xcxe+7+xd"2—Txdxe+2%xe”2) / (210% (c—d) "2* (d—e) "2);
22 D2=0;
23 E2=(c—e) "5% (dxc—T+xd+3xe) / (420* (c—d) "3* (d—e) "2);
24 F2=(c—e) "5x (3xc—T*d+4xe) / (420% (c—d) " 2% (d—e) "3) ;
25 G2=0;
(

29
30 %C3

31 A3=1/(140x (b—c) "3)*(a—c) *x (a"3+a”"2* (4dxc—Txb) +ax (21+xb"2—28xb*c+10*xc"2)—. ..

32 35xb"3+84%b"2xc—T70xb*xc"2420xc"3)+1/ (140* (c—d) "3) * (c—e) x (" 3+10*c "2 (e—7*d) +. ..
33 dxc* (21xd"2—T+d*e+e”2) —35+xd"3+21xd" " 2*xe—Txe " 2+«d+20xc”"3) ;

34 B3=E2;

35 R3=—1/(420% (c—d) * (d—e) "2) x (c—e) * (d*Cc"3+c 2% (9xe—21*d) +6*xc* (7xd"2—Txd*xe+2xe”2)—. ..
36 35%xd"3+63xd " 2*xe—42xdxe”"2+10xe"3);

37 D3=—(c—e) "3x (10xc"2—28xcxd+8xc*xe+21+d"2—14*d*e+3xe”2)/ (430* (c—d) "3 (d—e) ) ;
38 E3=(c—e) "7/ (140% (d—c) "3 (d—e) " 3) ;

39 F3=—(c—e) "3x (3xc"2—14xc*xd+8xc*xe+21+d"2—28*d*xe+10xe”2)/ (430* (c—d) x (d—e) "3);
40 G3=R1;

41 H3=F2;

42 13=0;

43 C3=factor*[A3 B3 R3; D3 E3 F3; G3 H3 I3];

44

45 5%C4

46 A4=B2; B4=R2; R4=0; D4=E2; E4=F2; F4=0; G4=R2; H4=F3; I14=0;

47

48 Cd=factor*[A4 B4 R4; D4 E4 F4; G4 H4 1I4];

49

50 %C5

51 A5=G3; B5=0; R5=0; D5=R2; E5=0; F5=0; G5=R3; H5=0; I5=0;

52

53 Cb=factorx[A5 B5 R5; D5 E5 F5; G5 H5 I5];

54 end

1 function [ s ] = Pulse( t, PO, f0 )

2 % Function that evaluates the source function.

3 tw = 3/f£0;

4 td = 6/f0;

5 s = PO.xexp(—((t—td) ./ (tw/2)).72) .xsin(2.xpi.+xf0.x(t — td));

6

7 % The step function, setting all values greater than Tend identically to
8 % zero.

9 1i=find(t>12/f0,1, 'first');

10 s(i:end) = 0;

11 end

1 function [ s ] = Pulset( t, PO, f0 )

2 % Function that evaluates the second time derivative of the source
3 % function.

4 tw = 3./£0;

5 td = 6./£0;

6 S = 2.%pli.*«P0.%exp(—4.x(t—td). 2./tw."2) .xcos(2.xpl.+xf0.* (t—td))—8.xP0.*...
7 (t—td) .*xexp(—4.x (t—td) . 2./tw."2) .*sin(2.xpi.*xf0.* (t—td)) ./tw"2
8

9 1i=find(t>12./f0,1, 'first'");

10 s(i:end) = 0;

11 end

1 function [ s ] = Pulsett( t, PO, f0 )
2 % Function that evaluates the second time derivative of the source
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3 % function.

4 tw = 3./f£0;

5 td = 6./£0;

6 S = ...

7 —8.xP0.xexp(—4.* (t—td) . "2./tw."2) .*sin (2. pi.*«f0.% (t—td)) ./tw. 2 +

8 64.xP0.x (t—td) . " 2.xexp(—4.* (t—td) . "2./tw."2) .*sin(2.*pi.*«f0.* (t—td))./tw. 4 —
9 32.%P0.* (t—td) .xexp(—4.x (t—td) . 2./tw."2) .x...

10 cos(2.*pl.+xf0.x (t—td)) .*pi.*f0./tw. 2 — .

11 4.%P0.xexp(—4.* (t—td) . 2./tw."2) .*xsin(2.*pi.+xf0.x (t—td)) .+ pi. " 2.%f0."2;
12

13 i=find(t>12./f0,1, 'first');

14 s(i:end) = 0;

15 end

1 function s = linearpropagation(f0,P0,c,x,t)

2 % Function that solve the linear wave equations analytically.

3 [T,X] = meshgrid(t,x);

4

5 tw = 3/f£0;

6 td = 6/£0;

7 s = PO.xexp(— (((T—X/c)—td) ./ (tw/2)) .7 2) .*xsin(2.*pli.*xf0.x ((T—X/c) — td));
8 end
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