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Abstract

The key parameters governing collision energy calculation are the velocity of the vessel, its mass, and
the angle of approach. The conventional method outlined in the Recommendations of the Committee
for Waterfront Structures Harbours and Waterways (EAU, 2012), which was specifically developed for
berthing ships, relies on an overly simplistic model that fails to capture the dynamics of ship-to-guiding
structure collisions. Nevertheless, in the Netherlands, the Guidelines for Civil Engineering Structures
(Richtlijnen Ontwerp Kunstwerken, ROK) suggest that the EAU 2012 method be applied unmodified for
guiding structures. This report introduces a methodological approach aimed at refining the calculation
of collision energy by addressing specific deficiencies in the existing framework, particularly regarding
its application to guiding structures.

The kinetic energy approach used in the EAU 2012 method requires, as inputs, the mass of the ship,
its velocity vector normal to the structure, a virtual mass coefficient accounting for water mass moving
with the ship, and an eccentricity coefficient accounting for energy loss due to rotation when the ship
does not approach the structure parallel.

The literature review identifies critical gaps in the EAU 2012 approach to calculating collision energy
for guiding structures. An unsuitable application of the eccentricity coefficient and assumptions about
the velocity vector direction, which do not align with actual conditions in ship-to-guiding structure colli-
sions, are discovered. Moreover, the review reveals that the framework does not differentiate between
berthing and guiding approaches, resulting in a one-size-fits-all approach that fails to account for the
unique characteristics and requirements of guiding structures. The framework only partially includes
the shipôs angle of approach to the structure in the kinetic energy calculation. Although the recommen-
dation is to calculate the kinetic energy using the normal ship speed to the structureðthus indirectly
accounting for the approach angleðwhen it comes to the eccentricity coefficient, which relies on ap-
proach geometry, the recommendation is to consider the total velocity vector. This practice results
in exaggerated collision energy when a ship maintains forward speed near guiding structures while
passing through the lock.

The theoretical refinement proposed in this thesis focuses on the scenario where the ship approaches
a guiding structure with purely longitudinal speed. Specifically, a new definition for the angle variable
in the eccentricity coefficient expression is proposed, which directly reflects the effect of the approach
angle of the ship linked to the contributing velocity vector and not only laterally through the magnitude
of the contributing vector. This proposed change is validated through comparative analysis.

The comparative analysis is performed using historical data cases frommodel research published by Ri-
jkswaterstaat (Ministry of Infrastructure and Water Management). The data consist of experiments with
ship approaches to structures that have characteristics fitting guiding structure approaches. The ships
are of lengths commonly found in lock passages, maintain forward speed, and approach structures
similar to those at lock entrances. The historical data provide the maximum force exerted on the tested
structure and the resulting deflection. This information is used to derive the energy absorbed by the
structure. The published reports valuable to this research resulted in the Virtual Water Mass method.
This method is reproduced to provide benchmark values for the kinetic energy absorbed, which are
compared to both the EAU 2012 collision energy calculation and the proposed refined calculation for
the historical data cases.

The findings of the comparative analysis suggest that the proposed refined calculation provides results
closer to the benchmark values than the EAU 2012 calculation. However, a consistent improvement
was not discovered. Although the refined calculation is significantly closer to the benchmark value in
every case compared to the EAU 2012 calculation, this improvement cannot be quantified as a universal
percentage, as it varied for each case. Despite this, the comparative analysis still supports the main
objective of demonstrating the exaggeration in the EAU 2012 collision energy calculation.
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A case study, as part of this research, explores the potential effect of the refined calculation on an actual
structure design. In the case study, the design vessel, velocity, and angle of approach are sourced from
theWaterwayGuidelines (2011, 2020) and ROK 2.0 (all documents published by Rijkswaterstaat). After
calculating the impact energy using the two methods compared in this research, the design of the mono-
pile follows the Blum method. The structure is modeled as a series of piles connected by a main girder,
with the girder having the same diameter as the piles to ensure uniformity and strength.

The case of the Volkerak locks is chosen, and calculations using both the standard EAU 2012 method
and the proposed refined one are executed. Two designs are produced and compared. With the refined
calculation, a design with a smaller pile diameter of 1,620 mm and a longer in-between pile distance
of 6.5 m is achieved, compared to the EAU 2012 design, where the pile diameter is 2,020 mm and
the distance between piles is 3 m. These results demonstrate the potential for material savings if the
refined calculation is adopted.

The study concludes that a refined approach is indeed necessary and that focus should be placed on
specific definitions and descriptions in the guidelines. Ambiguity in such definitions leaves decision-
making subject to individual interpretations, creating inconsistency among the designs of structures
with the same purpose. Although this inconsistency may not be inherently dangerous, as it usually
results in an overly conservative design, it contributes to excess material usage and resource waste.
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1
Introduction

Guiding structures are essential components of inland waterway navigation, especially around locks
and narrow channels. Their primary function is to guide vessels safely into position, reducing the risk
of collisions with infrastructure, nearby vessels, or the lock itself. The proper alignment of vessels is
critical, as even slight misalignments can result in significant structural damage and economic losses.
By ensuring the safe passage of ships, guiding structures prevent both operational disruptions and
environmental hazards such as fuel spills and contamination, which can occur in the event of collisions.

In regions like the Netherlands, where inland waterways are vital transportation routes, the importance
of these structures is even greater. According to Rijkswaterstaat, over 150,000 cargo vessels pass
through the Volkerak locks annually, highlighting the sheer volume of traffic that relies on these struc-
tures to function smoothly. Inland waterway networks such as these play a key role in connecting major
European ports like Rotterdam and Antwerp with inland industrial centers across the continent (Wong-
nitchakul, 2023). The economic significance of maintaining safe and efficient inland waterways cannot
be overstated, as disruptions due to structural failure or accidents could have substantial ripple effects
on supply chains.

Furthermore, the design and performance of guiding structures are crucial for ensuring the longevity of
critical infrastructure. Current design standards, such as those outlined in the Recommendations of the
Committee for Waterfront Structures Harbours and Waterways (EAU, 2012), do not fully account for
the differences between berthing and guiding structure collisions. This leaves room for investigation of
the suitability of the standards to describe guiding structure collisions, as they are specifically tailored
for berthing.

The design of guiding structures (figure 1.1) as part of the leading jetties to a lock in the Netherlands
follows the same principles as the berthing structures in the mooring area, since both are designed
according to the same clauses included in the ROK-2.0, 2021. Both structures are part of the complete
lock approach, but the skipper uses each one of them for a different purpose. While both structures can
be used for guidance, only the mooring area structures are used for berthing. Whereas, the guiding
structures in the mouth of the lock only have a guiding and protection purpose.

The ROK 2.0 with reference to the EAU, 2012, does not distinguish between these two different struc-
ture designs. For both structures a kinetic energy of the ship that is to be absorbed by the structure is
used, named berthing energy in the framework. This is because, while berthing, the ship is impacting
the face of the structure as part of its mooring manoeuvring. Thus, it has been generally accepted by
the engineering community for practical purposes that this calculation applies broadly to impacts and
should be used for both structures of the lock approach, berthing and guiding ones. But, the kinetic en-
ergy approach introduced in the EAU, 2012 seems to produce exaggerated values of the shipôs kinetic

1



1.2. Problem Statement 2

energy absorbed by the structure when the framework is applied on guiding structure approaches.

Although there is an impact in both situations, the circumstances under which these impacts happen
are subject to differences. The distinctive use these structures have, means that ships move differently
close to each one of them while they are approaching the lock entrance. In figure 1.1, two stills of a ship
approaching a guiding structure and a berthing structure are depicted along with orientation information
about the shipôs velocity.

Figure 1.1: Lock Approach

When a ship approaches the berthing structure the orientation of its velocity vector generally falls within
the area between the distance r, joining the center of mass and the impact point, and the perpendicular
to the structure imaginary line, joining the center of mass and the face of the structure (figure 1.2). The
reason behind this is that, the orientation of the ship speed is determined by the bow thrusters that a ship
may carry so that berthing maneuvers are performed. Hence, the ship maintains a lateral movement
rather than a forward one in order to berth.

Figure 1.2: Berthing Approach

The guiding structures are positioned symmetrically right before the lock entrance and their horizontal
angle with the waterway axis is between 1:4 to 1:6 (figure 1.1) depending on the waterway class (Vri-
jburcht, 2000). When a ship approaches the guiding structure it maintains a required sailing speed to
enter and then pass through the lock. This means that the ship is performing a forward movement with
its velocity vector orientated close to or exactly on its longitudinal axis. For the purpose of this research,
the forward movement of the ship approaching the lock entrance is considered an outcome of a strictly
longitudinal velocity vector. The situation is presented in figure 1.3.



1.2. Problem Statement 3

Figure 1.3: Guiding Approach

The existing EAU, 2012 framework for berthing structures falls short in producing realistic collision en-
ergy values, when applied to guiding structure approaches. This is due to the inability of the framework
to account correctly for the eccentricity of the impact when it involves the ship and the guide. The
eccentricity effect in the kinetic energy approach is introduced through a coefficient accounting for en-
ergy loss due to rotation when the ship does not approach the structure parallel, the range of which
spans 0 < Ce � 1. The coefficient takes the maximum value of unity when the velocity vector direction
coincides with the distance r and the impact is considered central. For all other cases, the coefficient
depends on the orientation of the velocity vector in respect to the distance r.

Although the EAU, 2012 framework clearly instructs to consider the perpendicular component of the
shipôs velocity as the design velocity in the kinetic energy calculations, when it comes to accounting
for its orientation in the eccentricity coefficient, it considers the shipôs total velocity vector. This leads
to trivial errors when berthing is considered as the shipôs total velocity direction is usually very close
to the imaginary perpendicular line joining the center mass and the face of the structure. But, when a
guiding structure approach is considered and the velocity vector direction coincides with the longitudinal
axis of the ship, the error is significant and produces a result for the eccentricity coefficient that would
be expected from a central impact rather than a lateral guiding structure approach impact. Thus, the
eccentricity coefficient value, instead of describing the motion of the ship that is usually observed at
the lock entrance (figure 1.4, Left), the framework returns an eccentricity coefficient result that would
be caused by a central impact situation as presented in figure 1.4, Right.

Figure 1.4: Left: Observed ship motion at lock entrance, Right: Motion described by the EAU, 2012 eccentricity
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This research investigates the differences between the berthing and the guiding structure approach
and propose a refining of the standard EAU, 2012 method to accurately represent the approach of a
ship to a guiding structure.

This section of the report introduces the research questions, which have been formulated based on a
preliminary review of existing literature. The collision energy methodology is carefully examined, and
gaps within the literature review are identified. The research questions are structured in a hierarchi-
cal manner, beginning with the primary research question and subsequently expounding upon it with
related sub-questions.

How can the EAU, 2012 berthing energy calculation method be adjusted to describe collision on guiding
structures and produce a realistic calculation of the collision energy?

In order to assess the feasibility of the main question there are sub-questions that arise in the process:

Å What is the level of conservatism in the established energy calculation method based on berthing?

Å How do collision dynamics in guiding structure approaches differ from berthing dynamics, and
what are the underlying reasons that call for a distinct methodology for quantifying collision en-
ergy?

Å How does the refined method compare to the existing one and what is the impact of application
on the design of the new guiding structures? Is it possible that the suggested method by this
research leads to a more economical design regarding material usage?

Themethodology employed in this thesis was carefully designed to address the research question, How
can the berthing energy calculation method be adjusted to describe collision on guiding structures and
produce a realistic calculation of the kinetic energy?. The process follows a systematic approach to
refine the existing EAU 2012 framework, ultimately leading to a modified method for calculating collision
energy specific to guiding structures. The methodology is divided into several key steps:

Å Problem Definition

The research begins with a clear definition of the problem related to collision energy calculations in
guiding structures. It was identified that the current method (EAU 2012) used for calculating collision
energy, which was originally developed for berthing ships, produces unrealistic results when applied to
guiding structures. The primary issue lies in the eccentricity coefficient, which does not account for the
different dynamics between berthing and guiding approaches, especially in the angle of impact. This
miscalculation leads to overestimation of collision energy, resulting in overly conservative designs that
require unnecessary material use and increase costs.

Å Literature Review

A review of existing literature is conducted to assess the limitations of current collision energy calcula-
tion methods and identify gaps in their application to guiding structures. This review includes standards
such as EAU 2012, which provides the conventional method for kinetic energy calculations, and com-
parisons with alternative methods like the **Virtual Water Mass method**, which incorporates additional
factors such as water movement during ship impacts. The literature review also explores research on
guiding structure design and collision dynamics to understand how velocity vectors, eccentricity coef-
ficients, and impact angles are treated in existing frameworks. The insights from this review serve as
the foundation for the theoretical improvements proposed later in the thesis.

Å Proposing Refined Calculation Method

The core of the thesis lies in the development of a refined collision energy calculation method. This
method focuses on redefining the angle used in the eccentricity coefficient within the EAU 2012 kinetic
energy approach. The new angle definition directly reflects the shipôs approach angle relative to the
guiding structure. By modifying this angle, the method addresses the specific dynamics of guiding
structure impacts, where sliding motions dominate rather than perpendicular berthing impacts. This
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refinement is designed to provide a more realistic calculation of collision energy, better suited to guiding
structuresô operational context.

Å Applying the Refined Calculation Method on Historical Data

To validate the refined method, historical data from previous model research, particularly from Rijkswa-
terstaat reports, is used. This data includes real-world cases of ship impacts on structures that fit the
characteristics of guiding structure approaches. These cases provide a benchmark for comparing the
results of the refined calculation with those produced by the established EAU 2012 method. The his-
torical data allows for a direct comparison of collision energy values and helps demonstrate how the
refined method corrects the overestimation issues of the existing framework.

Å Comparing Results

A key part of the methodology involves a detailed comparison of the results from both the EAU 2012
method and the newly developed refined method. This comparative analysis focuses on several case
studies to highlight the discrepancies in energy calculations between the two methods. The findings
from this step are crucial in validating the suitability of the refined method and proving its ability to
produce less conservative but equally safe designs for guiding structures.

Å Case Study

A comprehensive case study is conducted on the **Volkerak lock**, a critical part of the Netherlandsô
inland waterway infrastructure. This case study applies both the EAU 2012 method and the refined
method to the design of guiding structures at the lock entrance. The case study evaluates the impact
of both methods on structural design, particularly in terms of material usage. By simulating different ship
impact scenarios and applying the proposed method, the study demonstrates that the refined method
leads to smaller pile diameters and longer pile distances. This results in significant material savings
while maintaining the structural integrity of the guiding structures.

The final step in the methodology is the modeling of the guiding structure using the refined collision
energy calculation method. This involves optimizing the structural design for material efficiency without
compromising safety. The modeled structure is compared to the original design derived from the EAU
2012 method to quantify the material savings and cost reductions achieved through the refined method.
The optimization process takes into account the loads, pile dimensions, and soil interactions to ensure
that the guiding structure can absorb the calculated kinetic energy from ship impacts. The results from
the modeling phase confirm the refined methodôs potential to deliver both economic and environmental
benefits.

Structure of the Report

This report is structured as follows:

Å Chapter 2 - Literature Review: This chapter provides a comprehensive review of existing method-
ologies for calculating collision energy, with a critical examination of their limitations. It highlights
the theoretical and practical gaps in current approaches and sets the stage for the proposed
methodological improvements.

Å Chapter 3 - Refined Calculation Method: This chapter details the development of the newmethod-
ology, beginning with the theoretical basis for the redefinition of the angle variable that is used as
input in the eccentricity coefficient expression and followed by practical implementation steps.

Å Chapter 4 - Results and Validation: This chapter focuses on the validation of the new refined
calculation method. It presents the results of applying the refined collision energy calculation
method to historical data cases from model research, and compares it the calculations performed
with the standard EAU, 2012 method and the Virtual Water Mass method.

Å Chapter 5 - Case Study - Volkerak Lock: A detailed case study applying the new methodology to
the Volkerak Lock guiding structure.
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Å Chapter 6 - Discussion: A synthesis of the findings, addressing the research questions posed in
the introduction. This chapter discusses the implications of the new methodology for inland water
engineering practices and offers recommendations for future research.



2
Literature Review

In inland waterway and maritime engineering, understanding the specific terminology related to guiding
structures is essential for accurately assessing and addressing the challenges associated with ship
collisions. In this section the relevant definitions are presented, followed by the problem statement of
this research project.

A guiding structure is part of the leading jetties at the entrance of a lock. The leading jetty serves to
advance rapid and safe entry, and this is why it is bordered by guiding structures (figure 2.1). The
mouth of the leading jetty needs to provide both guiding structures with sufficient length and a suitable
angle with regard to the lock axis. Given the function and positioning of the leading jetty, it is not the
intention that vessels use the leading jetty structure for mooring during the locking process (Glerum
and Vrijburcht, 2000).

In the 1991, òLoads on fender structures and dolphins by sailing shipsò study, for Rijkswaterstaat, the
author, Vrijburcht, refers to all the preceding structures to a lock as fender structures. The function of
the fender structures is to guide and slow down the ships, to protect adjacent structures against ship
impacts, to protect ships against structures and to act as a boundary for berthing or waiting space for
ships (Vrijburcht, 1991).

Figure 2.1: Lock and lock approach layout (Vrijburcht, 2000)

It is important to derive clear definitions of the structures in the layout of the lock from the available liter-
ature. Usually, the guidelines and the engineering handbooks refer to the structures with broad terms

7



2.2. EAU,2012 Framework: The kinetic energy approach 8

implying inclusion of sub-categories. For example, the ROK 2.0 uses the word òresilient structuresò
and òcollision energyò to present design clauses for guiding and berthing structures with reference to
the EAU 2012 method which specifically presents a method for òberthing energyò calculation. Later in
the chapter the consequence of this practice is discussed.

Breaking down the relevant definitions appearing in literature:

Å Fender structures: Structures that guide and slow down ships. They must protect structures
against impacts from ships, and must protect ships from these structures. In addition, they must
act as berthing or waiting place for ships. They are installed where one or more of these functions
are required, generally nearby locks, bridges, harbour entrances. (Vrijburcht, 1991)

Å Fender: A fender is, in principle, an intermediate layer between a vessel and the waterfront
structure which absorbs part of the kinetic energy of a berthing ship. In the case of fenders
attached to waterfront structures, the energy absorbed by the fender is transferred to the structure
(EAU, 2012).

Å Guiding structures: The structures at the mouth of the lock used for guidance by the entering
ships. Not suitable for mooring. (Richtlijnen-Vaarwegen, 2020). In a translated version of the
Richtlijnen-Vaarwegen, 2011 these structures are referred to as òguide fendersò (Brolsma and
Roelse, 2011).

Å Breaking structures (translation of the Dutch term òremmingwerkenò): Structures used in the wait-
ing and mooring area in figure 2.1 (Richtlijnen-Vaarwegen, 2020). Since there is no equivalent
English definition, in this report they will be treated as berthing structures due to the similar use
and based on the description in the translated Richtlijnen-Vaarwegen, (2011) that refers to them
as fender with mooring facilities (Brolsma and Roelse, 2011).

Å Berthing structures (Berth): Any dock, pier, jetty, quay, wharf, marine terminal or similar structure
(whether floating or not) at which a ship may moor.(IMO MSC.1/Circ.1216)

The basic assumption of the kinetic energy approach is that an amount of the kinetic energy of the ship
right before the moment of the first contact with the structure is to be absorbed by the structure itself. In
this way, the loads on the structure are separated from the reaction of the structure (Demenet, 2018).
In its simplest form the energy transferred by the ship to the berthing structure through the impact is
expressed by the following equation (EAU, 2012) :

Ed =
1

2
� G � v2 � Ce � Cm � Cs � Cc (2.1)

where:

Å Ed: berthing energy to be absorbed [kNm]

Å G: mass of ship. The mass of the fully laden ship should always be used ï even when operational
conditions dictate that only unloaded ships usually berth at the dolphin concerned ï in order to
cover the case of an unscheduled re-berthing of a ship

Å v: berthing velocity, i.e. translational movement speed of centre of mass at time of first contact
with fender/dolphin [m/s]

Å Ce: eccentricity coefficient

Å Cm: virtual mass factor

Å Cs: softness coefficient

Å Cc: waterfront structure attenuation factor.

The equation presented is the generally accepted form widely used for the design of the berthing and
guiding structures. The discussion that follows breaks down the inputs of this equation.
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The square of the berthing velociy (v) is included in the equation for calculating the berthing energy to
be absorbed and is therefore one of the main parameters to consider when designing fender structures.
Measured values for the berthing velocity are not usually available (EAU, 2012). The velocity at which
a vessel approaches a berth is the most significant of all factors in the calculation of the energy to be
absorbed by the fendering system. The designer should determine, where possible, the characteristic
berthing velocities that should be adopted for the design from statistical data at the berth location or
at a location that has the same berthing conditions and range of vessels. In the absence of berthing
velocity data, characteristic velocities for alongside berthing with the use of tugs or thrusters may be
estimated from the Brolsma et al., 1977 curves corresponding to navigation conditions (BS-6349-4,
2014). Brolsma collected field measurements from shore-based docking systems at three berths in
Rotterdam and one in Scotland. The proposed mean design values of the berthing velocities were
called normal berthings and represent a return period of 30 years based on 100 arrivals per year. Over
time, Brolsmaôs original curves were reproduced, slightly modified and published in PIANC, 2002 and
BS-6349-4, 2014. The German recommendations for waterfront structures EAU, 2012 and the Span-
ish ROM, 2011 both provide recommendations for characteristic values of berthing velocities. Three
categories of navigation conditions were distinguished instead of five in the Brolsma curves (Figure 2.2)
(Roubos et al., 2017).

Figure 2.2: Mean design value of berthing velocity PIANC, 2002 and characteristic berthing velocity EAU, 2012(Roubos et al.,
2017)

The eccentricity coefficient (Ce) considers the energy loss due to the rotation caused by the ap-
proaching vessel not coming in parallel with the structure and by a part of the hull coming into contact
with the structure (Kang et al., 2022). The coefficient is related to the geometry of the approach and is
a function of the radius of gyration of the ship in the rotation about the longitudinal axis and the direc-
tion of the vector of berthing velocity (Neĸer and ¦nsalan, 2006). Typical values for the coefficient lie
between the range 0.5 - 0.8 (Atiq, Shajib, et al., 2023).

The virtual mass factor (Cm) takes into account the fact that a considerable quantity of water is moved
together with the ship, and this must be included in the mass of the ship in the energy calculation.
Recommended values for this coefficient are between 1.45 and 2.18 (EAU, 2012). The Cm coefficient
depends on the draft of the ship and the water depth (PIANC, 2002).

The softness coefficient (Cs) takes into account the ratio of elasticity of the fender system to that of
the shipôs hull because part of the berthing energy is absorbed by the latter (EAU, 2012). The softness
coefficient accounts for the shipôs compliance to account for 10% of the elastic energy absorption (PI-
ANC, 2002). In the new document by PIANC, 2024, that is report WG 211 the softness coefficient is
no longer part of the calculation citing Berendsen, 2022.

In this section the eccentricity coefficient is put under themicroscope. The expression for eccentricity
in the framework by the EAU, 2012 is studied and conclusions are shaped regarding the suitability of
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the eccentricity coefficient expression to describe the geometry of the guiding structure approach.

For the berthing energy calculation the EAU, 2012 recommendations suggest the following expression
for the situation of no rotation:

Ed =
1

2
� G � v2 � k2 + r2 � cos a2

k2 + r2
� Cm � Cs � Cc =

1

2
� G � v2 � Ce � Cm � Cs � Cc (2.2)

In the expression with substitution for the Ce coefficient, the following variables are introduced:

Å k: radius of gyration of ship [m], generally taken as 0:25L for large ships with a high block coeffi-
cient

Å L: length of ship between perpendiculars [m]

Å r: distance of shipôs centre of mass from point of impact on fender/dolphin [m]

Å !: shipôs rotational speed at time of first contact with fender/dolphin [rad/s]

Å �: angle between velocity vector and distance r [Á]

Figure 2.3: Berthing geometry (EAU, 2012)

The eccentricity coefficient Ce accounts for the fact that the first contact between ship and fender is
not normally in the middle of the shipôs side and therefore not in line with the vesselôs centre of mass
either. According to EAU, 2012 with reference to PIANC, 2002, the eccentricity factor is calculated as
proposed by Vasco Costa, 1965 using the parameter defined for equations (2.1), (2.2):

Ce =
k2 + r2 cos a2

k2 + r2
(2.3)

And for a berthing angle equal to zero, meaning � = 90o then the coefficient is:

Ce =
k2

k2 + r2
(2.4)

The radius of gyration k for large ships with a high block coefficient can usually be taken as 0.25L, where
L is the length between perpendiculars. When designing fenders alongside quay walls, Ce = 0:5 can
be assumed if more accurate data is not available and for rough calculations, or Ce = 0:7 for dolphin
fenders. At ro-ro berths, Ce = 1:0 should be assumed for the end fenders for ro-ro ships that dock with
bow or stern.

In the approach towards a guiding structure, the velocity vector is different than the one in the approach
to the berthing structure, as explained in paragraph 1.2. When a ship approaches the berthing structure
the orientation of its velocity vector falls within the area between the line joining the center of mass and
the impact point, and the perpendicular to the structure imaginary line, joining the center of mass and
the face of the structure (figure 2.4, left). Whereas, when a ship approaches the guiding structure it
maintains a required sailing speed to enter and then pass through the lock. This means that the ship
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is performing a forward movement with its velocity vector orientated close or exactly on its longitudinal
axis. For the purpose of this research, the forward movement of the ship approaching the lock entrance
is considered an outcome of a strictly longitudinal velocity vector (figure 2.4, right).

Figure 2.4: Ship approach to berthing and guiding structures

The proposed eccentricity coefficient in the EAU, 2012 recommendations is covering sufficiently the
berthing situation, but is inadequate in describing the approach to a guiding structure. The longitu-
dinal berthing velocity component in the fender selection process for side-berthing conditions is not
consistent with modern fender selection practice. The longitudinal component of the kinetic energy in
side-berthing scenarios is assumed to be conserved as longitudinal motion and not absorbed by the
fenders. The eccentricity coefficient in side-berthing scenarios only modifies the normal component of
the total kinetic energy and therefore the input values used in the eccentricity coefficient equation (2.3)
must reflect the condition in which the velocity vector is normal to the fender base (Cajiao and Phelan,
2022). The same should apply for guiding structure approach scenarios as well, as it is instructed by
the ROK 2.0 that the guiding as well as the berthing structures should be designed for the perpendicular
to the face of the structure component of the ship approach velocity .

This is where the first complications appear. When applied to the guiding structure approach, the
framework introduces input values to the eccentricity coefficient equation (2.3) that donôt reflect the
condition in which the velocity vector is normal to the structure. This happens because the definition of
angle � in the eccentricity equation is vaguely defined as the angle between the velocity vector of the
ship and distance r. The framework is not clear at to what is to be considered as the velocity vector for
the angle definition. Although there is literature suggesting that the input should be the normal to the
structure component (Cajiao and Phelan, 2022), the EAU, 2012 framework does not clarify this. The
same goes for other standards like PIANC, 2024 and BS-6349-4, 2014.

Figure 2.5: PIANC 2024, WG211, Berthing Geometry

Although the standards are specifically stating that the input velocity in the kinetic energy expression
calculation should be the normal to the structure component, when it comes to the definition of angle
� they present graphs where the angle is defined using the total velocity vector, see figure 2.5. This
does not seem to interfere with providing realistic results in berthing as the shipôs total velocity direction
is usually almost perpendicular to the structure. But, when a guiding structure approach is considered,
and the ship maintains purely longitudinal velocity, then an error is produced by the framework and an
eccentricity coefficient almost equal to unity is returned.
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In berthing, the ship slows down almost to a halt before being self-propelled or tugged to berth. This
means that the position of the velocity vector in respect to distance r shows variability that depends
each time on the way the ship is assisted to berth. For every berth case a unique direction of the
velocity is possible, falling within the area shown in figure 2.4, Left. Thus, a unique angle � value is
derived for each approach.

Figure 2.6: Berthing approaches for constant angle of approach

In figure 2.6 for the same angle of approach three possible berthing approaches are presented. The
purpose of this figure is to demonstrate that in berthing, the approach angle of the ship is irrelevant
regarding the orientation of its total velocity vector as it is determined by the bow thrusters. Although,
it stays relevant for the perpendicular to the structure velocity component.

The way that the eccentricity coefficient expression is tuned, the angle of approach in berthing becomes
relevant only when the impact point assumptions change. For example, if the ship is to impact the
structure with a point very close to its midpoint on its side, then this directional change of the ship
is directly reflected on the distance r which becomes significantly smaller and shifts to being almost
perpendicular to the structure. This is reflected in the Ce value which will be almost equal to unity as
the impact would be almost central.

Thus, the framework works realistically for berthing because the directional change of the ship is re-
flected on the distance r that shows variability in berthing scenarios due to the many possible impact
point locations. In combination with the small velocities and the common almost perpendicular direc-
tion of the approach velocity vectors, the overlooking of the direct link of angle � to the approach angle
does not produce as significant errors as it does when the framework is applied in guiding structures.

When the definition of angle � as introduced by the framework is applied to a ship approaching a
guiding structure with purely longitudinal speed, then the value of the angle becomes constant. Unlike
in berthing, at the guiding structure approach the ship is sailing with a longitudinal velocity vector. This
means that the orientation of the velocity vector in respect to distance r is constant. This gives a
constant value of angle � for a specific ship regardless of its angle of approach to the structure. And
this is where the blind spot of the framework is identified by this research. The approaches presented
in figure 2.7, are all equal to the existing framework since they all produce the same value for the
eccentricity coefficient, a value almost equal to unity that falsely resembles a central impact, due to the
constant angle � 1.

1Of course, depending on the shape of the shipôs hull a small change of the distance r is expected since the impact point
moves closer to the longitudinal axis of the ship the more a situation resembles a central impact. But this still does not link the
angle of approach directly to the eccentricity coefficient expression. The Ce values for all these approaches are almost equal to
unity even when the small change of the impact point is taken into account.



2.4. Available calculation methods 13

Figure 2.7: Demonstrating the frameworkôs blind spot

Looking into the eccentricity coefficient equation, what becomes clear is that the approach angle of
the ship as it closes on the structure is overlooked by the framework regarding eccentricity. The only
way the effect of the approach angle is present, is only realised through the variations of distance r
and, on the value of the perpendicular component of the velocity vector. The direct link of angle �
to the approach angle is absent. While this does not produce unrealistic results for berthing, it gives
significant errors when collision on guiding structures is studied.

In the collision energy calculation of the kinetic energy approach, the framework instructs to use the
normal to the structure component of the shipôs velocity, but, in the definition of angle � in the eccentricity
coefficient present graphs that consider the total ship velocity vector. This is paradoxical, and it is what
causes the blind spot discussed in the guiding structure approaches.

In the guiding structure approaches, the framework ignores the approach angle of the ship when it ac-
counts for the eccentric impact. This brings out an erroneous result where, regardless of the approach
angle of a ship, the impact is always considered almost central. This happens because the angle � in
the eccentricity coefficient expression (2.3) ignores the direction of the ship in respect to the structure,
as it considers the longitudinal component of the shipôs velocity. Fact that contradicts the purpose of
the eccentricity coefficient which is to modify the normal component of the total kinetic energy.

Finally, these collision energy calculations coming from the framework are not linked to the structure
properties. This practice is adopted because it gives tangible results as a first hand calculation for the
load on the structure when berthing is considered. But, if property structures were considered, like
the friction between the ship and the structure, then the energy to be absorbed would be calculated
more accurately. Further in this chapter, analytical methods that take into account the response of the
structure to an impacting ship are studied.

In his 1983 report for Rijkswaterstaat, Vrijer goes over the available methods to calculate the collision
forces on the vessel and the structure. The methods that are presented are the following:

Å Virtual water mass method

Å Method with constant hydrodynamic coefficients

Å Impulse response function method

Å Long wave method

Out of the four methods laid down in the report, Vrijer concludes that the virtual water mass method
and the impulse response function method with hydrodynamic coefficients could be of use depending
on the case one tries to design for, and the expected accuracy on the outcome of those.

The impulse response function method with hydrodynamic coefficients very accurately gives the entire
course of the impact force with a universal application and is therefore the recommended one to de-
termine collision forces on fender structures. Whereas, the virtual water mass method while reliable
to derive the maximum impact force, one has to take into account that the progression of the impact
force in time is not properly represented and that the case investigated should fall within the range of
the provided model research results.
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In this research project, the replication of the Impulse Response Function (IRF) method using the BOTS
program, originally developed for Rijkswaterstaat, was initially pursued. An application of the impulse
response function method is presented in Vrijburchtôs 1991 report ñLoads on fender structures and
dolphins by sailing shipsò. To break down the method and its calculations, Vrijburcht is referencing
studies by Fontijn, 1975, Lindijer, 1981 and Vrijer, 1983a. When the hydrodynamic coefficients are
known (either through the 2-dimensional potential flow theory or the 1-dimensional long wave theory
for shallow water) then with the impulse response function method the collision force can be calculated
as function of time with an uncertainty of 2 % (Vrijer, 1983a). The attempt to reproduce this program for
this research was based on Rijkswaterstaat reports; however, this was ultimately deemed impractical
for several reasons. First, the IRF method parameters require substantial computational resources,
presenting a significant challenge. Although the calculation steps are outlined in the Rijkswaterstaat
reports, direct application of these steps failed to yield the same results as those documented. This
discrepancy can be attributed to multiple factors:

Å Understanding of Calculation Steps: There was difficulty in fully grasping the intricate calculation
steps described in the reports.

Å Numerical Schemes: The numerical schemes applied to derive converging solutions for spectral
analysis differed from those used in the original reports, mainly due to insufficient details provided
about these schemes.

Å Accuracy of Reports: The precision and reliability of the information in the reports were question-
able, affecting the outcome of the reproduced results.

Each of these factors individually and collectively contributed to the impracticality of replicating the
BOTS program accurately.

For the purpose of this research, a simplified version of the VirtualWater Massmethodwill be used. This
method allows for deriving the maximum impact force reliably with simpler and more straightforward
calculations. Thus, it is suitable for fast calculations in the design phase and could be potentially
integrated in the tools the engineers have for preliminary designs.

This simplified version is suggested by Vrijer, 1978 in a model research report for TOW (Applied re-
search for water management). The most important conclusion of the report is that the collision force
developed between the ship and the structure is following a sinusoidal curve of half a sine to its max-
imum value. The method is describing accurately the maximums for force and displacement but is
falling short in describing loss of contact accurately after the maximum displacement is reached.

The virtual water massmethod was used to perform calculations of forces, velocities and displacements
of the fender structure in specific times deemed significant. The times distinguished in the method were
the following:

Å The beginning of collision (Braking stationary, shipôs original speed)

Å Start of joint movement (Ship and guiding structure joint speed)

Å Maximum force

Å Maximum Displacement

Å Loss of contact

The calculations in Vrijerôs research were calibrated with measurements of scaled prototypes. Upon
comparison the effect of water on the shipôs mass was accounted for by introducing a coefficient in
the calculation of the mass of the system. The outcome of Vrijerôs research is a simplified calculation
method of the structures response which is to be used for this research project.

Vrijerôs research breaks down the collision event into two stages. One is the impact stage and the
other one is the movement stage. The suggested calculation method from this research is describing
the movement stage. What can be derived with sufficient accuracy is the maximum force and the
maximum displacement and the moment in time these appear. The results can be used for deriving
the force - deflection curve which in its turn can be used for the collision energy calculation.
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This paragraph discusses the method and the parameters involved. With this method the total influence
of the water is only included in an extra mass term in the dynamic force equation. This extra mass, the
schematic water mass is determined through model research.

A ship/fender system is assumed without the influence of water. The fender may spring in the perpen-
dicular direction (y-axis) as an undamped system, and is assumed to be infinitely rigid in the parallel
direction (x-axis). The ship can perform all the horizontal movements during the impact process: surg-
ing, swaying and yawing, in addition to its original movement. The horizontal movements surge, sway,
and yaw, are described by dimensions x1; x2; x6 directions, respectively, in figure 2.8.

The method uses a simplified representation of the ship as a box shaped floating object. The ship sails
at a uniform forward (= longitudinal) velocity, drift (= transverse) velocity and yaw (= angular) velocity
at a certain angle to the fender, collides against the fender and causes the fender to spring inwards,
causing the ship to turn away, after which the ship is released from the fender.

Before the first contact between ship and fender, the ship sails at a uniform velocity, and the fender is
at rest. At the moment of impact the fender will follow the movement of the fore part of the ship in the
y-direction in a very short time: the impact stage. The fender then springs inwards, and the fore part
of the ship and fender may move in the y-direction as a unit: the movement stage. After the ship is
released from the fender, the ship and fender move separately.

Figure 2.8: Virtual water mass scheme

The scheme of the method is presented in 2.8 and the variables of the method are presented in table
2.1.

The approach speed in the y-direction is calculated as follows:

_yv0
= _x10

� sin � + _x20
� cos � +

1

2
� � � _x60

(2.5)
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Table 2.1: Variables appearing in the virtual mass method

Ship V ariables Symbol Unit

Mass m kg
Length L m
Breadth B m
Draught D m

Water depth d m
Approach speed longitudinal _x10 m/s
Approach speed transversal _x20 m/s
Approach speed rotational _x60

rad/s
Approach angle �0 degrees

Structure variables Symbol Unit

Structure Mass M kg
Linear stiffness coefficient k N/m
Linear damping coefficient c Ns/m

Sliding Friction factor tg� [-]

At this point it useful to give expressions for the distance of the center mass of the ship from the impact
point in the x-, y-directions.

� =
1

2
(L � cos �0 � B � sin �0) (2.6)

b =
1

2
(L � sin �0 + B � cos �0) (2.7)

The assumption is that the for a very short time deceleration starts and the ship slows down. The fender
structure at rest is accelerated. For this amount of time the ship and the structure move jointly at the
point of collision at a new speed. At the beginning of the impact stage t0 the ship is sailing and the
fender is at rest, whilst at the end of the impact stage t0

0, the fore part of the ship and fender are moving
in the y-direction, together, at a new velocity. This new speed is given by:

_yv0
0

= cbt � abtz � _yv0 (2.8)

Where:

Å _yv0
0
= schematic initial speed, joint speed of ship and structure at time t00

Å _yv0 = ship speed in y - direction at time t0 (y - direction is perpendicular to the face of the structure)

Å abtz = [ M
m (1 � 12�

L2 � (tg� � b � �) + 1]�1

Å cbt = 1:1 where abtz � cbt � 1

The virtual mass of the ship with the influence of the water is given by:

mbw = abwz � cbw � m (2.9)

With:

abwz =
1

1 � 12 � a�(b�tg��a)
L2

� 1 (2.10)

The coefficient abwz indicates what proportion of the total mass of the ship contributes to the movement
stage of the fore part of the ship and structure in the y-direction and is always less than unity. The
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�W�K�H �F�R�H�I�I�L�F�L�H�Q�Wcbw �� �7�K�L�V �J�H�Q�H�U�D�W�H�V �W�K�H �I�R�O�O�R�Z�L�Q�J �V�F�K�H�P�H �D�Q�G �H�T�X�D�W�L�R�Q��

m0 •yv + c _yv + kyv = 0 ������������

�,�Q �R�U�G�H�U �W�R �V�R�O�Y�H �H�T�X�D�W�L�R�Q ������������ �W�K�H �I�R�O�O�R�Z�L�Q�J �G�D�W�D �P�X�V�W �E�H �S�U�H�V�H�Q�W��

�‡�3�U�R�S�H�U�W�L�H�V �R�I �W�K�H �U�H�V�L�V�W�L�Q�J �V�W�U�X�F�W�X�U�H ���H���J�� �P�D�V�V �0�� �V�S�U�L�Q�J �V�W�L�I�I�Q�H�V�V �N �D�Q�G �G�D�P�S�L�Q�J �F��

�‡�3�U�R�S�H�U�W�L�H�V �R�I �W�K�H �V�K�L�S ���H���J�� �Y�L�U�W�X�D�O �P�D�V�V �R�I �V�K�L�Sabwz � m��

�‡�:�D�W�H�U �G�D�W�D ���H���J�� �Y�L�U�W�X�D�O �P�D�V�V �R�I �Z�D�W�H�Uabwz � cbw � m��

�‡�,�Q�L�W�L�D�O �G�L�V�S�O�D�F�H�P�H�Q�W ���D�W �W�L�P�Ht = 0 �W�K�H �G�L�V�S�O�D�F�H�P�H�Q�W �L�Vyv = 0 ��

�‡�,�Q�L�W�L�D�O �Y�H�O�R�F�L�W�\



�������� �'�S�Q�T�E�V�M�W�S�R �F�I�X�[�I�I�R �)�%�9���������� �J�V�E�Q�I�[�S�V�O �E�R�H �W�M�Q�T�P�M�h�I�H �:�M�V�X�Y�E�P �;�E�X�I�V �1�E�W�W �Q�I�X�L�S�H ����

���������'�S�Q�T�E�V�M�W�S�R �F�I�X�[�I�I�R �)�%�9���������� �J�V�E�Q�I�[�S�V�O �E�R�H �W�M�Q�T�P�M�h�I�H �:�M�V��
�X�Y�E�P �;�E�X�I�V �1�E�W�W �Q�I�X�L�S�H

�,�Q �W�K�H �(�$�8���������� �I�U�D�P�H�Z�R�U�N �W�K�H �G�H�V�L�J�Q �R�I �W�K�H �I�H�Q�G�H�U �V�W�U�X�F�W�X�U�H �G�H�S�H�Q�G�V �R�Q �W�K�H �D�V�V�X�P�H�G �D�E�V�R�U�E�H�G
�N�L�Q�H�W�L�F �H�Q�H�U�J�\ �R�I �W�K�H �V�K�L�S �E�\ �W�K�H �V�W�U�X�F�W�X�U�H �Z�K�H�U�H�D�V �L�Q �W�K�H �V�L�P�S�O�L�I�L�H�G �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �P�H�W�K�R�G �W�K�H
�V�W�U�X�F�W�X�U�H �L�V �W�R �E�H �G�H�V�L�J�Q�H�G �X�V�L�Q�J �W�K�H �P�D�[�L�P�X�P �I�R�U�F�H �D�Q�G �G�H�I�O�H�F�W�L�R�Q �G�H�U�L�Y�H�G �E�\ �W�K�H �F�D�O�F�X�O�D�W�L�R�Q�V�� �%�\
�X�V�L�Q�J �W�K�H �U�H�V�X�O�W�V �R�I �W�K�H �F�D�O�F�X�O�D�W�L�R�Q �L�Q �W�K�H �V�L�P�S�O�L�I�L�H�G �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �P�H�W�K�R�G�� �I�R�U�F�H �� �G�H�I�O�H�F�W�L�R�Q �F�X�U�Y�H�V
�F�D�Q �E�H �S�U�R�G�X�F�H�G �D�Q�G �W�K�X�V�� �G�H�U�L�Y�H �W�K�H �N�L�Q�H�W�L�F �H�Q�H�U�J�\ �D�E�V�R�U�E�H�G �E�\ �W�K�H �V�W�U�X�F�W�X�U�H �D�V �W�K�H �D�U�H�D �E�H�O�R�Z �W�K�H
�F�X�U�Y�H�� �7�K�D�W �Z�D�\ �W�K�H �W�Z�R �P�H�W�K�R�G�V �J�L�Y�H �D �U�H�V�X�O�W �I�R�U �W�K�H �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\��

�1�R�Z �W�K�D�W �L�W �L�V �H�[�S�O�D�L�Q�H�G �K�R�Z �W�K�H �W�Z�R �P�H�W�K�R�G�V �F�D�Q �J�L�Y�H �D �F�R�P�S�D�U�D�E�O�H �U�H�V�X�O�W �L�W �L�V �Q�H�F�H�V�V�D�U�\ �W�R �O�R�R�N �L�Q�W�R
�K�R�Z �W�K�L�V �W�Z�R �P�H�W�K�R�G�V �F�R�P�S�D�U�H �D�W �W�K�H�L�U �L�Q�S�X�W�V�� �/�R�R�N�L�Q�J �L�Q�W�R �Z�K�L�F�K �R�I �W�K�H �L�Q�S�X�W�V �D�U�H �H�T�X�D�O �D�Q�G �Z�K�L�F�K �R�I
�W�K�H�V�H �D�U�H �G�L�I�I�H�U�H�Q�W �E�X�W �F�R�P�S�D�U�D�E�O�H �F�D�Q �V�K�H�G �O�L�J�K�W �W�R �K�R�Z �F�R�Q�F�O�X�V�L�R�Q�V �R�I �R�Q�H �F�D�Q �E�H �X�V�H�G �W�R �F�R�P�S�O�L�P�H�Q�W
�W�K�H �D�S�S�O�L�F�D�W�L�R�Q �R�I �W�K�H �R�W�K�H�U��

�6�W�D�U�W�L�Q�J �Z�L�W�K �W�K�H �F�R�P�P�R�Q �L�Q�S�X�W�V�� �E�R�W�K �P�H�W�K�R�G�V �Q�H�H�G �W�K�H �V�D�P�H �V�K�L�S �G�D�W�D�� �7�K�H�V�H �D�U�H �W�K�H �P�D�V�V �R�I �W�K�H
�V�K�L�S�� �L�W�V �J�H�R�P�H�W�U�\ �D�Q�G �L�W�V �V�S�H�H�G�� �)�X�U�W�K�H�U�P�R�U�H�� �W�K�H �X�V�H �R�I �W�K�R�V�H �L�Q�S�X�W�V �I�R�U �E�R�W�K �P�H�W�K�R�G�V �D�U�H �V�L�P�L�O�D�U�� �,�Q
�E�R�W�K �P�H�W�K�R�G�V �W�K�H �V�K�L�S �V�S�H�H�G �V�H�U�Y�H�V �D�V �W�K�H �L�Q�L�W�L�D�O �Y�H�O�R�F�L�W�\ �L�Q �W�K�H �V�D�P�H �V�H�Q�V�H ���V�K�L�S �V�S�H�H�G �D�W �W�K�H �W�L�P�H �R�I
�L�P�S�D�F�W�� �D�Q�G �W�K�H �P�D�V�V �R�I �W�K�H �V�K�L�S �L�V �H�L�W�K�H�U �U�H�G�X�F�H�G �R�U �L�Q�F�U�H�D�V�H�G �E�\ �I�D�F�W�R�U�V �L�Q �D�Q �H�I�I�R�U�W �W�R �D�S�S�U�R�[�L�P�D�W�H
�W�K�H �H�I�I�H�F�W�L�Y�H �P�D�V�V �R�I �W�K�H �V�K�L�S�� �P�H�D�Q�L�Q�J �W�K�H �S�R�U�W�L�R�Q �R�I �W�K�H �V�K�L�S �P�D�V�V �W�K�D�W �F�R�Q�W�U�L�E�X�W�H�V �W�R �W�K�H �L�P�S�D�F�W �D�Q�G
�F�D�X�V�H�V �W�K�H �I�H�Q�G�H�U �V�W�U�X�F�W�X�U�H�¶�V �U�H�V�S�R�Q�V�H�� �,�Q �W�K�H �(�$�8�� �������� �I�U�D�P�H�Z�R�U�N �W�K�H�V�H �I�D�F�W�R�U�V �D�U�H �W�K�H �Y�L�U�W�X�D�O �P�D�V�V
�D�Q�G �H�F�F�H�Q�W�U�L�F�L�W�\ �F�R�H�I�I�L�F�L�H�Q�W�VCm � Ce �D�Q�G �L�Q �W�K�H �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �P�H�W�K�R�G �W�K�H�V�H �D�U�H �W�K�Habwz �F�R�H�I�I�L�F�L�H�Q�W
�D�Q�G �W�K�Hcbw �F�R�H�I�I�L�F�L�H�Q�W�� �W�K�H �I�L�U�V�W �L�Q�G�L�F�D�W�L�Q�J �W�K�H �S�R�U�W�L�R�Q �R�I �W�K�H �W�R�W�D�O �P�D�V�V �R�I �W�K�H �V�K�L�S �F�R�Q�W�U�L�E�X�W�L�Q�J �W�R �W�K�H
�P�R�Y�H�P�H�Q�W �V�W�D�J�H �R�I �W�K�H �I�R�U�H �S�D�U�W �R�I �W�K�H �V�K�L�S �D�Q�G �V�W�U�X�F�W�X�U�H �D�Q�G �W�K�H �O�D�W�W�H�U �D�F�F�R�X�Q�W�L�Q�J �I�R�U �W�K�H �L�Q�I�O�X�H�Q�F�H �R�I
�W�K�H �Z�D�W�H�U ��abwz � cbw ����

�7�K�X�V�� �W�K�H �W�Z�R �P�H�W�K�R�G�V �I�R�O�O�R�Z �W�K�H �V�D�P�H �S�K�L�O�R�V�R�S�K�\ �D�U�R�X�Q�G �W�K�H �F�R�Q�V�L�G�H�U�D�W�L�R�Q �R�I �W�K�H �P�D�V�V �L�P�S�D�F�W�L�Q�J �W�K�H
�V�W�U�X�F�W�X�U�H�� �7�K�L�V �E�H�L�Q�J��

virtual water mass factor � eccentricity factor � ship mass ������������

�7�K�H �V�K�D�U�H�G �S�K�L�O�R�V�R�S�K�\ �P�D�N�H�V �W�K�H�P �F�R�P�S�D�U�D�E�O�H�� �2�Q�H�� �Q�R�Z �K�D�V �W�R �O�D�\ �G�R�Z�Q �W�K�H �G�H�I�L�Q�L�W�L�R�Q�V �R�I �W�K�H�V�H
�I�D�F�W�R�U�V �S�H�U �P�H�W�K�R�G �W�R �X�Q�G�H�U�V�W�D�Q�G �W�K�H �G�L�I�I�H�U�H�Q�F�H�V �D�Q�G �G�H�U�L�Y�H �F�R�Q�F�O�X�V�L�R�Q�V �D�E�R�X�W �K�R�Z �W�K�H�V�H �W�Z�R �P�H�W�K�R�G�V
�Z�R�U�N��

�,�Q �E�R�W�K �P�H�W�K�R�G�V�� �W�K�HCm �D�Q�G �W�K�Hcbw �D�F�F�R�X�Q�W �I�R�U �W�K�H �V�D�P�H �W�K�L�Q�J�� �7�K�H�L�U �G�L�I�I�H�U�H�Q�F�H �O�L�H�V �L�Q �K�R�Z �W�K�H�L�U
�Y�D�O�X�H �L�V �G�H�U�L�Y�H�G�� �7�K�HCm �Y�D�O�X�H�V �D�U�H �F�D�O�F�X�O�D�W�H�G �W�K�U�R�X�J�K �O�L�Q�H�D�U �L�Q�W�H�U�S�R�O�D�W�L�R�Q �E�H�W�Z�H�H�Q �Y�D�O�X�H�V1:5 �
1:8 �G�H�S�H�Q�G�L�Q�J �R�Q �W�K�H �N�H�H�O �F�O�H�D�U�D�Q�F�H �R�I �W�K�H �Y�H�V�V�H�O ���3�,�$�1�&�� ������������ �Z�L�W�K �D�Q �D�O�O�R�Z�H�G �I�R�U�O�R�Q�J�L�W�X�G�L�Q�D�O
�D�S�S�U�R�D�F�K�H�V �Y�D�O�X�H �R�I1:1�� �Z�K�H�U�H�D�V �W�K�Hcbw �Y�D�O�X�H�V �F�R�P�H �I�U�R�P �L�Q�W�H�U�S�R�O�D�W�L�R�Q�V �W�K�U�R�X�J�K �J�U�D�S�K�V �R�I �P�R�G�H�O
�U�H�V�H�D�U�F�K �U�H�V�X�O�W�V �G�H�S�H�Q�G�L�Q�J �R�Q �F�D�V�H �V�L�P�L�O�D�U�L�W�\�� �,�W �L�V �Q�R�W�H�Z�R�U�W�K�\ �W�K�D�W �W�K�H �Y�D�O�X�H�V �I�R�U �E�R�W�K �W�K�H�V�H �I�D�F�W�R�U�V
�D�J�U�H�H �Z�L�W�K �H�D�F�K �R�W�K�H�U �J�L�Y�L�Q�J �V�L�P�L�O�D�U �U�D�Q�J�H�V��

�7�K�H �F�R�P�S�D�U�L�V�R�Q �E�H�F�R�P�H�V �P�R�U�H �L�Q�W�H�U�H�V�W�L�Q�J �E�H�W�Z�H�H�Q �W�K�HCe �D�Q�G �W�K�Habwz �I�D�F�W�R�U�V�� �:�K�L�O�H �E�R�W�K �D�U�H �D�F��
�F�R�X�Q�W�L�Q�J �I�R�U �W�K�H �S�U�R�S�R�U�W�L�R�Q �R�I �W�K�H �V�K�L�S�¶�V �P�D�V�V �W�K�D�W �F�R�Q�W�U�L�E�X�W�H�V �W�R �W�K�H �P�R�Y�H�P�H�Q�W �V�W�D�J�H �R�I �W�K�H �I�R�U�H �S�D�U�W
�R�I �W�K�H �V�K�L�S �D�Q�G �V�W�U�X�F�W�X�U�H�� �W�K�H �Z�D�\ �L�Q �G�R�L�Q�J �V�R �L�V �Q�R�W �V�L�P�L�O�D�U�� �:�K�D�W �L�V �F�R�P�P�R�Q �W�K�R�X�J�K�� �E�H�W�Z�H�H�Q �W�K�H �W�Z�R
�I�D�F�W�R�U�V�� �L�V �W�K�D�W �W�K�H�\ �E�R�W�K �X�V�H �W�K�H �V�K�L�S�¶�V �J�H�R�P�H�W�U�\ �D�V �L�Q�S�X�W��

�/�R�R�N�L�Q�J �L�Q�W�R �H�T�X�D�W�L�R�Q ���������� �I�R�U �W�K�H �H�F�F�H�Q�W�U�L�F�L�W�\ �F�R�H�I�I�L�F�L�H�Q�W�� �Z�K�D�W �L�W�V �Y�D�O�X�H �G�H�S�H�Q�G�V �R�Q �L�V �W�K�H �D�Q�J�O�H�
�Z�K�L�F�K �D�V �H�[�S�O�D�L�Q�H�G �L�V �W�K�H �D�Q�J�O�H �E�H�W�Z�H�H�Q �G�L�V�W�D�Q�F�Hr �D�Q�G �W�K�H �Y�H�O�R�F�L�W�\ �Y�H�F�W�R�U �R�I �W�K�H �V�K�L�S�� �%�X�W�� �W�K�H �F�D�V�H
�L�V �G�L�I�I�H�U�H�Q�W �I�R�Uabwz �L�I �Z�H �O�R�R�N �L�Q�W�R �W�K�H �H�T�X�D�W�L�R�Q���������� �7�K�Habwz �I�D�F�W�R�U �G�H�S�H�Q�G�V �G�L�U�H�F�W�O�\ �R�Q �W�K�H �D�Q�J�O�H �R�I
�D�S�S�U�R�D�F�K �R�I �W�K�H �V�K�L�S� 0 �D�Q�G �D�W �W�K�H �V�D�P�H �W�L�P�H �R�Q �W�K�H �V�O�L�G�L�Q�J �I�U�L�F�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�Wtg� �� �7�K�L�V �P�H�D�Q�V�� �W�K�D�W �L�Q
�W�K�H �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �P�H�W�K�R�G �W�K�H �H�F�F�H�Q�W�U�L�F�L�W�\ �L�V �D�F�F�R�X�Q�W�H�G �I�R�U �E�\ �W�D�N�L�Q�J �W�K�H �V�W�U�X�F�W�X�U�H �S�U�R�S�H�U�W�L�H�V �L�Q�W�R
�F�R�Q�V�L�G�H�U�D�W�L�R�Q �D�V �Z�H�O�O�� �L�Q �F�R�Q�W�U�D�V�W �W�R �W�K�H �(�$�8���������� �I�U�D�P�H�Z�R�U�N �Z�K�H�U�H �L�W �L�V �R�Y�H�U�O�R�R�N�H�G��

�6�L�Q�F�H �W�K�H �P�R�Y�H�P�H�Q�W �R�I �W�K�H �V�K�L�S �U�H�O�D�W�L�Y�H �W�R �W�K�H �V�W�U�X�F�W�X�U�H �L�V �L�Q�G�H�H�G �D �V�O�L�G�L�Q�J �P�R�Y�H�P�H�Q�W�� �W�K�L�V �G�H�I�L�Q�L�W�L�R�Q �R�I
�H�F�F�H�Q�W�U�L�F�L�W�\ �L�V �F�O�R�V�H�U �W�R �W�K�H �S�K�\�V�L�F�V �G�H�V�F�U�L�E�L�Q�J �W�K�H �U�H�O�D�W�L�Y�H �P�R�W�L�R�Q �R�I �W�K�H �V�K�L�S �L�Q �U�H�V�S�H�F�W �W�R �W�K�H �V�W�U�X�F�W�X�U�H��
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���������8�L�I �6�I�h�R�I�H �'�S�P�P�M�W�M�S�R �)�R�I�V�K�] �'�E�P�G�Y�P�E�X�M�S�R �1�I�X�L�S�H
�7�K�H �L�P�S�H�W�X�V �I�R�U �G�H�Y�H�O�R�S�L�Q�J �D �Q�H�Z �P�H�W�K�R�G�R�O�R�J�\ �I�R�U �F�D�O�F�X�O�D�W�L�Q�J �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �L�V �U�R�R�W�H�G �L�Q �W�K�H �O�L�W�H�U�D��
�W�X�U�H �U�H�Y�L�H�Z�H�G �L�Q �&�K�D�S�W�H�U ���� �Z�K�L�F�K �H�[�D�P�L�Q�H�V �W�K�H �O�L�P�L�W�D�W�L�R�Q�V �R�I �W�K�H �H�[�L�V�W�L�Q�J �N�L�Q�H�W�L�F �H�Q�H�U�J�\ �F�D�O�F�X�O�D�W�L�R�Q
�I�U�D�P�H�Z�R�U�N�� �7�K�H �(�$�8���������� �I�U�D�P�H�Z�R�U�N �L�V �S�U�H�G�R�P�L�Q�D�Q�W�O�\ �F�R�Q�I�L�J�X�U�H�G �I�R�U �E�H�U�W�K�L�Q�J �V�F�H�Q�D�U�L�R�V �D�Q�G �I�D�L�O�V �W�R
�D�G�H�T�X�D�W�H�O�\ �D�G�G�U�H�V�V �W�K�H �V�S�H�F�L�I�L�F �F�R�Q�G�L�W�L�R�Q�V �I�R�X�Q�G �L�Q �V�K�L�S���W�R���V�W�U�X�F�W�X�U�H �F�R�O�O�L�V�L�R�Q�V �Z�K�H�Q �W�K�H �V�K�L�S �L�V �D�W �V�D�L�O
�D�Q�G �W�K�H �V�W�U�X�F�W�X�U�H �L�V �D �J�X�L�G�L�Q�J �V�W�U�X�F�W�X�U�H��

�������������8�L�I�S�V�I�X�M�G�E�P �&�E�W�M�W
�7�K�H �L�Q�D�G�H�T�X�D�F�L�H�V �L�Q �W�K�H �H�[�L�V�W�L�Q�J �I�U�D�P�H�Z�R�U�N �D�U�H �S�U�H�V�H�Q�W�H�G �I�L�U�V�W��

�‡�7�K�H �(�$�8�� �������� �G�H�I�L�Q�L�W�L�R�Q �R�I �D�Q�J�O�H �. �L�V �S�U�R�E�O�H�P�D�W�L�F �G�X�H �W�R �L�W�V �Y�D�J�X�H�Q�H�V�V�� �H�V�S�H�F�L�D�O�O�\ �F�R�Q�F�H�U�Q�L�Q�J
�O�R�Q�J�L�W�X�G�L�Q�D�O �V�K�L�S �V�S�H�H�G�� �7�K�L�V �D�P�E�L�J�X�L�W�\ �F�D�Q �O�H�D�G �H�Q�J�L�Q�H�H�U�V �W�R �V�H�O�H�F�W �D�Q �D�Q�J�O�H �W�K�D�W �G�R�H�V �Q�R�W
�D�F�F�X�U�D�W�H�O�\ �U�H�I�O�H�F�W �W�K�H �V�K�L�S�¶�V �G�L�U�H�F�W�L�R�Q �U�H�O�D�W�L�Y�H �W�R �W�K�H �V�W�U�X�F�W�X�U�H �D�W �W�K�H �S�R�L�Q�W �R�I �L�P�S�D�F�W�� �$�V �G�L�V�F�X�V�V�H�G
�L�Q �&�K�D�S�W�H�U ���� �W�K�L�V �P�L�V�L�Q�W�H�U�S�U�H�W�D�W�L�R�Q �F�D�Q �U�H�V�X�O�W �L�Q �V�X�E�V�W�D�Q�W�L�D�O �H�U�U�R�U�V �L�Q �W�K�H �F�D�O�F�X�O�D�W�L�R�Q �R�I �F�R�O�O�L�V�L�R�Q
�H�Q�H�U�J�\�� �D�V �W�K�H �D�Q�J�O�H �F�K�R�V�H�Q �P�D�\ �Q�R�W �W�U�X�O�\ �U�H�S�U�H�V�H�Q�W �W�K�H �D�F�W�X�D�O �L�Q�W�H�U�D�F�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �V�K�L�S �D�Q�G
�W�K�H �V�W�U�X�F�W�X�U�H�� �7�K�H �W�Z�R �P�R�V�W �S�U�R�E�D�E�O�H �L�Q�W�H�U�S�U�H�W�D�W�L�R�Q�V �R�I �D�Q�J�O�H� �D�U�H �S�U�H�V�H�Q�W�H�G �L�Q �I�L�J�X�U�H��������
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�‡�,�J�Q�R�U�L�Q�J �6�W�U�X�F�W�X�U�D�O �3�U�R�S�H�U�W�L�H�V�� �8�Q�O�L�N�H �W�K�H �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �P�H�W�K�R�G�� �Z�K�L�F�K �L�Q�F�R�U�S�R�U�D�W�H�V �V�W�U�X�F��
�W�X�U�D�O �S�U�R�S�H�U�W�L�H�V �L�Q�W�R �L�W�V �F�D�O�F�X�O�D�W�L�R�Q�V �W�K�U�R�X�J�K �W�K�H �L�Q�F�O�X�V�L�R�Q �R�I �D �I�U�L�F�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W �L�Q �W�K�H �H�F�F�H�Q�W�U�L�F�L�W�\
�H�[�S�U�H�V�V�L�R�Q ���&�K�D�S�W�H�U ���� �6�H�F�W�L�R�Q �������������� �W�K�H �(�$�8�� �������� �I�U�D�P�H�Z�R�U�N �Q�H�J�O�H�F�W�V �W�K�L�V��

�������������4�V�S�T�S�W�I�H �*�V�E�Q�I�[�S�V�O �-�Q�T�V�S�Z�I�Q�I�R�X
�7�K�H �F�D�O�F�X�O�D�W�L�R�Q �P�H�W�K�R�G �S�U�R�S�R�V�H�G �L�Q �W�K�L�V �W�K�H�V�L�V �I�R�F�X�V�H�V �S�U�L�P�D�U�L�O�\ �R�Q �U�H�I�L�Q�L�Q�J �W�K�H �G�H�I�L�Q�L�W�L�R�Q �R�I �D�Q�J�O�H �.
�D�Q�G �Y�D�O�L�G�D�W�L�Q�J �W�K�L�V �Q�H�Z �D�S�S�U�R�D�F�K �W�K�U�R�X�J�K �W�K�H �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �P�R�G�H�O �W�K�D�W �L�Q�F�R�U�S�R�U�D�W�H�V �V�W�U�X�F�W�X�U�D�O
�S�U�R�S�H�U�W�L�H�V�� �7�K�L�V �L�P�S�U�R�Y�H�G �P�H�W�K�R�G�R�O�R�J�\ �D�L�P�V �W�R �O�L�Q�N �D�Q�J�O�H� �D�Q�G �V�X�E�V�H�T�X�H�Q�W�O�\ �W�K�H �H�F�F�H�Q�W�U�L�F�L�W�\ �F�R�H�I�I�L��
�F�L�H�Q�W �G�L�U�H�F�W�L�R�Q �G�L�U�H�F�W�O�\ �W�R �W�K�H �D�Q�J�O�H �R�I �D�S�S�U�R�D�F�K �R�I �W�K�H �V�K�L�S �W�R �W�K�H �V�W�U�X�F�W�X�U�H�� �,�Q �W�K�L�V �P�D�Q�Q�H�U�� �W�K�H �J�X�L�G�L�Q�J
�V�W�U�X�F�W�X�U�H �D�S�S�U�R�D�F�K�H�V �F�D�Q �E�H �U�H�S�U�H�V�H�Q�W�H�G �D�F�F�X�U�D�W�H�O�\ �D�Q�G �D �U�H�D�O�L�V�W�L�F �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �Y�D�O�X�H �F�D�Q �E�H �G�H��
�U�L�Y�H�G��

�5�H�I�L�Q�H�G �'�H�I�L�Q�L�W�L�R�Q �R�I �$�Q�J�O�H �.

�‡�7�K�H �Q�H�Z �G�H�I�L�Q�L�W�L�R�Q �R�I �D�Q�J�O�H �. �L�V �Q�R�Z �G�H�W�H�U�P�L�Q�H�G �D�V �W�K�H �D�Q�J�O�H �E�H�W�Z�H�H�Q �W�K�H �S�H�U�S�H�Q�G�L�F�X�O�D�U �F�R�P�S�R��
�Q�H�Q�W �R�I �W�K�H �V�K�L�S�¶�V �Y�H�O�R�F�L�W�\ �W�R �W�K�H �V�W�U�X�F�W�X�U�H �D�Q�G �W�K�H �O�L�Q�H �R�I �G�L�V�W�D�Q�F�H�U�I�U�R�P �W�K�H �S�R�L�Q�W �R�I �L�P�S�D�F�W ���I�L�J�X�U�H
���������� �7�K�L�V �G�\�Q�D�P�L�F �G�H�I�L�Q�L�W�L�R�Q �D�O�O�R�Z�V �I�R�U �D �P�R�U�H �D�F�F�X�U�D�W�H �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I �J�X�L�G�L�Q�J �D�S�S�U�R�D�F�K �V�F�H��
�Q�D�U�L�R�V �E�\ �L�Q�F�R�U�S�R�U�D�W�L�Q�J �D �G�L�U�H�F�W �O�L�Q�N �W�R �W�K�H �D�Q�J�O�H �R�I �D�S�S�U�R�D�F�K��

�)�L�J�X�U�H ���������3�U�R�S�R�V�H�G �G�H�I�L�Q�L�W�L�R�Q �R�I �D�Q�J�O�H�

�8�Q�O�L�N�H �W�K�H �F�R�Q�Y�H�Q�W�L�R�Q�D�O �P�H�W�K�R�G �W�K�D�W �L�J�Q�R�U�H�V �W�K�H �D�S�S�U�R�D�F�K �D�Q�J�O�H�� �W�K�H �Q�H�Z �G�H�I�L�Q�L�W�L�R�Q �G�R�H�V �Q�R�W �D�V�V�X�P�H
�V�W�D�W�L�F �R�U �I�L�[�H�G �D�Q�J�O�H�V �E�X�W �D�G�M�X�V�W�V �E�X�W �D�G�M�X�V�W�V �U�H�J�D�U�G�L�Q�J �W�K�H �V�K�L�S �G�L�U�H�F�W�L�R�Q �L�Q �U�H�V�S�H�F�W �W�R �W�K�H �V�W�U�X�F�W�X�U�H�� �$�W
�W�K�H �V�D�P�H �W�L�P�H �L�W �P�D�W�F�K�H�V �W�K�H �S�K�L�O�R�V�R�S�K�\ �R�I �W�K�H �F�R�Q�W�U�L�E�X�W�L�Q�J �Y�H�O�R�F�L�W�\ �F�R�P�S�R�Q�H�Q�W �W�R �W�K�H �L�P�S�D�F�W�� �7�K�D�W �L�V
�W�K�H �Q�R�U�P�D�O �W�R �W�K�H �V�W�U�X�F�W�X�U�H �Y�H�O�R�F�L�W�\ �F�R�P�S�R�Q�H�Q�W �Z�K�L�F�K �L�V �W�K�H �R�Q�H �X�V�H�G �E�\ �W�K�H �I�U�D�P�H�Z�R�U�N �L�Q �W�K�H �N�L�Q�H�W�L�F
�H�Q�H�U�J�\ �H�T�X�D�W�L�R�Q ������������

�3�U�R�S�R�V�H�G �*�X�L�G�L�Q�J �6�W�U�X�F�W�X�U�H �$�S�S�U�R�D�F�K �*�H�R�P�H�W�U�\

�7�K�H �Q�H�Z �G�H�I�L�Q�L�W�L�R�Q �R�I �D�Q�J�O�H� �F�D�Q �E�H �G�H�V�F�U�L�E�H�G �W�K�U�R�X�J�K �P�D�W�K�H�P�D�W�L�F�D�O �H�[�S�U�H�V�V�L�R�Q ������������

angle � [o] = 90o � � 0[o] � sin� 1 B
2r

[o] ����������

�Z�K�H�U�H��
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�‡� 0[o]�� �D�Q�J�O�H �R�I �D�S�S�U�R�D�F�K

�‡B [m]�� �%�U�H�D�G�W�K �R�I �W�K�H �V�K�L�S

�‡r [m]�� �'�L�V�W�D�Q�F�H �R�I �V�K�L�S�¶�V �F�H�Q�W�U�H �R�I �P�D�V�V �I�U�R�P �S�R�L�Q�W �R�I �L�P�S�D�F�W �R�Q �I�H�Q�G�H�U���G�R�O�S�K�L�Q

�7�K�H �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �R�I �W�K�H �Q�H�Z �G�H�I�L�Q�L�W�L�R�Q �R�I �D�Q�J�O�H� �L�Q�W�R �W�K�H �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �F�D�O�F�X�O�D�W�L�R�Q�V �E�H�J�L�Q�V �E�\ �U�H��
�Y�L�V�L�Q�J �W�K�H �H�T�X�D�W�L�R�Q�V �X�V�H�G �W�R �F�D�O�F�X�O�D�W�H �W�K�H �H�F�F�H�Q�W�U�L�F�L�W�\ �F�R�H�I�I�L�F�L�H�Q�W �D�Q�G �N�L�Q�H�W�L�F �H�Q�H�U�J�\�� �7�K�L�V �V�W�H�S �L�Q�Y�R�O�Y�H�V
�D�O�W�H�U�L�Q�J �W�K�H �W�U�D�G�L�W�L�R�Q�D�O �H�T�X�D�W�L�R�Q�V �Z�K�H�U�H �W�K�H �D�Q�J�O�H �Z�D�V �S�U�H�Y�L�R�X�V�O�\ �G�H�I�L�Q�H�G �L�Q �D �Z�D�\ �W�K�D�W �Z�D�V �L�J�Q�R�U�L�Q�J �W�K�H
�V�K�L�S�¶�V �D�S�S�U�R�D�F�K �D�Q�J�O�H �W�R �W�K�H �V�W�U�X�F�W�X�U�H�� �1�R�Z�� �W�K�H �U�H�I�L�Q�H�G �P�H�W�K�R�G �L�Q�F�R�U�S�R�U�D�W�H�V �W�K�H �Y�H�O�R�F�L�W�\ �Y�H�F�W�R�U�¶�V �S�H�U��
�S�H�Q�G�L�F�X�O�D�U �F�R�P�S�R�Q�H�Q�W�� �L�Q �W�K�H �G�H�I�L�Q�L�W�L�R�Q �R�I �W�K�H �D�Q�J�O�H�� �W�R �U�H�I�O�H�F�W �P�R�U�H �U�H�D�O�L�V�W�L�F �J�X�L�G�L�Q�J �V�W�U�X�F�W�X�U�H �F�R�O�O�L�V�L�R�Q
�G�\�Q�D�P�L�F�V�� �7�K�L�V �L�V �Y�L�W�D�O �D�V �L�W �D�F�F�R�X�Q�W�V �I�R�U �W�K�H �D�F�W�X�D�O �R�U�L�H�Q�W�D�W�L�R�Q �D�Q�G �P�R�W�L�R�Q �R�I �W�K�H �V�K�L�S �D�W �W�K�H �S�R�L�Q�W �R�I
�L�P�S�D�F�W�� �Z�K�L�F�K �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �D�I�I�H�F�W�V �W�K�H �F�D�O�F�X�O�D�W�H�G �H�Q�H�U�J�\��

�,�W �L�V �Q�R�Z �S�R�V�V�L�E�O�H �W�R �S�U�R�S�R�V�H �D �G�H�I�L�Q�L�W�L�Y�H �J�X�L�G�L�Q�J �V�W�U�X�F�W�X�U�H �D�S�S�U�R�D�F�K �J�H�R�P�H�W�U�\�� �7�K�L�V �L�V �S�U�H�V�H�Q�W�H�G �L�Q
�I�L�J�X�U�H��������

�)�L�J�X�U�H ���������3�U�R�S�R�V�H�G �J�X�L�G�L�Q�J �V�W�U�X�F�W�X�U�H �D�S�S�U�R�D�F�K �J�H�R�P�H�W�U�\

���������:�E�P�M�H�E�X�M�S�R �S�J �X�L�I �V�I�h�R�I�H �Q�I�X�L�S�H
�7�R �Y�D�O�L�G�D�W�H �W�K�H �Q�H�Z �G�H�I�L�Q�L�W�L�R�Q �R�I �D�Q�J�O�H� �� �W�K�H �Y�D�O�X�H�V �R�I �W�K�H �H�F�F�H�Q�W�U�L�F�L�W�\ �F�R�H�I�I�L�F�L�H�Q�W �D�Q�G �W�K�H �N�L�Q�H�W�L�F �H�Q�H�U�J�\ �L�W
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�D�S�S�U�R�D�F�K �Z�D�V �K�\�S�R�W�K�H�V�L�]�H�G �W�R �L�P�S�U�R�Y�H �W�K�H �S�U�H�G�L�F�W�L�Y�H �D�F�F�X�U�D�F�\ �D�Q�G �U�R�E�X�V�W�Q�H�V�V �R�I �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\
�F�D�O�F�X�O�D�W�L�R�Q�V�� �S�D�U�W�L�F�X�O�D�U�O�\ �L�Q �V�K�L�S���W�R���V�W�U�X�F�W�X�U�H �L�Q�W�H�U�D�F�W�L�R�Q �V�F�H�Q�D�U�L�R�V��

�+�H�U�H�� �D �V�H�U�L�H�V �R�I �Y�D�O�L�G�D�W�L�R�Q �W�H�V�W�V �D�Q�G �F�R�P�S�D�U�D�W�L�Y�H �D�Q�D�O�\�V�H�V �W�K�D�W �X�Q�G�H�U�V�F�R�U�H �W�K�H �H�I�I�H�F�W�L�Y�H�Q�H�V�V �R�I �W�K�H
�U�H�Y�L�V�H�G �P�H�W�K�R�G�R�O�R�J�\ �L�V �S�U�H�V�H�Q�W�H�G�� �%�\ �D�S�S�O�\�L�Q�J �W�K�L�V �P�H�W�K�R�G �W�R �V�L�P�X�O�D�W�H�G �V�F�H�Q�D�U�L�R�V �L�W�V �H�Q�K�D�Q�F�H�G �F�D��
�S�D�E�L�O�L�W�\ �W�R �S�U�H�G�L�F�W �F�R�O�O�L�V�L�R�Q �R�X�W�F�R�P�H�V �P�R�U�H �U�H�O�L�D�E�O�\ �L�V �G�H�P�R�Q�V�W�U�D�W�H�G�� �7�K�L�V �F�K�D�S�W�H�U �G�H�W�D�L�O�V �W�K�H �W�H�V�W�L�Q�J
�S�U�R�F�H�V�V�� �W�K�H �U�H�V�X�O�W�V �R�E�W�D�L�Q�H�G�� �D�Q�G �D �F�R�P�S�D�U�D�W�L�Y�H �H�Y�D�O�X�D�W�L�R�Q �D�J�D�L�Q�V�W �W�U�D�G�L�W�L�R�Q�D�O �P�H�W�K�R�G �D�Q�G �W�K�H �9�L�U�W�X�D�O
�:�D�W�H�U �0�D�V�V �P�H�W�K�R�G�� �Z�K�L�F�K �L�Q�F�O�X�G�H�V �V�W�U�X�F�W�X�U�D�O �S�U�R�S�H�U�W�L�H�V �L�Q �L�W�V �F�D�O�F�X�O�D�W�L�R�Q�V��

�7�K�H �I�L�Q�G�L�Q�J�V �S�U�H�V�H�Q�W�H�G �K�H�U�H �D�U�H �F�U�X�F�L�D�O �I�R�U �Y�D�O�L�G�D�W�L�Q�J �W�K�H �W�K�H�R�U�H�W�L�F�D�O �D�G�Y�D�Q�F�H�P�H�Q�W�V �P�D�G�H �L�Q �&�K�D�S�W�H�U
�� �D�Q�G �I�R�U �L�O�O�X�V�W�U�D�W�L�Q�J �W�K�H �S�U�D�F�W�L�F�D�O �L�P�S�O�L�F�D�W�L�R�Q�V �R�I �D�G�R�S�W�L�Q�J �W�K�L�V �Q�H�Z �P�H�W�K�R�G �L�Q �H�Q�J�L�Q�H�H�U�L�Q�J �S�U�D�F�W�L�F�H�V��
�7�K�L�V �F�K�D�S�W�H�U �Z�L�O�O �V�H�U�Y�H �D�V �D �E�U�L�G�J�H �W�R �W�K�H �V�X�E�V�H�T�X�H�Q�W �L�P�S�O�H�P�H�Q�W�D�W�L�R�Q �D�Q�G �E�U�R�D�G�H�U �L�Q�W�H�J�U�D�W�L�R�Q �R�I �W�K�H�V�H
�P�H�W�K�R�G�V��
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�7�K�L�V �V�H�F�W�L�R�Q �S�U�R�Y�L�G�H�V �D �F�R�P�S�D�U�D�W�L�Y�H �D�Q�D�O�\�V�L�V �E�H�W�Z�H�H�Q �W�K�H �Q�H�Z�O�\ �G�H�Y�H�O�R�S�H�G �P�H�W�K�R�G�R�O�R�J�\ �D�Q�G �W�K�H �H�V�W�D�E��
�O�L�V�K�H�G �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �F�D�O�F�X�O�D�W�L�R�Q �P�H�W�K�R�G�� �3�H�U�I�R�U�P�L�Q�J �G�H�W�D�L�O�H�G �F�D�O�F�X�O�D�W�L�R�Q�V �K�L�V�W�R�U�L�F�D�O �G�D�W�D �F�D�V�H�V�� �W�K�L�V
�D�Q�D�O�\�V�L�V �K�L�J�K�O�L�J�K�W�V �W�K�H �G�L�V�F�U�H�S�D�Q�F�L�H�V �L�Q �S�U�H�G�L�F�W�L�R�Q�V �G�H�U�L�Y�H�G �I�U�R�P �W�K�H �W�Z�R �P�H�W�K�R�G�V�� �7�K�H�V�H �F�D�O�F�X�O�D�W�L�R�Q�V
�D�U�H �H�[�H�F�X�W�H�G �I�R�U �D�S�S�U�R�D�F�K�H�V �W�K�D�W �K�D�Y�H �E�H�H�Q �W�H�V�W�H�G �L�Q �S�X�E�O�L�V�K�H�G �P�R�G�H�O �U�H�V�H�D�U�F�K��

�7�K�H �F�D�V�H�V �D�U�H �F�K�R�V�H�Q �L�Q �D �Z�D�\ �W�K�D�W �W�K�H�\ �F�D�Q �S�U�R�Y�L�G�H �Y�D�O�X�D�E�O�H �F�R�Q�F�O�X�V�L�R�Q�V �I�R�U �W�K�L�V �U�H�V�H�D�U�F�K �S�U�R�M�H�F�W��
�7�K�H �F�R�P�S�D�U�L�V�R�Q �R�I �W�K�H �F�D�O�F�X�O�D�W�L�R�Q�V �K�D�S�S�H�Q�V �R�Q �D �I�U�D�P�H�Z�R�U�N �E�D�V�L�V�� �P�H�D�Q�L�Q�J �(�$�8�� �������� �Y�H�U�V�X�V �W�K�H
�S�U�R�S�R�V�H�G �U�H�I�L�Q�H�G �P�H�W�K�R�G�� �E�X�W �D�O�V�R �L�Q �D �F�D�V�H �W�R �F�D�V�H �E�D�V�L�V�� �%�\ �F�R�P�S�D�U�L�Q�J �W�K�H �F�D�V�H�V �W�R �H�D�F�K �R�W�K�H�U��
�F�R�Q�F�O�X�V�L�R�Q�V �U�H�J�D�U�G�L�Q�J �G�L�V�F�U�H�S�D�Q�F�L�H�V �E�H�W�Z�H�H�Q �F�D�O�F�X�O�D�W�L�R�Q�V �F�D�Q �E�H �G�H�U�L�Y�H�G�� �7�K�H �L�Q�W�H�U���F�D�V�H �F�R�P�S�D�U�L�V�R�Q
�F�D�Q �V�K�R�Z �Z�K�L�F�K �R�I �W�K�H �Y�D�U�L�D�E�O�H�V �L�Q�W�U�R�G�X�F�H�G �L�Q �W�K�H �F�D�O�F�X�O�D�W�L�R�Q�V �L�V �R�I �P�R�V�W �L�P�S�R�U�W�D�Q�F�H �D�Q�G �Z�K�D�W �L�V �L�W�V
�H�I�I�H�F�W �L�Q �W�K�H �V�L�P�S�O�L�I�L�H�G �S�U�R�S�R�V�H�G �P�H�W�K�R�G��

�������������-�R�X�V�S�H�Y�G�M�R�K �X�L�I �G�E�W�I�W
�7�K�H �F�D�V�H�V �X�V�H�G �I�R�U �W�K�H �F�D�O�X�O�D�W�L�R�Q�V �D�U�H �G�H�U�L�Y�H�G �I�U�R�P �W�K�U�H�H �G�L�I�I�H�U�H�Q�W �U�H�S�R�U�W�V �G�H�Y�H�O�R�S�H�G �I�R�U �7�2�: �D�Q�G
�5�L�M�N�V�Z�D�W�H�U�V�W�D�D�W�� �7�K�H�V�H �D�U�H��

�‡�&�D�V�H �$�� �7�H�V�W �������$ �I�U�R�P �9�U�L�M�H�U �$���� ���������� �´�%�H�O�D�V�W�L�Q�J�H�Q �R�S �U�H�P�P�L�Q�J�Z�H�U�N�H�Q �G�R�R�U �V�F�K�H�S�H�Q�� �Y�D�U�H�Q�G

����
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�R�Q�G�H�U �H�H�Q �K�R�H�N �W�H�J�H�Q �K�H�W �U�H�P�P�L�Q�J�Z�H�U�N�´

�‡�&�D�V�H �%�� �7�H�V�W �5�� �I�U�R�P �9�U�L�M�E�X�U�F�K�W �$���� ���������� �´�/�R�D�G�V �R�Q �I�H�Q�G�H�U �V�W�U�X�F�W�X�U�H�V �D�Q�G �G�R�O�S�K�L�Q�V �E�\ �V�D�L�O�L�Q�J
�V�K�L�S�V�´

�‡�&�D�V�H �&�� �&�D�O�F�X�O�D�W�L�R�Q �H�[�D�P�S�O�H �W�D�E�O�H �������� �I�U�R�P �9�U�L�M�H�U �$���� ���������� �´�%�H�O�D�V�W�L�Q�J �R�S �U�H�P�P�L�Q�J�Z�H�U�N�H�Q �H�Q
�G�X�N�G�D�O�Y�H�Q �G�R�R�U �Y�D�U�H�Q�G�H �V�F�K�H�S�H�Q�� �E�H�U�H�N�H�Q�L�Q�J�H�Q �H�Q �P�R�G�H�O�R�Q�G�H�U�]�R�H�N �E�R�W�V�N�U�D�F�K�W�H�Q�´

�7�D�E�O�H ���������&�D�V�H �'�D�W�D �I�U�R�P �P�R�G�H�O �U�H�V�H�D�U�F�K �U�H�S�R�U�W�V

�&�D�V�H �'�D�W�D �I�U�R�P �P�R�G�H�O �U�H�V�H�D�U�F�K

�6�K�L�S �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V

�'�H�V�F�U�L�S�W�L�R�Q �&�D�V�H �$ �&�D�V�H �% �&�D�V�H �&

�0�D�V�V �P �>�N�J�@16:7 � 106 �P �>�N�J�@12:8 � 106 �P �>�N�J�@11:6 � 106

�/�H�Q�J�W�K �/ �>�P�@ 229:50 �/ �>�P�@ 153:00 �/ �>�P�@ 153:00

�%�U�H�D�G�W�K �% �>�P�@ 22:70 �% �>�P�@ 22:80 �% �>�P�@ 22:70

�'�U�D�X�J�K�W �G �>�P�@ 3:30 �G �>�P�@ 3:90 �G �>�P�@ 3:30

�/�R�Q�J�L�W�X�G�L�Q�D�O �6�S�H�H�G�X �>�P���V�@2:40 �X �>�P���V�@1:35 �X �>�P���V�@ 1:509

�$�S�S�U�R�D�F�K �D�Q�J�O�H� �>o�@ 15 � �>o�@ 15 � �>o�@ 4; 15; 30; 60; 80

�,�Q �W�K�H �F�D�V�H�V �S�U�H�V�H�Q�W�H�G �L�Q �W�K�H�V�H �U�H�S�R�U�W�V �W�K�H �V�K�L�S �L�V �D�V�V�X�P�H�G �R�I �D �U�H�F�W�D�Q�J�X�O�D�U �V�K�D�S�H �I�R�U �V�L�P�S�O�L�F�L�W�\�� �6�R �L�Q
�W�K�H �F�D�O�F�X�O�D�W�L�R�Q�V �R�I �W�K�L�V �F�K�D�S�W�H�U �X�V�L�Q�J �W�K�H�V�H �F�D�V�H�V�� �W�K�H �V�D�P�H �L�V �D�V�V�X�P�H�G�� �7�K�H �D�F�W�X�D�O �U�H�V�X�O�W�V �I�U�R�P �W�K�H
�P�R�G�H�O �U�H�V�H�D�U�F�K �W�K�D�W �L�V �F�R�Q�G�X�F�W�H�G �I�R�U �W�K�H�V�H �U�H�S�R�U�W�V �D�U�H �S�U�H�V�H�Q�W�H�G �L�Q �$�S�S�H�Q�G�L�[ �& �D�Q�G �D�U�H �X�V�H�G �W�R �F�K�H�F�N
�W�K�D�W �W�K�H �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �P�H�W�K�R�G �K�D�V �S�U�R�Y�L�G�H�G �D �F�R�U�U�H�F�W �R�X�W�S�X�W �W�R �E�H �X�V�H�G �D�V �D �E�H�Q�F�K�P�D�U�N �Y�D�O�X�H �I�R�U
�W�K�H �F�R�P�S�D�U�D�W�L�Y�H �D�Q�D�O�\�V�L�V�� �7�K�H �G�D�W�D �I�R�U �W�K�H �V�K�L�S�V �F�R�P�L�Q�J �I�U�R�P �W�K�H�V�H �F�D�V�H�V �L�Q �W�K�H �U�H�S�R�U�W�V �D�U�H �S�U�H�V�H�Q�W�H�G
�L�Q �W�D�E�O�H������

�������������'�S�Q�T�E�V�M�W�S�R �'�E�P�G�Y�P�E�X�M�S�R�W �J�S�V �'�E�W�I �%
�7�K�H �V�L�W�X�D�W�L�R�Q �R�I �L�P�S�D�F�W �I�R�U �&�D�V�H �$ �L�V �S�U�H�V�H�Q�W�H�G �L�Q �I�L�J�X�U�H��������

�)�L�J�X�U�H ���������,�P�S�D�F�W �6�L�W�X�D�W�L�R�Q �&�D�V�H �$

�)�R�U �W�K�H �H�[�D�P�S�O�H �F�D�V�H �R�I �W�K�H �´�9�U�L�M�H�U �$���� ���������� �%�H�O�D�V�W�L�Q�J�H�Q �R�S �U�H�P�P�L�Q�J�Z�H�U�N�H�Q �G�R�R�U �V�F�K�H�S�H�Q�� �Y�D�U�H�Q�G
�R�Q�G�H�U �H�H�Q �K�R�H�N �W�H�J�H�Q �K�H�W �U�H�P�P�L�Q�J�Z�H�U�N�´ �U�H�S�R�U�W �W�K�H �G�H�I�L�Q�L�W�L�R�Q �R�I �D�Q�J�O�H� �D�V �L�Q�W�U�R�G�X�F�H�G �L�Q �W�K�H �(�$�8����������
�D�Q�G �W�K�H �D�O�W�H�U�Q�D�W�H �G�H�I�L�Q�L�W�L�R�Q �R�I �D�Q�J�O�H� �D�U�H �S�U�H�V�H�Q�W�H�G �L�Q �I�L�J�X�U�H�������� �7�K�H �Y�D�O�X�H �R�I �D�Q�J�O�H� �L�V �F�D�O�F�X�O�D�W�H�G
�E�\ �P�H�D�Q�V �R�I �H�T�X�D�W�L�R�Q ������������ �7�K�H �W�Z�R �F�D�V�H�V �\�L�H�O�G �W�K�H �I�R�O�O�R�Z�L�Q�J �H�F�F�H�Q�W�U�L�F�L�W�\ �F�R�H�I�I�L�F�L�H�Q�W��

for � EAU = � 5:64o : ceEAU =
k2 + r 2 � cos2 �

k2 + r 2 = 0 :993 ����������
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for � proposed def inition = 69:35o : ceproposed =
k2 + r 2 � cos2 � proposed

k2 + r 2 = 0 :348 ����������

�:�K�H�U�H��

�‡�5�D�G�L�X�V �R�I �J�\�U�D�W�L�R�Qk = (0 :19� cb + 0 :11) � L = 67:60 m

�‡�%�O�R�F�N �F�R�H�I�I�L�F�L�H�Q�Wcb = M
L � B � D � � = 0 :97

�+�D�Y�L�Q�J �F�D�O�F�X�O�D�W�H�G �W�K�H �H�F�F�H�Q�W�U�L�F�L�W�\ �F�R�H�I�I�L�F�L�H�Q�W �I�R�U �E�R�W�K �G�H�I�L�Q�L�W�L�R�Q�V �R�I �W�K�H �D�Q�J�O�H�� �W�K�H �F�D�O�F�X�O�D�W�L�R�Q �R�I �W�K�H
�F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �D�V �S�U�R�S�R�V�H�G �E�\ �W�K�H �(�$�8���������� �� �Z�K�L�F�K �L�V �F�R�Q�V�L�G�H�U�H�G �D�V �W�K�H �N�L�Q�H�W�L�F �H�Q�H�U�J�\ �R�I �W�K�H
�Y�H�V�V�H�O �U�L�J�K�W �E�H�I�R�U�H �L�P�S�D�F�W �D�G�M�X�V�W�H�G �I�R�U �H�F�F�H�Q�W�U�L�F�L�W�\ �D�Q�G �K�\�G�U�R�G�\�Q�D�P�L�F �H�I�I�H�F�W�V �� �I�R�O�O�R�Z�V��

EEAU = 0 :5 � mv � Cm � Ce � v2
perpendicular = 4582:86 kNm ����������

Eproposed def inition = 0 :5 � mv � Cm � Ce � v2
perpendicular = 1604:86 kNm ����������

�:�K�H�U�H��

�‡�(�I�I�H�F�W�L�Y�H �Y�H�V�V�H�O �P�D�V�Vmv = 16:67� 106kg

�‡�9�L�U�W�X�D�O �P�D�V�V �I�D�F�W�R�UCm = 1 :43 ���L�Q�W�H�U�S�R�O�D�W�H�G �X�V�L�Q�J �W�K�H �P�R�G�H�O �U�H�V�H�D�U�F�K �U�H�V�X�O�W�V �L�Q �I�L�J�X�U�H�V ���� �W�R ����
�R�I �9�U�L�M�H�U�����������D��

�7�K�H �N�L�Q�H�W�L�F �H�Q�H�U�J�\ �W�R �E�H �D�E�V�R�U�E�H�G �E�\ �W�K�H �V�W�U�X�F�W�X�U�H �G�X�H �W�R �F�R�O�O�L�V�L�R�Q �W�X�U�Q�V �R�X�W �W�R �E�H �D�U�R�X�Q�G �� �W�L�P�H�V �V�P�D�O�O�H�U
�Z�K�H�Q �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J �W�K�H �S�U�R�S�R�V�H�G �G�H�I�L�Q�L�W�L�R�Q �I�R�U �D�Q�J�O�H� �L�Q �W�K�H �H�F�F�H�Q�W�U�L�F�L�W�\ �F�R�H�I�I�L�F�L�H�Q�W �H�[�S�U�H�V�V�L�R�Q��

�������������'�S�Q�T�E�V�M�W�S�R �'�E�P�G�Y�P�E�X�M�S�R�W �J�S�V �'�E�W�I �&
�7�K�H �V�L�W�X�D�W�L�R�Q �R�I �L�P�S�D�F�W �I�R�U �&�D�V�H �% �L�V �S�U�H�V�H�Q�W�H�G �L�Q �I�L�J�X�U�H��������

�)�L�J�X�U�H ���������,�P�S�D�F�W �6�L�W�X�D�W�L�R�Q �&�D�V�H �%

�)�R�U �W�K�H �H�[�D�P�S�O�H �F�D�V�H �R�I �W�K�H �´�9�U�L�M�E�X�U�F�K�W �$���� ���������� �/�R�D�G�V �R�Q �I�H�Q�G�H�U �V�W�U�X�F�W�X�U�H�V �D�Q�G �G�R�O�S�K�L�Q�V �E�\ �V�D�L�O�L�Q�J
�V�K�L�S�V�´ �U�H�S�R�U�W �W�K�H �G�H�I�L�Q�L�W�L�R�Q �R�I �D�Q�J�O�H� �D�V �L�Q�W�U�R�G�X�F�H�G �L�Q �W�K�H �(�$�8���������� �D�Q�G �W�K�H �D�O�W�H�U�Q�D�W�H �G�H�I�L�Q�L�W�L�R�Q �R�I
�D�Q�J�O�H� �D�U�H �S�U�H�V�H�Q�W�H�G �L�Q �I�L�J�X�U�H�������� �7�K�H �Y�D�O�X�H �R�I �D�Q�J�O�H� �L�V �F�D�O�F�X�O�D�W�H�G �E�\ �P�H�D�Q�V �R�I �H�T�X�D�W�L�R�Q ������������ �7�K�H
�W�Z�R �F�D�V�H�V �\�L�H�O�G �W�K�H �I�R�O�O�R�Z�L�Q�J �H�F�F�H�Q�W�U�L�F�L�W�\ �F�R�H�I�I�L�F�L�H�Q�W��

for � EAU = � 8:44o : ceEAU =
k2 + r 2 � cos2 �

k2 + r 2 = 0 :98 ����������

for � proposed def inition = 66:52o : ceproposed =
k2 + r 2 � cos2 � proposed

k2 + r 2 = 0 :366 ����������

�:�K�H�U�H��

�‡�5�D�G�L�X�V �R�I �J�\�U�D�W�L�R�Qk = (0 :19� cb + 0 :11) � L = 44:16 m



�������� �'�S�Q�T�E�V�E�X�M�Z�I �%�R�E�P�]�W�M�W ����

�‡�%�O�R�F�N �F�R�H�I�I�L�F�L�H�Q�Wcb = M
L � B � D � � = 0 :94

�+�D�Y�L�Q�J �F�D�O�F�X�O�D�W�H�G �W�K�H �H�F�F�H�Q�W�U�L�F�L�W�\ �F�R�H�I�I�L�F�L�H�Q�W �I�R�U �E�R�W�K �G�H�I�L�Q�L�W�L�R�Q�V �R�I �W�K�H �D�Q�J�O�H�� �W�K�H �F�D�O�F�X�O�D�W�L�R�Q �R�I �W�K�H
�F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �D�V �S�U�R�S�R�V�H�G �E�\ �W�K�H �(�$�8���������� �� �Z�K�L�F�K �L�V �F�R�Q�V�L�G�H�U�H�G �D�V �W�K�H �N�L�Q�H�W�L�F �H�Q�H�U�J�\ �R�I �W�K�H
�Y�H�V�V�H�O �U�L�J�K�W �E�H�I�R�U�H �L�P�S�D�F�W �D�G�M�X�V�W�H�G �I�R�U �H�F�F�H�Q�W�U�L�F�L�W�\ �D�Q�G �K�\�G�U�R�G�\�Q�D�P�L�F �H�I�I�H�F�W�V �� �I�R�O�O�R�Z�V��

EEAU = 0 :5 � mv � Cm � Ce � v2
perpendicular = 1088:05 kNm ����������

Eproposed def inition = 0 :5 � mv � Cm � Ce � v2
perpendicular = 405:26 kNm ����������

�:�K�H�U�H��

�‡�(�I�I�H�F�W�L�Y�H �Y�H�V�V�H�O �P�D�V�Vmv = 12:85� 106kg

�‡�9�L�U�W�X�D�O �P�D�V�V �I�D�F�W�R�UCm = 1 :41 ���L�Q�W�H�U�S�R�O�D�W�H�G �X�V�L�Q�J �W�K�H �P�R�G�H�O �U�H�V�H�D�U�F�K �U�H�V�X�O�W�V �L�Q �I�L�J�X�U�H�V ���� �W�R ����
�R�I �9�U�L�M�H�U�����������E��

�7�K�H �N�L�Q�H�W�L�F �H�Q�H�U�J�\ �W�R �E�H �D�E�V�R�U�E�H�G �E�\ �W�K�H �V�W�U�X�F�W�X�U�H �G�X�H �W�R �F�R�O�O�L�V�L�R�Q �W�X�U�Q�V �R�X�W �W�R �E�H �D�U�R�X�Q�G �� �W�L�P�H�V �V�P�D�O�O�H�U
�Z�K�H�Q �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J �W�K�H �S�U�R�S�R�V�H�G �G�H�I�L�Q�L�W�L�R�Q �I�R�U �D�Q�J�O�H� �L�Q �W�K�H �H�F�F�H�Q�W�U�L�F�L�W�\ �F�R�H�I�I�L�F�L�H�Q�W �H�[�S�U�H�V�V�L�R�Q��

�������������'�E�P�G�Y�P�E�X�M�S�R�W �J�S�V �'�E�W�I �'
�7�K�H �V�L�W�X�D�W�L�R�Q �R�I �L�P�S�D�F�W �I�R�U �&�D�V�H �% �L�V �S�U�H�V�H�Q�W�H�G �L�Q �I�L�J�X�U�H������

�)�L�J�X�U�H ���������,�P�S�D�F�W �6�L�W�X�D�W�L�R�Q �&�D�V�H �&



�������� �'�S�Q�T�E�V�E�X�M�Z�I �%�R�E�P�]�W�M�W ����

�)�R�U �W�K�H �H�[�D�P�S�O�H �F�D�V�H �R�I �W�K�H �´�9�U�L�M�H�U �$���� ���������� �%�H�O�D�V�W�L�Q�J �R�S �U�H�P�P�L�Q�J�Z�H�U�N�H�Q �H�Q �G�X�N�G�D�O�Y�H�Q �G�R�R�U �Y�D�U�H�Q�G�H
�V�F�K�H�S�H�Q�� �E�H�U�H�N�H�Q�L�Q�J�H�Q �H�Q �P�R�G�H�O�R�Q�G�H�U�]�R�H�N �E�R�W�V�N�U�D�F�K�W�H�Q�´ �U�H�S�R�U�W �W�K�H �G�H�I�L�Q�L�W�L�R�Q �R�I �D�Q�J�O�H� �D�V �L�Q�W�U�R�G�X�F�H�G
�L�Q �W�K�H �(�$�8���������� �D�Q�G �W�K�H �S�U�R�S�R�V�H�G �G�H�I�L�Q�L�W�L�R�Q �R�I �D�Q�J�O�H� �D�U�H �S�U�H�V�H�Q�W�H�G �L�Q �I�L�J�X�U�H�������� �:�K�D�W �L�V �G�L�I�I�H�U�H�Q�W �L�Q
�F�D�V�H �& �L�V �W�K�D�W �Q�R�Z �W�K�H �V�D�P�H �Y�H�V�V�H�O �D�W�W�H�P�S�W�V �� �G�L�I�I�H�U�H�Q�W �D�S�S�U�R�D�F�K�H�V�� �Z�L�W�K �W�K�H �D�S�S�U�R�D�F�K �D�Q�J�O�H �F�K�D�Q�J�L�Q�J
�L�Q �H�Y�H�U�\ �F�D�O�F�X�O�D�W�L�R�Q�� �7�K�H �Y�D�O�X�H �R�I �D�Q�J�O�H� �L�V �F�D�O�F�X�O�D�W�H�G �E�\ �P�H�D�Q�V �R�I �H�T�X�D�W�L�R�Q ������������ �7�K�H �W�Z�R �F�D�V�H�V
�\�L�H�O�G �W�K�H �I�R�O�O�R�Z�L�Q�J �H�F�F�H�Q�W�U�L�F�L�W�\ �F�R�H�I�I�L�F�L�H�Q�W�V �V�K�R�Z�Q �L�Q �W�D�E�O�H��������

�7�D�E�O�H ���������&�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �F�D�O�F�X�O�D�W�H�G �Z�L�W�K �(�$�8 �D�Q�G �S�U�R�S�R�V�H�G �P�H�W�K�R�G

� [o] Ecollision EAU [kNm ] Ecollision proposed [kNm ]

4 88:09 23:61

15 1212:69 390:25

30 4525:81 2118:82

60 10159:33 8585:78

80 12277:86 12278:23

�7�D�E�O�H ���������(�F�F�H�Q�W�U�L�F�L�W�\ �&�R�H�I�I�L�F�L�H�Q�W�V �I�R�U �G�L�I�I�H�U�H�Q�W�

� [o] � EAU CeEAU � proposed Ceproposed

4 8:44o 0:984 85o 0:264

15 8:44o 0:984 74o 0:317

30 8:44o 0:984 58o 0:461

60 8:44o 0:984 28o 0:832

80 8:44o 0:984 0o 1

�:�K�D�W �L�V �L�Q�W�H�U�H�V�W�L�Q�J �L�Q �W�K�H �U�H�V�X�O�W�V �S�U�H�V�H�Q�W�H�G �L�Q �W�D�E�O�H������ �L�V �W�K�H �U�H�V�X�O�W�V �I�R�U �W�K�H80o �D�Q�J�O�H �D�S�S�U�R�D�F�K�� �7�K�H�U�H
�W�K�H �(�$�8���������� �J�L�Y�H�V �R�I �F�R�X�U�V�H �W�K�H �V�W�D�W�L�F �Y�D�O�X�H �I�R�U �H�F�F�H�Q�W�U�L�F�L�W�\ �R�I0:984 �E�X�W �W�K�H �F�D�O�F�X�O�D�W�L�R�Q �Z�L�W�K �W�K�H
�Q�H�Z �G�H�I�L�Q�L�W�L�R�Q �R�I �D�Q�J�O�H� �J�L�Y�H�V �D�Q �H�F�F�H�Q�W�U�L�F�L�W�\ �R�I1�� �7�K�L�V �X�Q�Y�H�L�O�V �W�K�H �L�Q�D�E�L�O�L�W�\ �R�I �W�K�H �H�[�L�V�W�L�Q�J �I�U�D�P�H�Z�R�U�N
�W�R �D�F�F�X�U�D�W�H�O�\ �S�U�H�G�L�F�W �H�Y�H�Q �W�K�H �F�H�Q�W�U�D�O �L�P�S�D�F�W�� �2�I �F�R�X�U�V�H�� �W�K�H �H�U�U�R�U �W�K�H�U�H �L�V �O�H�V�V �W�K�D�Q2%�� �D�Q�G �L�Q �W�K�H
�F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �U�H�V�X�O�W ���������� �W�K�H �H�U�U�R�U �L�V �D�O�P�R�V�W �]�H�U�R�� �E�X�W �F�R�Q�F�H�S�W�X�D�O�O�\ �L�W �L�V �L�P�S�R�U�W�D�Q�W �W�R �X�Q�G�H�U�V�W�D�Q�G �W�K�D�W
�W�K�H �P�H�W�K�R�G �P�L�V�V�H�G �W�K�L�V �V�L�W�X�D�W�L�R�Q�� �W�R�R��

�)�L�J�X�U�H ���������'�L�V�F�U�H�S�D�Q�F�\ �(�$�8�� �������� �F�R�P�S�D�U�H�G �W�R �3�U�R�S�R�V�H�G �P�H�W�K�R�G

�7�K�H �G�L�V�F�U�H�S�D�Q�F�\ �E�H�W�Z�H�H�Q �W�K�H �(�$�8���������� �F�D�O�F�X�O�D�W�H�G �Y�D�O�X�H�V �D�Q�G �W�K�H �S�U�R�S�R�V�H�G �P�H�W�K�R�G �L�V �G�L�V�S�O�D�\�H�G �L�Q



�������� �:�E�P�M�H�E�X�M�S�R �Y�W�M�R�K �W�M�Q�Y�P�E�X�M�S�R �E�R�H �Q�S�H�I�P �H�E�X�E ����

�I�L�J�X�U�H������

�7�K�H �U�H�D�G�H�U �V�K�R�X�O�G �I�R�F�X�V �R�Q �W�K�H �U�H�V�X�O�W�V �S�U�H�V�H�Q�W�H�G �I�R�U �W�K�H �D�Q�J�O�H �R�I �D�S�S�U�R�D�F�K �U�D�Q�J�H4o � � 0 � 20o

���I�L�J�X�U�H���������� �E�H�F�D�X�V�H �W�K�H�V�H �D�U�H �W�K�H �H�[�S�H�F�W�H�G �D�S�S�U�R�D�F�K�H�V �D�W �W�K�H �J�X�L�G�L�Q�J �V�W�U�X�F�W�X�U�H�V�� �V�L�Q�F�H �W�K�H�V�H �D�U�H
�G�H�V�L�J�Q�H�G �I�R�U �D�Q�J�O�H�V �E�H�W�Z�H�H�Q10o �� 15o�� �$�Q�G �W�K�L�V �L�V �W�K�H �D�U�H�D �Z�K�H�U�H �W�K�H �G�L�V�F�U�H�S�D�Q�F�\ �L�V �W�K�H �O�D�U�J�H�V�W��
�0�H�D�Q�L�Q�J�� �W�K�D�W �H�V�S�H�F�L�D�O�O�\ �I�R�U �W�K�H �J�X�L�G�L�Q�J �V�W�U�X�F�W�X�U�H �D�S�S�U�R�D�F�K�H�V �W�K�H �H�[�L�V�W�L�Q�J �I�U�D�P�H�Z�R�U�N �S�H�U�I�R�U�P�V �W�K�H
�S�R�R�U�H�V�W�� �R�Y�H�U�H�V�W�L�P�D�W�L�Q�J �W�K�H �N�L�Q�H�W�L�F �H�Q�H�U�J�\ �E�\ �Y�H�U�\ �O�D�U�J�H �S�H�U�F�H�Q�W�D�J�H�V��

���������:�E�P�M�H�E�X�M�S�R �Y�W�M�R�K �W�M�Q�Y�P�E�X�M�S�R �E�R�H �Q�S�H�I�P �H�E�X�E
�7�K�H �U�H�I�L�Q�H�G �P�H�W�K�R�G�R�O�R�J�\�¶�V �Y�D�O�L�G�D�W�L�R�Q �L�V �I�X�U�W�K�H�U �V�X�S�S�R�U�W�H�G �W�K�U�R�X�J�K �G�H�W�D�L�O�H�G �V�L�P�X�O�D�W�L�R�Q�V �D�Q�G �W�K�H �X�V�H �R�I
�P�R�G�H�O �G�D�W�D�� �7�K�L�V �V�H�F�W�L�R�Q �F�R�P�S�D�U�H�V �W�K�H �U�H�V�X�O�W�V �R�E�W�D�L�Q�H�G �I�U�R�P �W�K�H �Q�H�Z �F�D�O�F�X�O�D�W�L�R�Q�V �Z�L�W�K �W�K�R�V�H �G�H�U�L�Y�H�G
�I�U�R�P �W�K�H �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �P�H�W�K�R�G�� �Z�K�L�F�K �L�Q�F�R�U�S�R�U�D�W�H�V �V�W�U�X�F�W�X�U�D�O �S�U�R�S�H�U�W�L�H�V �D�Q�G �K�D�V �E�H�H�Q �X�V�H�G �D�V �D
�E�H�Q�F�K�P�D�U�N�� �7�K�H �D�O�L�J�Q�P�H�Q�W �R�I �U�H�V�X�O�W�V �I�U�R�P �E�R�W�K �P�H�W�K�R�G�V �F�R�Q�I�L�U�P�V �W�K�H �H�I�I�H�F�W�L�Y�H�Q�H�V�V �R�I �W�K�H �U�H�Y�L�V�H�G �D�Q�J�O�H
�G�H�I�L�Q�L�W�L�R�Q�� �S�U�R�Y�L�Q�J �W�K�D�W �L�W �F�D�Q �S�U�R�Y�L�G�H �F�R�P�S�D�U�D�E�O�H �R�X�W�F�R�P�H�V �Z�L�W�K�R�X�W �G�L�U�H�F�W�O�\ �L�Q�F�R�U�S�R�U�D�W�L�Q�J �V�W�U�X�F�W�X�U�D�O
�S�U�R�S�H�U�W�L�H�V�� �(�O�H�P�H�Q�W�V �I�U�R�P �6�H�F�W�L�R�Q ������ �U�H�J�D�U�G�L�Q�J �W�K�H �F�R�Q�V�L�V�W�H�Q�F�\ �D�Q�G �D�F�F�X�U�D�F�\ �R�I �W�K�H �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\
�F�D�O�F�X�O�D�W�L�R�Q�V �X�V�L�Q�J �W�K�H �Q�H�Z �P�H�W�K�R�G�R�O�R�J�\ �Z�L�O�O �E�H �L�Q�W�H�J�U�D�W�H�G �K�H�U�H�� �H�P�S�K�D�V�L�]�L�Q�J �K�R�Z �W�K�H �U�H�Y�L�V�H�G �G�H�I�L�Q�L�W�L�R�Q
�R�I �D�Q�J�O�H �. �D�O�L�J�Q�V �Z�L�W�K �H�P�S�L�U�L�F�D�O �G�D�W�D �D�F�U�R�V�V �D �Y�D�U�L�H�W�\ �R�I �V�L�P�X�O�D�W�H�G �V�F�H�Q�D�U�L�R�V��

�(�[�D�P�L�Q�L�Q�J �W�K�H �E�H�K�D�Y�L�R�U �R�I �W�K�H �V�W�U�X�F�W�X�U�H �W�R �W�K�H �F�R�O�O�L�V�L�R�Q �I�R�U�F�L�Q�J �E�\ �P�R�G�H�O�O�L�Q�J �W�K�H �V�K�L�S���V�W�U�X�F�W�X�U�H �L�Q�W�H�U�D�F�W�L�R�Q
�F�D�Q �S�U�R�Y�H �W�R �E�H �Y�H�U�\ �E�H�Q�H�I�L�F�L�D�O�� �7�K�H �F�R�Q�I�L�J�X�U�D�W�L�R�Q �R�I �P�H�W�K�R�G�V �V�X�F�K �D�V �W�K�H �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �U�H�O�\
�R�Q �L�Q�S�X�W�V �Z�L�W�K �G�H�I�L�Q�L�W�L�R�Q�V �W�K�D�W �G�R �Q�R�W �D�O�O�R�Z �I�R�U �D�P�E�L�J�X�L�W�\ �F�R�P�S�D�U�H�G �W�R �W�K�H �R�Q�H�V �R�I �W�K�H �N�L�Q�H�W�L�F �H�Q�H�U�J�\
�D�S�S�U�R�D�F�K�� �7�K�H �S�U�R�J�U�H�V�V�L�R�Q �R�I �W�K�H �U�H�V�L�V�W�D�Q�F�H �I�R�U�F�H �R�I �W�K�H �V�W�U�X�F�W�X�U�H �L�V �G�L�U�H�F�W�O�\ �F�R�Q�Q�H�F�W�H�G �W�R �W�K�H �V�K�L�S�¶�V
�G�L�U�H�F�W�L�R�Q �D�Q�G �V�S�H�H�G �D�W �L�P�S�D�F�W �D�Q�G �Z�K�H�Q �W�K�H �S�U�R�S�H�U�W�L�H�V �R�I �W�K�H �Y�H�V�V�H�O �D�Q�G �W�K�H �V�W�U�X�F�W�X�U�H �D�U�H �L�Q�S�X�W�W�H�G
�F�R�U�U�H�F�W�O�\�� �W�K�H �R�X�W�F�R�P�H �I�R�U �W�K�H �P�D�[�L�P�X�P �I�R�U�F�H �D�Q�G �G�L�V�S�O�D�F�H�P�H�Q�W �L�V �U�H�O�L�D�E�O�H�� �7�K�H �S�U�R�J�U�H�V�V�L�R�Q �F�X�U�Y�H�V
�D�U�H �F�R�P�E�L�Q�H�G �W�R �S�U�R�G�X�F�H �D �I�R�U�F�H �� �G�H�I�O�H�F�W�L�R�Q �F�X�U�Y�H�� �W�K�H �D�U�H�D �X�Q�G�H�U �Z�K�L�F�K �L�V �W�K�H �D�P�R�X�Q�W �R�I �W�K�H �N�L�Q�H�W�L�F
�H�Q�H�U�J�\ �D�E�V�R�U�E�H�G �E�\ �W�K�H �I�H�Q�G�H�U �V�W�U�X�F�W�X�U�H �E�H�F�D�X�V�H �R�I �W�K�H �L�P�S�D�F�W�� �7�K�L�V �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �F�D�O�F�X�O�D�W�L�R�Q �Z�L�O�O
�E�H �W�K�H �E�D�O�O�S�D�U�N �I�L�J�X�U�H �W�R �Z�K�L�F�K �W�K�H �F�D�O�F�X�O�D�W�H�G �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �Z�L�W�K �W�K�H �S�U�R�S�R�V�H�G �G�H�I�L�Q�L�W�L�R�Q �I�R�U �D�Q�J�O�H�
�Z�L�O�O �E�H �F�R�P�S�D�U�H�G �W�R �I�R�U �Y�D�O�L�G�L�W�\��

�)�U�R�P �W�K�H �P�R�G�H�O �U�H�V�H�D�U�F�K �L�Q �W�K�H �U�H�S�R�U�W �R�I �9�U�L�M�H�U �$���� ���������� �´�%�H�O�D�V�W�L�Q�J�H�Q �R�S �U�H�P�P�L�Q�J�Z�H�U�N�H�Q �G�R�R�U �V�F�K�H�S�H�Q��
�Y�D�U�H�Q�G �R�Q�G�H�U �H�H�Q �K�R�H�N �W�H�J�H�Q �K�H�W �U�H�P�P�L�Q�J�Z�H�U�N�´ �Z�H �R�E�W�D�L�Q �D �V�L�P�S�O�L�I�L�H�G �Y�H�U�V�L�R�Q �R�I �W�K�H �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V
�0�H�W�K�R�G�� �1�R�Z�� �D�S�D�U�W �I�U�R�P �W�K�H �V�K�L�S �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V �G�L�V�S�O�D�\�H�G �L�Q �W�D�E�O�H�������� �W�K�H �V�W�U�X�F�W�X�U�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V
�Q�H�H�G �W�R �E�H �L�Q�W�U�R�G�X�F�H�G ���W�D�E�O�H���������� �7�K�H �V�L�P�S�O�L�I�L�H�G �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �P�H�W�K�R�G �L�V �U�H�S�U�R�G�X�F�H�G �L�Q �D �S�\�W�K�R�Q
�Q�R�W�H�E�R�R�N �I�R�U �H�Y�H�U�\ �F�D�V�H �D�Q�G �W�K�H �I�R�U�F�H���G�H�I�O�H�F�W�L�R�Q �F�X�U�Y�H �L�V �F�D�O�F�X�O�D�W�H�G�� �$�Q �H�[�D�P�S�O�H �Q�R�W�H�E�R�R�N �L�V �S�U�H�V�H�Q�W�H�G
�L�Q �$�S�S�H�Q�G�L�[ �&�� �7�K�H �D�U�H�D �X�Q�G�H�U �W�K�H �I�R�U�F�H���G�H�I�O�H�F�W�L�R�Q �F�X�U�Y�H �L�V �W�K�H �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ ���R�U �W�K�H �N�L�Q�H�W�L�F �H�Q�H�U�J�\
�R�I �W�K�H �V�K�L�S �D�E�V�R�U�E�H�G �E�\ �W�K�H �V�W�U�X�F�W�X�U�H �G�X�H �W�R �F�R�O�O�L�V�L�R�Q���� �7�K�L�V �H�Q�H�U�J�\ �V�H�U�Y�H�V �D�V �D �E�D�V�H�O�L�Q�H �I�R�U �F�R�P�S�D�U�L�Q�J
�W�K�H �Y�D�O�L�G�L�W�\ �R�I �W�K�H �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �F�D�O�F�X�O�D�W�H�G �Z�L�W�K �W�K�H �S�U�R�S�R�V�H�G �G�H�I�L�Q�L�W�L�R�Q �I�R�U �D�Q�J�O�H �.��

�7�D�E�O�H ���������'�D�W�D �I�U�R�P �P�R�G�H�O �U�H�V�H�D�U�F�K �U�H�S�R�U�W�V �� �)�H�Q�G�H�U �V�W�U�X�F�W�X�U�H

�'�D�W�D �I�U�R�P �P�R�G�H�O �U�H�V�H�D�U�F�K

�)�H�Q�G�H�U �V�W�U�X�F�W�X�U�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V

�'�H�V�F�U�L�S�W�L�R�Q �&�D�V�H �$ �&�D�V�H �% �&�D�V�H �&

�0�D�V�V �0 �>�N�J�@1:1 � 106 �0 �>�N�J�@ 0 �0 �>�N�J�@1:1 � 106

�6�S�U�L�Q�J �V�W�L�I�I�Q�H�V�V�N �>�1���P�@3:2 � 106 �N �>�1���P�@2 � 106 �N �>�1���P�@3:2 � 106

�'�D�P�S�L�Q�J �I�D�F�W�R�U�F �>�1�V���P�@1:0 � 106 �F �>�1�V���P�@0:65� 106 �F �>�1�V���P�@0:405� 106

�)�U�L�F�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W�W�J� �>���@ 0:16 �W�J� �>���@ 0:40 �W�J� �>���@ 0:16

�������������:�E�P�M�H�E�X�M�S�R �J�S�V �'�E�W�I �%
�)�R�U �&�D�V�H �$�� �W�K�H �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �F�D�O�F�X�O�D�W�H�G �Z�L�W�K �W�K�H �(�$�8���������� �P�H�W�K�R�G �Z�D�VEEAU = 4585:86 kNm ��
�:�K�H�U�H�D�V �I�R�U �W�K�H �S�U�R�S�R�V�H�G �G�H�I�L�Q�L�W�L�R�Q �L�W �W�X�U�Q�H�G �R�X�W �W�R �E�HEproposed def inition = 1604:86 kNm ��

�)�L�J�X�U�H������ �L�O�O�X�V�W�U�D�W�H�V �W�K�H �I�R�U�F�H���G�H�I�O�H�F�W�L�R�Q �F�X�U�Y�H �I�R�U �&�D�V�H �$�� �V�K�R�Z�L�Q�J �W�K�H �U�H�O�D�W�L�R�Q�V�K�L�S �E�H�W�Z�H�H�Q �W�K�H �L�P�S�D�F�W
�I�R�U�F�H �D�S�S�O�L�H�G �E�\ �W�K�H �V�K�L�S �D�Q�G �W�K�H �U�H�V�X�O�W�D�Q�W �G�H�I�O�H�F�W�L�R�Q �R�I �W�K�H �V�W�U�X�F�W�X�U�H�� �7�K�L�V �F�X�U�Y�H �L�V �F�U�X�F�L�D�O �D�V �L�W �T�X�D�Q�W�L�I�L�H�V
�W�K�H �N�L�Q�H�W�L�F �H�Q�H�U�J�\ �D�E�V�R�U�E�H�G �E�\ �W�K�H �V�W�U�X�F�W�X�U�H �G�X�H �W�R �W�K�H �F�R�O�O�L�V�L�R�Q�� �7�K�H �D�U�H�D �X�Q�G�H�U �W�K�L�V �F�X�U�Y�H �U�H�S�U�H�V�H�Q�W�V



�������� �:�E�P�M�H�E�X�M�S�R �Y�W�M�R�K �W�M�Q�Y�P�E�X�M�S�R �E�R�H �Q�S�H�I�P �H�E�X�E ����

�W�K�H �W�R�W�D�O �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\�� �S�U�R�Y�L�G�L�Q�J �D �Y�L�V�X�D�O �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I �K�R�Z �W�K�H �H�Q�H�U�J�\ �G�L�V�V�L�S�D�W�H�V �W�K�U�R�X�J�K �W�K�H
�V�W�U�X�F�W�X�U�H �D�V �L�W �G�H�I�R�U�P�V �X�Q�G�H�U �L�P�S�D�F�W��

�7�K�H �P�R�G�H�O �U�H�V�H�D�U�F�K �E�\ �9�U�L�M�H�U�����������D �I�R�U �&�D�V�H �$ ���R�U �I�R�U �W�H�V�W �������$ �L�Q �W�K�H �P�R�G�H�O �U�H�V�H�D�U�F�K�� �J�L�Y�H�V �D �F�R�O��
�O�L�V�L�R�Q �H�Q�H�U�J�\ �R�I ������ �N�1�P�� �7�K�X�V�� �W�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �R�I �W�K�H �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �P�H�W�K�R�G �L�V �D�F�F�H�S�W�H�G �D�V �D
�E�H�Q�F�K�P�D�U�N �Y�D�O�X�H��

�7�K�H �J�U�D�S�K �L�V �X�V�H�G �W�R �Y�D�O�L�G�D�W�H �W�K�H �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J �W�K�H �Q�H�Z �P�H�W�K�R�G�R�O�R�J�\ �D�J�D�L�Q�V�W �W�K�H
�9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �P�H�W�K�R�G�� �7�K�H �F�X�U�Y�H �K�H�O�S�V �L�Q �D�V�V�H�V�V�L�Q�J �W�K�H �H�I�I�L�F�L�H�Q�F�\ �R�I �W�K�H �I�H�Q�G�H�U �V�\�V�W�H�P �L�Q �D�E��
�V�R�U�E�L�Q�J �L�P�S�D�F�W �H�Q�H�U�J�\�� �Z�K�L�F�K �L�V �Y�L�W�D�O �I�R�U �G�H�V�L�J�Q�L�Q�J �V�W�U�X�F�W�X�U�H�V �W�K�D�W �F�D�Q �Z�L�W�K�V�W�D�Q�G �V�X�F�K �L�P�S�D�F�W�V �Z�L�W�K�R�X�W
�V�L�J�Q�L�I�L�F�D�Q�W �G�D�P�D�J�H��

�)�L�J�X�U�H ���������)�R�U�F�H �� �'�H�I�O�H�F�W�L�R�Q �F�X�U�Y�H �D�Q�G �&�R�O�O�L�V�L�R�Q �(�Q�H�U�J�\ �&�D�V�H �$

�7�K�H �H�F�F�H�Q�W�U�L�F�L�W�\ �I�D�F�W�R�Uabwz �R�I �W�K�H �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �P�H�W�K�R�G �L�V �F�D�O�F�X�O�D�W�H�G �I�R�U �&�D�V�H �$ �D�V �I�R�O�O�R�Z�V��

� =
1
2

� (L � cos� 0 � B � sin � 0) =
1
2

� (229:50� cos 15� 22:70� sin 15) = 107:90 m ����������

b =
1
2

� (L � sin � 0 � B � cos� 0) =
1
2

� (229:50� sin 15� 22:70� cos 15) = 40:66 m ������������

abwz =
1

1 � 12� � � (b� tg� � � )
L 2

=
1

1 � 12� 107:90� (40 :66� 0:16� 107:80)
229:502

= 0 :286 ������������

�)�R�U �W�K�H �(�$�8�� �������� �H�F�F�H�Q�W�U�L�F�L�W�\ �D�Q�G �W�K�H �S�U�R�S�R�V�H�G �P�H�W�K�R�G �R�Q�H �W�K�H �Y�D�O�X�H�V �Z�H�U�HceEAU = 0 :993 �D�Q�G
ceproposed = 0 :348�U�H�V�S�H�F�W�L�Y�H�O�\��

�������������:�E�P�M�H�E�X�M�S�R �J�S�V �'�E�W�I �&
�)�R�U �&�D�V�H �%�� �W�K�H �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �F�D�O�F�X�O�D�W�H�G �Z�L�W�K �W�K�H �(�$�8���������� �P�H�W�K�R�G �Z�D�VEEAU = 1088:05 kNm ��
�:�K�H�U�H�D�V �I�R�U �W�K�H �S�U�R�S�R�V�H�G �G�H�I�L�Q�L�W�L�R�Q �L�W �W�X�U�Q�H�G �R�X�W �W�R �E�HEproposed def inition = 405:26 kNm ��

�)�L�J�X�U�H������ �L�O�O�X�V�W�U�D�W�H�V �W�K�H �I�R�U�F�H���G�H�I�O�H�F�W�L�R�Q �F�X�U�Y�H �I�R�U �&�D�V�H �$�� �V�K�R�Z�L�Q�J �W�K�H �U�H�O�D�W�L�R�Q�V�K�L�S �E�H�W�Z�H�H�Q �W�K�H �L�P�S�D�F�W
�I�R�U�F�H �D�S�S�O�L�H�G �E�\ �W�K�H �V�K�L�S �D�Q�G �W�K�H �U�H�V�X�O�W�D�Q�W �G�H�I�O�H�F�W�L�R�Q �R�I �W�K�H �V�W�U�X�F�W�X�U�H�� �7�K�L�V �F�X�U�Y�H �L�V �F�U�X�F�L�D�O �D�V �L�W �T�X�D�Q�W�L�I�L�H�V
�W�K�H �N�L�Q�H�W�L�F �H�Q�H�U�J�\ �D�E�V�R�U�E�H�G �E�\ �W�K�H �V�W�U�X�F�W�X�U�H �G�X�H �W�R �W�K�H �F�R�O�O�L�V�L�R�Q�� �7�K�H �D�U�H�D �X�Q�G�H�U �W�K�L�V �F�X�U�Y�H �U�H�S�U�H�V�H�Q�W�V
�W�K�H �W�R�W�D�O �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\�� �S�U�R�Y�L�G�L�Q�J �D �Y�L�V�X�D�O �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I �K�R�Z �W�K�H �H�Q�H�U�J�\ �G�L�V�V�L�S�D�W�H�V �W�K�U�R�X�J�K �W�K�H
�V�W�U�X�F�W�X�U�H �D�V �L�W �G�H�I�R�U�P�V �X�Q�G�H�U �L�P�S�D�F�W��

�7�K�H �J�U�D�S�K �L�V �X�V�H�G �W�R �Y�D�O�L�G�D�W�H �W�K�H �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J �W�K�H �Q�H�Z �P�H�W�K�R�G�R�O�R�J�\ �D�J�D�L�Q�V�W �W�K�H
�9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �P�H�W�K�R�G�� �7�K�H �F�X�U�Y�H �K�H�O�S�V �L�Q �D�V�V�H�V�V�L�Q�J �W�K�H �H�I�I�L�F�L�H�Q�F�\ �R�I �W�K�H �I�H�Q�G�H�U �V�\�V�W�H�P �L�Q �D�E��
�V�R�U�E�L�Q�J �L�P�S�D�F�W �H�Q�H�U�J�\�� �Z�K�L�F�K �L�V �Y�L�W�D�O �I�R�U �G�H�V�L�J�Q�L�Q�J �V�W�U�X�F�W�X�U�H�V �W�K�D�W �F�D�Q �Z�L�W�K�V�W�D�Q�G �V�X�F�K �L�P�S�D�F�W�V �Z�L�W�K�R�X�W
�V�L�J�Q�L�I�L�F�D�Q�W �G�D�P�D�J�H��



�������� �:�E�P�M�H�E�X�M�S�R �Y�W�M�R�K �W�M�Q�Y�P�E�X�M�S�R �E�R�H �Q�S�H�I�P �H�E�X�E ����

�)�L�J�X�U�H ���������)�R�U�F�H �� �'�H�I�O�H�F�W�L�R�Q �F�X�U�Y�H �D�Q�G �&�R�O�O�L�V�L�R�Q �(�Q�H�U�J�\ �&�D�V�H �%

�7�K�H �P�R�G�H�O �U�H�V�H�D�U�F�K �E�\ �9�U�L�M�E�X�U�F�K�W���������� �I�R�U �&�D�V�H �% ���R�U �I�R�U �W�H�V�W �5�� �L�Q �W�K�H �P�R�G�H�O �U�H�V�H�D�U�F�K�� �J�L�Y�H�V �D
�F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �R�I ������ �N�1�P�� �7�K�X�V�� �W�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �R�I �W�K�H �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �P�H�W�K�R�G �L�V �D�F�F�H�S�W�H�G �D�V
�D �E�H�Q�F�K�P�D�U�N �Y�D�O�X�H��

�7�K�H �H�F�F�H�Q�W�U�L�F�L�W�\ �I�D�F�W�R�Uabwz �R�I �W�K�H �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �P�H�W�K�R�G �L�V �F�D�O�F�X�O�D�W�H�G �I�R�U �&�D�V�H �$ �D�V �I�R�O�O�R�Z�V��

� =
1
2

� (L � cos� 0 � B � sin � 0) =
1
2

� (153� cos 15� 22:80� sin 15) = 70:94 m ������������

b =
1
2

� (L � sin � 0 � B � cos� 0) =
1
2

� (153� sin 15� 22:80� cos 15) = 30:81 m ������������

abwz =
1

1 � 12� � � (b� tg� � � )
L 2

=
1

1 � 12� 70:94� (30 :81� 0:40� 70:94)
1532

= 0 :319 ������������

�7�K�H �H�F�F�H�Q�W�U�L�F�L�W�\ �I�D�F�W�R�U �K�D�V �Y�D�O�X�Habwz = 0 :319�� �Z�K�H�U�H�D�V �I�R�U �W�K�H �(�$�8�� �������� �H�F�F�H�Q�W�U�L�F�L�W�\ �D�Q�G �W�K�H �S�U�R�S�R�V�H�G
�R�Q�H �W�K�H �Y�D�O�X�H�V �Z�H�U�HceEAU = 0 :984�D�Q�Gceproposed = 0 :366�U�H�V�S�H�F�W�L�Y�H�O�\��

�������������:�E�P�M�H�E�X�M�S�R �J�S�V �'�E�W�I �'

�)�L�J�X�U�H ���������)�R�U�F�H �� �'�H�I�O�H�F�W�L�R�Q �F�X�U�Y�H �D�Q�G �&�R�O�O�L�V�L�R�Q �(�Q�H�U�J�\ �&�D�V�H �&



�������� �:�E�P�M�H�E�X�M�S�R �Y�W�M�R�K �W�M�Q�Y�P�E�X�M�S�R �E�R�H �Q�S�H�I�P �H�E�X�E ����

�,�Q �&�D�V�H �&�� �W�K�H �V�K�L�S �S�H�U�I�R�U�P�V �� �D�S�S�U�R�D�F�K�H�V �Z�L�W�K �G�L�I�I�H�U�H�Q�W �D�S�S�U�R�D�F�K �D�Q�J�O�H� 0 �H�D�F�K �W�L�P�H�� �7�K�H �F�R�O�O�L�V�L�R�Q
�H�Q�H�U�J�\ �X�V�L�Q�J �W�K�H �(�$�8�� �������� �P�H�W�K�R�G �D�Q�G �W�K�H �S�U�R�S�R�V�H�G �R�Q�H �D�U�H �V�K�R�Z�Q �I�R�U �W�K�H �� �D�S�S�U�R�D�F�K�H�V �L�Q �W�D�E�O�H
�������� �Z�K�H�U�H�D�V �I�R�U �W�K�H �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �F�D�O�F�X�O�D�W�L�R�Q�V �W�K�H �U�H�V�X�O�W�V �D�U�H �S�U�H�V�H�Q�W�H�G �L�Q �I�L�J�X�U�H��������

�7�K�H �Y�H�V�V�H�O �D�W�W�H�P�S�W�H�G �I�L�Y�H �G�L�I�I�H�U�H�Q�W �D�S�S�U�R�D�F�K�H�V�� �Z�L�W�K �D�Q�J�O�H�V �R�I4o��15o��30o��60o�� �D�Q�G80o�� �W�R �H�[�D�P�L�Q�H �K�R�Z
�W�K�H �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �F�D�O�F�X�O�D�W�L�R�Q�V �Z�R�X�O�G �Y�D�U�\ �Z�L�W�K �F�K�D�Q�J�H�V �L�Q �W�K�H �D�S�S�U�R�D�F�K �D�Q�J�O�H�� �7�K�L�V �F�R�P�S�U�H�K�H�Q�V�L�Y�H
�D�Q�D�O�\�V�L�V �D�O�O�R�Z�H�G �I�R�U �D �G�H�W�D�L�O�H�G �H�Y�D�O�X�D�W�L�R�Q �R�I �W�K�H �S�U�R�S�R�V�H�G �G�H�I�L�Q�L�W�L�R�Q �R�I �D�Q�J�O�H �. �D�F�U�R�V�V �D �V�S�H�F�W�U�X�P �R�I
�W�\�S�L�F�D�O �D�Q�G �H�[�W�U�H�P�H �P�D�U�L�W�L�P�H �F�R�O�O�L�V�L�R�Q �F�R�Q�G�L�W�L�R�Q�V��

�7�K�H �H�F�F�H�Q�W�U�L�F�L�W�\ �I�D�F�W�R�U�Vabwz �I�R�U �W�K�H �� �D�S�S�U�R�D�F�K�H�V �D�U�H �S�U�H�V�H�Q�W�H�G �L�Q �W�D�E�O�H������ �D�O�R�Q�J �Z�L�W�K �W�K�HCeEAU �D�Q�G
Ceproposed �W�K�D�W �Z�H�U�H �F�D�O�F�X�O�D�W�H�G �L�Q �V�H�F�W�L�R�Q������������

�7�D�E�O�H ���������(�F�F�H�Q�W�U�L�F�L�W�\ �&�R�H�I�I�L�F�L�H�Q�W�Vabwz �I�R�U �G�L�I�I�H�U�H�Q�W�

� [o] CeEAU Ceproposed abwz

4 0:984 0:264 0:262

15 0:984 0:317 0:294

30 0:984 0:461 0:378

60 0:984 0:832 0:802

80 0:984 1 1

�,�Q �W�K�H �P�R�G�H�O �U�H�V�H�D�U�F�K �E�\ �9�U�L�M�H�U�����������D�L�Q �7�D�E�O�H �������� �D �O�R�J �L�V �S�U�H�V�H�Q�W�H�G �Z�L�W�K �W�K�H �P�R�G�H�O �U�H�V�H�D�U�F�K �U�H�V�X�O�W�V �I�R�U
�&�D�V�H �&�� �7�K�H �W�D�E�O�H �F�R�Q�W�D�L�Q�V �L�Q�I�R�U�P�D�W�L�R�Q �U�H�J�D�U�G�L�Q�J �W�K�H �P�D�[�L�P�X�P �I�R�U�F�H �D�Q�G �W�K�H �P�D�[�L�P�X�P �G�L�V�S�O�D�F�H�P�H�Q�W
�I�R�U �H�Y�H�U�\ �D�S�S�U�R�D�F�K �D�Q�J�O�H�� �6�L�Q�F�H �D �F�X�U�Y�H �F�D�Q�Q�R�W �E�H �U�H�S�U�R�G�X�F�H�G �I�U�R�P �9�U�L�M�H�U�¶�V �U�H�S�R�U�W �D�Q�G �D �F�O�H�D�U �Y�D�O�X�H
�I�R�U �W�K�H �H�Q�H�U�J�\ �D�E�V�R�U�E�H�G �L�V �Q�R�W �S�U�R�Y�L�G�H�G�� �W�K�H �H�Q�H�U�J�\ �F�D�O�F�X�O�D�W�L�R�Q �Z�L�O�O �I�R�O�O�R�Z �W�K�H �J�H�Q�H�U�D�O �H�Q�H�U�J�\ �W�U�D�Q�V�I�H�U
�S�U�L�Q�F�L�S�O�H �I�R�U �W�K�H �V�W�U�X�F�W�X�U�H �U�H�V�S�R�Q�V�H �D�V �V�K�R�Z�Q �L�Q �H�T�X�D�W�L�R�Q����������

E = 0 :5 � Force � Displacement ������������

�)�L�J�X�U�H ���������)�R�U�F�H �� �'�L�V�S�O�D�F�H�P�H�Q�W �5�H�O�D�W�L�R�Q�V�K�L�S ���(�$�8������������

�7�K�H �U�H�O�H�Y�D�Q�W �L�Q�I�R�U�P�D�W�L�R�Q �I�U�R�P �7�D�E�O�H �������� �R�I �9�U�L�M�H�U�����������D �L�V �U�H�S�U�R�G�X�F�H�G �K�H�U�H �W�R �F�D�O�F�X�O�D�W�H �W�K�H �F�R�O�O�L�V�L�R�Q
�H�Q�H�U�J�\ �I�U�R�P �W�K�H �P�R�G�H�O �U�H�V�H�D�U�F�K �U�H�V�X�O�W�V ���W�D�E�O�H���������� �7�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �R�I �W�K�H �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �P�H�W�K�R�G
�L�V �D�J�D�L�Q �D�F�F�H�S�W�H�G �V�D�I�H�O�\ �D�V �E�H�Q�F�K�P�D�U�N �V�L�Q�F�H �L�W �S�U�R�Y�L�G�H�V �Q�X�P�E�H�U�V �F�O�R�V�H �E�X�W �D �E�L�W �K�L�J�K�H�U �W�R �W�K�H �P�R�G�H�O
�U�H�V�H�D�U�F�K��



�������� �:�E�P�M�H�E�X�M�S�R �Y�W�M�R�K �W�M�Q�Y�P�E�X�M�S�R �E�R�H �Q�S�H�I�P �H�E�X�E ����

�7�D�E�O�H ���������&�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �&�D�V�H �&�� �P�R�G�H�O �U�H�V�H�D�U�F�K �U�H�V�X�O�W�V �E�\ �9�U�L�M�H�U�����������D

� [o] Maximum Force [kN ] Maximum Displacement [m] Emodel [kNm ]

4 290 0:089 12:91

15 1130 0:352 198:88

30 2580 0:803 1035:87

60 6600 2:06 6798:00

80 8160 2:54 10363:20

�)�R�U �H�D�F�K �D�S�S�U�R�D�F�K �D�Q�J�O�H�� �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�L�H�V �Z�H�U�H �U�H�F�D�O�F�X�O�D�W�H�G �X�V�L�Q�J �E�R�W�K �W�K�H �F�R�Q�Y�H�Q�W�L�R�Q�D�O �(�$�8�� ��������
�P�H�W�K�R�G �D�Q�G �W�K�H �S�U�R�S�R�V�H�G �G�H�I�L�Q�L�W�L�R�Q�� �7�K�H �G�L�I�I�H�U�H�Q�F�H�V �L�Q �F�D�O�F�X�O�D�W�H�G �H�Q�H�U�J�L�H�V �K�L�J�K�O�L�J�K�W�H�G �W�K�H �V�H�Q�V�L�W�L�Y�L�W�\
�R�I �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �H�V�W�L�P�D�W�H�V �W�R �W�K�H �D�Q�J�O�H �R�I �D�S�S�U�R�D�F�K�� �X�Q�G�H�U�V�F�R�U�L�Q�J �W�K�H �L�P�S�R�U�W�D�Q�F�H �R�I �X�V�L�Q�J �D �P�H�W�K�R�G
�W�K�D�W �D�F�F�X�U�D�W�H�O�\ �U�H�I�O�H�F�W�V �W�K�H �G�\�Q�D�P�L�F �L�Q�W�H�U�D�F�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �V�K�L�S �D�Q�G �W�K�H �V�W�U�X�F�W�X�U�H��

�‡�/�R�Z �$�Q�J�O�H�V �����ƒ �D�Q�G �����ƒ���� �$�W �W�K�H�V�H �D�Q�J�O�H�V�� �W�K�H �S�U�R�S�R�V�H�G �P�H�W�K�R�G �V�K�R�Z�H�G �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �O�R�Z�H�U �F�R�O��
�O�L�V�L�R�Q �H�Q�H�U�J�L�H�V�� �V�X�J�J�H�V�W�L�Q�J �W�K�D�W �W�K�H �F�R�Q�Y�H�Q�W�L�R�Q�D�O �P�H�W�K�R�G �P�L�J�K�W �R�Y�H�U�H�V�W�L�P�D�W�H �W�K�H �L�P�S�D�F�W �V�H�Y�H�U�L�W�\
�Z�K�H�Q �W�K�H �D�S�S�U�R�D�F�K �D�Q�J�O�H �L�V �V�P�D�O�O�� �7�K�L�V �L�V �D �S�L�Y�R�W�D�O �I�L�Q�G�L�Q�J �L�Q �W�K�H �U�H�V�H�D�U�F�K �D�V �W�K�L�V �D�Q�J�O�H �U�D�Q�J�H
�I�D�F�L�O�L�W�D�W�H�V �W�K�H �J�X�L�G�L�Q�J �V�W�U�X�F�W�X�U�H �D�S�S�U�R�D�F�K�H�V��

�‡�0�R�G�H�U�D�W�H �W�R �+�L�J�K �$�Q�J�O�H�V �������ƒ�� �����ƒ�� �����ƒ���� �$�V �W�K�H �D�Q�J�O�H �L�Q�F�U�H�D�V�H�G�� �W�K�H �G�L�V�F�U�H�S�D�Q�F�\ �E�H�W�Z�H�H�Q �W�K�H
�W�Z�R �P�H�W�K�R�G�V �G�H�F�U�H�D�V�H�G�� �S�D�U�W�L�F�X�O�D�U�O�\ �D�W ���� �G�H�J�U�H�H�V�� �Z�K�H�U�H �W�K�H �Y�D�O�X�H�V �D�O�P�R�V�W �F�R�Q�Y�H�U�J�H�G�� �7�K�L�V
�L�Q�G�L�F�D�W�H�V �W�K�D�W �W�K�H �S�U�R�S�R�V�H�G �P�H�W�K�R�G �S�U�R�Y�L�G�H�V �D �P�R�U�H �Q�X�D�Q�F�H�G �D�Q�G �D�F�F�X�U�D�W�H �H�V�W�L�P�D�W�L�R�Q �R�I �F�R�O�O�L�V�L�R�Q
�H�Q�H�U�J�\ �D�V �W�K�H �L�Q�W�H�U�D�F�W�L�R�Q �E�H�F�R�P�H�V �P�R�U�H �G�L�U�H�F�W �D�Q�G �W�\�S�L�F�D�O �R�I �K�L�J�K���H�Q�H�U�J�\ �L�P�S�D�F�W�V��
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�%�U�H�D�G�W�K �% �>�P�@ 22:70 �% �>�P�@ 22:80 �% �>�P�@ 22:70

�'�U�D�X�J�K�W �G �>�P�@ 3:30 �G �>�P�@ 3:90 �G �>�P�@ 3:30

�'�H�S�W�K �K �>�P�@ 4:80 �K �>�P�@ 5:00 �K �>�P�@ 16:00

�/�R�Q�J�L�W�X�G�L�Q�D�O �6�S�H�H�G�X �>�P���V�@ 2:40 �X �>�P���V�@ 1:35 �X �>�P���V�@ 1:509

�$�S�S�U�R�D�F�K �D�Q�J�O�H� �>o�@ 15 � �>o�@ 15 � �>o�@ 4; 15; 30; 60; 80

�)�H�Q�G�H�U �V�W�U�X�F�W�X�U�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V

�0�D�V�V �0 �>�N�J�@1:1 � 106 �0 �>�N�J�@ 0 �0 �>�N�J�@ 1:1 � 106

�6�S�U�L�Q�J �V�W�L�I�I�Q�H�V�V�N �>�1���P�@3:2 � 106 �N �>�1���P�@2 � 106 �N �>�1���P�@ 3:2 � 106

�'�D�P�S�L�Q�J �I�D�F�W�R�U�F �>�1�V���P�@1:0 � 106 �F �>�1�V���P�@0:65� 106 �F �>�1�V���P�@0:405� 106

�)�U�L�F�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W�W�J� �>���@ 0:16 �W�J� �>���@ 0:40 �W�J� �>���@ 0:16

�W�K�D�W �U�H�P�D�L�Q�V �I�U�H�H �R�I �W�K�H �V�W�U�X�F�W�X�U�H �S�U�R�S�H�U�W�L�H�V�� �7�K�L�V �G�L�V�F�U�H�S�D�Q�F�\ �Z�L�O�O �E�H �U�H�I�O�H�F�W�H�G �R�Q �O�D�W�H�U �L�Q �W�K�L�V �V�H�F�W�L�R�Q��
�7�K�H �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\Eproposed def inition = 1604:86 kNm �L�V62%�O�D�U�J�H�U �W�K�D�QEvirtual mass = 988:18 kNm ��

�)�R�U�&�D�V�H �%�W�K�H �F�D�O�F�X�O�D�W�H�G �H�F�F�H�Q�W�U�L�F�L�W�\ �F�R�H�I�I�L�F�L�H�Q�W �Z�L�W�K �W�K�H �F�R�U�U�H�F�W �G�H�I�L�Q�L�W�L�R�Q �R�I �D�Q�J�O�H� �� Ceproposed =
0:366�� �L�V �D�U�R�X�Q�G14% �O�D�U�J�H�U �W�K�D�Q �W�K�H �R�Q�H �F�D�O�F�X�O�D�W�H�G �E�\ �W�K�H �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �P�H�W�K�R�Gabwz = 0 :319��
�7�K�L�V �L�V �D �F�R�Q�V�L�G�H�U�D�E�O�H �G�L�V�F�U�H�S�D�Q�F�\ �E�X�W �V�W�L�O�O �W�K�H �O�R�Z�H�U �O�L�P�L�W �R�Q�H �F�R�X�O�G �J�H�W �W�U�\�L�Q�J �W�R �D�S�S�O�\ �D �G�H�I�L�Q�L�W�L�R�Q �R�ICe

�W�K�D�W �U�H�P�D�L�Q�V �I�U�H�H �R�I �W�K�H �V�W�U�X�F�W�X�U�H �S�U�R�S�H�U�W�L�H�V�� �7�K�L�V �G�L�V�F�U�H�S�D�Q�F�\ �Z�L�O�O �E�H �U�H�I�O�H�F�W�H�G �R�Q �O�D�W�H�U �L�Q �W�K�L�V �V�H�F�W�L�R�Q��
�7�K�H �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\Eproposed def inition = 405:26 kNm �L�V13%�O�D�U�J�H�U �W�K�D�QEvirtual mass = 357:78 kNm ��

�7�D�E�O�H ���������6�X�P�P�D�U�L�]�H�G �U�H�V�X�O�W�V �I�R�U �D�O�O �F�D�V�H�V

Case CeEAU Ceproposed abwz EEAU Eproposed def inition Evirtual mass

�$ 0:993 0:348 0:286 4582:86 1604:86 988:18

�% 0:984 0:366 0:319 1088:05 405:26 357:78

�& �� �� �� �� �� ��

4o 0:984 0:264 0:262 88:09 23:61 15:81

15o 0:984 0:317 0:294 1212:69 390:25 254:56

30o 0:984 0:461 0:378 4525:81 2118:82 1321:24

60o 0:984 0:832 0:802 10159:33 8585:78 7495:84

80o 0:984 0:984 1 12277:86 12278:25 11778:95

�$�Q �L�Q�W�H�U�H�V�W�L�Q�J �U�H�P�D�U�N �R�Q �W�K�H �V�X�P�P�D�U�L�]�H�G �U�H�V�X�O�W�V �F�D�Q �E�H �P�D�G�H �Z�K�H�Q �O�R�R�N�L�Q�J �L�Q�W�R �D�O�O �W�K�H �D�S�S�U�R�D�F�K�H�V
�R�I15o�� �7�K�H�V�H �D�U�H �&�D�V�H �$�� �%�� �D�Q�G �&��15o�� �7�K�H�U�H�� �W�K�H �H�I�I�H�F�W �R�I �W�K�H �V�W�U�X�F�W�X�U�H �S�U�R�S�H�U�W�L�H�V �D�U�H �U�H�D�O�L�V�H�G��
�7�K�H �V�W�U�X�F�W�X�U�H �R�I �&�D�V�H �%�� �Q�R�W �R�Q�O�\ �K�D�V �D �O�D�U�J�H�U �I�U�L�F�W�L�R�Q �F�R�H�I�I�L�F�L�H�Q�W �R�I �W�K�H �R�Q�H �L�Q �F�D�V�H�V �$ �D�Q�G �&��15o

��tg� B = 0 :40��tg� A;C = 0 :16�� �E�X�W �L�W �L�V �D�O�V�R �D �O�H�V�V �V�W�L�I�I �V�W�U�X�F�W�X�U�H �R�Y�H�U�D�O�O �Z�L�W�KkB = 2 � 106N=m �F�R�P�S�D�U�H�G
�W�R �W�K�H �V�W�L�I�I�Q�H�V�V �R�IkA;B = 3 :2 � 106N=m �R�I �W�K�H �R�W�K�H�U �W�Z�R �V�W�U�X�F�W�X�U�H�V�� �7�K�H �S�U�R�S�R�V�H�G �G�H�I�L�Q�L�W�L�R�Q �I�R�U �&�D�V�H
�$ �D�Q�G �&�D�V�H �&��15o �F�D�O�F�X�O�D�W�H�V �D �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\53 �W�R62% �O�D�U�J�H�U �W�K�D�Q �Z�K�D�W �W�K�H �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V
�P�H�W�K�R�G �F�D�O�F�X�O�D�W�H�V�� �Z�K�H�U�H�D�V �I�R�U �&�D�V�H �% �W�K�L�V �S�H�U�F�H�Q�W�D�J�H �L�V13%�� �7�K�L�V �G�L�I�I�H�U�H�Q�F�H �L�Q �W�K�H �G�L�V�F�U�H�S�D�Q�F�\
�I�L�Q�G�V �L�W�V �U�H�D�V�R�Q �L�Q �W�K�H �H�[�F�O�X�V�L�R�Q �R�I �W�K�H �V�W�U�X�F�W�X�U�H �S�U�R�S�H�U�W�L�H�V �L�Q �W�K�H �H�F�F�H�Q�W�U�L�F�L�W�\ �F�R�H�I�I�L�F�L�H�Q�W �D�Q�G �L�Q �W�K�H
�G�H�V�L�J�Q �S�U�R�F�H�V�V �R�Y�H�U�D�O�O�� �7�K�H �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �P�H�W�K�R�G �P�R�G�H�O�V �W�K�H �V�W�U�X�F�W�X�U�H�¶�V �U�H�V�S�R�Q�V�H�� �E�H�L�Q�J �D�E�O�H



�������� �'�S�R�G�P�Y�W�M�S�R�W ����

�W�R �L�Q�F�O�X�G�H �W�K�H �V�W�U�X�F�W�X�U�H �S�U�R�S�H�U�W�L�H�V �D�Q�G �G�H�U�L�Y�H �D �P�R�U�H �W�U�X�V�W�Z�R�U�W�K�\ �U�H�V�X�O�W �R�I �W�K�H �H�Q�H�U�J�\ �D�E�V�R�U�E�H�G �E�\ �W�K�H
�V�W�U�X�F�W�X�U�H�� �%�X�W�� �V�L�Q�F�H �W�K�H �S�U�R�S�R�V�H�G �G�H�I�L�Q�L�W�L�R�Q �G�R�H�V �Q�R�W �L�Q�F�O�X�G�H �V�W�U�X�F�W�X�U�H �S�U�R�S�H�U�W�L�H�V�� �W�K�L�V �L�V �D �S�R�L�Q�W �W�K�D�W
�L�V �P�L�V�V�H�G�� �W�K�H �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �W�K�H�Q �L�V �P�R�U�H �R�Y�H�U�H�V�W�L�P�D�W�H�G�� �E�X�W �V�W�L�O�O �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �O�H�V�V �F�R�P�S�D�U�H�G �W�R �W�K�H
�H�[�W�U�H�P�H �(�$�8���������� �R�Y�H�U�H�V�W�L�P�D�W�L�R�Q��

���������'�S�R�G�P�Y�W�M�S�R�W
�7�K�H �Y�D�O�L�G�D�W�L�R�Q �F�R�Q�G�X�F�W�H�G �L�Q �&�K�D�S�W�H�U �� �W�K�U�R�X�J�K �F�R�P�S�D�U�D�W�L�Y�H �D�Q�D�O�\�V�H�V �R�I �K�L�V�W�R�U�L�F�D�O �G�D�W�D �F�D�V�H �V�W�X�G�L�H�V��
�S�U�R�Y�L�G�H�V �H�Y�L�G�H�Q�F�H �V�X�S�S�R�U�W�L�Q�J �W�K�H �H�I�I�L�F�D�F�\ �R�I �W�K�H �U�H�I�L�Q�H�G �P�H�W�K�R�G�R�O�R�J�\ �I�R�U �F�D�O�F�X�O�D�W�L�Q�J �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\��
�Z�L�W�K �D �S�D�U�W�L�F�X�O�D�U �I�R�F�X�V �R�Q �W�K�H �U�H�G�H�I�L�Q�H�G �D�Q�J�O�H �.��

�7�K�H �D�G�M�X�V�W�H�G �P�H�W�K�R�G�R�O�R�J�\ �F�R�Q�V�L�V�W�H�Q�W�O�\ �R�X�W�S�H�U�I�R�U�P�H�G �W�K�H �(�$�8���������� �P�H�W�K�R�G �L�Q �S�U�H�G�L�F�W�L�Q�J �F�R�O�O�L�V�L�R�Q
�H�Q�H�U�J�L�H�V�� �6�S�H�F�L�I�L�F�D�O�O�\�� �I�R�U �&�D�V�H �$�� �W�K�H �S�U�R�S�R�V�H�G �P�H�W�K�R�G �F�D�O�F�X�O�D�W�H�G �D �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �R�I �������������� �N�1�P��
�V�L�J�Q�L�I�L�F�D�Q�W�O�\ �O�R�Z�H�U �W�K�D�Q �W�K�H �������������� �N�1�P �H�V�W�L�P�D�W�H�G �X�V�L�Q�J �W�K�H �(�$�8�� �������� �P�H�W�K�R�G�� �E�X�W �F�O�R�V�H�U �W�R �W�K�H
������������ �N�1�P �R�E�W�D�L�Q�H�G �Y�L�D �W�K�H �9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �P�H�W�K�R�G�� �,�Q �&�D�V�H �%�� �W�K�H �Q�H�Z �P�H�W�K�R�G �H�V�W�L�P�D�W�H�G �W�K�H
�F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �D�W ������������ �N�1�P�� �F�R�P�S�D�U�H�G �W�R �������������� �N�1�P ���(�$�8�� ���������� �D�Q�G ������������ �N�1�P ���9�L�U�W�X�D�O �:�D�W�H�U
�0�D�V�V���� �7�K�L�V �F�R�Q�V�L�V�W�H�Q�F�\ �K�L�J�K�O�L�J�K�W�V �W�K�H �P�H�W�K�R�G�¶�V �L�P�S�U�R�Y�H�G �D�O�L�J�Q�P�H�Q�W �Z�L�W�K �H�P�S�L�U�L�F�D�O �G�D�W�D �D�Q�G �P�R�G�H�O��
�E�D�V�H�G �S�U�H�G�L�F�W�L�R�Q�V�� �$�O�W�K�R�X�J�K�� �Z�K�H�Q �I�U�L�F�W�L�R�Q �E�H�F�R�P�H�V �L�P�S�R�U�W�D�Q�W�� �D�Q �R�Y�H�U�H�V�W�L�P�D�W�L�R�Q �V�K�R�X�O�G �E�H �H�[�S�H�F�W�H�G
�E�X�W �Q�R�W �W�R �W�K�H �V�L�J�Q�L�I�L�F�D�Q�W�O�\ �H�[�D�J�J�H�U�D�W�H�G �H�[�W�H�Q�W �W�K�H �(�$�8�� �������� �I�U�D�P�H�Z�R�U�N �V�K�R�Z�V��

�7�K�H �U�H�Y�L�V�H�G �D�S�S�U�R�D�F�K �S�U�R�Y�H�G �V�X�L�W�D�E�O�H �I�R�U �D �Y�D�U�L�H�W�\ �R�I �F�R�Q�G�L�W�L�R�Q�V�� �L�Q�F�O�X�G�L�Q�J �G�L�I�I�H�U�H�Q�W �V�K�L�S �V�L�]�H�V�� �Y�H�O�R�F�L�W�L�H�V��
�D�Q�G �L�P�S�D�F�W �D�Q�J�O�H�V�� �)�R�U �H�[�D�P�S�O�H�� �L�Q �&�D�V�H �&�� �W�K�H �G�L�V�F�U�H�S�D�Q�F�L�H�V �E�H�W�Z�H�H�Q �W�K�H �S�U�R�S�R�V�H�G �P�H�W�K�R�G �D�Q�G �W�K�H
�9�L�U�W�X�D�O �:�D�W�H�U �0�D�V�V �P�H�W�K�R�G �Z�H�U�H �F�O�H�D�U�O�\ �L�O�O�X�V�W�U�D�W�H�G �L�Q �)�L�J�X�U�H�������� �7�K�H �H�F�F�H�Q�W�U�L�F�L�W�\ �F�R�H�I�I�L�F�L�H�Q�W �F�D�O�F�X�O�D�W�H�G
�I�R�U �&�D�V�H �& �V�K�R�Z�H�G �W�K�D�W �D�W �D �������G�H�J�U�H�H �D�S�S�U�R�D�F�K �D�Q�J�O�H�� �W�K�H �S�U�R�S�R�V�H�G �P�H�W�K�R�G �K�D�G �D �G�L�V�F�U�H�S�D�Q�F�\ �R�I
�D�S�S�U�R�[�L�P�D�W�H�O�\ ������������ �Z�K�L�F�K �L�V �W�K�H �S�H�D�N �G�L�V�F�U�H�S�D�Q�F�\�� �7�K�HCeproposed �S�H�U�I�R�U�P�V �E�H�W�W�H�U �W�K�D�Q �W�K�HCeEAU

�D�V �S�U�R�Y�H�G �E�\ �F�R�P�S�D�U�L�Q�J �I�L�J�X�U�H������ �D�Q�G �I�L�J�X�U�H���������� �7�K�H �U�H�I�L�Q�H�G �G�H�I�L�Q�L�W�L�R�Q �D�O�O�R�Z�H�G �I�R�U �W�K�H �P�H�W�K�R�G �W�R
�D�F�F�X�U�D�W�H�O�\ �G�H�V�F�U�L�E�H �W�K�H �V�K�L�S�¶�V �D�S�S�U�R�D�F�K �W�R �W�K�H �J�X�L�G�L�Q�J �V�W�U�X�F�W�X�U�H �J�L�Y�L�Q�J �U�H�D�O�L�V�W�L�F �U�H�V�X�O�W�V �I�R�U �E�R�W�K �W�K�H
�H�F�F�H�Q�W�U�L�F�L�W�\ �F�R�H�I�I�L�F�L�H�Q�W �D�Q�G �W�K�H �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\�� �7�K�L�V �L�V �D �E�O�L�Q�G �V�S�R�W �R�I �W�K�H �H�[�L�V�W�L�Q�J �I�U�D�P�H�Z�R�U�N �E�\ �W�K�H
�(�$�X�� �������� �Z�K�H�U�H �D�O�O �J�X�L�G�L�Q�J �V�W�U�X�F�W�X�U�H �D�S�S�U�R�D�F�K�H�V �D�U�H �W�U�D�Q�V�O�D�W�H�G �L�Q�W�R �D�O�P�R�V�W �F�H�Q�W�U�D�O �F�R�O�O�L�V�L�R�Q�V �E�H�W�Z�H�H�Q
�W�K�H �V�K�L�S �D�Q�G �W�K�H �V�W�U�X�F�W�X�U�H��

�7�K�H �F�D�O�F�X�O�D�W�H�G �H�F�F�H�Q�W�U�L�F�L�W�\ �F�R�H�I�I�L�F�L�H�Q�W�V �X�V�L�Q�J �W�K�H �Q�H�Z �G�H�I�L�Q�L�W�L�R�Q �R�I �D�Q�J�O�H �. �V�K�R�Z�H�G �L�P�S�U�R�Y�H�P�H�Q�W�V �R�Y�H�U
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���� �0�R�G�H�O�O�L�Q�J�� �2�S�W�L�P�L�]�L�Q�J �I�R�U �J�L�U�G�H�U �F�R�Q�Q�H�F�W�H�G �S�L�O�H �V�H�U�L�H�V

�,�Q �R�U�G�H�U �I�R�U �W�K�H �F�D�O�F�X�O�D�W�L�R�Q�V �W�R �E�H �F�D�U�U�L�H�G �R�X�W�� �V�R�P�H �D�V�V�X�P�S�W�L�R�Q�V �Q�H�H�G �W�R �E�H �P�D�G�H�� �7�K�H�V�H �D�V�V�X�P�S�W�L�R�Q�V
�D�U�H �U�H�O�D�W�H�G �W�R �W�K�H �V�W�U�X�F�W�X�U�H�� �W�K�H �V�R�L�O�� �W�K�H �V�K�L�S �D�Q�G �W�K�H �D�S�S�U�R�D�F�K �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V��

�������������7�X�V�Y�G�X�Y�V�I �G�L�E�V�E�G�X�I�V�M�W�X�M�G�W
�6�W�D�U�W�L�Q�J �Z�L�W�K �W�K�H �P�R�G�H�O �U�H�S�U�H�V�H�Q�W�L�Q�J �W�K�H �J�X�L�G�L�Q�J �V�W�U�X�F�W�X�U�H�� �7�K�H �J�X�L�G�L�Q�J �V�W�U�X�F�W�X�U�H �F�R�Q�V�L�V�W�V �R�I �V�L�[ �H�T�X�D�O�O�\
�V�L�]�H�G �Y�H�U�W�L�F�D�O �S�L�O�H�V �W�K�D�W �D�U�H �F�R�Q�Q�H�F�W�H�G �W�R�J�H�W�K�H�U �Z�L�W�K �D �P�D�L�Q �K�R�U�L�]�R�Q�W�D�O �J�L�U�G�H�U �R�I �H�T�X�D�O �V�L�]�H �L�Q �G�L�D�P�H�W�H�U
�D�V �W�K�H �Y�H�U�W�L�F�D�O �S�L�O�H�V �V�F�K�H�P�D�W�L�]�H�G �D�V �V�K�R�Z�Q �L�Q �I�L�J�X�U�H�������� �7�K�H �Y�H�U�W�L�F�D�O �P�H�P�E�H�U�V �V�\�P�E�R�O�L�]�H�G �Z�L�W�K �O�H�W�W�H�U
�6 �U�H�S�U�H�V�H�Q�W �W�K�H �Y�H�U�W�L�F�D�O �S�L�O�H�V �Z�K�H�U�H�D�V �W�K�H �K�R�U�L�]�R�Q�W�D�O �P�H�P�E�H�U�V �U�H�S�U�H�V�H�Q�W �W�K�H �P�D�L�Q �J�L�U�G�H�U�� �7�K�H �. �Q�R�G�H�V
�U�H�S�U�H�V�H�Q�W �W�K�H �I�L�[�H�G �V�X�S�S�R�U�W�V �I�R�U �W�K�H �Y�H�U�W�L�F�D�O �S�L�O�H�V �D�Q�G �W�K�H �Z�H�O�G�H�G �F�R�Q�Q�H�F�W�L�R�Q�V �E�H�W�Z�H�H�Q �W�K�H �Y�H�U�W�L�F�D�O �S�L�O�H�V
�D�Q�G �W�K�H �P�D�L�Q �J�L�U�G�H�U��

�)�L�J�X�U�H ���������6�W�U�X�F�W�X�U�H �0�R�G�H�O

�7�K�H �P�D�W�H�U�L�D�O �W�R �E�H �X�V�H�G �I�R�U �W�K�H �S�L�O�H �L�V �W�X�E�H �V�W�H�H�O �;���� �Z�L�W�K �D �\�R�X�Q�J �P�R�G�X�O�X�V �R�IEyoung = 2 :1� 1011 N=m2��
�3�R�L�V�V�R�Q �U�D�W�L�R �R�Iv = 0 :3 �D�Q�G �\�L�H�O�G �V�W�U�H�V�V �R�I� yield = 483 � 106 N=m2�� �7�K�H �V�K�D�S�H �R�I �W�K�H �W�X�E�X�O�D�U �S�L�O�H �L�V
�S�U�H�V�H�Q�W�H�G �L�Q �I�L�J�X�U�H������ �Z�K�H�U�HD �L�V �W�K�H �G�L�D�P�H�W�H�U �R�I �W�K�H �S�L�O�H �D�Q�Gt �L�V �W�K�H �W�K�L�F�N�Q�H�V�V�� �)�R�U �V�W�H�H�O�� �W�K�H �P�D�W�H�U�L�D�O
�V�D�I�H�W�\ �I�D�F�W�R�U �L�V �W�K�H �X�Q�L�W�\
 M 0 = 1 ��

�)�L�J�X�U�H ���������6�W�H�H�O �3�L�O�H �;����

�7�K�H �G�L�D�P�H�W�H�U �R�I �W�K�H �S�L�O�H �L�V �G�H�U�L�Y�H�G �E�\ �S�H�U�I�R�U�P�L�Q�J �L�W�H�U�D�W�L�Y�H �F�D�O�F�X�O�D�W�L�R�Q�V �I�R�U �G�L�V�S�O�D�F�H�P�H�Q�W �F�R�Q�Y�H�U�J�H�Q�F�H �D�V
�L�Q�V�W�U�X�F�W�H�G �E�\ �W�K�H �%�O�X�P �P�H�W�K�R�G�� �O�D�W�H�U �L�Q �W�K�L�V �F�K�D�S�W�H�U�� �7�K�H �V�W�U�X�F�W�X�U�H �L�V �F�K�H�F�N�H�G �I�R�U �V�W�L�I�I�Q�H�V�V �D�Q�G �V�W�U�H�Q�J�W�K��
�7�K�H �G�L�V�S�O�D�F�H�P�H�Q�W�V �R�I �W�K�H �V�W�U�X�F�W�X�U�H �D�S�S�H�D�U�L�Q�J �G�X�H �W�R �W�K�H �I�R�U�F�H �O�R�D�G �H�[�H�U�W�H�G �E�\ �W�K�H �V�K�L�S �V�K�R�X�O�G �E�H �V�X�F�K
�W�K�D�W �W�K�H �N�L�Q�H�W�L�F �H�Q�H�U�J�\ �R�I �W�K�H �V�K�L�S �L�V �D�E�V�R�U�E�H�G�� �7�K�H �V�W�U�X�F�W�X�U�H �L�V �W�K�H�Q �F�K�H�F�N�H�G �I�R�U �V�W�U�H�Q�J�W�K �Z�K�H�U�H �W�K�H
�P�R�P�H�Q�W �O�R�D�G �V�K�R�X�O�G �Q�R�W �H�[�F�H�H�G �W�K�H �G�H�V�L�J�Q �P�R�P�H�Q�W �R�I �W�K�H �S�L�O�H�V��



�������� �3�V�K�E�R�M�^�M�R�K �X�L�I �:�S�P�O�I�V�E�O �P�S�G�O �G�S�Q�T�E�V�M�W�S�R �G�E�P�G�Y�P�E�X�M�S�R�W����

�������������7�S�M�P �G�L�E�V�E�G�X�I�V�M�W�X�M�G�W
�)�R�U �W�K�H �V�R�L�O �L�Q �W�K�H �D�U�H�D �D �&�3�7 �W�H�V�W �L�V �R�E�W�D�L�Q�H�G �I�U�R�P �W�K�H �'�,�1�2�O�R�N�H�W �'�D�W�D �D�Q�G �,�Q�I�R�U�P�D�W�L�R�Q �R�I �W�K�H �'�X�W�F�K
�6�X�E�V�X�U�I�D�F�H�� �7�K�H �&�3�7 �W�H�V�W �F�D�Q �E�H �I�R�X�Q�G �L�Q �W�K�H �D�S�S�H�Q�G�L�[ �%�� �7�K�H �V�R�L�O �S�U�R�S�H�U�W�L�H�V �D�U�H �G�H�W�H�U�P�L�Q�H�G �X�V�L�Q�J
�W�K�H �J�U�D�S�K �E�\ �5�R�E�H�U�W�V�R�Q���������� �D�O�V�R �I�R�X�Q�G �L�Q �W�K�H �D�S�S�H�Q�G�L�[ �%��

�7�K�H �I�U�L�F�W�L�R�Q �U�D�W�L�R �L�V �I�R�X�Q�G �W�R �E�H1 � 1:5%�� �7�K�L�V �L�Q�G�L�F�D�W�H�V �V�R�L�O �F�R�Q�V�L�V�W�L�Q�J �R�I �I�L�Q�H �V�D�Q�G �Z�L�W�K �W�K�H �I�R�O�O�R�Z�L�Q�J
�S�U�R�S�H�U�W�L�H�V��

�‡�6�D�W�X�U�D�W�H�G �Y�R�O�X�P�H�W�U�L�F �Z�H�L�J�K�W
 s = 20 kN
m 3

�‡�'�U�\ �Y�R�O�X�P�H�W�U�L�F �Z�H�L�J�K�W
 d = 18 kN
m 3

�‡�$�Q�J�O�H �R�I �L�Q�W�H�U�Q�D�O �I�U�L�F�W�L�R�Q� f = 35o

�‡�,�Q�W�H�U�Q�D�O �Z�D�O�O �I�U�L�F�W�L�R�Q� f = � 2
3 �

�7�K�H �S�D�V�V�L�Y�H �V�R�L�O �S�U�H�V�V�X�U�H �F�R�H�I�I�L�F�L�H�Q�W�� �L�V �F�D�O�F�X�O�D�W�H�G��

K p;h;� =
cos2 � f

(1 �
q

sin ( � f � � f ) � sin � f

cos � � f
)2

= 9 :14 ����������

�������������7�L�M�T �'�L�E�V�E�G�X�I�V�M�W�X�M�G�W
�7�R �G�H�I�L�Q�H �W�K�H �G�H�V�L�J�Q �Y�H�V�V�H�O �G�H�S�H�Q�G�L�Q�J �R�Q �W�K�H �Z�D�W�H�U�Z�D�\ �F�O�D�V�V�� �W�K�H �L�Q�I�R�U�P�D�W�L�R�Q �L�V �J�L�Y�H�Q �L�Q �7�D�E�O�H �� �L�Q
�5�L�F�K�W�O�L�M�Q�H�Q���9�D�D�U�Z�H�J�H�Q���������� ���$�S�S�H�Q�G�L�[ �W�D�E�O�H�$�������� �7�K�H �&�(�0�7���9�,�E �Z�D�W�H�U�Z�D�\ �F�O�D�V�V �U�H�T�X�L�U�H�V �D �G�H�V�L�J�Q
�Y�H�V�V�H�O �Z�L�W�K �W�K�H �I�R�O�O�R�Z�L�Q�J �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V ������������

�)�L�J�X�U�H ���������7�\�S�L�F�D�O �����E�D�U�J�H�� �S�X�V�K�H�U �F�R�Q�Y�R�\ �I�R�U �&�(�0�7���9�,�E�� ���5�L�M�N�V�Z�D�W�H�U�V�W�D�D�W���������� ��

�‡�/�H�Q�J�W�K �R�Y�H�U�D�O�OL OA = 190 m

�‡�%�U�H�D�G�W�KB = 22:8 m

�‡�'�U�D�X�J�K�Wd = 4 :00 m

�‡�0�D�V�Vms = 13:68� 106 kg

�)�R�U �W�K�H �G�H�V�L�J�Q �Y�H�V�V�H�O �W�K�H �O�H�Q�J�K�W �R�Y�H�U�D�O�O �L�V �V�H�W �W�RL OA = 200 m �D�Q�G �W�K�H �E�U�H�D�G�W�K �L�V �V�H�W �W�R �D �Y�D�O�X�H �R�I
B = 24 m �G�H�V�S�L�W�H �W�K�H �L�Q�V�W�U�X�F�W�L�R�Q�V �V�R �W�K�D�W �L�W �I�R�O�O�R�Z�V �W�K�H �G�L�P�H�Q�V�L�R�Q�V �R�I �W�K�H �P�D�[�L�P�X�P �D�O�O�R�Z�H�G �L�Q �W�K�H �O�R�F�N��
�7�K�H �G�H�V�L�J�Q �Y�H�V�V�H�O �L�V �S�U�H�V�H�Q�W�H�G �L�Q �D �F�R�Q�Y�H�Q�W�L�R�Q�D�O �V�K�D�S�H �I�R�U �L�O�O�X�V�W�U�D�W�L�R�Q �S�X�U�S�R�V�H�V �L�Q �I�L�J�X�U�H��������

�)�U�R�P �W�K�H �J�H�R�P�H�W�U�\ �R�I �W�K�H �Y�H�V�V�H�O �L�W �L�V �Q�R�Z �S�R�V�V�L�E�O�H �W�R �F�D�O�F�X�O�D�W�H �W�K�H �E�O�R�F�N �F�R�H�I�I�L�F�L�H�Q�WCb�� �W�K�H �U�D�G�L�X�V �R�I
�J�\�U�D�W�L�R�Qk �D�Q�G �W�K�H �Y�L�U�W�X�D�O �P�D�V�V �F�R�H�I�I�L�F�L�H�Q�WCm �� �$�O�O �W�K�U�H�H �R�I �W�K�H�V�H �Y�D�U�L�D�E�O�H�V �D�U�H �F�D�O�F�X�O�D�W�H�G �D�F�F�R�U�G�L�Q�J �W�R
�W�K�H �(�$�8���������� ��

�� �7�K�H �V�R�L�O �U�H�V�L�V�W�D�Q�F�H �R�Q�O�\ �G�H�S�H�Q�G�V �R�Q �W�K�H �D�Q�J�O�H �R�I �L�Q�W�H�U�Q�D�O �I�U�L�F�W�L�R�Q �D�Q�G �W�K�H �Y�R�O�X�P�H�W�U�L�F �Z�H�L�J�K�W �R�I �W�K�H �V�R�L�O�� �$�O�P�R�V�W �D�O�Z�D�\�V �W�K�H
�H�I�I�H�F�W�L�Y�H ���V�X�E�P�H�U�J�H�G�� �Z�H�L�J�K�W �R�I �W�K�H �V�R�L�O �K�D�V �W�R �E�H �X�V�H�G �L�Q �F�R�P�E�L�Q�D�W�L�R�Q �Z�L�W�K� f = � 2

3 � f �� �W�R �F�D�O�F�X�O�D�W�H �W�K�HK p;h;� �� �D�Q�G �D�U�U�L�Y�H �D�W
�W�K�H �O�D�W�H�U�D�O �E�H�D�U�L�Q�J �F�D�S�D�F�L�W�\��



�������� �,�E�R�H �G�E�P�G�Y�P�E�X�M�S�R�W�� �/�M�R�I�X�M�G �I�R�I�V�K�] �G�E�P�G�Y�P�E�X�M�S�R ����

�)�L�J�X�U�H ���������'�H�V�L�J�Q �9�H�V�V�H�O

Cb =
ms

L OA � B � � w � d
= 0 :71 ����������

k = (0 :19� Cb + 0 :11) � L OA = 49:08m ����������

Cm = 1 :875� 0:75�
h � d

d
= 1 :594 ����������

�������������%�T�T�V�S�E�G�L �G�L�E�V�E�G�X�I�V�M�W�X�M�G�W
�$�F�F�R�U�G�L�Q�J �W�R �F�O�D�X�V�H �������� �E�\ �W�K�H �5�2�. ������ �I�R�U �G�H�W�H�U�P�L�Q�L�Q�J �W�K�H �F�R�O�O�L�V�L�R�Q �H�Q�H�U�J�\ �R�Q �D �J�X�L�G�L�Q�J �V�W�U�X�F�W�X�U�H
�W�K�H �V�K�L�S �V�S�H�H�G �P�X�V�W �E�H �F�D�O�F�X�O�D�W�H�G �L�Q �D�F�F�R�U�G�D�Q�F�H �Z�L�W�K �W�D�E�O�H �7�������� �R�I �W�K�H �5�2�. ������ ���D�S�S�H�Q�G�L�[ �$�� �D�Q�G
�D�Q �D�Q�J�O�H �R�I �D�S�S�U�R�D�F�K �Z�L�W�K �W�K�H �J�X�L�G�H�V �U�H�O�D�W�L�Y�H �W�R �W�K�H �D�[�L�V �R�I �W�K�H �Z�D�W�H�U�Z�D�\ �S�O�X�V �� �G�H�J�U�H�H�V�� �)�R�U �W�K�H
�9�R�O�N�H�U�D�N �O�R�F�N�V �W�K�H �J�X�L�G�L�Q�J �V�W�U�X�F�W�X�U�H�V �K�D�Y�H �D10o �D�Q�J�O�H �Z�L�W�K �W�K�H �Z�D�W�H�U�Z�D�\ �D�[�L�V�� �Z�K�L�F�K �D�F�F�R�U�G�L�Q�J �W�R �W�K�L�V
�F�O�D�X�V�H �O�H�D�G�V �W�R �D�Q �D�S�S�U�R�D�F�K �D�Q�J�O�H �R�I15o �E�H�W�Z�H�H�Q �W�K�H �V�K�L�S�¶�V �O�R�Q�J�L�W�X�G�L�Q�D�O �D�[�L�V �D�Q�G �W�K�H �J�X�L�G�L�Q�J �V�W�U�X�F�W�X�U�H
���I�L�J�X�U�H���������� �7�K�H �V�K�L�S�¶�V �V�S�H�H�G �D�O�W�K�R�X�J�K �W�K�H �5�2�.���������� �F�O�D�X�V�H �L�Q�V�W�U�X�F�W�V �W�R �G�H�U�L�Y�H �L�W �I�U�R�P �W�D�E�O�H �7���������� �W�K�H
�5�2�.���������� �F�O�D�X�V�H �V�W�D�W�H�V �W�K�D�W �Z�K�H�Q �W�K�H �G�H�V�L�J�Q �L�V �Z�L�W�K�L�Q �D �V�K�L�S�¶�V �O�H�Q�J�W�K �G�L�V�W�D�Q�F�H �I�U�R�P �W�K�H �O�R�F�N �H�Q�W�U�D�Q�F�H��
�W�K�H�Q �P�D�[�L�P�X�P �V�S�H�H�G �V�K�R�X�O�G �E�H �W�D�N�H�Q �D�V3 m=s�� �,�Q �W�K�L�V �F�D�V�H �W�K�H �J�X�L�G�L�Q�J �V�W�U�X�F�W�X�U�H �I�D�O�O�V �Z�L�W�K�L�Q �W�K�L�V
�G�H�V�F�U�L�S�W�L�R�Q��

�)�L�J�X�U�H ���������$�S�S�U�R�D�F�K �D�W �9�R�O�N�H�U�D�N �O�R�F�N�V

���������,�E�R�H �G�E�P�G�Y�P�E�X�M�S�R�W�� �/�M�R�I�X�M�G �I�R�I�V�K�] �G�E�P�G�Y�P�E�X�M�S�R
�7�K�H �F�D�O�F�X�O�D�W�L�R�Q�V �I�R�U �W�K�H �N�L�Q�H�W�L�F �H�Q�H�U�J�\ �R�I �W�K�H �V�K�L�S �W�K�D�W �L�V �W�R �E�H �D�E�V�R�U�E�H�G �E�\ �W�K�H �J�X�L�G�L�Q�J �V�W�U�X�F�W�X�U�H �I�R�O�O�R�Z�V
�W�K�H �V�D�P�H �V�W�H�S�V �D�V �S�U�H�V�H�Q�W�H�G �L�Q �V�H�F�W�L�R�Q�������� �)�L�U�V�W �W�K�H �N�L�Q�H�W�L�F �H�Q�H�U�J�\ �F�D�O�F�X�O�D�W�L�R�Q �D�F�F�R�U�G�L�Q�J �W�R �W�K�H �(�$�8��
�������� �L�V �F�D�O�F�X�O�D�W�H�G �D�Q�G �W�K�H�Q �W�K�H �F�D�O�F�X�O�D�W�L�R�Q �Z�L�W�K �W�K�H �P�R�G�L�I�L�H�G �G�H�I�L�Q�L�W�L�R�Q �R�I �D�Q�J�O�H� �I�R�O�O�R�Z�V��

�������������/�M�R�I�X�M�G �I�R�I�V�K�] �G�E�P�G�Y�P�E�X�M�S�R �E�G�G�S�V�H�M�R�K �X�S �)�%�9����������
�7�K�H �V�L�W�X�D�W�L�R�Q �I�R�U �W�K�H �D�S�S�U�R�D�F�K �D�W �Y�R�O�N�H�U�D�N �O�R�F�N�V �X�V�L�Q�J �W�K�H �G�H�I�L�Q�L�W�L�R�Q �E�\ �W�K�H �(�$�8�� �������� �I�R�U �W�K�H �D�Q�J�O�H�
�L�V �S�U�H�V�H�Q�W�H�G �L�Q �I�L�J�X�U�H��������

�7�K�H �H�F�F�H�Q�W�U�L�F�L�W�\ �F�R�H�I�I�L�F�L�H�Q�WCeEAU �L�V �F�D�O�F�X�O�D�W�H�G �D�V��



�������� �,�E�R�H �G�E�P�G�Y�P�E�X�M�S�R�W�� �/�M�R�I�X�M�G �I�R�I�V�K�] �G�E�P�G�Y�P�E�X�M�S�R ����

�)�L�J�X�U�H ���������9�R�O�N�H�U�D�N �O�R�F�N�V �(�$�8 �D�S�S�U�R�D�F�K

CeEAU =
k2 + r 2 � cos2� EAU

k2 + r 2 = 0 :994 ����������

�$�Q�G �W�K�H �N�L�Q�H�W�L�F �H�Q�H�U�J�\ �H�P�H�U�J�L�Q�J �I�U�R�P �W�K�L�V �H�F�F�H�Q�W�U�L�F�L�W�\ �L�V��

EEAU = 0 :5 � ms � Cm � CeEAU � v2
perpendicular = 6594 kNm ����������

�������������/�M�R�I�X�M�G �I�R�I�V�K�] �T�V�S�T�S�W�I�H �G�E�P�G�Y�P�E�X�M�S�R
�7�K�H �V�L�W�X�D�W�L�R�Q �I�R�U �W�K�H �D�S�S�U�R�D�F�K �D�W �9�R�O�N�H�U�D�N �O�R�F�N�V �X�V�L�Q�J �W�K�H �S�U�R�S�R�V�H�G �G�H�I�L�Q�L�W�L�R�Q �I�R�U �W�K�H �D�Q�J�O�H� �L�V �S�U�H��
�V�H�Q�W�H�G �L�Q �I�L�J�X�U�H��������

�)�L�J�X�U�H ���������9�R�O�N�H�U�D�N �O�R�F�N�V �S�U�R�S�R�V�H�G �D�S�S�U�R�D�F�K

�7�K�H �H�F�F�H�Q�W�U�L�F�L�W�\ �F�R�H�I�I�L�F�L�H�Q�WCeproposed �L�V �F�D�O�F�X�O�D�W�H�G �D�V��

Ceproposed =
k2 + r 2 � cos2� proposed

k2 + r 2 = 0 :493 ����������

�$�Q�G �W�K�H �N�L�Q�H�W�L�F �H�Q�H�U�J�\ �H�P�H�U�J�L�Q�J �I�U�R�P �W�K�L�V �H�F�F�H�Q�W�U�L�F�L�W�\ �L�V��

Eproposed = 0 :5 � ms � Cm � Ceproposed � v2
perpendicular = 3270 kNm ����������



�������� �,�E�R�H �G�E�P�G�Y�P�E�X�M�S�R�W�� �4�M�P�I �H�M�E�Q�I�X�I�V �E�R�H �P�I�R�K�X�L ����

���������,�E�R�H �G�E�P�G�Y�P�E�X�M�S�R�W�� �4�M�P�I �H�M�E�Q�I�X�I�V �E�R�H �P�I�R�K�X�L
�:�L�W�K �W�K�H �N�Q�R�Z�Q �N�L�Q�H�W�L�F �H�Q�H�U�J�\ �L�P�S�D�F�W�L�Q�J �W�K�H �V�W�U�X�F�W�X�U�H �L�W �L�V �S�R�V�V�L�E�O�H �W�R �F�D�O�F�X�O�D�W�H �W�K�H �U�H�T�X�L�U�H�G �G�L�P�H�Q�V�L�R�Q�V
�I�R�U �W�K�H �S�L�O�H�V�� �7�K�H �F�D�O�F�X�O�D�W�L�R�Q �L�V �F�D�U�U�L�H�G �R�X�W �D�V �L�Q�V�W�U�X�F�W�H�G �E�\ �W�K�H �%�O�X�P �P�H�W�K�R�G �Z�K�L�F�K �L�V �D �F�R�P�P�R�Q�O�\ �X�V�H�G
�P�H�W�K�R�G �W�R �F�R�P�S�X�W�H �W�K�H �U�H�T�X�L�U�H�G �H�P�E�H�G�G�H�G �G�H�S�W�K �Q�H�H�G�H�G �W�R �S�U�R�Y�L�G�H �H�Q�R�X�J�K �S�D�V�V�L�Y�H �V�R�L�O �U�H�V�L�V�W�D�Q�F�H �W�R
�O�D�W�H�U�D�O �O�R�D�G�V ���0�R�O�H�Q�D�D�U �D�Q�G �9�R�R�U�H�Q�G�W���������� ����

�������������6�I�P�I�Z�E�R�X �H�I�h�R�M�X�M�S�R�W
�7�K�H �D�V�V�X�P�S�W�L�R�Q�V �W�D�N�H�Q �L�Q�W�R �D�F�F�R�X�Q�W �I�R�U �W�K�H �S�U�H�O�L�P�L�Q�D�U�\ �S�L�O�H �G�L�P�H�Q�V�L�R�Q�V �I�R�O�O�R�Z �W�K�H �H�[�D�P�S�O�H�V �R�I �5�R�X�E�R�V��
�������� �D�Q�G �W�K�H �U�H�O�H�Y�D�Q�W �G�H�I�L�Q�L�W�L�R�Q�V �D�U�H �G�L�V�S�O�D�\�H�G �L�Q �I�L�J�X�U�H����������

�‡�6�W�L�O�O �Z�D�W�H�U �O�H�Y�H�O��zSW L = � (h + � HW L )

�‡�)�R�U�F�H �H�[�H�U�W�H�G �D�WzSW L

�‡�%�H�G �O�H�Y�H�O��z = 0 ���I�O�D�W �E�H�G��

�‡�)�L�[�L�W�\ �V�W�U�H�Q�J�W�K �O�H�Y�H�O��zM

�‡�)�L�[�L�W�\ �V�W�L�I�I�Q�H�V�V �O�H�Y�H�O��zS

�‡�7�K�H�R�U�H�W�L�F�D�O �H�P�E�H�G�G�H�G �G�H�S�W�Kzt 0 ���X�V�H�G �L�Q �F�D�O�F�X�O�D�W�L�R�Q�V�� �Q�R�W �V�K�R�Z�Q �L�Q �I�L�J�X�U�H����������

�‡�3�U�D�F�W�L�F�D�O �H�P�E�H�G�G�H�G �G�H�S�W�Kzt

�)�L�J�X�U�H �����������3�L�O�H �D�V�V�X�P�S�W�L�R�Q�V

�7�K�H �F�D�O�F�X�O�D�W�L�R�Q �L�V �N�L�F�N�H�G �R�I�I �E�\ �D�V�V�X�P�L�Q�J �W�K�D�W �W�K�H �O�R�D�G �L�V �D�E�V�R�U�E�H�G �L�Q �W�R�W�D�O �E�\ �R�Q�H �S�L�O�H�� �$ �G�L�D�P�H�W�H�U



�������� �,�E�R�H �G�E�P�G�Y�P�E�X�M�S�R�W�� �4�M�P�I �H�M�E�Q�I�X�I�V �E�R�H �P�I�R�K�X�L ����

�L�V �S�L�F�N�H�G �W�K�D�W �J�L�Y�H�V �G�L�V�S�O�D�F�H�P�H�Q�W �F�R�Q�Y�H�U�J�H�Q�F�H �L�Q �W�K�H �%�O�X�P �P�H�W�K�R�G�� �$�W �W�K�L�V �V�W�D�J�H �R�I �W�K�H �F�D�O�F�X�O�D�W�L�R�Q
�W�K�H �V�W�U�H�Q�J�W�K �X�Q�L�W�\ �F�K�H�F�N �I�R�U �W�K�H �S�L�O�H �L�V �Q�R�W �I�X�O�I�L�O�O�H�G�� �7�K�H �F�K�H�F�N �L�V �I�X�O�I�L�O�O�H�G �Z�K�H�Q �W�K�H �Z�K�R�O�H �V�W�U�X�F�W�X�U�H �L�V
�G�H�V�L�J�Q�H�G �Z�K�H�U�H �D�O�O �W�K�H �S�L�O�H�V �D�U�H �Z�R�U�N�L�Q�J �W�R�Z�D�U�G�V �H�Q�H�U�J�\ �D�E�V�R�U�S�W�L�R�Q��

�7�K�H �F�R�P�S�D�U�L�V�R�Q �E�H�W�Z�H�H�Q �W�K�H �W�Z�R �F�D�O�F�X�O�D�W�L�R�Q �S�U�R�F�H�G�X�U�H�V �X�V�L�Q�J �W�K�H �W�Z�R �Y�D�O�X�H�V �F�D�O�F�X�O�D�W�H�G �I�R�U �W�K�H �N�L�Q�H�W�L�F
�H�Q�H�U�J�\ �L�V �S�U�H�V�H�Q�W�H�G �L�Q �W�D�E�O�H�������� �7�K�H �P�D�L�Q �W�D�N�H�D�Z�D�\ �R�I �W�K�L�V �F�R�P�S�D�U�L�V�R�Q �L�V �W�K�H �S�L�O�H �G�L�D�P�H�W�H�U �G�H�U�L�Y�H�G �E�\
�H�D�F�K �P�H�W�K�R�G�� �7�K�H �D�F�F�H�S�W�D�E�O�H �G�L�D�P�H�W�H�U �Z�L�O�O �E�H �W�K�H �R�Q�H �W�K�D�W �D�O�O�R�Z�V �I�R�U �W�K�H �S�L�O�H �W�R �I�X�O�I�L�O�O �W�K�H �X�Q�L�W�\ �F�K�H�F�N
�L�Q �W�K�H �Q�H�[�W �V�W�D�J�H �R�I �W�K�H �F�D�O�F�X�O�D�W�L�R�Q�V �Z�K�H�U�H �W�K�H �V�W�U�X�F�W�X�U�H �L�V �U�H�S�U�H�V�H�Q�W�H�G �E�\ �D �S�L�O�H �V�H�U�L�H�V �D�Q�G �W�K�H �I�R�U�F�H
�O�R�D�G �L�V �G�L�V�W�U�L�E�X�W�H�G �W�R �P�R�U�H �W�K�D�Q �M�X�V�W �R�Q�H �S�L�O�H�� �7�K�H �X�Q�L�W�\ �F�K�H�F�N �L�V �I�X�O�I�L�O�O�H�G �Z�K�H�Q �W�K�H �G�H�V�L�J�Q �P�R�P�H�Q�WM d

�L�V �V�P�D�O�O�H�U �W�K�D�Q �W�K�H �U�H�V�L�V�W�D�Q�F�H �P�R�P�H�Q�W �R�I �W�K�H �S�L�O�HM rd �� �7�K�H �U�H�V�L�V�W�D�Q�F�H �P�R�P�H�Q�W �R�I �W�K�H �S�L�O�H �G�H�S�H�Q�G�V �R�Q
�L�W�V �P�D�W�H�U�L�D�O �V�W�U�H�Q�J�W�K �D�Q�G �L�W�V �F�U�R�V�V �V�H�F�W�L�R�Q �P�R�G�X�O�X�V ���(�X�U�R�S�H�D�Q �&�R�P�P�L�W�W�H�H �I�R�U �6�W�D�Q�G�D�U�G�L�]�D�W�L�R�Q���������� ����

Tube section modulus: Wel =
� � (D 4 � (D � t)4)

32� D
����������

Resistance moment : M rd = Wel � � yield ������������

Unity check :
M d

M rd
� 1 ������������

�������������4�M�P�I �H�M�Q�I�R�W�M�S�R�W �J�S�V �O�M�R�I�X�M�G �I�R�I�V�K�] �E�G�G�S�V�H�M�R�K �X�S �)�%�9�� ��������
�,�Q������ �W�K�H �N�L�Q�H�W�L�F �H�Q�H�U�J�\ �D�F�F�R�U�G�L�Q�J �W�R �W�K�H �(�$�8���������� �L�V �F�D�O�F�X�O�D�W�H�G �W�R �E�H��

EEAU = 6594 kNm ������������

�7�R �D�S�S�O�\ �W�K�H �%�O�X�P �P�H�W�K�R�G�� �D�Q �L�Q�L�W�L�D�O �G�L�V�S�O�D�F�H�P�H�Q�W �D�Q�G �D �G�L�D�P�H�W�H�U �Q�H�H�G �W�R �E�H �D�V�V�X�P�H�G�� �7�K�H �G�L�V�S�O�D�F�H��
�P�H�Q�W �L�V �X�V�H�G �W�R �G�H�U�L�Y�H �W�K�H �I�R�U�F�H �O�R�D�G �E�\ �P�H�D�Q�V �R�I �W�K�H �H�T�X�D�W�L�R�Q��

E =
1
2

� F � � ������������

�Z�K�H�U�H��

�‡F �>�N�1�@ � �I�R�U�F�H �O�R�D�G

�‡� �>�P�@ � �G�L�V�S�O�D�F�H�P�H�Q�W �R�I �W�K�H �S�L�O�H �K�H�D�G

�+�H�U�H�� �W�K�H �G�L�D�P�H�W�H�U �F�K�R�V�H�Q �L�VD = 2 :02 �P�� �7�K�H �I�R�U�F�H �O�R�D�G �G�H�U�L�Y�H�G �E�\ �D�V�V�X�P�L�Q�J �D �G�L�V�S�O�D�F�H�P�H�Q�W �R�I
� = 1 :08 m �L�VF = 12241 kN �� �1�R�Z�� �D�F�F�R�U�G�L�Q�J �W�R �%�O�X�P�� �W�K�H �W�K�H�R�U�H�W�L�F�D�O �H�P�E�H�G�G�H�G �G�H�S�W�Kt0 �Q�H�H�G�H�G �V�R
�W�K�D�W �W�K�H �S�L�O�H �F�D�Q �X�Q�G�H�U�W�D�N�H �W�K�H �I�R�U�F�H �O�R�D�G�� �L�V �F�D�O�F�X�O�D�W�H�G �L�P�S�O�L�F�L�W�O�\ �E�\ �P�H�D�Q�V �R�I��

F = 
 0 � K p;h;� �
t3
0

24
�

t0 + 4 � D
t0 + zSW L

= > t 0 = 14:54 m ������������

�Z�K�H�U�H��

�‡F �>�N�1�@ � �P�D�[�L�P�X�P �O�R�D�G �W�K�D�W �F�D�Q �E�H �U�H�V�L�V�W�H�G

�‡
 0 �>kN=m3�@ � �H�I�I�H�F�W�L�Y�H �Y�R�O�X�P�H�W�U�L�F �Z�H�L�J�K�W(
 s � 
 w )

�‡K p;h;� �>���@ � �S�D�V�V�L�Y�H �V�R�L�O �S�U�H�V�V�X�U�H �F�R�H�I�I�L�F�L�H�Q�W

�‡t0 �>�P�@ � �W�K�H�R�U�H�W�L�F�D�O �H�P�E�H�G�G�H�G �G�H�S�W�K

�‡D �>�P�@ � �Z�L�G�W�K �R�I �W�K�H �S�L�O�H �S�H�U�S�H�Q�G�L�F�X�O�D�U �W�R �W�K�H �O�R�D�G

�‡zSW L �>�P�@ � �V�W�L�O�O �Z�D�W�H�U �O�H�Y�H�O



�������� �,�E�R�H �G�E�P�G�Y�P�E�X�M�S�R�W�� �4�M�P�I �H�M�E�Q�I�X�I�V �E�R�H �P�I�R�K�X�L ����

�%�H�F�D�X�V�H �D�O�O ���V�K�H�D�U�� �I�R�U�F�H�V �D�U�H �N�Q�R�Z�Q�� �W�K�H �P�R�P�H�Q�W �G�L�D�J�U�D�P �F�D�Q �E�H �G�H�W�H�U�P�L�Q�H�G�� �X�V�L�Q�J �W�K�H �I�R�O�O�R�Z�L�Q�J
�H�T�X�D�W�L�R�Q��

M z = F � (zSW L + z) � 
 0 � K p;h;� � (z + 4 � D ) �
z3

24
������������

�Z�K�H�U�H��

�‡M z �>�N�1�P�@ � �P�R�P�H�Q�W �D�W �G�H�S�W�Kz

�‡z �>�P�@ � �G�H�S�W�K

�1�H�[�W �V�W�H�S �L�V �W�R �F�D�O�F�X�O�D�W�H �I�R�U �W�K�H �O�H�Y�H�O �R�I �I�L�[�L�W�\ �I�R�U �W�K�H �S�L�O�H �V�W�U�H�Q�J�W�K�� �7�K�L�V �L�V �W�K�H �S�R�L�Q�W �Z�K�H�Q �W�K�H �P�R�P�H�Q�W
�O�R�D�G �U�H�D�F�K�H�V �L�W�V �P�D�[�L�P�X�P �Y�D�O�X�H�� �7�K�H �P�D�[�L�P�X�P �P�R�P�H�Q�WM max �R�F�F�X�U�V �D�W �G�H�S�W�KzM �� �Z�K�H�U�H�M

�z = 0 ��
�7�K�L�V �G�H�S�W�K �L�V �I�R�X�Q�G �E�\ �V�R�O�Y�L�Q�J �W�K�H �I�R�O�O�R�Z�L�Q�J �H�T�X�D�W�L�R�Q �L�P�S�O�L�F�L�W�O�\�� ��

z2
M � (zM + 3 � D) =

t3
0

4
�

t0 + 4 � D
t0 + zSW L

������������

�6�X�E�V�W�L�W�X�W�L�Q�J �W�K�H �N�Q�R�Z�Q �Y�D�U�L�D�E�O�H�V �W�K�H �U�H�V�X�O�W �L�V��

zM = 7 :60 m ������������

�6�X�E�V�W�L�W�X�W�L�Q�JzM �L�Q �H�T�X�D�W�L�R�Q�������� �J�L�Y�H�V �W�K�H �P�D�[�L�P�X�P �P�R�P�H�Q�W��

M max = 158130 kNm ������������

�/�D�V�W �V�W�H�S �L�V �W�R �F�D�O�F�X�O�D�W�H �W�K�H �G�L�V�S�O�D�F�H�P�H�Q�W �W�K�D�W �W�K�H �I�R�U�F�H �S�U�R�G�X�F�H�V �D�Q�G �F�K�H�F�N �L�I �L�W �P�D�W�F�K�H�V �W�K�H �R�Q�H
�D�V�V�X�P�H�G �L�Q �W�K�H �E�H�J�L�Q�Q�L�Q�J �R�I �W�K�H �F�D�O�F�X�O�D�W�L�R�Q��

� =
F � (zSW L + 0 :65� zt )3

3EI
������������

�Z�K�H�U�H��

�‡� �>�P�@ � �G�L�V�S�O�D�F�H�P�H�Q�W �R�I �W�K�H �S�L�O�H �K�H�D�G

�‡F �>�N�1�@ � �O�R�D�G

�‡zSW L �>�P�@ � �O�H�Y�H�O �R�I �W�K�H �X�Q�V�X�S�S�R�U�W�H�G �S�D�U�W

�‡zt �>�P�@ � �S�U�D�F�W�L�F�D�O �H�P�E�H�G�G�H�G �G�H�S�W�K ��1:2 � t0��

�‡Eyoung �>�N�1��m2�@ � �<�R�X�Q�J�¶�V �P�R�G�X�O�X�V �R�I �W�K�H �S�L�O�H �P�D�W�H�U�L�D�O

�‡I �>m4�@ � �P�R�P�H�Q�W �R�I �L�Q�H�U�W�L�D �R�I �W�K�H �S�L�O�H

�$�O�O �Y�D�U�L�D�E�O�H�V �D�U�H �N�Q�R�Z�Q�� �W�K�X�V�� �H�T�X�D�W�L�R�Q�������� �F�D�Q �E�H �V�W�U�D�L�J�K�W�I�R�U�Z�D�U�G�O�\ �V�R�O�Y�H�G �I�R�U� �� �J�L�Y�L�Q�J �Y�D�O�X�H��

� = 1 :08 m ������������

�7�K�H �G�L�V�S�O�D�F�H�P�H�Q�W �F�R�Q�Y�H�U�J�H�V�� �7�K�X�V�� �W�K�H �V�R�O�X�W�L�R�Q �L�V �D�F�F�H�S�W�H�G�� �:�K�D�W �F�D�Q�Q�R�W �E�H �I�X�O�I�L�O�O�H�G �D�W �W�K�L�V �V�W�D�J�H �R�I
�W�K�H �F�D�O�F�X�O�D�W�L�R�Q�V �L�V �W�K�H �X�Q�L�W�\ �F�K�H�F�N �I�R�U �W�K�H �U�H�V�L�V�W�D�Q�F�H �P�R�P�H�Q�W �D�V �W�K�H �P�R�P�H�Q�W �O�R�D�G �R�Q �W�K�H �S�L�O�H �L�V �Y�H�U�\
�O�D�U�J�H�� �7�K�L�V �L�V �Z�K�\ �P�R�G�H�O�O�L�Q�J �R�I �W�K�H �V�W�U�X�F�W�X�U�H �L�V �Q�H�F�H�V�V�D�U�\�� �:�K�H�Q �W�K�H �O�R�D�G �L�V �D�S�S�O�L�H�G �R�Q �W�K�H �V�W�H�H�O �I�U�D�P�H
�V�W�U�X�F�W�X�U�H �W�K�H�Q �W�K�H �P�R�P�H�Q�W �O�R�D�G �L�V �G�L�I�I�H�U�H�Q�W�� �7�K�L�V �L�V �E�H�F�D�X�V�H �W�K�H �O�R�D�G �L�V �G�L�V�W�U�X�E�X�W�H�G �W�R �P�R�U�H �W�K�D�Q �M�X�V�W
�R�Q�H �S�L�O�H�� �$�W �W�K�H �P�R�G�H�O�O�L�Q�J �V�W�D�J�H�� �G�H�F�L�V�L�R�Q�V �U�H�J�D�U�G�L�Q�J �W�K�H �G�H�V�L�J�Q �R�I �W�K�H �V�W�U�X�F�W�X�U�H �Z�L�O�O �E�H �P�D�G�H �L�Q �R�U�G�H�U
�W�R �I�X�O�I�L�O�O �W�K�H �X�Q�L�W�\ �F�K�H�F�N��

�� �)�R�U �W�K�H �V�W�U�H�Q�J�W�K �F�R�Q�V�L�G�H�U�D�W�L�R�Q�V �L�Q �W�K�H �D�E�R�Y�H�� �W�K�H �S�R�V�L�W�L�R�Q �R�I �W�K�H �I�L�[�H�G �V�X�S�S�R�U�W �R�I �W�K�H �S�L�O�H �L�V �D�W �D �G�L�V�W�D�Q�F�HzM �E�H�O�R�Z �J�U�R�X�Q�G
�O�H�Y�H�O��



�������� �,�E�R�H �G�E�P�G�Y�P�E�X�M�S�R�W�� �4�M�P�I �H�M�E�Q�I�X�I�V �E�R�H �P�I�R�K�X�L ����

�������������4�M�P�I �H�M�Q�I�R�W�M�S�R�W �J�S�V �T�V�S�T�S�W�I�H �O�M�R�I�X�M�G �I�R�I�V�K�]
�,�Q������ �W�K�H �N�L�Q�H�W�L�F �H�Q�H�U�J�\ �D�F�F�R�U�G�L�Q�J �W�R �S�U�R�S�R�V�H�G �U�H�I�L�Q�H�G �G�H�I�L�Q�L�W�L�R�Q �R�I �D�Q�J�O�H� �L�V �F�D�O�F�X�O�D�W�H�G �W�R �E�H��

EEAU = 3270 kNm ������������

�:�L�W�K �D�Q �D�V�V�X�P�H�G �G�L�V�S�O�D�F�H�P�H�Q�W �R�I� = 0 :92 �P�� �W�K�H �I�R�U�F�L�Q�J �O�R�D�G �D�F�F�R�U�G�L�Q�J �W�R �H�T�X�D�W�L�R�Q�������� �L�V �F�D�O�F�X�O�D�W�H�G��

F = 7109 kN ������������

�7�K�H �F�K�R�V�H�Q �G�L�D�P�H�W�H�U �K�H�U�H �L�VD = 1 :62 �P�� �1�R�Z�� �W�K�H �V�D�P�H �F�D�O�F�X�O�D�W�L�R�Q �V�W�H�S�V �D�U�H �I�R�O�O�R�Z�H�G �W�R �D�S�S�O�\
�W�K�H �%�O�X�P �P�H�W�K�R�G �D�Q�G �G�H�U�L�Y�H �W�K�H �Q�H�F�H�V�V�D�U�\ �Y�D�O�X�H�V �I�R�U �W�K�H �S�L�O�H �G�H�V�L�J�Q�� �6�W�D�U�W�L�Q�J �Z�L�W�K �W�K�H �W�K�H�R�U�H�W�L�F�D�O
�H�P�E�H�G�G�H�G �G�H�S�W�K��

F = 
 0 � K p;h;� �
t3
0

24
�

t0 + 4 � D
t0 + zSW L

= > t 0 = 12:45 m ������������

�7�K�H �G�H�S�W�K �Z�K�H�U�H �W�K�H �P�R�P�H�Q�W �O�R�D�G �U�H�D�F�K�H�V �L�W�V �P�D�[�L�P�X�P �L�V��

z2
M � (zM + 3 � D) =

t3
0

4
�

t0 + 4 � D
t0 + zSW L

= > z M = 6 :38 m ������������

�7�K�H �P�D�[�L�P�X�P �P�R�P�H�Q�W �W�K�H�Q �L�V��

M zmax = F � (zSW L + zM ) � 
 0 � K p;h;� � (zM + 4 � D) �
z3

M

24
= > M zmax = 85709 kNm ������������

�7�K�H �G�L�V�S�O�D�F�H�P�H�Q�W �W�K�D�W �W�K�H �I�R�U�F�H �S�U�R�G�X�F�H�V �L�V��

� =
F � (zSW L + 0 :65� zt )3

3EI
= 0 :92 m ������������

�6�L�Q�F�H �W�K�H �G�L�V�S�O�D�F�H�P�H�Q�W �F�R�Q�Y�H�U�J�H�V�� �W�K�H �V�R�O�X�W�L�R�Q �L�V �D�F�F�H�S�W�H�G��

�������������'�S�Q�T�E�V�M�R�K �V�I�W�Y�P�X�W
�7�K�H �U�H�V�X�W�O�V �R�I �E�R�W�K �F�D�O�F�X�O�D�W�L�R�Q�V �D�F�F�R�U�G�L�Q�J �W�R �W�K�H �(�$�8�� �������� �D�Q�G �W�K�H �S�U�R�S�R�V�H�G �U�H�I�L�Q�H�G �G�H�I�L�Q�L�W�L�R�Q �R�I �D�Q�J�O�H
� �D�U�H �S�U�H�V�H�Q�W�H�G �L�Q �W�D�E�O�H�������� �7�K�H �U�H�V�X�O�W�V �I�U�R�P �W�K�L�V �F�X�O�F�X�O�D�W�L�R�Q �V�W�H�S �Z�L�O�O �V�H�U�Y�H �D�V �W�K�H �V�W�D�U�W�L�Q�J �S�R�L�Q�W �I�R�U
�P�R�G�H�O�O�L�Q�J �W�K�H �V�W�U�X�F�W�X�U�H��

�$�W �I�L�U�V�W �J�O�D�Q�F�H�� �L�W �O�R�R�N�V �O�L�N�H �W�K�H �(�$�8�� �������� �F�D�O�F�X�O�D�W�L�R�Q �J�L�Y�H�V �D �O�D�U�J�H�U �T�X�D�Q�W�L�W�\ �R�I �V�W�H�H�O �W�R �E�H �X�V�H�G �L�Q �W�K�H
�V�W�U�X�F�W�X�U�H�� �7�K�L�V �L�V �K�L�Q�W�H�G�� �Q�R�W �R�Q�O�\ �E�\ �W�K�H �O�D�U�J�H�U �G�L�D�P�H�W�H�U �R�I �W�K�H �S�L�O�H�� �E�X�W �D�O�V�R �E�\ �W�K�H �O�D�U�J�H�U �U�H�T�X�L�U�H�G
�H�P�E�H�G�G�H�G �G�H�S�W�K��

�7�K�H �X�Q�L�W�\ �F�K�H�F�N �L�V �H�[�S�H�F�W�H�G �W�R �E�H �I�X�O�I�L�O�O�H�G �D�W �W�K�H �P�R�G�H�O�O�L�Q�J �V�W�D�J�H �Z�K�H�U�H �W�K�H �I�R�U�F�L�Q�J �O�R�D�G �L�V �G�L�V�W�U�L�E�X�W�H�G �W�R
�P�R�U�H �W�K�D�Q �M�X�V�W �R�Q�H �S�L�O�H�� �7�K�H �G�H�V�L�J�Q �F�K�R�L�F�H�V �D�W �W�K�H �P�R�G�H�O�O�L�Q�J �V�W�D�J�H �U�H�J�D�U�G�L�Q�J �W�K�H �V�S�D�F�L�Q�J �R�I �W�K�H �S�L�O�H�V
�D�Q�G �W�K�H �J�L�U�G�H�U �F�R�Q�Q�H�F�W�L�Q�J �W�K�H�P �Z�L�O�O �F�R�Q�W�U�L�E�X�W�H �W�R �W�K�H �E�H�Q�H�I�L�F�L�D�O �I�R�U �W�K�H �V�W�U�X�F�W�X�U�H �G�L�V�W�U�L�E�X�W�L�R�Q �R�I �W�K�H �O�R�D�G
�W�R �W�K�H �P�H�P�E�H�U�V��



�������� �1�S�H�I�P�P�M�R�K�� �3�T�X�M�Q�M�^�M�R�K �J�S�V �K�M�V�H�I�V �G�S�R�R�I�G�X�I�H �T�M�P�I �W�I�V�M�I�W����

�7�D�E�O�H ���������3�L�O�H �V�W�U�H�Q�J�W�K �F�D�O�F�X�O�D�W�L�R�Q�V �F�R�P�S�D�U�L�V�R�Q

�3�L�O�H �V�W�U�H�Q�J�W�K �F�D�O�F�X�O�D�W�L�R�Q�V �F�R�P�S�D�U�L�V�R�Q

�9�D�U�L�D�E�O�H�(�$�8�� �������� �3�U�R�S�R�V�H�G

Ed �>�N�1�P�@ 6594 3270

dy �>�P�@ 1:08 0:92

Fd �>�N�1�@ 12241 7109

D �>�P�P�@ 2020 1620

t �>�P�P�@ 40 40

zM 7:82 6:38

zS 14:91 12:45

L stif fness �>�P�@ 18:84 17:21

L strength �>�P�@ 15:1 13:88

M d �>�N�1�P�@ 158130 85709

M rd �>�N�1�P�@ 58334 36968

Unity Check 2:70 2:30

���������1�S�H�I�P�P�M�R�K�� �3�T�X�M�Q�M�^�M�R�K �J�S�V �K�M�V�H�I�V �G�S�R�R�I�G�X�I�H �T�M�P�I �W�I�V�M�I�W
�7�K�H �V�W�U�X�F�W�X�U�H �L�V �Q�R�Z �P�R�G�H�O�O�H�G �D�V �S�U�H�V�H�Q�W�H�G �L�Q �I�L�J�X�U�H�������� �,�Q �W�K�L�V �V�W�H�S �W�K�H �U�H�V�S�R�Q�V�H �R�I �W�K�H �W�R�W�D�O �V�W�U�X�F�W�X�U�H
�L�V �V�W�X�G�L�H�G�� �7�K�L�V �Z�L�O�O �D�O�O�R�Z �W�R �P�D�N�H �F�R�Q�F�O�X�V�L�R�Q�V �U�H�J�D�U�G�L�Q�J �W�K�H �F�R�R�S�H�U�D�W�L�R�Q �R�I �W�K�H �S�L�O�H�V �D�Q�G �W�K�H �P�D�L�Q
�J�L�U�G�H�U�� �1�R�Z �W�K�H �F�R�Q�I�L�J�X�U�D�W�L�R�Q �R�I �W�K�H �W�R�W�D�O �V�W�U�X�F�W�X�U�H �W�D�N�H�V �S�D�U�W �L�Q �W�K�H �H�Q�H�U�J�\ �D�E�V�R�U�S�W�L�R�Q �L�Q�V�W�H�D�G �R�I �M�X�V�W
�W�K�H �R�X�W�H�U�P�R�V�W �S�L�O�H��

�)�R�U �W�K�H �P�R�Q�R���S�L�O�H �W�K�H �H�Q�H�U�J�\ �D�E�V�R�U�S�W�L�R�Q �L�V �F�D�O�F�X�O�D�W�H�G �D�V �L�Q�G�L�F�D�W�H�G �L�Q �H�T�X�D�W�L�R�Q���������� �Z�K�H�U�H�D�V �I�R�U �W�K�H
�S�L�O�H �V�H�U�L�H�V �F�R�Q�Q�H�F�W�H�G �Z�L�W�K �W�K�H �J�L�U�G�H�U ���I�L�J�X�U�H���������� �W�K�H �H�Q�H�U�J�\ �D�E�V�R�U�S�W�L�R�Q �F�D�O�F�X�O�D�W�L�R�Q �L�V �D�V �I�R�O�O�R�Z�V��

Eseries = 0 :5 � Fdesign � � i
1(dy1 + dy2 + ::: + dyi ) ������������

�,�Q �V�L�P�L�O�D�U �R�U�J�D�Q�L�]�D�W�L�R�Q�� �D�V �L�Q �W�K�H �P�R�Q�R���S�L�O�H �F�D�V�H�� �K�H�U�H �W�K�H �P�R�G�H�O �L�V �F�U�H�D�W�H�G �I�R�U �E�R�W�K �P�H�W�K�R�G�V �R�I �F�D�O�F�X��
�O�D�W�L�R�Q�� �7�K�H �H�P�E�H�G�G�H�G �O�H�Q�J�W�K�V �G�H�U�L�Y�H�G �E�\ �W�K�H �%�O�X�P �P�H�W�K�R�G �D�U�H �X�V�H�G �W�R �V�H�W �X�S �W�K�H �P�R�G�H�O�� �)�R�U �H�D�F�K
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