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INTRODUCTION

It is the aim of *this note to give a simple introduction to the method

as used by Galappatti (1983) to derive a depth-integrated model for

suspended transport.

Contrary to other depth-integrated models (see e.g. Latteux and Teisson,

1985) this model is directly based on the 2D convection-diffusion equation

(see e.g. de Vries, 1981) including the boundary condition near the bed.

No extra empirical relation for deposition/pick-up rate near the bed is

necessary. This note will concentrate on a schematic case in order to

clarify the solution method as good as possible.

The following assumptions will be made:

1. A uniform but non-steady flow is considered, i.e. 3/9x = 0 and
a/3t # 0.

2. The concentration of the suspended sediment is also uniform (3C/3x = 0)
but a function of time t and vertical coordinate z.

3. The diffusion coefficient for sediment € is constant in vertical
direction and can be described by €, = Bu, a(u = friction veleccity,
a = water depth and B = 0.067, i.e. the average value of a parabolic

Es(z)-distribution).

Under these assumptions the 2D convection-diffusion equation (in the vertical
plane), as usually applied for solving the sediment concentration, can be

written as follows:
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w, = £all velocity of the sediment

The vertical sediment flux ¢z is zero at the water surface z = 2, or:
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¢z(z=zw) - [ws . c+€5—37]z=z=0 (2)




Another boundary condition is applied at bed level Z,, 3 two possibilities

will be treated:

. C (z = z) = C, (z = zb) (3)
9 C
aC e
2. 3z ~ = = ) (4)
2=z, z=z,

in which subscript 'e' is an indication for equilibrium (i.e. steady,

uniform) conditions.

Remarks :

i. The first type of bed boundary condition (3) assumes that the concen-

tration near the bed is determined by the instantaneous flow conditions
and is thus not influenced by the concentration profile itself.
The second type (4) assumes that the pick-up rate of sediment at the
bed (= - Es 9C/3z) is directly determined by the instantaneous flow
conditions. The deposition rate (= LA C) then depends on the actual
concentration near the bed.

ii. For simplicity reasons the bed boundary is positioned at the level
Z = z,. It should be noticed that in case € is a function of 2
with € (zb) = 0, the bed boundary should be positioned at a small

distance z, above the bed.

In the next Chapter the depth-integrated model will be derived using an
asymptotic method.
In Chapter 3 some important functions and a characteristic adaptation time

(for the average concentration) will be derived in an analytical way.

uniform conditions) and the validity of the model.
More information on this model is given by Galappatti and Vreugdenhil (1985),
Wang (1984) and Wang and Ribberink (1986).



DERIVATION OF A DEPT-INTEGRATED MODEL FOR SUSPENDED TRANSPORT

Equation (1) can be made dimensionless using the following transformation

of coordinates (see Fig. 1):

g = (z- zb)/a (5)
T=1t/T (6)

in which T represents a characteristic time scale of the concentration

variations.
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Fig. | Definition sketch

Equations (1) ... (4) can now be written as:
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At T =12

c+ ¢! 39— =0 (8)
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At the bed (¢ = 0):
C(0) = Ce(O) 9)
or:
=0 z=0

It is assumed that the term on the left-hand side of (7) has a much
smaller magnitude than both terms on the right-hand side. This includes
that:

1. A small parameter ¢ = a/wS T <<'1 can be indicated.

2. The concentration profile C(Z) should not deviate too much from the
equilibrium profile Ce(c).

It is now assumed that the solution C(Z,T) can be written according to the
following asymptotic expansion:

= 2 i .
C=C,+8cC+3s C,+...+8§ C, + ... (11)

Remark: Because § << | every higher-order part of the solution should be

much smaller than a lower order part, thus: &' C, << Gl-lci—x

Substitution of this solution in (7) gives:
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O-order: T + E1 _ﬁ? =0 (13)
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Equation (13) represents the convection-diffusion equation in equilibrium
conditions and therefore Co(g, 7) will have the same shape as Ce(c, T)
i.e. C/C_=¢_/C).
( o/ o e/ e) 3 L 92 th
By using the operator D [1-= e W the general i order (15)
equation (14) can be written as:
8 Gy
—— =0 L¢]
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or with the inverse operator D  :

N e
i=P | Tamo (16)

An important assumption, as made by Galappatti (1983) is that only the
zero-order part of the solution contributes to the dept-averaged concentration

C(t), thus:
1 1

c(1) = I c(z, 1) d ¢ = [ { c, * d C1 + 82 C2 F e } dtg=
(o]

= I c,d¢= c (1) 17)
(e}

By introducing a shape function ¢_(C, ) (= ¢ (&, T)/EO(T)) the zero-order

solution can be written as:

CO(C, 1) = ¢O(C’ T) °* c(1) (18)
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By neglecting shape variations (§ ¢ /3T = 0) and by realising that the
-1
application of operator D to a functlon of T equals zero, CI(C, T)

can be written as:

-1 . 3C _ . aC
(@ D=0 [, ] F=6c 0 == (20)

with ¢1(C, T) 1is the first-order shape function.
This proces of successive approximations can be repeated for all higher-

order parts, leading to:

C]..(C’T) = ¢’i(C, T) ¢ a.r_- (21)

with the general i-th order shape function:
wsfl
¢;(, ) =D [cpi_, c, r)] (22)

The complete asymptotic solution C(Z, T) is obtained by substitution of all

parts in (11):

C(;,r)-¢°-6+d-¢l-g—f+...+al-¢i-Lf+... (23)
9T

The depth-integrated model

By applying a boundary condition at the bed, (23) can be transformed into

an ordinary differential equation with only the depth-averaged concentration

C as unknown. For example, application of (9) gives:

€le,T) = € (0,1) = ¢_(0,1) + T(r) + 5 ¢, (1) « $C v .

(24)
..-+61' d)'(o"[') .d—9+.'.
1 dTl



Because CO(C, T) and Ce(c, T7) have the same (equilibrium) shape
¢O(C, T), and thus Ce(C, T) = ¢° . Ee(T) , (24) can be written as:

- - ¢1(O)T) dE 2 ¢2(°;T) dZ’C'
Ce(r) =C(t) + ¢ $;TET?Y ‘T + 8 $;TE:?T - T ¥ ss (25)

By defining the shape factors vy, = ¢i(o,r) and returning to the original
time coordinate t, (25) can be written as:

- ¥ 2 12%
G . ya dc, o fa |Pde .-
T () = T + 5 o ["s] e (26)
It is shown in Appendix | that in case of the gradient type of bed boundary

condition (10), in stead of (26), the following equation results:

- = Y. +1 a2 dC Y2 a 2 42¢
C (r) = C(r) + ’Y ;‘E*T[w—] acz ’ (27)
o -] (o] S

The equations (26) and (27) can be solved if the flow conditions (depth a,
discharge q), sediment properties (ws), shape factors Y, and the equilibrium
concentration Ee are known. The flow conditions should be obtained with a

separate flow model (e.g. long-wave equations). Analytical expressions for

Ee and Y; will be derived in Chapter 3.

Morphological comutations

Bed-level changes can be calculated using the complete sediment continuity

equation: .

9 z - 9 s 9 s
b__9Ca_ b _ susp 2
a - E:o) ot ot 9x 9X (28)

s.= bed-load transport rate
s = suspended transport rate
susp
E.= porosity of a sand bed
For the schematic case of uniform conditions, as assumed in this note, the

9/9x-terms are Zzero, and thus once C(t) 1is solved from (26) or (27) the

bed-level change can be calculated using:

- - (29)



EQUILIBRIUM CONCENTRATION, THE SHAPE FACTORS AND A CHARACTERISTIC
ADAPTATION TIME

Equilibrium concentration Ce

For example, assume a power law to be valid:

- n
sSI.IS]:) b (30)

(=]

= depth-averaged flow velocity

The suspended transport rate ssusp (per unit width, including pores)

can also be calculated with:

z, +a
|
sSUSp = 1—1:?:; j Ce(z) u(z) dz (31)
%

which, by applying a distribution factor a, can be written as:

a - -—
- ==
ssusp T e, Ce ks e g (32)

Combination of (30) and (32) leads to an expression for Ee:
n

(1 - eo) *mu

e o q (33)

Herein Ee is completely determined by the local flow conditions and
sediment properties (e.g. grain size is included in m).

The distribution factor @ 1is determined by the shape of the equilibrium
concentration profile and the shape of the velocity profile (e.g. a

logarithmic profile) and generally has a value close to unity.

The shape functions and shape factors
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The zero-order shape function ¢o(c) (also representing the shape of
the equilibrium concentration profile Ce(c)) can be obtained by

solving (13) through integration:

9 c + ¢t _8 C° | =0 (34)
T | o I
1 d Co
or: Co + € 3T = constant = k (35)

Because at the water-surface (g = 1) this expression, representing the
vertical sediment flux, equals zero, k = 0. The remaining equation can be
solved directly because el (=8 u*/ws) is no function of C. A genmeral

solution is:

c (@) =k exp (-z/eh) (36)

The average value of CO(C) is:

1
G, = { c (@ dz=k € (-exp (-1/6)) [

(o}

By dividing (36) and 37, ¢°(C) is obtained:

c (2)
) - exp (- z/e')
0,(8) = === = T = exp (- 176D 8
(o]

The first-order shape function ¢1(C) can be derived using (21)
=1
¢1(C) =D [.¢0(C) ] (39)

=] .
The following mathematical property of the inverse operator D  applied to

a shape function ¢i(c) is proven by Galappatti (see also Appendix 2):

1
- )
D [%‘C)]"J%“*%JqT“*B‘% (40)
c

o




By substituting ¢i = ¢o and (38), the following expression for

¢1(§) can be derived after carrying out the integrations in (40) :

¢ (z) = —EXp (- l/el) " exp (- C/el) { et o - 2 exp (- l/El)

1 I - exp (- 1/e1) * &1 (I -exp (- z/en)y I - exp (- 1/e0)
(41)

Remark: The constant B in (40) is determined by making an additional
assumption, viz. that each individual higher order part of the
solution (61Ci » 1 2 1) does not contribute to the depth-averaged
concentration, or:

1
¢i=f¢i<c)dc=o

o

Higher-order shape function ¢2(C), *++ Aare not derived because for
Practical applications generaly only ¢0(C) and ¢l(c) are used.
Figure 2 shows the derived shape functions ¢°(C) and ¢1(C) for the
case that ws/u* = 0.2 (B = 0.067).

€, 0 =0,@ Cv) + ¢ ()2 . L8 (43)

small concentration near the water surface (i.e. compared with the

equilibrium profile). The Opposite occurs in case of net-sedimentation

The shape factors Yi (= ¢i(0)) can be derived from (38) and (41):

1
Yo = ¢,(0) = e =py (44)
- =80 -pY) -2p
Y, =9 (o) e (I - p)2 (45)

with p = exp (-1/¢?)
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Fig. 2 Shape functions

3.3 A characteristic adaptation time

The redistribution proces of the concentration in case of net erosion or
sedimentation takes a certain time which can be characterized by the so-
called adaptation time TA. The first-order form of the equation for the

depth-averaged concentration C(t) ((26) and (27)) can be written as:
= - dc
c () c(t) + T, * 3¢ (46)

in which TA represents the adaptation time which equals:

Y
T, =+ 2_ (imposed concentration at z = z.) (47)
A Yo Wy b
y +1 4
TA =1 Y ok (imposed vertical concentration (48)

0 gradient at z = zb)

Remark: That TA indeed represents a characteristic time scale can be
seen when (46) is solved analytically in case of constant flow
conditions (TA and Ee are constant).

The analytical solution is:
c(t) = C, - (Ce - C(0)) exp (- t/TA)

in which C(o) is the imposed initial value of the concentratiom.

The solution is depicted in Fig. 3.




The dependence of TA of ws/u* and the type of bed-boundary condition
can be determined after substitution of (44) and (45) in (47) and (48)
(see also Fig. 4). The gradient type of bed-boundary condition always
causes a larger adaptation time. For ws/u* * 0 the influence of the

type of bed boundary condition becomes very pronounced.

E(t)- Eo
c(0)-¢, \

I \
0s | \

Fig. 3 Adaptation of concentration C(t) to equilibrium conditions

(uniform, steady flow).

10
ot {=0
0P —~——- imposed C
T !0/:_ —— imposed 3C/3(
T 06 |

04 |

02 }
/ \~~~§~§~_~
/

0 1 1 1 1

1 1
01 02 03 04 05 06 07
—— W|/U.

Fig. 4 Characteristic adaptation time as a function of ws/u* and the

type of boundary condition near the bed.
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SOME REMARKS ON GENERAL CASES AND THE VALIDITY OF THE ASYMPTOTIC MODEL

Some remarks will be made with respect to more general cases, i.e. non-
uniform flow and more realistic vertical distributions of es(z) (see also
Galappatti, 1983). In general cases the convection-diffusion equation

including a horizontal convection term is considered:

e, ¢, X, B (o3
3t TV s Bz Yz [ s 2 } 493

Using the same small parameter 8§ for the convection term also,in stead

of (23),the following asymptotic solution is obtained (first-order):

- 3C 3C
C(E, Cs T) = ¢°C + 0 ¢21 9T + 6 ¢22 'a_g (50)
with
3 u .9
% aw X (51
s
In stead of 26:
XY R p~ C
C = 218 3C , 22 ua 3C
Ce(x, t) = C(x, t) + Y w_ ot + Y w_ ox (52)
0 S 0 S
S’ [
T, L,
Herein not only an adaptation time T, but also an adaptation length L, .

A
can be distinguished. Because LA uT, T, (e.g. from Fig. 3) can be

transformed into LA.

In the preceding Chapters €& Was assumed to be constant in vertical
direction (i.e. the average value of a parabolic distribution). For practi-
cal applications it is advised to apply a more realistic distribution, e.g.

the parabolic distribution as used by Rouse:

es(z) =Ky, >z (- z/a) (53)

K =0.4

or probably an even more realistic parabolic-constant distribution as proposed

by DHL (1980).



lated analytically but should be determined numerically.
The influence of the type of distribution on 'I‘A can be considerable

(see Fig. 5 and Fig. 6).

Remark: Because of the introduction of the convective term u 3C/dx and
the application of more general Es(z)-distributions, 2 extra
parameters, besides ws/ux, will affect the shape functions, i.e.

B (= za/a) and ;/u* (assumption: logarithmic velocity profile!)

The validity of the asymptotic model is studied by Wang (1984) and Wang and
Ribberink (1986). Because of the asymptotic character of the model, large
deviations of the concentration profile compared with the equilibrium profile
are not allowed. Three requirements are obtained:

l. The factor ws/u* should be much smaller than unity (e.g. ws/u* < 0.3) .

2. The time scale of the flow variations should be much larger than a/u*.

3. The length scale of the flow variations should be much larger than

ua/u*.

length scale which largely exceed TA respectively L the asymptotic

A’
model is unnecessary complicated and in stead a transportformula can be

applied (local, instantaneous equilibrium conditions).

10

bed boundary: C = C,

1 1

0 01 02 03 04 05 06 07
— W /U,

Fig. 5 Influence of the vertical distribution of es(z) on the
adaptation time in case of an imposed concentration

at the bed boundary.
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bed boundary: %% = %%-'

oW 08
A="g
06
‘ parabolic constant
OL - \\\\\\
N ~
S\~ constant
\\ \\
S \‘s
0.2 . \\s~ -.~'~—
\__Eorobolnc
0 1 1 1 1 1

0 o1 02 03 04 05 06 07

—me W'/U.

Fig. 6 Influence of the vertical distribution of es(z) on the
adaptation time in case of an imposed concentration

gradient at the bed boundary.
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Aggendix 1

THE DEPTH-INTEGRATED MODEL IN CASE OF THE GRADIENT TYPE OF BOUNDARY CONDITION
NEAR THE BED.

Starting with the asymptotic solution for the concentration profile (23):
= 3C , f2 4 8°C
¢(C,T) ¢°C+6¢1-8—T+5 ¢2-a—_t'f+ s (1.1)

the following boundary condition is applied near the bed (¢ = 0):

E,_B_C -613_5‘3] = - C (0) (1.2)
14 £=0 .14 £=0 e
Application of (1.2) to (1.1) gives: .

09 9 ¢ 3¢ 2%

1 oC 1 o - 1 1 oC 1 2 2 9°C

€ ='C(0)=€——-—] C + € ] § — + € ] 5_!.4-_”
4 £=0 e 14 £=0 14 £=0 9T 14 £=0 9T

Because ¢°(C) describes the shape of the equilibrium profile:

1 9 ¢0
€ 5z ]c=0=—¢°(0) == Yy (1.4)

The other derivatives of ¢i (9 ¢i/3c) can be eliminated using the following

mathematical property (see Appendix 2):

1

° 1

ey (40 0] | -
5

With this rule:

=—-€—'('Y + ]) (lo6)
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30, . .
— = - -T ¢ (O) + ¢ dc
14 ] - [ 2 f 1 ]
z=0 o
|
=-er &) (1.7)

Substitution of (1.4), (1.6) and (1.7) in (1.3) yields:

- - _ . . oC _ 22 326
Ce(O) Y, C 6(Y1+l) 3t § Y2W+"' (1.8)

Because Ce(O) = Yo . Ee (1.8) can be written as:

Y, + 1 = Y ot
C =¢ 1 « €, 52 2, 3%
Ce C+ 6 Yo W"'d Yo W * e (].9)

or with the original coordinates:

Y +1 c Y 2 2%
C =0 .1 2 .9, 2, [a )?a%
e—C+ Yo ws at+Yo (WSJ W*'” (1.10)
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Apgendix 2
mHE D' [ ] OPERATOR  (After Wang (1984)).

-1, ;
The operator D 1s defined as:

[ e@ ] = £® 2.1)
if

ﬂﬂm]=%+%[a%}=yo (2.2)

. of

[f+€ Ti]:ﬁl’o (2.3)
and

1

I £(z) dz = 0 (2.4)

(o]

The expression f£(z) £found by Galappatti (1983) is:

1 1
EGRY =%, Ig— dt - { g(g) dt + B & (2.5)

(o]

4 4

where B 1is a constant satisfying (2.4).

Important qualities of this operator are:

(i) The operator is a linear operator, this means:

D [ag+Bn] =aD [g] +8 p ' [h] (2.6)

if o and B are constants.

(ii) The derivative with respect to [ can be expressed as:

30 [e@ ] L[ 1
oC =TT (D [e] + [ g dg l (2.7)
g
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This can be shown as follows:

Differentation of (2.5) gives:

30 ! 30
@) __ . g o o
T %%*Tc‘fggd“gm*ﬁ‘a;—
4
30 13_
=_ac_[f<bo“*3]
z

From (35) it follows that:

0 °o ¢o (z)

TS 63)
thus
a 1
f 1
T %@ ”%;d“”o]

1
oty (e o)
C



