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ABSTRACT. The PRobe far-Infrared Mission for Astrophysics (PRIMA) is an astrophysics mission
concept currently under study. The instrument comprises four focal plane arrays
(FPAs), each with over 1000 pixels, consisting of lens-coupled kinetic inductance
detectors designed for ultra-high sensitivity spectroscopy and imaging. PRIMA cov-
ers the far-infrared band from 24 to 250 ym. We present the fundamental properties
of lens-coupled absorbers, including aperture efficiency, throughput, and beam
patterns. Compared with bare absorbers, lens-coupled absorbers exhibit reduced
sensitivity to noise from both the instrument enclosure and the sky background.
We analyze FPA sampling strategies in terms of relative observing speed, consid-
ering both detector noise-limited and background noise-limited scenarios. In the
background noise-limited case, near-maximum-gain sampling is optimal only when
the point spread function (PSF) in the reflector focal plane is aligned with the lens.
For arbitrary PSF incidence, a near-Nyquist sampling configuration provides the
best average performance. These calculations are based on a computationally effi-
cient quasi-analytical technique and assume a hex-packed array of circular lenses,
recently developed for PRIMA.
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1 Introduction

The PRobe far-Infrared Mission for Astrophysics (PRIMA) is an actively cooled, space-borne
far-infrared (FIR) observatory mission concept designed to study a broad range of astrophysical
phenomena, including galaxy evolution and planetary system formation, using spectrophotom-
etry techniques.'” The observatory will feature a multiband imager (PRIMAger) and a long-slit
grating spectrometer (FIRESS), covering several bands in the FIR range from 24 to 250 ym.

PRIMA aims to bridge the observational gap between the ground-based atacama large
millimeter/submillimeter array (ALMA) observatory and the space-borne James Webb Space
Telescope (JWST), offering orders of magnitude better mapping speed than its FIR predecessors,
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such as Photodetector Array Camera and Spectrometer (PACS) and Spectral and Photometric
Imaging Receiver (SPIRE) on Herschel.’ Both instruments will employ cryogenically cooled
(<150 mK) lens-coupled kinetic inductance detectors (KIDs) as focal plane array (FPA)
elements, operating at the fundamental sensitivity limit imposed by natural astrophysical back-
grounds, such as solar system and galactic dust emission. The operating principle of KIDs relies
on absorbed photons altering the inductance and, consequently, the resonant frequency of a
superconducting resonator.*

Radiation can be coupled into KIDs via an antenna structure or a multi-mode absorber, the
latter typically associated with lumped-element KIDs (LEKIDs). Practically, some form of areal
concentration is required to construct the focal planes (FPs), and both feedhorns and lenses are
commonly used as concentrators. PRIMA’s detector development has primarily focused on
LEKIDs with multi-mode patterned absorbers coupled to silicon lenses.”~" This approach pro-
vides design flexibility and is particularly suited for the short wavelengths (down to 24 um)
required for PRIMA.

This paper investigates reflector FP sampling strategies for FPAs filled with lens-coupled
absorbers, optimized for spectrophotometry. It is well known that FP sampling entails a trade-off
among detector efficiency, angular resolution of on-sky beams, and sensitivity to the sky back-
ground. In astronomical photometry, power spread across multiple pixels can be summed to
maximize the signal-to-noise ratio (SNR) and achieve the fastest possible observing speed.®
The effectiveness of this summation strongly depends on the FP sampling periodicity. An exten-
sive study of relative observing speeds as a function of FPA sampling periodicity, comparing bare
absorbers and feedhorn-coupled absorbers, was conducted in Ref. 9. A comparative study
between bare absorbers and antennas is presented in Ref. 10, whereas wideband antenna
FPAs are studied in Ref. 11. However, these existing studies do not fully address the performance
of PRIMA’s FPA architecture, as its focal plane elements differ fundamentally.

Lens-coupled absorbers share multi-mode characteristics with bare absorbers while also
inheriting focusing properties from the lens, similar to antennas. Power incident on the lens
is diffracted toward a small absorber (i.e., the KID inductor) located at the lens focal plane,
introducing additional spillover losses. This effectively reduces the beam solid angle (i.e., enhan-
ces focusing) of the angular reception pattern of a quasi-optically coupled absorber compared
with a bare absorber.'’ This unique combination of properties necessitates a dedicated study.
In this work, we study sampling considerations for a hex-packed array of circular lenses recently
developed for PRIMA in a 1008-pixel array format.'?

The paper is structured as follows. Section 2 defines the focal plane elements and details the
quasi-analytical technique used to analyze coupling efficiency to a point source. Section 3
explores the fundamental characteristics of lens-coupled absorbers, including aperture efficiency,
beam patterns, throughput, and resolution, and compares them to bare absorbers. Section 4
presents the methodology for analyzing observing speed as a function of FP sampling periodicity,
comparing scenarios where a point source is aligned or misaligned with a pixel. Section 5 applies
this methodology to PRIMA’s spectrometry and two-dimensional (2D) imaging use cases to deter-
mine the optimal reflector FP sampling configuration. Section 6 discusses potential performance
improvements using hexagonal micro-lenses with a 100% fill factor and investigates different
absorber sizes. Section 7 summarizes the optimal reflector sampling configurations for PRIMA.

2 Focal Plane Array Definition and Quasi-Analytical Model

A generalized schematic representation of the optical geometry is shown in Fig. 1(a). The system
consists of an on-axis parabolic reflector with a focal number of £ = F™fl/D™ and a hex-

agonal FPA with sampling periodicity dy. Each FPA element is a lens-coupled absorber, as illus-
trated in Fig. 1(b). The lens, with refractive index n'*™, has a clear aperture diameter d; and a
nominal focal number f§" = Flens / dy. The lens is equipped with an anti-reflection (AR) coating
of refractive index n*R and thickness *R. An absorber with dimension w, is placed in the lens
FP. Ideally, the absorber should be backed by a reflective layer at a quarter-wavelength distance
to maximize optical efficiency, though this introduces added fabrication complexity.

The optimal lens focal number and absorber size depend on several parameters, including
stratification, wavelength, micro-lens fabrication constraints, angular absorber response, and
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Fig. 1 FPA configuration. (a) Simplified optics and lens-coupled FPA. (b) Schematic representa-
tion of typical lens-coupled absorbers with key geometrical parameters. (c) Generalized electro-
magnetic model illustrating an ideal absorber capturing the direct field in the lens FP. (d) Power
geometrically available to a virtual, perfect absorber in the lens FP.

KID responsivity (which itself depends on absorber volume). Typically, the relative absorber
size is targeted to be w,, ~ 2% 1, where A, is the wavelength in the lens medium, to maximize
optical efficiency while minimizing absorber volume. To maintain generality in our results, we
do not specify a particular stratification or absorber design. Instead, we introduce the generalized
electromagnetic model depicted in Fig. 1(c), which consists of a lens with an infinitely extended
half-space below the absorber plane (i.e., the lens FP). We consider a virtual absorber placed in
this plane that absorbs all geometrically available power, as illustrated in Fig. 1(d). Similar to the
analysis in Ref. 9, this work presents a study of relative observing speed as a function of FP
sampling. Using a relative comparison, the effects of parameters independent of FP sampling
(e.g., absorptance and angular absorber response) largely cancel out. Consequently, the recom-
mendations derived from this study are applicable not only to PRIMA but also to a broad range of
lens and absorber configurations.

Details regarding the specific micro-lens geometry used in the relative observing speed
analysis are provided in Appendix A. This study assumes the baseline lens-coupled absorber
geometry developed for PRIMA’s longest wavelength band in the FIRESS spectrometer. The
analysis employs 1008-pixel micro-lens arrays fabricated using greyscale lithography at the
National Aeronautics and Space Administration’s (NASA’s) Goddard Space Flight Center
(GSFC)."? A clear aperture diameter of approximately d; = 0.93d; is used, as this represents
the current state-of-the-art. However, in Sec. 6, we compare these results with those obtained
using an array of ideal hexagonal lenses with a 100% fill factor, as continued advancements in
greyscale etching technology are anticipated.

PRIMA is designed with four spectral bands, each with a 1:1.8 relative bandwidth. We inves-
tigate observing speed at the geometric mean wavelength (1) and at the band edge wavelengths
(0.754.9 and 1.351,). The power geometrically available to the absorber is computed using an
efficient Fourier optics (FO) based model, based on the theoretical work established in Refs. 10,
13, and 14. A full description of the quasi-analytical model, along with validation using full-wave
simulations for the reference case of the relative observing speed study, is provided in Appendix B.

3 Fundamental Characteristics of Lens-Coupled Absorbers

Lens-coupled absorbers inherit the multi-mode properties of bare absorbers and can couple to
more than a single mode’s throughput. At the same time, the coherent properties of the dielectric
focusing lens placed above the absorber modify the angular response of the FP element, deviating
from Lambert’s cosine law and affecting resolution and throughput. In this section, we present
the fundamental characteristics of FPAs filled with lens-coupled absorbers, including efficiency,
element beam patterns, normalized throughput from the sky background, instrument on-sky
beam patterns, and imaging resolution.

3.1 Aperture Efficiency

The reflector aperture efficiency when using lens-coupled absorbers is determined by several
factors: the fraction of the point spread function (PSF) power in the reflector FP that spills beyond

J. Astron. Telesc. Instrum. Syst. 031613-3 Jul-Sep 2025 ¢ Vol. 11(3)



van Berkel et al.: Relative observing speed. of Iens-coupied.absorber focal pl’ane.-’..

the clear lens aperture, reflections at the dielectric interface, dielectric losses in the lens medium,
the fraction of the PSF power in the lens FP that spills beyond the absorber, and the absorptance
of the absorber. Dielectric losses in HRFZ-Si are negligible for wavelengths 4, > 20 um, par-
ticularly at cryogenic temperatures, but may be significant at shorter wavelengths.' In this study,
we assume lossless lenses and perfect absorptance to keep the analysis independent of the spe-
cific absorber implementation. The aperture efficiency is defined as

Map = MsoMens> @)

where 7, represents the spillover efficiency in the reflector FP, and #,,, accounts for lenslet
efficiency, including reflection and spillover losses in the absorber plane. By definition, these
efficiencies are calculated for a single pixel with an aligned point source in the far field of the
reflector (i.e., plane wave incidence). The aperture efficiency is assumed to be uniform across all
pixels in the array.

The spillover losses in the reflector FP for different FPA packing architectures as a function
of reflector FP sampling d; are shown in Fig. 2(a). In this study, the physical FP sampling
remains fixed, whereas the reflector focal number varies. A square-packed array with a 100%
fill factor has a unit cell area 1.155x larger than that of a hex-packed array with 100% fill-factor
hexagonal lenses, resulting in higher spillover efficiency, especially for tight FPA sampling.
A circular lens with diameter d; = d, in a hex-packed array has a 90.7% fill factor. The
micro-lens arrays baselined for PRIMA’s FIRESS long-wavelength band, discussed in
Appendix A, have a clear diameter of approximately d; = 0.93dy, corresponding to a 78.4%
fill factor.

The spillover losses in the lens FP for square and circular absorbers as a function of absorber
side length or diameter w,;,, are shown in Fig. 2(b). The calculations assume a reflector FP sam-
pling of d; =1 =12, meaning the lens is relatively uniformly illuminated. Square absorbers

#
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Fig. 2 Comparison of aperture efficiency for bare absorbers and lens-coupled absorbers.
(a) Spillover efficiency in the reflector FP for different FPA packing architectures. (b) Spillover effi-
ciency in the lens FP for square or circular absorbers. (c) Lenslet efficiency for different absorber
sizes wyps. (d) Aperture efficiency of lens-coupled absorbers for different absorber sizes w g
compared with bare absorbers (transparent overlay).
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»

have a 27% larger area and therefore show higher efficiency. However, a circular absorber is
generally better matched to the circular PSF for an aligned point source, making it more efficient
for the same absorber volume. An absorber size of w,,, = 2™, should be targeted to achieve
~85% spillover efficiency, where 1; = Ao/n'™ is the wavelength in the dielectric.

The lenslet efficiency as a function of reflector FP sampling d for different square absorber
Sizes Wy 18 shown in Fig. 2(c). An absorber size of w,,, = oo represents the case where only
reflection losses at the lens surface are considered. These contribute to a ~2% reduction in lenslet
efficiency when the AR-coating thickness is exactly a quarter-wavelength (see Appendix A and
B for details on the AR coating). For large but finite absorbers (wyp, > 2f€%1,), a slight increase
in lenslet efficiency is observed for increasing FPA sampling periodicity due to reduced sidelobe
power spilling outside the absorber region. For very sparse FPA sampling (d; > 2 Ff)g), the
lens becomes significantly under-illuminated, increasing spillover losses for small absorbers
(Waps < 2f1€752,) as the main lobe grows larger than the absorber.

The aperture efficiency from Eq. (1) of lens-coupled absorbers as a function of FP sampling
dy for different absorber sizes wy,, is shown in Fig. 2(d). Included in the figure as a transparent
overlay is the aperture efficiency of bare absorbers, which corresponds to the spillover efficiency
from Fig. 2(a). Overall, lens-coupled absorbers generally have a lower aperture efficiency,
primarily due to the reduced fill factor of the FPA, spillover on the finite-sized absorber, and
to a lesser extent, reflections at the lens surface.

3.2 Focal Plane Element Angular Response Patterns and Background

Throughput
The angular response patterns for the FP elements are shown in Fig. 3(a), with bare absorbers on
the left-hand side and lens-coupled absorbers on the right-hand side. The angular response pattern
of a bare absorber follows Lambert’s cosine law and remains independent of its physical size, W,
and shape due to its inherently multi-mode nature. This is not the case for lens-coupled absorbers,
where the angular response depends on absorber shape and size, lens geometry, and polarization.

The angular response patterns for the microlenses described in Appendix A are analyzed for
three different square absorber sizes. The shaded regions in Fig. 3(a) represent the upper and
lower boundaries of the response patterns in the principal planes. These pattern cuts are not
identical due to the differing Fresnel reflection and transmission coefficients for perpendicular
and parallel polarization. Dashed vertical lines indicate reflector truncation angles corresponding
to different FP sampling configurations.

Lens-coupled absorbers are potentially less susceptible to stray light from the instrument
enclosure. However, the absorber still exhibits a cosine-shaped angular response pattern within
the lens material, making it vulnerable to cross-coupling inside the lens array. This cross-
coupling could be partially mitigated by incorporating an absorbing titanium mesh grid between
the lens and detector wafer, as demonstrated in Ref. 16.
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Fig. 3 Comparison of angular power reception pattern and background throughput for bare
absorbers and lens-coupled absorbers. (a) The angular response pattern of bare absorbers (left)
and lens-coupled absorbers as a function of absorber size (right). (b) Normalized throughput
(with a transparent overlay for bare absorbers).
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Unlike bare absorbers, lens-coupled absorbers do not view the telescope with a top-hat beam
and /(2f5")? beam solid-angle.’ As a result, their throughput for external background radiation

K
Adelgabsnlens

is lower. The normalized throughput is calculated as —=—%==, where Ay is the area of the lens
0

clear aperture or bare absorber, and Qggs represents the beam solid angle of the reflector as seen

by the beam pattern of the (Iens-coupled) absorber. The results are shown in Fig. 3(b).

Lens-coupled absorbers exhibit lower throughput due to a smaller beam solid angle, though
this comes at the cost of increased spillover losses in the lens FP. Consequently, lens-coupled
absorbers are less sensitive to sky background noise and provide improved imaging resolution,
characterized by narrower on-sky beams compared with bare absorbers.

3.3 On-Sky Beams and Imaging Resolution

The aperture efficiency, 17,, (1), quantifies the coupling efficiency of a lens-coupled absorber to
a point source in the far field of the reflector, assuming that the PSF in the reflector FP is centered
on the FP element. The normalized on-sky beam pattern, F;, is defined as the variation in
coupling efficiency for different point source locations, where the PSF in the reflector FP is
misaligned with the FP element. Mathematically, the coupling efficiency for feed i to a point
source located at spherical coordinates (6, ¢,) is given by

nco,i(ﬂm gs’ d’v) = nap()'O)Fi(lO’ 9s7 ¢v)

The on-sky beam patterns for the centered FP element (i = 1) are evaluated in one principal
plane (TM-polarized) and presented in Fig. 4(a). The left-hand side shows the results for square
bare absorbers, whereas the right-hand side depicts the results for the lens-coupled absorber.
Four different reflector FP sampling periodicities are analyzed, and full-wave validation points,
shown as crosses, demonstrate excellent agreement with the model. For very small sampling
periodicity, the on-sky beam pattern converges to the well-known airy disc and progressively
widens with increasing periodicity. The deep nulls observed in coherent detection disappear due
to incoherent detection effects. The on-sky beam patterns for bare absorbers are significantly
wider than those of lens-coupled absorbers, contributing to the higher background throughput
shown in Fig. 3(b).

The imaging resolution, defined here as the full width at half maximum of the on-sky pat-
tern, is plotted in Fig. 4(b) as a function of reflector FP sampling periodicity for both bare absorb-
ers (shown with a transparent overlay) and lens-coupled absorbers with different square absorber
sizes. The square bare absorbers achieve the highest aperture efficiency [see Fig. 2(d)] due to
their large collection area, though this comes at the expense of reduced resolution. The upper and
lower bounds of the blue-shaded region in Fig. 4(b) indicate the resolution in the diagonal and
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Fig. 4 (a) On-sky beam pattern cut (TM-polarized) for different reflector FP sampling periodicities.
Left: bare absorberfilled FPAs (square). Right: lens-coupled absorber-filed FPAs from
Appendix A with Wg,s = 2f€"S4,. Full-wave simulation validation points are indicated by crosses.
(b) Resolution of different bare absorber FPA architectures and lens-coupled absorbers with
varying square absorber sizes.
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main planes, respectively. The beams of hexagonal and circular bare absorbers are symmetric.
However, the on-sky beam patterns of lens-coupled absorbers can be asymmetric due to the same
effects discussed in the previous section. A near-diffraction-limited resolution can be achieved
using lens-coupled absorbers with small absorber sizes, albeit at the cost of reduced aperture
efficiency.

4 Observing Speed for Aligned and Misaligned Point-Source
Extraction

The previous section demonstrated that the FPA sampling periodicity not only influences
aperture efficiency but also determines imaging resolution and the throughput of sky background
noise. Consequently, careful FPA sampling considerations are required to maximize the SNR
and observing speed. This section presents an analysis of relative observing speed for
(spectro-)photometry, considering both single-pixel and multi-pixel photon flux estimation meth-
ods, in the case that the source is aligned with the pixel. In addition, we examine the potential
degradation in observing speed in scenarios where the point source location is misaligned.

A useful methodology to explore different FPA sampling configurations without requiring
explicit definitions of FP sampling—independent quantities—such as the spectral brightness of
the sky background, telescope emission, or pixel bandwidth—was proposed by Griffin et al.’
In this approach, the SNR of a pixel within a given architecture is evaluated relative to the SNR
of a fixed reference case for a given integration time.

We define the reference case as a lens-coupled absorber with a sampling periodicity of
dy =2 110, and a square absorber of size Wy, = 2" A,,.. The PSF is assumed to be perfectly
aligned with the pixel, as illustrated in Fig. 5(a). The aperture efficiency, #,p rof, and normalized
angular response pattern, F'| ¢, for this reference geometry—along with validation using full-
wave simulations—are presented in Appendix Figs. 11(a) and 11(b), respectively.

4.1 Relative Observing Speed for an Aligned Point Source Using a Single Pixel
We first analyze the relative observing speed in the case where a single pixel observes an aligned
point source. Using the SNR expression from (22), derived in Appendix C, the ratio of the SNR
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Fig. 5 Relative observing speed for various observing scenarios. (a)-(c) Single pixel observes an
aligned point source. (d)—(f) Full array observes a misaligned point source where the PSF impinges
at the corner of three pixels.
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for pixel i in the considered architecture, SNR;, to the SNR of the reference case, SNR; ¢,
is given by

SNRi _ Neo,i NEPref

SNRl,ref ﬂap,ref NEP ,

3)

where noise equivalent power (NEP) represents the noise equivalent power, which includes both
detector noise and photon noise. The NEP is assumed to be the same for every pixel, as we
consider faint sources. As the SNR scales with the square root of integration time, the relative
observing speed is proportional to the square of the relative SNR. The optimal FPA sampling
configuration depends on whether the NEP (15) is dominated by detector noise or background
noise. We analyze these two limiting cases separately, assuming an aligned PSF at the center FP
element (i = 1)

Speed 2
_opeed; _ <A> : (4a)
Speed; rer NEP,>NEP,, Hap,ref
Speedl _ < Map )2 ”ap,refginst.r,ref _ nainnstr,ref (4b)
Speedl,ref NEP; <NEP,, Map,ref napginstr Mapref Qinstr 7

where Q. = /5. /. »F (0, ¢) sin(6)dO d¢ is the beam solid angle of the on-sky beam patterns,

which is assumed to be uniform across all pixels. Unlike the mapping speed analyses in Refs. 9
and 11, we do not account for additional time penalties associated with telescope jiggling to
achieve full spatial sky sampling. PRIMA will perform 2D mapping using a combination of
a steering mirror and an observatory scan, as described later in Sec. 5.

For the detector noise—limited case, detector noise cancels out, and the relative observing
speed is proportional to the squared ratio of the aperture efficiencies. In the background noise—
limited case, the relative observing speed increases linearly with aperture efficiency, as NEP
scales with the square root of efficiency. As expected, observing speed decreases with increasing
instrument solid angle due to greater sky background power integration.

The aperture efficiency is plotted as the blue curve in Fig. 6(a) as a function of sampling
periodicity. In addition, the purple dash-dotted line represents a figure of merit indicating how
focused the on-sky beam pattern is relative to the diffraction-limited case, given by Qjry /Qingir-
The beam solid angle of the diffraction-limited airy disc depends on the wavelength and the
reflector area and is defined as Q= 23 /A We refer to this figure of merit as focusing
efficiency.'’

The relative observing speed for both limits in Eq. (4) is presented in Figs. 5(b) and 5(c)
for the sampling wavelength 1y, as well as the band edges of FIRESS at 0.754,, and 1.354,.
In a detector noise—imited scenario, sparse sampling is preferred across the entire band, as it

(a) Efficiencies for an Aligned Point Source (at A ) (b)

Efficiencies for a Misaligned Point Source (at /‘Oc)
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Fig. 6 Coupling efficiencies for seven pixels to a PSF that is (a) centered on pixel i =1 and a
(b) PSF centered at the corner among pixels i = 1, 3, and 4. The quadrature sum (yellow dotted),
aperture efficiency (blue solid), and focusing efficiency of the on-sky beam pattern Qi /Qinstr
(dash-dotted purple) are also shown.
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maximizes aperture efficiency. In a background noise—limited scenario, the optimal sampling
occurs at the crossover point of aperture efficiency and focusing efficiency [dash-dotted purple
curve in Fig. 6(a)], corresponding to dy = 1.6 0. At this sampling periodicity, the relative
observing speed reaches 1.08, compared with 0.27 for a fully sampled array and 0.77 for a
dy=1.0 ). sampled array.

For sparsely sampled arrays, significant degradation in observing speed is expected at the
shortest wavelength of the band, as evident from the 0.754, curve. This degradation results from
increased background throughput and reduced aperture efficiency due to under-illumination of
the lens by the PSF.

4.2 Relative Observing Speed Using Multiple Pixels

Tightly sampled FPAs inherently distribute the power of a PSF across multiple pixels. By
co-adding signals (and noise) from neighboring elements, the SNR can be improved.®’ In this
summation, we consider a hexagonal array of seven elements that can potentially receive a non-
negligible amount of power from the point source. As shown in Appendix D, the SNR when
using multiple pixels can be expressed as a quadrature sum of the individual pixel SNRs.

4.2.1 Aligned point source

We first consider the case where the PSF is aligned with a central pixel, but all pixels in the array
contribute to estimating the flux. The observing speed, when using the full array, increases by

a factor of
—\ 2
Zi” go,i
N aray — |~ | - %)
Map
The coupling efficiency for the central pixel, 7.1 = 77y, the surrounding pixels, 7., 7, and their

quadrature sum (termed as array efficiency), are shown in Fig. 6(a). It can be observed that sum-
ming power from multiple pixels is beneficial only for tight sampling configurations where
de<1 f5 ... For a fully sampled array with d =05 2., the observing speed improvement
when using the full array is N,y = 2.71. However, this improvement decreases rapidly with
increasing sampling periodicity, dropping t0 Ny, = 1.01 for dy =1 f120.. The relative
observing speed as a function of FP sampling, still referenced to the same baseline case where
only the center pixel is used, is shown later in Figs. 8(a)-8(c). The optimal sampling configu-
ration remains unchanged at d; = 1.6 £ 0.

4.2.2 Misaligned point source

The previous analysis assumed that the PSF was aligned with the center pixel of the seven-pixel
hexagonal grid. However, sensitivity varies significantly depending on the source position,
referred to as pixel phase, particularly for sparse sampling. The worst-case scenario occurs when
the PSF is centered at the corner of a hexagonal unit cell, as illustrated in Fig. 5(d).

The coupling efficiencies for each pixel, and their quadrature sum, in this scenario are shown
in Fig. 6(b). For a fully sampled array, the coupling efficiency 7., ; is only slightly lower than the
aperture efficiency, as the PSF is significantly larger than the lens diameter and efficiently illumi-
nates three pixels. This slight reduction is fully compensated by summing the power from pixels
3 and 4, resulting in an array efficiency exceeding the aperture efficiency for sampling perio-
dicities of dy < 0.85 120, For d > 0.85 £ 20c, the quadrature sum of coupling efficiencies
remains effective but becomes significantly smaller than the aperture efficiencies due to two main
factors. First, the lens becomes highly under-illuminated, increasing spillover losses at the
absorber as the PSF in the lens FP expands (see Fig. 10 for an example of a misaligned
PSF). Second, a significant fraction of the PSF does not overlap with clear lens apertures,
as the fill factor of the hexagonal grid is below 100%.
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The resulting relative observing speed is shown in Figs. 5(e) and 5(f), where it is evident that
the optimal sampling periodicity is significantly smaller. For detector noise—limited systems,

observing speed is maximized at d; = 1.1 =120 but remains 0.16x lower than the aligned case.

In background noise-limited systems, optimal sampling occurs at d; = 0.7 £, with an

observing speed 0.60x lower than the aligned case.
Different sampling configurations may be optimal depending on the measurement type and
possible pixel phases. In the next section, we investigate different scenarios relevant to PRIMA.

5 PRIMA Case Study: Average Observing Speed for FIR
Spectrometry and Imaging

We now apply this formalism to evaluate the effective, average observing speed as a function of
detector sampling for various PRIMA measurement scenarios. We consider three distinct cases,
each associated with relevant pixel phases, as indicated by letters a to e in Fig. 8. The three
scenarios are as follows:

a. Pointed: The aligned/pointed case from Sec. 4.2, which serves as a limiting case. This
approximately applies to point-source spectroscopy with FIRESS when targeting a spec-
tral line with a known frequency. PRIMA’s pointing precision is sufficient to center a
source within a pixel, and the staggered spectral rows ensure that any given frequency
can be nearly centered on a pixel. FIRESS will use the steering mirror to chop the source
along the slit to provide modulation.

b. Spectrometer: A more general FIRESS scenario in which we average over the spectral
row at a given spatial position. FIRESS will chop among staggered spectral rows to pro-
vide uniform spectral coverage, and the equivalent sensitivity is obtained by averaging
over the pixel phases shown in Fig. 8(d).

c. Imager: A full 2D imaging scenario, relevant from PRIMAger, in which the effective
sensitivity is determined by averaging over all pixel phases shown in Fig. 8(g).

5.1 Average Array Efficiency
For each scenario, the SNR is averaged over the relevant pixel phases using appropriate weights.

The SNR of the array for a given pixel phase ¢y = a — e, denoted as SNRZ’Hay, is expressed as

SNRY,, — My P
array NEP

My = [ %467, ¢7), (6b)

where PPSF represents the total power in the reflector FP, and nfmy is the quadrature-summed

V 2Tinl s (63-)

array efficiency for pixel phase ¢ (i.e., for a point source located at o7, (/)?’). The average SNR,
mmy, given by (7a), depends on the averaged array coupling efficiency, 7y . The overline
denotes an averaged quantity, calculated using Eq. (7b) for each of the three considered scenar-
ios. The averaging accounts for the fact that pixel phases at hexagonal corners and edges are
shared among adjacent pixels

ﬁ PPSF
SNRarray = ﬁ \ 2Tin[’ (7a)
Narray Pointed

a d 3
— ) Mamay t Maray + 2wy
Maay = § — 4 Spectrometer . (7b)

ngrray + 6’7£rray + 2'7§n'ay + 3’7adrray
12

Imager

The resulting average array efficiencies at the central and boundary wavelengths are shown in
Fig. 7. As discussed in Sec. 4.2, the array efficiency for an aligned PSF (solid blue) at 4. exceeds
the aperture efficiency for tight sampling configurations up to d; = 0.85f%"1,,, after which it
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Fig. 7 Average array efficiency and focusing efficiency (dash-dotted purple) at 1o = 0.754¢. (a),
Zoc (b), and 1.351¢. (c), as defined in Eq. (7b). The aligned PSF case (solid blue), spectrometer

scenario (dashed red), and imager scenario (dotted yellow) are shown. For reference, the aperture
efficiency (dashed black) is also plotted.

converges to the aperture efficiency (dashed black). The average array efficiency for the spec-
trometer (dashed red) and imager (dotted yellow) follows a similar trend for tight sampling but
reaches a maximum efficiency of 50% and 39%, respectively, compared with 73% for the aligned
PSF case.

When efficiencies are compared across different wavelengths, it is evident that the optimal
reflector FP sampling periodicity scales linearly with wavelength. However, the absolute effi-
ciency values decrease due to absorber spillover losses, as the absorber size remains constant.

5.2 Average Observing Speed
The relative SNR of the array, averaged over different pixel phases and still compared with the
aligned reference case using a single pixel, is given by

SNRarray _ ﬁarray NEPref
SNR].ref Map,ref NEP

®)

The average relative observing speed, mmay /Speed, ., is obtained by squaring the average
relative SNR in Eq. (8) and is summarized in Fig. 8 for all scenarios.

For a detector noise—limited system, a maximum gain sampled FP is optimal across all sce-
narios. Compared with the case of an aligned point source, the observing speed at the sampling
wavelength A, is reduced by a factor of 0.5 for the spectrometer scenario and by 0.3 for the
imaging scenario. The observing speed at the edges of the frequency band, i.e., at 0.754,,. and
1.354¢,, is also maximized for a maximum gain sampled array.

For a background noise—limited system, the optimal sampling configuration when the PSF is
aligned corresponds to a moderately sparse sampling of d; = 1.6 M., yielding a relative
observing speed of 1.08. In the spectrometer scenario, the observing speed at A,. remains
relatively constant as a function of reflector FP sampling, with an optimum value of 0.68 at
dy =0.6 120, This stability occurs because the increasing aperture efficiency is counterbal-
anced by a decreasing coupling efficiency for misaligned point sources and an increasing
throughput of sky background noise. At the shortest wavelength of the band, 0.754,, the observ-
ing speed begins to decline rapidly for d; > 1.0 £ due to a drop in aperture efficiency caused
by significant under-illumination of the lens. The observing speed for the PRIMAger scenario is
also maximized for a tight sampling configuration of d = 0.6 rf)0c» where the system achieves
a relative observing speed of 0.65 at the sampling wavelength. Unlike the spectrometer scenario,
the imaging speed does not remain constant as a function of sampling periodicity because the
reduced off-axis performance contributes more significantly to the averaged array coupling
efficiency Eq. (7b).
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Fig. 8 Average relative observing speed for (a)-(c) the spectrometer scenario (FIRESS) targeting
a spectral line with a known frequency, (d)—(f) the general spectrometer scenario (FIRESS), and
(9)-(i) the 2D imaging scenario (PRIMAger). The left column illustrates the locations of PSF inci-
dence in the reflector FP (i.e., pixel phases) used in the averaging process Eq. (7b). Results are
shown for detector noise— and background noise-limited systems at the sampling wavelength and
band edges.

The optimal sampling configurations are marked by a green star in Fig. 8, with their key
system properties summarized in Table 1.

6 Perfect Hexagonal Microlenses and Different Absorber Sizes

Given the anticipated advancements in micro-lens array fabrication, it is valuable to investigate
the performance of an FPA with a perfect hexagonal lens array featuring a 100% fill factor. In
addition, we examine the effect of absorber size in greater detail to assess its impact on system
performance.

6.1 Effect of Microlens Array Fill Factor

The aperture and focusing efficiencies for a hexagonal lens array with a 100% fill factor are
represented by the hexagram-marked bound of the shaded regions in Fig. 9(a). For comparison,
the circle-marked bound corresponds to the results from Fig. 7(b). In tightly sampled arrays
dy <1 feM2.), where the lenses are illuminated quasi-uniformly, the aperture efficiency
increases by a factor of ~1.27X, corresponding to the improvement in the fill factor. For larger
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Table 1 Summary of optimal reflector sampling configurations.

Pointed Spectrometer Imager
Detector noise limited
Optimal sampling factor 2.2 306 2178300 1,978 o,
Relative observing speed? 1.03 0.49 0.30
(Average) array efficiency 73% 51% 39%
Aperture efficiency 73% 73% 70%
Angular resolution 1.5744/D 1.5144/D 1.404/D
Potential Rel. speed gain with increased fill factor® 1.07 1.39 1.64
Potential Rel. speed gain with increased absorber size® 1.24 1.54 1.69
Background noise limited
Optimal sampling factor 1.6f 00 0610, 0.61%" 25
Relative observing speed® 1.08 0.68 0.65
(Average) array efficiency 63% 20% 20%
Aperture efficiency 63% 15% 15%
Angular resolution 1.274/D 1.054,/D 1.054/D
Potential Rel. speed gain with increased fill factor” None 1.25 1.24
Potential Rel. speed gain with increased absorber size® None 1.15 1.1

3Relative to the speed of a 211y, lens with 2" 4, absorber, observing an aligned source (pointed).
bChanging the fill factor and absorber size affects the resolution.

sampling periodicities, this enhancement diminishes as the lenses become increasingly under-
illuminated. The maximum achievable aperture efficiency is ~1.05% higher than that of the base-
line design. However, the increased fill factor also leads to a significantly larger beam solid angle,
making the system more susceptible to background noise.

The average array efficiencies for the three PRIMA use cases, as discussed in Sec. 5, are
compared in Fig. 9(c). A significant improvement is observed, particularly for the spectrometer
and imaging scenarios, which benefit the most from an increased fill factor when sampling the
array sparsely. The average array efficiency increases by ~1.18X for the spectrometer case and
1.28x for the imaging scenario. For a detector noise-limited system, the observing speed grows
with the square of array efficiency. The improvement factor due to the increased array efficiency
is also summarized in Table 1.

The background noise-limited observing speed is presented in Fig. 9(e). The observing
speed remains relative to the same reference case, allowing a direct comparison with the observ-
ing speed of circular lenses. When observing an aligned point source, there is no advantage to
utilizing the hexagonal corners for sparse sampling (dy > 1.4 £52.) because the aperture effi-
ciency does not improve significantly while the background noise throughput increases rapidly.
It is worth noting that the optimal sampling configuration, which maximizes the observing
speed of an aligned point source, corresponds to the crossover point of the aperture efficiency
and focusing efficiency shown in Fig. 9(a). This crossover shifts from d; = 1.6 20 to d =
14120, when utilizing a 100% fill factor array. However, this trend does not hold for the
spectrometer or imaging scenarios, where the point source is not necessarily aligned. In these
cases, the hexagonal corners contribute to increased observing speed even for sparse sampling,
as summarized in Table 1. The observing speed remains maximized for tightly sampled arrays
with dy < 1 £,
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Fig. 9 Study of the effect of microlens fill factor and absorber size in terms of (a) and (b) aperture
and focusing efficiency, (c) and (d) average array efficiency for different PRIMA use cases, and
(e) and (f) average observing speed for different PRIMA use cases in a background noise-limited
scenario. The left column examines the effect of the fill factor, whereas the right column explores
the impact of absorber size. Results are shown for the sampling wavelength Aq..

6.2 Effect of Absorber Size

We now analyze the effect of absorber size across the different PRIMA use cases. The results
are summarized in Figs. 9(b), 9(d), and 9(f). The aperture efficiency and focusing efficiency
are evaluated for absorber sizes of wy,s = [0.5,1,2,4,8] ™ 1,.. Aperture efficiency declines
significantly for absorbers smaller than w,, < 2£171,., whereas the beam solid angle increases
substantially for absorbers larger than w,y, > 1£%1,,.

The average array efficiency and observing speed in a background noise—limited scenario
are shown in Figs. 9(d) and 9(f) for absorber sizes of wy,s = [2,8] 1" 1,.. Smaller absorbers are
not useful as they exhibit degraded observing speed due to increased spillover losses. For tightly
sampled arrays, a larger absorber is beneficial across all PRIMA use cases, as it enhances array
efficiency without significantly increasing background noise throughput. This holds true for
sparsely sampled arrays in the spectrometer and imaging scenario. When the PSF is misaligned,
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power is spread across the lens FP (see Fig. 10), and a larger absorber captures more signal power
while introducing minimal additional background noise power. The potential enhancement in
relative observing speed is summarized in Table 1. For an aligned point source, the optimal
absorber size is approximately w, ~ 2f% A4, as it ensures most of the PSF power is captured
while minimizing background noise throughput.

7 Optimal Reflector Sampling Configurations

A summary of the optimal reflector focal plane sampling configurations for different PRIMA
observing scenarios is shown in Table 1.

In a detector noise—limited system, the observing speed is maximized when the optical effi-
ciency is maximized, as the background noise throughput is negligible compared with detector
noise. As shown in Fig. 7, a sparse sampling of ~2.0f%! 1. is optimal for all observing scenarios,
with aperture efficiency values between 70 and 73%. However, in the spectrometer and imaging
scenarios, where the point source is not necessarily aligned with a pixel, significant power losses
occur due to spillover in the reflector focal plane caused by the array fill factor and in the lens
focal plane due to under-illumination of the lens. As a result, the average array efficiency
decreases to 51% for the spectrometer and 39% for the imaging scenario. Improvements in
observing speed can be achieved by increasing the micro-lens array fill factor, leading to a speed
gain of up to 1.65X, or by increasing the absorber size or reducing the lens focal number, which
results in a speed gain of up to 1.69x%.

In a background noise—limited system, the NEP is dominated by sky background noise
contributions. A sparsely sampled array results in wider reflector beam patterns, increasing
the received background noise. For the pointed mode, the optimal sampling is 1.6f%4,..,
yielding an aperture efficiency of 63%. In this case, increasing the array fill factor or absorber
size does not provide a benefit, as any increase in available signal power is offset by the cor-
responding increase in background noise NEP. For the spectrometer and imaging scenarios, a
tightly sampled array with 0.6% 4y, periodicity is optimal, as it minimizes power loss when the
point source or spectral feature is misaligned with a lens. The system achieves near-diffraction-
limited angular resolution. As is expected from any near-Nyquist sampled FPA, see Fig. 2, the
aperture efficiency is fundamentally limited to spillover in the reflector focal plane. The aperture
efficiency is 15% and can be improved by incoherently summing the power from neighboring
pixels. The summed array efficiency, averaged over all relevant pixel phases, is 20%. Further
improvements in observing speed can be achieved by increasing the array fill factor, resulting
in up to a 1.25X speed gain, or by increasing the relative absorber size, providing up to
a 1.15x speed gain.

8 Conclusion

This work presents an analysis of reflector focal plane sampling considerations when using lens-
coupled absorbers as focal plane elements for far-infrared imaging and spectroscopy. Although
the findings are generalizable, specific case studies are examined in the context of the PRIMA, an
astrophysics mission currently under study. An analysis of the fundamental characteristics of
lens-coupled absorbers demonstrates that these focal plane elements can be significantly less
sensitive to noise from the instrument box and sky background compared with bare absorbers,
owing to the focusing effects introduced by the lens. However, this improvement comes at the
cost of a reduced aperture efficiency. Using an efficient quasi-analytical approach, we have inves-
tigated the optimal focal plane sampling configurations that maximize observing speed across
different PRIMA case studies. For detector noise-limited systems and for background noise—
limited observations of a point source with a known position, a sparsely sampled array is pre-
ferred. Conversely, in general spectrometer applications and 2D mapping scenarios, observing
speed is maximized when the focal plane is sampled near the Nyquist rate. In addition, we stud-
ied the impact of lens fill factor in the micro-lens array and absorber size. The results indicate that
both the lens fill factor and absorber size should be maximized, except in the case of sparsely
sampled background noise—limited arrays observing an aligned source, where a more moderate
absorber size is preferable.
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9 Appendix A: FIRESS’s Long-Wavelength Micro-Lens Focal
Plane Arrays

The analysis in this work is based on the lens-coupled absorber geometry of the initial prototypes
for FIRESS’s long-wavelength band, covering a range from A, = 0.754.,9 = 135 ym to
Amax = 1.35). = 242 um, with a geometric mean wavelength of 4., = 180 um.*'? All four
FIRESS bands share an approximate 1:1.8 relative bandwidth. Minimizing the size of the
KID absorber/inductor is crucial, as the KID responsivity to incident light scales inversely with
the absorber/inductor volume.®!” Optimal absorber sizes in Ref. 6 range from 75 to 105 um,
leading to the selection of fast lenses to achieve a relative absorber size of wy, ~ 2% 1,.
A relative absorber size of wyp, > 2™ 1, is desired to minimize spillover losses.

Laser ablation technology from Veldlaser Inc.'® has demonstrated the capability to fabricate
21 x 21 lens arrays with moderately low focal numbers of fi™ = 1.06."” Later advancements
achieved ultra-low focal numbers of f¥" = 0.75 in the initial characterization of a long-
wavelength 21 x 21 KID array prototype for FIRESS.® However, large-format (>1k pixels)
laser-ablated lens arrays have yet to be demonstrated.

Parallel to these efforts, NASA’s GSFC has developed 1008-pixel micro-lens arrays
using etching via greyscale lithography. These arrays exhibit excellent surface quality, even for
PRIMA’s shortest wavelengths down to 24 um, and benefit from a rapid manufacturing
process.'” Given their suitability, these micro-lens arrays are now being produced in the
PRIMA flight format and serve as the baseline for this study.

The circular lenses are designed with a nominal 900 ym diameter and a surface profile
approximated by an elliptical lens with a focal number of fi" = 0.96. The fabricated lenses
(Fig. 3 in Ref. 12) exhibit deviations from the designed profile near the edges, effectively yielding
a clear aperture diameter of 0.93d, = 838 um. The model used in this paper incorporates this
adjusted fabricated lens profile. The geometrical parameters of the lens are summarized in
Table 2.

A method for producing single-layer Parylene C AR coatings with multiple thicknesses
across a single array has been developed at GSFC using a shadow mask and oxygen plasma
etching approach.'” The AR coating permittivity is assumed to be e, = 2.62, and the coating
thickness is optimized for two wavelength ranges: Ay = 161 pym (for pixels operating at
A<Ay) and Ay = 215 um (for 2 > AyY), where the separation wavelength is defined as
Ay, = 188 pm.

Table 2 System parameters used in the analysis.

Parameter Symbol Value
Absolute reflector FP sampling ds 900 um (fixed)
Reflector focal number fief Variable depends on relative FP sampling
Nominal lens focal number figns 0.96

Clear lens diameter d, 838 um
Lens refractive index nlens 3.42
Sampling wavelength in vacuum Aoc 180 um
Sampling wavelength in dielectric Ade 53 um
Normalized absorber side length Wabs 2.08%" 4y (24gc)
Absolute absorber side length Wabs 105 um

AR coating refractive index nAR V2.62

AR coating thickness (4 < 188 um) tAR 25 um

AR coating thickness (1o > 188 um) tAR 33 um
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10 Appendix B: Quasi-Analytical Electromagnetic (EM) Model,
Validation, and Reference Case

10.1 Quasi-Analytical EM Model

This study employs an efficient FO-based model, following the theoretical framework presented
in Refs. 10, 13, and 14. In this quasi-analytical model, the field radiated from a distant point
source is incident on an on-axis parabolic reflector. The incident field is modeled as a single-
polarized plane wave arriving from the spherical source coordinates 6., ¢,, as seen from the
reflector normal —Z. A schematic representation of the model is shown in the top left panel
of Fig. 10.

Using geometrical optics (GO) techniques, the field is propagated to an equivalent FO
sphere centered around the reflector focal point, which can be calculated analytically as shown
in Ref. 13. The GO field on the equivalent FO sphere is then related to a plane wave spectrum
(PWS) representation of the direct field in the reflector FP. This direct field is computed using the
FO integral described in Eqgs. (3)-(5) of Ref. 10. The reflector FP consists of a hexagonally
packed silicon lens array (refractive index n'*"™ = 3.42), as described in Appendix A. The system
parameters are summarized in Table 2.

The lens vertex is aligned with the reflector FP (as depicted in Fig. 10), and the reflector’s
direct field is propagated along the —z-direction toward the elliptical lens surface. The field then
traverses the AR coating and reaches the equivalent lens FO sphere, using the GO techniques
outlined in Ref. 13. This computationally efficient method is valid for moderately large reflector
focal numbers (ﬂfﬂ % 2), which is the case in this study. For lower focal numbers, a coherent FO
approach as presented in Ref. 14 can be used, where each plane wave contribution of the reflector
PWS is individually propagated toward the lens FO sphere before summing all contributions.

The Fresnel transmission and reflection coefficients of the AR coating are calculated using
a transmission line model.”**! The GO field on the lens FO sphere is subsequently used to define
a PWS representation of the direct field in the lens FP, Efp (x,y), which can be efficiently com-

puted using Eq. (3) in Ref. 10.

‘; Quasi-Analytical Model E ; Direct field in Lens Focal Plane b
A-----------“D-------Z: ------------ Reflector d
— DA, focal pl
¥ _—————F———_x Reflector  focalp i‘"f—l*""*\—.‘\,, Ful-Wave Validation Quasi-Analytical Model ~ (dB)
o 2 02

et =F/p X
Equivalent
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Fig. 10 Schematic representation of the quasi-analytical model and validation methodology. Top
left: the model employs a Fourier optics approach to efficiently compute the direct field in the lens
FP within seconds. Bottom left: the validation process consists of two steps—first, the direct field
in the reflector FP is simulated using PO in TICRA GRASP, and then imported into the full-wave
EM-simulator CST Microwave Studio. The FDTD simulation takes over 25 min. Right: comparison
of the normalized direct field in the lens FP between the quasi-analytical model and the full-wave
simulation. Shown are the fields resulting from a point source located at 6; = 1.444,/D at 134 um
for the reference sampling case considered in this study. This field is used to generate the cross
symbol in Fig. 11(b).
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The effective area of the reflector, A?ff(lo, 0, ¢;), due to an incident plane wave coming
from a direction 6, ¢, can be calculated as

Pabs,i

A;?ff(j'()’gs? ¢A) = S s

®

where P, represents the power geometrically available to the absorber of the i’th pixel,
given by

1
P = ed (x —x;,y — v,)|*dx dy, 10
abs,i ZCd//Wabs |efp(x Xis Y y1)| xdy ( )
and Sj,. is the power density of the incident plane wave with amplitude E,
|Eol*
Sine = , 11
mc 250 ( )

where { and {, denote the wave impedance in air and the lens dielectric medium, respectively.
Subsequently, the coupling efficiency of the reflector with aperture area A, to the plane wave,
Neo.i(A0, 05, ), can be calculated as
nco,i(/lo’emgbs) :Aiw (12)
refl
The coupling efficiency can be decomposed into the reflector aperture efficiency, #,,(4).
and the normalized angular response pattern F;(Ag, 0, ¢;)

nco,i(/lovgs’ ¢s) = nap(ﬂO)Fi(ﬂO’gs’ ¢s) (13)

Here, the aperture efficiency is defined as the coupling efficiency for a point source aligned with
the pixel, whereas the normalized angular response pattern represents the on-sky reflector beam
pattern, quantifying the change in coupling efficiency due to a misaligned point source. The
aperture efficiency, assumed to be uniform across all pixels in the FPA, accounts for spillover
losses in both the reflector FP and lens FP, as well as reflection losses at the lens interface.

The formulation in Ref. 10 can accommodate the specific properties of the absorber itself.
However, to maintain generality and ensure independence from absorber geometry, the study
focuses on the power geometrically available to the absorber rather than explicitly modeling its
detailed absorption characteristics.

10.2 Validation of the Model Using the Reference Configuration

The quasi-analytical model is validated through simulations in commercial solvers, following the
approach shown in the bottom left panel of Fig. 10. The configuration used for validation consists
of a reflector with fif! = 2.5, corresponding to a sampling periodicity of d =2 £ 20c. This
configuration serves as the benchmark case for the relative observing speed analysis presented in
Secs. 4-7.

The modeled aperture efficiency is shown in Fig. 11(a), where the impact of different AR
coating thicknesses is analyzed. A single AR thickness optimized for the sampling wavelength
Ape = 180 pm results in a 3 to 7% reduction in aperture efficiency at the band edges compared
with a gradient thickness AR coating. In the gradient AR case, each frequency point is simulated
using an AR thickness exactly equal to a quarter-wavelength at that frequency. By employing a
single-layer dual-thickness AR coating, as described in Appendix A, the aperture efficiency
reduction at the band edges is limited to only 1 to 3%.

The normalized angular response pattern is shown in Fig. 11(b) for the sampling wavelength
and the band edges. The angle 0, is normalized to the diffraction-limited half-power beamwidth,
Ao/D. Tt can be observed that the aperture efficiency increases for decreasing wavelength,
whereas the system also becomes more sensitive to off-axis point sources. This effect arises due
to two main factors: (1) The beam waist of the PSF in the reflector FP decreases at shorter wave-
lengths, allowing more power to couple into the clear lens aperture. (2) The beam waist of the
PSF in the lens FP also decreases, improving coupling to the small absorber. However, for
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Fig. 11 Validation of the quasi-analytical model for the reference case used in observing speed
ratio studies. The case consists of a 21" 1y.-sampled lens with a 2", perfect square absorber
(doc = 180 um). (a) Aperture efficiency for an aligned point source, considering different anti-
reflection coatings. (b) Normalized angular response pattern of the on-sky reflector beams.
The solid, dashed, and dotted lines represent the quasi-analytical model, whereas the crosses
(x) indicate validation using full-wave simulations.

wavelengths shorter than 150 ym, the aperture efficiency starts decreasing due to under-
illumination of the lens and the AR coating thickness becoming suboptimal.

Each of the crosses in Fig. 11 represents a validation point obtained using commercial solv-
ers. The validation process consists of three steps: (1) The physical optics (PO) solver in TICRA
GRASP is used to simulate the direct field in the reflector FP. (2) This field is then imported at the
lens vertex as a field source in the full-wave EM solver CST Microwave Studio. (3) A finite-
difference time-domain (FDTD) simulation is performed to compute the direct field in the lens
FP. Finally, the fields are numerically integrated (10) to calculate the power geometrically avail-
able to the absorber, yielding the coupling efficiency using (12).

For an aligned point source, the resulting coupling efficiency directly corresponds to the
aperture efficiency in (13). For misaligned point sources, the aperture efficiency is de-embedded
to compute the normalized angular response pattern. The modeled aperture efficiency is consis-
tently 1 to 2% lower than that obtained from commercial solvers, whereas the normalized angular
response pattern remains highly accurate beyond the —30-dB level. The modeled and simulated
direct fields in the lens FP at 1, = 134 um and a point-source angle of 0, = 1.444,/D, corre-
sponding to the cross marker in Fig. 11(b), are shown on the right-hand side of Fig. 10. The
comparison demonstrates excellent agreement between the quasi-analytical model and full-wave
simulations.

It is worth noting that the computational cost of the quasi-analytical model is less than 5 s per
simulation, whereas each validation point using FDTD simulations requires ~25 min. In addi-
tion, the FDTD-based validation process demands significantly more manual effort to transfer
the reflector FP field from the PO solver to the full-wave EM solver. Both the quasi-analytical
code and full-wave simulations were executed on a workstation equipped with an Intel Xeon
Gold 6230R CPU @ 2.1 GHz and 256 GB RAM.

11 Appendix C: Signal-to-Noise Ratio for Point Sources
The SNR for pixel i is given by

sig

P
SNR; = —— /27, (14)

NEP;

where Pfig is the signal power received by the pixel, NEP; is the total NEP of the pixel, and 7y, is
the integration time of the detected signal. The total NEP is expressed as an incoherent quadrature
sum of the detector noise, NEP,, associated with the detector and readout, and the photon noise,
NEPy;, ;, which arises from statistical fluctuations in photon arrival

NEP? = NEP3

det

+NEP}, .. (15)
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We assume that the detector noise is uniform across all pixels. The photon noise is given by

NEPﬁh.i :/ P (v)2hudy, (16)
Avgp

where i is Planck’s constant, p;‘ﬁg,i(v) is the total spectral power absorbed by the pixel at

frequency v = ¢q/Ap, and Awgg is the RF bandwidth of the pixel.

Although KIDs can couple to broad frequency bands,* PRIMA operates in the shot noise
regime across all bands of both instruments. Therefore, the frequency dependence in (16) can be
approximated by assuming a square bandpass with bandwidth Ay, centered at v;. This
assumption is particularly valid for FIRESS (R ~ 130 spectral bins) and the hyperspectral
bands of PRIMAger (R ~ 10 spectral bins). The total power absorbed by pixel i, Py, .(v;) =
P (Vi) Avgy, consists of three contributions:

1. the signal power P} from a point source
sky
i

2. the power radiated by the sky background, P
3. the power emitted by the telescope, P7, with telescope emissivity e, and temperature T';.

We neglect any radiation originating within the instrument enclosure, as it is cooled to 1 K
and filtered before reaching the FP enclosure, ensuring it remains subdominant to the sky and
telescope loading.

11.1 Signal Power
The signal power absorbed by the pixel is given by

Pl / / AT (1, Q)(1 - e) By, (1. Q)dQ o (17)
Avgy J Qg

where AS" (1, Q) is the spectral angular effective area of the reflector, and By, (v, Q) is the
spectral radiance of the source. The spectral angular effective area can be rewritten as
AT (1, Q) = Apqteo.i (v, Q). As, for a point source, the spectral signal brightness is nonzero only
at an infinitesimal source solid angle, Q; — 0 (non-zero only at discrete spherical coordinates
6,,¢,), and applying the narrowband approximation, we obtain

P?ig = Areﬂ(l - eT)nco,i(yi’es’ ¢S)B8ig(yi’0_§" ¢S)Al/opl~ (18)

For readability, function dependencies on the center frequency (v;) and source location (8, @)
are omitted in the remainder of this discussion.

11.2 Sky Background and Telescope Emission
Following a similar approach, the power absorbed due to the sky background is given by

P?ky = PSky = AreﬂQinstr(1 - ST)ﬂaszkyAyopl‘ (19)

Here, it is assumed that the source solid angle of the sky background is much larger than the
instrument beam solid angle such that / oF {(Q)dQ — Qgr;- The instrument’s beam solid
angle, and thus the received sky background power, is assumed to be identical for all pixels,
Qingir = Qingir,i- The spectral radiance of the sky background, By, is assumed to be independent
of solid angle. Similarly, the power received due to telescope emission is

P;r - PT = AreﬂginstreTnapBTAyoptv (20)

where 7By represents the spectral radiance of the telescope. We assume that P5<Y > Pf-ig, mean-
ing that the NEP is dominated by sky background noise and, at the longest PRIMA wavelengths,
possibly by telescope emission. Consequently, noise is assumed to be uniform across all pixels,

NEP; = NEP, and the total received noise power is
Py = AreﬂginstrnapBextAyoph (21a)

abs

By = (1 - ST)Bsky +erBr. (21b)
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In Eq. (21b), the spectral radiance contributions from the sky background and telescope are
combined into a single external brightness term.

11.3 Signal-to-Noise Ratio
We can now evaluate the SNR for pixel i, observing a point source as

Areﬂ(1 - €T)’7c0 iBsigAyopt
/NEPZ, + P 2hy;

abs

SNRI ==

201 (22)

When analyzing a ratio of SNRs, independent parameters will be canceled, which generalizes
the study.

12 Appendix D: Signal-to-Noise Ratio When Using Multiple Pixels

The power received by multiple pixels can be combined to improve the SNR.®° Each pixel acts as
an independent estimator of the total power of the PSF incident in the reflector FP, PPSF, which
can be estimated as

Pslg
Tco,i

PPSE = pPSE — = Awen(1 — €7)BggAvgy. (23)
When combining different independent estimates of the same value, they are weighted by the
inverse of the square of their errors, which is given by (#,.;/ NEP)23 As the NEP is assumed to
be identical for all pixels, the weights can be equivalently defined as 71%0’,- After normalizing by
the sum of weights, the total PSF power as estimated by the entire array, Pg’ggy, and the inco-
herently summed array noise power, NEP,,,, can be expressed in terms of the weighting coef-
ficients, W;

D ieoi PP ’
Piny = T > wipE, (24a)
kr]co,k i

Py = /ZWZNEP2 NEP /wa, (24b)

Mo, (24¢)

l Zrlco k

Finally, the SNR for point source flux extraction using the full array follows:

Ruray = an 'NEP B V= /3 SNR. (25)

This represents a quadrature summation of the point source coupling efficiencies multiplied by
the SNR when the point source coupling efficiency is unity. Equivalently, it can be interpreted as
a quadrature sum of the individual pixel SNRs. The relative SNR when observing with the full
array, compared with the SNR of the same reference case when observing with a single pixel

(i = 1), is then defined as
SNRypy  \/ 2iMe0i NEP, 06
SNR 1.ref nap,ref NEP )

The relative observing speed, Speed,y,y /Speed; rr, follows as the square of the relative SNR
given in Eq. (26).
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