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Abstract
Integrating on-demand services into public transport networks might be the best 
way to face the current situation in which these new technologies have increased 
congestion in most cities. When cooperating with on-demand services rather than 
competing with them, public transport would not risk losing users, and could attract 
some passengers from private modes thanks to an increased quality of service. This 
fact has engendered a growing literature discussing how to design such an integrated 
system. However, all of that research has imposed that on-demand mobility is to 
solve the so-called “last-mile problem”, serving only as a feeder that connects the 
exact origins/destinations with the traditional public transit network. As it induces a 
large number of transfers and it precludes some scale-effects to be triggered, in this 
paper we challenge that imposition and investigate if this is the best spatial integra-
tion strategy. To do so, we study a simplified linear city in a morning peak situation, 
where we propose seven different line structures, all of them combining a traditional 
fixed line with on-demand ride-pooling (ODRP): three direct structures, where 
ODRP can serve full trips, three semi-direct, where a single ODRP vehicle can serve 
the largest part of a trip, and a base case in which ODRP is restricted to the first 
and final legs only. Our results show that the base case is optimal only under very 
specific demand patterns, or when transfer penalties are disregarded. Our analytical 
approach reveals relevant operational aspects of such integrated systems: namely, 
that the base case can help increase directness (diminishing detours), and that ODRP 
can help shorten the routes of the fixed services to decrease operator costs.
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1 Introduction

The proliferation of smartphones that can connect users and vehicles in real time is chang-
ing the ways in which people move worldwide. On-demand systems have existed for a 
long time, both non-shared (traditional taxis) and shared (such as “colectivos” in Chile, 
or shared rickshaws in many developing countries); however, they now operate on much 
larger scales thanks to the new technologies, with companies such as Uber, Didi, and 
Beat. So far, this change has mostly affected non-shared modes, in which the same vehi-
cle is utilized consecutively by different users which is now known to increase conges-
tion (Diao et al. 2021, Henao and Marshall 2019, Roy et al. 2020, Tirachini and Gomez-
Lobo 2020). Online shared alternatives, where different users can ride the same vehicle 
at the same time, are also emerging but still at lower scales. These alternatives receive 
different names in the literature, usually on-demand ride-pooling (ODRP) or ridesharing. 
However, even these alternatives do not guarantee to reduce congestion, which depends 
on attracting users from private modes rather than from public transport (Tikoudis et al. 
2021; Tirachini et al. 2020). In other words, when on-demand systems compete with pub-
lic transport, there still is a potential increase of vehicle-kilometers-traveled, which would 
not only worsen congestion; it would cause more pollution and can have other undesirable 
effects such as increasing urban sprawl and inequalities.

Therefore, a crucial question is how to leverage these new technologies to face conges-
tion problems. A relevant alternative to explore is making ODRP cooperate with public 
transport, that is, to integrate it so that some of the transit lines can be on-demand instead 
of following fixed routes. As we detail in Sect. 2, this approach has begun to be studied 
in the last years by different scholars obtaining encouraging results in terms of creating 
more efficient public transport systems. However, almost all the papers that have studied 
such an integrated framework have assumed that ODRP is to solve the so-called last-mile 
problem, i.e., as a feeder that connects the origins and destinations with nearby transit sta-
tions, where the users board or leave a large-capacity vehicle that is part of the traditional 
network. Limiting ODRP to serve only the last legs of public transport trips can be trou-
blesome for at least two reasons:

1. It imposes two extra transfers on every user whose origin and destination are 
not walkable from a large transit station, which could be partially avoidable if 
there were some vehicles directly connecting origins and destinations. Transfers 
are undesirable for the users (Garcia-Martinez et al. 2018), and disregarding 
their relevance can have massive effects when designing a public transit network 
(Fielbaum et al. 2016, Jara-Díaz et al. 2012). This problem becomes even more 
important when ODRP is involved, as the total traveling times faced by the users 
are especially unreliable (Fielbaum and Alonso-Mora 2020), and a slight extra 
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delay might imply losing the large-capacity vehicle if this is based on timetables 
rather than on frequencies (such as trains).

2. If on-demand vehicles can be designed to serve a larger number of passengers as 
well, some sources of scale economics can be triggered (Fielbaum et al. 2023): 
For users, the utilization of a larger fleet diminishes waiting times (similar to the 
“Mohring Effect” in public transport), and it is easier to form groups of passengers 
with nearby routes (which is called the “Better Matching Effect”); for operators, 
operating at a larger scale enables the use of vehicles with a higher capacity.

Despite these problems, there are some reasons that justify utilizing the flexible 
vehicles to feed or leave the traditional transit network. First, when scholars have 
compared fixed versus flexible lines, they have consistently found that ODRP should 
be preferred in low-demand scenarios when using it as a feeder (Badia and Jenelius 
2020; Fielbaum et  al. 2022; Li and Quadrifoglio 2010; Papanikolaou and Basbas 
2020; Quadrifoglio and Li 2009). Second, the “Better Matching Effect” aforemen-
tioned can be easily triggered when all the users travel to (or from) a common trans-
fer station, as it is only their origins that need to be nearby (Fielbaum 2020).

All in all, taking into account the advantages of ODRP there is no clear reason 
to impose its operation only as a feeder within the context of an integrated public 
transport network which motivates a very clear research question: under which cir-
cumstances would a different integration approach be more efficient? This paper is 
mostly devoted to filling this research gap. To do this, we do an exhaustive analysis 
over a simplified city model: we propose several spatial strategies to integrate the 
flexible system into the network, allowing those vehicles to either serve full trips or 
to mimic a hub-and-spoke design. We derive explicit expressions for the total costs 
of each of these strategies, and we identify the best strategy depending on the com-
bination of different exogenous parameters (that represent different conditions over 
the demand and the city). Extensive numerical simulations are run to identify under 
which circumstances the feeder-based strategy is indeed the best one, and to study 
different operational aspects of these integrated systems.

The paper is organized as follows. In Sect. 2 we summarize the relevant literature 
and show that there is a serious research gap which motivates this paper. Section 3 
describes the simplified city model and the different line structures that we consider 
there. Section 4 explains how we derive the analytical formulation for user and oper-
ator costs for all the flexible and fixed lines of the different line structures. Section 5 
shows and analyzes the results of the numerical simulations. Section 6 concludes the 
paper and identifies relevant directions for further research.

2  Related works

Following the emergence and massification of on-demand mobility systems, 
ODRP has been widely studied in recent years. Research on ODRP has included 
its potential to reduce the number of vehicles needed to serve a given demand 
(Fagnant and Kockelman 2018, Qian et  al. 2017), its impact on congestion (Ke 
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et  al. 2020a, b; Tikoudis et  al. 2021; Zhu and Mo 2022) and mode choice (Liu 
et al. 2019, Mo et al. 2021), as well as several operational challenges like unreli-
ability (Alonso-González et al. 2021; Fielbaum and Alonso-Mora 2020; Kuchar-
ski et al. 2021) and pricing (Bian et al. 2020; Fielbaum et al. 2022; Furuhata et al. 
2015; Ke et al. 2020a, b; Lu and Quadrifoglio 2019). Reviews of recent trends in 
on-demand mobility have been done by Narayanan et al. (2020), Wang and Yang 
(2019), and Zardini et al. (2022).

On the other hand, simplified networks have been thoroughly used in order to 
study (traditional) public transport design, especially to discuss its spatial aspects: 
the line structure—how to define the set of lines—and the lines’ density, i.e., how 
separated in space they should be. Line structures are studied in graphs com-
posed by a small number of nodes by Fielbaum et al. (2016, 2020a), Gschwender 
et  al. (2016), Hörcher and Graham (2018), Jara-Díaz et  al. (2018), Jara-Díaz and 
Gschwender (2003), Jara-Díaz and Muñoz-Paulsen (2021), Petruccelli and Racina 
(2021), and Masing et al. (2022); these studies have proved useful to analyze a num-
ber of aspects such as the role of transfers, the presence of scale economies, or the 
combination of rail and bus-based technologies. Several of those papers are based 
on the Parametric City Model proposed by Fielbaum et al. (2017). The spatial den-
sity of public transport lines has been studied in radial (Badia et  al. 2014; Byrne 
1975; Tirachini et al. 2010) and rectangular (Chen et al. 2015; Daganzo 2010) cities, 
as well as in the parametric city model (Fielbaum et al. 2021b), consistently show-
ing that a larger number of users allows for shorter walks; these models in which the 
space is assumed to be continuously available to allocate public transport lines are 
sometimes referred to as Continuous-Approximation models (Calabro et al. 2023). 
As such, these simplified networks are able to reveal some relevant fundamental 
aspects of public transport design, without the need of modeling at a detailed level. 
These papers are surveyed, together with other ones dealing with the economics of 
public transportation, by Hörcher and Tirachini (2021).

Some papers have studied whether on-demand mobility might pose a threat to 
public transport. Hall et al. (2018) focus on Uber and the U.S. case, finding that the 
average public transport agency has increased its ridership thanks to Uber, but the 
effect varies strongly across different cities, a conclusion reinforced by Malalgoda 
and Lim (2019) who state that, in the US, the overall effect depends on the mode 
and city. This finding that ride-hailing can be either a complement or a substitute for 
public transport, depending on city-specific circumstances, also holds for Toronto 
(Young et  al. 2020), as well as several European cities (Cats et  al. 2022). Irawan 
et al. (2020) studied the Indonesian case, considering motorcycle-based ride-hailing, 
and conclude that it is crucial to enhance the quality of service in public transport to 
prevent it from losing passengers to this new mode.

Let us now review in more detail the papers that, as this one, study how to 
combine traditional public transport with on-demand shared mobility. As this is 
a very broad topic, we limit this review to papers that face design aspects of the 
problem, and in which the on-demand component is shared. We remark that there 
exist several other research lines, such as the effects of the associated electrification 
(Bartłomiejczyk and Kołacz 2020), the development of a corresponding enterprise 
architecture for public transport companies that offer on-demand services (Würtz 
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and Sandkuhl, 2021), or the interaction of public transport with non-shared on-
demand mobility (Salazar et al. 2018). Real-life pilots have also been studied (Muel-
ler et  al. 2019, Zuniga-Garcia et  al. 2022, Perera et  al. 2020, Loyola et  al. 2023), 
usually concluding that ODRP is not used only as a feeder but also for short trips, 
and that its usage is very sensitive to fleet size and income.

We now focus on the literature studying how to design public transport networks 
that include traditional lines and on-demand shared vehicles. Two papers do this 
using simplified networks: Fielbaum (2020) bases his research on the Parametric 
City Model, but making a zoom within each mode that is considered as continuous; 
and Calabro et  al. (2023), who borrow the continuous approximation model from 
Chen et al. (2015), but enabling to replace some feeder lines by ODRP when con-
venient. Crucially, both papers restrict ODRP to act as a feeder, a characteristic that 
is also present in most of the other papers in this realm. Actually, several papers 
focus on the specific design of ODRP when it is to be used as a feeder (Bürstlein 
et al. 2021; Calabrò et al. 2022; Chaturvedi and Srivastava 2022; Chen et al. 2020; 
Huang et al. 2022; Lau and Susilawati 2021; Ma et al. 2019; Wen et al. 2018).

Still on the assumption of a feeder system, Auad-Perez and Van Hentenryck 
(2022), Mahéo et al. (2019), and Shen et al. (2018) optimize the operation of ODRP 
together with the design of the public transport network. It is noteworthy that 
designing a public transport network by itself is already an NP-hard problem for dif-
ferent specifications (Borndörfer et al. 2007, Fielbaum et al. 2018), let alone if flex-
ible routes are also involved, so restricting the on-demand vehicles to serve the first 
and last miles only is very helpful from a methodological point of view. Pinto et al. 
(2020) face an analogous problem without imposing a feeder-trunk system,1 but 
with a similar implicit assumption, namely that ODRP is to serve low-demand areas, 
as it is meant to replace lines whose frequency would be extremely low. Kim and 
Schonfeld (2014) focus on how to coordinate both subsystems so that the waiting 
time at the transfer points are kept low. On a different but related note, Périvier et al. 
(2021) study an approximation algorithm for the theoretical programming problem 
that emerges when the set of public transport routes includes flexible vehicles.

As such, the assumption of a feeder-trunk scheme is present in almost all of the 
papers that have studied this integration problem. However, it is not yet known 
whether and under which conditions this is the best strategy. The main contribution 
of this paper is to fill this research gap, by comparing feeder-trunk with other inte-
gration strategies that prioritize either direct trips or a hub-and-spoke structure.

3  The Model

3.1  The linear city

As in Jara-Díaz and Muñoz-Paulsen (2021), our analysis is based on a linear city com-
posed of three residential or activity zones: a periphery P, a subcenter SC, and a CBD 
1 In a feeder-trunk system the feeder lines connect the exact origins and destinations with major transit 
stations, where users are expected to transfer to take a trunk line. Trunk lines connect the major stations 
using higher-capacity vehicles.
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(Central Business District). This can be seen as a particular case of the parametric city 
model by Fielbaum et al. (2017), when this model is limited to just one triad. This 
linear city is depicted in Fig. 1 with P, SC and the CBD represented by circles of dif-
ferent radia; it represents a morning peak situation, so that P only generates trips, the 
CBD only attracts and SC does both. Out of the Y passengers per unit time, a fraction 
a emerges from P (and 1 − a from SC ), out of which a fraction � goes to SC and 1 − � 
goes to the CBD. The distances between consecutive zones are gL and L , respectively. 
As we are interested in what is happening inside the zones, where ODRP provides the 
almost-door-to-door service, their size is relevant, and we assume that the respective 
radia fulfill rP ≥ rSC ≥ rCBD . A glossary containing all the mathematical terms used 
throughout the paper is provided in Table 4 in the Appendix.

It is worth highlighting how different relevant situations can be captured by this 
simple model. As discussed above, previous research has suggested that ODRP is 
more convenient in low-demand scenarios, typically low-density peripheries, which 
can be modeled via a small a or Y  and a large rP ; on the other hand, to analyze the 
potential of ODRP in compact environments to complement traditional public trans-
port, large values of Y  and small circles should be considered. Different intermediate 
configurations can be achieved by varying the involved parameters.

3.2  Types of lines

In traditional public transport, each line is defined by its route, frequency and vehicle size. 
In ODRP, there are no fixed routes, but this does not preclude a similar definition. In this 
context, we will distinguish between the fixed and the flexible lines,2 where the former 
are the traditional ones, connecting the bus stops assumed to be placed at the centers of 
the zones, and the latter act on demand but are restricted to some line-specific origins and 
destinations. In order to formalize this, let us denote by PC, SCC, and CBDC the central 
point of the corresponding zones, where the fixed lined stops are assumed to be. Further, 
when a flexible line departs from the interior of P , we will say that its origin is Pi (where 

Fig. 1  Linear city representation. Red and blue arrows represent demand flows from the periphery P and 
from the subcenter SC , respectively. Black solid lines are the connecting streets

2 According to the nomenclature proposed by Vansteenwegen et al. (2022), the flexible lines we study 
follow a dynamic offline type of operation: it is dynamic because users are served on demand, but offline 
because the vehicle’s itinerary is not updated while in operation (it gets full once the users board it, so its 
route cannot be changed until they are all dropped off).
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the letter i stands for “interior”), and we use analogous notations with SCi and CBDi . Note 
that Pi, SCi and CBDi do not correspond to specific points in the network, due to the flex-
ible nature of ODRP vehicles. Using this definition, we will consider four different types 
of lines, represented in Fig. 2.

• Fixed lines These correspond to traditional public transport, and are character-
ized by a route that does not change with the demand, i.e., all stops correspond to 
one of the PC, SCC, and CBDC , represented in blue in Fig. 2.

• Feeder lines These lines connect the interior of a zone with its center. They are 
called feeders because they are meant to be connected with a different line that 
moves between different zones. The possible feeder lines are Pi − PC , SCi − SCC , 
and CBDi − CBDC . One feeder line is represented in green in Fig. 2 (Pi − PC).

• Direct lines These ones connect directly the origins and destinations of the users 
that take them (possibly requiring some short walks, as will be explained later), 
meaning that both the origin and the destination correspond to one of the Pi, SCi, 
and CBDi (not the same). The possible direct lines are Pi − CBDi,Pi − SCi, and 
SCi − CBDi. One direct line is represented in orange in Fig. 2 ( Pi − CBDi).

• Semi-direct lines These ones depart from the exact origins (except some possible 
short walks) but arrive at the center of a different zone.3 The possible semi-direct 
lines are Pi − CBDC,Pi − SCC, and SCi − CBDC. One semi-direct line is repre-
sented in red in Fig. 2 ( Pi − SCC).

3.3  Considered line structures

Let us now explain which line structures we are going to consider. In general, a line 
structure is defined by the routes followed by each of the lines in the system (together 
with their frequencies and vehicles’ size). In this context, they can be described by show-
ing, for each pair of zones, if the corresponding passengers have a direct line (therefore, 
with zero transfers), a semi-direct line (one transfer) or none of the above (two transfers). 
This means that we have three alternatives for each of the three pairs of zones, leading to 
33 = 27 possible line structures. As studying all of them would be unmanageable, we are 

Fig. 2  Types of lines in the linear city: fixed (blue, connecting the three nodes), direct (orange, going 
from the first to the third node), semi-direct (red, going from the first to the second node), and feeder 
(green, within the first node) (color figure online)

3 Note that one could define an inverse type of semi-direct line, going from the center of a zone towards 
an exact destination of a different zone. We do not include those here to maintain a tractable number of 
line structures to analyze.
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not considering the cases in which direct and semi-direct lines coexist, prioritizing the 
“pure” strategies in order to reveal neatly what is the best type of integration depending on 
the different demand and network conditions.

We begin the description of our line structures with the base case, which is a 
structure that corresponds to a Feeder-Trunk-Feeder rationale. There is one fixed 
line connecting the three zones’ centers (the trunk line), and three feeder lines: 
one operating within P (bringing the passengers towards P ’s center), another 
within SC (bringing passengers to the center and distributing arriving passengers 
from the center), and one within CBD (distributing the arriving passengers). Note 
that in this structure, every traveler has to make two transfers and takes three 
vehicles: two flexible lines—to move inside the origin and destination zones—
and a fixed line to move from the origin zone to the destination zone.

We now define the two classes of line structures that we study as alternatives to 
the base case, which we call “Full-trip” structure (FTS) and “Partial-trip” struc-
ture (PTS). A FTS is characterized by having at least one direct line, and no semi-
direct lines, whereas a PTS has at least one semi-direct line and no direct lines. 
Note that in the case of PTS, users that take the semi-direct line require boarding 
a feeder line in the destination zone to reach their exact destination.

We now describe FTS and PTS using as examples Fig. 3a and b:

• FTS In Fig. 3a we show one direct line of ODRP vehicles, the orange one from 
Pi to CBDi . In addition, there are other non-direct lines: the three depicted in 

Fig. 3  Examples of Full (top) and Partial (bottom) line structures. FTS has one direct line in orange (its 
passengers travel without transfers) and no semi-direct ones. PTS has one semi-direct line in orange and 
no direct ones; all passengers have to make at least one transfer. In both examples, passengers from P to 
SC do not have a direct nor a semi-direct line, so they need to make two transfers
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blue (one feeder Pi , one fixed from Pc to SCc and one feeder SCi ). There is no 
semi-direct line.

• PTS In Fig.  3b, there is one semi-direct line complemented with a feeder as 
depicted in orange. The blue lines are exactly as in Fig. 3a. This is an intermedi-
ate scheme between the base case and FTS.

In a line structure with many direct lines most users will travel directly from their 
origin to their destination (perhaps including a small walk), without any transfer, 
i.e., taking just one vehicle. This strategy has the virtue of a strong reduction in the 
number of transfers compared to the base case, but as they do not share a common 
intermediate destination (the transfer station), it might be more difficult to gather 
enough users, leading to longer waiting and walking times, as well as longer detours 
because the exact destinations might not be close enough.

In a line structure with many semi-direct lines most users will travel from their 
very origin to the center of the destination zone by ODRP, where they take a sec-
ond ODRP vehicle, corresponding to the intra-zonal flexible line of their destination 
zone (similar to Cortés and Jayakrishnan 2002). One transfer is mandatory.

The main idea behind each type of structure is best explained by means of 
strengths and weaknesses. The basic structure (that dominates the literature) is built 
to create common intermediate transfer stops for the users, so that it is easier to find 
passengers that can share a vehicle. For instance, if two users present nearby ori-
gins, this can be enough to match them, regardless of their final destination because 
they can reach such a destination in different vehicles. Moreover, using a fixed line 
to carry everybody can be very efficient for a large demand, because in that case 
a high-frequency service is good for the users and large vehicles are good for the 
operators. However, imposing two transfers on everybody can be quite unpleasant. 
The two alternative classes of structures are conceived to deal with this trade-off: 
in simple words, the basic structure values the advantages of fixed lines and pas-
senger collection as more important, FTS diminishes the disadvantages of transfers, 
and PTS is the most balanced. It is noteworthy that a similar trade-off occurs in 
traditional public transport, which has been characterized as the directness of a line 
structure and identified as a source of scale economies by Fielbaum et al. (2020a). 
In our context, the basic structure is the less direct one and FTS are the most direct; 
further, the more passengers can be transported through a single flexible vehicle, the 
more direct the structure.

Within the family of Full-trip structures, each structure can be characterized by 
the pairs of zones that are connected by a flexible line, meaning that the users trave-
ling between them are able to travel without transfers. Let us explain this through an 
example, in which only the users going from P to CBD travel with one vehicle, while 
everyone else needs three. In this case, we have:

• One direct line taking users at Pi , traveling to CBDi , and delivering them there.
• Three feeder lines, one within each zone (we assume that these lines are not 

taken by the P − CBD users, as they have an alternative route with zero trans-
fers).

• One fixed line going from P to CBD.
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As there are three pairs of zones, and for each of them there are two alterna-
tives (to be connected via a flexible line, or not), there are 23 − 1 = 7 possible 
FTS (excluding the basic structure with zero direct lines). In order to ease the 
analysis, here we study three of them, characterized by having one (P − CBD ), 
two (P − CBD , SC − CBD ), or three ( P − CBD , SC − CBD , P − SC ) direct lines 
as described in Table 1.

The structure FTS-1 includes only one direct line, which connects the pair of 
zones that would usually have the largest demand ( P − CBD ). FTS-2 includes two 
direct lines to serve the users going to the most attractive zone (the CBD ). In 
FTS-3, nobody needs to transfer.

Regarding Partial-trip structures, again we can characterize each line through the pairs 
of zones that are connected via a semi-direct line, meaning that the corresponding users 
can travel using two vehicles instead of three. Let us take the case in which all the users 
traveling towards CBD use two vehicles as an example, where we have:

Table 1  Description of the three FTS line structures

Name Pairs of zones served with one 
flexible vehicle

Flexible lines Fixed line

FTS-1 P − CBD Four: Pi − CBDi,Pi − PC ,

SCi − SCC ,CBDi − CBDC

From P to CBD

FTS-2 P − CBD, SC − CBD Four:
Pi − CBDi, SCi − CBDi,

Pi − PC , SCi − SCC

From P to SC

FTS-3 P − CBD, SC − CBD,
P − SC

Three:
Pi − CBDi, SCi − CBDi

Pi − SCi

No

Table 2  Description of the three PTS line structures

Name Pairs of zones served with one 
flexible vehicle

Flexible lines Fixed line

PTS-1 P − CBD Four:
P
i
− CBD

C
,

P
i
− P

C
,

SCi − SCC ,

CBDi − CBDC

From P to CBD

PTS-2 P − CBD, SC − CBD Five:
P
i
− CBD

C
,

SC
i
− CBD

C
,

P
i
− P

C
,

SC
i
− SC

C
,

CBDi − CBDC

From P to SC

PTS-3 P − CBD, SC − CBD,
P − SC

Five:
P
i
− CBD

C
,

SC
i
− CBD

C
,

P
i
− SC

c
,

SC
i
− SC

C
,

CBDi − CBDC

No
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• One semi-direct line that takes users from Pi and delivers them to CBDC.
• One semi-direct line that takes users from SCi and delivers them to CBDC.
• One feeder line within P and another within SC.
• One fixed line from P to SC

Out of the seven possible PTS, we consider three in this paper, described in 
Table 2.

4  Optimal designs and comparison

4.1  General approach

In this section, we explain how to model the different elements that define user and opera-
tor costs. The purpose is to write such costs as a function of some design variables (such 
as the fleet characteristics), so that an optimal design can be found thereafter.

Crucially, in all of the line structures every user has a unique possible route to 
go from origin to destination; the only exception are users going from P to CBD in 
FTS-1 and PTS-1, that we assume optimal for the (semi-)direct alternative rather than 
a feeder-trunk-feeder alternative that would be available for them but involving two 
transfers. Moreover, there are no common lines4 in the system. Therefore, for a given 
line structure, we can derive the costs of each line independently; the total cost of that 
structure results from the addition of the costs associated to each of its lines plus the 
penalties associated to the total number of transfers induced by that structure.

Similar to numerous papers on public transport design (Fielbaum et  al. 2016; 
Daganzo 2010; Calabro et al. 2023; Hörcher and Graham 2018; among many oth-
ers), our analyses focus on what is the best way to serve a given demand. In other 
words, the demand is considered as exogenous.5 Real-life applications require find-
ing an equilibrium between this supply-oriented analysis with demand models and 
elasticity, a challenge that is beyond the scope of this paper.

We now derive the equations describing user and operator costs for the fixed and 
flexible lines. In order to find explicit formulae, a number of simplifying assump-
tions will be required. This is particularly relevant for ODRP, whose specific dynam-
ics depend heavily on the network details, which can be incorporated when running 
simulations but preclude an analytical approach as we do here. As argued by Cala-
bro et  al. (2023) when describing their continuous approximation (CA) approach: 
“CA models allow to understand the impact of the different decision variables on the 

4 When two fixed-route lines run in parallel in some segments of their route, they become common lines. 
Users traveling within that segment would take the first line arriving at the bus stop, which is why the 
optimization of those two lines becomes intertwined (Chriqui and Robillard 1975).
5 From a microeconomic perspective, the resulting optimal design represents the best engineering out-
come (combination of resources) for a given demand at given input prices. The economic result is a 
cost function, i.e. the minimum necessary level of expenses to produce (serve) a given demand. As is 
well known, from such a function associated with the supply side, marginal costs can be obtained. When 
demand functions are introduced, optimal levels of production and optimal prices (welfare or profit maxi-
mizing) can be obtained.
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performance, in an approximated, concise and computationally efficient way. The 
results obtained via CA models should be interpreted as high-level trends, which can 
guide transit planning considerations.” In other words, the equations we describe in 
this section will enable us to understand, from a high-level standpoint, under which 
circumstances it is better to offer the different line structures described in the previ-
ous section.

In the following sections, the variables to be optimized, i.e., those that can be 
decided by the operator of the system, are highlighted in bold.

4.2  Fixed line optimization

We follow the public transport model proposed by Jara-Díaz and Gschwender 
(2009), where all the features that define the public transport operation, for both 
users and operators, are expressed as a function of the frequency f  of the fixed line. 
Recall that the fixed line operates between the centers of the zones, so the exact 
users’ origins and destinations are not relevant for this design. Further, we assume 
only one fixed line, although it could be possible to consider more than one even for 
this simplified linear city (see, for instance, Jara-Díaz et al. 2012).

As the characteristics of the line vary depending on the integration strategy, we 
now define some generic notation. We denote by T  the time required to make the 
whole circuit if there were no stops, i.e., twice the length of the path A (that can 
either be short when A = gL , or long, when A = (g + 1)L) divided by the vehicle 
speed vc . We denote by Y1, Y2, and Y3 the number of passengers that use the fixed line 
from-to PC → CBDC,PC → SCC, SCC → CBDC , respectively. Note that:

if there is no flexible line from P to CBD , and Y1 = 0 otherwise. Similarly,

if there is no flexible line from P to SC , and Y2 = 0 otherwise. Also,

If there is no flexible line from SC to CBD , and Y3 = 0 otherwise. We begin with 
operators’ costs CO which depend on the number of buses B and their capacity K , 
through the expression:

where c0 and c1 are exogenous parameters. Note that BK represents the number of 
seats in the system. The number of buses depends on the cycle time tc , with

The cycle time is given by T plus the time spent at the bus stops. Let us denote by t 
the time spent by each user to board and to alight (2 t in total), and Y = Y1 + Y2 + Y3 

(1)Y1 = Ya(1 − �)

(2)Y2 = Ya�

(3)Y3 = Y(1 − a)

(4)CO = B(c0 + c1K)

(5)B = f tc
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the total hourly demand of the fixed line. Therefore, each bus carries Y∕f  passengers, 
meaning that:

Finally, as costs increase with the capacity, this is adjusted to be able to carry all the 
passengers in the most loaded of the two arcs:

We now continue with user costs, which depend on the average waiting time tw and 
the in-vehicle time tv , CU = Y(pwtw + pvtv) , where pw and pv are exogenous parameters 
representing time values. Average waiting time is calculated as:

Equation (8) assumes that users arrive uniformly during the interval between two 
consecutive buses. Average in-vehicle time tv is the sum of the time in-motion tm and 
the time spent at stops ts . The former can be computed as the time needed to tour the 
whole path between P and CBD ( T∕2 ), times the average proportion of such distance 
traveled by the passengers:

When a user visits an intermediate stop in her journey (in our case, this only hap-
pens for a P − CBD user when stopping at SC ), they spend there the whole time that 
the bus is stopped, where we assume that boarding and alighting occur simultaneously 
(using different doors). On the other hand, in the final stop, this is reduced, on average, 
to half that time. Therefore:

Putting everything together, the total value of the resources consumed, as a function 
of the frequency, is:

With

(6)tc = T +
2tY

f

(7)K =
max{Y1 + Y2, Y1 + Y3}

f

(8)tw =
1

2f

(9)tm =
T

2

Y1(g + 1)L + Y2gL + Y3L

Y(g + 1)L

(10)ts =
t

fY

[

Y1 ⋅

(

max{Y2, Y3} +
Y1 + Y3

2

)

+ Y2 ⋅
Y2

2
+ Y3 ⋅

(

Y1 + Y3

2

)]

(11)VRC(f ) = �f +
G

f
+ �

(12)� = Tc0
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Which implies that the optimal frequency is:

And the costs of the fixed line are:

4.3  Flexible lines optimization

In order to find closed expressions for the different components of the cost functions 
for the flexible lines, we adapt the method by Fielbaum (2020), which analyzes the 
case where all the users travel to the center of a zone (similar to the feeder lines of 
our model, but with passengers traveling in only one direction). For ODRP, there is 
no such a thing as frequencies, so the challenge is to write both operators and users 
costs as a function of other design variables.

As in this model ODRP is part of a public transport network, it is not a strange 
feature that users have to walk, which has been shown to be very efficient for ODRP 
systems (Fielbaum 2022; Fielbaum et  al. 2021a; Martin et  al. 2021; Wang et  al. 
2022). Specifically, we assume that users gather at a meeting point in the origin, so 
that nobody walks more than l , which is a variable to be optimized. In the destina-
tion we do not follow the same rule, as this would force the system to find users 
whose origins and destinations are nearby (at a walkable distance), which can be 
too difficult to achieve, reducing the degree of shareability of the system (actually, 
Fielbaum 2020 shows that such a strategy would preclude sharing at all). Therefore, 
users are dropped off at their exact destination. Moreover, by including both alterna-
tives (walking at the origin, not walking at the destination), the effect of both options 
is captured when we compare the line structures and analyze the evolution of total 
costs when the key parameters change.

The analysis of the cost function distinguishes two different cases.

(13)
G = 2tYc1max{Y1 + Y2,Y1 + Y3} +

pwY
2

+ pv

[

Y1 ⋅
(

max{Y2, Y3} +
Y1 + Y3

2

)

+ Y2 ⋅
Y2
2

+ Y3 ⋅
(

Y1 + Y3
2

)]

(14)� = 2tYc0 + c1Tmax{Y1 + Y2, Y2 + Y3} + pv
T

2

Y1(g + 1) + Y2g + Y3

(g + 1)

(15)f
∗
=

√

G

�

(16)C = 2
√

G ⋅ � + �



Beyond the last mile: different spatial strategies to integrate…

4.3.1  A line that connects different zones (direct or semi‑direct)

Let us begin by noting that, due to the demand structure in which all users travel 
in the same direction, the vehicle returns empty to its origin zone. We denote by D 
the distance between the center of the origin and destination zones. The number of 
hourly users of the line is denoted by y.

As we assume that users are homogeneously distributed in time and space, if they 
walk no more than l , it means that the walking (access) time ta is given by:

where 2l
3
 is the average distance between the points within a circle with radius l and 

its center, and va is the walking speed.6
To calculate the average waiting time, we follow Fielbaum (2020), by assuming 

that the system is perfectly coordinated, so that whenever K users have emerged, the 
vehicle with capacity K will arrive at the gathering point; we will expand on this 
assumption later. This can be achieved thanks to the regularity assumptions on the 
users’ spatial distribution, which ensures that, given a fixed time lapse, the same 
number of users will emerge within a circle of radius l . The time lapse required for 
K users to emerge in a circle with radius l is K r2

O

yl2
 , where rO is the radius of the ori-

gin zone. On average, users will wait for half that time (the first user to emerge waits 
for that full time lapse, but the last one waits zero), hence:

Let us denote by vc the velocity of the vehicles.7 We assume that, in order to 
travel between zones, it is always needed to go from center to center. Therefore, 
average in-vehicle time at the origin zone is rO

3vc
 and the time to connect the origin 

and destination zones is D
vc

 . In the case of the FTS, there is also a detour in the desti-
nation’s zone to deliver all the users, which can be seen as the solution of a random 
traveling-salesman-problem in the destination circle visiting K destinations, such 
that each vehicle covers an expected length of8 �rD

√

K at the destination, with 

(17)ta =
2l

3va

(18)tw = K
r2
O

2yl2

6 Note that we are disregarding the specific effects at the borders of the circles, in order to allow for an 
explicit expression of these equations. This means that walking times would be lower than our results, 
which happens for all the line structures, so it does not have a relevant effect on the comparison between 
them.
7 The velocity of the vehicles could be different for each type of line, reflecting that they could use dif-
ferent technologies. However, there is no obvious way to do this: for instance, if the fixed line uses tradi-
tional buses, it could be slower than the other lines, whereas the contrary would happen if using BRT or 
Metro. We opt to use the same vehicle’s velocity everywhere to avoid biasing our analysis.
8 This is actually a convergence result when the number of points is large (a special case of the Beard-
wood–Halton–Hammersley Theorem). However, the dependency on the square root of the number of 
points holds for smaller values.
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� ≈ 1.26 (Applegate et al. 2007). Users spend on average half that time in the vehi-
cle. Putting everything together9:

where IFTS is a binary function indicating if this is an inter-zonal line in FTS (case 
in which IFTS = 1 ), or not (so IFTS = 0 ). The factor 

√

K captures that users will face 
longer detours when the vehicle needs to deliver more passengers, but that such 
detours increase at a decreasing rate because more users imply that their destinations 
are situated closer to each other.

Operators’ costs depend on K and in the number of small vehicles B , following 
Eq. (4). We now find a relationship between these two variables, leveraging the fact 
that vehicles and users are perfectly coordinated, i.e., that vehicles do not need to 
wait for users. Let us define as ρ the average load of the vehicle in time. The fol-
lowing two expressions represent the same amount, namely the pax-hour driven per 
hour by the flexible line, such that the resulting unit on both sides is in passengers, 
and the total pax-hours offered by the system would be obtained by multiplying the 
expressions by the total operational time.

The left-hand side is the total capacity moved by the system multiplied by the 
average load (supply), and the right side is the number of users multiplied by the 
average time they spent using the line (demand). Note that for these lines ρ =

1

2
 : if 

vehicles do not deliver the users at their exact destinations ( IFTS = 0 ), they spend 
half of the time full and half of the time empty; otherwise ( IFTS = 1 ), an additional 
path needs to be considered, where users are being dropped one by one, so that on 
average vehicles are at half capacity.

We now explain how Eq.  (20) ensures that the system is coordinated, as men-
tioned above. In fact, tv∕� is the cycle time of the vehicle, so that tv∕B� is the head-
way h between two consecutive vehicles reaching the origin zone, thus Eq.  (20) 
implies that h = K∕y . In a traditional public transport system, we have the waiting 
time fulfilling tw∕h = 1∕2 (Jara-Díaz and Gschwender 2009). In this case, combin-
ing Eqs. (18) and (20) we obtain that the same factor gets multiplied by r2

O
∕l2 , which 

is the proportion of vehicles useful to a particular passenger. In other words, if we 
had an inequality instead of Eq. (20), the users’ waiting time would be either longer, 
meaning that the vehicle would not have enough time to arrive when the users are 
gathered, or shorter, meaning that not enough users would have emerged when the 
vehicle arrives.

Putting everything together, we can write the total costs of these flexible lines as 
a function of K and l:

(19)tv =
1

vc

�

2rO

3
+ D +

�

2
rD

√

KIFTS

�

(20)BK� = ytv

9 We are disregarding the boarding/alighting time for ODRP because these are small vehicles, so that 
this time has little effect. This is a usual assumption in previous studies as well (Bilali et al. 2019, Fiel-
baum 2020).
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With:

Following the standard assumptions of simplified public transport models, we 
regard K as continuous for this step, so that we can take the derivative of the 
cost function with respect to K . When ITFS = 0 , the optimal values of the design 
variables can be easily computed through the first order conditions, and are

With a cost of:

When ITFS = 1 , due to the presence of the terms that depend on 
√

K , the first-
order conditions lead to equations of degree larger than 4, hence there is no ana-
lytical solution. Therefore, for the analytical investigation, we will use the same 
expression given by Eq. (28), which is a sub-optimal solution but useful to have 
some intuition concerning the role played by the different parameters. It is worth 
noting that the two terms that are disregarded when using this solution (last two 
terms in Eq. 21) push into opposite directions. This leads to total costs equal to:

(21)VRC(l,K) = �1l + �2
K

l2
+ �3

1

K
+ �4 + IFTS

�

�5

√

K + �6
1

√

K

�

(22)�1 = y
2pa

3va

(23)�2 =
pwr

2

O

2

(24)�3 =
yc0

�vc

(

2rO

3
+ D

)

(25)�4 =
yc1

�vc

(

2rO

3
+ D

)

+ y
pv

vc

( rO

3
+ D

)

(26)�5 = ypv
�

2

rD

vc
+

yc1�rD

2�vc

(27)�6 =
�

2

yc0rD

�vc

(28)K =
21∕2�

3∕4

3

�
1∕2

1
�
1∕4

2

, l =
21∕2�

1∕4

3
�
1∕4

2

�
1∕2

1

(29)CPTS = 2
√

2

�

�
1∕2

1
�
1∕4

2
�
1∕4

3

�

+ �4
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When we run numerical simulations (Sect. 5), we will use the optimal values 
for K and l .

4.3.2  Feeder lines

As we assume that at the origin users need to walk, but at the destination they are 
served at their door, the analysis is different when the feeder only takes users towards 
the center of its zone (as in P ), when it only distributes users from such a center (as in 
CBD ), or when it does both (as it can happen in SC ). In the first two cases, we denote 
by y the number of users of the line, while in the third case we need to disentangle 
y = yin + yout , with yin corresponding to the users traveling towards the center and yout 
being the ones traveling from the center. The radius of the zone is denoted by r.

Case in which users only go to the center:
The access, waiting and in-vehicle times are calculated similar to the analysis above, 

leading to:

Moreover, it still holds that BKρ = ytv, with � =
1

2
 . Everything together yields:

which implies

where

Case in which users only go from the center:
In this case, all users travel from the center of the corresponding circle and can share 

the vehicle. Therefore, a vehicle departs just when it gathers K passengers (similar to Li 
and Quadrifoglio 2010), making:

There is no walking time, and in-vehicle time is:

(30)CFTS = 2
√

2

�

�
1∕2

1
�
1∕4

2
�
1∕4

3

�

+ �4 + ITFS

�

�5

21∕4�
3∕8

3

�
1∕4

1
�
1∕8

2

+ �6

�
1∕4

1
�
1∕8

2

21∕4�
3∕8

3

�

(31)ta =
2l

3va
, tw = K

r2

2yl2
, tv =

2r

3vc

(32)VRC(l,K) = �1l + �2
K

l2
+ �3

1

K
+ �4

(33)C = 2
√

2

�

�
1∕2

1
�
1∕4

2
�
1∕4

3

�

+ �4

(34)�1 =
2ypa

3va
, �2 =

pwr
2

2
, �3 =

2c0yr

3�vc
, �4 =

2yr

3vc

(

pv +
c1

�

)

(35)tw =
K

2y
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It still holds that BK� = ytv, with � =
1

2
 . Everything together yields:

with

The explicit solution for such an equation is extremely long, so we do not write it 
here10.

Case in which passengers travel in both directions:
Let us denote by Kin and Kout the number of users boarding the vehicle in each 

direction, such that

We assume that all the vehicles serve consecutively one inner and one outer trip, 
and that thanks to the regularity assumptions the finishing point of one trip coin-
cides exactly with the starting point of the following one, where users have just gath-
ered to board.

The waiting time is calculated as the weighted average between the directions:

Average access time only exists for those traveling towards the center:

Average in-vehicle time also depends on the direction:

Finally, with regard to the extra equations to write the passenger-hours-traveled in 
two different ways (to link the number of vehicles B and their capacity K ), this now 
has to happen in both directions, that is

(36)tv =
�

2vc
r
√

K

(37)VRC(K) = �1K + �2

√

K + �3
1

√

K

(38)�1 =
pw

2
, �2 =

y�r

2vc

(

pv +
c1

�

)

, �3 =
c0y�r

2vc�

(39)K = max(Kin,Kout)

(40)tw =
yin

yin + yout
Kin

r2

2yinl
2
+

yout

yin + yout

Kout

2yout

(41)ta =
yin

yin + youu

2l

3va

(42)tv =
yin

yin + yout

2r

3vc
+

yout

yin + yout

r�
√

Kout

2vc

10 See https:// www. wolfr amalp ha. com/ input?i= solve+A+ x% 5E% 283% 2F2% 29+% 2B+ Bx% 2F2+-+C% 
2F2+% 3D+0 (accessed on 25/02/2022).

https://www.wolframalpha.com/input?i=solve+A+x%5E%283%2F2%29+%2B+Bx%2F2+-+C%2F2+%3D+0
https://www.wolframalpha.com/input?i=solve+A+x%5E%283%2F2%29+%2B+Bx%2F2+-+C%2F2+%3D+0
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The parameter �in now represents the average load of people traveling towards the 
center that are in the vehicle. While the vehicle travels towards the center, the load is 
1, and when it is delivering the passengers from the center, the load is zero, leading 
to:

where we are using the fact that the vehicle alternates one trip in direction “in” and 
one trip in direction “out”. The analysis for �out is equivalent, but we note that the 
average load while distributing the users from the center is 1∕2 , which leads to:

As we have two ways to write B , straightforward algebra leads to an equality that 
states that the load per direction is proportional to the demand:

To put everything together, let us define Γ = max
(

1,
yout

yin

)

 so that K = Γ⋅Kin . 
Then11:

with

These first-order conditions cannot be solved analytically, so when this line exists, 
it will be optimized numerically.

(43)BKin�in = yin
2r

3vc
,BKout�out = youtr�

√

Kout

2vc
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√
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(47)VRC(Kin, l) = �1l + �2
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√
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3pwyout
yin

,�4 =
pvyoutr�
2vc

⋅

√

3yout
yin

+ Γ ⋅
c1r�
vc

√

3youtyin,

�5 =
c0r�
vc

√
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+
2c1yinrΓ

3vc

11 As now K is written as a function of Kin , we put the latter in bold in what follows.
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4.4  Cost per structure

Following Tables 1 and 2, we have seven different structures (including the basic 
one). For each of them, the total cost can be characterized by Eqs. (16), (29), (30), 
(33), (37) and (47), plus transfer penalties for those users that need to transfer: as 
argued by Garcia-Martinez et al. (2018), the discomfort of transfers can be captured 
by the model through a constant penalty pT , which is multiplied by the total number 
of transfers in the system. In Appendix A we identify, for each structure, the fixed 
and flexible lines, the corresponding parameters for each of them, and the resulting 
costs.

Table 3  Parameters used in the simulations

Velocities are divided by 
√

2 to account for a Manhattan distance instead of Euclidean. Parameters 
a, �, p

v
, p

w
, p

a
, c0, c1 are obtained from Fielbaum (2020). The transfer penalty p

T
 is a moderate value 

compared to the literature (Jara-Diaz et al. 2022)

Parameter a Y � pv pw pa pT c0

Value 0.8 1000
[pax/h]

0.25 2.32 
[US$/h]

4.64 
[US$/h]

6.96 
[US$/h]

0.31 
[US$]

4.02 
[US$/h]

Parameter L g t vc va rCBD rSC rP

Value 5 [km] 1.5 2.5 [sec] 25∕
√

2

[km/h]
5∕

√

2

[km/h]
3 [km] 5 [km] 10 [km]

Fig. 4  Line structures with the lowest total costs, for different combinations of the parameters: a a (per-
centage of users departing from P ) and Y (total number of passengers per hour), and b a and � (degree of 
polycentricity)
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5  Results

5.1  Global results

Let us begin the analysis by identifying which is the best line structure, among 
the seven defined above, for different combinations of the parameters. To do so, 
we consider base values for the parameters as defined in Table 3, where the pT 
parameter represents 8 equivalent in-vehicle minutes (EIVM), a conservative 
value indeed as suggested by the specialized literature (see Jara-Diaz et al. 2022, 
who suggest a universal EIVM between 13 and 18).

We consider three key parameters for this part of the analysis, which charac-
terize the demand pattern: a, � and Y  . We depict which is the best structure for a 
given combination of (a, Y) and (a, �) , in Fig. 4 left ( Y  in logarithmic scale) and 
right, respectively.12

The first conclusion we obtain from Fig. 4, which answers the main question we 
investigate in this paper, is that the base case scenario (feeder-trunk-feeder) is 
only optimal under very specific circumstances, namely when a is large, i.e., most 
trips begin at P , and either � approaches 0 (implying that there is almost no demand 
departing or arriving at the subcenter, so that the load of the buses remains the same 
during the whole route), or Y  approaches 0 (a very small demand, where gathering 
passengers with different destinations can be crucial). On the other hand, both FTS 
and PTS structures might be the best ones, depending on the combination of the 
parameters.

In the left figure we include representative lines from cities where13 � ≈ 0.25.

Figure 4a reveals that for a small demand, it is better to use FTS-3 or the Base 
case, depending on the value of a . As Y  grows, it becomes better to use FTS-2 and 
then PTS-2. Remarkably, this does not follow a relevant scale-related result that has 
been reported in traditional public transport by Fielbaum et  al. (2020a): a larger 
demand does not imply using more direct line structures when ODRP is also 
involved (recall that, in general terms, directness evolves in this scheme from the 
base case to PTS, and then to FTS, where FTS-3 is the most direct possible struc-
ture). The reasons explaining why those results do not apply here, where we also 
have ODRP, are discussed in the following subsection when we study in more detail 
the evolution of the system as the demand increases.

12 It is worth mentioning that, after rounding, the capacity of the small vehicles ranges between 3 and 11 
seats.
13 Estimating these parameters is a complex task that is out of the scope of this paper, so we only use 
available exogenous information. The internal distribution of the trips was obtained from Jara-Diaz and 
Olea (2021) for Belo Horizonte, Montreal, and Bogotá, and from Fielbaum et al. (2017) for Los Ange-
les (CA). The number of users per line was obtained from https:// www. trans milen io. gov. co/ loader. php? 
lServ icio= Tools 2andl Tipo= desca rgasa ndlFu ncion= desca rgara ndidF ile= 47467 (accessed on 18/06/2022, 
Bogotá), https:// strin gfixer. com/ tr/ Los_ Angel es_ Metro_ Busway (accessed on 18/06/2022, Los Ange-
les), https:// www. itdp. org/ 2014/ 05/ 27/ belo- horiz onte- launc hes- second- brt- corri dor- as- world- cup- nears/ 
(accessed on 18/06/2022, Belo Horizonte), and https:// globa lnews. ca/ news/ 64089 83/ reser ved- bus- lane- 
slowi ng- down- papin eau- avenue- rush- hour- traffi c- stm/ (accessed on 18/06/2022, Montreal). When the 
hourly information was not available, we assumed the same proportion as in Bogotá between peak morn-
ing and total daily trips.

https://www.transmilenio.gov.co/loader.php?lServicio=Tools2andlTipo=descargasandlFuncion=descargarandidFile=47467
https://www.transmilenio.gov.co/loader.php?lServicio=Tools2andlTipo=descargasandlFuncion=descargarandidFile=47467
https://stringfixer.com/tr/Los_Angeles_Metro_Busway
https://www.itdp.org/2014/05/27/belo-horizonte-launches-second-brt-corridor-as-world-cup-nears/
https://globalnews.ca/news/6408983/reserved-bus-lane-slowing-down-papineau-avenue-rush-hour-traffic-stm/
https://globalnews.ca/news/6408983/reserved-bus-lane-slowing-down-papineau-avenue-rush-hour-traffic-stm/
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Figure  4b shows that when � is large, i.e. when there are almost no P − CBD 
trips, it is better to utilize the FTS-2 structure. When a is large, this result reinforces 
the discussion in the previous paragraph: most of the users are traveling from P to 
SC , and they are precisely the ones using the traditional system; in other words, the 
OD pair that exhibits the largest demand is the one with the least direct structure.

On the other hand, when a is small, one could expect that an analogous result 
would be that passengers going from SC to CBD (the most demanded OD pair in 
such a case) should also travel using the fixed line, meaning that FTS-1 should be 
preferred. To understand why this is not the case, it is worth noting that FTS-1 and 
PTS-1 never appear as the dominant structures. The reason for this is that those 
structures have a fixed line that goes from P to CBD , but the users of the second leg 
( SC − CBD ) are reduced in comparison with the base case, since those going from 
P to CBD have a direct or semi-direct line, implying that there is an increased idle 
capacity there (compared to the base case). Following Tables 1 and 2, in FTS-2 and 
PTS-2 the fixed line cycle is shortened as it does not arrive to the CBD , which is 
why they outperform FTS-1 and PTS-1, leading to lower operational costs (as con-
firmed in Fig. 6). This suggests a relevant high-level conclusion that can be stated as 
if some of the users traveling in the first segments of a fixed-route line can now 
use ODRP, it might be better to offer ODRP to all the users in such segments, 
so that the line length can be shortened.

5.2  Evolution of the costs with the demand

We now show, in Figs. 5, 6, 7, the evolution of the different components of users’ 
and operator’s costs as the demand grows. Let us begin with the user costs by depict-
ing average in-vehicle (left), waiting (center), and walking (right) times in Fig. 5.

Regardless of the line structure, in-vehicle time increases with the demand, which 
happens because a greater demand leads to larger vehicles, which affects all lines:

• In the fixed line, vehicles carry more passengers and hence spend more time 
waiting for them to board and alight at the bus stops. This is a well-known fact in 
traditional public transport analysis (Fielbaum et al. 2020).

• In the flexible lines, a larger capacity implies a longer detour when dropping off 
the passengers at their destinations (Eq. 19).

Fig. 5  Evolution of the components of users’ average traveling times as the total demand grows
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Figure 5 on the left also explains why a greater demand does not imply a more 
direct structure. The FTS structures present the largest in-vehicle times, with FTS-3 
being the largest of all. Moreover, this difference becomes more relevant as the 
demand grows. This happens because FTS structures are the only ones in which the 
same vehicle does the following two things: it connects different zones, and it deliv-
ers the users to their final destinations. Connecting different zones implies a long 
traveling time, which leads to bigger vehicles (through �3 in Eq. 28), namely because 
otherwise too many vehicles would be required. But large vehicles delivering the 
users to their final destinations imply a long detour. Therefore, a relevant operational 
conclusion is that there is a virtue in splitting the long and short legs of a trip, 
to tailor the vehicles’ sizes and avoid long detours in the short parts. Note that 
the increase in in-vehicle time, as the demand grows in ODRP, corresponds to a 
source of scale diseconomies, identified as the “Flex-Route effect” by Fielbaum 
et al. (2023).

Waiting and walking times, on the other hand, show a similar pattern. They 
both decrease with the demand, which is explained because there are more vehi-
cles and it is easier to gather the users together, two sources of scale econo-
mies (denoted by Fielbaum et al. 2023 as “Mohring effect” and “Better-matching 
effect”, respectively). All structures present similar values, with the exception of 
the base case in which both walking and waiting are significantly shorter, which 
is explained because the two transfers imply that it is very easy to find users that 
can share a vehicle.

In Fig. 6 we analyze the evolution of the total fleet and the total number of 
seats, defined as the sum of the capacity of all the vehicles in the system, which 
characterize the total operators costs (Eq. 4). PTS-3 yields the lowest operator 
costs, but this is not enough to make it optimal. It is noteworthy that the three 
structures in which the fixed line route is not shortened, i.e., FTS-1, PTS-1, and 
the base case, present the highest operator costs. The other structures present 
similar values.

Finally, in Fig. 7 we show average total costs. It reveals that FTS-1 and PTS-1 
are usually the worst structures, whose reasons were already discussed above. 
The base case is the best one for low demand levels, but it becomes one of the 

Fig. 6  Evolution of the sources of operator costs as the demand grows
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worst when the demand is higher. This reinforces the main conclusion of this 
paper: namely, that other types of spatial integration can be better than assuming 
ODRP to serve only as a feeder, depending on the circumstances. PTS-3 presents 
almost the same costs as PTS-2, meaning that it is almost the best structure for 
many combinations. All curves are decreasing, implying that scale economies 
prevail, which is expected as this is the case for public transport and for ODRP.

5.3  Role of the transfer penalty

It is a well-known fact that disregarding the discomfort induced by transfers can 
have a relevant effect on the optimal design of public transit networks (Fielbaum 
et  al. 2016). Moreover, capturing the exact effect of transfers can be challenging 
from a methodological point of view (Garcia-Martinez et al. 2018). In this subsec-
tion, we investigate which would be the dominant line structures if pT is assumed to 
be either 0 or twice its original value.

Let us begin with the case pT = 0 , depicted in Fig. 8. This figure is equivalent 
to Fig.  4, only changing pT . The contrast with Fig.  4 is evident. The base case 

Fig. 8  Representation of the line structure with the lowest total costs, for different combinations of the 
parameters a,Y and � , imposing no transfer penalty

Fig. 7  Evolution of average total 
costs as the demand increases
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dominates in a much wider zone, and FTS almost disappears. Therefore, we can 
conclude that imposing ODRP to serve as a feeder involves an implicit assump-
tion, namely that transfers are not uncomfortable. On the other extreme, when 
the value of pT is doubled (reaching the recommended interval in Jara-Diaz et al. 
2022), the only structure that does not involve transfers, FTS-3, is dominant every-
where. Such massive changes reinforce that having an appropriate measurement of 
the transfer penalty is crucial to have an accurate design.

5.4  Sensitivity analysis

As our model involves several parameters, we analyze the impact of each of them on 
the different line structures. To do this, we modify each of the exogenous parameters 
from half to double their original value and compute the average cost for each of the 
line structures. The modification of the parameters is done one-by-one, and the other 
parameters are kept fixed. The figures and details can be found in the Appendix B. 
We summarize here the most relevant conclusions:

• If passengers are traveling between distant points (i.e., larger values of g or L ), 
massive vehicles are more efficient and the base case is favored.

• If the zones P or CBD are smaller (i.e., lower values of rP or rCBD ), it becomes 
easier to gather them at the origin and to take them to their final destinations, 
favoring FTS and PTS.

• If vehicles can travel faster (i.e., larger value of vc ), FTS structures are favored 
because it becomes less relevant to split the long and short parts of a trip.

6  Synthesis and conclusions

There is relevant potential in designing public transit networks that offer jointly 
traditional fixed-route and on-demand services. Most previous research has 
addressed this challenge imposing that ODRP should be limited to feed the mas-
sive fixed network, hence solving the so-called first-mile and last-mile problems. 
In this paper, we study whether this assumption is correct, by taking this solu-
tion as a benchmark or base case and comparing it with direct-based (FTS) and 
semi-direct-based (PTS) solutions in a simplified linear city: in FTS, some pas-
sengers execute their whole trip using ODRP, while in PTS, some users travel 
from their origin to a different zone using a single ODRP vehicle, but still face 
the last-mile through a feeder.

By including a number of simplifications regarding the operation of the public 
transport system, we derived analytical expressions for all the characteristics defin-
ing the costs: traveling times for the users, and fleet attributes for the operators. Such 
expressions depend on some design variables (namely the size of the fleet and how 
much should users walk), implying that they can be optimized to minimize total 
costs. We do so for different combinations of the parameters and obtain the resulting 
costs for each of the structures we analyze.
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Our main conclusion is to observe that the base case situation is optimal only 
under very specific circumstances, such as low-demand monocentric cities. It can 
also be optimal if one assumes that transfers are not uncomfortable for the users, as 
the base case imposes two transfers to every user. Otherwise, the inclusion of flex-
ible direct or semi-direct services can improve the system, as they can reduce the 
number of transfers and offer competitive operator costs.

We show that when routes are flexible, it is no longer true that line structures 
become more direct as the demand grows (which does happen in traditional public 
transport). The reason for this is that the routes’ length increases when more users 
share the vehicle that transport them to their doors. This problem is partially relieved 
when the longest part of the route is traveled in a large vehicle (which is less costly), 
and the last leg is done in a smaller vehicle that induces a shorter detour.

The two structures that involve only one direct or semi-direct line (FTS-1 and 
PTS-1) exhibit the highest costs, regardless of the scenario we study. In both struc-
tures, only a small number of the users can board the direct or semi-direct service. 
In particular, both structures remove a fraction of the fixed line users in its first seg-
ment, but not all of them, so that the fixed line cannot be made shorter, but does lose 
part of its demand and hence scale economies are not leveraged. This fact illustrates 
the complexity in the relationship between the flexible and the fixed lines.

In all, this paper shows that it is urgent to propose ways to integrate on-demand 
services into public transit in which ODRP is not constrained to operate as a feeder. 
Our analysis is mostly limited by the simplifying assumptions we have included 
in the analysis: a simplified city model, with temporal homogeneity, no explicit 
street network, and considering that all the design variables are continuous (includ-
ing vehicles’ capacities). Although we believe that our stylized model captures the 
essence of the problem, the most relevant directions for future research are per-
forming a similar analysis in a more realistic setting, where complex relationships 
between the network structure and the lines offered might emerge. Particularly, the 
general problem of designing a traditional public transport network with its frequen-
cies has been thoroughly studied in the last decades, and yet it remains open due to 
its complexity (Durán-Micco and Vansteenwegen 2022): modifying this problem to 
include some on-demand lines, and developing heuristics to solve it, might be one of 
the most relevant research questions in public transport theory in the years to come.

Appendix A: Lines and parameters per structure

1. FTS-1
Fixed line: Y1 = 0, Y2 = Ya�, Y3 = Y(1 − a),A = (g + 1)L

Feeder line within P : yin = Ya�, yout = 0, r = rP,

Feeder line within SC : yin = Y(1 − a), yout = Ya�, r = rsc
Feeder line within CBD : yin = 0, yout = Y(1 − a), r = rCBD
Direct line Pi − CBDi : y = Ya(1 − �), rO = rP, rD = rCBD,D = (g + 1)L

Number of transfers: 0 ⋅ Ya(1 − �) + 2 ⋅ Y(1 − a + a�)

2. FTS-2
Fixed line: Y1 = 0, Y2 = Ya�, Y3 = 0,A = gL
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Feeder line within P : yin = Ya�, yout = 0, r = rP,

Feeder line within SC : yin = 0, yout = Ya�, r = rsc
Direct line Pi − CBDi : y = Ya(1 − �), rO = rP, rD = rCBD,D = (g + 1)L

Direct line SCi − CBDi : y = Y(1 − a), rO = rSC, rD = rCBD,D = L

Number of transfers: 0 ⋅ Y[a(1 − �) + 1 − a] + 2 ⋅ Ya�

3. FTS-3
Direct line P − SC: y = Ya�, rO = rP, rD = rSC,D = gL

Direct line P − CBD : y = Ya(1 − �), rO = rP, rD = rCBD,D = (g + 1)L

Direct line SC − CBD : y = Y(1 − a), rO = rSC, rD = rCBD,D = L

Number of transfers: 0
4. PTS-1
Fixed line: Y1 = 0, Y2 = Ya�, Y3 = Y(1 − a),A = (g + 1)L

Feeder line within P : yin = Ya�, yout = 0, r = rP,

Feeder line within SC : yin = Y(1 − a), yout = Ya�, r = rsc
Feeder line within CBD : yin = 0, yout = Y(1 − a) + Ya(1 − �), r = rCBD
Semi-direct line Pi − CBDC : y = Ya(1 − �), rO = rP, rD = rCBD,D = (g + 1)L

Number of transfers: 1 ⋅ Ya(1 − �) + 2 ⋅ Y(1 − a + a�)

5. PTS-2
Fixed line: Y1 = 0, Y2 = Ya�, Y3 = 0,A = gL

Feeder line within P : yin = Ya�, yout = 0, r = rP,

Feeder line within SC : yin = 0, yout = Ya�, r = rsc
Feeder line within CBD : yin = 0, yout = Ya(1 − �) + Y(1 − a), r = rCBD
Semi-direct line Pi − CBDC : y = Ya(1 − �), rO = rP, rD = rCBD,D = (g + 1)L

Semi-direct line SCi − CBDC : y = Y(1 − a), rO = rSC, rD = rCBD,D = L

Number of transfers: 1 ⋅ Y[a(1 − �) + 1 − a] + 2 ⋅ Ya�

6. PTS-3
Feeder line within SC : yin = 0, yout = Ya�, r = rsc
Feeder line within CBD : yin = 0, yout = Y(1 − a) + Ya(1 − �), r = rCBD
Semi-direct line Pi − SCC : y = Ya�, rO = rP, rD = rSC,D = gL

Semi-direct line Pi − CBDC : y = Ya(1 − �), rO = rP, rD = rCBD,D = (g + 1)L

Semi-direct line SCi − CBDC : y = Y(1 − a), rO = rSC, rD = rCBD,D = L

Number of transfers: 1 ⋅ Y

Fig. 9  Sensitivity analysis with respect to the distances between the periphery, subcenter and CBD
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7. Base case
Fixed line: Y1 = Ya(1 − �), Y2 = Ya�, Y3 = Y(1 − a),A = (g + 1)L

Flexible line within P : yin = Ya, yout = 0, r = rP,

Flexible line within SC : yin = Y(1 − a), yout = Ya�, r = rsc
Flexible line within CBD : yin = 0, yout = Ya(1 − �) + Y(1 − a), r = rCBD
Number of transfers: 2 ⋅ Y

Appendix B: Sensitivity analysis

Let us begin the sensitivity analysis by studying the effect of the parameters g and 
L , which define the distance between P, SC , and CBD. The results are depicted in 
Fig.  9, and reveal that average costs increase for all structures, which is an obvi-
ous consequence of the need for traveling longer distances. Notably, the compari-
son among the structures changes by favoring the base case: When the passengers 
are traveling between distant points, the efficiency of massive vehicles outperforms 
ODRP.

In Fig.  10 we analyze the effect of the radia of the three circles. As expected, 
average costs increase due to the longer distances involved. However, the effect 
on the comparison among structures is different depending on the zone, especially 
regarding the base case, which becomes more competitive when rP or rCBD increase, 

Fig. 10  Sensitivity analysis with respect to the radia of the periphery, subcenter and CBD

Fig. 11  Sensitivity analysis with respect to cost-related user parameters
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but the contrary happens with rSC . In the case of P and CBD , a smaller circle implies 
that it is easier to serve the users in an (almost) door-to-door fashion. To understand 
what happens in SC , note that FTS-1 and PTS-1 are similarly affected as the base 
case, and these are the three structures in which the SC-feeder line takes passengers 

Fig. 12  Sensitivity analysis with respect to operators’ cost-related parameters

Fig. 13  Sensitivity analysis with respect to walking and vehicle velocities

Fig. 14  Sensitivity analysis with 
respect to the time needed to 
board and alight a bus
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in both directions: the unbalance between the two directions becomes more relevant 
when the radius of the circle increases.

Figure 11 shows the impact of the three users’ cost-related parameters. As they 
define the costs, it is expected that they make total costs increase. Their impact on 
the comparison between structures follows directly what was analyzed via Fig. 5: as 
FTS-3 involves the largest in-vehicle times, it is the most affected by pv ; and as the 
base case presents the lowest waiting and walking times, it gets favored when pa or 
pw increase.

Figure 12 shows the impact of operators’ cost-related parameters. As expected, 
they make total costs increase. The fixed cost per vehicle c0 does not have a very sig-
nificant impact on the comparison between structures, whereas a larger c1 (the fixed 
cost per seat) makes the base case less competitive, namely because the potential 
savings of large vehicles become less relevant.

In Fig. 13 we show the impact of the two involved speeds: walking and vehicle. 
Walking speed presents the exact reverse effect as pa , which is expected as every 
time pa appears in an equation it is divided by va . Increasing vehicle speed mostly 
favors FTS-3 and FTS-2: this happens because the problem that we identified above, 
namely that these structures do not split the long and the short legs of the trip, 
becomes less important as now they are toured faster, allowing for smaller vehicles 
and making detours less relevant.

Finally, in Fig. 14 we depict the effect of t , the time spent by each user boarding 
or alighting a fixed line. Its impact is generally mild, with the only exception of the 
base case, because in this structure all of the passengers utilize the fixed line.

Appendix C: Glossary

See Table 4.
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