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Abstract

The world of molecular biology is composed by a complex network of interactions that
are analogous to electric circuits. They govern the functions required for life, from
metabolism to locomotion. In these networks, the presence of network motifs were
identified, recurring elements supposedly kept by evolution. One of them is called the
feedforward loop and has the function of a sign-sensitive delay element or noise-filter.
Moreover, different combinations of several types of feedforward loops were identified
in the transcription networks of Escherichia coli and Saccharomyces cerevisiae, called
complex feedforward loops. From this finding a question arises: do different types of
combined feedforward loops have a specific function? Would this identified function
be useful in synthetic biology applications? Answering these questions is the ultimate
goal of a research direction in systems biology, studied at the Institute of Complex
Molecular Systems (ICMS) at Eindhoven University of Technology. However, biological
experiments are difficult to setup and conduct in a suitable manner to generate relevant
results. Therefore, it would be highly effective to be able to predict the nonlinear dy-
namical behaviour of these (combined) feedforward loops. Nevertheless, in order to be
able to achieve this, first a single feedforward loop must be fully modelled, calibrated and
analysed. This master thesis focuses on this goal and is composed of three main elements:
modelling, parameter estimation and structural analysis. The modelling section com-
prises of the methodology derived in order to transpose the biochemical reactions into
equations and perform model reduction on the feedforward loop built at ICMS. Then,
a hybrid parameter estimation method was applied successfully and made it possible to
perform numerical simulations of the system. Lastly, the focus was directed to structural
analysis and obtaining insights about the behaviour of the network without knowledge
of the parameters. This included the adaptation of metabolic network analysis tools,
elementary flux mode analysis and flux balance analysis to be used on gene expres-
sion networks. As a result, it was possible to link the nonlinearity of the steady-states
observed in the experimental data with the accumulation of certain compounds.
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Chapter 1

Introduction

“Every object that biology studies is a system of systems.”

— Francois Jacob (1974)

This chapter provides a brief introduction to the field of systems biology. More pre-
cisely, the origin of the research area, the theory and applications related to it and the
connection with the field of systems and control. Subsequently, the focus will be put on
the project work that was completed during the master thesis and an overview of it is
presented in continuation. Moreover, concepts central to the project will be introduced,
jointly with the main components of the work completed. In addition, an overview of
the experimental process is described together with the analysis of the experimental
data provided by the Institute of Complex Molecular Systems (ICMS) at Eindhoven
University of Technology.

1-1 The Field of Systems Biology

Systems biology is considered to have two historical roots [6], both originating from
molecular biology. One of them is represented by the discovery and study of the genetic
material and the second one is made up of nonequilibrium thermodynamics theory. Both
of them emerged from the first half of the 19th century and prior to their development
biology was an isolated field of research, not linked to mathematics, systems theory
and engineering. However, as a result of the pioneering work of Alan Turing published
in the paper "The Chemical Basis of Morphogenesis" [7], mathematical modelling was
introduced to the world of molecular biology. Another important figure to mention is
Ludwig von Bertalanffy who is considered to be the father of general systems theory [8]
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2 Introduction

and focused on studying organisms as a 'whole’ [9], also applying modelling principles on
self-regulating systems. In addition, another notable milestone in the history of systems
biology is the discovery of the lac operon’s regulation in bacteria Escherichia coli (E.Coli)
by Jacob and Monod in 1961 [10]. This was revolutionary as it showed that the gene
expression process can be seen as a dynamical system with inputs and outputs [11].
Systems biology has come a long way since then, encompassing a research field on its own
and uniting researchers from multiple disciplines: biology, systems and control, chem-
istry, computer science and engineering. An accurate definition of the research direction
was formulated in the paper [12] in the following way:

“Systems biology studies biological systems by systematically perturbing them (biologi-
cally, genetically, or chemically); monitoring the gene, protein, and informational path-
way responses integrating these data; and ultimately, formulating mathematical models
that describe the structure of the system and its response to individual perturbations.”

Therefore, one of the significant aims of this field is to describe the behaviour of biolog-
ical systems using mathematical laws. Having achieved this, some researchers started
a new direction of pioneering work resulting from the theory developed from systems
biology. In 1994, Leonard M. Adleman put all the theory in practice and developed
the first DNA-based computer. This triggered the construction of de novo synthetic
gene circuits like the oscillator [13] and the toggle switch [14]. These constitute one of
the first big milestones in synthetic biology, an engineering field that focuses on the de-
sign and manipulation of artificial biological systems with specific application purposes.
As a result, the first real-world applications were developed which were environmental
biosensors and biofuel production pathways [11].

The two research fields of systems biology and synthetic biology have a ’symbiotic rela-
tionship’: advances in one help the development of the second one and vice-versa [15].
The products of synthetic biology are considered to be analogous to electrical circuits,
hence the term genetic circuits. The development of these has enormous potential in
energy, environmental and medical applications. However, in order to get major break-
throughs, challenges outside the sphere of molecular biology have to be tackled. One
category of challenges are ’system-level’ problems and represent the necessity of applica-
tion of concepts from control theory. In paper [11] there were three main challenges iden-
tified that are encountered during the development of synthetic biological systems: lack
of modularity and compositionality, emergent behaviours from stochasticity and inter-
actions between spatially distributed dynamics. In response to this challenges, research
opportunities were identified for systems and control field. These include directions like
developing a proper system identification methodology for biomolecular systems, ex-
ploiting time-scale separation for simplifying dynamics and increasing modularity and
development of modelling frameworks.

The work completed and presented in the master thesis report has as its base the appli-
cation of systems and control theory tools to the modelling and analysis of a biological
system. More precisely, it tackles the above mentioned challenges by deriving a mod-
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1-2 The Coherent Feedforward Loop 3

elling method for gene expression, implementing system identification using different
parameter estimation methods and performing structural analysis using mathematical
tools.

1-2 The Coherent Feedforward Loop

Before presenting an overview of the master thesis, the biological network motif of
coherent feedforward loop (CFFL) has to be introduced. In the following its function
and general structure will be presented. This bio-chemical reaction network constitutes
the central element of the project. It is defined to be a network motif as its appearance
number is higher in the transcription networks of bacteria E.Coli [16] and Saccharomyces
cerevisiae [17] than in randomised networks. The main identified function of the CFFL
is of a sign-sensitive delay element or noise-filtering device. This function is considered
to represent one possible explanation for the reason why evolution kept this motif in
biological networks [1].

The feedforward loop is usually illustrated as a 3-node network. The exact chemical
complexes that represent these nodes usually differ, alternative variations of it can be
found in transcription networks or built in laboratories. In literature [1] [18] usually
one of the nodes is represented by transcription factor X, that regulates a second node,
transcription factor Y. Both X and Y regulate the third element which is represented by
gene Z (fig. 1-1). As a consequence, the network contains two regulation paths, a direct
one from X to Z and an indirect one through Y. Similarly to the nodes variation, the way
this combined regulation by X and Y is implemented also can differ from one feedforward
loop to another. Moreover, according to the nature of the regulation paths (activating
or inhibiting), the feedforward loop can be of different types. The project focuses only
on type 1 CFFL in which all paths are of activating nature. A more detailed description
of these types and the breakthrough experiment that was conducted to prove the noise-
filtering behaviour of the biological system can be found in the literature study written
prior to this thesis report [19]. In addition, the functioning of the device is illustrated in
fig. 1-1. The input to the system is the signal S, that activates transcription factor X.
For a short perturbation of transcription factor X, only a limited amount of transcription
factor Y is produced, which is not enough to reach the threshold in order to start the
production of Z. However, if the impulse for transcription factor X has longer time
period, then Y is produced in higher quantities and surpasses the threshold. Therefore,
gene Z production starts as well.

The present master thesis project is based on the CFFL built at ICMS at Eindhoven
University of Technology. In order to have a better understanding of the modelling and
analysis of this specific genetic circuit, in the following subsection a thorough description
of it will be presented.
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Figure 1-1: The feedforward loop network motif structure and its noise-filtering behaviour
visualised [1]

1-2-1 Coherent Feedforward Loop built at ICMS

The type of feedforward loops found in literature [1] [18] are structurally the same
as the CFFL analysed in the current report. However, component-wise they differ.
More specifically, this can be observed by the composition of the nodes. The three
nodes are represented o-factor 70 (S70) and o-factor 28 (S28) and the green fluorescent
protein (eGFP). This biological system has one input, specifically the DNA template
called, DN A¢yigger and one output, eGFP. These elements can be seen in fig. 1-2 and
fig. 1-3.

The core reactions making up the CFFL are based on the process of protein synthesis.
All of the three mentioned nodes are proteins, two of them (S28 and eGFP) are produced
during the functioning of the network. The protein synthesis process can be divided into
two main reaction sets: transcription and translation. During transcription, RNA is
produced and then it is used as an input to translation which has the corresponding
protein as its end-product. Therefore, the schematic from fig. 1-2 is extended to fig. 1-3
according to the processes of protein synthesis. From this it can be seen that there is
one input to the network, DNA,igger and it is varied during the experimental process. In
order for the network to start functioning there are also five other chemical species added
to the mixture: RNAP, S70, DNAgss, DNA.qrp and Ribo. However the concentration
of these species stays constant. Therefore, DNAjgger is considered as the single input
to the network. In the first stage of transcription reactions, RNAyigger and RNAgog are
produced. These two species are the inputs to the translation reaction to output S28,
the intermediate protein and also second node of the CFFL. Then, in the next step S28
is used in the third transcription reaction to produce RNA.grp. This in turn is used as
input to the second translation reaction to output eGFP.
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1-2 The Coherent Feedforward Loop 5

eGFP

Figure 1-2: CFFL used in the thesis project - schematic made by Pascal Pieters from
Eindhoven University of Technology

Moreover, there is a second significant difference in the composition of the CFFL from
the project compared to the feedforward loops found in literature. This is represented by
the structure of the AND gate combining the direct and indirect path from the network.
In order to make sure that both the first two nodes regulate the output protein, a toe-
hold switch is used. This is an RNA-based AND gate that requires the binding of the
different RNA elements in order to start translation. A more detailed description of this
mechanism can be found in [19].

1-2-2 Experimental Procedure

In the following section a short overview and the significant aspects of the experimental
procedure will be presented. Firstly, the experiments are completed in vitro. Therefore,
the reactions taking place in the CFFL are not influenced by any external processes
that would be happening in a cell. Secondly, at the ICMS at Eindhoven University
of Technology there are two types of experimental procedures used: batch and flow
experiments.

Batch experiments represented the first stage of the research work. The required chemical
species for the gene expression process were loaded into a microfluidic reactor that did
not use the flow inlet/outlets. Then the trigger or input DNA template was added to the
mixture and the reactions were let to take place without adding any inflow or outflow.
The transcription and translation processes use up all the input chemical species and
the reactions halt after a specific time. During the process, the fluorescence level of the
output eGFP protein was measured. This is proportional to the concentration of the
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Figure 1-3: Extended schematic of CFFL

compound, therefore fluorescence is translated into concentration values which build up
the experimental data. This is used for parameter estimation later on and it is visualized
in fig. 1-4. The five different datasets were acquired from five different experiments.
Therefore, it is likely that the initial conditions of the experiments differed from one to
another. Also, it is possible to have slightly different reaction rate constants because of
changes in temperature or any other discrepancy in the setup of the experiment. The
initial concentrations of three chemical species are not known precisely, a range of values
were given and can be found in table 1-1.

Parameters Cell-free Reaction
RNAP [nM] 60-75 nM
S70 [nM] <35 nM
Ribosomes [nM] <2300 nM

Table 1-1: Ranges of initial concentrations - batch experiment

So far, successful batch experiments were completed and yielded the results that can
be seen in fig. 1-4. This shows the production of the output protein, eGFP, according
to the amount of input DNAeeer added to the experimental process. The behaviour
that corresponds to the sign-sensitive delay element can be recognised: the start time
of the production of eGFP is the largest when the input concentration of DNAigger is
the lowest. In addition, an important observation to make is the non-linearity in the
amplitudes of the datasets. For the first three inputs, the amplitude increases as the
input value increases as well. However, for the fourth and fifth dataset, this is not valid
any more and the output settles at lower values. The noise-filter function was not verified
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1-3 Master Thesis Project Description 7

yet as it is dynamic in character which can only be validated using flow experiments.

Therefore, the second stage comprises of adding an inflow and outflow to the reaction
mixture. In this way it is made sure that the reactions don’t halt and the noise-filtering
behaviour of the CFFL can be experimentally tested. The researchers at the ICMS
are currently working on successfully conducting flow experiments of the CFFL. More
details about the technical setup of the flow experiments can be found in [19] and a
schematic of the microfluidic reactor with the inlets and outlets can be seen in fig. 2-2.
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Figure 1-4: Data from Batch Experiments

1-3 Master Thesis Project Description

So far the background research field of the project and its centre element, the CFFL, was
described. Moreover, the experimental procedure followed at the ICMS was also pre-
sented. In the following the research direction that guided this project will be discussed.
In addition, the research objective of the master thesis will be presented, together with
an overview of thesis work that was completed during the project.
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8 Introduction

1-3-1 Research Direction at the Institute for Complex Molecular Systems
at Eindhoven University of Technology

As mentioned in section 1-1, the main research objective of synthetic biology is to de-
velop de novo genetic circuits for specific application purposes. At ICMS at Eindhoven
University of Technology, researchers are achieving this by focusing their work on devel-
oping combined feedforward loops. There is no knowledge available on how will these
genetic circuits behave and which one of them will have potential for synthetic biology
applications. Nevertheless, developing these biological circuits and conducting successful
experiments in order to observe its behaviour is a cumbersome process that requires a
lot of time and meticulous work in setting up the experiments. Therefore, finding a way
to model and simulate these genetic circuits in advance would be a tremendous help in
conducting the research work more efficiently.

1-3-2 Master Thesis Research Objective

As described in the previous subsection, there are several challenges that molecular
biologists from Eindhoven University of Technology face during conducting the batch
and flow experiments for a single biological network. However, their aim is to develop
multiple of these genetic circuits. Accordingly, a range of solutions have to be found in
order to make this entire procedure more efficient and to be able to conduct in silico
experiments that already provide insights about biological networks.

Therefore, the master thesis titled 'Modelling, Analysis and Verification of Biological
Coherent Feedforward Loop Network’ provides a collection of tools that are implemented
in different stages of the process of studying a biological network motif.

Firstly, a modelling methodology was developed to apply on the CFFL. This was specif-
ically tailored to the type of chemical complexes (holoenzymes) used in the configuration
of the network motif built at the ICMS. Nevertheless, in case of different structure, the
modelling strategy could still be applied with a few modifications.

Secondly, a parameter estimation process was designed to conduct system identification
on the CFFL. A hybrid method was applied which combined the performance of several
optimization algorithms. Moreover, a complete calibration procedure is shown together
with the analysis of the results.

Thirdly, theory and tools were studied and implemented from structural analysis of bio-
chemical reaction networks. These are represented by methods that are applied in case
knowledge about the parameters of the model is not available at all. All insights are
generated based on the structure and stoichiometry of the network. Moreover, two tools
used in the analysis of metabolic networks were implemented on transcription reactions
successfully. These generated results about the static dynamics of the CFFL.

As a consequence, combining all these elements the aim was to develop a framework for
modelling and analysing biological systems. Moreover, the goal was to make it possible
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1-3 Master Thesis Project Description 9

for it to be applied in order to perform functional analysis not only on a single network
motif but also on combined ones.

In summary, the following are the contributions of the master thesis:

1. Development of the mathematical model of the CFFL. The result is a set
of ordinary differential equations describing the dynamics of the studied network
motif. With the help of it, not only the behaviour of the output can be observed
but also the dynamics of the other state variables, the other chemical species
taking part in the reaction network. During this process, model reduction was also
implemented.

2. Implementation of a hybrid parameter estimation method to calibrate
the CFFL. There is only a limited amount of insights that can be gained by
analysing the bio-chemical reaction network without the knowledge of the param-
eters. In order to be able to simulate the model, it is necessary to estimate the
parameters which are represented by reaction rates and Michaelis-Menten con-
stants. The system identification procedure was completed by using a particle
swarm optimization algorithm in combination with patternsearch method.

3. Development of a set of structural analysis tools and implementation
on the CFFL. It was desired to study what information can be deducted from
the structural characteristics of the biological network. Therefore, the capacity
to admit multiple equilibria was confirmed by two software packages developed
for chemical reaction network analysis. Moreover, software tools used for analysis
of metabolic networks were implemented and provided insights about the static
dynamics of the network. The results were confirmed by the numerical simulations
resulting from the parameter estimation procedure

4. Implementation of metabolic network analysis tools on gene expres-
sion networks. Elementary flux mode analysis and flux balance analysis are two
commonly used methods in the analysis of metabolic networks. However, the re-
actions composing gene expression networks differ from the reactions constituting
metabolic networks. As a result, a way had to be found to input the transcrip-
tion/translation reactions to generate suitable results.

1-3-3 Organization of the Thesis Report

The remainder of this master thesis report comprises of the project work completed that
resulted in the contributions described above. It was structured based on the three main
components that build up the thesis: mathematical modelling, parameter estimation
and structural analysis. In the following, the subsequent chapters of the report will be
summarised.

The first part, encompassed by the second chapter of this master thesis report, com-
prises of the derivation of the mathematical model of the CFFL. Modelling of biological
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10 Introduction

networks was identified as a challenge in systems biology that requires systems and con-
trol theory. One relevant reason for this is that biological systems are highly complex
therefore in most of the cases even the biochemical reactions representing the network
are an approximation of the actual system. As a consequence, mathematical modelling
in this case significantly differs from the usual process found in physical sciences and
engineering. In these fields models play a primary role and is possible to use them to
perform full analysis and make hypothesis based on them. In biology however, math-
ematical models are merely used to ’document’ experimental results and are actually
derived based on the data available. In contrast, during this project a mathematical
model is derived based on the chemical reaction network given by the researchers from
the ICMS from Eindhoven University of Technology. The derivation is split into sev-
eral parts and the details of how the reactions are transposed into ordinary differential
equations are presented.

The second part comprises of completing system identification and it is the main topic of
the third chapter. The biological model contains unknown reaction rates and Michaelis-
Menten constants. However, having an estimation of the parameters makes it possible
to perform numerical simulation of the CFFL to predict its behaviour. It also aids in
input-output relationship analysis and gives an insight into the dynamics of the other
chemical species represented by the other states of the model. These can not be observed
during the experimental procedure. Therefore, in this way there is information about
the underlying dynamics.

The fourth chapter encompasses the dynamics analysis of the network motif. In the
previous chapter, one of the goals was to analyse the system dynamics for specific sets of
parameter values. However, in this part the aim is to gain insights about the behaviour
of the CFFL without the knowledge of the parameters. This will be achieved by using
structural analysis methods to confirm the capacity for multiple equilibria. Moreover, a
novel way of applying metabolic network analysis tools (elementary flux modes analysis
and flux balance analysis) on transcription network will be demonstrated. In addition,
the results from it will be discussed.

Lastly, the results and findings of the project work will be summarised and discussed in
the final chapter of the master thesis report. Moreover, suggestions for further work will
be given.

Julia Smeu Master of Science Thesis



Chapter 2

Modelling of the Coherent
Feedforward Loop

A relevant challenge in research fields that comprises of multidisciplinary work is un-
derstanding the discrepancies present between researchers coming from different back-
grounds. A good example of this is the concept of model. For molecular biologists,
the model of a biological network is represented by a set of biochemical reactions. On
the other hand, systems and control researchers associate the term model with a set of
ordinary differential equations that describe the system’s dynamics. However, in order
to get to this mathematical model, the biochemical reaction model has to be transposed
into mathematical equations. There is no set methodology to do this, there are dif-
ferent directions that can result in different results. However, what is important is to
understand the assumptions that can be formulated and identify the required level of
complexity in order to get a model that is suitable for further work.

The following chapter encompasses the first part of the project work that corresponds to
the mathematical modelling of the network motif of coherent feedforward loop (CFFL).
This is a fundamental part of the thesis as the subsequent parameter estimation and
dynamics analysis will have the derived model as their basis. Firstly, a few choices
prior to the derivation of the equations will be motivated. Taking these into account,
the method of modelling the transcription and translation processes will be presented.
Lastly, an overview of the model will be given.
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Figure 2-1: The biochemical reaction network of the CFFL
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2-1 Deterministic Modelling

There are two separate starting directions when it comes to modelling of biochemical
networks. One is called stochastic modelling which takes into account different possibil-
ities to include the different microstates of the system [3]. In addition to this, there is
the choice of deterministic modelling which is less complex however also less accurate.

Prior to the actual process of modelling, a choice had to be made between these two
frameworks. During the project deterministic modelling was chosen. The motivation for
this is that there is no need for a higher-dimensional representation of the dynamics of
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the system. Even on the contrary, one of the aim is to have as simple representation
of the dynamics as possible without compromising too much on accuracy by applying
model reduction. Moreover, the given reaction network from the Institute of Complex
Molecular Systems (ICMS) is an approximation of the highly complex chemical reaction
network that corresponds to the coherent feedforward loop. For example, at a higher
detail level perspective, transcription consists of the conversion of nucleotides to messen-
ger RNA [20]. However, the several types of nucleotides are not included into the model.
Therefore, choosing deterministic modelling was a suitable choice in order to transpose
the bio-chemical reactions into ordinary differential equations.

2-2  From Reactions to Ordinary Differential Equations

The following section will focus on the methodology developed that transposes the chem-
ical reactions forming the bio-chemical network into ordinary differential equations. A
set, of reactions was made available by the ICMS. Using these, mass-action modelling is
applied. Subsequently, model reduction is achieved by using conservation laws derived
from the stoichiometry matrix and by applying temporal differentiation of the reactions.
The biological model provided by ICMS can be found in appendix A-1.

The first step is to convert the reactions composing the biological model into ordinary
differential equations. This will be achieved by applying deterministic modelling, more
specifically mass-action law. More details about this can be found in the literature study
report accompanying the master thesis [19]. Therefore, the following system of ordinary
differential equations is derived:

[RNAP)] =k_1[RNAP : S70] — ki[RN AP][S70] + k_s[RNAP : 528]—
— kg[RN AP][528]
[S70] =k_1[RN AP : 570] — k1[RN AP][S70]
[DNA;] = — ks][RNAP : STO0|[DN A;] + ks[RNAP : S70 : DN A,
[DN Aggs] = — ky[RNAP : STO0|[DN Agas] + ks|RNAP : S70 : DN Agos]
[DNA.grp) = — k:7 [RNAP : S28][DN Acgrp) + ks|[RNAP : 528 : DN A.qrp]
[RNAP : S70] = — k_1[RNAP : §70] + ki [RN AP][S70]—
- k2 [RNAP : STO|[DN A;] + k3] RNAP : S70 : DN A¢]—
— ky[RN AP : ST0][DN Agos] + ks|RN AP : S70 : DN Agos]
[RNAP : S70 : DN A;] =ky[RNAP : ST0][DNA;] — ks[RNAP : S70 : DN A/]
[RNA{] =k3|[RNAP : S70 : DN A] — ko[RN A{][RN Agos]+
+ k_o[RNA; : RN Agas] — k12[RN A¢)[RN Acrp]+
+ k_12[RNA; : RN Acgrp]

(2-1)
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[RNAP : S70 : DN Agas] =ks[RN AP : ST0|[DN Agos] — ks[RNAP : S70 : DN Agog]
[RNAgas) =ks[RNAP : S70 : DN Agas] — ko[ RN Ay [RN Agos]+
+ k_o[RNA; : RN Agas]
[RNAP : $28] = — k_g[RN AP : S28] + kg[RN AP][S28]—
— k7[RN AP : S28][DN Accirp] + ks[RN AP : S28 : DN Acgrp]
[RNAP : $28 : DN A;] =k;[RNAP : 528][DN A.rp) — ks|RNAP : §28 : DN Acqirp)
[RN Accrp] =ks|[RNAP : S28 : DN Acqrp) — k1o RN A [RN Acqrp)+
+ k_12[RNA; : RN Acgrp]
[Ribo] = —kio[RN A; : RN Agag][Ribo] + k11 [RN A, : RN Agag = Ribo]—
— ki3[RN A; : RN Acqrp)[Ribo] + kia[RN A; : RN Aoqrp : Ribo)
[RNA; : RN Agos] = ko[RN A;][RN Agos] — k_g[RN Ay : RN Agog)—
— k1o]RN A, : RN Agog|[Ribo] + k11[RN Ay : RN Agag @ Ribo]
[RNA; : RN Agos : Ribo] = kig[RN Ay : RN Agas][Ribo] — k11 [RN Ay : RN Agag : Ribol
[528] = k11 [RN A, : RN Agas : Ribo] + k_g[RN AP : §28]—
— kRN AP][528]
[RNA; : RN Aoqrp| = ki2|[RNA[RN Aegrp] — k—12[RN Ay : RN Aecirp]—
— k13]RNA; : RN Aoqrp)[Ribo] + k1a[RN A; : RN Acrp : Ribol
[RNA; : RN Acqpp : Ribo] = kis[RN Ay : RN Aegrp)[Ribo] — kis[RN Ay : RN Aegrp : Ribol
[eGF Pyar] = k1a]RN Ay : RN Acgrp : Ribo] — mat[eGF Pagyy]
[eGF P] = mat[eGF Py
(2-2)

The resulting system is composed of 21 states and 19 unknown parameters. In the
following, model reduction techniques will be applied to eliminate some of the states
and simplify the system. However, a priori to this, conservations laws of the CFFL will

be derived.

2-3 Conservation Laws from Stoichiometry

A step necessary for model reduction is analysing the stoichiometric matrix. More
specifically, it can be used to identify the conservation laws of the CFFL. Prior to this,
a concise way of representing the biochemical network is introduced in the following
form:

= Sv(x) (2-3)

where S, %, is the stoichiometric matrix, € R’} is the non-negative vector of concen-
trations of n chemical species, and v(z) € R™ represents the reaction flux vector of m

Julia Smeu Master of Science Thesis



2-3 Conservation Laws from Stoichiometry

15

reactions. Without considering the nature of the dynamics found in v(z) yet, the stoi-
chiometric matrix is built by using the stoichiometric coefficients of the reactions and it
is organised such that every column corresponds to a reaction and every row corresponds
to a chemical species. In order to obtain a better understanding of the composition of
the stoichiometric matrix the following example is introduced:

k
A+B==C (2-4)
This represents two reactions, a forward and reverse one and contains 3 species. There-
fore, the stoichiometric matrix will be 3 x 2. The mass-action model corresponding to
it is the following;:

dlA] _
5 = k101 = k4 [A]lB]
LB _ 0]~ k. (A8 (2:5)
d[C] _
U = ki A)[B) - k(]
Therefore, the sample system can be written up in the following way:
-1 1
ki [A]lB]
Sv(z)=|-1 1 [ + ] (2-6)
1| LR

As mentioned, each row corresponds to a compound. In this example first two rows
represent concentrations of A and B, while the third row corresponds to the product
C. Therefore, matrix entry -1 represents the corresponding chemical species being con-
sumed. On the other hand, matrix entry 1 corresponds to the production of the com-
pound.

The CFFL is initially built by considering every chemical compound from the biochem-
ical reaction network that is visualised in fig. 2-1. The resulting stoichiometric matrix
can be found in appendix A-2.

Computing the right null space of the matrix results in finding the steady-state flux
distributions through the network while the left null space results in the conservation
laws. In order to achieve this, a MATLAB toolbox called METATOOL [21] was used.
The computed right-null space and left-null space can be seen in appendix A-3.

The left null-space of the stoichiometry matrix gives the following conservation laws:

[DNAt] + [RNAP :S70: DNAt] =C4 (2—7)

[DNAgss] + [DNA¢] — [S70] — [RNAP : S70] = C (2-8)

[870] + [RNAP : Sm] — [DNAt] + [RNAP :S70: DNAszg] = (s (2—9)
[RNAP] — [870] + [RNAP : 828] + [RNAP 1S9 : DNAeGFp] =y (2—10)

Master of Science Thesis Julia Smeu
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[S70] — [RNAP] — [RNAP : Sog] + [DNA.crp] = Cs (2-11)
[RibO] + [RNAt :RNAgog: RibO] + [RNAt :RNAcqFP : Ribo] =C (2—12)

The last conservation law eq. (2-12) is straightforward, it contains all chemical com-
pounds that include Ribo in it. This was expected as the concentration of ribosomes
that is added to the reaction mixture is fixed, therefore the sum of concentrations of the
chemical complexes containing it is constant. The other conservation laws have to be
grouped in a way that it reflects the same logic as in the case of the ribosomes. This
was achieved by adding up eq. (2-7), eq. (2-9) and eq. (2-10). Therefore, this results in
a concentration law that comprises of every complex that contains RNAP:

[RNAP] + [RNAP : S70] + [RNAP :S70: DNAt] + [RNAP :S70: DNAsgg] +

2-13
+ [RNAP : Syg] + [RNAP : Spg: DNAcgrp] = C 1)

The two conservations laws formed around the concentration of RNAP and Ribo are
used in the subsequent modelling process to apply model reduction.

2-3-1 Transcription and Translation Modelling - Model Reduction

The CFFL is a 3-node biological motif, with the three nodes being represented by o-
factor 70 (S70), o-factor 28 (S28) and green fluorescent protein (eGFP) (fig. 1-2). All
of these chemical compounds are proteins, therefore the process of protein synthesis lies
at the base of the CFFL’s functioning. Therefore, the large reaction set can be grouped
in reaction subsets that take part or in the transcription, or in the translation process
(fig. 1-3). From the three proteins, S70 is added to the reaction mixture. The other
two, S28 and eGFP are produced. As a consequence, there are two protein synthesis
processes happening, which means two sets of transcription and translation reactions.
In addition, there is one additional transcription reaction that has the product of an
RNA element, RN A¢rigger, that is needed for the functioning of the toe-hold switch.
In summary, there are three sets of transcription reactions and two sets of translation
reactions.

The first step was to understand the exact processes that are undergoing during tran-
scription. More specifically, it had to be identified which chemical species bind with each
other, which are the end-products and on what time-scale is the process completed. In
addition, the kinetics of the reactions had to be identified as well, for example if it con-
tains enzyme kinetics or just mass-action kinetics suffices. A more detailed description
of the transcription process can be found in [19].

In literature there were several ways used to model transcription [20] [22] [23]. However,
no source was found that specifically dealt with the the initialization of transcription
using o-factors. Therefore this represented a challenge in the modelling process. The
next issue to consider was the identification of the type of dynamics: mass-action or
Michaelis-Menten kinetics. The way to approach this, was to identify if the reactions
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are catalysed by an enzyme and have enzymatic kinetics. In [19] it was identified that
transcription in the CFFL is initiated by the holoenzyme RNAP:S7y or RNAP:Sog, using
DNA templates as substrates and having RNA species for end-products. In addition, the
publications used for the literature study of the master thesis, all implemented enzymatic
kinetics in order to model transcription.

In order to simplify the derivation process the reactions found in appendix A-1 and
parts of the mass action model found in eq. (2-1) and eq. (2-2) are rewritten. In the
following, the different chemical species will be denoted by letters in order to simplify
the derivation. Capital letters denote chemical species and the matching small case
letters represent the corresponding concentrations. The simplified reactions depicting
the transcription from the CFFL, are written in the following way:

k
A—i—BlkﬁlCl

—1

Ci+ Dy %kQ Eq %ks M;+D1+C <2_14>

C1 4+ Dy =4 By =25 My + Dy + C;

where A is RNAP, Bl is 870, B2 is 828, Cl is RNAPZS70, D1 is DNAtriggera D2 is
DNASQg, E1 is RNAP: S70 : DNAtrjgger, E2 is RNAP: S70 : DNAsgg, M1 is RNAtrigger and
My is RNAgog. The above reaction set represents the first two transcription processes
grouped as they use the same enzyme-sigma-factor complex for catalysis. Subsequently,
the third transcription reaction set is the following:

A+By— (s
6 (2-15)

CQ+D3k—7>E3k—8>M3+D3—|—CQ

ke
k_

where A is RNAP, By is 528, C5 is RNAP : Sog, D3 is DNA.qrp, F3is RNAP : Sog : DNAqrp

and M3 is RNAeGFP-

The next step is to write up the partial mass-action model that corresponds to the
reactions from eq. (2-14) and eq. (2-15):
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a=k_1c— kiaby + k_gco — kgabs

i)l = k_101 — klabl

¢1 = kiaby — k_1c1 + k_2e1 — kacidy + kzer — kacida + kseo

dy = k_gey — kocrdy + kzer

é1 = kQCldl — ]{2_261 - k361

my = ksex

dy = —kycrdy + kse

.2 4C102 + K5€2 (2-16)

€9 = k401d2 — ]{2562

Thg = k‘5€2

i)g = k_GCQ — k@(lbg

ég = k6ab2 — ]{3_602 — k702d3 + k8€3

d3 = —kqcads + kses

é3 = krcads — kses

mg3 = kses
In the next step there are two important details to consider: difference in velocity (time-
scales) of different reactions and competitive binding. Regarding the temporal differenti-
ation of the different reactions, the modelling strategy used in [3] was used: the reactions
that contain the binding of the RNAP to the o-factor and the binding of this complex to
the DNA template are considered to be much faster than the production of RNA. There-
fore the concentrations of RNAP:S7g, RNAP:Sog, RNAP:S79:DNAt, RNAP:S79:DNA 508
and RNAP:Sog:DNA.qrp are approximated at their quasi-steady state. This translates
into setting the ordinary differential equations corresponding to these states to 0. The
next step is to find an expression for the mentioned concentrations and replace them
into the set of equations eq. (2-16). In order to do this, a conservation law is required.
Therefore, the next step is to go back to the earlier found conservation laws using the
stoichiometric matrix. The Equation (2-13) is applied in the subsequent derivation and
it is written up in the simplified way:

A =a+ci+e +ca+ea+es (2-17)

In addition, it has to be mentioned that using this conservation law makes it possible to
include competitive binding of RNAP with S70 and S28 respectively. The next step is
to express concentration of RNAP (a) from eq. (2-17):

a= At —C1 — €1 —Cy — €9 — €3 (2-18)

In addition, the concentrations of E{, Es and Eg are expressed with the concentrations
of C1 and Cs:

e1 = (di/Ke1)cr

€9 = (dg/KeQ)Cl (2—19)

es = (ds/Ke3)co
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Where K1 = %, Keo = i—i and K 3 = %. The aim was achieved, everything is expressed
in terms of ¢; and cg, the inclusion in equations from eq. (2-16) can be completed. After
arranging the terms in the desired way the following expressions are found:

o Aot (b1 /K1)

U1+ (U di/Ker + do/Kea) (b1 /K1) + (1+ d3/Kes) (b2/ Ke) (2-20)
o — Aot (ba/ Kg)

2T (U di/Ker + do/Kea)(b1/K1) + (1 + ds/Kes) (b2 Kg)

where K = kk—‘ll and Kg = %"

Therefore, the expression for concentrations of Ei, Es and Egz are written up in the
following way:

o — Atot(bl/Kl)(dl/Kel)

YT (U 4 di /Koy + do/Keo) (b1 /K1) + (1+ ds/Kez) (ba/ Kg)

ey — Aot (b1/K1)(d2/Ke2) (2-21)
1+ (14 di/Ker +do/Ke2)(b1/K1) + (1 + ds/ Kes) (b2/ Ke)

oy — Aot (b2/ Kg)(d3/ Kes3)

1+ (14 di/Ker +do/Ke2)(b1/K1) + (1 + ds/ Kes) (b2/ Ke)

Having the concentrations expressed in eq. (2-21), these are replaced in the equations
that depict the production rate of the three RNA species produced during transcription:
M1, My and M3 (RNAigger, RNAg2g and RNAcqrp) from eq. (2-16). By applying this
quasi-steady-state approximation the model was simplified by eliminating 5 chemical
complexes as states from the final model. This represents the end of the transcription
modelling.

In the following the second part of the modelling process is presented: generating the
equations for the translation reactions, expressing the production rates of the proteins
S28 and eGFP. In the case of transcription, RNAP was catalysing the RNA produc-
tion process. Similarly, during the translation process, ribosomes catalyse the protein
production process. Therefore, it should be modelled with Michaelis-Menten kinetics.
However, in literature, two modelling strategies were found to be used: some sources
chose Michaelis-Menten kinetics [24] [20] [22] while others resorted to applying simple
translation rate with mass-action [3] [23]. In this master thesis, it was chosen to use
Michaelis-Menten kinetics in order to be able to include the concentration of ribosomes
as a state and for keeping the consistency of the modelling strategy applied so far. More-
over, this also makes it possible to include competitive binding of RNAigger With the
other two RNA species.

Similarly to transcription, the translation reactions are also rewritten by denoting the
different chemical species with a capital letter and the corresponding concentrations with
small case letters:
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k
M1+M2%N1

-9
S; 5L P+ N +R

k
M1+M3%Nz

—12

SQ&PQ—FNQ—FR

Where M7, My and M3 are the three RNA species that were produced during transcrip-
tion, RNA¢ igger, RNAg2g and RNA.qrp respectively. Np is RNAgigger : RNAgog, No is
RNAtrigger : RNAeGFP: Sl is RNAtrigger : RNAsgg : RibO, S2 is RNAtrigger : RNAeGFP : Ribo.
P and P are the protein produced during translation, S28 and eGFP g4, respectively.
It can be observed that the structure of the reactions is similar to the transcription
reactions from eq. (2-14) and eq. (2-15). The same modelling strategy is applied in this
case as well. Previously mentioned conservation law is used from eq. (2-12) and the
quasi-steady state approximation applied in modelling of the transcription reactions.
Firstly, the partial symbolic mass-action model is written up:

1 = —kgmimg — kiomimg + k_gny + k_12n2

e = —kgmima + k_gny

n1 = kgmimo — k_gny — kignir + k1151

51 = kionir — k1181

p1 = k1181 (2.24)
g = —kigmimsz + k_12n2

ng = k1omimg — k_1on2 — ki1znor + k1452

82 = kignar — k1482

D2 = k1452

7= —kionir + k1151 — k13ngr + k1482

The reactions that contain the binding of Ribo to the RNA complex pairs are considered
to be faster than the production of the proteins. Therefore, the concentrations of S; and
So are approximated at their quasi-steady-state and the ordinary differential equations
corresponding to these complexes are set to 0. As a result the following expressions for
the two concentrations is written up:

k1o
S1 = kfnﬂ“
1 (2-25)
S9 = @TLQT
k14
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In the next step, the relevant conservation law, eq. (2-12), is presented in the following
form:
F= R s (2-20)

Where Ry, is the total ribosome concentration. Equation (2-26) is used to express the
concentrations of Sy and Ss and implement the quasi-steady state approximation. It has
to be mentioned, that this will also make it possible to include the competitive binding
of Ribo with the two RNA complex pairs. In the next step the substitution of eq. (2-26)
into eq. (2-25) is completed. Subsequently, the system of equations is solved for deriving
an expression for concentrations s; and ss:

sy = Rtot(nl/KTLl)
1+ (n1/Krra) + (n2/Krre) (2-27)
5y = Rtot(nQ/KTLZ)

1+ (ni/Krr1) + (ne/Krro)

Where K71 = % and Kppo = %.The expressions from eq. (2-27) are substituted into
the ordinary differential equations that correspond to the production rate of the two
proteins, 528 and eGFP. By applying this modelling strategy, 2 states were eliminated
from the model and the translation process has been mathematically modelled. Apart
from transcription and translation reactions, there were two other chemical processes
that are required to be modelled as well: maturation of eGF P, and degradations of
specific chemical complexes. The modelling of these will be presented in the subsequent
subsection.

2-3-2 Maturation of eGF P,,,;, and degradations

Two processes were not mentioned in the modelling work presented so far in this chapter:
the maturation of eGFP g, in order to get the final output, eGFP and the degradations
of some of the species. Maturation of eGFP g, is described with the reaction below:

eGFP gk 2% eGFP (2-28)

It suffices to model the maturation with mass-action kinetics in the following way:

d[GGFPdaTk] — kl4RtOt (HQ/KTLQ) — mat - GGFPdark
dt 1+ (n1/Krp1) + (n2/Krr2) (2-29)
deGFP)

7 = mat - eGF Pyyri
The Michaelis-Menten term from eq. (2-29) is the one resulting from the previously
derived equations. The focus in this subsection is on the term mat - eGF Pyypp. 1t
is subtracted from the production rate equation of eGFPg4,k, as it represents being
consumed. Moreover, it is added to the production of eGFP.
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Degradations are modelled similarly to maturation, with mass-action kinetics. The only
difference is that instead of a maturation rate mat, a degradation rate deg is used.
There were in total 5 chemical complexes identified by ICMS that required to include
degradation reactions: the three RNA species and the two RNA binding pairs. The
rest of the compounds’ degradations are considered to be insignificant. An example of
degradation term inclusion from the model is given below:

k1aRiot(x10/K1L2)
1+ (x9/Krr1) + (z10/K7rL2)

&10 = ki2a6rs — k12210 — k13210214 + —deg - 710 (2-30)

2-4 The Full Mathematical Model

The modelling framework presented in this chapter so far was applied on the CFFL and
a full mathematical model was derived for it. This is composed of 14 ordinary differential
equations containing 14 state variables and 24 parameters. Four of the state variables
maintain a constant concentration value during the batch experiment, the reason why
their production rate equals 0. The model is presented below:

7 =+ ho1 RNV APior(@2/ K1) — kiz1zo+
L+ (1+ 24/ Kes)(211/Ko) + (1 + 23/ Ker + 24/ Kez)(22/ K1)
k_RN AP, (211/Ks)
N — kez1211
L+ (1+ 24/ Kes)(211/Ko) + (1 + 23/ Ker + 24/ Kez)(22/ K1)

k_1RNAP;o(x2/ K1)

Ty = _

2T (1 + 24/Kes) (w11 /Ke) + (1 + 23/ K1 + x4/ Kea) (22/ K1)
— kll'lxg

z3 =0

x4 =0

r5 =0

.CCIG _ k‘gRNAPtot(IEQ/Kl)([DNAt]/Kel) _
1+ (1 +x5/Kes)(z11/Ks) + (1 + 3/ Ke1 + 24/ Ke2)(22/ K1)
— koxerr — k127678 + k_9g 4+ k_12210 — dege - w6

. k5RNAPtOt(CE2/K1)(JE4/K62)

Ty = — kgxgr7+
1+ (1+x5/Kes)(x11/Kg) + (1 + 23/ Ke1 + x4/ Kea)(22/ K1)
+ ]C_gl'g — deg7 - X7

‘s ks RN APyoi(x11/Ke)(x5/Ke3)

14 (14 25/Kes)(z11/Kg) + (1 + x3/Ke1 + 34/ Keo)(w2/K1)
— kioxers + k_12210 — degs - x3
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k11 Riot(z9/ K1)
1+ (zo/Krr1) + (w10/KrL2)
k1aRiot(10/ K1rL2)
1+ (zo/Krr1) + (710/ KTL2
k_¢RN AP,o(211/Ks)

Zg =kgrer7 — k—_9x9 — k10T9Z14 + — degg - Ty

x10 =k12x678 — k_12710 — k13210714 + )~ degio - 10

r11 = —
U (Ut a5/ Kes) (@11 /Kg) + (1+ 23/ Ket + 24/ Kea) (22 K1)
k11 Riot(x9/Krr1)
— kgx1211 +
SN T (wo/ K1) + (w10/Kr12)
) k1aRiot(x10/ K11L2)
12 —mat - T12

1+ (x9/Krr1) + (z10/KrL2)
x13 =mat - 12

$i4 =0

Where the states correspond to the following chemical species’ concentration:

z1 — RNAP

z9 — ST70

x3 — DNA;

74 — DNAgosg
x5 — DNAgrp
xg — RNA;

x7 — RNAgog
s — RNAgFp

r9g — RNA#:RNAgog
210 — RNA;:RNA.arp

T11 — S28

x12 — eGFPgark
r13 — eGFP
z14 — Ribo

2-5 Adding inflow and outflow term

The full modelling theory presented in this chapter was focused on developing a math-
ematical model for simulating the batch experiment. However, in order to be able to
simulate the dynamic characteristic of the CFFL which is the noise-filtering function, the
experimental process has to include an inflow and outflow. This way the resources are
not depleted and it is possible to apply an input that has the shape of a square-wave and
observe the production of eGFP. This is achieved experimentally by using a microfluidic
reactor that has multiple inlets and outlets in order to be able to load chemical species
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and flush out a fraction of the reaction mixture. The structure of the microfluidic chip
can be seen in fig. 2-2. Another important piece of information is the time periods at
which the inflow and outflow is initiated. The experiments at the ICMS are based on
experimental methodology derived in [24], where the loading and flushing is completed
at every 15 minutes.

Height Flushi
Flo ’ ushing
_ Inlet Laygr | [25um Reagent 1
ontrol
aner I 45 um1 mm !
1 Loading
-t Reagent 1
Flushing
Reagent 2

17.2mm

ww g'g
T
!

Loading
Reagent 2
B Outet |
L utlel 1 Mixing and
22.7Tmm — Fluorescence
Measurement
-

Figure 2-2: Top-view diagram and schematic of flushing, loading and mixing of reagents
inside a reactor [2]

A generalized way to include inflow and outflow to the model is by expanding the ex-
pression from eq. (2-3) in the following way:

& = dil(xin — x) + Sv(x) (2-31)

Where dil is the dilution fraction which corresponds to the rate the specific chemical
species are flown in or respectively flown out, x;, is the vector of species that are flown
in and z is the vector of all the species as the whole reaction mixture is flushed out.
In the next step, the structure of vector x;, is discussed. There are in total six species
that are flown in. Five of them, more precisely RNAP, S70, DNAgos, DNA.grp and
Ribo are constant inputs: a specific concentration of each of them is inputted to the
experiment. On the other hand, DN Ajgger represents the input to the system and
it is represented by a square-wave function to test the behaviour of the CFFL. In the
following, a few equations from the mathematical model will be included to show how
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the dilution fraction term dil got incorporated into the ODE system:

k_lRNAPtOt(.%'Q/K1>
1+ (1 +a24/Kez)(x11/Ke) + (1 + 23/ Ket + 24/ Kea)(w2/ K1)
k_(jRNAPtOt(:UH/KG)
1+ (1 +24/Kez)(x11/Ke) + (1 + 23/ Ket + 24/ Kea)(22/ K1)
+dil - RNAPy — dil - 21

T =+ — k1z170+

_|_

— kex1711

&3 =dil - ¢ - g(x3) — dil - z3

.%"13 =mat - Xr12 — dil - 13

The first equation represents the dynamics of RNAP. This is a complex needed in
order for the reactions in the CFFL to occur, therefore there is an inflow of a constant
concentration denoted by the term dil - RNAPy. The second equation corresponds to
DNA tyigger, the input of the system. The inflow term in this case is composed by the
dilution fraction, the constant ¢ that is used for scaling the input value and a function
g(z3) that stands for the square-wave input. The last equation shows the dynamics of
the output of the system, eGFP, and only contains an outflow which is represented by
the term dil - x13. The same outflow term can be also observed in the first two equations.
The full model with inflow-outflow modelling is included in appendix A-4.

2-6 Summary

In summary, this chapter encompassed the full description of a modelling strategy that
was applied on the CFFL. First, the choice of deterministic modelling was presented
and motivated. Then prior to the model reduction, the conservation laws were identi-
fied from the left-null space of the stoichiometric matrix. Subsequently, the modelling
methodology for the transcription and translation reactions was presented. Both of
them are modelled using Michaelis-Menten kinetics and include the competitive binding
present in the network implemented with the help of the conservation laws. Moreover,
the modelling of maturation and degradation was described. Lastly, the extension to a
flow model was presented by incorporating the dilution fraction into the batch model.
The ordinary differential equations resulting from this chapter are used in the following
parts of the thesis work. Specifically, it is one of the main components of the parameter
estimation process. With the correct estimated parameters, the mathematical model
can be used to do in silico experiments and observe the dynamics of the other chemical
species composing the network.
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Chapter 3

Parameter Estimation

The noise-filtering property of the coherent feedforward loop (CFFL) is dynamic in na-
ture. Therefore, one of the aims is to gain knowledge about the CFFL’s dynamics. For
this, it is necessary to know the values of the parameters of the mathematical model.
There are a number of tools that can be applied to gain insights about biological systems
without knowledge of these parameters, however they are mainly static analysis tools.
In other word, they provide information about the steady-state operation of the system.
These tools will be presented in Chapter 4. However, in order to be able to predict how
the CFFL handles a pulse input, the parameters of the mathematical model have to be
estimated from experimental data.

The following chapter will present the challenge of estimating the parameters of the
mathematical model, more precisely the reaction rate constants, Michaelis Menten ki-
netics and initial concentrations used for the experiments. A priori of diving into the
details of this stage of the project work, the notion of structural identifiability is in-
troduced. Subsequently, the mai