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Summary

This thesis studies computational tasks that arise in quantum many-body physics, with
an emphasis on fermionic systems. We develop complexity-theoretic classifications and
constructive algorithmic results, thereby establishing opportunities and limitations of
classical and quantum algorithms for carrying out these tasks.

Chapter 2 investigates the fermionic satisfiability problem, FERMIONIC k-SAT, which
asks whether there exists a state in the joint null-space of parity-preserving local fermionic
projectors. This serves as a setting for understanding when the satisfiability of some
“quantum fermionic constraints” remains classically decidable. We show that the case
k = 2 is efficiently solvable classically, but that adding global constraints can crucially
change the complexity: enforcing particle-number parity preserves classical tractability,
while fixing the particle number itself makes the problem NP-complete. We also show
that at higher locality k = 9 the problem becomes QMA; -hard.

Chapters 3 and 4 address fermionic Hamiltonian optimization through Gaussian ap-
proximations, motivated by the broader question of when simple classes of states provably
capture a non-vanishing fraction of an interacting ground-state energy. In stark contrast
to qubit Hamiltonians - for which product states provably achieve a constant fraction
of the ground energy - fermionic Gaussian states achieve only a vanishing fraction in
general. This raises the question of whether there are certain (physically motivated)
structural assumptions that one can impose on fermionic Hamiltonians that avoid this
“Gaussian breakdown”. Chapter 3 focuses on classically interacting (i.e., density-density
interacting) fermionic Hamiltonians, reflecting the diagonal structure of Coulomb terms
in electronic-structure models. Here we prove that fermionic Gaussian states achieve
a constant approximation ratio of at least 1/3 for such Hamiltonians, and we develop
efficient semidefinite programming methods for Gaussian approximations for several
traceless and positive-semidefinite families, including variants that enforce a fixed av-
erage particle number. Chapter 4 then shows that sparsity is another decisive structural
assumption: for sparse fermionic Hamiltonians, Gaussian states also achieve a constant
ratio of the ground energy, and the corresponding Gaussian state can be found efficiently.

Chapter 5 develops quantum algorithms for simulating (sparse) free fermions in a
compressed representation. While free-fermion physics is classically tractable in an
asymptotic sense, practical costs can still become prohibitive when simulating large
systems. The key idea behind our quantum algorithms is to block-encode correlation
matrices, Green’s functions, and related objects into quantum circuits, enabling quantum
procedures whose memory costs scale polylogarithmically in the number of modes —
an exponential improvement in memory relative to standard classical representations.
Depending on geometric structure (lattices versus general graphs), the resulting runtime
improvement over the best known classical methods is exponential or strongly poly-
nomial. Because the associated simulation tasks are BQP-hard (establishing a robust
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xii Summary

exponential runtime improvement in general), the results also imply that compressed
free-fermion simulation should be viewed not merely as a convenience for simulating
free-fermion physics, but as a route to potential quantum advantage for some families of
instances.

Chapters 6 and 7 share the theme of estimating spectra of many-body Hamiltonians
from time-domain data, and they connect algorithm design to the practical bottlenecks
of extracting spectral information from experiments. Chapter 6 studies how spectral prop-
erties can be recovered from signals derived from time evolution, comparing a classical
Monte Carlo scheme that estimates imaginary-time decays to quantum procedures that
estimate real-time oscillations generated using phase-estimation-type circuits. We give
guarantees on resolvability under assumptions relating to spectral gaps, initial states and
sign-problem-freeness of the Hamiltonian. Chapter 7 then targets a different problem
related to the practical implementation of phase-estimation-type quantum circuits on
near-term devices. These circuits contain an expensive controlled-time-evolution step,
and their depth can be significantly reduced by removing this control, making them more
suitable to be implemented on such near-term machines. We realize this by employing
adapted phase retrieval methods, at the cost of having to run such reduced-depth circuits
many more times. Numerical studies on the Fermi-Hubbard model illustrate feasibility
and noise resilience of our methods.



Samenvatting

Dit proefschrift bestudeert rekentaken die opkomen in de kwantum-veeldeeltjesfysica,
met een nadruk op fermionische systemen. We ontwikkelen complexiteitstheoretische
indelingen en constructieve algoritmes, en brengen daarmee mogelijkheden en beperkin-
gen in kaart van klassieke en kwantumalgoritmen voor het uitvoeren van deze taken.

Hoofdstuk 2 bestudeert het fermionische satisfiabiliteitsprobleem, FERMIONIC k-SAT,
wat vraagt of er een toestand bestaat in de gezamenlijke nulruimte van pariteitsbehou-
dende lokale fermionische projectoren. Dit dient als context om te begrijpen wanneer de
satisfiabiliteit van bepaalde “kwantum-fermionische restricties” klassiek beslisbaar blijft.
We laten zien dat het geval k = 2 klassiek efficiént oplosbaar is, maar dat het toevoegen
van globale restricties de complexiteit cruciaal kan veranderen: het afdwingen van de
pariteit van het aantal deeltjes behoudt klassieke tractabiliteit, terwijl het vastzetten van
het aantal deeltjes zelf het probleem NP-compleet maakt. Ook tonen we aan dat het
probleem bij hogere localiteit k =9 QMA; -hard wordt.

Hoofdstukken 3 en 4 bekijken de optimalisatie van fermionische Hamiltonianen via
Gaussische benaderingen, gemotiveerd door de bredere vraag wanneer eenvoudige klas-
sen van toestanden aantoonbaar een constant deel van de energie van een interagerende
grondtoestand vangen. In contrast met qubit-Hamiltonianen — waarvoor producttoe-
standen aantoonbaar een constante fractie van de grondenergie behalen — behalen
fermionische Gaussische toestanden in het algemeen (asymptotisch) nul energie. Dit
roept de vraag op of er bepaalde (fysisch gemotiveerde) structurele aannames zijn die
men aan fermionische Hamiltonianen kan opleggen om deze “Gaussische instorting” te
vermijden. Hoofdstuk 3 richt zich op klassiek interagerende (d.w.z. dichtheid-dichtheid
interagerende) fermionische Hamiltonianen, wat de diagonale structuur weerspiegelt
van Coulomb-termen in modellen uit elektronische-structuurtheorie. Hier bewijzen
we dat fermionische Gaussische toestanden voor zulke Hamiltonianen een constante
benaderingsratio van ten minste 1/3 behalen, en ontwikkelen we efficiénte semidefinite-
programmingmethoden voor Gaussische benaderingen voor verschillende trace-loze en
positief-semidefinitie families, inclusief varianten waarbij het gemiddelde aantal deeltjes
vastgezet wordt. Hoofdstuk 4 laat vervolgens zien dat ijlheid een andere doorslaggevende
structurele aanname is: voor ijle fermionische Hamiltonianen behalen Gaussische toe-
standen eveneens een constante fractie van de grondenergie, en kan de bijbehorende
Gaussische toestand efficiént worden gevonden.

In Hoofdstuk 5 ontwikkelen we kwantumalgoritmen voor het simuleren van (ijle) vrije
fermionen in een gecomprimeerde representatie. Hoewel vrije-fermionfysica asympto-
tisch klassiek hanteerbaar is, kunnen de praktische kosten bij de simulatie van grote
systemen alsnog te kostbaar worden. Het kernidee achter onze kwantumalgoritmen
is het block-encoden van correlatiematrices, Green’s-functies en verwante objecten in
kwantumcircuits, waardoor kwantumprocedures gerealiseerd kunnen worden waarvan
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de geheugenkosten polylogaritmisch schalen in het aantal modes — een exponentiéle
verbetering in geheugen ten opzichte van standaard klassieke representaties. Afhanke-
lijk van de geometrische structuur (roosters versus algemene grafen) is de resulterende
runtime-verbetering ten opzichte van de best bekende klassieke methoden exponen-
tieel of sterk polynomiaal. Omdat de bijbehorende simulatietaken BQP-hard zijn (wat
in het algemeen een robuuste exponentiéle runtime-verbetering betekent), impliceren
de resultaten bovendien dat gecomprimeerde vrije-fermionsimulatie niet enkel als een
handigheid voor het simuleren van vrije-fermionfysica moet worden gezien, maar ook als
een route naar potentiéle kwantumvoorsprong voor sommige gevallen.

Hoofdstukken 6 en 7 bekijken beiden het probleem van het afschatten van spectra van
veeldeeltjes-Hamiltonianen uit tijdsdomeindata, en verbinden algoritmeontwikkeling
met de praktische bottlenecks behorende bij het onttrekken van spectrale informatie
uit experimenten. Hoofdstuk 6 bestudeert hoe spectrale eigenschappen kunnen worden
teruggewonnen uit signalen die voortkomen uit tijdsevolutie, en vergelijkt een klassiek
Monte Carlo-schema dat imaginaire-tijdvervallen afschat met kwantumprocedures die
reéle-tijdoscillaties afschatten die worden gegenereerd aan de hand van circuits van het
phase-estimation-type. Bovendien geven we garanties voor de kwaliteit van deze afschat-
tingen onder aannames die betrekking hebben op spectrale gaps, begintoestanden en de
af/aanwezigheid van een sign-probleem voor de Hamiltoniaan. Hoofdstuk 7 richt zich
vervolgens op een ander probleem dat samenhangt met de praktische implementatie
van phase-estimation-achtige kwantumcircuits op near-term apparaten. Deze circuits
bevatten een kostbare stap van gecontroleerde tijdsevolutie, en hun diepte kan aanzienlijk
worden verminderd door deze controle te verwijderen, waardoor ze geschikter worden
om op zulke near-term machines te worden geimplementeerd. We realiseren dit door
aangepaste phase retrieval-methoden toe te passen, ten koste van het feit dat dergelijke
circuits met gereduceerde diepte veel vaker moeten worden uitgevoerd. Numerieke stu-
dies van het Fermi-Hubbard-model illustreren de haalbaarheid en ruisbestendigheid van
onze methoden.



Introduction

1.1. Preface

Quantum computers are anticipated to carry out particular computational tasks much
more efficiently than their classical counterparts. Error-corrected quantum machinery
can store and process large amounts of quantum information, so as to perform
complicated quantum computations. Relevant examples of such computations include
finding prime-factorizations of n-bit integers (with poly(n) effort)! [1] and measuring the
state of a quantum system after it has evolved over time [2]. These results are encouraging
in the search for useful applications of quantum computers. This search, however, is a
surprisingly delicate task and requires a careful treatment.

When identifying applications of quantum computers, one naturally encounters
questions such as:

Q1 Which computing tasks can be performed efficiently using quantum computers?

Q2 For which tasks do quantum computers provide a speedup over their classical
counterparts?

Q3 Which tasks — pertaining to quantum mechanics — can be performed efficiently
using classical computers?

Q4 Which tasks are likely to be intractable on quantum computers?

In other words, what are quantum computers good at?, when should you use one?, when
are classical computers fine? and what should you not even hope to be able to do with
quantum computers? Questions like these sparked research in the field of quantum
complexity theory (see e.g. [3]), which formally classifies the hardness of certain quantum
computational tasks.

When designing quantum algorithms, Q1 and Q2 play a central role?. We wish to
design quantum algorithms for solving interesting problems, where — ideally — solving
them on a classical computer would take "much" longer. A particularly appealing use
of quantum algorithms in that respect is performing quantum simulation, exploiting

1For completeness, let us note that a robust superpolynomial speedup compared to classical computation
has not (yet) been established for this task. That is to say, it is not known whether this problem can be
solved with polynomial effort classically.

2Q2 is often understudied in comparison to Q1.
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the natural ability of quantum computers to emulate quantum physics. Applications of
such quantum simulation techniques include estimating spectral properties of quantum
many-body systems [4, 5] — which we will get back to in Section 1.2 below.

When dealing with Q1 (i.e., what are quantum computers good at?), one often
assumes the quantum computer to be error-corrected, so that it can perform large-scale
computations. Although significant experimental progress towards realizing such
error-corrected machines is being made [6], answering Q1 with reference to current
quantum hardware hinges on the clever design of algorithms that minimize the strain on
these early quantum computers. Namely, some hardware limitations might yield running
some asymptotically efficient quantum algorithms intractable on current machines, but
algorithmic improvements could turn that around to some extent.

Answering Q3 (i.e., when are classical computers fine?) is important not just because
it provides insights for answers to Q2 (i.e., when do quantum computers provide a
speedup?), but also because it leads to the development of efficient classical algorithms
for seemingly purely quantum computational tasks. Examples of the latter include
calculating certain properties of non-interacting quantum particles (see e.g. [7]) and
solving a quantum version of the classical 2-SAT problem [8-10].

The relation between Q2 and Q3 also has a more subtle side: Suppose a task can be
efficiently solvable on a classical computer, in the sense that the classical effort scales
polynomially in the problem size. In some cases, quantum computers can even then
provide a speedup. Examples of such tasks are simulating the time dynamics of coupled
classical oscillators [11] and the simulation of free fermion physics [12].

Q4 (i.e., what should you not even hope to be able to do with quantum computers?)
deserves some more explanation. Some computational tasks are likely to be intractable
on quantum computers — just like NP-hard problems are likely to be intractable on
classical computers. Such computational tasks include calculating the ground energy
and ground state of local quantum systems [3, 13, 14], which is of interest in physics
and chemistry. An active direction of research for those problems is to design classical
approximation algorithms to obtain provably "good" approximations to the true ground
state — touching upon Q3.

It is worth mentioning that the majority of this thesis focuses on computational tasks
related to fermionic quantum systems. The fermionic nature of the problems brings
along some opportunities and intricacies, which are emphasized in each chapter.

The contents of this thesis relate to each of the questions and their interplay as
discussed in this preface. In Section 1.4, we briefly discuss the chapters of this thesis and
on which of the questions Q1-Q4 they touch.

First, we will briefly introduce quantum algorithms (in particular in the setting of
quantum simulation) in Section 1.2 and fermionic optimization problems in Section 1.3,
as both topics are important themes in this thesis.

1.2. Quantum algorithms

Quantum algorithms are run on quantum computers, the basic building blocks of which
are qubits. The states of such a quantum computer (consisting of, say, n qubits) are
normalized vectors |u/) in a Hilbert space (C?)®". When running a quantum algorithm,
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Figure 1.1: [llustration of a quantum algorithm, which typically involves a unitary
evolution stage, a measurement stage and a classical post-processing stage.

an initial state |¢) is processed by some unitary matrix U € C2"*2" to obtain a state
U |1//> These unitaries are products of a poly(n) number of smaller unitaries (gates),
each acting on few qubits at a time. Having obtained U |1//>, one performs (projective)
measurements on it (in a local qubit basis) to obtain some quantity of interest — typically
after classical post-processing of the measurement outcomes. The idea is that there exist
such quantities of interest that can be efficiently obtained using quantum algorithms,
but cannot be obtained via purely classical computation. A schematic depiction of a
quantum algorithm is given in Figure 1.1.

1.2.1. Extracting spectral features of Hamiltonians

To illustrate how quantum algorithms can be used to learn physically relevant
information, let us consider the following algorithm. The goal of the algorithm is to
estimate spectral properties of an n-qubit local Hamiltonian H. The Hamiltonian
H =Y ; H; is a Hermitian operator on (C?)®", where each H; acts non-trivially on few
qubits. One approach to learning some desired properties of the spectrum of H is to run
the following (n + 1)-qubit quantum algorithm, which makes use of the fact that states
can be efficiently time-evolved under local Hamiltonians (i.e., |1//> —exp(—iHt) |1//>) ona
quantum computer [2]. This algorithm will be an important theme in Chapters 6 and 7 of
this thesis.

1. Prepare |1//>n ® |0).

2. Apply a so-called Hadamard gate to the (n + 1)th qubit to obtain |1//)n ® 1/\/5( |0) +
D).

3. Apply the n-qubit unitary® U = exp(—i Hk) (with k an integer) conditioned on the
(n+1)th qubit to obtain 1/v2(|y), ®0) + Ul|y), ®1)).

4. Apply another a Hadamard gate to the (n+ 1)th qubit to obtain 1/2(1 + U) |y), ®
10)+1/2(1-U)|y), ®I1).

5. Measure the (n + 1)th qubit in the standard basis — 0/1.

3Note that U is not (yet) a product of unitaries that each act on few qubits, which we need it to be to run the
algorithm. Using a method called Trotterization [2, 15], such a decomposition of U can be approximately
realized, where one uses the fact that H is a sum of local terms.
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The probability of measuring 0 in step 5 is § + 1Re[(y|,Ul|y),]. If we apply a
exp(—i %Z)-gate4 to the (n + 1)th qubit prior to step 4, the probability of measuring 0
is % - %Im[ (w|,U|w), |- Hence by repeating these experiments many times, we can
estimate f[k]:=(y|,U|y), = (v|,exp(-iHk) |y), € C, where the sampling error scales
inverse polynomially with the number of experiments. Repeating the estimation of f[k]
for several k=0,1,2,..., one learns the time-evolution “signal” of a state |1//> under a
Hamiltonian H. The oscillation frequencies of this signal correspond to the eigenvalues
of the Hamiltonian H and thus contain valuable physical information.

Estimating the smallest eigenvalue of general q-local Hamiltonians H up to 1/poly(n)
is QMA-complete for g = 2 [3, 16], implying it cannot be done with poly(n) effort on a
classical or quantum computer (unless BPP=QMA or BQP=QMA, respectively). If we
attempted anyway, then what would go wrong when running the algorithm above? The
difficulty lies in the preparation of W’>n (one can only learn those eigenvalues that are at
least 1/poly(n) supported on |w>n) and in the ability to classically extract eigenvalues
from the time-evolution signal. Hence we should pick a less ambitious goal and instead
try to extract some spectral features of H from the time-evolution signal f[k]. One such
strategy is proposed in Ref. [4], where one learns the spectral density of H with respect to
|w>. Other strategies consist of assuming a guarantee on the overlap between the input
state |w>n and the eigenstates whose eigenvalues one tries to estimate [5, 17].

1.2.2. Quantum simulation beyond time dynamics

Quantum simulation does not just encompass implementing time evolution of states
under local Hamiltonians [2]. Other types of quantum simulation include preparing
Gibbs (or thermal) states o exp(— ﬁH), i.e., the state of a system in thermal equilibrium
at inverse temperature  (modern references include [18-20]), and estimating
out-of-time-order correlators (OTOCs) [21] which can be used to characterize many-body
systems.

1.3. Fermionic optimization problems

1.3.1. Fermionic Hamiltonian optimzation

Let us leave the discussion of quantum algorithms for now and switch gears to the
problem of (approximately) optimizing local Hamiltonians — and more specifically local
fermionic Hamiltonians. The k-local qubit Hamiltonians H = )_; H; discussed so far are
defined such that each H; acts non-trivially on k = O(1) qubits. Instead, let us consider
Hamiltonians H that are local in terms of other degrees of freedom; fermionic modes
— as these Hamiltonians are ubiquitous in quantum many-body physics. By locality,
we mean that each term in H involves O(1) fermionic modes®. Such local fermionic
Hamiltonians model various physical systems, such as electrons in condensed matter and
quantum chemistry — prime targets for quantum simulation. A problem of particular

1
4With Z denoting the Pauli matrix (0 _01)

5Note that this notion of locality does not imply geometric locality or sparsity of the Hamiltonian. Sparse
fermionic Hamiltonians are defined in Chapter 4.
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interest in physics is to find/approximate the ground state of such Hamiltonians. Despite
its practical and conceptual relevance, the general problem of approximating interacting
fermionic ground states is currently less well understood than its qubit counterpart.

Instead of calculating ground energies/states of these local fermionic or local qubit
Hamiltonians — which is QMA-complete [3, 14, 16] even when allowing 1/poly(#n) error —
one might attempt the less ambitious but more realistic goal of computing a state that
achieves a constant fraction of the ground energy. When setting up classical methods for
doing so, one restricts to certain classes of simple states. For qubit Hamiltonians the
natural choice are product states, while for fermionic Hamiltonians they are Gaussian
states. Note that Gaussian states play a prominent role in fermionic optimization
problems using the mean-field Hartree-Fock method, see e.g. Ref. [22]. This naturally
leads to the questions do product states achieve a constant approximation ratio for general
local qubit Hamiltonians? and do Gaussian states achieve a constant approximation ratio
for general local fermionic Hamiltonians?

To align with computer science conventions, we, w.l.0.g., look to optimize H and look
at the energy that some ansatz achieves compared to the maximum energy, as a proxy for
the approximation quality. The above questions then reduce to

tr duct Hqubi
Fqubi¢ := Max r{Pproduc ) 2 ), (1.1a)
Pproduct Amax(Hqubit)

tr ian Hfermi
Tfermijon -= INax (pGaUSSlan fermlon) ; Q), (1.1b)

PGaussian Amax (errmion)

for anylocal and traceless qubit Hamiltonian Hqypit and fermionic Hamiltonian Hfermion-

Lieb [23] proved that equation (1.1a) is true for 2-local qubit Hamiltonians, with
T'qubit = 1/9.In sharp contrast, it was shown in Ref. [24] that equation (1.1b) is not true, i.e.,
there exist local fermionic Hamiltonians for which Gaussian states only ever achieve a
vanishing fraction of the maximum energy. This raises the questions (1) if r'ermion # (1),
then what can one say about its scaling? and (2) can we restrict Heermion i1 Some physically
motivated way such that equation (1.1b) becomes true?

Before addressing these questions, let us note that they pertain to the existence of a
product state or Gaussian state that achieves a certain approximation ratio. A stronger
demand is to output the description of such a state using a polynomial-time (classical)
algorithm. In fact, finding a constant-ratio approximation in polynomial-time can be
ruled out under mild complexity-theory assumptions [25, 26], since both Hqypic and
Hsermion contain the traceless Max Cut problem as a particular instance. Of course, if one
assumes more structure, such a constant-ratio algorithm might become efficient.

Going back to questions (1) and (2), it was shown in Ref. [27] that there is
a polynomial-time algorithm outputting a fermionic Gaussian state that achieves
approximation ratio 1/(nlog(n)) with high probability. In Ref. [28] (included in this
thesis), it was shown that if one assumes Hfermion to be sparse, then equation (1.1b)
becomes true and such states can be efficiently obtained. Ref. [29] (also included in
this thesis) shows that assuming that all interactions in Hgermijon have a particular yet
ubiquitous structure, namely that they are of density-density type, is also sufficient for
equation (1.1b) to become true. These results shed some light on the interplay between
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physically motivated constraints on Hamiltonians and approximability by simple classes
of states such as fermionic Gaussian states.

1.3.2. The fermionic satisfiability problem

Instead of (approximately) optimizing a sum of k-local Hamiltonian terms, one could
also consider the problem of determining whether there exists a state that is in the
simultaneous ground space of each local term. Such quantum generalizations of the
classical k-SAT problem are more mild complexity-wise than the problem of optimizing
local Hamiltonians. In fact, both the qubit and fermionic versions of this problem are
efficiently solvable classically for k = 2 (see respectively Refs. [8] and [30], with the latter
being part of this thesis). For larger k, these problems become QMA-hard.

1.4. Thisthesis

The remainder of this introductory chapter will be devoted to an introduction to each
chapter of this thesis and to a discussion of preliminaries on fermions in Section 1.5.

Chapter 2

We study the fermionic satisfiability problem, FERMIONIC k-SAT. This is the problem of
determining whether there is a state in the null-space of some fermionic parity-preserving
projectors, each involving k modes at a time. We prove several results related to this
problem. First, we show that if each projector involves at most 2 modes (i.e., k = 2), the
problem can be solved efficiently classically. Then, we investigate the complexity of
adding global constraints to the k = 2 problem. Adding a constraint that also fixes the
particle number parity of the state leaves the problem classically solvable. On the other
hand, when fixing the particle number itself, the problem becomes NP-complete. In
addition, we show that FERMIONIC 9-SAT is QMA; -hard.

Chapter 3

We consider the optimization problem (ground energy search) of fermionic Hamiltonians
with classical interactions. This QMA-hard problem is motivated by the Coulomb
electron-electron interaction being diagonal in the position basis, a fundamental fact
that underpins electronic-structure Hamiltonians in quantum chemistry and condensed
matter. We prove that fermionic Gaussian states achieve an approximation ratio of at least
1/3 for such Hamiltonians, independent of sparsity. This shows that classical interactions
are sufficient to prevent the vanishing Gaussian approximation ratio observed in
SYK-type models. We also give efficient semi-definite programming algorithms for
Gaussian approximations to several families of traceless and positive-semidefinite
classically interacting Hamiltonians, with the ability to enforce a fixed particle number.
The technical core of our results is the concept of a Gaussian blend, a construction for
Gaussian states via mixtures of covariance matrices.
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Chapter 4

We consider the problem of approximating the ground state energy of a fermionic
Hamiltonian using a Gaussian state. In sharp contrast to the dense case [24], we
prove that strictly g-local sparse fermionic Hamiltonians have a constant Gaussian
approximation ratio; the result holds for any connectivity and interaction strengths.
Sparsity means that each fermion participates in a bounded number of interactions, and
strictly g-local means that each term involves exactly g fermionic (Majorana) operators.
We extend our proof to give a constant Gaussian approximation ratio for sparse fermionic
Hamiltonians with both quartic and quadratic terms. In each setting we show that
the Gaussian state can be efficiently determined. Finally, we prove that the O(n~"/?)
Gaussian approximation ratio for the normal (dense) SYK-4 model extends to SYK-q for
even and constant g > 4, with an approximation ratio of O(n'/2~9/4). Our results identify
non-sparseness as the prime reason that the SYK-4 model can fail to have a constant
approximation ratio [24].

Chapter 5

Simulating non-interacting fermion systems is a common task in computational
many-body physics. In absence of translational symmetries, modeling free fermions
on N modes usually requires poly(N) computational resources. While often moderate,
these costs can be prohibitive in practice when large systems are considered. We
present several free-fermion problems that can be solved by a quantum algorithm
with substantially reduced computational costs. The memory costs are exponentially
improved, poly log(N). The runtime improvement, compared to the best known classical
algorithms, is either exponential or significantly polynomial, depending on the geometry
of the problem. The simulation of free-fermion dynamics is BQP-hard. This implies
(under standard assumptions) that our algorithm yields an exponential speedup for any
classical algorithm at least for some geometries. The key technique in our algorithm is
the block-encoding of objects such as correlation matrices and Green’s functions into
a unitary. We demonstrate how such unitaries can be efficiently realized as quantum
circuits, in the context of dynamics and thermal states of tight-binding Hamiltonians.
The special cases of disordered and inhomogeneous lattices, as well as large non-lattice
graphs, are presented in detail. Finally, we show that our simulation algorithm generalizes
to other promising targets, including free boson systems.

Chapter 6

We consider the task of spectral estimation of local quantum Hamiltonians. The spectral
estimation is performed by estimating the oscillation frequencies or decay rates of signals
representing the time evolution of states. We present a classical Monte Carlo (MC)
scheme which efficiently estimates an imaginary-time, decaying signal for stoquastic
(i.e. sign-problem-free) local Hamiltonians. The decay rates in this signal correspond to
Hamiltonian eigenvalues (with associated eigenstates present in an input state) and
can be extracted using a classical signal processing method like ESPRIT. We compare
the efficiency of this MC scheme to its quantum counterpart in which one extracts
eigenvalues of a general local Hamiltonian from a real-time, oscillatory signal obtained
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through quantum phase estimation circuits, again using the ESPRIT method. We prove
that the ESPRIT method can resolve S = poly(n) eigenvalues, assuming a 1/poly(n) gap
between them, with poly(n) quantum and classical effort through the quantum phase
estimation circuits, assuming efficient preparation of the input state. We prove that our
Monte Carlo scheme plus the ESPRIT method can resolve S = O(1) eigenvalues, assuming
a 1/poly(n) gap between them, with poly(n) purely classical effort for stoquastic
Hamiltonians, requiring some access structure to the input state. However, we also
show that under these assumptions, i.e. S = O(1) eigenvalues, assuming a 1/poly(n) gap
between them and some access structure to the input state, one can achieve this with
poly(n) purely classical effort for generallocal Hamiltonians. These results thus quantify
some opportunities and limitations of Monte Carlo methods for spectral estimation of
Hamiltonians.

Chapter 7

We demonstrate the use of adapted classical phase retrieval algorithms to perform
control-free quantum phase estimation. We eliminate the costly controlled time
evolution and Hadamard test commonly required to access the complex time-series
needed to reconstruct the spectrum. This significant reduction of the number of
coherent controlled-operations lowers the circuit depth and considerably simplifies the
implementation of statistical quantum phase estimation in near-term devices. This
seemingly impossible task can be achieved by extending the problem that one wishes to
solve to one with a larger set of input signals while exploiting natural constraints on the
signal and/or the spectrum. We leverage well-established algorithms that are widely
used in the context of classical signal processing, demonstrating two complementary
methods to do this, vectorial phase retrieval and two-dimensional phase retrieval. We
numerically investigate the feasibility of both approaches for estimating the spectrum of
the Fermi-Hubbard model and discuss their resilience to inherent statistical noise.

Ql Q2 Q3 Q4
Chapter 2 v v
Chapter 3 v v
Chapter 4 \/
Chapter 5 v v v
Chapter 6 v v
Chapter 7 v

Table 1.1: Questions from Q1-Q4 (as discussed in the Preface) that are touched upon in
each chapter.
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1.5. Acrash course on fermions

In this thesis, we take the perhaps unorthodox (but arguably more sensible) route of first
discussing fermions, and afterwards discussing qubits and their relation to fermions.
We consider a system of n fermionic modes, which are degrees of freedom which can
be filled or empty. Let H denote a 2"-dimensional Hilbert space and let a; € c2"*2" for
j € [n] —1i.e., one for each mode — denote operators on H. We will refer to these operators
as annihilation operators, and to their Hermitian conjugates aj. as creation operators.

These operators are defined to satisfy the anti-commutation relations

{aj,ai} = aja;+a£aj:6jyk]l and {a;j, ax} =0. 1.2)

We will refer to vectors in A with unit /2-norm as states. Let the vacuum |vac) € H be a

state such that a; |vac) = 0 for all j € [n].
n t - —at a4t
Clearly, the 2" states ag|vac) € H with ag:= a;a;...a;

subsets of filled modes S < [n] form a basis of H. Any state |1//> € H can therefore be
written as

(j1 < je<...<jig) for all

lv)= > asa:g |vac), (1.3)
Scin
with as € C and Y sy lag|? = 1. Note that |vac) is unique (up to a phase factor) for
the following reason. If [vac’) = Y g s aj; [vac) were another vacuum state, then — by
definition — ag|vac’) = 0 for all non-empty S < [n]. It can be shown straightforwardly that
this implies a s = 0 for all non-empty S < [n], hence |a»| = 1. The states |[vac) and [vac’) are
thus related by a phase factor: (vac’|vac) = ¥ sc[n ag (vac| ag|vac) = a; (vac|vac) = a;.

It will be useful to define the following canonical transformation of the creation and
annihilation operators. Given a collection of operators {a;} (and {a;r.}) and a unitary
matrix U € C"*", then a; — a; = ZZ=1 Uj ray (for all j € [n]) gives another collection
of operators satisfying the same anti-commutation relations as in equation (1.2). We
will refer to a given collection of operators {a;} as a mode basis, so that canonical
transformations transform between mode bases.

Let nj:= a;'.aj denote the particle number operator for mode j and N := Z;’:l nj
the total particle number operator. Since n? = nj, the particle number expectation in

each mode is in [0,1]. Note that n; ag |vac) = ag [vacy if j € S (i.e., if j is filled) and zero
otherwise. Furthermore, for any canonical transformation U € C"*" transforming {a;} to
{@;}, we have that ﬁl =N.

In addition to the Dirac operators a; (and aj.) for j € [n], it will be convenient to define

the (Hermitian) Majorana operators c; € c2"2" for J € [2n] as follows.

Cop = ilap - al). 1.4)

Cop-1:= ap+aT p

p)
These operators satisfy {c;, cx} =26 ;1 for j, k € [2n]. We note that any transformation
R € SO@2n) of these operators s.t. ¢; =} Rj kck (for all j e [2n]) preserves these
anti-commutation relations and thus gives rise to a new set of Majorana operators {¢ j}izl.

Like for the Dirac operators, we say that R transforms between mode bases. Note that
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any grouping of 2n Majorana operators {c J'}?Zl into pairs defines n fermionic modes via
equation (1.4), since permutations are in SO(2n).
For later reference, let us define Hermitian Majorana monomials

Cr:= i(g)CjICjz...qu, (1.5)

where [ is an ordered subset of [2n]. Note that Cf = 1 so that the eigenvalues of Cj are all
in {#1}. It can be shown straightforwardly that these C;’s are traceless and are mutually
orthogonal under the trace inner product. Furthermore, for I, J/ < [2n], they obey

C[C]: (_1)|I||]|—|IOI|C]CI. (1.6)

1.5.1. Even fermionic operators

Let us discuss so-called even Hermitian operators on . These operators are relevant in a
physical context, since any observable corresponds to an even Hermitian operator®. Any
such operator X on H can be expressed as

X=agl+ > aCy, 1.7)

I<[2n] s.t. |I|=even

with aj’s real. Indeed, the dimensionality of the even operator space (over
the reals) is 227!, which equals the number of even Majorana monomials
l{I < [2n] : |I| even}| = 22"~! (which are mutually orthogonal under the trace inner
product).

An example of such even Hermitian operators is a Hamiltonian, which is a low-degree
operator in the sense that it only contains C;’s for small constant |I|. Hamiltonians for
which |I] < 2 are free-fermion/quadratic Hamiltonians (see also Section 1.5.2 below)
and those that include terms with |I| = 4 or higher are interacting Hamiltonians. This
definition of fermionic Hamiltonians is equivalent to the one given in Section 1.3, where
terms in the Hamiltonian involve at most a constant number of fermionic modes.

Importantly, any even Hermitian operator X commutes with the particle number
parity operator

N _(Zn) .n

P:.= C[gn]zl 2/C1Cp...C0o0p =1 C1C2...C2p. (1.8)
Moreover, it can be straightforwardly shown that any Hermitian operator that commutes
with P is an even Hermitian operator.

Density matrices p are Hermitian operators on A s.t. p = 0 and tr(p) = 1. Therefore,
they can be decomposed as probabilistic mixtures p =3_; p; |1//j> <1//j‘ of orthogonal

6To illustrate this, let us consider two disjoint subsystems A and B. Let X be an observable on A and Y be an
observable on B, so that X and Y do not overlap on any Majorana operator. For simplicity, let us take them
to be Hermitian Majorana monomials. Let us consider binary projective measurements expressed as
POVMs - i.e, (B1-P) with P a projector. In particular, we can construct POVMs for measurements
associated with the +1 eigenvalues of X and Y as follows: (X4; =(1+X)/2, X_1=(1-X)/2) on A and
(Y41 =(1+Y)/2,Y_1 =(1-Y)/2) on B. Since A and B are disjoint subsystems, we should be able to
perform joint order-independent measurements on them. That is to say, there should be a joint
POVM (R41,+1, Ry1,-1, R-1,+1, R-1,-1) s.t. X41=Ry1 41 +Ry1,—1 and Yi1 = Ry 41 + R 41). Due to
orthogonality of POVM elements, this implies X;1Yy1 = Ry1,4+1 = Y41 X41. However, if X and Y are odd
Majorana monomials, X4 and Y;; do not commute, leading to a contradiction.
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states |y ) € H. They are pureiff tr(p?) = 1 (meaning that there is just one state in the
mixture), else they are mixed. Next, let us argue that density matrices p are wlog also
even Hermitian operators. To that end, we introduce the notion of a quantum channel
p — £(p) which describes any evolution of a quantum state — including natural time
evolution and measurements.

Definition 1.5.1 (Quantum channel). A quantum channel £(p) = ;.”leij}L is a

collection of operators K; onH s.t. Z;.": 1 K]TK ; =1, known as Kraus operators.

The “density matrices are even” argument is based on the two statements; (1) the Kraus
operators of a quantum channel w.l.o.g. are even fermionic operators and (2) if two
channels reproduce the same measurement statistics, they are operationally equivalent.

In all generality, measurement outcome probabilities on p after it has undergone some
quantum evolution are given by p =tr(0 Y jcim K]TK 7), where the sum now runs over a

subset of {K}LK i ;”: , in general. Note that the measurement operator X := 3 jc K}K | is
an even Hermitian operator. Since any | ;) inp =} iPj [y ;) {w | can be decomposed into
an even particle number and an odd particle number contribution a; Iwi"en) +B; Iw?dd)

s.t. le‘;"e“) = +1[y$"") and ﬁlw?dd> =-1 Iw‘]?dd), it is clear that
(wil X ws) =1as P i Xip e + 161w g X1y, (1.9)
for any even Hermitian operator X since [X, P] = 0. Therefore,

tr(pX) = tr(pevenX) + tr(0oaa X), (1.10)

with peven 1= X pjlaj [y " 5" and poda ==X leﬁjlzlw‘}dd><wj?ddl. So, in terms
of measurement statistics, there is no interference between odd particle number and
even particle number contributions and so w.l.0.g. we can take density matrices to be
commuting with P and thus to be even operators.

Definition 1.5.2 (Density matrix). A density matrix p is an even Hermitian operator on H
s.t.p=0andtr(p) =1.

The time dynamics of a closed quantum system is fully determined by its initial density
matrix p(¢ = 0) and its Hamiltonian H: p(t =0) — p(f) = e‘thp(t =0)etH? In that case,
the corresponding quantum channel (see Definition 1.5.1) is given by a single Kraus
operator K = e~ 111,

Ground states of Hamiltonians are defined as argmin, tr(pH), i.e., they are the
solutions of minimizing low-degree even Hermitian operators over density matrices
— where the minimum is wlog achieved at a pure density matrix. Thermal states of
Hamiltonians are more practically relevant and are density matrices p o< exp(—fH) (at
some inverse temperature 8 € R, ). Note that zero-temperature thermal states are ground
states of H.

In the context of physics, we are typically interested in low-energy states and — in
particular — a poly(n) classical description of such states. Since p € €2"*2" such a classical
description generally requires superpolynomial memory. To make classical treatments
tractable, we thus typically restrict to states that do allow an efficient description, such as
fermionic Gaussian states.
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1.5.2. Fermionic Gaussian states
A class of Hamiltonians that is particularly simple is that of quadratic (i.e., free-fermion)
Hamiltonians. The eigenstates and thermal states of these Hamiltonians define a simple
class of density matrices — fermionic Gaussian states. Fermionic Gaussian states can be
represented with poly(n) classical memory, making them particularly useful for classical
characterizations of fermionic systems.

Quadratic Hamiltonians are degree-2 polynomials in {c j}?: %

2n
H=i) hjcjc, (1.11)
7k
with & a real-valued anti-symmetric matrix and ic; ci are Hermitian Majorana monomials
C; with |I| = 2. Note that since & is an anti-symmetric matrix, it can be brought to
block-diagonal form by R € SO(2n) as follows.

n —b.
h:RT@(I? bf)R, (1.12)
j=1\%j

with b] e R.

Definition 1.5.3 (Fermionic Gaussian states). Given 2n Majorana operators {cj}iz - A
fermionic Gaussian state is a density matrix of the form

1 2n
PGauss = — €XP (— iy h,-,kcjck), (1.13)
j#k

where h is a real-valued anti-symmetric matrix as in equation (1.12) and
A=2"Tl}_, cosh(2b;).

Using equation (1.12), equation (1.13) can be written as

12 A -
PGauss = 5 Hl (L+iAjeoj162)), (1.14)
]:
where ¢; = ¥ Rj rcp (with R as in equation (1.12)) and A; = tanh(2b;) € [-1,+1]. Iff
PGauss 18 @ pure fermionic Gaussian state, we have A; = +1 Vj € [n] since only then
Tr(péauss) =1L

Remark 1.5.4. Any mixed fermionic Gaussian state is a mixture of pure fermionic
Gaussian states. To see this, consider equation (1.14), with for some j’s, =1 < A; < +1 in the
decomposition. For each such j, one can write (1 +iAjCyj-182j) = pj(L+iC2j-182j) + (1 —
pj)(]l - iégj_légj) with Aj =2p; — 1, resulting in a mixture over pure fermionic Gaussian
states.

Fact 1.5.5. Given a quadratic fermionic Hamiltonian H = Z?;’k hjricjcy, with h
a real-valued, anti-symmetric matrix. The eigenstates of H are fermionic Gaussian
states p Gauss = I, (L+iAj6rj-162j), withAj = £1Vj € [n] and ¢j = ¥ R} kck, where
R € SO(2n) block-diagonalizes h as in equation (1.12). Hence the eigenstates can be
obtained with polynomial effort in n.
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1.5.2.1. Particle number conserving setting

A particular type of pure fermionic Gaussian state is a Slater determinant state. These
states are the eigenstates of particle number conserving free-fermion Hamiltonians, i.e.,
of free-fermion Hamiltonians H s.t. [H, N] = 0. These Hamiltonians are w.l.o.g. of the
form
n
H= kz hjxal a;, (1.15)
jk=1

where h € C"*" is now a Hermitian matrix.

Definition 1.5.6 (Slater determinant and classical states). A pure Slater determinant state
is a state of the form

|WStater) = @l a@y ... @\, Ivac), (1.16)

where a; = erc‘zl Ujrar withU € C™™" a unitary matrix and N € {0,1,..., n}. A particular
type of Slater determinant state is a classical state which is of the form

PN I t
lx) = ajl a].2 ...aj.N |vac), (1.17)

where i < j2<...<jne€ln], Ne{0,1,...,n} and x= (xy,...,Xp) With xj; =...=xj, =1
and all other x;'s equal t0 0.

1.5.3. Covariance matrices

For any density matrix p, we can define a covariance matrix I € R?**2" with entries

i
Tjr:= 5nr(,o[c,-,ck]). (1.18)

By its definition I'; € [-1,1],Tj x = =Tt j, g,k = 0. An anti-symmetric real matrix such as
I’ can be block-diagonalized so that

N[O A
- RrT J
I'=R ,@1(—%' O)R, (1.19)

with ReSO@2n), AjeR. Since (RTRT);; = Ltr(p[¢,&]) (with ¢; = ¥ Rjkcr) and
[ICrll2 < 1 for any Hermitian Majorana monomial, we have that |1 jl<1forall j. Hence
for general fermionic density matrices, Gaussian or non-Gaussian, we have r'r<1.0n
the other hand, one can show that p is a (pure) fermionic Gaussian state iff 'T” = 1 [31].

The following basic result about fermionic Gaussian states and their covariance
matrices can be derived easily.

Proposition 1.5.7. Any matrixT € R>"*2" that is anti-symmetric and has no eigenvalues
outside of [—1, +1i] corresponds to the covariance matrix of a fermionic Gaussian state.

Proof. One block-diagonalizes the anti-symmetric matrix I' as in equation (1.19) and
the fact that the eigenvalues of I' are within [-i, +i] implies that Vj, |1;| < 1. Hence
the (unnormalized) fermionic Gaussian state associated with I' in equation (1.19),
is given in equation (1.13) with a block-diagonalized h in equation (1.12) with
bj =arctanh(A;)/2. O
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An essential property of fermionic Gaussian states is Wick’s theorem, i.e. expectation
values of quartic or higher-order correlations can be expressed in terms of entries of the
covariance matrix of the fermionic Gaussian state (see e.g. [31]).

Proposition 1.5.8 (Wick’'s Theorem). Let pgauss be a fermionic Gaussian state with
covariance matrixT. Then’
tr (pGauss Cr) = PE(T')), (1.20)

whereT is the|I| x |I| sub-matrix of T restricted to the rows and columns in the ordered
subset I < [2n] and Pf(-) denotes the Pfaffian. In particular, for |I| = 4:

tr (pGauss Cicjcrcr) = =Ti Tk i+ ikl —TiiTj (1.21)
withi< j<k<lI.

From Proposition 1.5.8, we can derive the following simple statement about the
relation between fermionic Gaussian states and their covariance matrices, leading to a
poly(n)-sized classical description of fermionic Gaussian states.

Proposition 1.5.9. A fermionic Gaussian state pGauss € c2"x2" s fully specified by its
covariance matrix T € R?"*2",

Proof. Since pgauss is a density matrix, it is an even Hermitian matrix (see Definition
1.5.2) and can thus be expanded as in equation (1.7). From Proposition 1.5.8, the fact
that Cf =1 and the fact that the C;’s are mutually orthogonal, we conclude that all
coefficients a; in the decomposition of pgauss in equation (1.7) are determined by
Pfaffians of sub-matrices of I'. O

1.5.3.1. Particle number conserving setting

An object closely related to the covariance matrix — and particularly relevant in particle
number conserving settings — is the 1-RDM M of a density matrix p. M is an nxn
Hermitian matrix with entries M k= tr(p a; ak), with a;ﬂ the annihilation (creation)
operator of mode j. Since M is diagonalized by a unitary U € C"*" —and @; = ¥ U} r ax
is a canonical transformation — the eigenvalues of M are given by tr(p sz. a j) =tr(p71j) so

that 0 < M < 1. M is particularly relevant in particle number conserving settings since
pure Slater determinants (i.e., eigenstates of particle number conserving free-fermion
Hamiltonians, see Definition 1.5.6) are fully specified by their 1-RDM. For completeness,
let us prove this simple statement.

Proposition 1.5.10. A pure Slater determinant state |1//51ater> (see Definition 1.5.6) is fully
specified by its 1-RDM M € C™* ",
Proof. Pure Slater determinant states have the form |1//s1ater> = 51’{ Zz; ... djv |[vac), where

n
aj=y Ujrax, (1.22)
k=1

"The Pfaffian of a 2k x 2k matrix A is defined as Pf(A) = ﬁ Y nes,, sign(m) ]'[5?21 Ani-1),72i)-
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with U € C"*" a unitary matrix and N € {0, 1,..., n}. They are thus fully determined by a
unitary U € C'"**" and an occupation number N (w.l.o.g. the first N modes are occupied,
as permutations can be incorporated into U). Let M be any 1-RDM associated with a
pure Slater determinant state, and let it be diagonalized by U’ € C"**". Then U’ is the
unitary matrix that — combined with the number of eigenvalues that equal 1, i.e., some

— defines the pure Slater determinant state, since the eigenvalues correspond to
occupations in the mode basis defined by U’. Therefore, M fully specifies a pure Slater
determinant state. O

1.5.4. Free-fermion time dynamics

Given a fermionic Gaussian state p(0) and a free-fermion Hamiltonian H =
iZ?:k hjykcj ¢k, with h as in equation (1.12). If p(0) is left to evolve under H (in a closed

manner), then the state of the system at a later time  is given by p(z) = e~/ p(0)e’!'*. As
we will show next, p() is a fermionic Gaussian state and its covariance matrix I'(¢) can be
obtained with poly(n) classical effort.

As we have the freedom to choose a mode-basis to work in, we can take
p(0) = 57 [T)_, (L +iAjczj-1¢2)), in which case:

1+ i/lj@gj_lfgj ,

p10= 35 1T [1+ A1 )y (2 ey al] = 5 1T

(1.23)
where we have used that e " € SO(2n) (since det(e +1 because h is
traceless). Clearly, p(#) is a fermionic Gaussian state — fully specified by its covariance
matrix (see Proposition 1.5.9) — and the time dynamics simply induces a canonical
transformation of the Majorana operators. The covariance matrix of p(¢) is given by

—4hty _ ptr(~4h1) _

Tk = %tr(p(t)[cj,ck]) = [T )] (1.24)

which can (clearly) be obtained with poly(#n) classical effort and can be used to evaluate
e.g. expectations on Majorana monomials using Wick’s Theorem.

Remark 1.5.11. When we introduced Majorana operators in equation (1.4), we specified
that any transformation R € SO(2n) s.t. ¢; = X Rj k.cx (for all j € [2n]) preserves the right
anti-commutation relations and thus gives rise to a new set of Majorana operators {¢ j}§21
In principle, R € O(2n) also leads to a valid new set of Majorana operators that obey the
right anti-commutation relations. However, these transformations are not induced by
[free-fermion dynamics (as discussed above, where we explicitly have det(R) = +1) and so
we typically restrict to R € SO(2n).

A more detailed discussion of the classical simulation of free-fermion dynamics can be
found in Refs. [7, 32], including for instance the classical simulation of free-fermion
evolution where part of the evolution is conditioned on occupations of some of the
modes.

Although BQP-hard in general, some fermionic time evolution beyond free fermions
can also be simulated classically. This is typically done by considering simulations that
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are “slightly” non-Gaussian; Gaussian evolution of slightly non-Gaussian initial states
(see e.g. [33]) or slightly non-Gaussian evolution of Gaussian initial states (see e.g. [34]).

1.5.4.1. Particle number conserving setting

Although the time evolution of Slater determinant states under particle number
conserving free-fermion Hamiltonians (i.e., H in equation (1.15)) is a particular case
of the discussion above?, let us consider it in some more detail to introduce some
terminology that will be used in later chapters of this thesis.

Given an initial pure Slater determinant state W/(t = 0)> = aI ag ... a;'V |vac) — which we
take to be a classical state as we have the freedom to choose a mode basis to work in. The
(pure) state at time ¢ is given by |y (1)) = e"*H!|y/(r = 0)), with H as in equation (1.15),
which can be straightforwardly shown to be equal to:

lp@)=[ X e ™Mual ][ X @™y pal]. [ X @ njyal ] vao
J1 J2 JN
=1 J2=1 jn=1

=ala)...a\lvac), (1.25)

where for the second equality we have used that et e U(n) is a canonical
transformation s.t. a; = Y}, (e*'" ) xax (for all j e [n]). Clearly, |y(1)) is a Slater

determinant state — fully specified by its 1-RDM (see Proposition 1.5.10). The 1-RDM of
|w (1) is given by

M)k = (y0)|alag lw(0) = [ MO ], |, (1.26)

which, again, can clearly be obtained with poly(n) classical effort.

1.5.5. Fermions and qubits

Since quantum algorithms are executed on quantum computers, whose basic degrees
of freedom are qubits, we will briefly discuss qubit systems and in particular their
relation to fermions. The n-mode fermionic Hilbert space H (we will refer to it as
Hermion) is isomorphic to the n-qubit Hilbert space H qubic = (C%)®". Indeed, the states
IX) = |x1X2...x,) with x; €{0,1} for j € [n] form a basis for Hqupir and are related to
fermionic basis states ag |[vac) (defined at the start of Section 1.5) by the following unitary:

Ulxi1X2...xp) = ag Ivac), with jeSifx;=1and j ¢ Sifx; =0. (1.27)
Let us define the Pauli matrices for {X;, Y}, Z;} je[n), which are (in the standard basis)
given by:
0 1 0 -i 1 O
T L R R () 020

These are operators on Hqubitg that commute if they act on different qubits, and that
anti-commute when acting on the same qubit.

8In case H in equation (1.15) is taken to be traceless.
9When we write Pje €2*2 for a Pauli matrix on qubit j, we actually mean 11 ® 1, ® Pj@lp.
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Any Hermitian operator on Hqupit can be written as

n
(zj)
X= Y a]]P7, (1.29)
ze{0,1,2,3}"  j=1

where P;.O) =1y, P;U = Xj, P;.2) =Y, Pj(.?’) = Z; and az€R. Indeed, Hermitian Pauli
monomials Py := 7:1 P;Zj )
product, and the number 4" of such monomials equals the dimensionality of the
Hermitian operator space (over the reals)'°.

Qubit density matrices p are Hermitian operators s.t. p = 0 and tr(p) = 1 and (local)
qubit Hamiltonians H are Hermitian operators that consist only of Pauli monomials
P, of constant weight (i.e., that involve only a constant number of qubits). Just
like for fermions, a closed qubit system with Hamiltonian H evolves as follows:
p(t=0)— p(t) = e Hlp(t = 0)e*H!. Product states are qubit density matrices that
factorize as p = p1 ® p2 ®...® p,,, where p; is a single-qubit density matrix on qubit
j. Hamiltonians that only contain Pauli monomials of weight one are classically
diagonalizable (like free-fermion Hamiltonians in the fermionic setting) and their
eigenstates are product states.

The unitary in equation (1.27) can naturally be used to transform Hermitian qubit
operators to Hermitian fermionic operators and vice versa. This transformation is known
as the Jordan-Wigner transformation [35] and can be explicitly stated as follows!!

square to identity and are orthogonal under the trace inner

Uy 1U' = | r[lczj]xk, UenU' = | r[lczj] Y. (1.30)
j< j<

These Pauli monomials naturally reproduce the Majorana anti-commutation relations
{cp,cqt = 26p41. Via equation (1.30), Hermitian Majorana monomials map onto
Hermitian Pauli monomials and vice versa. Importantly, the weight of a Majorana
monomial Cj is not preserved when mapped onto a Pauli monomial P, and hence
local Fermionic Hamiltonians do not map onto local qubit Hamiltonians under the
Jordan-Wigner transform (the locality of the latter can even become 0(n)).

The Jordan-Wigner transform is not the only manner in which fermionic operators
can be mapped onto qubit operators. Other mappings arise when picking different
unitaries than the one in equation (1.27) to identify basis states for Hqupit with basis
states for Hermion- Clever choices for these unitaries can lead to improved properties of
the mapping: the Bravyi-Kitaev transformation [36] for instance maps constant-locality
fermionic Hamiltonians onto log(n)-local qubit Hamiltonians.

Other ways of mapping fermions onto qubits include the encoding of n-mode
fermionic states/operators into a larger m > n-qubit Hilbert space, rather than via
Hilbert space isomorphisms, in such a way that the fermionic algebra is reproduced.
These approaches [36, 37] bring along some advantages, like the fact that sparse
constant-locality fermionic Hamiltonians get mapped onto sparse constant-locality

10Note that the dimensionality is double that of the space of even Hermitian fermionic operators, and indeed
some Hermitian qubit operators map onto odd Hermitian fermionic operators.

HNote that there is some freedom in choosing this transformation, such as adding phase factors to the Z i
operators.



18

qubit Hamiltonians. The disadvantage — from a more practical perspective - is that one
has to impose certain stabilizer constraints on the qubit Hilbert space, which have
more-than-constant locality in general. Especially for lattice models, however, these
constraints and their imposition simplify, see Refs. [38, 39].
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Complexityof Fermionic2-SAT

Tell me where the story ends

Lust for Life (2025), Courting

2.1. Introduction

Classical k-satisfiability (k-SAT) is the problem of deciding whether there exists a
configuration of n Boolean variables which satisfies a collection of k-variable Boolean
clauses. While 2-SAT is solvable in linear time [1], (k = 3)-SAT is NP-complete. Bravyi
introduced the problem QUANTUM k-SAT [2]: this is the problem of deciding whether
there exists an n-qubit state which is in the null-space of some collection of k-qubit
projectors. Bravyi showed that QUANTUM 2-SAT can be decided classically efficiently, and
later it was shown it can even be done in linear time [3, 4]. For k = 3, it has been shown
that QUANTUM k-SAT is QMA; -complete [2, 5].

Here, we introduce the fermionic satisfiability problem. An n-mode fermionic system
corresponds to set of annihilation operators {a;} 7 , (with Hermitian conjugate creation

operators {a}}?:l) which satisfy {aj, aj}:= a:.raj + aja;.r =6;il, {a;,a;j} = 0. In addition,
there is a state |[vac) —called the vacuum, or empty, zero-particle state— for which
a;|vac) =0, Vi (see also Section 1.5).

FERMIONIC k-SAT is the problem of deciding whether there exists an #z-mode fermionic
state which is in the null-space of a collection of k-mode fermionic projectors. Each
k-mode projector is a polynomial in a; and a} with j € S, where S < [n] and |S| = k.

Furthermore, the k-mode projector commutes with the parity operator P := (-1)Zim “LT”".
As a special case, we also study PARTICLE-NUMBER-CONSERVING (PNC) FERMIONIC
k-SAT, where each projector additionally commutes with the particle-number operator
N:= I a;ai. In addition to studying the satisfiability of these problems, we investigate
the complexity of PNC FERMIONIC 2-SAT and FERMIONIC 2-SAT when, respectively,
the particle number is fixed to some given value N=Ne€{0,1...,n}, or the parity
P=Pe{+1,-1}is fixed.

21
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2.1.1. Main results

Problem 2.1.1 (FERMIONIC k-SAT). Given is a set of projectors {I1;} on n fermionic modes,
where each 11; is a polynomial in the operators a;r. and a; with index j contained in a

subset of at most k fermionic modes. Furthermore, [Hi,ﬁ] = 0 for all projectors {I1;} with
N n +
P = (-D)Xi=1%%  Decide whether there exists a |y) s.t. Vi,Il;|y') =0 (YES), or for all

lw), Zi{y| 1 |y) > _polif(n) (NO).

To be precise in our definition of FERMIONIC k-SAT one should, in principle, provide
the accuracy with which the projectors II; are specified, i.e. with respect to what
elementary gate set, see e.g. [3, 6] for how this is handled for QUANTUM k-SAT. Since this
is separate from our results, we leave such precise definition to future work.

We also consider FERMIONIC k-SAT with global additional constraints, i.e. one asks for
an assignment with given particle number or parity:

Problem 2.1.2 (FERMIONIC k-SAT with fixed parity P). Given n fermionic modes,
Pe{-1,+1}, and a set of projectors {I1;} where each projector I1; is a polynomial in
the operators a}L. and a; with index j contained in a subset of at most k fermionic

modes. Furthermore, Vi, [I1;, P] = 0. Decide whether there exists W) s.LYi, I; |1//) =0and
Ply)=Ply) (YES), or¥ |y) s.t. Ply) = Ply), £ (|1 [w) > o5y (NO).

A special case of Problem 2.1.1 is the case when each projector commutes
with the particle number, i.e. Vi, [I1;, N] = 0, which we will refer to as PARTICLE-
NUMBER-CONSERVING (PNC) FERMIONIC k-SAT. We also consider the following
problem:

Problem 2.1.3 (PNC FERMIONIC k-SAT with fixed particle number N). Given n fermionic
modes, an integer N € {0,1,..., n} and a set of projectors {I1;} where each projector1l; isa
polynomial in the operators a; and aj with index j contained in a subset of at most k

fermionic modes. Furthermore, Vi, [I1;, N] = 0. Decide whether there exists a state |u/) s.t.

Vi, i ly) = 0and N|y) = N |y) (YES), or¥ |y} s.t. N|w) = N |w), £; (| i [y) > o
(NO).

Our main results are:

Theorem 2.1.4. FERMIONIC 2-SAT € P, and can be decided in time O(n+ m), where
m = |{I1;}| denotes the number of projectors.

Theorem 2.1.5. FERMIONIC 2-SAT with fixed parity € P, and can be decided in time
O(nm), where m = |{I1;}| denotes the number of projectors.

Theorem 2.1.6. PNC FERMIONIC 2-SAT with fixed particle number is NP-complete.

As part of the proof of Theorem 2.1.5, we show that classical 2-SAT with fixed (Hamming
weight) parity can be solved in O(nm) time, see Theorem 2.C.1 in Appendix 2.C for details.
We became aware that this classical fixed-parity result was also derived in [7].

To provide further context for our results, we also provide a straightforward proof that
FERMIONIC k-SAT is QMA; -hard for k =9 in Section 2.6.
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2.1.2. Overview and main ideas

FERMIONIC 2-SAT instances are defined on a graph G whose vertices are fermionic
modes and whose edges correspond to projectors involving pairs of modes. These
projectors are of rank at most three (if there is to be a satisfying assignment) in the two
fermionic mode subspace, consisting of at most three rank-1 projectors. These rank-1
projectors — we will refer to them as clauses — can be either genuinely quantum clauses,
or classical clauses which exclude a particular occupation of the two modes. When
restricted to a two-qubit space, a genuinely quantum clause can exclude support on a
state such as «|00) + B]11) (with |a],|B| # 0) which we call a H(e)z’q clause, or exclude
support on a state such as a|01) + $]10) (with |a],|8] # 0) which we call a Hé’q clause.
Since projectors in FERMIONIC 2-SAT are parity conserving by definition, these are the
only allowed quantum clauses besides the classical clauses. Note that we mention the
caveat when restricted to a two-qubit space since fermionic operators when viewed as
acting on an n-qubit space are generally non-local due to Jordan-Wigner strings.

Let us discuss the ideas behind the proofs of our main results of Section 2.1.1. Given
the graph G, we first remove all classical clauses, leaving us possibly with a set of
disconnected graphs which we call quantum clusters, see e.g. Figure 2.1 in Section 2.2.3.
We will refer to modes that are not involved in any quantum clauses as classical modes. It
turns out to be useful to distinguish at least two types of quantum clusters, namely ones
that are so-called hidden particle-number-conserving (hPNC) and ones which are not
(non-hPNC). The hPNC clusters can be brought to a form in which they only contain H};q
quantum clauses by a particle-hole transformation defined in Section 2.2.2: after this
transformation, every clause commutes with the cluster particle number operator, hence
the terminology. In Section 2.2 we introduce and discuss these various concepts.

In Section 2.3 we start by examining the effect of ‘constraint propagation’ by H};q
and ng’q quantum clauses, see Lemma 2.3.1 and its Corollary 2.3.2. This leads up to
a characterization of the satisfying assignments: wlog, they are of — what we call —
cluster-product form, see Proposition 2.3.3. Compared to QUANTUM 2-SAT which, except
for on some rank-3 projectors, always has a product satisfying assignment (if any) [3], this
form is more general, but also restricted in an interesting way. For assignments with or
without overall fixed parity, we will show that one can limit oneself to cluster-product
states which are products of operators (acting on the vacuum) which create (1) classical
occupations on so-called classical modes, (2) Gaussian states on hPNC clusters, (3)
Gaussian states on non-hPNC clusters which are lines or loops, and (4) non-Gaussian
states on certain 4-fermion non-hPNC clusters. To obtain this result, we proceed in
Section 2.3.3 to exclude certain quantum numbers, —these are hidden cluster particle
number or cluster parity which uniquely fix a cluster satisfying assignment—, on
quantum clusters. Crucial in this is Lemma 2.3.4 which provides a uniquely fermionic
simplification, which leaves us to analyze quantum clusters which are lines and loops in
Section 2.3.3.1. Fermions on a line do map directly onto qubits, hence we can use some
proof techniques borrowed from QUANTUM 2-SAT investigations. Importantly, these
results allow one to efficiently (with effort linear in the number of modes and clauses)
verify which quantum numbers, i.e. hidden cluster particle number and cluster parity, are
allowed on quantum clusters in the cluster-product form. This is expressed in Lemma
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2.3.10.

To prove Theorems 2.1.4 and 2.1.5 in Section 2.3, we bring back all classical clauses
in the graph G and reduce the problem of deciding FERMIONIC 2-SAT after several
preprocessing steps to deciding a classical 2-SAT instance (thereby proving Theorem
2.1.4). For Theorem 2.1.5, there is the additional constraint of asking for a satisfying
assignment of fixed parity. In Appendix 2.C, we provide an efficient algorithm for deciding
classical 2-SAT where one asks for a solution of fixed Hamming weight parity (Theorem
2.C.1), which is used as a subroutine in the algorithm for the fermionic problem
(Theorem 2.1.5). This result on parity-constrained classical 2-SAT may not be surprising,
but we are unaware of any previous algorithm or proof. Crucial in the reductions in the
proofs of Theorems 2.1.4 and 2.1.5 is the fact that non-classical assignments on quantum
clusters heavily constrain how classical clauses which straddle the quantum cluster and a
classical mode can be satisfied, namely the clause has to be true by only the choice of the
classical mode, since the non-classical assignment requires that each mode inside the
cluster should be allowed to be both empty (0) and filled (1). The nature of the hPNC and
non-hPNC clusters asks for a different treatment in the proofs of these theorems.

In Section 2.5, we examine the complexity of particle-number-conserving FERMIONIC
2-SAT where we ask for an assignment with given fixed particle number, and prove
Theorem 2.1.6. Given the efficiently checkable cluster-product form, it may not be
surprising that this problem is contained in NP. It can be proved to be NP-complete
since the class of problems contains the weighted 2-SAT problem which asks for a 2-SAT
satisfying assignment with fixed Hamming weight, as a special case. In Section 2.6, we
prove a quantum hardness result for FERMIONIC k-SAT, still leaving a considerable gap
between our efficient classical algorithms for k = 2 and this hardness result for k = 9. We
discuss open problems in the Discussion Section 2.7.

2.1.2.1. Differences with Quantum 2-SAT

We take a paragraph to reflect on the difference between our FERMIONIC 2-SAT findings
and QUANTUM 2-SAT.

For QUANTUM k-SAT and FERMIONIC k-SAT, the projectors act nontrivially on k qubits
resp. involve k fermionic modes. Fermion-to-qubit mappings allow for the projectors
of a given instance of FERMIONIC k-SAT to be mapped to qubit projectors. However,
each fermionic projector involving k modes gets mapped —in a general setting— onto
a g-qubit projector, where g = k [8]. Therefore, one cannot deduce the complexity of
FERMIONIC k-SAT directly from the complexity of QUANTUM k-SAT.

Central to the solution of QUANTUM 2-SAT is the fact that a satisfying assignment,
if it exists, can be taken to be a product state (except for two-qubit projectors whose
null-space is a single entangled state), see e.g. Theorem 4 in [3]. We do not have
such a statement for FERMIONIC 2-SAT. In fact, we find that satisfying assignments on
non-hPNC clusters can include small 4-fermion non-Gaussian states. Furthermore, for
FERMIONIC 2-SAT, quantum clusters with vertices with degree at least 3 obey specific
constraints which relate to uniquely fermionic signs, see Lemma 2.3.4 in Section 2.3.3,
excluding many particle numbers (but leaving only Gaussian states for hPNC clusters).
In contrast, for quantum 2-SAT, product state assignments are generally built from
superpositions of all particle numbers. Indirectly, Lemma 2.3.4 also limits the use
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of any possible non-Gaussian assignment: non-Gaussian states are only sometimes
needed on non-hPNC clusters of at most 4 fermionic modes (and any state of three or
fewer fermionic modes is always Gaussian [9]). In Appendix 2.B we work through this
4-fermion non-Gaussian example explicitly, showing how the departure from product
state assignments for QUANTUM 2-SAT comes about.

2.2. Preliminaries

In this section we briefly review fermionic language and concepts (see Section 1.5 for a
more detailed discussion), and introduce several tools for the treatment of assignments
on quantum clusters.

For a subset S < [n] and |S| = k, we define the operator ag:= a:.rl alTZ . :.rk, where
i1 <iy <...<ig.This ordering of the fermionic modes will later be conveniently chosen
depending on the FERMIONIC 2-SAT instance in Section 2.2.3. We can write any n-mode
fermionic state as

..a

)= Y aslS),|S):= ag |vac), 2.1)
Sc(n]

where a s € C is the amplitude for state |S). Each state |S) corresponds to a configuration
of mode occupations {xi}?:p i.e. the bit x; =1 (resp. x; = 0) signifies that mode i is
occupied, so i € S, (resp. unoccupied, so i ¢ S). When we speak of a classical assignment
(see also Definition 1.5.6) in the remainder of this chapter, we mean a state of type
18} = a}; [vac).

One can map an (ordered) set of fermionic creation and annihilation operators
via the Jordan-Wigner (JW) transformation onto a set of qubit operators (see also
equation (1.30)):

a7z 707, 2.2)
and the fermionic vacuum state |[vac) — |00...0), using the definition o] = [1)(0|; (and
similarly o; =0} (11;).

Let us note that the n-mode states with particle number N =0 (vacuum), N =1
(single-particle "Slater determinant" state), N=n-1 (single-hole state) and N=n
(all-filled) are Gaussian states (see Definitions 1.5.3 and 1.5.6). The classical states |S) are
— of course — also examples of Gaussian states.

2.2.1. Characterization of the Fermionic 2-SAT projectors

Let G = (V, E) be a graph such that the vertices v € V label the modes (|V| = n) and each
edge is associated with a projector {II.}.cg. Since the projectors in FERMIONIC 2-SAT
are parity conserving, any projector I.-; ) is a polynomial in a;, a;’., ay and az of even
degree. Obviously, since each projector I, on modes j and k commutes with the overall

N taoveah
parity operator P, it also commutes with the edge parity Pz = (—1) 4t Similarly, if

T, commutes with N, it commutes with the edge particle number N = N;j + Nj. Hence,
if we consider a two-mode projector in isolation, it can be represented as a QUANTUM
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2-SAT projector on two qubits which is parity-conserving (or, in special cases, also
particle number-conserving). This means that if the projector, say of rank-1 in the 2-qubit
space, projects onto a product state, the product state can only be a computational basis
state. And if it projects onto an entangled state, then in the number-conserving case, it
can only project onto states such like a|01) + $]10). In the merely parity-conserving
case, it can also project onto a state a |00y + $]11) for some a, 8. This picture is entirely
preserved when we consider the action of the fermionic projectors onto n modes.
In principle, one can apply a Jordan-Wigner transformation, see equation (2.2), and
represent these fermionic projectors as 2-qubit projectors to which strings of Pauli Z’s
are appended, so that the qubit projectors are not 2-local, but this does not affect the
number- or parity-conserving properties. In some sense, we thus consider a simplified
form of QUANTUM 2-SAT due to number- and parity-conserving constraints, but the
fermionic nature of the problem, i.e. the effect of the Pauli Z-strings through the
Jordan-Wigner transformation, makes the problem genuinely different from QUANTUM
2-SAT.

Let’s now discuss the nature of rank-1 projectors! in fermionic language. With the
two-qubit picture in mind, we have two different types of rank-1 projectors for an edge
e = (j, k) (with convention j < k). The only possible rank-1 projector onto an odd-parity
state is

Tt
jakak

— "project onto/exclude f.[10) +7y.|01)", (2.3)

1 2 2
I, =Bl a;ajaka£+ﬁey;a}ak—yeﬂ;fajaz+ lyel“aja

with |Bel? +|y.l> = 1. When IT} does not project onto just "01" or "10", we call this a
genuinely quantum clause and write Hé’q, otherwise we refer to them as classical clauses
H};C. The only type of rank-1 projector onto an even-parity state is ngz

Il

+
jakak

- ae6Zajak+6eaZa}az+ I(Selza;ajazak

— "project onto/exclude a,|00) +5.[11)", (2.4)

02 2
I;" =lael"aja

with |a.|? + 161> = 1. Again, when 1% does not project onto just "00" or "11", it is a
genuinely quantum clause and we write ng’q, otherwise it is a classical projector ng’c.
For convenience, we introduce the following shorthand for a given quantum clause on

an edge e:

ue:=7v,/B; €C, for e,

vei=all8% €C, for Y, (2.5)

which we shall only use later on when S,,d. #0, i.e. in Lemmas 2.3.1, 2.3.4, 2.3.7 and
2.3.8.

1They have rank-1 only in the 2-mode subspace, not in the n-mode fermionic space, but for convenience we
use this term throughout this paper. Same for statements on higher rank projectors which have a rank
r <4 in the 2-mode subspace.
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For PNC FERMIONIC 2-SAT, we only have projectors of type IT} in equation (2.3), and
only classical projectors

Hg =aj a; akaz — "project onto/exclude |00)",

= u;r. aj azak — "project onto/exclude [11)". (2.6)
Proposition 2.A.1 in Appendix 2.A proves that these projectors are invariant under taking
any unitary linear combination of the two modes j and k, but this understanding also

follows from the two-qubit picture above.

2.2.1.1. Higher-rank projectors

The projectors appearing in FERMIONIC 2-SAT are of rank at most three and can
be obtained by summing the unit-rank projectors above as long as these project
onto orthogonal states. This is true since the 1-eigenvalue sub-space of a projector
I1, is spanned by eigenstates of the commuting edge parity operator ﬁez( jk)» OF, in
the particle-number-conserving case, by eigenstates of the commuting edge number
operator N, j,k)- By viewing the action of the rank-1 projectors in the two-qubit space,
it is clear that there exist two orthogonal projectors in the {|01,10)} space and two
orthogonal projectors in the {|00),]11)} space.

Observe that a rank-2 projector which is the sum of two orthogonal ng’q clauses is
a rank-2 classical projector (a sum of two classical clauses, excluding both "00" and
"11"), and similarly a rank-2 projector which is the sum of two orthogonal Hi’q clauses is
classical (excluding both "01" and "10"). We will call an edge a classical edge (€ E.;) when
its at-most-rank-3 projector is constructed from rank-1 classical clauses, otherwise we
call it a quantum edge (€ E,), thus the edgeset can be written as E = E; U E;. Hence,
an edge in B consists of one — H(e)z'q or H};q — or two — ng’q and H;’q — quantum
clauses. Otherwise, the edge belongs to E,. It is worthwhile to note that a rank-2 projector

1, 02, . . . . e
11,7 + 11,77 only consists of quadratic terms in creation and annihilation operators,

i.e. the quartic contributions cancel as the quartic contribution o ata i alak of each
quantum clause is independent of the choice of a,, B¢, Y.,0. and opposite in sign for a
ng’q clause versus a H(le’q clause as can be seen from equation (2.3) and equation (2.4).

This fact will be used in Lemma 2.3.9.

2.2.2. Particle-hole transformation

We define the unitary particle-hole transformation Kg on a subset S < [n] of the n modes.
The transformation interchanges the creation of a particle in S with the annihilation of a
particle, i.e. the creation of a hole or absence of a particle, in S:

vjeS — Keajks'=| [I-1]al,  Ksalks'=[ I | a),
k<j k<j
s.t. keS s.t. keS

vjeS — KeajKy'=| k]‘[;—l) | aj  Ksalks'=| k]‘[_(—l)] a. @7
<J <J

s.t. keS s.t. keS
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K also transforms the vacuum state |vac), i.e. |[vac) — Kg|vac), where the new vacuum
state corresponds to the all-filled state for the modes in the set S, and the original
vacuum for the modes which are not in the set S. The =+ signs in the transformation Ks in
equation (2.7) can be understood by performing a Jordan-Wigner transformation which
leads to the manifestly-unitary transformation Ks = ®cs X, with X denoting Pauli-X
on qubit k. When S= @, Kg=¢ = I.

When we apply the particle-hole transformation Kg to the genuinely quantum
projectors in equation (2.3) and equation (2.4), it can interchange Hi’q clauses and ng'q
clauses, depending on the edge e and the subset S. In Appendix 2.A we give the effect of
the transformation in mathematical detail (which is not extremely insightful).

An additional property of the particle-hole transformation Kg is that it preserves
Gaussianity of a state p. We can express the unitary transformation Kg on the Majorana
operators C;j—1 S Z1...Zi1X;, ¢4 S Z1...Z;—1Y; (consistent with equation (2.2) and
equation (1.18)). Then Kg is some product of Majorana operators Iljes,,;¢i, using
Xi = [Thej<k(—iczj-1¢2))] c2k—1. We have KscrKg ! = £k, with the sign depending on
whether k € Svaj and [Swmajl, inducing a (diagonal) orthogonal transformation in the
{ci}lz.fl basis. Any orthogonal transformation R € O(2n) preserves the Gaussianity of a
pure fermionic state as it preserves the property that the covariance matrix I' still obeys
I''T =1 19], hence K preserves Gaussianity. Note that KsPKg! = +P, switching the
overall parity P when | Sy, is odd.

2.2.3. Quantum clusters

The graph G = (V, E) describing the fermionic 2-SAT problem (where an edge represents a
rank-1, 2 or 3 projector) can contain zero, one or more quantum clusters, see Fig. 2.1,
defined as follows.

Definition 2.2.1 (Quantum clusters). Take the subgraph Gg,, of G obtained by removing
all classical clauses in E., and removing all vertices that are not touching any e € E;. We
define the quantum clusters G, = (Vg, Eg) (fori=1,...,Q, and with ny :=|Vg|) to be the

. S t
connected components of Gsun. The cluster particle number equals Ny = Y jevi a;4; and

he cl tyis B = (1) 0
the cluster parity is q—(— ) .

If the quantum cluster contains only Hé’q clauses, we can call the cluster
particle-number-conserving, and states with a fixed cluster particle number span the
set of possible satisfying assignments in the cluster. Some clusters are not directly
particle-number conserving, but can be brought to this form by a unitary particle-hole
transformation defined in Section 2.2.2. We call these clusters hidden particle number
conserving (hPNC), see also Fig. 2.2.

Definition 2.2.2 (Hidden Particle Number Conserving Cluster (hPNC)). A quantum
cluster G4 on the set of vertices Vy is hidden particle number conserving (hPNC) if
we can divide the set of vertices into two sets, V; = AU B, and all quantum clauses
connecting vertices from A with vertices from B are ng’q clauses, while all quantum
clauses connecting vertices in either A or B internally, are Hé’q clauses. A special case is
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Ga

Figure 2.1: Several connected subgraphs Gf] of G with genuinely quantum clauses
(orange), the other clauses (black) are classical clauses. The graph Ggyy, is
obtained by removing all classical edges and vertices not touching quantum
edges (referred to as classical modes), leaving the disconnected quantum
clusters G},.

when there are no ng’q clauses whatsoever in the quantum cluster —A is the set of all
vertices, and B = — and G is particle number conserving (PNC).

Observe that in a hPNC cluster G4, one can assume wlog that all edges are single
clauses (rank-1): if they are of rank-2 or higher, than either, they are classical edges (hence

they had been removed from the graph G, hence cluster Gg), or they are a sum of a ng’q

clause and a H(I;q clause, and hence the cluster cannot be hPNC. Note that if we have
the cluster parity operator Pq for n; modes, then the particle-hole transformation in
equation (2.7) for a subset S < [n4], transforms KsﬁqK S 1= J_rﬁq: hence an eigenstate of
cluster parity is still an eigenstate of cluster parity after a particle-hole transformation,
but possibly with a flipped eigenvalue.

In order to efficiently determine whether G, is hPNC and examine some other
properties later, it will be useful to define a “maximal spanning" subgraph T, which is
hPNC as follows. The idea is that this (non-unique) subgraph T, can be obtained via a
greedy approach and can be used to efficiently decide whether a quantum cluster G is
hPNC.

Definition 2.2.3 (Maximal spanning hPNC subgraph of a quantum cluster). Given a
quantum cluster G, (with ng vertices and |E4| quantum clauses/edges), the graph T, is a
graph with the same vertices as G4 but a subset of quantum clauses of G4 such that (1) T,
is hPNC, (2) The quantum clauses in Ty generate a spanning tree for the graph G (i.e. all
vertices in G4 are connected by some quantum clauses in Tq) and (3) T, is maximal, i.e. it
becomes non-hPNC when adding any more clauses from G,. Such (generally non-unique)
T, can be constructed with effort O(ng + |E4|) as follows.

— Start with T, containing all ng vertices, but no clauses. Pick a vertex and assign it to A.
— For each vertex adjacent to the current one, add it to A if the connecting clause is of type
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Q particle-hole
o transformed modes

Figure 2.2: Example of a hidden particle number conserving quantum cluster G, as
given in Definition 2.2.2 where the green quantum edges are ng’q clauses
and the pink quantum edges are Hé’q clauses. If one does a particle-hole
transformation Kp on all the fermionic modes in B (or K4 on A), the
green ng'q clauses become ﬁé’q clauses, while the pink Hi,’q clauses
become I:Ii'q clauses, see equation (2.30), thus staying of particle-conserving
type. Hence, after the particle-hole transformation, all clauses in G, are
particle-number-conserving, and the space of satisfying assignments is then
spanned by eigenstates |w) of the so-called hidden cluster particle number Nq,
obeying Nq(KB |w>) Ny4(Kp |1// ). Note that for a hPNC cluster with B # @, a
satisfying assignment ’1//) will generally not be an eigenstate of cluster particle
number in the original basis, but an eigenstate of the cluster parity.

H};q, and add it to B if it is of type ng’q (if it is the sum ofl'I};q and ng’q, pick one of them
at random). Add these connecting clauses to T, and move to the neighbor vertex.

— Repeat this procedure for all vertices adjacent to the previous vertices (if they have not
yet been assigned to A or B) until all vertices are in the bipartition AU B.

— Then, for all clauses in G4 which are not yet in Ty, do the following. Add the clause to T,

s 02, . . . . . .
ifitisall,”" clause and the vertices at its ends are in opposite sets (i.e., one in A and the

other in B). Conversely, include the clause in T, ifitis all, 9 clause and the vertices at its
ends have equal assignments.

If after this efficient procedure, no clauses are left in G4, then obviously Tqy = G4 and G is
hPNC.

For later reference, we state a simple fact about a choice for picking the starting vertex
in Tyt
q

Fact 2.2.4. Suppose a quantum cluster G, contains a vertex with degree at least 3, then a
maximal spanning hPNC subgraph T, can be efficiently constructed such that it also
contains a vertex of degree at least 3, simply by choosing the initial vertex in the greedy
approach in Definition 2.2.3 to be the vertex in G, of degree at least 3.
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2.3. Characterizing the satisfying assignments of Fermionic
2-SAT

2.3.1. Properties of satisfying assignments

The following ‘Partner’ Lemma captures the idea of propagation of a constraint by
genuinely quantum clauses: recall that in the qubit case, a rank-1 entangled projector is
always ‘propagating’, see Definition 1 and Lemma 5 in [3]: the assignment of a product
state for one qubit uniquely fixes the assignment of a product state for the other qubit,
given that the state has to be orthogonal to the entangled projector. Here propagation is
a more general concept as we can’t assume a product state assignment. The Lemma
roughly means that if a satisfying assignment for the whole graph G has support on a
certain n-mode state, it also needs to have support on a ‘partnered’ n-mode state.

Lemma 2.3.1 (Partner Lemma). Given an edge e = (j, k) (with j < k), with (1) clause H};q
or (2) ng'q (or both) in an instance of FERMIONIC 2-SAT. Suppose that |w> is an n-mode
satisfying assignment.

1. Hl’q clause = If |w) has supporton a|S) = a:g [vac) which is given by occupations
{xi}!_, such that xj # xi, then |1//> must also have support on a ‘partnered’ state |S’>

; H nn : I 3T+ — 3 4 — . ;

with occupations {x;};_, with X = Xjy Xp = Xpoy Xy j 1o = i In particular, we must

have for the amplitudes as in the satisfying assignment:

as = —sign(k,S")/sign(j,S) ue. ag, ifxj=1andxx =0,
ag = —sign(k,S)/sign(j,S") ue as, if xj =0 and x; =1, (2.8)
T
a

. . .. . + +
where sign(l, T) for 1 € T denotes the sign arising from the reordering of ay. to a;a;,

and u, as in equation (2.5) for Hl’q.

2. ng'q clause= If |w) has support |S) with occupations {x;}}_, such that x; = xy., then

/ . ’ . I o o o .
‘1//) must also have support on |S ) with {x;}7, with X=Xy Xp = Xpey Xy o = i In
particular, we must have for the amplitudes as in the satisfying assignment:

as=—sign(jk,S) veas, ifxj=x =1,
ag = -sign(jk,S) veas, ifxj=x; =0, (2.9)

. . .. . +
where sign(lm, T) for I,m e T denotes the sign arising from reordering of a; to

and v, as in equation (2.5) for ng'q.

Tt o f
A Am A1, my
Proof. Consider case 1. Since |u/) =Y 1cn aTaTT [vac) is a satisfying assignment, we

must have (y| 9 |) = 0. Using equation (2.3) for 1

e=(, 1) (j < k), this implies

(w|ny?w)= Y |sign(j, T) Brar +signk, T) yiap|* =0, (2.10)
T<[n] s.t. jeT, keT

where for each subset T = (x1,...,x; =1,...,x¢ =0,..., X), the partnered subset T' is
defined as (x1,...,x; =0, ...,xx = 1,..., X,). The relation between as and ag follows from
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equation (2.10). Consider case 2. To ensure (/| o7 |y) = 0 with 1197 in equation (2.4),
we must have that

(P Y=Y |aiap+sign(jk T) 6 ar|* =0, 2.11)
Tc[n] s.t. j,keT

where for each subset T = (x1,...,x; =1,...,x¢ = 1,...,x), the partnered subset T is
defined as (xy,...,x; =0, ...,x; =0,..., x;). The relation between a5 and a s follows from
equation (2.11).

O

Lemma 2.3.1 strongly restricts the possible satisfying assignments on quantum clusters.
The idea is that for a hPNC cluster G, repeatedly applying the case 1 partner rule in
Lemma 2.3.1 makes particles propagate on the connected quantum cluster graph G,
so that all occupations for a fixed hidden cluster particle number are generated in the
cluster. Then given a fixed hidden cluster particle number, there is at most 1 unique
satisfying assignment.

If the cluster is non-hPNC, one can argue that there will be some additional ng'q
clauses, creating and annihilating pairs of particles via case 2, and in that case there is at
most 1 unique satisfying assignment given fixed parity (and no satisfying assignments
with fixed hidden cluster particle number).

In these arguments, care must be taken not to assume anything about the structure of
global assignment, i.e. we derive the necessary structure of such global assignment based
on how quantum clauses on each cluster can be satisfied. We capture these ideas in the
following Corollary:

Corollary 2.3.2. Suppose a quantum cluster G, is hPNC with bipartition AU B, and |w>
is a satisfying assignment for the entire graph G containing G,. If Kp |1//) (with Kg =1
in the strictly PNC case) has support on a n-mode state |S) with hidden cluster particle

number Ny on G, Le. Nq ISy = N4 |S), then it must have support on all (ZZ) n-mode states

|S’ ) with particle number Ny on G, where |S’ ) has equal occupation as |S) on all other
modes in G. Moreover, there is at most one satisfying assignment per hidden cluster particle
number Ny €{0,1,..., n4} on G4 alone. Thus for a hPNC cluster, N is the cluster particle
number of the particle-hole transformed cluster, which we will refer to as the hidden cluster
particle number.

Suppose a quantum cluster G4 is non-hPNC and |w> is a satisfying assign-
ment for G. If|w) has support on a n-mode state |S) with cluster parity Py on Gy, i.e.
ﬁq |S) = P41S), then it must have support on all 2" [2 n-mode states \S’) with parity Py
on Gy where |S’ ) has equal occupation as |S) on all other modes in G. There is at most one
satisfying assignment per parity P € {—1,+1} on G4 alone.

Proof. The first part of the Corollary follows directly from repeatedly applying ‘the
propagation rule’ of case 1 of Lemma 2.3.1 to an Ny-particle n-mode state |S) on
which Kp |1//) is supported, propagating the particles (only for N, = 0 (all empty) and
Ny = ng there is nothing to propagate and case 1 does not apply). The coefficient relation
equation (2.8) implies that there is at most one satisfying assignment per hidden cluster



2.3. Characterizing the satisfying assignments of Fermionic 2-SAT 33

particle number Nj € {0,1,...,n4} on the vertices of G, alone. As for the second part
of the corollary, consider a non-hPNC cluster and construct the maximal spanning
hPNC subgraph T in Definition 2.2.3 with bipartition AU B. If we were to apply the
particle-hole transformation K on Ty, any satisfying assignment |1p> for the projectors
in this subgraph T, would be such that Kp |u/) is a unique state for fixed cluster particle
number as per the first part of this corollary. Since G is non-hPNC, using this bipartition
of Ty, there will be (a) at least one internal ng'q clause inside either A or B, or (b) one
Hi’q clause connecting A and B. If we apply the particle-hole transformation Kp, then in
case (a) such ng’q clause stays a 1:122"7 “pair-creating” clause, implying that any satisfying
assignment |w) for the quantum clauses in G, has the property that K |u/) is aunique
state given some cluster parity: this follows from case 2 in Lemma 2.3.1 and states of any
particle number with that cluster parity must occur in the superposition (working in the
particle-hole transformed basis). If Kp |1//) is a state which involves all particle numbers
with given parity, then so is the satisfying assignment |u/), since Kp maps any state |S)
onto some other state |S’ ). In case (b) upon the particle-hole transformation K, the
connecting clause Hi’q transforms to “pair-creating" clause ﬁ‘;z"’ and then the same
arguments apply as in case (a). O

2.3.2. Cluster-product form of satisfying assignments

Let’s examine the consequences of Corollary 2.3.2 for satisfying assignments for the
entire graph G. Let hPNC be the set of hPNC quantum clusters, let non—hPNC be
the set of non-hPNC quantum clusters and let Class be the collection of remaining
modes not contained in any quantum cluster, to which we have referred as classical
modes. Let’s us fix an ordering of the fermionic modes in the graph G using these sets
hPNC, non —hPNC and Class and some chosen internal ordering of modes inside the sets.
Say, we first assign labels 1,2,..., n}i to the modes in the first h PNC quantum cluster G,
then labels n; +1, n}, +2,..., n%, + nf, to the modes in the second hPNC quantum cluster
Gf,, etc., then do the same for the non-hPNC quantum clusters, and then finally for all the
classical modes. What is relevant is that in this ordering, we order the modes in each
cluster immediately following each other, so the satisfying assignment of the cluster itself
can be used in the assignment for the whole graph in so-called cluster-product form.
Given this ordering, Corollary 2.3.2 implies that any satisfying assignment |1//) must be a
superposition of states of ordered cluster-product form, i.e.

lvy= X 'B{N,;},{P{;},{xk}

AR ZARE
( [I Oxtx) ( [1 Oj(PZ,))( [1 Oi(Né))lvaC>, (2.12)
keClass jenon—hPNC iehPNC

Here the operator O; (N, ;) creates the unique state with hidden cluster particle number

N,; using the modes of hPNC quantum cluster i, the operator O; (P,g) creates the unique
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state with cluster parity 2 Pé = +1 using the modes in the non-hPNC cluster j, and the
operator O (xx =0)=1, Or(x;=1) = a;rc for a classical mode k € Class. Note that the
operators O (xg), O; (Pi,), O; (N{;) do not generally commute. We note that for a hPNC

cluster i, non-hPNC cluster j and k € Class, some values for respectively N, i PZ, and x; in
equation (2.12) may be excluded in order to be a satisfying assignment. For example, this
can be due to further constraints on parity or particle number which we will examine in
the next Section 2.3.3. We only consider the constraints due to classical clauses in the
proofs of Theorems 2.1.4 and 2.1.5 in Section 2.4.

Let us now argue that taking a superposition of cluster-product states as in Eq. (2.12) is
unnecessary, i.e. individual cluster-product states suffice. For this, we first examine some
basic properties of the cluster-product form. For any iy € hPNC, the cluster-product
form is an eigenstate of the hidden cluster particle number N;O (where K ]i? applies the
particle-hole transformation for cluster ip), i.e.

A

Ng (K;" (MkeClass Ok (xi)) (Hjenon—hPNCOj (Pf})) (HiehPNcOi(Nf,)) Ivac>) =
(erCIassOk(xk)) (Hjenon—hPNC Oj (Pé)) (HiehPNc[Nz’Klig]éi'iO Oi(NCiI)) |vac) =
le (Kziao (Mkeclass Ok (xi) (Hjenon—hPNCOj (P,]i.)) (HiehchOi (N,ii)) |vac)), (2.13)

using equation (2.7), i.e. we can commute these operators through the ordered product.
Similarly, for any jy € non —hPNC

Py ((erOassOk(xk)) (Hjenon—hPNCOj (P,];)) (HiehPNCOi (Nf,)) |Vac>) =
P ((Mecrass Ok (0)) (Mjenon-henc Oj (P (Michpnc Oi(ND | vac ), 2.14)
and for any mode k; € Class, we have
~ k i :
Ny ((erclassOk(Xk)) (Hjenon—hPNCOj (Pé)) (HiehPNCOi (N,’;)) |VaC>) =
Ncl,co ((eroassok(xk)) (Hjenon—hPNCOj (Pi,)) (HiehPNcOi(Nf,)) |Vac>), (2.15)
We will use the following shorthand for the cluster-product form:
|p(IN}, (P}, (xi})) =
( I1 Ok(xk)) ( [T o (P,f]')) ( [T o (N;)) lvac). (2.16)
keClass jenon—hPNC iehPNC

These facts give us a final characterization of the satisfying assignments, see Fig. 2.3:

Proposition 2.3.3 (Cluster-product form of satisfying assignments). If there exists a
satisfying assignment of a FERMIONIC 2-SAT problem, possibly with fixed particle number
or fixed parity, then one can assume, with loss of generality, that it is of cluster-product

form |<P({Né}, {P,é}, {xx})) in equation (2.16).

2Remember that cluster parity is defined in the original basis while hidden cluster particle number is defined
in the particle-holed transformed basis in Definition 2.2.1 and Fig. 2.2.
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non-hPNC cluster

Figure 2.3: Satisfying assignments of FERMIONIC 2-SAT can be taken to be of
cluster-product form: ordered products of operators which create satisfying
assignments on quantum clusters and classical assignments on classical
modes starting from the vacuum state, as in equation (2.16). The

possibly-created states on a hPNC cluster Gf] = j € hPNC (orange clusters) are

completely specified by (hidden) cluster particle numbers N; =0,1,..., n;.

The possibly-created states on a non-hPNC cluster j € non—hPNC (blue
clusters) are completely specified by the cluster parity P,]] =+1. The
possibly-created states for a classical mode k € Class are completely specified
by the occupied/unoccupied label x; = 0,1. The black edges correspond to
classical clauses. Note that these classical clauses can also be internal to a
quantum cluster or straddle a quantum cluster and a classical mode.

Proof. Given Corollary 2.3.2 the most general solution is of the form in equation (2.12).
However, if any superposition state with different cluster parities {P,]]} for non-hPNC
clusters is a satisfying assignment, then so is each individual term in the superposition
since cross terms with distinct cluster parities must be zero as )_; [1; commutes with any
cluster parity. Similarly, if any superposition state with different hidden particle numbers
{NZI} for hPNC clusters is a satisfying assignment, then so is each individual term in
the superposition since (using manipulations in the particle-hole transformed basis)
cross-terms must be 0. Similarly, if any superposition state with different values {xy}
is a satisfying assignment, then so is each individual term in the superposition since
cross-terms must be 0 as Y_; [1; commutes with Ny. Thus wlog we can restrict ourselveves
to assignments of cluster-product form |¢p({N%}, {P;}, {x})). O

2.3.3. Excluding certain particle numbers or parities on quantum clusters

In this section we further examine the structure of satisfying assignments, namely the
allowed values for (hidden) cluster particle numbers and parities in the cluster-product
form in equation (2.16) which will restrict the search for an assignment. The following
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Lemma provides an important simplification for quantum clusters with vertices with
degree at least 3.

Lemma 2.3.4 (Fermionic Degree = 3 Simplification). Let G4 = (Vy, E4) be a quantum
cluster on n; modes (=vertices) with at least one vertex of degree =3 and let Ty be its
maximal spanning hPNC subgraph with partition AU B in Definition 2.2.3. Then, for
any satisfying nq-mode assignment |1;/> for G4, we must have (S|Kp |u/> =0, for any
IS) = ag Ivac) with hidden cluster particle number Ny =2,3,...,ng—2.

Proof. Using Fact 2.2.4, the graph T contains a vertex j of degree = 3 and let three of its
neighbor vertices be labeled k, /, m. We may assume wlog that j < k<l<m<iy<i»<..,
with 7y, 7,... labeling the other modes in the quantum cluster G,. We write e = (j, k),
¢’ =(j,1) and €" = (j, m). In the particle-hole transformed basis, all clauses adjacent to j
are of type Hé’q by construction via Definition 2.2.3 and Fact 2.2.4. After the particle-hole
transformation we write Hlf . HI}E_’ . and Hl;,°7_ . with non-zero coefficients u,, U,
e=(j,k)’ ""e'=(j,D e’'=(j,m)

and u,» introduced in equation (2.5), uniquely characterizing the clauses.

Suppose that Kp |1//> has support on a state |S) = ag [vac) with particle number
N;=2,3,...,n5—2. Lemma 2.3.1 implies that Kz|y) must have support on all (;)
states |S') = al, lvac) s.t. in |S') two modes from {j,k,I,m} are occupied, and |S')
has occupation equal to |S) on all modes Vy\{j, k, [, m}. Let the occupied modes in
V4\J, k, 1, m} be denoted by subset T (which depends on S). Let Kp |1//> =Y saslS),
using, say, the fermionic mode ordering established at the start of Section 2.3.2, and
assume wlog that in this ordering T = Tpefore U Tafter Where Thefore iS @ set of modes which
come before j, k, [, m in the chosen fermionic order and T,ge, is a set of modes which

to_ T .
come after and let a, = ar . A - Then Kp |1//) must have support on each of the six
states

P Tt ot vt T

a;aiar [vacy, aaar [vacy, a;a,ar [vacy,
t ot T Tt ot Tt T
akalaTIVac>,akamaTIvac),alamaTlvac), (2.17)

with amplitudes & r, 7,1, 7,2 j,m,T) @k,1,T) Ck,m,7 ANd @}, 7. Lemma 2.3.1 implies the
following relations between these amplitudes:

D ajrr=+ue i, @ajir=—ue®rr, B)Aj17=+Uer XL, T)
@ ajkr=+Uen Ap,m,1, O) jm,T = ~Ue Xk, 1) (6) Xjym, 7 = —Ue Xy, 7. (2.18)

However, conditions (1-6) imply +1 = —1. Hence, Kp |w> cannot have support on z-mode
states |S) = ag, |[vac) with cluster particle number Nq =2,3,...,n5—2. O

We note that the previous Lemma is intrinsically fermionic, i.e. the anti-commutation
of creation operators plays a role in the signs of equation (2.18) and there is no QUANTUM
2-SAT counterpart. The following corollary summarizes the consequences.

Corollary 2.3.5. Consider an assignment of cluster-product form

[ (N} ichpNCs (P2} jenonhPNCs Xkl kecClass ) ) 2.19)
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in equation (2.16), which, per Proposition 2.3.3, exists if there is a satisfying assignment
for G. We summarize some consequences for the quantum numbers NZI and P; in the
cluster-product form due to the quantum clauses on clusters.

1. For degree =3 hPNC clusters i € hPNC, the only hidden cluster particle numbers
can be N; = 0,1,ng — 1, ng which are Gaussian states, remaining Gaussian when
undoing the particle-hole transformation as argued in Section 2.2.2.

2. For any hPNC cluster i e hPNC with ni, modes, the hidden cluster particle number

can always be N}, = 0 or N}, = nl}, since Lemma 2.3.1 imposes no constraints on the
coefficients, i.e. particles don’t propagate since there are either no particles or all
modes are filled.

3. For a hPNC cluster i with ni, modes, let there be a cluster product assignment with
hidden cluster particle number N}, # 0, N} # n,. Then the assignment will have
support on states |S) in which any mode j in the cluster is empty (x; = 0) and states
for which it is filled (x;j = 1). Hence in this case any classical clause straddling the
cluster on mode j and a classical mode k € Class or mode in another quantum
cluster, will have to be satisfied (if it can) no matter the value for x; =0,1. When
ng > 2, if the state with hidden cluster particle number Ny # 0, Ny # ny, obeys any
additional classical clause constraints inside the cluster, then either the all-empty
Nf] =0 or all-filled assignment N}% = nfi (or both) should also obey these constraints
since on any pair of modes, at least 3 out of 4 occupations on these two modes will be
allowed (thus always including either 00 or 11).

4. If G contains a degree =3 non-hPNC cluster j € non—hPNC with a number of
modes ni] =5, then G has no satisfying assignment. Via Corollary 2.3.2 the satisfying
assignment is characterized by total parity P and has support on states with any
hidden cluster particle number with this parity. However, Lemma 2.3.4 implies that
the assignment cannot have support on odd hidden cluster particle number Ny =3
(in case of odd parity) or N; = 2 (in case of even parity) when ng =5, hence there
cannot be any satisfying assignment.

5. For a degree = 3 non-hPNC cluster G4 = j € non —hPNC with n{] =4, Kp |1//) (with
the set B defined through the graph T, of the cluster G;), can only have support
on states with odd cluster parity. Undoing the particle hole transformation, this
excludes one choice of parity P for this cluster in equation (2.19) (which one
depends on whether |B| is odd or even). In Appendix 2.B we show that the satisfying
assignment for such cluster of four fermionic modes is a non-Gaussian fermionic
State.

6. For a non-hPNC Gg cluster with ng modes, let there be an cluster product
assignment with some cluster parity P,. Then this assignment will have support on
states |S) in which any mode j in the cluster is empty and states for which it is filled:
it has support on all occupations x; for any j in the cluster, with the given fixed
parity by Corollary 2.3.2. Hence any classical clause straddling the cluster on mode j
and a classical mode k € Class or mode in another quantum cluster, will have to be
satisfied (if it can) no matter the value for xj = 0, 1.
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The corollary means that if a vertex in the cluster is of degree at least 3, then, if the
cluster is non-hPNC, we must have n, <4, and hence it is easy to verify whether an
assignment exists. Otherwise, if it is hPNC and has a degree = 3 vertex, its assignments are
simple and Gaussian as they are very restricted in particle number (in the particle-hole
transformed basis), collapsing the search space to being linearly dependent on the
number of modes in the cluster. We capture this efficiency more precisely in Lemma
2.3.10 in the next section.

If all vertices in the cluster G, are of degree less than 3, the graph G is a line or a loop.
For a line, one can apply the Jordan-Wigner transformation and map the problem onto
quantum 2-SAT on a line which can fully be solved, using existing methods. For a loop
there is a small adaptation due to the Jordan-Wigner Pauli- Z strings. The cases of G,
being a line or a loop are dealt with in Section 2.3.3.1 below.

Corollary 2.3.5 also makes clear that the assignments of hidden particle number and
parity on the cluster lead to strong restrictions on whether and how one can satisfy the
remaining classical clauses in E;, and this will be used to prove our main Theorems 2.1.4,
2.1.5and 2.1.6.

2.3.3.1. Quantum clusters: lines and loops

To handle lines and loops, it is convenient to switch to qubit language as FERMIONIC
2-SAT projectors on a line map directly onto QUANTUM 2-SAT projectors on qubits via the
Jordan-Wigner transformation in equation (2.2).

Let us first consider the taxonomy of graphs G, that are lines or loops, shown in Figure

2.4. Remember that there is at most a single ng’q or single Hé’q per edge e, otherwise one
can reduce the pair to a classical edge, see the arguments in Section 2.2.1.1, and we
do not yet consider any classical clauses in this section yet. If G is a line, its maximal
spanning hPNC subgraph T}, (see Definition 2.2.3) is also a line, and G is either hPNC or
non-hPNC as in Figure 2.4(a) and (b). If G, is aloop, then Ty is either a loop, see Figure
2.4(c) and (d), or a line, Figure 2.4(e) and (f).

e O O O O

(a) Lemma (b) Lemma (c) Lemma (d) Lemma (e) Lemma (f) Lemma
2.3.6 2.3.8 (non- 2.3.7 2.3.8 2.3.8 (non- 2.3.8 (non-
(hPNCQC). hPNCQC). (hPNCQC). (non- hPNC). hPNC).

hPNC).

Figure 2.4: Different types of line and loop clusters in the particle-hole-transformed basis.
The black edges make up T; (representing Hi,’q-type clauses) and the blue
02,9
edges are IT, " -type clauses.

First, we consider the case of G; being a line. The following Lemma is to be applied to
T4 in the particle-holed transformed basis, thus containing only MY9-type clauses. It is
essentially a rephrasing of some results in [10].
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Lemma 2.3.6. Given a line with n, fermionic modes and (rank-1) clauses H (i +1) between

modesiandi+1 fori€{l,2,...,n4—1}. For each partzcle number Ny € {0,1,...,ng4}, there

is a unique assignment satisfying the clauses - i +1)

Proof. Via the Iordan -Wigner transformation in equation (2.2), each 2-mode

rank-1 projector 27 becomes a projector onto a two-qubit quantum state

(i,i+1)
WO = |y) (wl; 1,y with [w) ; 1, = @101) + B110) (where |af? +] 5% = 1). The entangled

state W>(i i+1) can generally be expressed as B; ® I|'¥™) with a two-qubit singlet state
P~y = \/% (/01) —110y) and some diagonal, invertible B;.

Let H=18 Ay...® Ap, Hpm-tieis | ® A ... ® Al =0, with Hentpeis = i 1%7) (P71 741,
the 1D ferromagnetic Heisenberg model. Here A, is uniquely chosen such
that 1® A ¥ )12 =B1®II¥Y7)2 = |1//)1 ,- Given Ap, Az is chosen such that
Ay ® A3V )23 =B20 1|V )p3= |1//>2 5 etc. Importantly, the satisfying assignments of

1-[qubit
{ (i,i+1
"excitation") number N, can thus be obtained by applying I ® A;_l ®...8 Ajv_ql to any

)} are the zero-eigenvalue states of H. A zero-eigenvalue state with particle (or

state |1//1FV1\ZI_HeiS> in the null-space of Hrm-Heis, with equal particle number N as the A:.r -1
matrices are diagonal. Hence, given a null-space solution with excitation number N, for
Hrw-Heis, One obtains a satisfying assignment for the fermionic problem on a line.

Due to the U®"-invariance of Hpp.meis, the eigenspaces must be spanned by
states of the form | x®"), hence symmetric subspaces of n; qubits [11]. There is
only one such state with a given particle number N;, namely the fully permutation-

Ng -
VEM-Heis) =
Ny .. .
wFM_HeiS> =0 where n(i,i+1) is

symmetric state, which is in the null-space of Hrm-Heis since |V ™) (W7, ;11
“\ - .. N, “\ -
W) PG+ D Wi gy ) = =197 (¥l
the permutation between qubits 7 and i + 1. Note that the unique satisfying assignment
for the quantum 2-SAT clauses is thus I ® Aer_l .® AJr -1 O

‘ 1//FM Heis

Let us now consider a hPNC cluster for which both G, and T;; are a loop as in Fig. 2.4(c).
Again the following Lemma is to be applied to T in the particle-hole-transformed basis
in which it consists of l'[};q clauses only. For there to be any satisfying assignments on Ty,
the clause closing the loop needs to be consistent with the other clauses. For FERMIONIC
2-SAT clauses this consistency condition also turns out to depend on the cluster parity:

Lemma 2.3.7. Given a loop consisting of n, fermionic modes with clauses mn: (i +1 mod n,)

for ie{l,2,...,n4}, with coefficients ug i1 mod ny defined in equation (2.5). Besides
the satisfying assignments at Nq =0 (all-empty) and N4 = ng (all-filled), there are

satisfying assignments at a given Ny iff (—~1)Na*"a~1 [17uq,n, H?j;l ug i+ =1. So, if
117ua,n,) H?;’l_l ug,i+1)| = 1, there are only satisfying assignments at all even N, (when ng
is odd) or odd Ng4 (when ng is even).

Proof. The proof of Lemma 2.3.7 is similar to the proof of Lemma 2.3.6. The only
difference is that in the case of a loop, the clause H )» when Jordan-Wigner
transformed, becomes
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H(llblt [ I — 22 2: — 0 1 n
(1, ng ) 1®Bﬂq(| > |0>I’lq crr g | > ) q)x

with B, diagonal and (By,)11/(Bn,)22 = —Ba,ny/Y(,ny) = —l/uanq) (see equation (2.5)).
The satisfying assignments of the loop problem correspond to zero-energy states
of H in the proof of Lemma 2.3.6 that are also projected to zero by H?lu th).
We have that (B;)11/(Bi)22 = —y(,-,,-+1)/ﬁ(i,,~+1) = _u(*i,i+1) for ie{l,2,...,n4-1}, from
which the entries of Ay,..., Ay, follow (see the proof of Lemma 2.3.6). The relation
bit l 1 . * * s
' Ie A e e AL ‘wFM Hels> =0 holds iff wuu,n, = (=DN1(An,)3,/ (A} is
obeyed (where we have used (Bnq)n/(Bnq)gz = —I/uE“1 ng )) Using that the entries of

A, ..., Ap, can be expressed in terms of {ug, l+1)} thls condition is equivalent to the

i=1 "’
condition (—l)Nqu””l‘1 (1/uq,n, l'[l.:1 u(i_,-ﬂ)] =1 from the lemma statement. O

2.3.3.2. non-hPNC lines and loops
We have thus far considered the hPNC line or loop graphs. For non-hPNC lines
and loops, however, we must consider the effect of the ng,q clauses (in the
particle-hole-transformed basis) on the satisfiability of these clusters as in Fig. 2.4(b),(d),
(e) and (f). These ng’q clauses can be of two types: they can either be part of a rank-2
projector as in Fig. 2.4(d), or they can close a loop as in Figure 2.4(e). We will refer to the
former as a non-loop-closing ng’q clause and to the latter as a loop-closing ng'q clause.
Of course, any loop G, contains at most one loop-closing ng’q clause. If G, is a line, then
all ng’q clauses are non-loop-closing as in Fig. 2.4(b). If G; and its maximal spanning
hPNC subgraph T are loops, all ng’q clauses are also non-loop-closing (Fig. 2.4(d)).
Note that one can always apply a different particle-hole transformation (with a
different T;) such that the instance in Figure 2.4(f) becomes an instance in Figure
2.4(d), by ensuring that the loop is closed on a rank-2 edge. Therefore, if G, contains a
loop-closing H "7 clause, then wlog it is the only l'[o2 "7 clause in Gy.
Lemma 2.3.8 below provides a detailed account of conditions under which a parity Py
is allowed on a quantum cluster G, provided that P, is allowed on T;. The important
take-away is that for any non-hPNC line or loop, these conditions come down to
straightforward relations between the u, and v, coefficients of respectively Hi’q and
ng'q clauses along the line or loop.

Lemma 2.3.8. Given a non-hPNC cluster G4 which is a line or a loop on ng modes. The

Jfollowing statements hold in the particle-hole-transformed basis in which T4 only has H‘I;q
clauses and P refers to the parity of the particle-hole-transformed assignment. Assume

that T4 allows for satisfying assignments of parity P. If G4 contains a single ng’q clause,
then the same parities of Ty are allowed as satisfying assignments for G. If G4 contains at

least two ng'q clauses, then suppose:
1. Gg is a line (Figure 2.4(b)) then any Py of T4 is allowed for G iff the following
consistency condition is satisfied. For each pair of subsequent non-loop-closing ng'q
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clauses on edges (j, j+1) and (k,k+1) (j < k),

k-1
(%) v+ = [ H UG,i+1) UGi+1,i+2) | Uik, k+1) (2.21)
i=j

must hold.

2. G4 isaloop and T4 a line (Figure 2.4(e). P is always allowed on G since there is
only one ng’q clause in Gg.

3. Both G4 and Ty are loops (Figure 2.4(d)). Any Py of Ty is allowed for G4, if condition
() holds on ng’q clauses along the loop, with the following caveat. If one of the
non-loop-closing clauses is on edge (1, ng), then the one condition (on subsequent

02,q 2
Lng) has v(,n,) replaced by—l/u(llnq) V(1,n,) on the RHS of ().

pairs) involving Il
Proof. By assumption, Py is allowed on T};. According to Corollary 2.3.2, if P, is allowed
on G4, then a satisfying assignment has support on all states |S) = ag [vac) with parity Pg.
For P, to be allowed on G, the ng’q clauses on G4 should not lead to inconsistencies
when connecting these states of parity P; via Lemma 2.3.1. Such inconsistencies can
come up when, starting with any |S), one repeatedly applies Lemma 2.3.1 to end up at
state |S) again. If the associated coefficient relations in Lemma 2.3.1 are not consistent,
P, is excluded on G. For G4 lines and loops containing a single ng'q clause, these
inconsistencies are always avoided. For non-hPNC lines and loops with multiple ng’q
clauses, the consistency of these relations can be checked rather straightforwardly. To see
this, we distinguish between cases (1), (2) and (3) in the lemma statement.

For case (1), all ng'q clauses are non-loop-closing. The following process, realized by
repeated application of Lemma 2.3.1, can lead to inconsistency. Start off with |S) with
equal occupation on an edge with a ng’q clause. One creates a pair of particles/holes
on edge e, migrates them to a clause Hg,z‘q at edge ¢’ via H};q clauses, and undoes the
creation of the particle/hole pair through clause HS,Z’q to end up at |S). Provided that the
condition in the lemma statement holds, this can never lead to inconsistency. Ensuring
that the condition holds on subsequent ng’q clauses along G, is sufficient to ensure the
consistency between non-subsequent 1'[22“’ clauses.

For case (2), the ng’q clauses cannot lead to inconsistency, since there is only one such
clause in G.

For case (3), the same process as for case (1) determines the consistency conditions.
However, there can be a non-loop-closing H(()i ’:l’q) clause (i.e., on edge (1,n4)). Again
using Lemma 2.3.1, it can be shown straightforwardly that the altered (%) condition
implies consistency between the H?i ’Zq) clause and its subsequent ng'q clause along the

loop. O

Importantly, we can show that satisfying assignments on non-hPNC clusters which are
lines or loops are always fermionic Gaussian states of fixed parity. This is argued using the
fact that a Hl’q + ng’q projector is quadratic, see Section 2.2.1.1, and arguing that one
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can always add extra clauses onto edges in the cluster so that all edges become of this
form Hé’q + ng'q. Satisfying assignments must then lie in the null-space of a quadratic
fermionic (positive semi-definite) Hamiltonian, hence be a Gaussian state.

Lemma 2.3.9. Given a non-hPNC cluster G, which is a line or loop. The satisfying
assignments (if they exist) on this cluster are Gaussian states.

Proof. Let us first consider line or loop clusters (in the particle-hole transformed basis)
for which the only ng’q clauses are non-loop-closing. There can be multiple such clauses
(i.e., cases (1) and (3) in Lemma 2.3.8), or just a single one. In the former case, we assume
equation (2.21) is satisfied (otherwise, the cluster would not be satisfiable). Let us add a
non-loop-closing ng'q clause to an edge not yet containing one. If this H(e)z’q clause also
obeys equation (2.21), then the satisfying assignments of the original problem are still
satisfying assignments. One can keep adding ng’q clauses in this manner until all edges
in the cluster are of type Hé’q + ng'q. In that case, all cluster projectors are quadratic and
hence the satisfying assignments are Gaussian states as per observations in Section 2.2.1.
What is left is to consider clusters whose only ng’q clause is a loop-closing ng’q clause
(i.e., Figure 2.4(e) and case (2) in Lemma 2.3.8). Importantly, a quantum cluster with
exactly the same satisfying assignments can be obtained by deleting the loop-closing
02,9 . . . 02,9
IT,”" clause, and adding an appropriate non-loop-closing I1, " clause anywhere along
T,4. Hence we have obtained a cluster of type (1) in Lemma 2.3.8, for which we have
already shown that the lemma statement holds. O

2.3.3.3. Efficient verification of allowed hidden particle number or parity on a quantum
cluster

The following Lemma captures that verifying what cluster particle numbers and parities
are allowed in the cluster-product form assignment, equation (2.19), already restricted by
the results in the previous section, is classically efficient.

Lemma 2.3.10 (Cluster checks). Given a quantum cluster G4 = (V,, Eq) consisting of ng
modes and mg quantum clauses. If G4 is an hPNC cluster, one can check in O(ng + my)
time which hidden cluster particle numbers N, (being the cluster particle number of
Kp |1//>, with |w) a satisfying assignment) correspond to satisfying assignments. If G is a
non-hPNC cluster, one can check in O(ng + mg) time which cluster parities correspond to
satisfying assignments.

Proof. First, suppose G4 is a hPNC cluster. By Corollary 2.3.5 point 2, hidden cluster
particle numbers N; = 0 and Ny = n, are always permitted.

If the hPNC cluster G, has a vertex of degree at least 3, then by Corollary 2.3.5 point 1,
to see if a single-particle state with Ny = 1 and/or single-hole state with N; = n, — 1 are
permitted, one simply lists all m, partnering constraints (Lemma 2.3.1) between n,
coefficients in the potential satisfying assignment and checks the consistency of these
constraints in time O(ng + mg). On the other hand, suppose the hPNC cluster G4 has no
vertex of degree at least 3. If G, is a line, all hidden cluster particle numbers are allowed
via Lemma 2.3.6, and the corresponding cluster particle states are unique. In case G, is a
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loop, then all cluster particle numbers for which the condition in Lemma 2.3.7 is obeyed,
are permitted, with the caveat that N; = 0 and N, = n, are permitted in any case.

Now suppose that G, is a non-hPNC cluster. If G, has a vertex of degree at least 3, then
by Corollary 2.3.5 any assignment is excluded for n,; = 5, one parity is excluded for n, = 4,
and obviously n, cannot be < 3. Clearly, one can efficiently verify the existence of an
assignment for n, = 4. If the non-hPNC cluster G, does not have a vertex of degree at
least 3, then G, can be a line or a loop and which (if any) parity is allowed for those
clusters can be checked in O(n, + m,) time using the conditions in Lemmas 2.3.7 and
2.3.8. O

2.4. Anefficient classical algorithm for Fermionic 2-SAT (with

and without fixed parity)

2.4.1. Solving Fermionic 2-SAT: proof of Theorem 2.1.4

Let us now prove Theorem 2.1.4, which states that FERMIONIC 2-SAT can be solved in
time O(n + m). Solving FERMIONIC 2-SAT comes down to performing certain checks on
properties of quantum clusters, and running a (classical) 2-SAT algorithm based on these
constraints and the remaining classical clauses:

Proof of Theorem 2.1.4. Due to Proposition 2.3.3 we can restrict the assignment to
cluster-product form. We will be constructing a classical 2-SAT instance, which will be
used for deciding whether the FERMIONIC 2-SAT instance is satisfiable. This classical
2-SAT instance is denoted by C. First, let us consider only the constraints from quantum
edges.

1. We first consider all hPNC clusters. For these clusters, Corollary 2.3.5 point 2
implies that there are always two classical assignments that satisfy all quantum
clauses in the cluster and that are each other’s negations (see Figure 2.5 for
an illustration). Now consider the set of classical clauses, either internal to the
cluster or straddling between the cluster and some classical modes or between
the cluster and some other quantum cluster. By Corollary 2.3.5 point 3 for
ng > 2, obeying any internal classical clauses on the cluster in any assignment
with hidden particle number Ny # 0, N # ng would also allow for two classical
assignments N, =0, ng. Hence wlog we can assume that we have to choose from
these classical assignments for any n4 > 2 cluster when constructing a global
satisfying assignment. One can impose this using a set of 2-SAT clauses whose two
unique satisfying assignments are these two classical assignments (which are each
other’s negations): note that we need to apply the particle-hole transformation Kp
to obtain these 2-SAT clauses. These 2-SAT clauses, the classical clauses internal to
the cluster and any straddling clauses are included in C. The case n, = 2 is dealt
with separately for convenience. For ng =2, if there is a single clause and no

internal classical clause, we do the same as for n; > 2. If n; = 2 with one H};q clause

and one ng'q clause, the cluster is non-hPNC and we deal with it in the next point
2.If ng = 2 and the projector is rank-3, then it is hPNC, with 2 classical internal
clauses and there is at most one satisfying Gaussian, non-classical assignment. For
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non-hPNC cluster

Figure 2.5: Satisfying assignments on non-hPNC quantum clusters are such that each

mode has to be both empty and occupied, see Corollary 2.3.5 point 6. On
hPNC clusters, one only has to assign either of two classical states to check
whether the instance is satisfiable (apart from a special case when the cluster
only has two modes, n,; = 2), when we do not aim to find an assignment of
given parity. The black vertices and edges respectively denote modes that are
not in any quantum cluster (i.e., classical modes) and classical clauses.

example, the two classical clauses exclude the assignments 00 and 11, allowing
only the state (cuflr + ﬁa;) |[vac) orthogonal to some H(ll’fiz) clause. Hence, in this
case only, one has to choose this non-classical (Gaussian) assignment and handle
the possible classical clauses straddling this cluster via Corollary 2.3.5 point 3: a
straddling clause on mode 1 in the cluster, i.e. (x; v u) or (x; V u), gets replaced by
clause (u) with literal # on some classical mode (and similarly for mode 2 in the

cluster). These latter clauses are included in C.

. For all quantum clusters that are non-hPNC, we first check via Lemma 2.3.10 in

O(n + m) time whether there exists a satisfying assignment. Corollary 2.3.5 point 6
says that if there exists a satisfying assignment, there can be no additional internal
classical clauses (as the state has support on all occupations with given parity). We
handle any straddling classical clauses by replacing (x,, v u©;) or (X, vV u;), with
mode m inside the non-hPNC cluster and classical literal u;, by clauses (u;). These
latter clauses are included in C. The case when the classical clause is straddling
between two quantum clusters can be dealt with similarly.

After these preprocessing steps in which we may find that there can’t be a satisfying
assignment (then output NO), let the collection of classical clauses obtained via the
preprocessing, as well as the remaining clauses on solely classical modes, be the classical
2-SAT instance C. We then solve instance C in time O(n + m) [1]. O
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2.4.2. Solving Fermionic 2-SAT with fixed parity: proof of Theorem 2.1.5

Let us now address the question of whether fixing the parity changes the complexity of
the FERMIONIC 2-SAT problem. We prove Theorem 2.1.5 in this section, which states that
this problem can still be solved efficiently, in time O(nm). Our algorithm for solving
FERMIONIC 2-SAT with fixed parity P € {-1,+1} consists of running certain efficient
checks on the allowed satisfying assignments on quantum clusters as a preprocessing
step to construct a (classical) 2-SAT with fixed parity instance, on which one runs the
O(nm) time algorithm developed in Theorem 2.C.1 in Appendix 2.C.

Importantly, non-hPNC clusters are treated differently than hPNC clusters in this
next proof. Namely, any assignment in a non-hPNC cluster satisfies the classical
cluster-straddling clauses (or not) independent of its parity, while for hPNC clusters,
assignments of different parity can lead to different ways of satisfying the straddling
classical clauses.

Proof of Theorem 2.1.5.. By Proposition 2.3.3 an assignment of fixed parity is of
cluster-product form. We proceed in three steps.

1. We run the O(nm) time algorithm (developed in Appendix 2.C) for solving the
(classical) 2-SAT instance C obtained in the proof of Theorem 2.1.4 via items 1
and 2, with fixed parity. If the algorithm outputs an assignment of the right parity,
we are done and output YES. If there is no assignment, output NO. If there is an
assignment but with the wrong parity (which the algorithm will tell you), let’s call
the assignment Xj, and proceed to the next step.

2. We consider whether it is possible to flip the parity of any non-hPNC cluster in Xj.
No variables internal to a non-hPNC cluster enter the instance C due to how we
handle the straddling clauses in item 2 in the proof of Theorem 2.1.4. Therefore,
if we can flip the parity of a single cluster Gi, € non—hPNC, the assignment on

G\Gf7 of Xj is still valid, and hence we have full assignment with the correct parity.
According to Corollary 2.3.2, each non-hPNC cluster has at most one satisfying
assignment per parity. Which parities (one or both) are allowed for each non-hPNC
cluster can be checked in time O(n + m) via Lemma 2.3.10. So we iterate over all
non-hPNC clusters and if there is one whose parity can be flipped, we are done
(output YES). If not, we proceed to the next step.

3. The next step pertains to all hPNC clusters, except the n; =2 clusters with a
rank-3 edge which were treated differently in obtaining C in item 1 of the proof of
Theorem 2.1.4: we will not attempt flipping parity on these clusters as there is only
one possible assignment.

Due to the failure of obtaining a flipped parity assignment in the previous two
steps, we know that it is not possible to change the parity by flipping classical
modes and/or flipping the hidden particle number N, = 0 (all-empty) to N, = ng
(all-filled) assignment on any hPNC cluster (which are the possible assignments
inside the hPNC clusters in C which are examined in step 1). This has the following
consequence. We define the classical 2-SAT instances C*M which is a superset of
the classical clauses of C and some classical clauses which pertain to a subset of



46

2. Complexity of Fermionic 2-SAT

non-hPNC clusters M < hPNC. That is, C +M s obtained by adding to the collection
of clauses in C, for each cluster Gi, € M, the following: replace each straddling

clause between a mode i € Gé and classical mode, of the form (x; vV u) or (x; V u)
by clause (1) with u a literal of the classical mode. One does the same for any
straddling clause with another hPNC quantum cluster provided it is not in the set
M (if it is non-hPNC or in the set M, there would be no satisfying assignment for
C*M). Due to failure in the previous two steps, either an instance C +M will have no
satisfying assignment, or an assignment of the wrong parity, i.e. the same as Xy, for
any M, since any satisfying assignment of C*'M is also a satisfying assignment for C.
Hence, the only way to still obtain a flipped parity assignment as compared to Xj is
to possibly flip the parity of some individual hPNC cluster by not choosing the
hidden particle number N, = 0 or N; = n4 assignment on it, as we did for C. Note
that if we do not constrain the overall parity, as in Theorem 2.1.4, there was never a
reason to consider other possible assignments (see also Fig. 2.5).

Hence, we first consider for each hPNC cluster G; whether one can flip its parity,
and then if so, we decide whether an altered classical 2-SAT instance CG; has a

satisfying assignment using a 2-SAT solver. To check whether one can flip its parity,
observe that no internal classical clauses must be present as any assignment with
hiddden particle numbers N; # 0, N, # n4 has the property that each mode j in
the cluster can be both 0 and 1. If classical clauses are present and/or the parity
cannot be flipped for other reasons, we move onto the next hPNC cluster. As for
checking on a hPNC cluster whether an assignment of flipped parity is allowed,
given its quantum clauses, Lemma 2.3.10 shows that this can be done efficiently,
in O(n+ m) time. For a hPNC cluster which is a line or a loop, in principle
non-Gaussian assignments with hidden particle number N # 0,1, n4 - 1, ny; may
be allowed. However, one can observe that, if a flipped parity assignment is
possible, one can take this assignment actually to be a Gaussian state, i.e. one only
with hidden particle number N; =0,1,n4 -1, ng.

If the parity can be flipped for cluster G, we construct CG; . To get from C to CGZ we

(1) replace all straddling clauses between a mode j in cluster Gf7 and a classical
mode (x; v u) and (X; Vv u) by clause (). One does the same for a straddling clause
with a mode in a hPNC quantum cluster (if there is a straddling clause with a
non-hPNC quantum cluster, then there won't be a satisfying assignment when
flipping cluster Gf]). From C we remove all classical clauses which constrain the
assignment on G; to have hidden particle number N, = 0 or N, = ng as described
in item 1 in the proof of Theorem 2.1.4: there are no more variables in CGZ which

pertain to C; . If C;; has an assignment, then it must now be an assignment of the
q q

right parity and we output YES. If not, for all hPNC clusters that we iterate over, we
output NO, and this process is clearly efficient.
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2.5. PNC Fermionic 2-SAT with fixed particle number is
NP-complete

Let us now consider the complexity of solving Problem 2.1.3, which corresponds to
deciding PNC FERMIONIC 2-SAT with particle number fixed to some N € {0,1,...,n}.
In contrast to fixing the parity, we show that fixing the particle number to N makes
FERMIONIC 2-SAT NP-complete (Theorem 2.1.6).

Proof of Theorem 2.1.6. Proposition 2.3.3 and Corollary 2.3.5 show that satisfying
assignments of PNC FERMIONIC 2-SAT are of cluster-product form. In the PNC version
of FERMIONIC 2-SAT, quantum clauses are only of type Hé’q. As a consequence, all
quantum clusters are PNC, even without performing a particle-hole transformation.
Therefore, we can characterize satisfying assignments on quantum clusters by the
particle number on that cluster. A witness W thus consists of a list of O(n) integers
W= ({Nf,}iehch, {Xk}reClass)- The verifier algorithm verifies for each quantum cluster
i, using Lemma 2.3.10 whether Ng is indeed an allowed particle number on that
cluster. Note that the verifier does not need to construct or have the actual fermionic
state to do this. Using the collection of particle numbers on quantum clusters NZ] and
Corollary 2.3.5, she infers for each mode in a quantum cluster whether it is empty,
occupied or both. Combined with {x;}rcclass, it is then verified whether all classical
clauses e € E, are indeed satisfied. As a final step, the verifier checks if the total particle
number of the witness W is indeed the given N. This verification algorithm is efficient.
To show NP-hardness, let us consider an instance of FERMIONIC 2-SAT consisting of
monotone classical clauses only, i.e. only clauses of type (x; v x;). Deciding this problem
with fixed Hamming weight N is equivalent to deciding whether there is vertex cover
with N vertices, which is NP-complete. Indeed, it is known that classical 2-SAT with
fixed Hamming weight, i.e. the weighted 2-SAT problem (W2SAT) is NP-complete, see
https://en.wikipedia.org/wiki/2-satisfiability. O

Remark 2.5.1 (Classical Assignments). Part 1 of the proof of Theorem 2.1.4 for hPNC
clusters and classical modes shows that PNC FERMIONIC 2-SAT (which only has H,I;q
quantum clauses and thus hPNC quantum clusters) without any particle number
constraint always has a classical satisfying assignment, i.e., a satisfying assignment of the
form ajg [vac), with the exception of 2-mode quantum clusters with rank-3 projectors in
Gaussian states. Note that this is similar to quantum 2-SAT always having a product
assignment with the exception of rank-3 edges [3]. In contrast, when fixing particle
number to some integer N as in Problem 2.1.3, there are instances with only non-Gaussian
satisfying assignments, like the satisfying assignments on a line for1< Ny <ng—1 in
Lemma 2.3.6.

2.6. Complexity of Fermionic k-SAT and related problems

Let us provide some background and perspective on the (known) complexity of related
fermionic problems. Using qubit-to-fermion mappings, such as the one in Ref. [12], we
can straightforwardly argue the following, see Appendix 2.D for the proof.

Lemma 2.6.1. FERMIONIC k-SAT € QMA and FERMIONIC k-SAT is QMA; -hard for k = 9.
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This Lemma mirrors the results for QMA | -hardness of QUANTUM k-SAT for k =3 [2, 5].

One may expect that FERMIONIC k-SAT € QMA, for all variants of the problem
(particle or non-particle number conserving, with a fixed particle number or not), but
one has to be cautious about what basic gates are used in the class QMA; (usually H,
CNOT and T) and whether this set of gates allows for a zero-error acceptance in the YES
case when the fermionic problem and its specification is mapped to qubits.

It may be possible to reduce k=9 in Lemma 2.6.1 to a lower k by adapting the
space-time circuit-to-Hamiltonian construction in Section 3.3 in [13] which proves
QMA-completeness of a fermionic circuit Hamiltonian with projectors which involve at
most 4 fermionic modes (k = 4), under the restriction that there is 1 particle per track on
the 2D lattice. Thus we don’t have an overall particle constraint, but several fixed particle
sectors, which can possibly be shown to be equivalent to an overall constraint.

Let us also mention a result that is related to this work. It is known that the ‘FERMIONIC
MAX-2-SAT’ problem with particle number constraint is QMA-complete, see the next
Theorem 2.6.2. Note that this problem is fundamentally different from FERMIONIC 2-SAT,
since the former is a ground-state energy estimation problem and not a question of
whether a given Hamiltonian is frustrated or not.

Theorem 2.6.2 (Theorem 2 in [14]). Determining the ground state energy with 1/poly(n)
precision for a class of Fermi-Hubbard Hamiltonians with n fermionic modes, with
particle number N = n/2 (half-filling) is QMA-complete. The particle-number-conserving
Fermi-Hubbard Hamiltonian on a graph G = (V, E) is

Hpy=U Z ni N+ Z Z tiyj(a.}—,gajyg + a}ga,’,g), (2.22)
ieV (i,j)eEo=%

with n; ;. = aham, U, t;,j € R. For QMA-completeness, bounds are specified on the
parameters U and {1; j}.

2.7. Discussion

Interestingly, it is not clear whether there is an efficient classical algorithm to solve
instances of QUANTUM 2-SAT (with only parity-conserving projectors) when we ask
for an assignment with fixed parity: in this case there can be non-product satisfying
assignments. In addition, we don’t have the “natively-fermionic” Lemma 2.3.4 for
QUANTUM 2-SAT. We conjecture that this problem is of different complexity than
FERMIONIC 2-SAT with fixed parity which we have proved to be efficiently solvable in
Theorem 2.1.5. This would mesh elegantly with the point of view that parity-conserving
interactions are fundamental for fermions.

We have seen that the satisfying assignments of FERMIONIC 2-SAT are of cluster-product
form with some modes with purely classical occupations, some modes in a possibly-large
clusters in Gaussian states of fixed parity or hidden fixed particle number, and some
modes in a 4-fermion cluster in a non-Gaussian state. It will be interesting to explore how
we can use these results for FERMIONIC 2-SAT to develop approximation algorithms
or heuristic strategies, quantum or classical, to solve FERMIONIC k-SAT for k > 2. For
FERMIONIC (k > 2)-SAT one may expect that satisfying assignments can be genuinely
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many-mode non-Gaussian states: due to its QMA; -hardness, satisfying assignments
for general FERMIONIC k-SAT problems are not expected to be classically efficiently
describable. Thus for such problems, one can seek quantum heuristic strategies, i.e.
a quantum equivalent of classical heuristic SAT solvers, which aim at constructing a
satisfying state on a quantum computer: such strategies could build on the nature
of satisfying assignments for the (FERMIONIC) 2-SAT problem. It is an open question
whether there are interesting classical mathematical problems which can be formulated
as a question about the existence of a satisfying assignment to a finite-size, quantum
or FERMIONIC k-SAT problem,—perhaps the results in [15] can be useful here—. Such
construction would be a quantum counterpart to a classical computer-assisted proof
obtained through the use of a classical heuristic SAT solver [16].

As a general question, it might be interesting to consider FERMIONIC (k > 2)-SAT
problems with additional fermionic symmetry, for example consider whether there
are complexity-theoretic consequences of time-reversal, spatial-parity and charge-
conjugation symmetries as used in the classification of non-interacting fermionic models
(17].
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2.A. Mathematical micro-facts for Section 2.2

2.A.1. Invariance of Fermionic 2-SAT clauses that exclude all-empty or
all-filled states

For an edge e = (j, k) one can define rotated annihilation operators:

aj U Ulg) (aj)
= , 2.23
(dk) (UZI Ua2 ) \ak (223

with U a unitary matrix.

We can define

g = (1-alay)(1-aa), (2.24)

and

= aj a;a a. (2.25)
The following holds

Proposition 2.A.1. Projectors Hg and H% in equation (2.24) and equation (2.25) are
invariant under any transformation U, as in equation (2.23), and can thus be viewed
as classical clauses in the {a i,arxt mode basis, with the classical Boolean variables
corresponding to occupation numbers of the {a;, ai} modes. That is, Hg becomes the clause
(xj Vv Xi) (excluding 11) and 11 becomes (x iV X)) (excluding 00) as in equation (2.6).

Proof. Inserting the transformation U into T1% with e = (j, k) gives

= 1= (Ufya + Uyyal) (Unaj + Urpar) | [1- (U, a) + Uy ap) (Unia; + Uzzag

_ T . f I S _ .t T
—I—aja] akak+|detU| aja]akak—a]ajakak, (2.26)

~—
[a—

where we have used unitarity of U: Uy Uy, = —~U;1 Uy, and |detU | = 1. Similarly, since

2 _g_Ata _ ata 0 B 2 .

ng;=1- a;aj— aa +1II,, and a;aj+aa is invariant under U, I3 is also invariant
m=ata.aTa,. = 4Tq.4"

under U: He—aja]akak—aja]akak. O
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2.A.2. Action of the particle-hole transformation Kg on Hi’q and ng’q
clauses
The transformation rules are
KsTL K" = 1197 with @, = — [ 1)) ] Beand & = ye
jsi;k
jes, kes: 4 sties (2.27)
02,9 .1 =Lq . ~ ~
s 7Kg =g with fo = -| T]-1) | acand 7o =6,
jsi<k
s.t. ieS
1,9,-1_ /02,9 .. -~ ~
KT K" = 11929 with @, = [ T-v ] Y, and §, = .
jsi<k
jeskes:{ y o e (2.28)
K29 K5 = 147 with f, = [ T-v ] e and Je = .
jsi<k
s.t. i€S
KsTL K" =147 with B, = —[ 1)) ] e and Jeo = fe.
jsi<k
jeskes:{ i 16 ) (2.29)
K29 k5! = 1199 with @, = —[ =D ] 8. and §, = ae.
jsi<k
s.t. ieS
KTl K5 =11y 9 with B, = | [[=1) | feand 7o =7e.
jsi<k
jeskes:$ . s ies ) (2.30)
K29k = 1% with @, = [ T-v ] e and &, = 6.
jsi<k
s.t. i€S

2.B. Example of aunique 4-fermion non-Gaussian satisfying

assignment
We work through explicitly how the satisfying assignments depend on fermionic parity
for a simple illustrative 4-fermionic problem where one has a line of three H};q clauses on
modes 1,2,3 and 4 as in Lemma 2.3.6, and one adds a single H((); ’f) clause between modes
2 and 4. This is an example of a non-hPNC cluster with vertex 2 having degree 3, i.e. an
example of Fig. 2.4(d).

This example gives insight into why product state assignments suffice for QUANTUM
2-SAT (with the exception of cases involving rank-3 projectors) but 4-fermion
non-product, non-Gaussian states are needed for FERMIONIC 2-SAT. On a separate note:
from Lemma 2.3.6 it is clear that if we ask for fixed particle number for QUANTUM
2-SAT, one can have a unique satisfying assignment which is not a product state, i.e. a
fully permutation-symmetric state of n, qubits with a fixed number N, of 1s (with N,

unequal to 0 or the maximum 7).
l,q9
1,2)

which we give in qubit language. Specifically, we take H?llfgit = PP |10,

The instance we consider here consists of 4 fermionic modes with projectors I1

l,q9 1,q9
l_[(2,3)’ l_1(3,4)
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H?Zug)it =Py (P Izg,l'[%ufl’)it = |W7) (W |34, with |¥~) denoting a singlet state. For a fixed
particle number 0 < N < 4, the permutation symmetric state with N excitations is the
unique satisfying assignment (i.e., ground state of the ferromagnetic Heisenberg model)

via Lemma 2.3.6. For each N, there is thus a satisfying assignment, i.e.

|wNn=0) = 10000)

|wn=1) =10001) +10010) + 0100} + 1000},

|wn=2) = 11100) +10011) +[1010) + |1001) + [0110) +|0101)
[wn=3)=10111) +]1011) +[1101) + 1110},

|[wn=4)=11111). (2.31)

02,q
24°

@(24) = 62,4 = 1/v/2 which, in qubit language —note the additional Z3 due to the
Jordan-Wigner transformation in equation (2.2)—, equals

Now image we wish to add a fourth fermionic IT type projector with amplitudes

i 1
H?;E)n = E(UZ_UQUZUI +0, 230, +0,230; +0;050;'cr;)
1
= §(|00> (00124 + Z3[100) 11|24 + [11)€00[24] +111) (11|24). (2.32)
qubit

From the expression for I ; ,*, it is clear that an assignment W) can only be a satisfying

assignment if it is of the form |Weven) = do |WN=0) + a2 |Wn=2) + a4 |¥ N=4) (even parity)
or [Wodd) = a1 |Wn=1) + a3 |y n=3) (odd parity). Let us see which (if any) of these states is

qubit
H(2,4) '

projected to zero by

i 1
S | Yeven) = 5(ao(|oooo> +10101)) + a2 (|1010) — [1111) +0000) +[0101))

+a4(—|1o10>+|1111>)),

: 1
NS yoaa) = §(a1(|0010> —|0111) +|1000) + [1101))

+ az(—10010) +(0111) +|1000) + |1101))),

(2.33)

it Cleart Hqubit| y=0 for
2,4 Y, L4 Yeven) =

|oaa) cannot be zero. So, |Weven) With ag = —ap and

where the different signs are caused by Zz in

qubit
I 2,4

ap = ay is the unique satisfying assignment of {H?lu ;’)it,l'[?zu ;))n,l'léuzit,l'[?zuzn}, which is
clearly not a product state. Let us set ag = 1/2v/2, a, = —1/2v/2 and a4 = —1/2+/2 wlog (so
that |even ) is normalized).

Back in fermionic language, we thus have a satisfying assignment

1
|1/1even,f> =— (I - (aI a;’ + a; az + a; a; + aJ{ aZ + ug aZ + aI ag) - aJ{ a; ag a];) [vacy. (2.34)

2v2

To prove that this is a non-Gaussian state, we argue as follows. A pure Gaussian state has
a covariance matrix I € R®*® (with entries in Eq. (1.18)) with orthonormal columns as

ap = —ap and ay = ay, and
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I'TT = I. To show that this does not hold for our state, let’s evaluate the first column of T
Tj1forj=1,2,...,8).

By definition, we have that T';; = 0. Furthermore, 21 = 2 (Weven | a{ ar [Wevens) — 1,
which can be simply seen to equal 0. For the other entries, let us distinguish between

T2j-11 = i {Weven] (@; + a})(al +a!) [Weven), with odd index 2j - 1,
T2j1 =i {Wevens|i(aj— a;)(al + aI) [Weven,f), with even index 2, (2.35)

for j =2,3,4. For either type of entry, we have to evaluate the following expectation
values, which can be done straightforwardly.

~1/4 ifj=2, 1/4 ifj=2,
(Weven] ajal [Weven) =4 0 if j=3, <1//even,fia;al|"~//even,f>= 0 ifj=3,
1/4  ifj=4. -1/4 if j=4.
0 ifj=2 0 ifj=2,
(Wevens| a}al [Weven) ={ 174 i j=3, (Wevenst| ajar |[Yevens) =4 ~1/4 if j=3,
0 ifj=4. 0 if j=4.

(2.36)

Using these expressions, we conclude the following.

1/2 ifj=2,
FZj—l,l =0for j=2,3,4 and 1“2]-,1 =<1/2 ifj=3, (2.37)
-1/2 ifj=4.

Thus the first column of T is (0,0,0,1/2,0,1/2,0,-1/2)T, which has 2-norm v/3/4 < 1, so
|Weven,) is not Gaussian.

Let’s compare our findings briefly with an equivalent set of QUANTUM 2-SAT constraints:
Will there be a product assignment here? The QUANTUM 2-SAT equivalent of the

FERMIONIC 2-SAT instance considered here is {H?ﬁgt =¥ (¥ e, H?;;it =[P (Y |23,

H?;Z)n =PV |34, H?zlfzn = %(IOO) +111)) (00| + |11))24} (note the absence of the
Jordan-Wigner Z3). This QUANTUM 2-SAT instance indeed has a product state satisfying
assignment, namely ®‘]1.:1 \/%(IO) +ilD);.

Our pedestrian findings here are captured by the statement for n; = 4 in Corollary 2.3.5
point 5. The degree-3 vertex in this case is vertex 2, the particle-hole-transformation
acts on modes 1,3,4 and changes the parity of the non-Gaussian even parity state in
equation (2.34) to an odd parity state, while an even parity state in the particle-hole
transformed basis (hence odd particle here) is disallowed. The exclusion of one of the
two parities for this FERMIONIC 2-SAT instance is essentially what causes the unique
satisfying assignment to be non-product and non-Gaussian.

2.C. Classical 2-SAT with fixed parity

In this section, we prove that classical 2-SAT can be solved efficiently, even when
constraining the Hamming weight parity of the assignment. This is not necessarily
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a trivial problem as they are, for example, simple examples of 2-SAT instances with
exponentially many solutions, all with the same parity. Consider for instance

n/4-1

‘/\0 (Xj+1 VX j42) A(Xjr2 VX j13) A(Xj43 VX jra) A(Xj41 V Xja), (2.38)

j=
with n a multiple of four. This instance corresponds to disjoint units of four variables,
where the only satisfying assignments on each unit are the all-zeros or the all-ones
assignment. Clearly, there are exponentially many satisfying assignments, and they are all
of even parity. In fact, there are even simple examples of connected 2-SAT instances with
exponentially many satisfying assignments, all with the same parity. Thus even if one is
guaranteed that a 2-SAT instance has (exponentially) many satisfying assignments, the
question of whether there is a satisfying assignment with a given parity is a nontrivial one.
We prove the following.

Theorem 2.C.1. Given an instance of classical 2-SAT on n variables with m clauses, and a
parity P € {—1,+1}. Decide whether there exists a satisfying assignment x with Hamming
weight parity P (YES), or there is no satisfying assignment with Hamming weight parity P
(NO). This problem can be decided in time O(nm).

Proof. First, we find a satisfying assignment in time O(n + m) [1] for the 2-SAT instance, if
it is satisfiable. If this solution has Hamming weight parity P, then we are done (output
YES), else we proceed. For convenience, let us redefine the 2-SAT instance such that the
obtained solution is the all-zeros assignment. Then what is left is to check whether there
exists an odd Hamming weight satisfying assignment for the redefined instance. The
redefined instance wlog consists of clauses (x; vx;) (with i < j or i > j) and (x; VX;)
(with i < j wlog). Note that there can be multiple clauses per pair of variables i, j.

Let us consider the sub-graph Gy}, consisting of just the clauses of type (x; vV X;)
(with i < j or i > j). We associate a directed edge i — j with each clause (x; v X;) (i.e.,
edges point from “variable” i to “negated variable” j). Note that two variables i, j
can simultaneously be connected by a (x; v X;) clause and a (x; v X;) clause, resulting
inai— jedge and a j — i edge in Ggy,. Next, we identify the strongly-connected
components (SCC’s) of the directed graph Gy, in time O(n + m) [18]. The only satisfying
assignments on these SCC’s are the all-zeros and the all-ones assignments, see Lemma
2.C.2 below. Hence we compress each SCC into a single Boolean variable. We label the
new collection of variables by {yj}js.fl, where some were previously single variables
and others are compressed SCC’s. Since each directed cycle is (part of) an SCC, the
compressed problem cannot contain any directed cycles, i.e., it is a directed acyclic
graph. The graph with (y; v y;)-type edges can be topologically sorted in time O(n + m)
(19]. The topologically-sorted graph now only includes edges of type (y; vy ;) for which
i < j.Next, let us add the (x; v X;)-type clauses, which after compression have become
either (y; vy;) clauses or self-edges (y; v y;). The former can be added s.t. i < j in the
topologically sorted graph (since, obviously, (y; VYY) and (¥j vy;) are equivalent) to
construct the new graph G, see Fig. 2.C.2. The self-edges of type (¥; Vy;) exclude y; = 1.
These variables with self-edges can be flagged in time O(n + m).

With each variable j in the compressed problem, we associate a weight w; € {0,1}. The
weight w; corresponds to the number (modulo 2) of original variables in the SCC that has
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been compressed into variable y;. Note that for any uncompressed variable, we assign
weight 1. To obtain a satisfying assignment of odd Hamming weight (if it exists), we
need to flip an odd number of odd-weight variables. In order to do so, we might have to
simultaneously flip some even-weight variables.

Importantly, if we flip a variable j (with some weight w;) to y; =1, then, by
construction, all clauses to variables in later layers of the topological sort are still satisfied.
Clauses from variable j to variables in earlier layers can now become unsatisfied and
thus some variables i s.t. i < j might also have to be set to y; = 1. Similarly, flipping such
avariable i can only lead to unsatisfied clauses that connect i to variables in earlier layers
of the topological sort, not to variables in later layers.

The algorithm runs by first identifying the earliest odd-weight variable j in the
topological sort. For some instances, this might already be in the first layer. We set y; =1
and see whether the propagation to earlier layers of the topological sort does not lead to
any contradiction. If it does not, then we have found a satisfying assignment of flipped
parity (output YES), since all variables that are flipped in earlier layers due to propagation
are even-weight variables by definition. If the propagation leads to contradiction, then
clearly there is no satisfying assignment for which y; = 1. Next, we reset to the all-zeros
assignment and identify the next odd-weight variable k in the topological sort (which
is in the same or in a later layer). Again, one checks whether setting y; = 1 leads to
contradiction in earlier layers. If it does not, then we have constructed a satisfying
assignment with flipped parity (output YES), since yy is the only odd-weight variable set
to 1 in that assignment. Indeed, if y; would also have to be set to 1, then there would be a
contradiction. If setting y; = 1 does lead to contradiction, then there is no satisfying
assignment for which y, = 1. We proceed again by resetting to the all-zeros assignment
and identifying the next odd-weight variable in the topological sort. We iterate over
all odd-weight variables in this manner and either obtain a satisfying assignment of
flipped parity or conclude that no odd-weight variable can be set to 1 consistently and
hence there is no satisfying assignment with flipped parity (output NO). Iterating over
all odd-weight variables and checking for the consistency of flipping them takes time
O(nm). O

Figure 2.6: First three layers of a compressed topologically sorted graph G derived from G,
where each variable j has been given a weight w;. The red clauses are of type
(yi vy;) (with i < j) and the blue clauses are of type (y; vy ).
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Lemma 2.C.2. Given an instance of classical 2-SAT with (x; V X ) -type clauses only. Let us
consider the directed graph with edges i — j for each clause (x; vV X ) (i.e., edges pointing
from “variable” i to “negated variable” j). If this graph is strongly connected, then only the
all-zeros and all-ones assignments are satisfying assignments.

Proof. If the directed graph is strongly connected, then for each pair of variables (i, j)
there is path from i to j and a path from j to i. Let us set x; = 0. Then clauses along
the path of directed edges from variable i to variable j can only be satisfied if x; = 0.
Conversely, let us set x; = 1 and let us now travel “upstream” to variable j. The clauses
along the path of directed edges from variable j to variable i can only be satisfied if
x;j = 1. Hence the lemma statement follows. O

Remark 2.C.3. The algorithm in Theorem 2.C.1 cannot be used to solve the NP-complete
problem of finding an assignment with fixed Hamming weight (particle number) since one
can generally not appropriately change the particle number by flipping a polynomial set of
designated variables. Similarly, the algorithm above cannot be used to count the number of
solutions to a 2-SAT instance (which is a #P-complete problem), although there is a way of
enumerating all solutions with effort growing with the number of solutions, which uses
similar techniques as our algorithm [20].

2.D. ProofofLemma?2.6.1

Proof. Containment in QMA can be obtained by simply mapping the n-mode fermionic
problem onto a n-qubit problem using e.g. the Jordan-Wigner transformation in
equation (2.2). This means that each projector I1; using k fermionic modes is mapped to
a projector which is a sum of terms, each of which has a k-local part to which a string of
Pauli Zs of some length is appended. Hence the FERMIONIC k-SAT problem maps onto a
local Hamiltonian problem but some Pauli strings in the Hamiltonian have weight larger
than k. However, one can still apply standard QMA-arguments for the proof verification
as in Section IV in [21] since this method only relies on the fact that the number of Pauli
terms in the Hamiltonian is poly(n).

To prove hardness, we can map the QMA | -complete problem in [5] onto a FERMIONIC
k = 9-SAT problem using the unitary “assimilation mapping" described in Lemma 15
in [12]. We take the 3-local circuit Hamiltonian, with its 3-local projectors, on some n
qubits in the QMA; -proof and view it as a Hamiltonian on n qubits plus n/2 fermionic
modes which gets mapped on a space of 3n/2 fermionic modes and the Pauli operators
of one qubit get mapped on products of two (Majorana) fermion operators out of three
fermionic modes. Thus each 3-local projector becomes a fermionic projector II; involving
at most 9 fermionic modes which conserves fermionic parity. In the YES case, if there is a
n-qubit satisfying assignment for the QUANTUM 3-SAT problem, it can be rewritten as a
3n/2-fermionic state which is a satisfying assignment for the FERMIONIC 9-SAT problem.
In the NO case, if there is no approximate satisfying assignment for QUANTUM 3-SAT,
imagine that there is a fermionic state |®) for the FERMIONIC 9-SAT problem for which
Y. i (®|II; |®) = B. Then performing the inverse mapping and tracing over the additional
fermionic registers in |®) (®| to get the qubit reduced density matrix p9"Pit, this implies
that Y°; Tr H?Ublt pdUPit = B which by assumption implies that 8 = 1/poly(n). O






Optimizing fermionic
Hamiltonians with classical
interactions

The players tried for a forward pass, with the jester on the sidelines in a cast

Now the halftime air was sweet perfume, while sergeants played a marching tune
We all got up to dance, oh but we never got the chance

‘Cause the players tried to take the field, the marching band refused to yield

Do you recall what was revealed, the day the music died

American Pie (1971), Don McLean

3.1. Introduction

In this paper we study energy optimization, or ground energy search, for fermionic
Hamiltonians. Mathematically, it means finding the largest! eigenvalue of a 2”-dimensional
Hermitian matrix, which is a low-degree polynomial in fermionic creation and annihila-
tion operators {a;'., aj}je[n]:

T T_5. — ) = xs
ajak+akaj—6]k, a].ak+akaj—0, njlx)=xjlx), 3.1

where nj := a; aj and |x) for x = (x1,..., x,) € {0,1}" are the computational basis states.
Energy optimization is one of the key computational problems in many-body physics and
appears in a number of contexts in condensed matter physics and quantum chemistry. In
general, it is a QMA-hard optimization task [1, 2]; in numerical practice, it is being accom-
plished with a number of approximation tools [3-7]. An interesting goal mathematically
is to give rigorous performance guarantees for such approximate methods.

This text focuses on approximating the highest energy state with a Gaussian (i.e., free-
fermionic) state [8-10]. Generally, Gaussian states are defined as the Gibbs states of

we flip the sign convention of the Hamiltonian to align with that used in computer science.
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Hamiltonians which are quadratic in {a}, aj} je(n); they admit a classically efficient descrip-
tion in terms of a 2n-sized covariance matrix (morally analogous to the stabilizer tableau
for stabilizer states). In the domain of computational many-body physics, the standard
method for finding Gaussian ground state approximations is generalized Hartree-Fock,
which is heuristic [3, 4]. But in recent years, also rigorous guarantees for Gaussian ground
state approximations (or lack thereof) have started to appear [11-18]. These use a com-
mon metric for any optimization method — approximation ratio, i.e., a guarantee on the
ratio between the energy of the state obtained by a method, and the true ground energy?.
It was discovered in [12, 13] that for general fermionic Hamiltonians, Gaussian states
cannot yield ground energy even up to a constant approximation ratio. This dramatic
effect — let us call it Gaussian (approximation) breakdown — was demonstrated for the
Sachdev-Ye-Kitaev model. It was later extended to some other models which share the
feature of having all-to-all, or at least non-sparse, fermion couplings [14, 16-18]. This
breakdown can be viewed as a heuristic warning sign for optimization of general quantum
chemistry Hamiltonians, as those are also strongly interacting and lack sparsity [17, 18].
On the other hand, it has been observed that the Hartree-Fock technique yields high
approximation ratios in numerical practice [4, 12]. Rigorously speaking, it had not been
settled if quantum chemistry Hamiltonians exhibit Gausisan breakdown.

3.2. Main results

Our work is motivated by a key difference between the Hamiltonians analyzed in Refs. [11-
14, 16-18] and those arising in quantum chemistry. In particular, the quartic terms in
real-space discretized chemistry Hamiltonians are not generic but classical, i.e., diagonal
in computational basis [4, 6, 19-22]. This holds because chemistry interactions physically
arise from Coulomb terms, built out of diagonal particle density operators n(r). Using
CIFH as an acronym for ‘classically interacting fermionic Hamiltonians’, we define

Problem 3.2.1 (TRACELESS CIFH OPTIMIZATION). Consider the Hamiltonian

H= Y wj,k(]l/4—njnk)+Z,uj(nj—]llz)+ Y w}'k(—a}ak—azaj) (3.2)
(KEE jev G, OEE

with wj . = 0, w}. ¢ €R, and pj € R, and vertex set V and edge sets E and E'. Compute

Amax (H) = max,, ¢ czn e {tr (pH) s.t. p=0, tr(p) = 1}.

Solving this problem with 1/poly(n) precision is QMA-hard by adaptation of a result
from [2], see Appendix 3.A. In the absence of the quadratic ‘hopping’ terms, w} i =0, this
is a classical QUBO optimization problem [23]. As the main result of this work, we show,
in Section 3.4, that

Theorem 3.2.2. There exists a pure fermionic Gaussian state p that achieves an approxim-
ation ratio % for TRACELESS CIFH OPTIMIZATION (Problem 3.2.1).

2In the fermionic optimization literature, this ratio has been made well-defined by considering traceless
Hamiltonians.
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This implies that quantum chemistry, unlike general fermionic Hamiltonians, does
not exhibit a Gaussian breakdown —even when the Hamiltonian is non-sparse (possibly
dense).

Proof sketch. Split the Hamiltonian of equation (3.2) as H = Hqyad + Helass, With the
off-diagonal quadratic part Hqyaq and the diagonal (classical) part Hjass,

Huad= Y, wj(-alac—ajay), (3.3)
(j,k)eE'

Hlass = Z Wj,k(]l/4—njl’lk)+Z[Jj(nj—]l/Z). (3.4)
(j,k)eE jev

Each of these Hamiltonians have Gaussian ground states, p max(Hquad) and pmax(Helass),
as the computational basis states are Gaussian. Therefore, if either Hgyad Or Hejass is neg-
ligible in operator norm, some constant-ratio Gaussian solution can readily be obtained
by choosing one of these states. To obtain the stronger Theorem 3.2.2, which guarantees
the constant ratio of % regardless of the relative size of Hqyaq and Hjass, @ few more
steps are needed. One is to observe that pmax(Helass) actually vanishes on Hqyad, as we
chose it to be off-diagonal. On the flip side, one can modify pmax(Hquad), such that Hjass
only contributes to its energy non-negatively. This step is more technical; the key is to
modify the covariance matrix of pmax(Hquad) such that its first off-diagonal elements are
removed. This can be done while preserving the validity —and Gaussianity— of the state.
Choosing either thus modified solution pmax(Hquad), OF Pmax(Hclass), allows to guarantee
the approximation ratio of % at the worst.

The Gaussian states which exist by Theorem 3.2.2 should not in general be efficiently
constructable. In fact, finding any constant-ratio approximation in poly-time (for the clas-
sical problem with Hgyag = 0) was ruled out under mild complexity-theory assumptions
[24, 25]. But in structured cases this is achievable. Indeed, in Section 3.5.1 we show

Theorem 3.2.3. There is a deterministic polynomial-time algorithm that outputs a fermi-
onic Gaussian state p achieving approximation ratio % for TRACELESS CIFH OPTIMIZATION
(Problem 3.2.1), provided that the graph G 455 = (V, (w, E)) is bipartite.

A simple example of such bipartite interaction graph is a Fermi-Hubbard model with
an onsite interaction between spin-up and spin-down electrons, so that the bi-partition
is between spin-up and spin-down modes (note that the hopping Hamiltonian remains
unconstrained). Problem 3.2.1 with a bipartite interaction graph stays QMA-hard, and
does not need to be sparse.

The key to proving Theorem 3.2.3 is that the global optimum of Hj,¢s can be efficiently
found, using a linear program which exploits the bipartite structure. This solution can
be then used to give a constant-ratio approximating Gaussian, similarly to that of The-
orem 3.2.2. We show that this Gaussian is a feasible solution for an O(n)-dimensional
semi-definite program. This program accounts for Hgyaq in its objective and for Hejass
in its constraints. In practice it yields states with better approximation ratios, and is an
interesting subject for future study. We note that if G55 had some other structure that
allowed the optimum of Hjag to be efficiently obtained, then Theorem 3.2.3 would carry
over to those cases as well.
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Tracelessness is one of two main conventions which make the approximation ratio
well-defined. The other common option is to make every term of the Hamiltonian positive
semi-definite, motivating

Problem 3.2.4 (POSITIVE SEMI-DEFINITE CIFH OPTIMIZATION). Consider the Hamilto-
nian

H= ) wj,k(]l—njnk)+2ujnj+ > w}yk(l—a}ak—azaj)zo, (3.5)
(j,k)eE j (j,k)EE'

with wj =0, w;. « €R, and pj = 0 and vertex set V, and edge sets E and E'. Compute
Amax(H) = max,,¢cznen {tr (pH) s.t.p=0,tr(p) = 1}.

In case V(j, k), w;.’k =0and p; = 0, Problem 3.2.4 is the weighted Max Cut problem.
A special case of Problem 3.2.4 is FERMIONIC MAX CUT, see Section 3.5.3, which, when
the graph is a line, coincides with (weighted) QUANTUM MAX CUT [26]. Unlike in the
traceless case, here the goal is guaranteeing not just a constant approximation ratio, but
one that is substantially better than that guaranteed by a fully mixed state (in this case %).
In Section 3.5.2, we ask: can our methods give an interesting Gaussian approximation to
this ‘positive semidefinite’ type of optimization? We find

Theorem 3.2.5. There is a polynomial-time algorithm that with probability Q(1) outputs a
Gaussian state p that achieves an approximation ratio 0.637 for PSD CIFH OPTIMIZATION
(Problem 3.2.4).

This state can be found using a semi-definite program similar to that implied in The-
orem 3.2.3, and the ratio is guaranteed by a similarly constructed feasible solution. For the
classical part of the solution, given a lack of structure, we adapt the Goemans-Williamson
approach [27]. In more structured settings, better algorithms for optimizing Hjags, SE€
e.g. [23], could improve the approximation ratio in Theorem 3.2.5.

The key technical contribution of our work is the concept of a Gaussian blend, intro-
duced in Section 3.3.3. A Gaussian blend is defined as a Gaussian state whose covariance
matrix is a weighted combination of covariance matrices of several input Gaussian states.
The modification of the state P max(Hguad), hinted at in the proof sketch of Theorem 3.2.2,
is in fact given as a Gaussian blend between two states. A more complex Gaussian blend
is key to addressing the following problem,

Problem 3.2.6 (q-PARTICLE TRACELESS CIFH OPTIMIZATION). Consider the Hamiltonian

H= ) wjil/d-njn)+ Y w},k(—a;ak—azaj) (3.6)
(. K)EE U, EE

with wj . =0, w; « € R, and vertex set V, and edge sets E and E'. Compute

Amax,(q) () = max {tr(pH) st.tr(oN) =g, p>0, tr(p) = 1}, 3.7
0

eC2mx2

withqe{0,1,...,|n/2]}.
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In this problem, N := ¥ jev a} a; is the total particle number operator. Essentially, this is
Problem 3.2.1 with a constraint that the particle number is equal to g in expectation. This
type of an optimization task is inspired by quantum chemistry and condensed matter
theory: there the number of fermions is fundamentally a conserved quantity, which is
often fixed by the physical setup.

In Section 3.6, we show

Theorem 3.2.7. IfG 55 = (V, (w, E)) is bipartiteand q < |n/2], then there exists a fermionic

Gaussian state p that achieves an approximation ratio ————— for Problem 3.2.6.
2((n—2q)/n+3/2)

Such a state can be obtained in polynomial time.

Due to the constraining nature of the problem, the proof of Theorem 3.2.7 involves
additional technicalities compared to that of Theorem 3.2.3. The semi-definite program
which is used to produce the desired state, now includes the g-particle condition as a
linear constraint; the provided feasible solution is a Gaussian blend involving p max(Helass),
Pmax(Hquad), and a third, auxiliary state. Here, the particular condition of Gjass being
bipartite is more essential than in Theorem 3.2.3: in addition to being used in the efficient
algorithm for the optimization of H,s, the bipartite structure is used (in a different way)
in our proof that the constructed Gaussian state satisfies the g-particle constraint.

Besides proving Gaussian approximation ratios, we also give an argument in Appendix
3.B which shows that there are instances of traceless fermionic Hamiltonians with classical
interactions where the Gaussian approximation ratio is upper-bounded away from 1 by a
constant. Improving such upper-bounding techniques further is an interesting direction
for future research.

3.3. Preliminaries

In this work, we will be using preliminaries presented in the current section in addition to
those presented in Section 1.5.

The following fact on correlations in Slater determinant states (see Definition 1.5.6) will
be used later on.

Lemma 3.3.1. For the density matrix of a Slater determinant state p = |w> <w| one has

Vjkeln], itr(perjoicor)=—itr(pcajcak—r),itr(pcajo1car—1)=itr(pcajcor). (3.8)

Proof. Since Slater determinant states p are eigenstates of the particle number operator N,
tr(pajar) =tr(p a‘;. al) =0. Using the definition of Majorana operators in equation (1.4),
one has

i02j71€2k=—ajak+aja£—a;ak+a}a£,
iCricC - —: .l T Tt
2jCok-1=~Ajak— Aja;+a;ar+ a;a;,

T P
jak+aa),

iczj,lczk_l=i(ajak+ajaz+a
S _ i . AT (P i
icyjcor =i ajag+a;a, +a;a ajak), (3.9

from which the claim follows. O
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3.3.1. Optimization over Gaussian states

Due to properties of the covariance matrix of a Gaussian fermionic state, the optimiz-
ation of a general Hermitian (traceless) fermionic Hamiltonian H with quadratic and
quartic terms in {c;} over the set of Gaussian fermionic states can be formulated as an
optimization of the form [11]

FI)= max Wiikili il +) Vil i, (3.10)
F"'Fs]l,l“e[li%l ijklti,jlk,l lX]: ijli,j

with real fully anti-symmetric V;; and W; ji;. Here L is the space of real anti-symmetric
2n x 2n matrices, obeying the condition I''T < 1. Using the anti-symmetry of T, this is
equivalent to iT’ < 1 as formulated in Proposition 1.5.7. It was shown in [11] that one
can rewrite the linear term in I'; ; as part of the quadratic term, we also use the classical
version of this trick in the proof of Lemma 3.5.4. Hence, the general problem of optimizing
over Gaussian fermionic states is that of a quadratic optimization problem over a convex
set of covariance matrices, see also Lemma 3.3.4. Due to Remark 1.5.4 this optimum is
achieved for a pure Gaussian state, one for which r‘'r=1,ie. the eigenvalues of iI" are +1.
This quadratic optimization problem is generally hard to solve: Ref. [11] has considered
efficient approximate optimizations via known results in the literature.

3.3.2. Optimization of quadratic Hamiltonians as a semi-definite program

One can efficiently optimize quadratic Hamiltonians over Gaussian fermion states which
includes additional linear constraints on the covariance matrix of the Gaussian fermi-
onic state. This essentially follows from formulating the optimization as a semi-definite
program (SDP), i.e. the quadratic term in I" in equation (3.10) is absent. First, we prove

Lemma 3.3.2. Any Hermitian matrix X € C2"?" = 0 with linear constraints Vi # j, X;, ji=
—Xji and Vi, X;; = 1, can be written as X = 1 + il’, with I the covariance matrix of a
fermionic Gaussian state.

Proof. Since X is anti-symmetric on the off-diagonal and equal to 1 along the diagonal,
we have that X w.l.o.g. equals X = 1 + i B with B a real-valued anti-symmetric matrix. Now
let us use the following two facts. (1) The eigenvalues of a real-valued anti-symmetric
matrix B come in i ; pairs (with j € [n]), with each A real-valued. (2) X =1+iB > 0.
Therefore, there are no eigenvalues of B outside of the interval [-i, +i]. So, B is an anti-
symmetric real-valued matrix with no eigenvalues outside of the [—i, +i] interval. Through
Proposition 1.5.7, B corresponds to a valid covariance matrix I" of a fermionic Gaussian
state. O

The standard form of a semi-definite program is

maximize Tr(CX)
subjectto Tr(A;X)=b;, i=1,...,m,
X=0

where C, A; and X are Hermitian matrices and b € R with m = poly(n). Clearly, one can
choose the set of feasible solutions of a SDP to be of the form X = 1 + iT" by appropriately
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choosing the equality constraints given by {A;, b;} to match those in Lemma 3.3.2 so that
I is the covariance matrix of a fermionic Gaussian state. Thus we can show the following

Lemma 3.3.3. Given a quadratic Hamiltonian on n modes H=3}.; i hj x icjcy, with real
anti-symmetric matrix h. The Gaussian state p Gauss that maximize tr(p GWSSH) can be
obtained by solving a semi-definite program, hence in polynomial time in n, also in the
presence of poly(n) additional linear constraints on the covariance matrix I of p Gauss-

Proof. We have tr(pgauss H) = tr(h'T) = —tr(hT') = tr(ih X) = tr(CX) where X = 1+ il is
a feasible solution of the SDP capturing the properties in Lemma 3.3.2, and the matrix
C = ihis Hermitian. A polynomial number of linear constraints on I" and thus X can be
freely added to define the feasible set. O

3.3.3. Blending Gaussian states

Given m Gaussian states p1, p2,..., Pm, their mixture Z;.”Zl pjpj with}; pj =1) obviously
does not need to be a Gaussian state as Wick’s theorem in equation (1.21) does not apply
to such mixture. In Ref. [28] such general mixtures were called convex-Gaussian states.
Here, we define a Gaussian state obtained by mixing the covariance matrices instead, to
which we refer as the blended Gaussian state. It is straightforward to prove the following
as we can cast the (convex) feasible set of a semi-definite program as the set of covariance
matrices:

Lemma 3.3.4. Given covariance matricesT',T2, ..., T™, there exists a fermionic Gaussian

state with covariance matrixT' = 1.1 | piT'%, for any probability distribution {p; P

Proof. SinceT!,...,I"™ are covariance matrices, I = Y; p;I"? is also real-valued and anti-
symmetric. Consequently, its eigenvalues come in +iA pairs, with A € [-1,+1]. Since
irl,... ir4 only have eigenvalues in [—1, +1], we have that A< (i) <) ; pi/lmax(il“i) <
Y ; pi = 1. Therefore, I' has no eigenvalues outside [, +i] and is thus a covariance matrix.
Through Proposition 1.5.7, we can associate a fermionic Gaussian state with I O

3.4. Proof of Theorem 3.2.2: existence of constant-ratio

Gaussian approximations.
Proof of Theorem 3.2.2. Let us denote the maximum energy classical eigenstate of H|,ss
in equation (3.4) by plass and the maximum energy eigenstate of Hqyaq in equation (3.3)
by pquad, and their covariance matrices be relass and rauad respectively. Both of these

states are fermionic Gaussian states. Since pjass is classical, [°18ss = ;?_1 (_0/1. o ) with
- J

A;j € {£1}. Note that one does not necessarily have an efficient algorithm to compute

relass. this will be addressed in Section 3.5. We construct a blended Gaussian state with

covariance matrix

1- .
r= pclassrclass + ZClaSS (rmedlator + Fquad)' 3.11)
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and let pgauss be the associated fermionic Gaussian state. Here, the covariance matrix
pmediator jg Jefined as
mediator _ _ ~quad .
Dojtiz; = Toj10p VIV

mediator _ _ ~quad P
Dojaj-1 = Tgjpjp ViV,

F;‘}fdiawr =0, elsewhere. (3.12)

Since |Fg}lfi2j| < 1, the eigenvalues of the anti-symmetric matrix [™4i2%T Jie in [—j, +]
and thus ['™ediator js the covariance matrix of some fermionic Gaussian state via Pro-
position 1.5.7. Via Lemma 3.3.4, I is thus a valid covariance matrix. In order to prove
what minimum amount of energy it achieves, we consider the following SDP, which is
an instance of the SDP discussed in Lemma 3.3.3 optimizing Hgyuaq in equation (3.3).
It takes as input the classical optimum T2 € R?"*2"_ the edge set E in Hjass and the
parameter pass € [0, 1], and the constraint matrix C = ik corresponds to that of Hgyag in
equation (3.3):

max tr(CX)

XeC2nx2n
subjectto X =0,
Vi, X;;=1,Vi#j,X;;=—Xj, (anti-symmetry)
and
Xzj12j = ipclassl“g;‘_sizj,for alljeV,
Xoj 12k =—Xpjor1 forall (j,k) €E,
Xoj12k-1= X221 forall (j, k) € E. (3.13)

The covariance matrix I' is constructed to also obey the additional equality constraints in
this SDP (and thus corresponds to a feasible solution of the SDP), i.e. for X =1 + il one
can argue:
: . mediator quad _ _ rmediator _ quad _ . L
1. Since Vj € V, 1"2].'2].71 +1“2j'2]._1 = 1"2].'2].71 1“2].'2]._1 = 0 we have Xy 12; =
ipclassrslja_si’gj-

2. Since ' and I'™ediator aye zero at all entries other than (2j —1,2j) and (27,27 —1)
VjeV,wehave X =i %Fq“ad at all off-diagonal entries unequal to (2j —1,2j)
and (2j,2j—1) Vj € V. Since pquad is a Slater determinant state, Lemma 3.3.1
implies XZj—l,Zk = _X2j,2k—l and XZj—l,Zk—l = X2j,2k for all (], k)€ E.

Since Iclass gnd rmediator gre yerg at all entries other than (2 j—1,2j) and (2/,2j - 1)
j € V, T achieves approximation ratio (1 — Pejass)/2 on Hgquad, i-€. tr(pGauss Hquad) =
1_ class 1_ class
%tr(Pquaquuad) = %Amax(Hquad)-

Next, we argue that the expectation on H,s in equation (3.4) for any feasible solu-
tion of the SDP in equation (3.13), and thus also for the optimum of the SDP, can be
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lower-bounded as follows. Using Wick’s theorem, Proposition 1.5.8, any feasible solution
achieves expectation

1
1 Y wjk(T2j-1,2j +Tak-126 — T2jo12jT2k-1,2k = T2j-1,26T 2] 261
(. K)€E
+T2j 1,2k-1T2j2k) = Zﬂjrzj 1,2j
](—:V
>l Z w ( 1 + 1—~1 rclass rclass )
T4 Jk pclass 2j— 12] Pclass! 2— 1,2k pclass 2j-1,2j" 2k-1,2k
(j,k)eE
1
=5 2 HiPelassT5 5 314)
Jjev

on Hjygs, Where we have used the conditions in equation (3.13) in the inequality. Note
that the final two conditions in equation (3.13) imply that —I'»;_1¢1'2j2k-1 = 0 and
[3j-12k-12j 2k = 0 for any feasible solution. The final step is to use equation (3.14) to
prove that any feasible solution achieves at least expectation

Pass Mmax(Helass), (3.15)

on Hj,ss, for which we invoke Lemma 3.4.1, separately proved below with Fgljagi._l =-zj.
The approximation ratio achieved by optimum of the SDP is thus

- pilass/lmax(Hclass) + (1= Pclass) /2 Amax(Hquad)
B Amax (H)

pilassﬁ +1- pclass)/z
B+1

with = Amax (Helass)/ Amax (Hquad) = 0 and Amax (H) < Amax(Hclass) + Amax(Hquad), and we
have used the bounds derived above. fg(pcass) is a convex function of the pass € [0, 1]
and hence the optimal value given f is achieved at p¢jass = 0 OF Pelass = 1. At f=1/2,

f,,g(pdasS = 0) = fg(pclass = 1) = 1/3 while at other values of §, maxy . -0,1 /5(Pclass) =

max(z— B +1, éizl) = 1/3, leading to the lower bound 1/3 on the Gaussian approximation

ratio. The state pgauss is not necessarily a pure fermionic Gaussian state. Through Remark
1.5.4, however, it is a mixture of pure fermionic Gaussian states. Therefore, at least one of
the pure fermionic Gaussian states in the mixture achieves approximation ratio at least
1/3. O

= fﬁ(pclass)r (3.16)

Lemma 3.4.1. Given an interaction graph Gguss = (1, V), (W, E)). Let F(zy,...,2,) =
_% Zj,keE wj,k(Zj+Zk+ZjZk)+%Zjevﬂjzj Wiﬂ’l{Zj = *1}jev. Forany assignment zi, ..., zp,
we havemax (F(pz1,...,pzn), F(-pz1,...,—pzy)) = p*max(F(z1,...,2n), F(-21,...,—2n))
for p €0,1]. Clearly, for the optimal assignment yy,..., yn, we have that F(p y1,...,p yn) =
P2F(y1,.r ¥n)-
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Proof. We define

1 1
Fi(z1,.zn) ==~ Y. wiklzj+20+5 Y Wiz,
4j,IceE 2jeV
1
Fo(zy,...,2p) = — — Z W; kZjZk, 3.17)
4j,k(—:E
so that F(z,...,2z,) = F1(z1,...,2,) + Fo(21,...,2,), F1(-z1,...,—z,) = —Fi(z1,...,2;) and
Fy(-2z1,...,—2n) = +F2(21,...,2p). Then, clearly, max (F; (z1,...,2p), Fi(-z1,...,—25)) 20,
so max(Fy(pz1,...,p zn), Fi(=p z1,...,~p zp)) = p*max(Fi(z1,...,2n), F1(-21,...,—2p))
for p € [0,1]. Hence, for any assignment zy,..., 2z,
max(F(pzi,...,pzn), F(-pz1,...,—pzp)) = (3.18)
pzmaX(Fl(zlr---»Zn))Fl(_Zl)---,_Zn))+p2F2(Zly---;Zn):
p*max (F(z1,...,2n), F(=21,...,~2n)). (3.19)

O

We can prove a small standalone corollary to Theorem 3.2.2 on the scaling of the
maximum eigenvalue of the Hamiltonians in Problem 3.2.1. Namely, this scaling is fully
determined by Amax (Hclass) and Amax(Hquad), and there is little frustration between the
two contributions Hgjass and Hquad-

Corollary 3.4.2. For H = Hjass+ Hgyaa as in Problem 3.2.1 TRACELESS CIFH OPTIMIZA-

Amax class. )‘/max U
TION, we can bound il ); Houad) Amax (H) = Amax(H class) + Amax (Hquaa), S0 that
Amax(H) = G(Amax(Hcluss) + Amax(Hquad))-

Proof. The upper bound Amax(H) < Amax(Hclass) + Amax(Hquad) simply follows from the
triangle inequality. For the lower bound Amax(H) = 1/3(Amax(Hclass) + Amax(Hquad)), n0Ote
that the fermionic Gaussian state pgauss in the proof of Theorem 3.2.2 actually achieves
tr (P Gauss H) = 1/3(Amax(Helass) + Amax(Hquad)) through equation (3.16), so that Amax (H) =
1/3(/1max(Hclass) + Arnax(Hquad))- O

3.4.1. Optimization procedure

In the proof of Theorem 3.2.2 the lower bound on the approximation ratio is achieved by
taking either the pure state pjass Or the Gaussian mixed state corresponding to %(Fquad +
I mediator)- This does not mean that this solution will always be the optimal Gaussian state.
In fact, one can run the semi-definite program in equation (3.13) —assuming access to
r'°lass for the moment— and possibly get better solutions.

The input parameter p,ss Of the SDP can be chosen efficiently as follows. Run the
SDP in equation (3.13) for pass = j/M for j =0,1,...,M = poly(n). For each j, obtain
the optimum X of the SDP in equation (3.13) and its associated covariance matrix
= (]l -X (j)). Then, calculate the expectation that T’ () achieves on H (in Problem
3.2.1 TRACELESS CIFH OPTIMIZATION) and pick the I'/) that achieves the largest expecta-
tion. Since the values pgas = 0,1 are included in the sweep, the optimal I'/) will achieve
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approximation ratio at least 1/3. In practice, we expect the optimal approximation ratio
to be achieved at an intermediate value of pj5s and to be larger than 1/3. To illustrate
this, Figure 3.1 gives the approximation ratio achieved by the optimum of SDP in equa-
tion (3.13) on H as a function of pj,ss. Here H is taken to be a 3-site (i.e., 6-mode) traceless
Fermi-Hubbard Hamiltonian on a triangle.

0.85

0.80

0.75

0.70r J

0.0 0.2 0.4 0.6 0.8 1.0
Pclass

Figure 3.1: Approximation ratio r versus pglass for 3-site (i.e., 6-mode) traceless Fermi-
Hubbard Hamiltonian. The maximum approximation ratio r. (> 1/3) is
achieved at an intermediate value of pjags-

Another input to the SDP in equation (3.13) is I35, In the next section, we will discuss
under what conditions (a sufficiently accurate approximation of) I/ can be obtained
—i.e., under what conditions our method for constructing a fermionic Gaussian state with
constant approximation ratio is constructive.

3.5. Efficient approximate constructions

In this section, we discuss under what conditions one can efficiently obtain I'°%* (the
optimum of Hj,ss) Or an approximation of it — and use it to efficiently construct a Gaus-
sian approximation using the SDP in equation (3.13). In particular, we show that if the
interaction graph Ggaes = (V, (w, E)) in Hyass in equation (3.4) is bipartite, then IS can
efficiently be found, leading to Theorem 3.2.3. In addition, for Problem 3.2.4 PSD CIFH
OPTIMIZATION, we can efficiently obtain a provably accurate approximation of ['°ass,
leading to Theorem 3.2.5.

In Section 3.5.3, we take a small detour and discuss how Gaussian approximations can
be constructed using our methods for FERMIONIC MAX CUT —a fermionic version of the
QUANTUM MAaX CUT problem [26].

In all of our constructions, when claiming polynomial-time solvability, we rely on
the fact that our SDPs are of dimensionality O(n) and satisfy standard conditions for
solvability of semi-definite programs in polynomial time (polynomial in dimensionality,
logarithm of the error, and the number of digits of precision). In particular, one can
rely on Section 5.3 of the textbook by Ben-Tal and Nemirovski [29], which demonstrates
polynomial efficiency for semi-definite programs with polynomially bounded feasible sets
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(see Theorem 5.3.1 in [29]). For the SDP we introduced in equation (3.13), the feasible set is
polynomially bounded by bounding the Frobenius norm of the matrices of spectral radius
1 (which is required by one of the constraints). The exact same argument is sufficient for
all semi-definite programs which will be introduced later in this Section.

3.5.1. Proof of Theorem 3.2.3: classical interactions on bipartite graphs
Lemma 3.5.1. Let the Hamiltonian Hejass =Y. j iyer W) k(1/4 = xjx¢) + X jev pj(x; - 1/2)
with wj i = 0, be defined on a graph G iqss = (1, V), (w, E)) with binary variables x; = 0, 1.
If Giass 1s Dipartite, then the classical state p, i.e. the vector x, that optimizes H ;s can be
obtained in polynomial time.

Proof. Our proof directly uses a known Theorem on quadratic binary optimization prob-
lems (QUBO). In particular, the maximization problem xT Qx+ c¢T'x over the binary vector
x with Q a real matrix with nonnegative off-diagonal entries (and c a real vector) can be
efficiently solved: this is for example stated as Theorem 3.16 in [23]. We can introduce
Ising spin variables z; = 1 —2x; = £1 and rewrite Hj,gs in terms of these variables such
that the quadratic term in Hj,5s €quals —% 2.(j,keE Wj,kZjZk- Since Gelass 18 bipartite with
bi-partition V = V4 U Vp, applying a spin-flip z; — —z; for all i € A, will flip the sign so
that the quadratic term becomes +3 ¥ j.keE W) kZjZk- Switching back to the x; variables
thus gives nonnegative off-diagonal entries when constructing the matrix Q, while there
are no constraints on the vector c. Hence, we can efficiently obtain an optimal solution x.
Explicitly, the QUBO problem is rewritten as an integer linear program and relaxed to a
linear program whose optimal solution can be shown to be achieved on {x; € {0, 1}}, see
also [30]. O

The procedure used in Lemma 3.5.1 provides the optimum of Hj,ss provided that G jass
is a bipartite graph. For Fermi-Hubbard Hamiltonians Gas is not just bipartite, but it is
simply a collection of disjoint edges. For such trivial graphs the optimum of Hj,¢s can be
obtained in an extremely simple way:

Remark 3.5.2. If Gguss = (11, V), (w, E)) consists of a collection of disjoint edges, then the
optimum of Hejass = Y. j yer Wi k(1/4=Xjxi) + X jev i (x;—1/2) 0n G ags can be obtained
using the following simple procedure. Start from the vacuum state x; =0V j € V. For each
edge (j, k)€ E, setxj =1 ifuj = uy and set x = 1 if u; < . Then, for each edge (j, k) € E,
ifmin{uj, ur} = wj k., also occupy the other mode argmin{y, ui} on the edge.

Proof of Theorem 3.2.3. Theorem 3.2.3 thus follows immediately by noting that the SDP
in equation (3.13), which leads to a state with approximation ratio 1/3, can be run in
polynomial time, since its input ' can be obtained in polynomial time. Therefore, the
fermionic Gaussian state that achieves an approximation ratio at least 1/3 for Problem
3.2.1 can be obtained deterministically in polynomial time. O

3.5.2. Proof of Theorem 3.2.5: positive semi-definite classical interactions
In this section, we obtain an approximation of the optimum I'®® of H,g, in Problem
3.2.4. This is established in Lemma 3.5.4. In our proof, we make use of a result from [27],
namely:
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Lemma 3.5.3 (Theorem 3.2.1in [27]). Given a weighted graph G = (V, (w, E)) with non-
negative weights wj . = 0 and asign(j, k) for each edge (j, k) € E. Consider the problem of
computing

MaxCuty; = max  »  w;ji(1-sign(j, k)zjzk). (3.20)
{Zj:{il}}fev(j,k')EE

An assignment {z;} jev that (in expectation) achieves objective value rgywMaxCuty; (with
rew = 0.878) for this problem can be obtained in polynomial time.

Lemma 3.5.4. Let the Hamiltonian Heass = ¥ (j,kyep W) k(1= XjXk) + Xjev 1jX;j = 0 be
defined on a graph Geass = (V, (w, E)), and p1j = 0. A classical state p, i.e. the binary vector
x, can be efficiently found which achieves expectation tr (p Helass) = 6w Amax(Helass) -

Proof. We define fi; = u;/|E;| V j € V, with | Ej| denoting the number of edges adjacent to
avertex j andlet z; = 1 —2x; so that we have

Heass(12j}) = (j,%EE [(2 Wi+ %ﬂj + %ﬂk) - G Wik = %ﬂj)zj - (;11 Wik = %ﬂk)zk

1
- 4_1 LUj,]CZjZk] . (3.21)

We can relate this optimization problem to a purely quadratic optimization problem by
introducing a new variable y = +1. Consider

Wzhy= Y [(3w FEFRALY ) (lw 1~) z
HosUzjh v Joes\a JeT SR TS HE) T g Wik T 5 Hj)YZ)
1 1
_(4_1 Wi k= pk)yzk w] kz]zk] (3.22)
For an assignment (y, {z;}) achieving a value r maxiz },y dass (for some r < 1), the negated
assignment (j,{Z;}) (with z denoting the spin-flip negation of z) clearly achieves the
same value. Furthermore, either the assignment (y,{z;}) (if y = +1) or (7,1z;}) (if 7 = +1)
achieves the value rmaxiz ),y H:lass = rmaxz;) Helass for Hejass({25}) in equation (3.21):
either {z;} or {Z;} achieves the approximation ratio r for Hj,ss in equation (3.21). Due to
Lemma 3.5.3, we have an rgw -approximation algorithm for the quadratic optimization
problem in equation (3.22) which is of the form in equation (3.20) plus a constant, i.e.

H:lasszc+(]k)€E[| Wi - —,u]|( -SIgn(lw]k_lpj)yz,)
)z_lle'k_%'aku mgn(lw]k —ﬁk)yzk)+iwj,k(l—z]-zk)], (3.23)

with constant ¢ = 0 when g = 0. Due to ¢ = crgw the approximation ratio for the problem
in equation (3.21) is thus at least rgw . O

Now we are ready to prove Theorem 3.2.5.
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Proof of Theorem 3.2.5. The proof of Theorem 3.2.5 largely follows the same structure as
that of Theorem 3.2.2, so we advise the reader to first read the latter. Through Lemma
3.5.4, we can efficiently obtain a classical state with covariance matrix Fggﬁs that achieves
energy rgw Amax(Helass) 0N Helass in Problem 3.2.4. We let T35S be the state that achieves
the largest expectation on Hj,gs Out of Fgaﬁs and -T 8{335

Next, let us prove how {class can be used in combination with the SDP in equation (3.13)
to obtain a fermionic Gaussian state that achieves approximation ratio 0.637 for Problem
3.2.4. We consider the SDP in equation (3.13), where we input [elass jpstead of T2 and
the cost function is shifted upwards by }_(; ep’ w}y - The blended Gaussian state with

covariance matrix I' = pjaes 925 + %(Fmediator + rauady (yjth pmediator defined in
equation (3.12)) is a feasible solution of the SDP for the same reasons as in the proof of
Theorem 3.2.2. Therefore, the optimum of the SDP achieves expectation }_; yeg' (w} et

1=Pclass 1 (rquad _ rquad

P 1 CPTIR i P k—l)) on Hgyad- The optimum thus achieves expectation at least

1+ 1-Pclass

TZ '/lmax(Hquad); (3.24)

on Hgyad, where we have used that 1+ Cx = %(1 + x) for x € [-1,+1] and C € [0,1],

because 1;“ JSCX decreases monotonically with x for any C € [0, 1].

Next, let us argue that the approximation ratio on Hj,s can be lower bounded for any
feasible solution of the SDP —and therefore also for the optimum— as follows. Using
the conditions in the SDP in equation (3.13), with T class 4g input, we conclude that any
feasible solution achieves expectation at least

1 - - - -

class class 2 class class
( % L1 wj,k(3 + Pelassl'j 212 + PelassT 221 2k — pclassFZj—l,ZjFZkfl,zk)
J K€

1 i
5 2 Hi(1-paassT5)S ;) (3:25)
2 Jjev

on Hass- Using reasoning similar as in Lemma 3.4.1, we argue the following.

1 - - - -

class class 2 class class
kZ 1 wj,k(Pclassrzj—sz + Pelassl 5p 21 26 ~ Pclassrzj—l,zjrqu,zk)
(j,k)EE

1 -
1
- 5 Z ﬂjpclassrgja_sigj
Jjev
= 12 Z lfclass +1=class _fclass fclass _1 Z ,fclass (3.26)
Z Pclass 2j-1,2j T4ak-12k ~12j-1,2j1 2k-1,2k Hilaj-12j] .
GioeE 4 2 (v

This follows from the fact that the sum Wj;,, of the contributions linear in entries of I'¢1ass
is non-negative and so pclass Wiin = pilass Wiin. Else, 9855 would have been chosen to

equal 1“8355 with opposite sign. Hence any feasible solution achieves at least the following
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expectation on Hjags.

1 - - - -
X 2 class class  _ fclass class
; 1 WJJC(3 + pclass(rzj—l,zj +1k 202k sz—l,zjrzk—l,zk))
(j,k)eE

1 -
+ 2 Z ”f(l - pilassrgl]?fi,Zj)

jev
3+ p %lass 1 rclass rclass rclass  fclass
Z2—2 > 2 Wj,k(3 + (055 0 + o ok — ij—l,erzk—l,Zk))
(j,k)eE
1+p% 1 _
class 1
s Y (- TR ,)
Jjev
1+ pilass
= T T6W Amax(Helass), (3.27)

where we have used that3+ Cx = # 3+x)forxe[-3,+1]and C€[0,1], that1-Cx =

1+C 2 2

Se(l—nforxe[-1,+1]and Ce[0,1], and that (3+ pg,) /4= (1+ g, ) /2.
Therefore, the optimum of the SDP in equation (3.13) (with ['¥ as input) achieves

approximation ratio on H in Problem 3.2.4 which is at least

(a+ pilass)/z) rewB+ (1/2+ (1 = Pelass) /4)
B+1

= fﬁ (Pclass), (3.28)

with § = Amax(Helass)/ Amax (Hquad) = 0. The function fg(plass) is convex and for given f
the optimum is achieved at pjass = 0 0T pelass = 1. At = 2rgw, f§(Pclass = 0) = fp(Pclass =
1) = rew/(rew + 1/2) while at other values of §, maxp =01 f5(Pclass) = rew/(rew +
1/2). Hence, we obtain the lower bound of rgw /(rgw + 1/2) = 0.637 from the theorem
statement. We note that to efficiently obtain a fermionic Gaussian state achieving at least
this approximation ratio, one has to optimize over pjass as discussed in Section 3.4.1. O

3.5.3. Fermionic Max Cut

Inspired by QUANTUM MAX CUT [26], we introduce another model with positive semi-
definite terms, namely:

Problem 3.5.5 (FERMIONIC MAX CUT). Consider the Hamiltonian

1
H= (_%‘.ngj'k(_“;“k_azaj +nj+ nk—annk) =
ke

1 . .
('%‘, E‘_l wi (L +icoj 1606 —iC2jCor—1 + C2j-1C2jCok—1C2k) =
e

> Wik

(j,kEE

(3.29)

I1+icyi_ic 1-icyicop-
2]12k)( 2jC2k 1):0,
2 2

withwj i = 0, and vertex set V and edge set E. Compute Amax(H) = Max, ¢ comxon {tr(pH) s.t.
p=0,tr(p) = 1}.
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Note that H in equation (3.29) is manifestly positive semi-definite since each term is
a projector onto a pure Gaussian 2-mode state with I'y;_12r = +1, I'zj2r-1 = —1. When
put on a line, by the Jordan-Wigner transformation, this model is equivalent to QUANTUM
Max CuT, where the projector on each edge projects onto a 2-qubit singlet state. For more
general graphs, FERMIONIC MAX CUT does not have the U®" symmetry of QUANTUM MAX
CurT (aka the anti-ferromagnetic Heisenberg model) which allows it to be more easily
solvable/approximable [31]. We introduce FERMIONIC MAX CUT as a novel generaliz-
ation of the classical Max Cut problem which may be more amenable to approximate
optimization methods than the general Problem 3.2.4.

Indeed, observe that FERMIONIC MAX CUT is like Problem 3.2.4 with u; = ZkeEj %wj,k
Vv j (with E; denoting the subset of edges involving mode j), with the edge sets coinciding,
ie. (W, E) = (% w, E), and only requiring that the sum of the classical interaction and
hopping interactions is positive semi-definite. Note, however, that in that parameter
regime, the trace of H in Problem 3.2.4 is larger than that of H in FERMIONIC MAX CUT
by an amount ), j keE % wj i tr(1). Hence, values for approximation ratios for Problem
3.2.4 correspond to different values of approximation ratios for FERMIONIC MAX CUT.
Observe, for instance, that the maximally-mixed state achieves approximation ratio 1/4
for FERMIONIC MAX CUT. It is straightforward to prove the following proposition.

Proposition 3.5.6. There exists a fermionic Gaussian state p that achieves approximation
ratio % for FERMIONIC MAX CUT, and this state can be obtained deterministically in
polynomial time.

Proof. Let us define Heiass = ¥ (jker  Wjk(1 + c2j-1€2jCok—102k) and Hauad = (ke R
% w;j, k(iczj_1c2k—iczjcor—-1) andletT quad denote the covariance matrix of the optimum of
Hguad. Let T™¢4i(T be defined as in equation (3.12). The Gaussian blend I' = § (T™mediater 1
Fq“ad) (see Lemma 3.3.4) with density matrix pgauss achieves expectation

Tr(p Gauss Helass) =

1
_kZE 2 wj (1 -Toj 1.2 2k-12k = T2j-1242j 261 + T2j1,2k-1T2j,2k) =
Jrke

1 1 d d 1 d d
) _ 1.qua qua 1 qua qua
_kZE 1 w,yk(l 4F2j—1,2kF2j,2k—l + 4r2j—1,2k—1r2j,2k) =
j.ke
1 1
Z 1 Wik = z/lmax(Hclass)’ (3.30)
(. K)EE

where we have used Proposition 1.5.8 and the fact that T924 corresponds to a Slater
determinant state, see Lemma 3.3.1. Since Tr(p Gauss Hquad) = %)Lmax(Hquad) on Hgyad,
the approximation of p gauss is thus at least Tr(p Gauss H) / Amax(H) = 1/2 , using Amax(H) <
Amax(Hclass) + Amax (Hquad)- Through Remark 1.5.4, there is a pure fermionic Gaussian state
that achieves approximation ratio at least % Since I'442d gnd pmediator cap pe obtained in
polynomial time, the Gaussian blend can be obtained efficiently. O

Fermionic Gaussian states thus achieve approximation ratio at least % on FERMIONIC
Max CuT. This can be contrasted with the fact that product states achieve approximation
ratio at most 3 on QUANTUM MaX CUT [26].
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3.6. Fermionic optimization in the presence of a particle
constraint

Here, we consider approximation algorithms in case the optimization problem involves
an average particle number constraint, see Problem 3.2.6. We prove that one can still
obtain an approximation ratio of 1/[2((n—2¢)/n +3/2)] (reducing to 1/3 at half-filling,
i.e., for g = n/2) and an efficient algorithm to find such Gaussian state in case of a
bipartite classical interaction graph when fixing the average particle number to g, see
Theorem 3.2.7.

Let us denote the covariance matrix of the optimum of Hj, in equation (3.4) (here with
uj =0V j) at exactly q particles by Fglass, and its associated expectation by Amax,q (Hclass)-
We denote the covariance matrix of the overall optimum of Hgyaq by rauad o prove The-
orem 3.2.7, let us first establish the following two simple lemmas. Lemma 3.6.1 says that
the optimum of H,4s at average particle number g € {0,1,...,|n/2]} is in fact a classical
state at particle number g and can be obtained efficiently. Lemma 3.6.2 establishes two
facts about Hass that we will use in the proof of Theorem 3.2.7. We only prove these two
lemmas for g < [n/2], hence Theorem 3.2.7 is only proved for those g’s.

Lemma 3.6.1. Given a bipartite interaction graph G jss = (V, (w, E)). For each q € {0,1,...
, Ln/2]}, the optimal classical stateT fil““ (see Definition 1.5.6) at particle number q achieves

the average-q optimum Amax,(g) (Heiass) = MaX ¢ conson {tr (PHclass) s-t. tr(pN) =g, p =
0, tr(p) = 1}. This state can be obtained in polynomial time.

Proof. The graph Glags = (V, (w, E)) is bipartite w.r.t. a bi-partition V = V4 u Vg, where
w.lo.g. we take | V4| = | Vp| so that | V4| = |n/2]. Therefore, the classical state [] jcv, a;r. |vac)
(for which nj =1 for all j € V4 and ny = 0 for all k € Vp) is a state at particle number
|Val = g and achieves expectation iz( jkeE Wj k- Clearly, one can annihilate particles in
modes j € V, until a classical state at particle number g is achieved, while preserving the
expectation iZ(j’k)eE wj k- Since the optimum Amax,(g) (Hclass) i at most %‘Z(j'k)eE Wik
the lemma statement follows. O

Lemma 3.6.2. Given a bipartite interaction graph G juss = (V, (w, E)). Let F(zy,...,2,) :=
—i Zj,keE w;r(zj+zr+zjzk) with{zj = +1}jey. Let zf, oo zZ denote the optimal assign-
ment with exactly q variables setto +1, and Fy = F(zf,...,zZ). Then, (DFy=F,=F=...=
Fin/2) and (2)F(pzf,...,pzZ) > sz(z;’,...,zZ) = szqforpE [0,1] and0 < g < |n/2].

Proof. As argued in the proof of Lemma 3.6.1, the optima at 0 < g < |n/2] are equal to
iZ(j,k)eE wj,k so that Fy = Fp = ... = Fly/2). The optimum at each 0 < g < [n/2] w.l.o.g.
is such that for each edge (j, k) € E, we have that (z;.] = —l,zz = +1), (z;.] = +1,zZ =
-1) or (z]‘.’ =-1,z] =-1). Let Fi(z1,...,2n) = =5 ¥ ker Wj,k(2j + z) and Fa(21,..., 2) =
—%Zj,kgE wj xzjzx- Then clearly, for each 0 < g < [n/2], Fl(zf,...,zZ) > 0. Therefore,
Fi(pz],...pzh) = p?Fi(z],...,z}) for p € [0,1]. Since F2(p z1,..., p zn) = p*Fa(z1,..., Zn),
wehavethatF(pzf,...,pzZ) > sz(zf,...,zZ) forpel0,1]and 0= g < |n/2]. O

Having established these two facts, let us prove Theorem 3.2.7, which follows the same
structure as the proof of Theorem 3.2.2. We advise the reader to first read the latter.
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Proof of Theorem 3.2.7. Let us consider the SDP in equation (3.13), which we alter in
two ways. We take as input F;l,ass for some 0 < g’ < g that will be specified later in this
proof, and we add the linear constraint 2?21 (=iX2j-1.2j) = n—2q to the SDP. Clearly, the

resulting SDP is still an instance of Lemma 3.3.3.
Let us define ™ediator a5 in equation (3.12), given ', The Gaussian blend —i Xpjenq =

pclassl“fll,ass + 1=Bdass (pmediator | pquad) jg 4 feasible solution to the SDP —provided that

Pelass = ;‘__—22;7,. To see this, note that

1. _i(Xblend)ijl,Zj = pclass(rgl/ass)zj—l,zj, Vj ev.

2. Tauad jg 4 covariance matrix of a Slater determinant state. Therefore, we have

(Xblend)2j-1,2k = — (Xblend)2j,2k—1 and (Xplend)2j-1,2k-1 = (Xplend)2j 2k for all (j, k) €
E (see Lemma 3.3.1).

3. 2;1:1 (= i(Xblend)2j-1,2j) = Pclass Z;?:l (Ff]l’ass)2j—l,2j = Petass(n—2¢") = n—24.

This feasible solution —and therefore the optimum— achieves approximation ratio at
least % of Amax(Hquad), and therefore also of Amax,(qy (Hquad) (since Amax(Hquad) =
Amax,(q)y (Hquad))- What is left is to prove that all feasible solutions of the SDP —and so
also its optimum— achieve expectation at least pilassﬂtmax,<q> (Hlags) 0N Hlags. Through
Lemma 3.6.1, this is equivalent to showing that all feasible solutions achieve at least ex-
pectation pil assAmax,q (Hclass) (i-€., the exact g-particle optimum) on Hjass. Since we have
Amax,q (Hclass) = Amax,q' (Hclass) for q' < q < |n/2] (see Lemma 3.6.2), it suffices to show

that all feasible solutions achieve at least expectation p%lassamax’ q' (Helass). This in turn
follows from the SDP constraints —i(Xplend)2j-1,2j = pdassl"zl,ass Vj € V in combination

with Lemma 3.6.2.
Therefore, the optimum of the SDP achieves approximation ratio at least

1—-Pclass 1-Pclass
pilaSSAm“’(q) (Helass) + le Amax,(lﬁ (Hquad) > pilassﬁ + %
/lmax,(q) (H) = Bl
n-2q\?s . 1_ _n-2q
(ﬂ-zq’) B+3 = sty
B B+1 = fp.q (Pclass),  (3.31)

with §:= Amax,(g) (Hclass) / Amax,(g) (Hquad) and we have used Amax,(g) (H) < Amax,(q) (Hclass) +
Amax,(q) (Hquad)- The function fg 4 (pclass) is convex and so its optimum is achieved at the
boundaries of its domain; at p¢jass = n—TZq (at g’ = 0) or at peass = 1 (at g’ = g). For each 3,
the approximation ratio can then be shown to be lower bounded by 1/[2((n—2g)/n+3/2)].
Through Remark 1.5.4, there is a pure fermionic Gaussian state that achieves this ap-
proximation ratio. Using Lemma 3.6.1, we infer that a fermionic Gaussian state at that
approximation ratio can also be efficiently constructed, because F;l,ass can be efficiently

obtained. O

Note that to obtain the approximation ratio 1/[2((n—24)/n +3/2)] in this proof, we

used a Gaussian blend feasible solution at pjass = n_—nzq and pass = 1, where the first
choice for pjags constitutes a genuine three-component blend.
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3.7. Discussion

This work deals with the optimization of classically interacting fermion Hamiltonians —
a problem directly motivated by quantum chemistry and condensed matter theory. We
give several guarantees on approximating ground energy of such Hamiltonians using
Gaussian fermionic states. In particular, we show that traceless classically interacting
Hamiltonians admit constant-ratio Gaussian approximations —ruling out the Gaussian
breakdown scenario, previously found for SYK-like models. Furthermore, we provide
efficient constructions for Gaussian approximations to several traceless and positive
semi-definite fermionic Hamiltonians, allowing also the inclusion of a particle number
constraint. Our results are derived using the new notion of a Gaussian blend, allowing to
construct Gaussian states with desired properties using mixtures of covariance matrices.
Another technical contribution is a semi-definite program for Gaussian optimization
of classically interacting Hamiltonians, which may be an interesting object for further
analysis. On the practical side, our results help to build a rigorous basis for the Hartree-
Fock approach, a standard heuristic in computational quantum chemistry and materials
science.

On an intuitive level, the reason behind classically interacting Hamiltonians avoiding
the Gaussian breakdown of SYK-like models is the fact that the interactions here are
commuting. The widespread non-commutation as the reason for Gaussian breakdown
has been most directly pinpointed in [17], which gave circuit size lower bounds for SYK
ground state approximations using the so-called commutation index. For non-classical
particle number conserving Hamiltonians, the Gaussian states may not be guaranteed to
yield a constant-ratio approximation. A more detailed analysis of SYK-like models with
particle conservation, perhaps also employing the commutation index, is an interesting
subject for future study.

To obtain the results in this work, we have used Gaussian blends that are perfectly
mediated — i.e., 192 and rmediator are plended with equal weight. One might wonder
whether our results can be improved by implementing imperfect mediation. If the weight

of I'19ad were larger than the weight of [™ediatr then the entries I g;lf(li 2

ute to the expectation on Hyj,ss. One may generally have to assume that ' gives a
contribution to the expectation on Hj,s that would scale like its minimum eigenvalue
Amin (Hlass)- Interestingly, as we argue in Appendix 3.C for Problem 3.2.1 of traceless
fermionic optimization, |Amin (Hclass)| can scale as ndmax (Hlags) in dense cases, making
it difficult to obtain an improved lower bound on the approximation ratio using imperfect
mediation. A regime in which imperfect mediation would be particularly useful is in the
weakly interacting regime, since ideally one would obtain an approximation ratio equal to
1 in the limit of vanishing interactions. When implementing perfect mediation, however,
the approximation ratio in that regime is at most %

One may anticipate that these first values of approximation ratios can be improved
by considering different optimization strategies, such as those that have been used for
QUANTUM MAX CUT [26, 31-34]. In particular, in Appendix 3.D we provide the SDP relaxa-
tion hierarchy (Lasserre hierarchy) of the problem of optimizing fermionic Hamiltonians
H over general fermionic states. It is an open question to what extent one can use the
solution of such an SDP, which is not a physical state, to round to a Gaussian state with I'
approximately optimizing F(I') in equation (3.10), for positive semi-definite Hamiltonians

would contrib-
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with classical interactions (Problem 3.2.4) or specifically FERMIONIC MAX CUT in Section
3.5.3.

Another open question pertains to the Hgyaq contributions to the Hamiltonians in this
work. Our proof techniques use that they are particle number conserving. Whether the
same results can be obtained if Hqyaq is just parity preserving is currently not known to
us.
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termining to precision n™9 the ground state energy’ of a Hamiltonian

H=u Z nij+1Ni -1+ Z Lijo ((l;gdj,g + a}'aaiﬂ) - Z N (3.32)

i€[n] i<j,oe{xl} i€[n],oe{x1}
subject to |t; j o | < VnPu, p and u/10 = = 10- n* - V'nP u is QMA-complete.

Proof. For convenience, let us split the Hamiltonian into terms H = H, + H; + H,;, defined
in a straightforward way based on the form of equation (3.32).

The statement only differs from Theorem 3 in [2] by two points. First, we included
an additional chemical potential term H,, into the Hamiltonian. And second, we are
interested in the ground energy of the Hamiltonian as a whole, while [2] considered the
Hamiltonian projected onto the n-particle (Hamming weight n) subspace. Our goal will be
to show that including the chemical potential term, the ground state of the Hamiltonian in
equation (3.32) is guaranteed to have n particles. This would be sufficient for the statement
to follow from [2] directly, because within the n-particle subspace where H,, is constant,
the search of the ground energy of H = H,, + H; is equivalent to that of H = H,, + H; + H,.

First, let us show that the ground state cannot have more than n particles. Consider
a general state p with n particles, such that for all 7, either tr(pn; ;) =1lortr(pn; 1) =1
(and thus tr(p H,) = 0). Any such state has lower energy than any state p’ with n’ > n
particles, because (using a triangle inequality on H;)

tr(o'H) = u(n' — n) = [Amin (H)| — pn' = u(n' — n) = 2n°VnPu—pun/, (3.33)
tr(0H) < Amax(Hy) — un < 2n*v'nPu—un, (3.34)

and u(n' — n) > u(n' — n) + 4n®v/nPu for large enough n, given that (n' — n) = 1 and the
assumptions on u and .

Secondly, the ground state cannot have less than n particles. Indeed, for any state p’
with n' < n particles, its energy is:

tr(0'H) = ~|Amin(H)| — un' = =2n*VnPu—un'. (3.35)

Comparing to equation (3.34), we see that p’ has energy greater than any state p, because
wn-n') = 4n%v/nPu due to (n—n') = 1 and the assumptions on u. This concludes the
proof. O

3.B. Upper bound on the Gaussian approximation ratio

We give a small n = 4 example of a fermionic Hamiltonian —mapping to the anti-
ferromagnetic Heisenberg model on a line of 4 qubits— which has a unique non-Gaussian
maximum eigenstate, allowing to bound the Gaussian approximation ratio in this instance.
Note that for n < 4, all states are Gaussian [28]. To our knowledge, this result is the first
rigorous upper bound for a Gaussian approximation ratio for any classically interacting
fermionic Hamiltonian.

3In this section, in keeping with [2] and without loss of generality for our purposes, we refer to the smallest
eigenvalue as the ground energy.
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Proposition 3.B.1. For any fermionic Gaussian state pGauss, one has % < 0.99904,
with H an instance of Problem 3.2.1 TRACELESS CIFH OPTIMIZATION for n = 4.

Proof. We consider the following 4-mode Hamiltonian on a line:

]l/4—nini+1)
1

3
Z al al+1+al+1 )+

3
i=1 i=

NI'—'
—
w

+-(m-1/2)+) (n;-1/2)+ 1(n4—]l/2). (3.36)
2 = 2

This Hamiltonian maps onto H = —+ Z | (XiXis1 + YiYig1 + Zi Zi11) under the Jordan-
Wigner transformation, hence its mammum eigenstate corresponds to the ground state
of the anti-ferromagnetic Heisenberg model on a line. For the remainder of the argument,
we need the known values of Amax (H), the spectral gap A := Apmax (H) — Amax-1(H), and the
maximum energy eigenstate Wmax)- Due to the Lieb-Mattis Theorem [35] H has a unique
eigenstate at Amax(H). One can find that Amax(H) = 3(3+2V/3) and A = 3(1+ V3 - v2).
For the unique maximum energy eigenstate |wmax>, one can show that its fermionic
covariance matrix obeys T'y, I+ = s1 with s = §(5+2+/3) < 1. This implies that [(/may)
is non-Gaussian, since it is a pure state. We can assume w.l.o.g. that the Gaussian state
achieving the maximum Gaussian approximation ratio is pure as discussed in Section
3.3.1. Let us express any 4-mode state as

[¥) = a|¥max) + V1-lal|wL), (3.37)

with a € C and where |y | ) is any state s.t. (Ymax|¥ 1) = 0. Then,

(| H|w) = al® Amax(H) + 1= |a®) (w1 | H |y 1)
< @/ Amax () + (1 = |@?) Amax (H) = A).  (3.38)

Naturally, there is a value for |a| above which all states |1//> in equation (3.37) are non-
Gaussian, hence |@| should be below this value to ensure Gaussianity, thus upperbounding
(1//| H |1//) achieved by any pure fermionic Gaussian state |1//> To find such |«|, we evaluate

the entries of the covariance matrix of |u/> in equation (3.37). Let {¢ j}?:l be the Majorana

basis in which 'y, is (2 x 2) block-diagonal, so that in that basis T'y,,.. = ®}_, (f)/li ?;i)
with A; € [-1,+1]. For the covariance matrix I'y, of |) in equation (3.37), we then have
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forj#k

(FV/)j,k =(ylicjckly)
=|al? (Wmax| 1€} Ck [Wmax) +2V1 — |al? Re(@ (Wmax| i€k [wL))
+—laP)(wo|iciee|yL)

tlalPAi+ A —lal® (yi|icjck|yL), for (j, k) = (2i — 1,2i) or (2i,2— i),
") 2V1=[al Re(a (ymax| i6;6k |[w 1))
+(1—la®)(wo|icjcc|wL), elsewhere,
(3.39)

where we have used that |1//max> is an eigenstate of i¢,;_1 &; for i = 1,2,3,4. For any pure
fermionic Gaussian state with covariance matrix I', we have that I'TT = 1 (see Section 3.3),
) thatzkl“?k =1Vj.Usingthat (v |i¢;¢ |y .)€ [-1,+1] and Re(a (W¥max| i€jCk|w1)) €
[—lal, +|al], we find

Y 1% = (1l Vs+—lal)® +6(2lalv/1-lal + (1 -la®)* = g(la), (3.40)
k

where we have used that |1;| = /s for any i = 1,2,3,4. We have 8s=112y3 (@) =1
9

at |a.| = 0.998818, so that |1//> in equation (3.37) is non-Gaussian for |a| > |a.| where
8s-1512v3 (lal) <1. Therefore, the approximation ratio achievable by Gaussian states is
9

upper bounded by
omax l[lallemax(H) +(1 = a*) Amax(H) = A)]/ Amax (H) < 0.99904, (3.41)
<sla|=|ax

where we have used Amax(H) = 2(3+2v3) and A = 2 (1+ V3 - V2). O

We note that this type of argument does not work to bound the Gaussian approximation
ratio for a system of growing size n, as the gap scaling is small relative to the scaling of the
maximum energy. However, the antiferromagnetic Heisenberg model in 1D, i.e. QUANTUM
Max CUT on a line, is a well studied model, solved via the Bethe ansatz, and we expect
that when translated to fermions, its ground state is never Gaussian. Note that product
states do not generally translate to fermionic Gaussian states via the Jordan-Wigner
transformation, nor vice versa.

We note that Proposition 3.B.1 also gives a Gaussian upper bound for traceless FERMI-
ONIC MAX CUT, i.e., Problem 3.5.5 made traceless.

Numerically, we find that there exists a fermionic Gaussian state that achieves approxim-
ation ratio at least 0.9788 for the (traceless) H in equation (3.36). How does this compare
to a product state approximation ratio for this 1D QUANTUM MAX CUT model? Making H
positive semi-definite like in FERMIONIC MAX CUT, this numerically obtained Gaussian
state achieves the ratio =~ 0.9855. Since product states achieve at most approximation ratio

% on a single QUANTUM MAX CUT edge H;,;+1 and Amax(H; i+1) = 1, they achieve ratio at
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most Ami/x 25 = 0.6340 for H the unit weight (positive semi-definite) QUANTUM MAX CUT

Hamiltonian on a n = 4 line. Thus, the relatively high approximation ratio achieved by a
fermionic Gaussian state for QUANTUM MAX CUT on a n = 4 line suggests that fermionic
Gaussian states might be used in approximations for QUANTUM MAX CUT more generally
(beyond 1D systems).

3.C. Example system with |Anin (Hjass) |/ Amax (Helass) = 72 for a

traceless Hjass

Consider the traceless classical Hamiltonian Hj,ss in equation (3.4), where Ggjass =
((u, V), (w, E)) is the complete graph with w; = w V(j, k) € Eand u; = p Vj € V and
denote n; = x; € {0, 1}, a binary vector x of length n to be optimized. Let N = Zjev xj. For
such instance, we have

1
Helass = Ew Z (1/4—ijk) +H Z (Xj —1/2)
Jj#k Jjev

= %wn(n -1)- %w(Nz —-N)+u(N-n/2). (3.42)

This cost function is a concave function of N, whose maximum is achieved at N = % +ulw
and whose minimum is achieved at either N = 0 or N = n. The associated values of the
cost function are

1 2
Amax(Helass) = 8 W(l +n(n- 1)) + ZN_w - g(n -1,

1 n 3 n
Auin(Hetss) = min { wn(n—1) - ’”‘7 —Swn(n-1)+ ”7}.

(3.43)
Setting u = wn/2, this reduces to Amax (Hlass) = % w(n+1) and Amin (Helass) = —% wn(n+1),
s0 that [Amin (Hclass) |/ Amax (Hclass) = 7.

In contrast, for any sparse traceless interactions Hjags (With constant coefficients
Wi kM), we have Amax (Hlass) = ©(n) —and therefore | Amin (Helass)| = ©(n) since — Hjags
is also sparse— so that the ratio [Amin (Hclass)|/ Amax(Hclass) iS @ constant.

3.D. SDP relaxation and rounding?

Another potential direction of further research is the following. Similar to the approaches
used to optimize QUANTUM MAX CUT, one can define an SDP hierarchy, see e.g. [13,
36], optimizing H over correlation matrices —expressing correlations between weight- k
Majorana monomials— of poly(n) size for k = O(1). These SDP’s are relaxations of the
eigenvalue problem s.t. SDPy_; = SDPy—, = ... = SDPy-,, = Amax(H), with SDP; denoting
the optimum of the SDP at level k. The feasible solutions of such SDP’s do not correspond
to valid density matrices in general, let alone to fermionic Gaussian states. If, however,
we could round the optimum M® of SDP;. to a fermionic Gaussian state pgayss S-t-
tr(pGaussH) = 7 SDP = 1 Amax(H) (with 0 < r < 1), then we have an r approximation
algorithm for Hamiltonian H. For traceless Hamiltonians, we know such a rounding
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approach does not exist for constant r in general [24]. Therefore, any such rounding
scheme should leverage specific properties of the Hamiltonian at hand, such as it being
positive semi-definite. For completeness, let us briefly discuss the semi-definite program
that computes SDPy.
Let
k
Cri=il ey .ci, I= (i1 <ip<...<it}, (3.44)

be a weight-k Majorana monomial labeled by the ordered subset I, with C}L =Cy, Cf =1

and C1Cj = (=pH! U"””II'C]C[. The spectral norm of operators C; or C;Cy is at most 1.
The collection of monomials C; of weight at least 1 and at most k is denoted by Cy. < Cyy,.
Clearly, the number of monomials in Cy is [Ci| = an:l (ZW’Z) = @(nk). For any Hermitian
matrix o with tro = 1 (not necessarily a density matrix), we define the weight-k correlation
matrix
MM (0):=tr(CCjo) e €, VIMY =1, IM")| <1, (3.45)

with Cy, Cy € Cx. M® = 0 by construction, since a'MPa =¥ ;ata;M; ;= tu(E'Eo) =
0, with E =} ; a;Cj, for any complex vector e. For k = n, M™% can be associated with a
valid density matrix o.

The constraints on M are those of the feasible set of an SDP, i.e. M® = 0, obeying
some linear equality constraints related to anti-commutation, or product rules of the C;
operators, as well the linear inequality constraints given in equation (3.45). This prescribed
range of the entries is bounded appropriately by the constraints M}’CI) =land M® =0
(since all principal minors of a positive semi-definite matrix are non-negative). Let us
refer to this feasible set of positive semi-definite matrices M©) as L.

Given a quartic fermionic Hamiltonian H =3 1 ;. 11.171=2 1/, IC}L Cj (which has non-zero
trace in general since C% = 1), with hj; € C and h s.t. H contains only quadratic and
quartic terms in the {c;}, one can write, for any fermionic density matrix p >0

trpH =Y hy M) (p) = tr(hMP (p)). (3.46)
L]

Hence, optimization over fermionic density matrices p can be relaxed to optimization over
weight-k correlation matrices, i.e. one defines the hierarchy SDPy. = sup,,w tr(hM?)
s.t. M®) € £, whose solution may correspond to o ¥ 0 (sometimes called a pseudo-
density matrix).

An approach used in QUANTUM MAX CUT [26] to obtain an (almost optimal) product
state solution is to employ a randomized rounding scheme similar to GW rounding [27].
An analogous qubit SDP hierarchy is defined and the optimum weight-1 Pauli correlation
matrix is Cholesky decomposed into 3n-dimensional vectors. Then, these vectors are
rounded to n 3-dimensional (normalized) vectors —which directly relate to the expecta-
tion with respect to a product state solution that achieves an approximation ratio close to
the optimal one over product states. One might wonder whether a similar approach could
be applied to FERMIONIC MAX CUT to obtain good Gaussian approximations. The fact that
one rounds to Gaussian states instead of e.g. product states makes it essentially different.
Namely, given a Cholesky decomposition {b;} of an optimum M® (s.t. Mfk} = b’;b 7) of the
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fermionic SDP hierarchy, one needs to randomly project these vectors by to a valid Gaus-
sian covariance matrix. Naive attempts at such rounding procedures do not necessarily
yield valid Gaussian covariance matrices.



Optimizingsparsefermionic
Hamiltoniansand O(1)-weight SYK
Hamiltonians

4.1. Introduction

Approximating the ground state energy of a local Hamiltonian is a central problem in
both physics and computer science. In computer science it plays a key role in complexity
theory [1], while in physics ground states capture the behaviour of systems at low energy.
Two common families of Hamiltonians of interest are those defined on collections of
qubits and those acting on fermionic degrees of freedom. Fermionic Hamiltonians model
various physical systems, such as electrons in condensed matter and quantum chemistry
— prime targets for quantum simulation. Despite its practical and conceptual relevance,
the general problem of approximating fermionic ground state energies is currently less
well understood than its qubit counterpart.

Some rigorous progress in studying this problem - both for qubits and for fermions —
was made from the perspective of optimization. In this subfield of computer science, one
of the central tasks is efficiently finding problem solutions that are provably close to
optimal [2]. The closeness is usually quantified by an approximation ratio, i.e. the ratio
between the value attained by an algorithm and the optimal value for a given problem.
For the classical equivalent of the ground state energy finding — Constraint Satisfaction
Problems (CSPs) — such approximation ratios have been extensively studied [3].

For quantum Hamiltonians, an interesting question is how well the ground state energy
can be approximated using “classical" or “mean-field” states. For qubit Hamiltonians the
natural choice of classical states are product states, while for fermionic Hamiltonians
they are Gaussian states. Gaussian states play a prominent role in fermionic optimization
problems using the mean-field Hartree-Fock method, see e.g. [4], or dynamical
mean-field theory via solving impurity problems [5], or the simulation of free fermionic
computation [6, 7].

Formal guarantees on approximation ratios characterize numerical simulation
methods using classical states and outline their limitations compared to quantum

87
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computing. For qubit Hamiltonians, it was first proved by Lieb [8] (see [9] for a simplified
proof) that there always exists a product state which approximates the ground state
energy of a traceless 2-local qubit Hamiltonian by a factor of 1/9. Many more results on
approximating ground state energies of many-body systems by product states can be
found in [10-15]. In [9] it was shown, through the Goemans-Williamson method, that for
a 2-local traceless qubit Hamiltonian a product state can always be efficiently found with
approximation ratio O(1/log(n)) where n is the number of qubits. Ref. [9] also considered
fermionic Hamiltonians with quadratic (g = 2) and quartic (g = 4) fermionic terms. They
left as an open question whether all 4-local fermionic Hamiltonians have a constant
approximation ratio with respect to Gaussian states (a Gaussian approximation ratio).

A surprising counterexample to this conjecture was recently presented in Refs. [16,
17] — the family of SYK-4 models (Sachdev-Ye-Kitaev models with quartic fermionic
interactions, see equation (4.2)). It was shown that with high probability, SYK-4
Hamiltonians admits a Gaussian approximation ratio no better than O(1/+y/n) where n is
the number of fermionic modes. Contrasting this result to Refs. [8, 11], it means that
qubit and fermionic ground states strongly differ in their approximability by classical
states. Moreover, this opens up the question of which fermionic Hamiltonians do allow
finite Gaussian approximation ratios.

This is the question that we aim to answer here. We do this by considering sparse
Hamiltonians, i.e. Hamiltonians where each fermionic mode participates in a bounded
number of interactions. Sparsity holds for many physically relevant Hamiltonians, such
as the Fermi-Hubbard model. It also holds for exotic Hamiltonians, such as those
determined by constant-degree expander hypergraphs; notably, it does not hold for the
SYK model. Sparsity of interactions has been considered in the classical CSP literature. It
was shown in [18] that the MaxQP problem has an efficient constant approximation ratio
algorithm on graphs of bounded chromatic number, in particular graphs with bounded
degree. We show that a similar assumption of sparsity is enough to guarantee constant
Gaussian approximation ratios for 4-local and strictly g-local Hamiltonians. Moreover,
we show that a constant Gaussian approximation ratio can be achieved for the sparse
SYK-4 model [19] (which has a logarithmically growing interaction participation and
is thus not sparse by our definition). Finally, we consider in more detail the optimal
approximation ratio for the dense SYK-q model for g > 4 (thus extending the work of [17]).
We show that the shortfall of Gaussian states is even more pronounced in this setting.

To avoid confusion, we note that instead of the ground state energy, existing works often
consider approximating the maximal eigenvalue of the Hamiltonian Ay, (H). These
two optimization problems are equivalent if the family of Hamiltonians considered is
invariant under a change of sign (e.g. traceless g-local Hamiltonians). For mathematical
convenience and consistency with the literature, in the rest of the text, we will also be
formulating our results in terms of approximating Amax (H).

4.2, Statement ofresults

4.2.1. Preliminaries

Before surveying our results, we introduce the basic setup of fermionic Hamiltonians and
g-locality. This subsection also defines the SYK-g model and spells out the previous
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result of a vanishing Gaussian approximation ratio for SYK-4.

We consider a system of 2n traceless Majorana fermion operators (see also
Section 1.5) c¢;, i=1,...,2n with cl? =1, c;f = ¢;, forming a Clifford algebra, i.e.,
fcj,ert= 20 i, x1 and representing n fermionic modes. We denote as I an ordered subset
I={i1,iz,..igt € [2n] ={1,...,2n} where i) < i <...i; with g even. We denote C; as the
Hermitian Majorana monomial

Cr:= i(g)ci,..ciq, (4.1)

as in Section 1.5.
We can think about a subset I as corresponding to a term or interaction in a
Hamiltonian. Indeed, it is natural to impose some form of locality:

Definition 4.2.1 (g-local fermionic Hamiltonian). Let H be a fermionic Hamiltonian on
2n Majorana operators. We say that H is q-local if H is a sum of Hermitian traceless terms
Cr of weight at most q, i.e. each term is proportional to a product of at most q operators c;.
H is said to be strictly q-local when all terms have exactly weight q.

A local traceless fermionic Hamiltonian H =} ;.7 J;Cy is thus characterized by an
interaction set Z and the coefficients J; € R. The maximum eigenvalue of H is denoted by
Amax(H) := max, Tr(Hp). Sometimes we will refer to a collection of sets I denoted as
Z=1{h,I,...}. The support of Z is defined as Sup(Z) = U;I; and Z’' < Z implies that the
sets in 7' are also sets in Z.

Definition 4.2.2 (SYK-g Model). A g-local (with q even) SYK model on 2n Majoranas is
defined as a family of Hamiltonians

(Zn
H:

-1/2
) Y JiCy, 4.2)
q Ic2nl|l=q

where each ]| is a Gaussian random variable (i.e., with zero mean and unit variance)
and each C; is the product of the q distinct Majorana operators as in equation (4.1). We

normalize the model in expectation, i.e., E( Tr(H?)) = (Zq"f1 Y 1ci2nl 1= EU) Tr(1) =2".

In Ref. [16] it was shown that with high probability (over the draw of J;s) for the SYK-4
model, one has

max Tr(Hp) = 0(1).
Gaussian p
In order to thus provide a counterexample to a constant Gaussian approximation ratio,
one needs to prove a lower bound on A 54 (H) for the SYK-4 model, which holds with
high probability, which was done in Ref. [17]:

Theorem 4.2.3. [17] Thereis a poly(n)-time quantum algorithm that, given any SYK-4
Hamiltonian H, returns a quantum state p. With probability 1 —exp (- Q(n)) (over the
draw of the J1s), this state p has Tr(Hp) = Q(/n).
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(b)

o
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Figure 4.1: Illustrating the key idea of the proof of Theorem 4.2.5. An example of a strictly
4-local Hamiltonian is given in (a), vertices and faces representing Majorana
operators and their interactions. The Hamiltonian is split into sets of terms
— different colors in (b) — well separated from each other inside each set
(so-called diffuse sets, see Definition 4.5.1). The next step is to match all
Majorana operators, i.e., split the vertices into disjoint pairs, each connected
by an edge (see panel (c)). We separately match the support of each term in
one fargeted set of terms (the color highlighted in (b) and (c)). The remaining
vertices are matched in such a way that no two vertices connected by an edge
belong to the same term. The Gaussian state is then created from the resulting
matching, with only terms from the targeted set contributing to the energy. By
optimizing the choice of the targeted set, a finite approximation ratio can be
guaranteed.

4.2.2. Sparse fermionic Hamiltonians
Key to our work is the notion of a sparse Hamiltonian.

Definition 4.2.4. Let H be a local traceless fermionic Hamiltonian of 2n Majorana
operators. We say that H is k-sparse, for an integer k, if no Majorana operator c; occurs in
more than k terms of the Hamiltonian.

Using graph theoretic terminology, one may say that interactions in a k-sparse
Hamiltonian form a hypergraph of bounded degree k. This condition allows us to
efficiently find Gaussian states with constant approximation ratio. We have the following
theorem, which is the main result of our work:

Theorem 4.2.5. Let H be a traceless fermionic Hamiltonian on 2n Majorana operators
with maximal eigenvalue Ay (H). If H is k-sparse and strictly g-local and n > (q* - 1)k,
a Gaussian state p can be efficiently constructed such that

Tr(Hp) >l
/,Lmax(H) h Q,

forQ=q(g-1(k-1)?+qk—1)+2.

(4.3)

The proof of this theorem is given in Section 4.5; its basic idea is explained in Figure 4.1.
We note that this proof only holds for Hamiltonians with terms of exactly weight g.
Typical physical Hamiltonians, however, have quadratic (kinetic energy of the electrons)



4.2. Statement of results 91

and quartic terms (due e.g. to Coulomb interaction). Fortunately, we can also show that
in the g = 4 case we can include g = 2 terms. For this we use a trick from [9] to lift such a
4-local Hamiltonian to a strictly 4-local Hamiltonian. This trick makes the Hamiltonian
non-sparse. However, we show in Section 4.6 that, in this special case, we can circumvent
the non-sparseness of the Hamiltonian and achieve a constant Gaussian approximation
ratio.

Theorem 4.2.6. Let H be a traceless fermionic Hamiltonian on 2n Majorana operators
with maximal eigenvalue Anax(H). If H is k-sparse with terms of weight 2 and 4 and
2n > 15k, a Gaussian state p can be efficiently constructed, such that

Tr(Hp) 1
— > 4.4
X max ()~ 2Q @4
forQ=12(k—-1)?+4(k—1)+2.

4.2.3. The sparse g =4 SYK model

In view of Theorem 4.2.5 it is worth revisiting the lack of a constant Gaussian
approximation for the SYK model. The SYK-g model in Definition 4.2.2 is extremely
non-sparse, in the sense that every Majorana operator occurs together with all other
Majorana operators. This makes the SYK model somewhat unphysical, and several
sparse versions of the model have been considered [19, 20]. Such sparse models intend
to produce the same (low energy) physics, while being easier to simulate on both
quantum and classical computers (see sections III and V in [19]). The sparse SYK model is
generated by including terms by a Bernoulli trial with a certain probability p tuned such
that the expected sparsity is bounded:

Definition 4.2.7. The sparse SYK-4 or SSYK-4 model on 2n Majorana operators with
expected sparsity k = O(1) is given as

1

H= >
V2kn ci2nl|11=4

X1JiCy (4.5)

where the X1 are i.i.d. Bernoulli random variables with p =Pr(X;=1) = (an_l) and the Ji
3
are i.i.d. Gaussian random variables with mean 0 and variance 1.

Unlike the full SYK model with (*}") terms in H, the sparse SYK model has a number of
terms 0(n) in expectation. Note that the SSYK-4 model is only k-sparse in expectation,

and with high probability there is a Majorana operator with degree Q(lolgoff)%) (the
degree distribution follows that of an Erdés-Renyi hypergraph. See Theorem 3.4 in [21]
for a proof of the statement for Erdds-Renyi graphs. The hypergraph version follows by
the same logic). This means that Theorem 4.2.5 does not directly apply. However, one
can show, through a truncation argument, that almost all instantiations of SSYK-4 can
be sparsified, giving rise to a constant approximation ratio result that holds with high

probability.
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Theorem 4.2.8. Let H be a SSYK-4 Hamiltonian in equation (4.5) with expected degree
. .. 9716(k+1)k3
k=0(Q), such that n>120(k+1). With probability at least 1 —4exp |- “gara-n|, a
Gaussian state p can be efficiently constructed such that
Tr(Hp) - 1

> —, 4.6
e (D = Q *0

where Q = 1236 + 2752k + 1536 k2.

Thus we arrive at the surprising conclusion that the SSYK-4 model has a constant
Gaussian approximation ratio, while the dense SYK-4 model does not — even though
SSYK-4 has similar physical properties as SYK-4.

Note that the proof of Theorem 4.2.8 is given in Ref. [22] and is not included in this
thesis.

4.2.4. Higher-q SYK models

We investigate what Gaussian approximation ratios can be achieved for the dense SYK
model of even weight g > 4, as this was left as an open question in [17]. We establish an
upper bound on the largest Gaussian expectation value of SYK-¢g, which behaves rather
dramatically for g > 4. We prove the following lemma employing a method similar to the
one used in Ref. [16].

Lemma 4.2.9. Let H be the dense SYK-q Hamiltonian (with even q =4 and q = O(1)).
With probability at least 1 - exp (—Q(n)) over the draw of SYK-q Hamiltonians, the
expectation value of every Gaussian state p is bounded, more precisely:

max Tr(Hp) = O(n'~9"4). (4.7)

Gaussian p

This lemma is proved in Section 4.7. Our second result establishes a lower bound on
the largest eigenvalue for SYK- g, essentially generalizing what was established in [17] for
g = 4. We prove the following Lemma (its proof can be found in Section 4.7):

Lemma 4.2.10. Let H be the dense SYK-q Hamiltonian with even q = 4 (and q = O(1)).
With probability at least 1—-exp(—Q(n)) over the draw of SYK-q Hamiltonians,
Amax(H) = Q(\/ﬁ)

As an immediate consequence of the previous results, we see that the Gaussian
approximation ratio of the dense SYK-g model can be no better than O(n'/2-9/4):

Theorem 4.2.11. Let H be the dense SYK-q Hamiltonian (with even q = 4 and q = O(1)).
With probability at least 1 — exp (— Q(n)) over the draw of SYK-q Hamiltonians, we have

Tr(Hp)

0 1/2—-ql4 . 4.8
0 (I}le;lussian Amax(H) (l’l ) 4.8

Proof. Theorem 4.2.11 follows from combining Lemma 4.2.9 and Lemma 4.2.10 and
applying the union bound. O
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4.3. Discussion

The goal of this section is to place our results in a broader context and mention a few
open questions.

First, let us discuss the relation between this work and the fermion-to-qubit mapping
methods. As was shown in [23], one can map a sparse O(1)-local fermionic Hamiltonian
onto a sparse O(1)-local qubit Hamiltonian (BK-superfast encoding). However, for this
mapping one needs to enforce parity checks which are in general nonlocal; therefore, we
cannot obtain our Theorem 4.2.5 in this way. There is also an additional obstacle: using
the BK-superfast encoding, an approximating product state for the qubit Hamiltonian
does not necessarily map back to a Gaussian fermionic state.

Ref. [23] also showed that one can map a general local fermionic Hamiltonian (like
a SYK model) onto a qubit Hamiltonian with terms which are O(logn)-local. Such a
qubit Hamiltonian is generally not expected to have a constant approximation ratio
by a product state due to its n-dependent locality. In fact, one can easily prove that a
dense model like the SYK model can only be mapped onto a qubit Hamiltonian which is
Q(logn)-local. We give the argument in Appendix 4.A.

These observations suggest that approximation ratios by states such as Gaussian states
or product states are likely to be affected by sparsity in the case of fermions, which is
consistent with our new results.

Another question which is raised by our work and that of [17] and [12], is whether
studying fermionic Hamiltonians can lead to new insights into the possibility of a
quantum PCP theorem [24]. In this context it is important to mention that, besides the
lower bound in Theorem 4.2.3, Ref. [17] also determined an upper bound on A 5 of
the SYK-4 model showing that with high probability A max = ©(y/n). This shows that the
SYK-4 model is extremely frustrated: the maximal average expected energy per term, the
energy density, is only ©(n~3'2). In contrast, our results for the sparse SYK model (see
Theorem 4.2.8) show that the maximal average expected energy per term is Q(1), which is
the more ‘natural’ physical scaling. A simple fermionic toy model in which the maximal
average energy per term decreases is a model in which an extensive set of Majorana
operators is mutually anti-commuting, see Lemma 4.A.2 in Appendix 4.A. The presence
of many such fully-anticommuting sets in the SYK model can be seen as one of the
intuitive reasons why the maximal energy density achieved is so low.

For k-local qubit Hamiltonians researchers have looked at the hardness of
approximating the maximal energy density with constant error e: showing that
this problem is QMA-complete would prove the quantum PCP theorem. For dense
(non-sparse) k-local qubit Hamiltonians, it was proved in [12] (Theorem 13) that there is
a polynomial-time classical algorithm to approximate the maximal energy density, using
product state approximations. Ref. [25] generalized this result and formulated an efficient
classical algorithm which approximately estimates the free energy of a 2-local dense
qubit Hamiltonian.

One can similarly ask the question of approximating the maximal energy density for
dense g-local fermionic Hamiltonians. Observe that the question is moot if the maximal
energy density decreases as a function of 7 (as in the SYK model), since for large enough
n (depending on €) the classical algorithm could always output 0 and make an error less
than e. However, other dense O(1)-local fermionic Hamiltonians could exist for which
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this question is nontrivial and not already covered by the dense qubit case.

As an open direction for further research, it would be interesting to provide a
non-random family of fermionic Hamiltonians without a constant approximation ratio
with respect to Gaussian states.

4.4. Additional background

In this section, we first provide some background on fermionic Gaussian states — in
addition to that in Section 1.5 — that will be used throughout the remainder of this
chapter.

Fermionic Gaussian states (see Definition 1.5.3) can always be brought to the standard
form in equation (1.14). Such a standard form can be rephrased as a perfect matching
M of Majorana operators. Such matching M is specified by n disjoint pairs (m;, my)
with m; < my. For each pair we have a coefficient A, m,) = =1, together forming the
n-dimensional vector A. The class of states are of the form

- 1 X
p(M,A) = 2_”1_[(ml,m2)eM(]l + iA(my,m) Cmy Cimy)- (4.9)

It is useful to introduce a notion of consistency between this class of Gaussian states
specified by a matching M and an interaction subset 1.

Definition 4.4.1. An (even) interaction subset I < [2n] and a perfect matching M on [2n]

are called consistent if M contains a perfect matching of the elements of 1. Given a set of
interactions L, we say that M is consistent (resp. inconsistent) with I if M is consistent
(resp. inconsistent) with each interaction inZT.

The following lemma is straightforward.
Lemma 4.4.2. Consider a matching M and an interaction I = {iy, i3, ..ig4}.

1. If M is consistent with interaction I, let the perfect matching on the subset I be
given by pairs (izi-1),iney) for 1=1,...,q/2 and a permutation 7w € S; where
irei-1 < igen. Then, the following holds:

Te(Crp(M, D) = sign(m) [ Atiyory,inen)-
Iefl,....q12}

where sign(m) = £1.
2. If M is inconsistent with I, then

Tr(Crp(M, A)) = 0. (4.10)

Proof. In order for the trace to be nonzero, one needs to exactly match the Majorana
operators in C; with some in the expansion of p(M, 1) since Tr(Cy) = 0 for any non-empty
subset I'. If M is inconsistent, there is no term in the expansion of p which precisely
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matches Cy, so the expectation vanishes. If M is consistent, we have

- 1 .
Tr(Crp(M, 1)) = z—nTr(CIH(ml,mz)eM(ll + i Amy my) €y Cmy))

1 .
= Z_HTI(CIH(mI,mZ)EM,(ml,mz)ml#(zﬁ) (l/l(ml,mz) Cm; Cmy ))

= sign(m) H A(in(Zl—l)vin(Zl))' (4.11)
le(1,..,q/2]

Here we have used that one can first reorder C; such that the pairs in the perfect matching
are adjacent, i.e. C; = sign(m) jq ZCi,,(l) Cin(@) -+ Cingg» then one can commute through each
pair to its matching pair in p and use (c;¢j)? = -1, i = (-1)9’? and tr(1) = 2". O

4.5. Approximation ratios for sparse fermionic Hamiltonians

In this section we prove Theorem 4.2.5. We begin by setting up needed definitions and
stating several technical lemmas (which are proved in the appendices of this chapter).
The key auxiliary notion in the proof of Theorem 4.2.5 is that of a diffuse subset of
Hamiltonian terms. Intuitively, the terms in a diffuse subset are well separated from each
other while covering only a limited part of the system. This idea is formalized as follows:

Definition 4.5.1. Consider a set of q-local interactions I on 2n Majorana operators.
A subset of these interactions T' < T is diffuse with respect to Z, if the following three
conditions apply:

1. VI, €', I and I, don’t share any Majorana operators, i.e. 1 N I, = @.

2. VI, €T, there exists no I3 € T which shares Majorana operators with both I, and
L (if N # @ then IsN I, = @ and vice versa).

3. The size of support of T', i.e. |Sup(Z")|, is smaller than 22

q+1°

In the setting of Theorem 4.2.5, diffuse sets of terms appear naturally due to the
following Lemma.

Lemma 4.5.2. Consider a k-sparse strictly q-local fermionic Hamiltonian H on 2n
Majoranas. The interaction set L of H can be split into Q disjoint subsets Ly (a € [Q]) all of
which are diffuse with respect to L such that

= Za. (4.12)

The parameter Q is given as Q = q(q — 1) (k—1)? + q(k — 1) + 2 and does not depend on n.
The construction of this splitting can be done efficiently, in time poly(n).

Lemma 4.5.2 is a special case of Lemma 4.6.1, which is proven in Appendix 4.B. The
proof relies on a combinatorial argument on a graph that takes Hamiltonian terms
as vertices and connects them with an edge if the pair violates conditions 1 or 2 of
Definition 4.5.1. By the sparsity assumption, this graph has an efficiently constructable
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coloring with a bounded number of colors, from which the split Z = nglIa can be
constructed.

The usefulness of diffuse sets comes from Lemma 4.6.2, see its proof in Appendix 4.C.
Here we state its corollary, relevant to proving Theorem 4.2.5:

Lemma 4.5.3. Let the interaction set Z' be diffuse w.rt. T>T' (I’ andT are strictly q-local
and k-sparse). If n > (g* — 1)k, one can efficiently construct a matching M of the set [2n]
that is consistent with each interaction in ' and inconsistent with each interaction in
I\T'.

With matchings introduced above, one can construct useful Gaussian states. The tool
to do so is given by the following statement:

Lemma 4.5.4. Let H=Y ;.7 J;Cy be strictly q-local and T' be a diffuse subset of I. Let
M be a matching of [2n] as guaranteed by Lemma 4.5.3. One can efficiently construct a
Gaussian state p7+ with the property:

Tr(Hpz) = Y 1l (4.13)
IeT’
Lemma 4.5.4 is a specific case of a slightly more general Lemma 4.6.3, which is stated
and proven in Appendix 4.D. We denote

J(Z'):= ) 1l (4.14)
IeT’
As shown below, Theorem 4.2.5 can be proven by constructing a diffuse Z' =7 and a
corresponding Gaussian state p7- with large enough Tr(Hpz) =J(Z').

Theorem (Repetition of Theorem 4.2.5). Let H be a traceless fermionic Hamiltonian on
2n Majoranas with maximal eigenvalue Amax (H). If H is k-sparse and strictly q-local and
n> (q2 — 1)k, a Gaussian state p can be efficiently constructed, such that

Tr(Hp) 1

— > 4.15
Amax(H)  Q @15

forQ=qg-D(k-1%+qk—1)+2.

Proof. For a Hamiltonian H =} ;.7 J;C], we construct the splitting of Z into diffuse
subsets 7 = Ug T, as guaranteed by Lemma 4.5.2. Next, find a = argmax/J(Z,/); since
Q in Lemma 4.5.2 is constant, @ can be found efficiently. Next, use Lemma 4.5.3 to
construct a matching M(Z,) (the condition n > (g% — 1)k is satisfied by assumptions
of Theorem 4.2.5). Since Z, is diffuse with respect to Z, the Gaussian state pz, can
be efficiently constructed from M(Z,) via Lemma 4.5.4. Using Tr(Hpz,) =J(Zy), the
following inequality can be obtained for the resulting approximation ratio:

ez | I 1 (4.16)

A max (H) Za’ ](Ia’) Q
For the first inequality, note that A max (H) <Y 1e7 1)1l = X o J(Z4). The second inequality
comes from a pigeonhole-type argument: if J(Z,) = max, J(Z,), it directly follows that
JZo) = %ZQII(IM). The inequality in equation (4.16) concludes the proof, as it asserts
the approximation ratio bound claimed in the Theorem. O
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4.6. Sparse Hamiltonians with terms of weight2 and 4

In this section we prove Theorem 4.2.6. We will again need to use the concept of diffuse
subsets in Definition 4.5.1. The proof of Theorem 4.2.6 is similar in its basic idea to that of
Theorem 4.2.5. The main obstacle in this case is the presence of terms of different weight,
which does not allow one to use Lemmas 4.5.2-4.5.4 directly. This can be resolved by a
slightly more elaborate construction and applying the more general Lemmas 4.6.1-4.6.3
which are proved in the appendices of this chapter and Lemmas 4.5.2-4.5.4 directly follow
as special cases.

Lemma 4.6.1 (Generalization of Lemma 4.5.2). LetZ be the interaction set of a k-sparse
q-local Hamiltonian on the set of Majorana fermions [2n]. The set L can be split into
(gQ)/2 disjoint, strictly 2q’ -local subsetsl’ézq’) (with a € [Q] and q' € 1q/2]) each of which
is diffuse with respect to L:

92 Q .,
= Uz, (4.17)
q'=1a=1

The parameter Q = q(q —1)(k—1)? + q(k — 1) +2 does not grow with n. The construction of
this splitting can be done efficiently, in time poly(n).

Lemma 4.6.2 (Generalization of Lemma 4.5.3). Let a strictly q'-local ' be diffuse
w.r.t. g-local k-sparse I on [2n), such that n> (g* — 1)k. One can efficiently construct
a matching M of [2n] that is consistent with T' and inconsistent with all interactions
I € I\T' such that (1) |11 = q' or 2) I ¢ Sup(Z').

Lemma 4.6.3 (Generalization of Lemma 4.5.4). Let H=1Y ;.7 J1Cj on[2n'] be g-local and
T' be a diffuse subset of L. Consider a matching M of 2n']. If M is consistent withZ' and
inconsistent with I\TZ', one can efficiently construct a Gaussian state pz: with the property:

Tr(Hpz) = Y_ il (4.18)
IeT'
In Lemma 4.6.3, we use ' instead of n to avoid confusion, as it will also be used for
n' # n. The Lemmas above are proven in Appendices 4.B-4.D. With these in hand, we are
ready to proceed with the proof of Theorem 4.2.6.

Theorem (Repetition of Theorem 4.2.6). Let H be a traceless fermionic Hamiltonian on
[2n] with maximal eigenvalue Amax(H). If H is k-sparse with terms of weight 2 and 4 and
2n > 15k, a Gaussian state p can be efficiently constructed, such that

Tr(Hp) -

1
—_— 4.19
A max(H) — 2Q (.19
withQ=12(k—-1)?>+4(k—1) +2.

Proof. We make use of the construction in Ref. [9] which relates a Hamiltonian with
weights 2 and 4 on a set of fermionic modes [2n], that is,

H= )Y JiCi+ Y IiCy (4.20)
IeZ@® IeZ®
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to a strictly 4-local Hamiltonian H on an extended set of fermions [27 + 2]:

H= )Y (-icopr1C2n42)J1C1+ Y, JiCr. (4.21)
IeT® 1eT@

Introducing Z® = {2n+1,2n+2)uI|I € I?}, A can be also written as:

H=- ) JiCi+ ) JiCr. (4.22)

I1eZ@ 1eI®W
The relation between H and H is via the following property:

Lemma 4.6.4 (Lemma 6 of [9]). For H and H introduced above, A max(H) = A max(H).
Moreover, for any Gaussian state p of 2n + 2 Majorana modes, one can efficiently compute
a Gaussian state p of 2n Majorana modes s.t. Tr(Hp) = Tr(Hp).

Although strictly 4-local, Hamiltonian H is no longer sparse since the operators ¢z,1
and cy,4+2 participate in |Z@| terms (which is generally O(n)). This prevents a direct
application of Lemma 4.5.2 to H. We resolve the issue as follows.

Similarly to the proof of Theorem 4.2.5, we start by splitting each set of the original
interactions Z@% in H into subsets diffuse w.r.t. 7@ uZ®W: 7® = y,7?, W = U, Y.
Each of the two splittings exists and can be done efficiently, as guaranteed by Lemma
4.5.2 (since the original H is sparse). Since Z® uZ® is k-sparse and 4-local, we can
bound I{I((XZ)}I <Q, I{Igl)}l <QforQ=12(k- 1)2 +4(k—1) + 2. In what follows, we will use
the splittings 7 = UaIff) u UaIgl) to construct two Gaussian states ﬁ(Ifo)) and ﬁ(If;l)) on
[2n + 2] with good properties relative to H, that is,

Te(Hp TN = Y. 11l =3T&Y). (4.23)
1e229

With these Gaussian states, we will then show that the Gaussian state ﬁ(I‘(XZA))
for g, a = argmax, o (](I‘(j/))) is efficiently constructable and yields the desired
approximation ratio for H. We will then apply Lemma 4.6.4 and extend the statement to
the original Hamiltonian H, thus finishing the proof.

Following the outline above, we now move to construct the Gaussian state ﬁ(IéZ)).
Consider an ansatz of the form p := p[2)0 25+1,2n+2), Where p(2, is itself a Gaussian state
of [2n]. To construct pyz,,;, note that each Z.) is 2—local and diffuse w.r.t. 7@ UZ™® which
is 4-local. Since 2n > 15k by assumptions of Theorem 4.2.6, we can apply Lemma 4.6.2
with g =4 to construct a matching M (Iéz)) that is consistent with I((,Z). Since Ig) is
2-local, Lemma 4.6.2 also implies that the matching M (Iéz)) is inconsistent with the
entirety of Z® UZ®\ZP . We then use M(Z?) in Lemma 4.6.3 (substituting n’ = n for n’
used in the Lemma) to construct pp in p = p2n)0 2n+1,2n+2;- This implies the following
expression (using equation (4.21) for H:

Tr(Hp) = Tr(o(=icans1C2n42)) Y, U1l (4.24)
1e7?
By choosing o to be the +1 eigenstate projector of operator —icz;+1C2p+2, We arrive at the
desired outcome:
Te(Hp) = Y, 1 =1TP). (4.25)
IeIff)
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2n+2

(a) 2n+] 2042 (b) 2n+1

o-—.o
=9
Q\@-;@’

Figure 4.2: Demonstration of the method in the proof of Theorem 4.2.6. (a) Matching
M (Iéf)) for IéZ), here comprised of a single term (shown in green). To ensure
consistency with I((xz) in A, M (Ifxz)) perfectly matches these terms and the pair
(2n+1,2n+2). The rest of the vertices are matched so that each pair does not
belong to the same term in 7 \Iﬁf) (grey). (b) Matching M (Ig”) for Ig” shown
in green. Vertices iy, i, are chosen not to belong to the same term in Z?,
ensuring no accidental consistency with a term in H. Note the special status
of the term from Z® that is a subset of the If;” term. From the perspective of
H, it is not consistent with M (Igl)) although it coincides with an edge from
M (I%;). This is due to the intentional absence of the edge (2n+1,2n+2) in
MIP).

The constructed Gaussian state g we will denote as ﬁ(IéZ)).

For a diffuse ZWY <« Z® UZ®, we construct the Gaussian states F(Z.) in a different
way. First we use Lemma 4.6.2 to construct a matching M (I,(f)) of [2n]. This matching
is guaranteed to be consistent with If;l). However, since Z? is 2-local and Z® is
4-local, while in general Sup(Z®) nSup(Z%) # @, Lemma 4.6.2 implies that M(Z) is
inconsistent with Z®\Z but may be consistent with some terms in Z? (as those I don’t
obey the |I| = g’ = 4 condition). At the same time, we aim to achieve Tr(H 0 (If;”)) = ](I,(f))
which excludes contributions from Z. Thus we cannot extend M (Iff)) to the extended
set [2n + 2] directly, as it was done for I((,Z). Instead, we will create a matching of [271 + 2]
using a reduced version of M (Ig”) which inherits its beneficial properties, and then
complete the matching by making it inconsistent with Z® — eliminating the difficulty
described above.

To enable this, we find and mark an edge (i}, i2) € M (I((;D), such that i; ¢ Sup(Iff)).
This is always possible since Iff) is diffuse and thus [2n]\Sup(I((x4) ) is non-empty (cf.
Condition 3 in Definition 4.5.1). Note that M (Ic(f)) is constructed via Lemma 4.6.2 and
{i1, i} & Sup(Ig”). This implies that as a two-fermion interaction, {i}, i} is guaranteed
not to belong to Z®. The latter statement is the key property of the marked edge (i1, i»)
that we will employ momentarily.

We construct a matching M (I((f)) of [2n+2] in two stages. First we construct an
intermediate matching M’ @P) of [2n+2]\{i1,i2,2n+1,2n+2} by removing the edge
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from M (Ic(f)):
M' (W) = MW\ (iy, in). (4.26)

Since {iy, i2} ¢ Sup(Z%"), we are guaranteed that M’ W) is consistent with Z%" and
inconsistent with Z*) \If;” (from the construction of M (Ig“)). In the second stage, we
complete M(Ic(f)) to the entire set of 2n + 2 modes by adding two edges: (i;,2n + 1) and
(ip,2n+2):

MZ®) = MZP) Uiy, 2n+1), (i2,2n +2)}. (4.27)

These new edges render M(ZS") inconsistent with Z®. To see it, note that all
interactions in Z7® take the form I = {ji,j»,2n+1,2n+2} where {ji, .} € Z®. By
construction {i, i»} ¢ Z®, thus we have { J1, jo} #{i1, i2}. As a result, matching M (Iéf))
of [2n +2] is consistent with Z. and inconsistent with 7® UZ®\Z% . We continue by
applying Lemma 4.6.3 to such M (Iff)) and H (substituting n’ = n+1 for n’ used in the
Lemma). This efficiently constructs a Gaussian state ﬁ(I((f)) that yields:

T(HpZPN = Y, Uil =1TP), (4.28)
[eZ®

as desired.

The Gaussian state claimed in Theorem 4.2.6 is to be chosen among the states
ﬁ(I,(fA)) whose existence we've proven above. We make the choice by identifying the

highest energy in the respective Gaussian state: (g, a) = argmax(q,a)lff). As we showed,

the respective Gaussian state ﬁ(Iéq)) can be efficiently constructed and the following is
guaranteed:

THPT) Ve 1
Amax(H) Zq’,a’ ]Ejr) T 2Q

(4.29)

Here we used that A pax(H) < Yo ]fj ) and that ]Exq) = max(q,'a/)]fj ),

With the state ﬁ(Iéq)) on [2n+2] fermions at hand, we finalize the proof by an
application of Lemma 4.6.4. This relates A pax(H) to A max(FD) and allows us to efficiently

construct the Gaussian state p(I,(;’)) of [2n], with the desired property:

Tr(Hp(Zy") _ Tr(ApZy") _

= === 4.30
A max (H) A max(H) (@50

$
2Q°
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4.7. Upper bound on Gaussian approximation ratio for SYK-g
Hamiltonians

4.7.1. Upper bound for Gaussian expectations on SYK-g models

We consider the expectation value of a SYK-g Hamiltonian H with respect to fermionic
Gaussian states and we obtain an upper bound on its expectation value, with high
probability over the random couplings J;.

Lemma (Repetition of Lemma 4.2.9). Let H denote a Hamiltonian drawn from the
g-local SYK Hamiltonians (with q = 4 even and q = O(1)), i.e. the coupling strengths J1 are
drawn according to their distribution. With probability at least 1 — exp(—Q(n)), H has the
property that, for any fermionic Gaussian state p

Tr(Hp) < (g—1)12V/274/4 g1/2+a12, [log[q/10g(3/2)] (2m)'~ 94, (4.31)

Proof. We first use Wick’s theorem (Proposition 1.5.8) on the expectation of a
product of Majorana operators w.r.t. a fermionic Gaussian state p characterized by
a correlation matrix I'. Note that the correlation matrix I';< j can be viewed as a real
d := (2n* - n)-dimensional vector. We note that ¥, F%J. =sTrT'T) < Tr(W) =n so
that [Tl < n'/2.

Let M(I) be a perfect matching of the indices in I (|| even), there are (g — 1)!! such
matchings. We have

tr(Crp) = i7% Y sign(MD) tr(ci, (w1 Ciy a1y PYE (Ciy (1) Cig ) P) - - T (Ciyy (1) Ciy () )
M(I)

(4.32)

Here we have assumed that for each matching M(I); i} (M) < i»(M), i3(M) < is(M), ...,
ig-1(M) < iy (M), i.e. any sign arising from getting the expression to this form is absorbed
in sign(M(D))).

The expectation of H in equation (4.2) w.r.t. fermionic Gaussian states p can be written
as:

-1/2
zn q/2
tr(HP):( ) i3 ]1[ ZSign(M(U)Htr(Cithl(M)CimM)P)]
q Ic2nl, | ll=q - M) =1

on ~1/2 2
= ( ) Y J1 ) sign(MD) [ Ty y,izean)- (4.33)
q Ic2nl,|Il=q M) =1

We note that we can view Tr(Hp) as a sum of (q—1)! terms, one for each
matching M of some subset of indices I, i.e. Tr(Hp) = (2;)_1/2 Y m Tr(Hpp) where

Hy=Y,J(M,I) Hffl Ty, (M), i;(M)- We have defined the g/2-way, d x d x ... x d, tensor
J(M, I), whose entries are equal to either zero (when the indices coincide or are not
ordered properly) or to a standard Gaussian random variable. Each J; appears only once
in tr(Hysp) and therefore all entries of J(M, I) are statistically independent. We note that
sign(M) does not depend on which (ordered) subset I one chooses. To bound each term
Tr(Hpp), with high probability, we invoke the following lemma:
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Lemma 4.7.1. (Theorem 1 in [26].) Let A be a random K -way tensor € R4 *%>*->dk gnd
w; be vectors € R% and

.....

If we have for each fixed unit vector w;/|w;| (i €{l,...,K}):

Pr(lA(w1/|| wil,..., wic! |l wgl)] = t) SZexp(— t2/(202)), (4.34)

.....

can be bounded as follows:

Al < [802 [( idi) log[2K/10g(3/2)] +log(§)] ] %,
i=1

with probability at least1 - 6.

To apply the Lemma, note that the vectors w; correspond to I';<; viewing i < j as a
single index and we can use their norm ||I'|| < n'’2, In addition, for each entry in the

.....

Gaussian variable with variance 1 and mean zero. Using Chernoff’s bound and the fact
that all entries of J(M, I) are statistically independent, we conclude that for any set of real
vectors wi, ..., W2 one has

(W, (WqIZ)kq/g

kqr2 v
i lwil ™ Twgrel

>1| <2exp(-2/2).  @35)

Therefore, for each term H)y; we can apply Lemma 4.7.1 and, using K =g/2 and o =1,
obtain

1/2
I7, D] < [4g2n? - 10g[ g/ 10g(3/2)] + Blog (257")]| (4.36)

with probability at least 1 — §. Then we can first bound

-1/2
2 -
max tr(Hp)s(:) TNy [II7ov, D|
M

Gaussian p

<(q/v2)"*@n) 9" Y||IFov, D), (4.37)
M

where we have used that (20]") > (2n/q)9. We can now combine the upper bound in
equation (4.36) and equation (4.37). Applying the union bound, we have with probability
atleast1—-(g—1!J, that

max tr(Hp) < (g —1)!! [zl‘q’zq‘?“ [@m)?* 92— (2n)'~9"%]10g[q/10g(3/2)]

Gaussian p

1/2
+23—q/2qq(2n)—q/210g(25_1)] . (4.38)
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Therefore, we can take & = exp (- Q(n)) such that, asymptotically, we have (assuming
q=0):

Galrllsls?.;lptr(Hp) < (g-1Nn2Y2altgtizeal2, flog(q/1og(3/2)] 2n)'~9'4, (4.39)

with probability at least 1 —§. Note that in deriving this upper bound we only use the
norm of the correlation matrix I', hence this upper bound is not necessarily achievable by
a Gaussian state (or any state) as the constraint I'’T < 1 imposes more conditions on I
than just an upper bound on its norm. O

4.7.2. Maximum eigenvalue lower bound for g-local SYK Hamiltonians

To show that fermionic Gaussian states cannot achieve a constant approximation ratio
for g = 4 SYK models, we derive a lower bound on the maximum eigenvalue of the
Hamiltonians H in equation (4.2):

Lemma (Repetition of Lemma 4.2.10). For the class of q-local SYK Hamiltonians (with
even q = 4) in equation (4.2), Amax(H) = Q(v/n) with probability at least 1 —exp (- Q(n))
over the draw of Hamiltonians.

The remainder of this section will be devoted to proving this lemma. The techniques
used are similar to those used in Section 6 of Ref. [17]. We note that throughout this
section, we shall use C to denote a quantity that is constant in n or is bounded from
above and below by a constant in 7, and it will generally differ from appearance to
appearance (for the sake of clarity). Importantly, C can contain factors of g (note that
q=0@1).

We start by obtaining a lower bound on the maximum eigenvalue of a so-called
2-colored SYK model and will use this to prove Lemma 4.2.10. The Hamiltonian of such a
2-colored SYK model is slightly different from the standard SYK model Hamiltonian in
equation (4.2). We divide the 2n Majorana operators into two subsets, with sizes n; and
ny (n2 < ny), and denote the operators in the first set by ¢y, ...,¢,, and the ones in the
second set by 1,..., X, The Hamiltonian is now given by':

i &
o = Tixi (4.40)
iXi :
vV 12 j=1
where
~1/2
n .q/2—
T]'Z( ) jq121 Z ]s’j(,bs. (4.41)
q-1 <]
[SI=g-1

Here ¢S the product of g—1 of the ¢ Majorana operators in subset S, and Js, j are
independent Gaussian random variables. The subset S labels an ordered subset of
g —1 Majorana operators (note that these are different from the subsets I defined
before that correspond to ordered subsets of ¢ Majorana operators). We note that the
(Hermitian) 7; operators do not necessarily obey {7, 7} =26 kL, but instead satisfy
E({Tj, 76}) = —i9726 i 1.

IWe denote Hamiltonians from the class of 2-colored SYK Hamiltonians by H®.
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Lemma 4.7.2. Let {q,’),-}?:ll and {Xi}?il be n; + ny Majorana operators. For the class of
g-local 2-colored SYK Hamiltonians (with even q = 4) in equation (4.40) defined in terms
of these Majorana operators, the maximum eigenvalue of the Hamiltonian Ay (H?) is
lower bounded by Cv/n (with C a constant) with probability at least 1 — exp (- Q(n)) over
the draw of Hamiltonians.

Proof. We introduce a new set of Majorana operators (again of size n) o1,...,0,, (which
do obey {0,074} = 25 j; 1) and we define the quadratic Hamiltonian H':

LN
H = oixj- (4.42)

iXi
vz o

This quadratic Hamiltonian H’' is optimized by the fermionic Gaussian state
po = zimwmrz 1172, (L +i0 ), which achieves tr(H'p) = /7z. The idea is now to
construct a new state pg obtained from p( by applying a unitary transformation to py,
and to find a lower bound for the expectation value of H® w.r.t. pg.

12
po:=e %poet?, where(:= Y trjojand G €R. (4.43)
j=1

The expectation value of H® wi.r.t. py is:
tr(H® pg) = tr(H po), (4.44)

where H” := "% H® =% Using the BCH expansion of Hy and tr(H? py) =0, we
obtain:

1
tr(H? pg) = 0 tr(1{, H? 1 po) + 62 fo (- s)tr((¢, [¢, H?1psp)ds
= 0tr([{, H?po) + 62 E [1-9t(1¢,1¢, HZNpsp)

s~10,

> 0tr([(, H?1p0)-02111L,1¢, H111l, (4.45)

where we have used the triangle inequality and || - | denotes the spectral norm. To lower
bound tr(H® pg), one now has to (i) lower bound 8 tr([¢, H?]p) and (ii) upper bound
0211 1¢,[¢, H?]] ||. Note that this proof technique is similar in spirit to the proof in [27],
although their proof is for qubit Hamiltonians with bounded-degree interactions.

First, we find a lower bound for 6 tr([{, H?] po) which holds with high probability:

12

tr(i¢, H?1po) = — Y tr((rj0 ), Tixklpo) = Ztr( 7,0;,7,%i1p0)

V2 =1 v
\/_,thr(UJX] T]po)
_ 2 27(n2+n1/2] f tl'(]]_ TZ)
V2 j=1 "2t
2( 1)!]/2 ny

Y. ) Usj),  @a46)
\/_(q 1)] 1 Sciny] ]

ISI=g-1
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where we have used that tr([7;0,Txxklpo) is non-zero only for j=k, and the
definition of 7 ;. The quantity tr([{, H®]py) is thus a chi- squared random variable (up to
normalization factors and potentially a sign) with I’lg( ) degrees of freedom and its
expectation value is given by:

S - .
\% 1 (q ) I 1 S<(nq] ]

|SI=g-1

E[tr(l¢, H?1po)] =

where we have used that E[(Js, j)z] = 1. We note that in order to obtain a positive
first-order contribution to tr(H® Pp), one should take 6 positive for g/2 even, and one
should take 6 negative for g/2 odd. Since tr([{, H?]po) is a chi-squared random variable
with nz( ,) degrees of freedom, the following tail bounds can be obtained [28]:

Pr[tr((¢, H? | po)= V7] <exp(-Q(n2 nf 1)), (4.48)
for g/2 even, and
Pr[tr([¢, H®pg)= -Vnz] Sexp(—Q(nz nf_l)), (4.49)

for q/2 odd. The random variable tr([{, H?]po) is thus equal to 2,/7;(-1)9? in
expectation and the probability that — for any even g = 4 —its norm is smaller than half
the norm of this expectation is at most exponentially small in the system size.

In order to upper bound 62 || [, [{, H?]] ||, we first evaluate [¢, [{, H®]]:

iql2
[c,[c,H@n:’—mZ Y Jsil6 16 ¢Sy
ng(qfl) j= 1|§|C:[Zl]1
iq/z no

=——= Y Y Jsjltonlmiong’yil
I’lz(q 1)]]Cl 1 Sc(ni]

|SI=g-1
j3ale-2 m
= — Y Y IsidsadsnaleS o9 ongSy, (4.50)
nz(”l) j.k,1=18,8,8"

q-

where the final sum over S,S’,S" is over all S,5,5" € [n;] with |S]=|5'|=|S"|=g -1
(all sums over S,S’,S” will implicitly have this constraint from now on). The nested
commutator in this expression simplifies as follows (note that the product of i39/2~2 and
the nested commutator is Hermitian):

CXoroxj)u, if (1S"NSlisodd)
AIS N(S"AS)|+ 6y, is odd)
MG o (9T o @) = A(SI= 1812181 =g~ D),

0, otherwise,
(4.51)
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where (¢pXo0o;x )i denotes a Hermitian version of ¢pXo oy (i.e., pXorox; up to
potential integer powers of i) and K := (SAS'AS")u (SN S’ N S") (note that |K| is odd).
We therefore have:

-3/2
n & K /ool s
X [C,H‘Z)]]zc—( ) Y X Isisdsni| (@ ooy puf(s, S, 8" j kD),
Vi \a-1) i fasss ( ! )
(4.52)
where we have defined
1, if (18" nS|isodd)
A(S N (S"AS)| + b, is odd)
fs,8,8",j,kD:= A(SI=1S'1=18"=q-1), (4.53)

0, otherwise.

We now wish to find an upper bound on the expected value of the spectral norm of
[¢,1¢, H®1). And in addition, we would like to show that the spectral norm exceeds twice
the value of this upper bound with probability that is at most exponentially small in the
system size. To establish this, we will have to show the following:

E(11¢,1, HON ) < a*, (4.54)

for even k proportional to the system size and for some a. Equation (4.54) implies
two things: First, since [E(II ¢, H II)k < [E(II 1<, H IIk) (using Jensen’s inequality),
it implies [E(II g, 1¢, H? II) < a (i.e., a is the upper bound on the expected value of
the spectral norm). Second, applying Markov’s inequality to the random variable
I 1¢,1¢, H?]] || and using equation (4.54) yields

Pr[11 16,16, HON I = o' | =Pr[ 116,16, HONIF = (@)F] < (@), 459)

with a’ = a. So taking a’ = 2a and k equal to the system size 2n (= 2ny + np) yields the
desired result of the probability of the spectral norm exceeding twice the value of the
upper bound being at most exponentially small in the system size.

For convenience, we define A := [(, [{, H?]]. Since A is Hermitian (by direct calculation),
the spectrum of A% is non-negative and therefore we have IIAIIk = /1max(A2)k/2 < tr(Ak)
(for even k). Using equation (4.52), we express A as C¥.5c(ap, +n,) Q5Cs for convenience,
where C is a non-negative constant, Qg are real random variables, and C; denotes a
Hermitian (even) Majorana monomial. In addition, we define the random variable (which
is obtained by replacing Majorana monomials in A with 1)

-3/2
n & .
) YooY Isjds s f(S,S,S", j kD).
kl=15,5,5"

1
A:=C ) Qg:C—(
Sci2ny+n;) Vnz\g-1

(4.56)
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If we now assume that
E(Qs,-Qs,)=0 and E(AF)/ak <1/2mmP2, (4.57)

both hold for some even k and some constant a (note that the first condition will
automatically be satisfied since {Js ;} is a collection of independent standard Gaussian
random variables), then for even k we can establish

E(IAI* <E(1A1F) < E(tr(4b) ck Z (Qs, Qs )Re[tr(C, ...Cs, )]

.....

C[2n2+n1]

< 2m*mZ ek ¥ E(Qs,-Qs,)

<[2np+ny]

= 2mtm2E(A()F) < ak, (4.58)

where the first inequality is again Jensen’s inequality and we have also used that [E(tr(Ak))
is real (since A is Hermitian) and that Re[tr(Cj; ...Cs, )] is always at most 2"2*™/2 (note
that tr(Cg C §k) equals 2"2*™/2 yp to integer powers of i, but imaginary contributions
vanish in the sum). This establishes equation (4.54), and thereby the desired result.
Therefore, what is left is to show that the second condition in equation (4.57) is satisfied.

From this point onward, we shall take n; and n, proportional to n, where 2n =2n, + n;
denotes the total number of Majorana operators. We now show that the second condition
in equation (4.57) is satisfied for k = 2n and a = Cy/n. In order to do so, we show that
E(A(1)?") = (Cy/m)*" (where the factor of 2"271/2 js absorbed in C*"). To that end, we
thus need to find an upper bound on the (27)th moment of the random variable A(1) in
equation (4.56).

In Appendix 4.E, we derive this upper bound and indeed show that E(A(1)%") < (Cy/n)*".
Therefore,

E(116,16, HON ) <Cva and Pr[I(G, 6 HP 1= 2CVn| <exp(-Q@m),  (4.59)

which is the desired result.
Combining equation (4.45), equation (4.48), equation (4.49) and equation (4.59), we
conclude that there exists a @ = O(1) such that

tr(H? pg) = CV/n, (4.60)
with probability at least 1 —exp (-Q(n)). O

What is left is to show that this result also holds for the standard SYK Hamiltonian. This
translation from 2-colored SYK Hamiltonian to standard SYK Hamiltonian is given in
Lemma 4.7.3 below, and its proof is given in Appendix 4.F.

Lemma 4.7.3. For the class of g-local SYK Hamiltonians (with even q=4) in
equation (4.2), pg (defined in equation (4.43)) achieves Tr(Hpg) = C+/n with probability
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at least 1—exp(—Q(n)) over the draw of Hamiltonians, provided that py achieves
Tr(H® pg) = Cv/n (with H® the 2-coloured SYK Hamiltonian defined in equation (4.40))
with probability at least 1 — exp (— Q(n)) over the draw of 2-coloured Hamiltonians.

This also concludes the proof of Lemma 4.2.10, i.e., that Apa(H) = Q(v/n) with
probability at least 1 — exp (— Q(n)) over the draw of standard SYK Hamiltonians.
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4.A. Extensive sets of all anti-commuting terms

One can easily prove that when one maps a dense, non-sparse, fermionic model such as
the SYK model onto a qubit Hamiltonian, the locality of the resulting Hamiltonian has to
grow as some function of n, due to the following Lemma:

Lemma 4.A.1. Any set of all-mutually anti-commuting Pauli strings {Qi};'if)l, each of
weight at most k, on n qubits has cardinality m bounded as

m < 3 x 2k@k=1) (4.61)

assuming that k(k—1) < n.
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Proof. Take Qg of weight at most k and let m — 1 Paulis Q; anticommute with it. We can
represent each Pauli string as a 2n-bit string y, say Qo = yxy. where the Hamming weight
lyxl < k,|y;| < k. Any other Q; in the set has to anti-commute with Qp on the support of
the string y. First, note that the set of strings of length at most 2k which have symplectic
inner product equal to 1 (so anti-commute) to a given string of length 2k is at most
22k=1 Now we pick the largest subset M of the set of elements Qy,...Q;;—1 such that
all elements in the subset act identically on the support of Qq, i.e. are represented by
the same string of length at most 2k while differing beyond the support of Q. Let the
cardinality of this set be |[M;|=m; < m—1and m; = 2"21,:_11 > zzﬂk as the largest set should
92k-1

at least be a fraction 1/ of the total. So now we consider this set M and their action
on the remaining n — k qubits (outside the support of Qp), where these elements all have
to anti-commute. In addition, each element has Pauli weight at most k—1 (as we had
to overlap with at least one Pauli with Qp). We then reapply this argument on this set,
leading to a new set M, with [M3| = my = 22("?}_—;1_1 acting on n — 2k qubits and having
weight k — 2 etc. We can reiterate this process / times so that the remaining weight of
the set of Pauli strings M has k— [ =1. This implies that M, can contain at most 3
elements since they all need to anti-commute on a single qubit (assuming that n -kl >0
or n—k(k—1) >0). So we have
m m

gkt (k—Dt.tl  ok@Bk-1)°

32 Mjzp-1l =my-1 2 (4.62)

O

The SYK-4 model contains large (of size n) sets of mutually anti-commuting terms. An
example is the set of all terms which only overlap on one fixed Majorana. Lemma 4.A.1
then shows that any fermion-to-qubit mapping (an encoding possibly using more qubits)
will require the weight of some of the resulting Pauli terms to grow as a function of n.
Note that the actual mapping by Bravyi and Kitaev [23] with k = O(log n) shows that the
upper bound in equation (4.61) is not completely tight.

Another straightforward observation on the energy scaling of a model where all terms
anti-commute is that A ,x does not necessarily scale with the number of terms, as
captured by the following lemma.

Lemma 4.A.2. Let H=1Y ;.7 J1C; where the {C;} are a set of all-mutually anti-commuting
Majorana operators on [2n] (each C; has even support). Then

Amax(H) = |3 ]2, (4.63)
I

Proof: We have H = ZI]ICI = V/ZI]%ZIﬁICI Wlth ZIﬁ% =1. Take the state
p= Zin(]l+zlﬁlcl) and thus Tr(Hp) =\/X;J2% 5 =/XJ7. This is the maximal

eigenvalue that can be reached since one can map each c; onto a single Majorana
operator c;(py as these sets form identical algebras. Then we can use the normalization
of B to view )_; Brci(r) = €1 with single Majorana operator ¢; (this is an example of a
canonical transformation as discussed in Section 1.5). A single Majorana ¢; has spectrum

+1 and hence the (hugely degenerate) spectrum of H is simply +4/3"; ]%. O
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Thus, if all J; are of similar strength, we observe that the overall maximal energy scales
|Z| rather than |Z].

4.B. Splitting sparse Hamiltonians into diffuse interaction sets

Lemma (Repetition of Lemma 4.6.1). LetZ be the interaction set of a k-sparse q-local
Hamiltonian on the set of fermions [2n]. The set’L can be split into (qQ)/2 disjoint, strictly

24’ -local subsets Ifxzq’) (with a € [Q] and q' € [q/2]) each of which is diffuse with respect to
7z

I= U UI‘Z‘“ (4.64)

g'=la=

The parameter Q = q(q—1)(k— 12+ q(k—1) +2 does not grow with n. The construction of
this splitting can be done efficiently, in time poly(n).

Proof. Consider a graph G with vertices corresponding to interaction sets I € Z, where
two interaction sets I, I, are connected with an edge if either 1. they share at least
one Majorana operator or 2. I} and I, both share Majorana operators with another
set I' # I1,I>. For a g-local k-sparse Hamiltonian, G has maximal degree Q' with
Q =qlg-1)(k- 1%+ q(k—1). Here g(k —1) is the maximal number of interactions I,
directly sharing a Majorana fermion with any given interaction I1, and (g —1)(k—1)?is
the maximal number of interactions satisfying condition 2. Since a Q'-sparse graph is
vertex-colorable by at most (Q + 1) colors [29], we can split Z into (Q’ + 1) subsets Z, s.t.
any two interactions Iy, I, from a set Z, are not connected by an edge in G. By definition
of G, this amounts to sets Z, satisfying the first two conditions of Definition 4.5.1. A
greedy algorithm can be used to assign the vertices G with (Q’ + 1) colors, so Z, can be
constructed efficiently.

Each interaction set Z, can contain terms of different weight. For each value of a we

define strictly 2¢4’-local sets Iézq’) (for ¢’ = 1,.., q/2) by restricting to the strictly 2¢q’-local

part of Z,,. This gives a splitting of Z into efficiently constructable subsets Iffq,):
ql2 Q'+1 )
7=y U 787, (4.65)
q'=1a=

!
where all sets Iétzq ) satisfy conditions 1 and 2 in Definition 4.5.1.
The rest of the proof is concerned with the third condition of a diffuse set in Definition

4.5.1, for all sets I(zq,) This means ensuring that for all values of « and ¢’, the support

size ISup(I( q ))I is smaller than 2n—L . Fix ¢’ and consider sets I(zq/) forVae [Q'+1].

q+1

Consider the case where [Sup(Z, 2q ))I <2n-L does not hold for at least one value of «,

q+1
which we set to be & = Q' + 1 without loss of generality.

Let us prove that the violation ISup(I(zq’))| > 2ni cannot hold for any §# Q' +1.

Firstly, no interaction I from Ié a) can be a strict subset of an interaction in I(Q,Zi
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share Majoranas with two terms in Ig,z i simultaneously. The first scenario is excluded
! !

since I(QZ,Z} and ng) are both strictly 2¢’-local and the second scenario is excluded

because Ig,‘ii satisfies condition 2 of Definition 4.5.1. From these two facts it follows that

! !
each interaction in I;),Zq ) must involve at least one Majorana from [2n]\Sup(Z @7)) This

Q'+1

implies
ISup(Z )| = 24/ |[2n\Sup(Zy 7 )1, (4.66)
This can be further bounded as |Sup (Iézq’))l < gl[2n]\Sup (Ig,z’i) |, because 2¢q’ < g. Since
we assumed |Sup(Ig,’Q)| =2nq/(g+1) and thus |[2n] \Sup(I(QZ,Z’i)I <2nl/(q+1), it follows
that ISup(ng ))I <ql2n] \Sup(Ig‘,ii)l <2ngq/(q+1). Thus we have shown that for a given
q', the condition 3 of Definition 4.5.1 — indeed cannot be violated by more than one Iézq’).
Consider all ¢’ for which there exists a violation | Sup(Ig,ii)l > Zn%. Since # > %

for any g, this violation can be fixed by splitting 7 (QZ,LQ in half. Introduce non-overlapping

=(2q") Z(2q") - 2q") 24" . +2q) _ #2q), F2q)
sets IQ,+1 and IQ,+1 of sizes [IIQ,+1|/2J and [|Z ,+1|/21. IQ,+1 —IQ,+1UIQ,+1. By
)

)| <2n/2<2nq/(q+1) and similarly |Sup(f(2‘7/)

implication, |Sup (ig,‘i’ ) <2nqi(g+1).

1 Q'+1
We conclude the construction by modifying the set ng) for the considered ¢q': we
2q") _ 724" . . . @q") _ 52q)
redefine IQ, 1= IQ, T and introduce one extra interaction set IQ, 12 = IQ, e

The proof can now be finalized. Performing the above procedure for all ¢’ where
a violation was present, and completing the {Iézq)} without such violations with
2q)  _ . .
L,_q+2 = @, we arrive at the splitting

92 Q
7= Uz, (4.67)
q’:l(l:1

where Q= Q' +2=¢qg(g—1)(k—1)?+g(k—1)+2. Interaction sets I,(qu/) are diffuse
(satisfying all three conditions of Definition 4.5.1) with respect to Z for all ¢’ and a. The

!
construction of I((lzq Vis efficient, because each step can be implemented in time poly(n).
O

4.C. Majorana matchings from diffuse interaction sets

Lemma (Repetition of Lemma 4.6.2). Let a strictly q'-local ' be diffuse w.r.t. q-local
k-sparseT on [2n], such that n > (g°> — 1) k. One can efficiently construct a matching M of
[2n] that is consistent with Z' and inconsistent with all interactions I € T\T' such that (1)
1= ¢q or(2)I¢Sup@).

Proof. We first note that for I € Z\Z' the condition |I| = ¢’ implies I ¢ Sup(Z’). Indeed,
there are two possible options for I € Z\Z' such that I = Sup(Z’). The first option is that I
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Figure 4.3: Example of the construction from the proof of Lemma 4.6.2. (a) The g-local
set of interactions Z (q = 4). Highlighted in green is diffuse and strictly ¢’-local
7' (¢’ =4), in red are the interactions in Sup(Z’) with weight less than ¢’, in
grey are the rest of interactions in Z. The goal is to create a matching M
consistent with green-colored terms, inconsistent with grey-colored terms,
and with no guaranteed relation to the red-colored terms. (b) Matching
M’ on Sup(Z'), consistent with Z' by construction. Ensuring inconsistency
with all red-colored terms is in general impossible. For example, consider
the three overlapping red-colored terms at the top center. (c) Completing
M = M'u M" with a matching M" on [2n]\Sup(Z'), ensuring inconsistency
with all grey-colored terms. For this, the vertices are matched only if they
belong to different interactions.

is a strict subset of a single interaction from Z’. However, this is not possible given |I| = ¢/,
because 7' is g’-local. The second option is for I to share Majorana modes with two
or more interactions in Z'. This is ruled out because 7 is diffuse with respect to Z (cf.
Condition 2 in Definition 4.5.1). The above implies that it is sufficient to construct the
matching M that is consistent with Z’ and inconsistent with {I € Z\Z'|I ¢ Sup(Z')}.

We construct M in two steps. First we construct a matching M’ of Sup(Z’) (note
|Sup(Z")| is always even). Next, we construct a matching M” of the remaining Majorana
modes [2n]\Sup(Z’). The desired matching of [2n] is the union M = M’ u M".

To construct M’, we match vertices of each I € Z' in an arbitrary way: for every such
I'={i1,..ig}, lioj_1, io;} € M' for 1 € [1,..q'/2]. This matching is always possible, since 7' is
diffuse and thus different interactions from Z’ do not overlap. Thus constructed M’ (and
therefore also M = M’ u M") is explicitly consistent with all € Z'.

To construct a matching M” of [2n]\Sup(Z'), we aim to ensure that no (my, my) € M"
is a subset of any interaction in Z. For this, consider a ‘permitted edge’ graph P
with vertices [2n]\Sup(Z’), and edges inserted between every pair (i1, i) unless they
belong to the same interaction in Z. We aim to construct M"” as a perfect matching
of P. Note that since Z is g-local and k-sparse, the graph P has degree bounded
from below as [[2n]\ Sup(Z')| — (g — 1) k. At the same time, since Z' is diffuse, we're
guaranteed by Condition 3 in Definition 4.5.1 that |[2n]\ Sup(Z')| = %. Therefore,

since n > (g% — 1)k by assumption, the degree of the vertices in P is lower bounded
as |[2n]\ Sup(Z")| - (g — Dk = |[2n]\ Sup(Z"|/2 + # —(g—1Dk>|[2n]\ Sup(Z"|/2. Given
this lower bound, we apply Dirac’s theorem [30], which yields an efficiently constructable
Hamiltonian cycle in the graph P. Matching M" is then obtained by pairing the

sequential vertices in this cycle, making it a perfect matching of P. By definition of



4.D. Matchings and Gaussian states 115

P, M" is guaranteed to contain at least one outgoing edge from every interaction in
{Ie Z\Z'|I ¢ Sup(Z")}. This makes M = M’ u M" inconsistent with {I € Z\Z'|I ¢ Sup(Z')},
as desired.

O

Lemma 4.5.3, which is used in the proof of Theorem 4.2.5, is a special case of
Lemma 4.6.2. To obtain Lemma 4.5.3, one sets ¢’ = g and considers strictly g-local Z
instead of simply g-local. In this case all terms in Z\Z' satisfy the first condition of the
Lemma, and therefore the constructed M is inconsistent with the entirety of Z\Z'.

4.D. Matchings and Gaussian states

Lemma (Repetition of Lemma 4.6.3). Let H=Y ;c7 J1Cr on [21n'] be q-local and T’ be
a diffuse subset of I. Consider a matching M of 2n']. If M is consistent with T' and
inconsistent with T\T', one can efficiently construct a Gaussian state pz: with the property:

Tr(Hp(Z)) = Y. IJil. (4.68)
IeT’

Proof. For the given matching M, consider its associated Gaussian state pure p(M, A) of
the form:

- 1 .
P(M» A) = Z_nH{ml,mz)eM(I]- + l/l(ml,mg)cml Cmg)' (4.69)

Lemma 4.4.2 implies that the contribution to Tr(Hp(MJl)) from inconsistent
interactions Z\Z' vanishes and contributions from Z’ yield:

Te(Hp(M,A) = Y Jrsign(®  [1 Miyoryinen- (4.70)
IeT’ 1e{l,.,[11/2}

The proof is completed by choosing an appropriate value for A. Since 7' is diffuse, by
Condition 1 of Definition 4.5.1, distinct interactions from Z’ do not share Majorana
fermions. This means that the values A(;,,m,) for different I in equation (4.70) can
be chosen independently. In particular, by picking appropriate A,,m,) = £1, one can
eliminate the sign of J; sign(mr) and achieve a contribution | J;| for each I € Z'. Note that
this procedure can be done efficiently, as it is simply a matter of choosing at most n +1
values by checking the sign of most |Z’| terms. Denoting the thus chosen p(M, 1) as o,
this yields equation (4.68). O

A special case of Lemma 4.6.3 is Lemma 4.5.4 used in the proof of Theorem 4.2.5.

4.E. Moment bound for dense SYK-g

In this appendix, we establish the moment bound [E(A(I)Z”) < (C\/ﬁ)zn, where A(1) is
defined as (in equation (4.56)):

-3/2
1 n n

AQ)=C— > Is,jJs xJsr 1 (S, S, 8", j kD). 4.71)
\/ﬁ(q_l) j,k,l=lS, r’s/r J
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The function f in this expression is defined as (in equation (4.53)):

1, if (S"nS|isodd)
A(S N (S"AS)| + 6, is odd)
f6,8,8",j, kD= A(SI=1ST=18"1=q-1), 4.72)

0, otherwise.

We classify the terms in the sum in equation (4.71) into five classes whose total
contributions to the sum are denoted by Dy, Dy, D2, D3 and Dy4. Dy comprises of all
terms for which the three J’s are distinct. We shall therefore call the D, contribution the
diagonal-free contribution. D; comprises of all terms for which the three J’s are equal.
D,, D3 and D4 comprise of all terms for which exactly two out of three J’s are equal.

Taking f into account, and thereby the terms that actually appear in A(1), we conclude
that the terms appearing in each class Dy, D1, D2, D3 and D4 correspond to the index
sets given in Table 4.1. An illustration of examples of the index sets (S, j), (S, k) and (S”, 1)
associated with these different classes of contributions to A(1) is given in Figure 4.4.

) (b) (c) (d) (e

g § S@ sOS” s@

$ 09’
j=k=1

e

(a

)

(=

j=k=1 j=k=1 il
Do D1 D2 D3 D4

Figure 4.4: Illustration of examples of index sets (S, j), (S', k) and (S”, ) (corresponding to
non-zero values of f in equation (4.72)) associated with the different classes
of contributions to A(1) in equation (4.71). The Dy contribution in (a) is the
diagonal-free contribution (i.e., (S, j), (S', k) and (S”, ) are unequal). The Dy,
D,, D3 and Dy contributions in resp. (b), (c), (d) and (e) are the diagonal
contributions (i.e., at least two of (S, j), (S, k) and (S”, ) are equal).

To upper bound the (2n)th moment of A(1)yin, we upper bound the rth moments (for
even r <16-2n) of Dy, D1, Da, D3, Dy separately. In particular, if E((D;)") < (Cy/n)" for
i=0,1,...,4 and all even r <16-2n, then E(A(1)*") < (C\/ﬁ)zn. Note that through the
multinomial expansion and successive application of Cauchy-Schwarz inequality these
former bounds indeed give an upper bound on the (2n)th moment of A(1):
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H class associated index sets of terms associated index sets of terms in A(1) H

Dy (S, PN#ES BDAES",D#S ) SN#AEK#AES",D#S )
Dy (S, ))=(8,k) =", SN=Ek=(E"Dh
D, S, )=E",1#(S, k) §S=8"#8,j=1=k
D3 S, )=k £, 1) S=8#8"j=1=k
Dy (8, k=" D#S, ) (8, k) =1S"D#S))

Table 4.1: The index sets associated with each class of terms, and the index sets associated
with each class of terms that appear in the expression for A(1) (i.e., taking f
into account).

!
E(A™) =[E((D0+D1 +D2+D3+D4)2") = ¥ '2” '
Ko+t kg =2n Kol..ka!
< Z c2n [E(ng())1/2[E(Dz11k1)1/4[E(Dz23k2)1/8[E(D§6k3)1/16[E(Di6k4)1/16
ko+...+ks=2n

< Y cevn)rth < (cvn) (4.73)

ko+...+ks=2n

ko vk k.
E(Dy* DD}

where we have used that the multinomial coefficient can be upper bounded by C?"* and
that the number of 5-tuples of non-negative integers whose sum equals 27 is upper
bounded by Cn* (which is smaller than C2" for some constant C). Although clearly the
rth moments of e.g. Dy have to only be bounded for even r < 2-2n, we bound - for the
sake of clarity — the rth moments for even r < 16-2n for all D;’s. We first deal with the
case of Dy, since the fact that this contribution is diagonal-free allows one to employ a
decoupling technique. Afterwards, we will consider the D, Dy, D3 and D4 contributions.
First, we state the following lemma, which will be useful throughout this appendix.

Lemma 4.E.1. Let P and P’ be two polynomials of centered Gaussian random variables
(i.e., the monomials are formed by products of elements from a sequence of independent
centered Gaussian random variables, and each variable is allowed to appear in
a monomial multiple times) with non-negative coefficients. Then, for any even r,
E(IP+P'|") =E(|PI").

Proof. We have E([P+P'|") =E(|PI") + X}_, (JE(P " (P"¥), and E(P""*(P)*) is non-

negative (for any integers r, k) since P and P’ have non-negative coefficients and all
moments of centered Gaussian random variables are non-negative. O

4.E.1. Upper bound for moments of D (diagonal-free contribution)

We start by noting that the function f takes on values 0 or 1, dependent on the index sets
S,S,8", j, k,labeling the Majorana operators. We consider replacing f in each term of
Dy (equation (4.71)) with 64 0,4, where either

ac(S'uk),bzce(S"ul),de(SuUj), (option 1)
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or
ac(S'uk),b#ce(Suj),de(S"ul. (option 2)

We denote this modified sum as Dy 5. By inspection, the index sets for which f is
non-zero all correspond to a non-zero contribution for 6, ;0 4. Note that those index
sets for which 6, 6,4 is non-zero also include index sets for which f is zero. Hence, the
terms associated with non-zero 6,04 (for the two options listed above) are a superset
of the terms that correspond to non-zero values of f. Therefore, by Lemma 4.E.1, the
upper bounds on even moments of Dy can be obtained by upper bounding the even
moments of Dy s5.
We will denote the part of the sum Dy 55 corresponding to option 1 as D min:

-3/2

D c 1| " S Js s (4.74)
0,min := L—= S,jJS" kJS" 1> .
' vnlg-1 ikl !

s,8',8",

s.t. [(S'uk)N(S"ul)|=1
and |(S"uN(Suj)|=1

where the sum is over indices such that (S, j) # (S, k) # (S, 1) # (S, j) (by definition of D)
and such that (S'uk)n(S"ul) and (S”" Ul) N (Su j) differ by at least one element. Any
bound for all even moments of Do min also holds for Dy 55 — Do,min Which corresponds to
option 2, due to the symmetry (S, j) < (S”, 1) between the two options. An upper bound
on all even moments of Dy 55 (and, by implication, D) then follows from binomial
expansion and application of the Cauchy-Schwarz inequality, similarly to equation (4.73).
Thus it only remains to prove E(| Do min|") < (Cy/n)" for all even r.

To upper bound the even moments of Dy nmin, we are going to employ a decoupling
technique. To that end, we will study the even moments of a related decoupled quantity.
This decoupled quantity is defined as Do min but with the standard Gaussian random
variables Js j, Jor and Jgr; (selected from a single sequence of standard Gaussian
random variables) being replaced by their decoupled versions ] (1}, Jg (2) ]S,) /
(selected from three independent sequences of standard Gaussian randorn variables:).
The related decoupled quantity is given by (where the sum is again over indices
(S, j) # (S, k) #(S",1) # (S, j) and again such that (S'Uk)n(S"ul) and (S"UDN(SU )
differ by at least one element):

W 42 O
3q/2 I Z s, il kT snp (4.75)
S S’ S”

s.t. [(S'uk)N(S"ub|=1
and |(S"ul)n(Suj)|=1

where we have additionally used that (k/1) < (%) < (e k/D'.

To upper bound the even moments of this decoupled quantity, we will make use of
Lemma 4.E.2 below from [31]. The even moments of this decoupled sum are upper
bounded by upper bounding the even moments of a decoupled sum whose terms
are a superset of the terms in the sum in equation (4.75). Through Lemma 4.E.1, the
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even moments of the latter sum are larger than those of the former sum. For each
Jg “) , we introduce ¢! — 1 additional independent standard Gaussian random variables
associated with the g! permutations of the indices in the subsets of size q. Furthermore,
we introduce additional independent standard Gaussian random variables for which

some or all of the g indices that label them are equal. We consider a sum over lists of 3g
(1) +(1)

indices (which label the independent standard Gaussian random variables) i; . lq ,
zfa), . 122) and 1(3) o 123) (with each index in [2n]), instead of the sum over subsets of

[2n] in equation (4.75) Note that the sum over lists, by definition, can contain terms for
which two (or three) of the Gaussian random variables have equal index sets.

The index lists z(” (1) and 1(2) . i @ that are summed over each have any one

index (denoted by resp. x and y) thatis equal to an index in 1(3) . ,(]3). If we additionally

sum over all ‘positions’ of the x and y indices (where p;, p2, p3 and ps € {1,..., g} label
these positions), we obtain the sum (see equation (4.76) below) whose terms are a
superset of those in the sum in equation (4.75). Note that this sum in equation (4.76)
contains all the contributions from a sum over lists of indices, and contains some terms
multiple times that would occur only once in a sum over lists of indices: For example, in
the hypothetical case g = 2, one could have a contribution J; ) 3J6, 2) £ by ®) that would appear
once in the sum over lists of indices but appears twice in the sum in equatlon (4.76) (once
for p; =1 and once for p; =2). Through Lemma 4.E.1, the even moments of the sum in
equation (4.76) will therefore be larger than those of the sum over lists of indices (and
therefore larger than those of the sum in equation (4.75)), and it will thus suffice to upper
bound the even moments of the sum in equation (4.76).

decoupled | __ C 1 i
0,min T n3a/2-1
P1y-Pa=1
s.t. p3#pa
2n 2n 2n m @ 3
(] [6))] (1) ](2) +(2) ] (3) +(3) +(3) )]
) Q) @ @ B ® .(3) I el % el Y wlpg— lxlp3+1“"
S S TE YR SR ) R i s l’x’lp3+l"” o) W@ @ e i@ i@
) (1 -1 @ @ ® .(3) (3):1 p1+170hq Ipy+10lg pa-1Y pge1m q
Lo+ pat170lg Lpy-1Ytpgerrot
(4.76)
he fi di di f (1) -(1) d (2) -(2) d g-2 indi f
The free indices (g —1 indices o l ,zq an z ,lq , and g -2 indices o
z?), . 1573)) can be summed over to obtaln new 1ndependent standard Gaussian random
1) (2) (3)
variables denoted by Ky}, , K}, and Ky, 1,
M & M
174/ -1
Kep, =1/v@2n) Z J 0wy (4.77a)
0,0 O Lyt Bl ety
ol ol e
@ & @
e 174/ -1
Ky p, =1/v(2n1 Z J @ e e e (4.77b)
@0 @ Lty Plpyrola

07 ey ol e
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2n
3) e 171/ -2 (3)
K pssypa = 1V 2n0)1 Z ]l(3> O LB e e e (4.77c)
B I R e R R e D e Rt
1ol -vipyar
© O e
Ipg-1ipgr1ig =1

where we have used that the normalized sum 1/v/m Zm , Ji of a sequence of standard
Gaussian random variables Jy, ..., J; is again a standard Gaussian random variable. We

now obtain the following expression for Dgerfl(i’r?pled'
decoupled 1 2n ) @ 3
0 min =C Z [_ Z Kx,pl Ky,p2 Kx,ps;y,m . (4.78)

pLempa=1 T xy=1
S.t. p3#pa

The sum over all free indices gives an extra total factor of 739/2=2, which partially cancels

against 739271 in equation (4.76). Importantly, we note that now the random variables
K)(Cl,)jl and K, W Py are independent for x # x' (and equivalently for KJ(,Z;2 and K)(Cszh pa)
We will apply Lemma 4.E.2 from [31] separately to each contribution to Dgicl?:: pled 3y

equation (4.78) (with a contribution corresponding to one combination of p;’s).

Lemma 4.E.2 (Theorem 1 in [31]). Let Y € RN**N pe q d-dimensional matrix and
define:

. N d .
F({Kl(])’ KL 1) =Y Vi, [k, (4.79)
i1,ee0ig=1 j=1 J
where {Kl(j ),...,K 1(\{)}?:1 are d independent sequences of N standard Gaussian random

variables. Then for any integer k = 2:

[E(|F({K‘f’,...,KI‘Vf)};?zl)V‘) <Y P2 yip)F<(c m%x[klp‘/zll Yip))¥, .80
P

where P are partitions of [d] into non-empty parts (P1,..., Ps). The second inequality holds
because the number of partitions of [d] into non-empty parts is constant in n (since d is
constant in n). The quantity | Y || p is defined as:

N
1Ylp=1Yl@p,..py :=max{ Y Vipia Xjp) o) ;Z(xgg)zsl,...,z( ﬁ’;}’c) <1},

i1,00ig=1 ip ip;

(4.81)
with each x € R.

Remark 4.E.3. If F in equation (4.79) is diagonal-free (i.e., Y;, i, =0 if ij = iy for any
J # k) then the moments of the ‘decoupled’ F in equation (4.79) are (up to constants
only depending on d) an upper bound for the moments of its ‘coupled’ counterpart
F'(Ky,...,Ky):= Z?l],...'id:l Yi,oia H?ﬂ Kj; (i.e., where the random variables are all taken
from the same sequence of N standard Gaussian random variables):

E((F)") = CE((F)").

See e.g. Theorem 2.1 in [32].
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The fact that this decoupling inequality only holds for diagonal-free polynomials is
exactly the reason for differentiating between the diagonal-free contribution Dy and the
diagonal contributions Dy, D3, D3, D4 to A(1).

For Zif}legl)gl KJ(,IZ;ZK)(S;%%M in equation (4.78), we see that d =3 and hence the
possible partitions P are {1,2,3}, {1}{2,3}, {2}{1,3}, {1,2}{3}, {1}{2}{3}. The associated || Y || p

values can be (straightforwardly) calculated and are given in Table 4.2. Using Table 4.2 and

r
Lemma 4.E.2, we find the following upper bound on [E( [ Cln Zi”y:l K,(C};,l K}(,,zz,z Kggg;y,m] )
(for all even r):

(C/n max(vVrn,rvn,rvn,r, r3/2))r <(cvn)". (4.82)
[P 1P Wip]
{1,2,3} 1 2n
{1}{2,3} 2 V2n
{211, 3} 2 V2n
{1,2}{3} 2 1
{1H2H{3t 3 1

Table 4.2: The different partitions P of [3] into non-empty parts, with the associated
number of parts |P|, and the associated || Y|p for Z?c,ny=1 KS;,IKJ(,,Z,?,Z Kf;n;y,m
in equation (4.78). | Y || p for the first four partitions can be straightforwardly
evaluated by applying equation (4.81) to equation (4.75), and the fifth |Y|p

can be evaluated by additional application of the Cauchy-Schwarz inequality.

Note that Dgﬁ;?;l pled in equation (4.78) consists of q4 (with g = O(1)) contributions,
each corresponding to a given combination of p;’s. We can again use the multinomial
expansion and successive application of the Cauchy-Schwarz inequality (together with
the fact that the multinomial coefficients can be upper bounded by C" and that the
number of g*-tuples of non-negative integers whose sum equals r is upper bounded by
C" for some constant C) to conclude that the upper bounds of (Cy/n)" for rth moments

(for all even r) of these contributions imply an upper bound of (Cy/n)" for rth moments

decoupled
(for all even r) of Do,min

We now employ the decoupling inequality from the above remark to obtain
d led
E(IDo,minl") < CE(| Dy 0™ | ) < (CV/n)".

From the arguments given previously, this implies the desired bound E(|Do|") < (Cv/n)"
for all even r, in particular for r < 16-2n.

4.E.2. Upper bound for moments of Dy, D», D3 and Dy

In the previous section we used a decoupling inequality to upper bound the rth moments
(for even r < 16-2n) of Dy. These decoupling inequalities hold for (Gaussian) polynomials
for which each Gaussian monomial is a product of distinct Gaussian random variables,
i.e., diagonal-free polynomials. This holds indeed — by definition — for the Dy contribution
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to A(1), but not for contributions D;, Dy, D3 and D,. For that reason, we cannot make
use of the same decoupling inequality for the D1, D, D3 and D, contributions. Therefore,
we have to resort to other methods to bound their rth moments (for even r < 16-2n).

e The D; contribution can be written as:

1
Dy:=C—
! vn

The rth moment (with r even) of D; can be upper bounded as follows:

n -3/2
- 1) 3 Us,)’ (4.83)
7S

rE(|D1|’) <c’

I
Fon) T2y

Scrn(5/2—q/2)r’ (4.84)

<C’

.
where we have used that[E[( " Kl-) ] =Y kit tkp=r ,q%lkml[E([Kl)kl) o E((Kp)om)
(for Kj,...,K,; independent random variables), the fact that (S, j) can take on
2n( qz_”l) values and the fact that the pth moment of a standard Gaussian random

variable is equal to (p—1)!! (< pP’?). For even r, we therefore conclude that
E(1D11") < (cvm)",
e The D, and D3 contributions are equivalent and can be written as:
) n V732
2
Dy =Ds3:= C—( ) Y Usj) s, (4.85)
vnlg-1 j,8,8" s.t. S#8'

The rth moment (with r even) can be written as follows:

E(1Da1"),E(1Dsl") = € %(q:)_ ]r[E(( Y Usi)Usy))  @se

7,8,8' s.t. S£S'

We define

g= Y Us))Us (4.87)

7,S,8 s.t. S#8'

for which E(g) = 0. We note that g is a homogeneous polynomial in standard
Gaussian random variables of degree 3. To upper bound the moments of g, and
thereby the moments of D, and D3, we use the following result from [33]. This
result is an extension of Lemma 4.E.2 from [31] to the setting where diagonal
terms are allowed to appear in the polynomial. The extension also includes
inhomogeneous polynomials, although in the current setting we are considering
only homogeneous polynomials.
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Lemma 4.E.4 (Theorem 1.3 in [33]). LetK:=K;...,Ky denote a sequence of N
independent standard Gaussian random variables and g : RN — R a polynomial of
degree D. Then, forallr = 2:

;

E([em0-E(gm)] )<c[ ¥ ¥ rPP2EDg) ||7>] (4.88)
1=d<3P((d])

where P are partitions of [d] into non-empty parts, and |Y|p (with Y

a d-way tensor) is defined in equation (4.81). D%g(K) denotes the dth

derivative of g(K), which corresponds to a d-way tensor with entries equal to

d __d 9 _ d ;

[D g(K)]i1 ..... iy = K Wg(K). Ford = D, D%g(K) is constant.

For g in equation (4.87), we have that N = n( q’fl), since the sequence of Gaussian

random variables corresponds to {Js, ;}. To find an upper bound for the rth moment

of g using equation (4.88), we first calculate D4 g ford=1,2,3. Then, for each d, we

upper bound ” [E(Ddg) ||73 for all partitions P of [d]. We will show that for all 4 and

associated partitions P([d]), || [E(Ddg) ||7> can be upper bounded in such a way that

[E(lDzlr),[E(lD_o,l’) < (Cy/n)" for all even 2 < r < 16-2n. Finally, the 0th moment also

(trivially) satisfies this upper bound, hence it holds for all even r < 16 - 2n.

The derivatives of g are equal to:

n
(X J5, +2]3] Z ]S’ sy =EDg) = ( 1) : (4.89)
NERIEN] S'# q- (S,j)

ZZS' szsts,jp (S, )= (T, k)
2(]T]+]S,), itS#Tandj=k —E(D%g) = (0)(s,j)(T»
(S, ), (T,k)

ifj#k
(4.90)
2, if(S=T#UorS#T=UorS=U#T)andj=k=1
0, if(S=T=UorS#T#U)and j=k=1
0, if j, k, [ are not all equal S TRLTD

= E(D%g)=D%g. (4.91)

In Table 4.3, we give the values of ||[E(D“g)|| ;> for all partitions P([d]) for d = 1,2,3.
|| [E(Dd g) HP for d = 1 can be straightforwardly evaluated using equation (4.81) and
for d = 2 can be trivially evaluated by using E(D?g) = 0. For d = 3, |E(D?g)|| > can
be upper bounded using equation (4.81), and the triangle and Cauchy-Schwarz
inequalities (for illustration purposes, we provide an example of the derivation of
this upper bound for P = {1, 2}{3} below).

Combining the upper bounds for |E(D?g)||, in Table 4.3 with the factor of
rlPlz (=C nlPl 2)in equation (4.88) and the normalization factor in equation (4.86),

we find — using E(g) = 0 — that indeed [E(IDzlr),[E(nglr) <(Cyn)" for all even
r<l16-2n.
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[ 7 P [ED%)p |
w1 ()
{1,2} 1 0
{132} 2 0
{1,2,3} 1 C\/ﬁ(qfl)
{132,342 cn(,”)
{2H1,3} 2 Cn(,")
{1,243} 2 Cn(,")
e 3 C(,2)

Table 4.3: The different partitions P of [3] into non-empty parts, with the
associated number of parts |P|, and (the upper bounds for) the
associated |E(D?g)||» for g in equation (4.87).

Example: For illustration purposes, we give an explicit evaluation of ||[E(Dd g) HP
for P = {1,2}{3} (the evaluations for other P’s follow using similar methods). By
definition (equation (4.81)), we have:

||[E(D3g) ”{1,2}{3} = sup{ Z [E(Dgg)(s,j)'(r,k),(u,nx(S,j),(T,k)J’(U,l)
(S,1),(T,k),(U,1)

2 2
P x(s,j)y(T’k)sl,Zy(U,l)sl}. (4.92)
(S, /),(T,k) w,n

Using the expression obtained for [E(D3 g)( $,),(T., U,y We obtain:

” [E(D3 g) ” {1,213}

=Sup{ 2 2XSHTHYEN T D, 2XSHIHYEH) + D, 2X(S S ) VW)
ST iST iSU

2 2
fY XspmeSL X Yoy S 1}
STk D
< SUP{2§|;X(S,j),(T,j)y(T,j)| + 2;|ZS x(S,j),(T,j)y(S,j)‘

b I

. 2 2
+22|Zx(5yj),(5»j)) ‘Z.V(UJ)| fY XspawsSL Y Yo S 1}
715 T (ST k) @D

<sup{2Y Il Iyl +2 % Il 1y
S T

n n 2 2
+2 Ixl ( _ 1) Iyl ( _ 1) P Xy SL X Yun < 1}
j q q S.)(TR) WD

< Cn( " ) (4.93)
q-1
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where we have used the triangle inequality in the first inequality, and the
Cauchy-Schwarz inequality for the second inequality (and we note that e.g.
>u Yw,) is simply equal to the inner product of y;) := (ywy, ), Yo, j)»---) with the
all-ones vector).

e The D4 contribution can be written as:

-3/2
1 n 2
Dy:= C—( ) > Js,i(Js k)" (4.94)
vniq-1 j kS
s.t. 0<|SnS'|<g-1
is odd

We note that the main difference with the D, and D3 contributions is that, for
Dy, the sum is over the double index j, k (instead of over the single index j), and
over a restricted sum over sets S, S’ (instead of over a free sum over sets S, S'). To
bound the moments of D4, we will employ a similar method as for D, and D3. The
rth moment (with r even) can be upper bounded as follows (where we drop the
‘ISn S| is odd’ constraint using Lemma 4.E.1 and denote the collection of subsets
S’ suchthat0<|SNS'|< g—1bya(S)):

-3/2
)=o) S ) e
S'ea(S)

We note that |o(S)| can be upper bounded and lower bounded by C n9-2 (for some
constants C). We define
hi= Y JsiUsi) (4.96)

ikS,
S'ea(S)

for which E(h) = 0. We note that & is a homogeneous polynomial in standard
Gaussian random variables of degree 3. To upper bound the moments of g,
and thus the moments of D4, we again use Lemma 4.E.1 from [33]. We use
equation (4.88) to find an upper bound for the rth moment of h. We first
calculate D? 1 for d = 1,2,3. Then, for each d, we upper bound ||E(D? )|, for
all partitions P of [d]. Thereby, we show that for all d and associated partitions
P((d)), | E(D?K)| » can be upper bounded such that [E(|D4|’) < (Cy/n)" for all even
2 < r <16-2n. The 0th moment trivially satisfies this bound, and therefore it holds
foralleven r < 16-2n.

The derivatives of & are equal to:

Dh=( Y Jg,+2Jsj Y. Jsp)s, =EDh)s(Cn®)g, @97
S'ea(S),p S'ea(S),p

where the sum over p runs from 0 to » and we have used the bounds on |o(S)|.
Note that this is a pointwise upper bound on the entries of the vector E(Dh), which
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will be enough to bound the corresponding norm.

2Jr+2Jsj, ifTeo(S)andVk
D*h=|2Lseqwplsp  HTR=(S)) — E(D2) = (005,100
0, otherwise S.ITR
(4.98)

2, if (U,l)=(T,k) (U, T € o(S))) or
((U,D)=(S,j)and T € g(S) and Yk) or
(T, k)=(S,j)and U e g(S) and V1)
0, otherwise

D3h= = E(D*h) = D*h.

(S, ), (T,k),U,0

(4.99)
In Table 4.4, we give the values of || [E(Ddh) ”P for all partitions P([d]) for d = 1,2,3.
|E(DR)||» for d =1 can be straightforwardly evaluated using equation (4.81) and
for d = 2 can be trivially evaluated by using E(D?h) = 0. For d = 3, |[E(D?h)| ;» can
be upper bounded using equation (4.81), and the triangle and Cauchy-Schwarz

inequalities. To obtain these upper bounds, we have again used the bounds on
lo(S)].

I P P [E@)]p |

11} 1 C(ni1)"?
{1,2} 1 0
{1}{2} 2 0

{1,2,3} 1 Cni-172
{112,3} 2 cn
(211,3} 2 cn
{1,213} 2 cn
{13243} 3 Cn4'?

Table 4.4: The different partitions P of [3] into non-empty parts, with the
associated number of parts |P|, and (the upper bounds for) the
associated ||[E(D? )| for h in equation (4.96).

Combining the upper bounds for ||[E(D?k)||,, in Table 4.4 with the factor of
r'P2(< cnlP112) in equation (4.88) and the normalization factor in equation (4.95),
we find - using E(h) = 0 — that indeed [E(|D4|’) <(cyn)" foralleven r < 16-2n.

In conclusion, we have shown that the rth moments (for even r < 16-2n) of Dy, D1, D>,
D3 and Dy can be upper bounded by (Cy/n) ", and hence, by equation (4.73), the (2n)th
moment of A(1) can be upper bounded by (C \/ﬁ)zn. Thereby, we have also established
that the second condition in equation (4.57) is satisfied.
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4.F. Two-colored SYK to standard SYK

In this Appendix, we give the proof of Lemma 4.7.3.

Proof. To establish Lemma 4.7.3, we now show that the state p that achieves
tr(H®p) = Cy/n (with H® defined in equation (4.40)), with probability at least
1 —exp (—Q(n)) also achieves tr(Hp) = Cy/n for the standard SYK Hamiltonian. To that
end, we consider a standard SYK model with 2z Majorana operators and partition these

2n(q-1)
q

Majorana operators into a subset of size and a complementary subset of size

27". The standard SYK model Hamiltonian H, see equation (4.2), consists of (2") terms.
These terms are labeled by all ordered subsets {j; <... < j4}, and Z denotes the collection
of these subsets. The terms in H for which g —1 Majorana operators are in the first
subset, and the other Majorana operator is in the complementary subset, are labelled
by ordered subsets {j; <... < jz:j1<...< jg-1< qT_l < j4}. We denote the collection of
these subsets by 7. The collection of other subsets is denoted by 7' =Z\7. T and T’
thus correspond to collections of terms in the Hamiltonian. We denote the Hamiltonian
consisting of the collection 7 by Hy and the Hamiltonian consisting of terms 7" by
Hy+, hence H = Hy + Hy7. Hy corresponds exactly to the 2-colored Hamiltonian in
equation (4.40) when multiplied by

)

2 oy
TV ()

e~ a-D/2 < <ei?, (4.100)

which, importantly, is lower bounded and upper bounded by a constant in n. Note that
the sizes of the two subsets into which the Majorana operators are partitioned can in
fact be any c2n and (1 - ¢)2n for ¢ = O(1) (instead of just 2nq-1) and 27”). The factor in
equation (4.100) is lower bounded and upper bounded by a constant in 7 as well for all of
these other partitions. Hence 7 is not constrained to be a multiple of g.

For any state p, E(tr(Hp)) = 0, where the expectation value is w.r.t. the couplings in
H since the couplings are random variables with zero mean. The state py defined in
Eq. equation (2?) is able to achieve tr(H (z)pg) > Cy/n (with high probability) since it
is constructed using a circuit that itself depends on the random couplings J; (I€7T)
appearing in H®. Since py does not depend on the couplings J; with I € 7', we have
tr(H7pg) = 0. Since: () |tr(Crp)| <1 (for any p) for I € T7, (ii) that each J; is a standard
Gaussian random variable, and (iii) that |7”| < (2;), the quantity

-1/2

2

tr(HT,p)z(:) ZT Jite(Crp) (4.101)
IeT’

is a Gaussian random variable with zero mean and variance at most one, for any p. Then,
E[exp(ttr(H7p))] < exp(3 #?) for all £ = 0. Applying Chernoff’s bound to tr(H7p), and
choosing t = Cy/n, we obtain:

Pr[jtr(Hyp)] = CV/| < 2exp (- Q(m), 4.102)
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for any constant C.

Using equation (4.102) and tr(Hp) = tr(Hyp) + tr(H7p), we conclude that the state
pp which achieves tr(H® pg) = Cy/n (i.e., for the 2-colored SYK Hamiltonian) with
probability at least 1 —exp(—Q(n)), also achieves tr(Hpy) = Cy/n (where H is the
standard SYK Hamiltonian in equation (4.2)) with probability at least 1 —exp (- Q(n)).
Therefore, Amax(H) = Cy/n with probability at least 1 — exp (— Q(n)). O
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5.1. Introduction

Quantum many-body dynamics can be naturally simulated by a quantum computer [1],
enabling its applications in condensed matter and quantum chemistry. For a system
of size N, standard quantum algorithms use poly(/N) resources for such simulations.
It implies an exponential advantage over classical methods, when dealing with a
generic many-body system. Such a general advantage may not hold in special cases
of interest, such as the modeling of free fermions, where the best classical algorithms
also have poly(IV) cost [2-4]. This classical efficiency has been key to many successes of
computational physics, as free fermions model a variety of systems in condensed matter
and quantum chemistry; they have also been used in computational strategies for solving
interacting fermion systems, using mean-field (Hartree-Fock), perturbative methods or
dynamical mean-field theory. Nonetheless, in the practical simulations of noninteracting
fermions, even the most efficient numerical methods become too expensive for large
systems. This motivates the key question of this work: can a quantum computer boost
free-fermion simulations beyond what can be done classically? We answer this question
in the affirmative, presenting quantum algorithms with an exponential speedup and
memory compression for several free-fermion problems.

To appreciate the value of such an exponential reduction, consider numerical
simulations of free-fermion models of materials and interfaces for quantum transport [5,
6]. These can become prohibitive when involving more than N = 10° modes, which is of
practical interest when simulating 3-dimensional lattice models. Upon compression,
a system of 10 sites can be described by n = 30 qubits. Larger systems of practical
interest could still be accessed with moderately sized quantum computers. Indeed,
even simulating one mole (N = 10?%) of fermionic modes requires fewer than n = 80
qubits in compressed form. This opens the door to modeling free fermions near the
thermodynamic limit — a desired but often challenging goal.

Our result is based on an understanding of the reduced classical complexity
of free-fermion systems. As an inspiration, we used the fact that the matchgate
computations and the dynamics of free fermion problems on N =2" modes can be

129
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simulated in compressed form, using O(n) space on a quantum computer [7-11]. In
this work, we go beyond these memory compression results to identify free fermion
problems that also permit an exponentially improved, poly(n) quantum run-time. Our
key idea is to represent the relevant 2”-sized object—such as the correlation matrix or a
Green’s function of a free-fermion state—as a block of an n-qubit unitary. This unitary
can be given as an efficient quantum circuit; we provide explicit construction methods by
leveraging the modern quantum algorithm toolbox of block-encoding manipulations
[12-16]. In particular, we show how to construct the desired unitary for free-fermion
states arising from time dynamics or thermal equilibrium. Given block-encodings of
the aforementioned objects into a circuit, we show how to accurately extract various
physical quantities for a state, including the occupation number on a given site, or
energy density across the entire system. We analyze the application of our methods to
free-fermion models on d-dimensional lattices and expander graphs. For the particular
case of d-dimensional lattices, we argue that a polynomial runtime improvement can be
expected, based on the comparison with best available classical algorithms. For expander
graphs, the same analysis suggests an exponential speedup. On a more general geometry,
the problem of single-particle time dynamics is BQP-hard [17] — as hard as any problem
that can be efficiently solved by a quantum computer. This rigorously proves that our
approach offers an exponential quantum speedup at least for some geometries (as long
as quantum computers can offer exponential speedups in principle). Finally, we outline
the generalization of our approach to systems beyond free fermions.

Our work can be viewed as a fermionic counterpart to [17], which shows how the
time-dynamics of a system of coupled oscillators can be solved exponentially faster on a
quantum versus a classical computer — with further applications in [18]. Compared to
the alternative and recent work [19] which focuses on encoding a correlation matrix
into a state, our method using block-encodings has an exponential advantage in signal
strength for the extraction of local observables (see Appendix 5.A for more details).

We note that quantum algorithms for compressed simulation of interacting fermionic
models have also been considered in e.g. [20], where a Fermi-Hubbard model is
simulated in the O(1)-particle sub-space. By contrast, we consider N-mode systems with
as many as O(N) particles.

5.1.1. Preliminaries

Throughout this work, we set N = 2. A particle-conserving free fermion Hamiltonian H

can be written as
N-1,N-1

H= ) hjda, (5.1)

i=0,j=0
with Hermitian matrix #, which we will assume to be O(1)-sparse (i.e., there are
at most a constant number of non-zero entries in each row) and |h;;| < 1. Here
{a:.r, ajt=0bij,1ai,a;} = {aj, aj.} = 0. We denote the fermionic particle number operator
as N = Zﬁ.\i 51 a}ai, and we restrict ourselves to Hamiltonians which preserve particle
number!. We allow for states p with an arbitrary number of particles Tr (N p), which

IThere are straightforward generalizations, using Majorana fermion language, to just parity-conserving free
fermion Hamiltonians.
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in general may scale with N = 2". Observe that in the case of single-particle dynamics
Tr (Np) = 1, the fermionic nature of the system does not come into play and bosonic or
fermionic dynamics are equivalent.

The Hermitian correlation matrix M of a fermionic state p on N modes is defined as

M;j=Tr(alajp) €C, (5.2)

and obeys 0 < M < I, and Tr(M) = (N). M contains observable information about the
fermionic state p: for example, M;; is the mean fermion occupation number of a state
p in the mode j. Furthermore, an expectation value of a free fermion Hamiltonian
(equation (5.1)) can be expressed as Tr(Hp) = 2i,jhijMji. If p is itself free-fermionic,
expectation values of interacting Hamiltonians can also be obtained from M, using
Wick’s theorem (see Proposition 1.5.8).

Throughout this work, we will use [N =2"] in a non-traditional way, namely offset
by 1: [N] ={0,..., N — 1}. We also use the standard notation f(x) = O(g(x)) if a function
is asymptotically upper bounded by const- g(x), f(x) = Q(g(x)) if lower bounded, and
f(x) =0(g(x)) if both (i.e., scaling in the same way as const - g(x)).

5.1.2. Outline

In Section 5.2, we detail our objects of interest: correlation matrices for the time-evolved
and thermal equilibrium states, as well as the Green’s function matrix. Each of these
objects carries physically meaningful information about the system, and has a form F(h)
— an explicit matrix function of k.

In Sections 5.3-5.4 we demonstrate, how the information contained in these matrices
can be efficiently extracted from a quantum computer, using the framework of so-called
block-encodings. Figure 5.1 provides a visual scheme, illustrating the structure of our
approach. Section 5.3 explains the block-encoding framework, namely how any N x N
sized matrix A can be encoded into a block of a unitary U4 on O(n) = O(log N) qubits. We
also review the basic tools to produce and manipulate such unitaries Uy, which were
previously established in the literature. Given the matrix functions F(h) of our interest,
we will aim to produce the block-encodings Up(;;) as compact quantum circuits.

The starting point of our circuit construction are smaller unitaries which encode h
itself; these unitaries are called sparse access oracles (as the matrix & is required to be
sparse). In Section 5.3.1, we show how to to implement the sparse access oracles as
quantum circuits of size polylog N. Such implementations are specific to the model of
interest: we discuss the cases of d-dimensional lattice models and some expander graph
geometries; we also demonstrate that quenched disorder can be introduced efficiently.

In the following Section 5.3.2, having implemented the sparse access oracles for &, we
move to the second step of the construction — realizing the block-encoding of matrix
functions F(h) of our interest. We detail how this can be done with quantum circuits
of size that scales polynomially in log N, as well as polynomially in parameters of the
respective function, such as the evolution time ¢, the inverse temperature §, or the
Green’s function regularization parameter 5.

Being able to run a circuit which realizes the block-encoding of the matrix F(h) is
not sufficient for a successful simulation: one still needs an efficient method to extract
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[Sparse access to h ]—)[Block—encoding of h]—)[Block—encoding of F(h)]—)[Estimate entries of UF(h)]
[Polynomial approximation of F (x)]

Figure 5.1: Overview of the proposed quantum computational method to extract
properties of free fermionic systems such as the entries of matrices listed in
Section 5.2. The elements of the construction illustrated here are described in
detail in Sections 5.3-5.4.

physically relevant information from F(h). Section 5.4 shows how this can indeed
be done, using a Hadamard test and basic sampling techniques. In particular, we
demonstrate that the local observables and global densities (such as the total energy
density) can be accurately extracted from a block encoding of F(h), while maintaining
the polylog N complexity of the algorithm.

Sections 5.5 and 5.6 deal with a crucial question: does our approach provide a
significant speedup compared to a classical computation? This question can be answered
in the affirmative from two perspectives. In Section 5.5, we take a complexity theory
perspective and observe that simulating free-fermionic time dynamics using log N qubits
is BQP-hard. In other words, for a classical computer it is strictly as hard as simulating
a general quantum computation on log N qubits — which is widely assumed to be
exponentially hard in the number of qubits. This establishes that our approach yields an
exponential quantum speedup for at least some system geometries. In Section 5.6, we
take a more practical perspective, and focus on the geometries of direct physical interest
(such as those given in Section 5.3.1). For these models, we compare the performance
of our algorithm with the best classical algorithms which are currently available. In
particular, we find that the quantum algorithm yields a power (d + 1) polynomial speedup
when simulating the time dynamics of d-dimensional lattice models. For simulations of
the expander models, we demonstrate an exponential quantum speedup.

We close the main text with the Section 5.7, where we sketch how our approach can be
generalized to other systems, such as free fermions with pairing terms (~ Aajay) and free
bosons with particle conservation. In Section 5.8, we discuss the future directions.

5.2. Objects ofinterest

We consider three kinds of target objects — matrix functions of #, whose entries encode
the physically relevant information.

* Correlation matrices M of thermal states P = e PH Tr(e=PH) associated with
free-fermion Hamiltonians H:
I

MP = .
I+ efh

(5.3)

The eigenvalues ng(e;) = (1+eP)~1 of MY correspond to the Fermi-Dirac
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distribution, with €; the eigen-energies of &, and (N g = 2; hg(€;). Note that i here
includes a chemical potential term —ul, if needed.

Correlation matrices M(t) of time-evolved states p(¢) (where the time evolution of
p(0) is under a free-fermion Hamiltonian H):

M(¢) = e pem (5.4)

with M denoting the correlation matrix of p(0).

In fact, we will consider a slightly more general object:
M(ty, 1) = e Me~ 2, (5.5)
the entries of which correspond to
M;j(t, ) =Tr(al (t1)aj(t2)p), (5.6)

with Heisenberg operators a:.r (), a;j (1) w.r.t. the free-fermion Hamiltonian H.

Note that for a Hamiltonian H = Hy + V with free-fermionic Hy and interacting
perturbation V, after applying U(f) = e~'f'* to an initial free-fermionic state p,
observables involving creation and annihilation operators can be obtained from
M(#, t,) in equation (5.5). This can be done via a perturbative expansion of
U(t) = e~ "M and using Wick’s theorem.

The Green’s function (in the frequency domain) w.r.t. a thermal state pg of a
free-fermion Hamiltonian:

9 1 1
G((S,ﬁ,ﬂ)) h — 1 _
" 2[( 1+exp(ﬁh))i6—(h+w)

+( ! ) 1] 67
1+exp(Bh)’ id + (h+w)

with § > 0 aregularization parameter.

GB) (h) is a Fourier transform of the time-domain Green’s function, the entries
of which are given by (here we use time-ordering unlike in equation (5.6)):

Giilts, ty) = iTr(a:.r(tl)aj(tz)pﬁ), fort; = b,
1 » - .
J —lTr(aj(tz)aj(tl)pﬁ), fort) < ty,
: S ih(t —12) 1
- {(lel ; ’ 1+exp(ﬁh))ilj’ fort1 = 1, 5.8)
(_lel (tl_tz)(l_—1+exp(ﬁh)))ij' for t; < tp.

The regularization parameter § in equation (5.7) ensures that the Fourier transform
converges in the case of an isolated system, but can also model interactions with a
bath at finite temperature [21].
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5.3. Block-encodings

Let us consider encoding a Hermitian (IV x N)-dimensional matrix A into a block of an
n+ m qubit unitary U,. In general, an n-qubit matrix A is said to be block-encoded
into Uy, if it is equal to the block of U4 where m qubits are in a trivial state, with some
coefficient «

Aij=alily Ol Ualj),10)m. (5.9)

Here, the matrix indices i, j € [IN] are interpreted as bit-strings of length 7. The coefficient
a = 1 arises from the fact that ||Uy4|| = 1 while A is arbitrary. If | A|| < 1, we can take a = 1.
For a useful block-encoding, the coefficient a should not blow up beyond polylog N.
Fortunately, in the applications considered in this work, @ will remain a small constant.
For the same reasons of maintaining efficiency, we will limit the number of ancillary
qubits m to O(log N).

We will also allow block-encoding with error ¢, the deviation in operator norm between
Aand a{0l],,Ual0),,.

Definition 5.3.1. For a matrix A on n qubits and «, € € R, an (m + n)-qubit unitary U, is
an (a«, m, €)-block-encoding of A, if

lA-—a(0I®" o 1)U(0)®" e 1)| <e. (5.10)

wherel||-| is the spectral norm.

The quantum circuits that approximately block-encode the matrix functions F(h) are
built using elementary circuits Uy, that block-encode h. These latter block-encodings Uy,
in turn, contain unitaries which realize so-called sparse query access to h. To access an
s-sparse matrix A, i.e. a matrix which has up to s = O(1) nonzero entries in any row, we
will use ‘oracle’ unitaries O, and O, which produce the entries of h. The ‘row’ oracle O,
returns, for a given row i, all column indices where the matrix / has nonzero entries. The
‘matrix entry’ oracle O, returns the value of h (given with n, bits) for a given row and
column index. This way, entries of & can be retrieved without explicit access to the ©(2")
nonzero entries of matrix k. Let us formally define the oracle tuple O, of a sparse matrix
h containing the row and matrix entry oracles, and also their inverses and controlled
versions as follows.

Definition 5.3.2 (Sparse Access Oracle Tuple O},). Sparse access for an s-sparse 2" x 2"
matrix h is defined as

O 1Y 10)®SU* ) = 13y |7 (5, 1)) I7(5,2)) ... |7 (i, 5)),
Viel2"],
Oqliy|j)10Y" = i) | j)|hij), Vi, jel2"], (5.11)

where r (i, k) is the index for the kth nonzero entry of the ith row of h. Let us now cover a
few technicalities. O, is a matrix acting on (s + 1)(n + 1) qubits, and so the first qubit of |i)

is in|0). To accommodate rows with less than s non-zero entries, one uses the following. If
the i th row contains s' < s non-zero entries, then the last (s — s')(n+ 1) qubits are put in the
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state|1) | k). Note that for states |r(i,1))...|r(i,s)), the first qubit is in |0). hij is the value
of the (i, j)th entry of h, described by a bitstring with n, binary digits (we will assume this
representation to be exact). O, is a matrix acting on 2n + ng-qubits.

Furthermore, we define the controlled version of the above sparse access, consisting of

C-0,=0,91)(1l,+1®]0)(0l,,
C-0,=0,91)(1|,+110)(0|,, (5.12)

where each matrix now acts on an additional (ancillary) qubit a. We call the collection of
six oracles (O;,04,C-0O;,C-0Og, O;l, O;l, C-O;l, C-O;l) the sparse access oracle tuple Oy,
of h.

The relation between this definition of the oracle tuple and another common definition
is discussed in Appendix 5.B for completeness.

Let us now present the following statements, relating the construction of the
block-encoding of h and that of polynomials of /. Note that these block-encoding
constructions contain calls to oracles from the oracle tuple Oy, in Definition 5.3.2. We
shall use these results when constructing the block-encodings of our desired matrix
functions. The following statements use Definition 5.3.1.

Proposition 5.3.3 (Lemma 48 in [22]). A (s,n+3,&pE,)-block-encoding of h, Uy, (and its
controlled version) consists of O(1) calls to oracles from Oy, tuple, O(n + log5/2(52/835h))
elementary gates and O(sn+ nq + log®’? (s*/epg,)) ancillary qubits. Here n, denotes the
number of bits with which the entries of h are specified.

Proposition 5.3.4 (Theorem 31 in [14]). Let p,(x) denote a degree-d polynomial s.t.
|pa(x)| <1/2 for x € [-1,+1]. Then, a (1, n+5,4d/€pg, [ s+ 6)-block-encoding of pq(h!s),
Uy, (h1s), consists of O((n +4)d) elementary gates, and at most d calls to unitaries Up, U,;l
or controlled-Uy,. The classical description of this circuit can be obtained classically in
poly(d,log(1/9)) time.

5.3.1. Sparse-access realization for physical systems

The starting point for our method is to realize the sparse access tuple Oy, for the system
Hamiltonian £, using efficient quantum circuits. In particular, we need circuit realizations
for unitaries O, and O, (equation (5.11)); these in fact can be given as (reversible)
classical circuits, as no entanglement generation is required. Then the controlled and
inverse unitaries from Oj, can also be obtained as efficient circuits (with a constant
factor overhead), controlling or inverting the circuits for O, and O, gate-by-gate. Please
note that ‘efficient’ in our case means polylog N gate complexity, i.e., polynomial in the
number of qubits rather than the size of &. In other words, simply looking up the entries
of the N x N matrix h would not suffice, as that takes time which is exponentially longer
than desired. Despite this difficulty, the requirement of the efficient implementation of
Oy, can be satisfied for a variety of & of interest.

A large family of free-fermionic models for which the sparse access to h can be
efficiently realized are d-dimensional tight-binding models. Consider a d-dimensional
square lattice £ with L; x Ly x .. x Ly = Nj sites, with either periodic or open boundaries.
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For each site X, let there be up to Ny = O(1) onsite degrees of freedom such as spin,
or local orbital degrees of freedom. We can thus represent each fermionic mode using
n= (I'Il'?l:1 Mog, Li1) x [log, No1 qubits as |X = (x1,..., X4), 0) where Ns = ©(2"). Inside the
lattice, let there be O(1) non-overlapping rectangular domains, modeling different
physical regions such as leads versus bulk regions, where parameters in H can be
different. We thus consider Hamiltonians of the following form:

— il
H=3Y Y  Nioziio Azt o, @z o DCo (5.13)

01,02 3¢ L |ilm<!

where it is understood (but notationally awkward) that the sum over X € L, [Flm <1 only
counts each possible hopping term once. In addition, we have

B3 01,5470, = 8 (01,02, D(X), DX +1), ),
|h [<1. (5.14)

X,01 ,f+?,02

Here |.|\y means Manhattan distance in the lattice; the maximal range of the interaction is
posited to be constant — [ = O(1). The function D(X) returns the domain to which X
belongs: since the domains are rectangular regions, D(X) can be efficiently computed
using standard reversible artihmetic circuits. If ¥ or X + 7 does not belong to any domain
(for example, X + 7 is beyond the boundaries of the lattice), the coefficient k. , 3,7, = 0.
Thus, the function g only takes in O(1) information and all O(1) possible nonzero
outputs of g can be stored classically, using, say, O(n,) bits. To realize the oracles Oy,
from Definition 5.3.2 as poly(n)-sized quantum circuits, observe that one can efficiently
generate the O(1) input to g and lookup the relevant information.

Going beyond local d-dimensional models, we give an example of a model on an
expander graph which has sparse query access. These graphs have the important
property that the number of vertices that lie a distance d away from a given vertex scales
exponentially in d. Free-fermionic models on such graphs have been a subject of recent
interest, especially in the studies of Anderson localization on random regular graphs
[23-26]. In Appendix 5.C, we provide details of the realization of Oy, as poly(n)-sized
quantum circuits for a simple example: the Margulis expander graph.

So far, we have proposed models with efficient sparse access where there was only a
limited number of possible options for the hopping parameters, and they were input ‘by
hand’. This is in line with a necessary limitation — even though the system has size N, we
should be unable to assign every mode an independent value of the hopping parameter.

However, this restriction can be somewhat relaxed. In particular, one can show that
local quenched disorder can also be incorporated into k. This has the significance for
physics application, as it allows to study Anderson localization. For simplicity, let us
focus on realizing onsite disorder in a single domain D* of a tight-binding model. This
means that we introduce a single change to the Hamiltonian of equation (5.13) and
equation (5.14). Namely, if D(¥) = D* and 7=0 (both equalities are efficiently checkable),
the value of h;, will be replaced by

X,01,%+1,00

h = 80,,0, PRE(R), (5.15)

f,OI,X'Jr_f,OZ

where 6, 5, is the Kronecker symbol and PRF is a pseudo-random function of the lattice
site coordinate X. Note that a pseudo-random function can be realized as an efficient
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classical circuit [27, 28]. Other models of local disorder can be realized similarly. We note
that an independent work [29] discusses the application of simulating disordered free
fermions in more detail.

5.3.2. Block-encodings of relevant matrix functions

Given the poly(n)-effort sparse access tuple Oy, we now aim to realize a block-encoding
of the desired matrix functions of & (Section 5.2) with an efficient quantum circuit. We
will approximate these functions with polynomials of sufficiently low degree, enabling us
to use standard methods of block-encodings manipulation (Proposition 5.3.4).

To construct the polynomial approximations, let us first establish the following.
Proposition 5.3.4 prescribes how degree-d polynomials p;(x) with x = h/s can be
block-encoded, with s the sparsity of h. We thus require a polynomial approximation
pa(x) to our functions of interest F(h = sx) to be sufficiently accurate in the domain
x € [=lhll/s,+|lh|/s]. It can be argued straightforwardly that this domain is at most
[-1,+1] by bounding the spectral norm of h:

Proposition 5.3.5. Let h denote an s = O(1)-sparse Hermitian N x N matrix with
lhijl <1,Vi,j. The spectral norm |lh|l/s <1 by the Gershgorin circle lemma
(which says that every eigenvalue of h lies within at least one of the N discs
Di={zeC:lz—hjjl = X jzihijl}).

To block-encode the thermal correlation matrix in equation (5.3) and the thermal
Green’s function in equation (5.7), we need to approximate the functions

1

1
By L
Fr =g 1+ exp(fBsx)

(5.16)

and

6..0) 16 1 1 1
gOP ()= =2 (1— ) +( ) (5.17)
42 1+exp(Bsx)’ i6—(sx+w) \1+exp(Bsx)/id+ (sx+w)

in the domain x € [-1,+1]. These functions have poles in the complex plane at
z=(2k+1)in/p (with k € Z), and at z = (£id — w)/s, respectively. Since these poles might
lie in the unit circle for general § and 6, we have to resort to polynomial approximation
techniques beyond Taylor approximations to obtain a sufficiently accurate approximation
for x € [-1,+1]. In particular, we will employ Bernstein’s Theorem:

Lemma 5.3.6 ([30]). Let f(x) be analytic on -1, +1] and analytically continuable to the
interior of an ellipse defined by E, = {%(z+ z D zl=1 (for some real-valued r = 1).
Furthermore, let | f(z)| < C for z € E,. The error w.r.t. their polynomial approximation
pa(x) (Chebyshev expansion truncated at degree d) can be bounded as

—-d

2
maxl] |f(x)=pa(x)| = (5.18)

xe[-1,+ r—1"
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Using this result, we derive the following error bounds for the polynomial
approximations of equation (5.16) and equation (5.17). The proofs of Lemmas 5.3.7 and
5.3.8 are given in Appendices 5.D and 5.F.

Lemma 5.3.7 (Simplified version of Lemma 5.D.1 in Appendix 5.D). For the function
fP(x) in Eq. (5.16) (with B,s = 0), one can efficiently construct a polynomial py(x) of
degree d such that

maxye(—1,+1| f P () = pa(x)| < poly(Bs)/d. (5.19)

Lemma 5.3.8 (Simplified version of Lemma 5.E1 in Appendix 5.F). For the function
g(‘s'ﬁ"”) (x) in equation (5.17) (with B,6, s > 0), one can efficiently construct a polynomial
pa(x) of (even) degree d such that

maxye(-1,+1)18 P (x) - pa (0| < (poly(Bs) + poly(s/8))/d. (5.20)

Combining Lemmas 5.3.7 and 5.3.8 with Propositions 5.3.3 and 5.3.4, we directly obtain
Theorems 5.3.9 and 5.3.10 below. The detailed proofs are given in Appendices 5.D and
5.F. Note that - crucially, because of the factors 411 in equation (5.16) and equation (5.17)
— the polynomials p4(x) that are block-encoded obey |pgi(x)| <1/2 for x € [-1,+1],
provided that the error of the polynomial approximation is O(1). The size of the circuits
that block-encode MP (k) in equation (5.3) and G@A®) (p) in equation (5.7) is poly(n),
provided that ,1/6 = poly(n) and when the oracles from Oy, are poly(n)-sized circuits
(such as those in Section 5.3.1).

Theorem 5.3.9 (Block-encoding of the thermal correlation matrix equation (5.3)). For
an s-sparse Hamiltonian h on n qubits, assume access to the oracle tuple Oy. We
denote the controlled (1, n+5, €)-block-encoding ofiM(ﬁ) = i[/ (I +exp(Bh)) by C-Uyp).
The implementation of this block-encoding for B = poly(n) requires poly(n)/e calls to
oracles from the oracle tuple Oy, O(n) + ng +1og®’?(poly(n)/e*) ancillary qubits and
O(n) + poly(n) /€ +log®? (poly(n) I €*) additional elementary gates. To implement this
block-encoding, an additional classical computing time of poly(n/e,log(1/¢€)) is required.

Theorem 5.3.10 (Block-encoding of the thermal Green’s function equation (5.7)). For an
s-sparse Hamiltonian h on n qubits, assume access to the oracle tuple Oy,. We denote
the controlled (1, n + 5, €) -block-encoding of% GOP9) (h) in equation (5.7) by C-Ug6.60) -
The implementation of this block-encoding for $,1/6 = poly(n) requires poly(n)/€ calls
to oracles from the oracle tuple Oy, O(n) + n, +log>’? (poly(n)/&*) ancillary qubits and
O(n) + poly(n) /e +log®'? (poly(n)/&*) additional elementary gates. To implement this
block-encoding, an additional classical computing time of poly(n/e,log(1/¢€)) is required.

Next, let us focus on block-encoding the time-evolved correlation matrix M(f)
in equation (5.4). To block-encode it, we will use a block-encoding of exp(iht) as
a sub-routine. The construction of this latter block-encoding through polynomial
approximations is already considered in [13, 22], and we will use this construction from
[22] directly. We construct a block-encoding of M(#) using the product of block-encodings
of exp(iht), an initial correlation matrix M and exp(—iht). A detailed proof of Theorem
5.3.11 is given in Appendix 5.E. There, we in fact consider a block-encoding of the more
general object M(ty, £,) in equation (5.5).
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Theorem 5.3.11 (Simplified version of Theorem 5.E.1 in Appendix 5.E: Block-encoding of
the time-evolved correlation matrix in equation (5.4)). For an s-sparse Hamiltonian h on
N fermionic modes, assume access to the oracle tuple Oy,. In addition, assume access to the
(a, m, epy) -block-encoding Uy of a correlation matrix M of a fermionic state on N modes.
The (a,2n+ m+ 10, + &) -block-encoding Upy(ry of M(1) = e Me~i"" can be produced
using D(a, €, 1) = O(| t| +log(a/¢)) calls to oracles from the tuple Oy, and a single use of the
block-encoding Uy;. Moreover, one uses O(nl|t| +log(a/e) + D(a,€,1)(n+ log®’?(alt| /€)))
elementary gates and O(n, +1og>'?(a|t|/)) ancillary qubits.

5.4. Extracting observables

Having explicitly constructed (a, m, €)-block-encodings Ur(j) of our objects of interest
F(h), let us detail how to extract relevant observables from such block-encoding
unitaries. If Ur(y) is given as a poly(n)-sized quantum circuit, the real and imaginary
parts of F(h);; can be extracted efficiently using the so-called Hadamard test using
an ancillary-qubit-controlled-Ur). Note that the circuit size required to implement
controlled-Ur(y) scales the same as Ug(p), up to a constant factor overhead. We can
extract F(h);; with an accuracy specified in the next Lemma 5.4.1. This Lemma is stated
for a general block-encoding unitary and is proved in Appendix 5.G. From Lemma 5.4.1 it
is clear that the error up to which F(h);j can be estimated is 1/poly(n), since we allow for
at most poly(n) calls to the block-encoding unitaries.

Lemma 5.4.1. Given an n-qubit matrix A. Let C-U, (acting on n+ m+ 1 qubits) denote
the controlled version of the (a, m, ) -block-encoding U of A. An estimate A; j ofentry A;;
can be obtained s.t. |fl,-j - Ajj | < & + a& with probability at least 1 - 5, using poly(n)-sized
circuits and at most D(g,8) = ©(7%1og(46 1)) calls to C-U,.

Combining Lemma 5.4.1 with Theorems 5.3.9, 5.3.10 and 5.3.11, we can respectively
estimate entries of M® in equation (5.3), GoP® in equation (5.7), and M(t) in
equation (5.4), up to 1/poly(n) error with poly(n) effort. Note that — asymptotically
— the circuit implementing the controlled block-encodings (which is required for the
Hadamard test in Lemma 5.4.1) is of the same size as the block-encoding circuits
themselves.

We note that in case when F(h) = M is a correlation matrix and H corresponds to a
lattice model, one can also obtain correlation matrix entries in momentum space — by
using Uy, and the efficient Quantum Fourier Transform circuit [31].

Going beyond individual matrix elements, for any local fermionic Hamiltonian

term H, in H, for example Hy = (hija;a,-+h;.‘ja:.raj) (with |h;jl =1) or Hy=

(lfijkla:.ra;r.akal + Vl.’;.kla;razaj al-) (with |V; k] < 1), the expectation of that term w.r.t. a
state p can be efficiently extracted from the block-encoding of its correlation matrix
Uy 2. In this way one can also obtain the total energy density of p relative to a system
Hamiltonian H. To do so, one can sample from the Hamiltonian terms uniformly at
random and evaluate the expectation value of individual terms as mentioned above. For
H being a free-fermion Hamiltonian, this sampling can be implemented using the sparse

2From this point onwards, all considered states are free-fermionic, unless stated otherwise.
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access model discussed below; this method of sampling can be extended to interacting
Hamiltonians. We can obtain the following concentration bound on this evaluated energy
density e, assuming, for simplicity, that the expectation of an individual term is learned
from Uy, without error. By assumption, we have that |Tr(H x p)| < 1 for each Hamiltonian
term H,. This allows us to infer the Chernoff bound, which says that for sample size
S=0(c2log(671)), we have

P(|e-Tr(Hp)/KI<e]=1-6, (5.21)

where K = ©(2") is the number of terms in the Hamiltonian H. Similarly, densities of
other Hermitian operators can be learned through sampling, such as the particle density
(NY/2" =Tr(M)/2".

5.5. Complexity

We have presented a method for simulating free-fermionic systems on N =2" modes
with polynomial resources in 7 in a variety of settings. The naive classical treatment
of 2" fermionic modes, on the other hand, requires exponential resources. Therefore,
the naive speedup of our quantum method is exponential. However, our approach
comes with manifest qualifications, namely the requirement for the oracle tuple Oy,
to be implementable using poly(n)-sized quantum circuits, time dynamics being
simulable only for time ¢ = poly (n), thermal states for § = poly (n) and Green’s functions
for B,1/6 = poly(n). Competing classical approaches could hypothetically exploit
this structure of our setting. To settle this issue, one can readily argue that our
method generally yields an exponential quantum speedup, by showing that it solves
a BQP-complete problem. Roughly speaking, BQP-complete problems are the hardest
problems which can be efficiently solved by a quantum computer [32]. Since for
single-particle dynamics, the character of the particle, -be it a boson, fermion or
distinguishable particle- is not relevant, BQP-hardness of time-dynamics follows in
principle from Theorem 3 in [17], using techniques such as those developed in Ref. [33].
For completeness, we provide a slightly different proof for the complexity of the evolution
of a multi-particle fermionic state in Appendix 5.H.

Theorem 5.5.1. Let pg be a (multi-particle) fermionic state on 2" modes, such that its
correlation matrix My is sparse, and the access oracle tuple Oy, can be implemented as a
poly(n)-sized quantum circuit. Given a quadratic Hamiltonian H on 2" modes, let h be as
in equation (5.1) and sparse, and we assume that the oracle tuple Oy, is implemented as
a poly(n)-sized quantum circuit. For t = poly(n), the problem is to decide whether, for
some given mode j, n;(t) = Tr(a;aje"’Htpoe"Ht) >1/p(v/n) (with p a polynomial) or

< exp(—v/n), given a promise that either one is the case. This problem is BQP-complete.

5.6. Quantum speed-up in a variety of settings

We have established that our algorithms in principle provide an exponential speed-up,
at least in the setting of time evolution. In this section, we argue what the speed-up
is for several models of physical importance. To that end, let us first argue that for
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d = O(1)-dimensional lattice models, entries of our matrix functions of interest (see
Section 5.2) can be estimated classically with poly(n) effort for 8,1/6, t = poly(n).

Lieb-Robinson bounds [34-36] imply that the time evolution of observables such as the
occupation number of a mode i at some position (starting from a product state with
some modes occupied and others unoccupied) is only affected by O(t%) = poly(n) sites in
a ball of radius proportional to f around that position. Similarly, Ref. [34] shows that, for a
given mode i, the thermal correlation matrix entries IMl(ﬁ3 )I decay exponentially with the
distance between modes i and j, with a characteristic length O(f). Mode i is therefore
only non-trivially correlated with O(ﬁd) = poly(n) modes in a ball of radius O(f) around
it. This latter fact suggests that an entry Ml(f ) can be classically evaluated with poly(n)
effort, provided that 8 = poly(n). Let us formalize this as follows.

Lemma 5.6.1. Let he C?"*%" be an s= O(1)-sparse matrix that corresponds to a
d = O(1)-dimensional lattice model, cf. equation (5.1) with entries as in equation (5.13)
and equation (5.14). Assume poly(n)-effort classical access to the oracles O,
and O, (see Definition 5.3.2) for h. Let F(h) be a matrix function of h. If
maxye[-1,+1] | F(x) — px(x)| < poly(n)/ K with px(x) a degree-K polynomial, then an entry
F(h);; can be estimated with that same error using poly(K) x poly(n) classical effort. For
some K =poly(n), the error thus becomes 1/poly(n) with poly(n) classical effort.

Proof. If one is able to estimate (i| h* ’]) for any k€{0,1,...,K} with effort E, then
(il px(h) |]> = Zlk(:o a il hk|j) can be evaluated with effort K x E. By assumption,
(il F(h) | j) can then be classically approximated up to poly(n)/K error with K x E
effort. Since h corresponds to a d = O(1)-dimensional lattice model, k¥ | j) is only
supported on O(k%) = poly(k) |i)’s. We can thus evaluate each (i| h* |]> forke{0,1,...,K}
using poly(k) calls to the oracles and with a total E = poly(k) x poly(n) computational
effort. Therefore, (i| F(h) ’ j > can be approximated classically with poly(n)/K error with
K x poly(k) x poly(n) = poly(K) x poly(n) effort. Clearly, there is a K = poly(n) so that the
error becomes 1/poly(n) and which yields a poly(n) classical effort. O

Combined with Lemmas 5.3.7 and 5.3.8, Lemma 5.6.1 implies the following for
d = O(1)-dimensional lattice models. In the parameter regimes of Theorems 5.3.9 and
5.3.10, entries of the thermal correlation matrix in equation (5.3) and of the thermal
Green’s function in equation (5.7) can be estimated up to 1/poly(n) error with poly(n)
classical effort.

Using similar reasoning, entries of the time-evolved correlation matrix M(f) in
equation (5.4) can be evaluated classically with poly(n) effort for ¢ = poly(n). In fact,
assuming exact classical access to entries (k| M|l) of an initial correlation matrix M for
given (k, I), one can obtain entries M(z);; with 1/ exp(n) error. The improved error scaling
comes from the fact that the polynomial approximation error of exp (i th) can be bounded
by 1/ exp(n) even for degree K = poly(n), provided that ¢ = poly(n). A detailed treatment
is given in Appendix 5.1. Note that if we apply the time evolution to M'® (where M'#) is
the thermal correlation matrix corresponding to some &’ # h), the accuracy reduces to
1/poly(n) due to the error in estimating entries of M').

Despite losing the exponential speed-up for d = O(1)-dimensional lattice models, let
us argue that we retain a power-(d + 1) polynomial speed-up for such models. Let us
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d=0(1)-dim. expander general sparse
lattice models graphs models

Classical algorithms * Tprep,c + N+t

Quantum algorithms T'prep,@ + Polylog(N) - ¢

Lieb-Robinson time Nld log(N) -
power-(d + 1) . .

Speedup exponential ** exponential ***

polynomial **

Table 5.1: Asymptotic run-times for evaluating entries of time-evolved correlation
matrices (with 1/poly(n) error) for three different system types: lattice models,
expander graphs and general sparse models. For the former two, we start from
a thermal correlation matrix at § = O(1) (of some #/, different from h used for
time evolution). For the latter, we start from a Slater determinant (free fermion
pure) state. The third row gives the Lieb-Robinson time (only denoted for
lattice models and expander graphs), which corresponds to the time it takes
the Lieb-Robinson light cone to contain the entire system. The run-times of
classical algorithms (for evolutions over a time interval which is at least the
Lieb-Robinson time) and our quantum algorithms are given. In addition, we
provide the associated speedups for the lattice models and expander graphs
at the Lieb-Robinson time, and the speedup for general sparse models at
t = poly(n). The run-times required to prepare the starting state are denoted
by rprep,c and rprep, @, for respectively the classical and quantum algorithms.
Note that rprep, = poly(n) in all three scenarios. *Run-times of —to the best
of our knowledge— the best classical algorithm for these applications [37].
**Speedups compared to the aforementioned classical algorithms. ***Speedup
assuming that it takes exponential (in n) time to solve BQP-complete problems
classically.

focus on the task of estimating entries of the time-evolved correlation matrix from
equation (5.4). In particular, let us focus on the task of time-evolution for ¢ proportional
to the Lieb-Robinson time #;r, which is the time it takes for a Lieb-Robinson light
cone to contain the entire system. For lattice models, t;z = N*/4. To then compute
an entry of the correlation matrix M(f) = etht ppe—iht , known classical algorithms
require Q(Nt) = Q(t%*1) run-time [37]. Given the polylog(N) -  runtime of our quantum
algorithm, we obtain a power-d + 1 polynomial speedup. In particular, this yields a cubic
speedup for d = 2 lattices and quartic speedup for d = 3 —which can be of interest in
early fault-tolerant devices [38].

Crucially, our method can also be applied to settings other than lattice models, and the
exponential speedup for those settings can be maintained. Let us consider tight-binding
models on expander graphs, such as the Margulis graph considered in Section 5.3.1. The
Lieb-Robinson time, due to the expansion property of the graph, will be logarithmic
in the number of modes N: t1 g =log(N). We note that light cones also grow rapidly
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in other graphs with log-sized diameter, such as the hyperbolic lattices (see [39] for
recent studies of such tight-binding models). We expect to recover the full exponential
quantum speedup for their simulation because at t;r = log(lV), the quantum run-time is
polylog(N) while known classical algorithms have run-time Q(Nt) = Q(Nlog(N)) [37].
This speed-up can be of particular interest for, e.g., the study of Anderson localization on
expander graphs [23-26].

To summarize the quantum advantage in different problem settings, Table 5.1 gives
an overview of the asymptotic run-times of classical algorithms and our quantum
algorithms, and associated quantum speedups for the problem of time-evolution.

5.7. Generalizations

The time-evolution framework presented in this paper can be made more general
and applied to systems beyond free fermions. In a general quantum system described
by a Hamiltonian H, one can consider a N-sized set of operators {O;} such that
[H, O] = Zj.vzl hjOj. This is sufficient for a matrix M = Tr(pO;r. Ok) to transform as
M — e 't preiht ynder time evolution. Further assuming that £ is a hermitian matrix,
this allows treatment of M as a block-encoding of the type considered in this work.
Beyond the free-fermionic systems on which we focused in this work, this general
framework admits fermionic H which include pairing (Aajay + h.c.) terms. In this case
the relevant set {O;} would include not just annihilation but also creation operators.
Another example is a system of 2" free bosons with particle conservation, in which
case {O;} should be chosen as bosonic annihilation operators. Beyond Tr(pO}Ok),

one can consider Mj, ik, .k, = Tr(p Oj.l ..O;r.l Ox, ..Okl,), which can be considered as a
rectangular matrix acting on n-max(/, I') qubits, and block-encoded accordingly. The
time evolution of these objects is defined similarly to that of M, and therefore can
be easily found as a block-encoding, given the block-encoding of the initial state. The
flexibility of this general block-encoding framework is comparable to the one based
on ‘shadow’ states, presented in Ref.[19] (see Appendix 5.A for a discussion of the
differences).

5.8. Discussion

In this work, we develop quantum algorithms that solve several free fermion problems.
We discuss in detail what type of speedup is achieved over classical algorithms and
present generalizations of our approach.

One obvious avenue for future research is to apply our method to other matrix
functions of h. For example, one should be able to estimate the free energy density of
a 2"-mode free-fermion system % = —([32”)‘1 logTr(e‘ﬁH) = —(ﬁZ”)‘lTr (log(l + e‘ﬁh))
with error ¢, using a polynomial approximation of the function log(I + e‘ﬁh) for
B =poly(n), the block-encoding of h, and sampling entries to model the trace function.
Using an estimate of the free energy density F/2" = (H)p— ﬁ‘IS(pﬁ))/Z”, one can in
turn estimate an entropy density, given an energy density estimate, or a derivative of
F/2" with respect to 8 such as the specific heat. Another possible generalization of our
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work is a poly(n)-efficient estimation of matrix elements or observable expectations due
to free-fermionic dissipative dynamics, which was shown to be classically simulatable in
0(2%") time in [40].

One could also consider how block-encoding techniques fare when applied to
estimating entries of a free-bosonic thermal correlation matrix M® = 1/(ef" — 1) of
Bose-Einstein form. A block-encoding of a polynomial approximation as developed in
Lemma 5.3.7 and Theorem 5.3.9 in Section 5.3.2 requires a poly(n) bound on the mode
occupation number (so that the matrix function be block-encoded), which can however
grow as large as the number of particles for a Bose-Einstein condensate. Mathematically,
the Bose-Einstein distribution with ¢; = 0 has a singularity at €; = 0 which has to be
avoided (by choosing a small enough chemical potential y) in order to place any bound.
Note that similar points about only algebraic speed-ups for local lattice models (Lemma
5.6.1) were made for bosonic/oscillator systems in a more recent work [41].

Another outstanding open direction is to compute and optimize the precise
implementation overhead and circuit depth for our proposed algorithms, as applied to
simulation problems of practical interest.

Let us point out an open question in the setting of time-dynamics on 2" fermionic
modes (cf. equation (5.4)). One task that can be performed with poly(2") classical effort
[2] is computing the overlap

|(S1lexp(~itH)|S) |* = Tr[ exp(—it H) |S2) (Salexp(itH) 1S1) (S11], (5.22)
|53;,(53|

with |Sy) and |S») single-Slater determinant states and H a free fermion Hamiltonian as
in equation (5.1), and therefore |S3) is also a Slater determinant state. If |S;) (S;| (for
simplicity) is a standard-mode-basis Slater determinant state, then it can be expressed as
a product of 2""*! creation and annihilation operators. Using Wick’s theorem, evaluating
this weight-2"*! correlator in equation (5.22) requires evaluating products of 2" entries of
the correlation matrix (cf. equation (5.2)) of state |Ss). This task — at least with naive
attempts — cannot be performed using our methods with poly(n) quantum effort, since
we can only evaluate poly(n) entries of the time-evolved correlation matrix, although
approximate sampling methods could come into play.
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5.A. Alternative Encodings

In this section we describe alternative ways of representing a fermionic correlation matrix
using qubits and their potential drawbacks.

A compressed representation of free-fermionic states on 2" modes, as well as their
dynamics, is readily obtained by using a (mixed) quantum state o = M/Tr(M) of n qubits
to represent the normalized correlation matrix of p. One then computes, —evolves and
measures—, with o to learn properties of p or its time-dynamics. For pure single-particle
free-fermionic states p, o is a rank-1 projector, and o projects onto the bitstring |i) when
p corresponds to alT [vac), i =0,..., N — 1 where |vac) is the fermionic vacuum state. Once
a state o is prepared, its time-evolution can readily be simulated: when p evolves via
e~ 'H! with free-fermion Hamiltonian H, g — e!"'ge~ i, Sparse oracle access to h —see
Definition 5.3.2— then allows for the efficient implementation of time-evolution in terms
of its dependence on ¢ and calls to the oracle [13, 15], starting from some easy-to-prepare
initial state. For example, the initial state could be a set of fermions in a subset S of 2™
modes |i) (such that an efficient classical circuit can map S onto the set of m-bitstrings),
or a subset of modes in the Fourier-transformed basis (as the QFT is an efficient quantum
circuit). One can also adapt the heuristic quantum Metropolis-Hastings algorithm [42,
43] to the Fermi-Dirac distribution and sparse Hamiltonians £, since the algorithm uses
quantum phase estimation for e’"? at its core. Even though the algorithm converges to
the thermal state o5 = MP /' Tr(MP), poly(n)-efficiency is not guaranteed and unlikely
for low-enough temperature.

Given a state o, one can apply any learning algorithm for n-qubit states. For example,
one can use shadow tomography [44] to estimate the expectation of L observables, such
as Oy = |k) (kl,Ofk = |1 {k| + k) (lI,OlLk = i(|l) (k| — k) (ll), with computational effort
O(log(L)) using random Clifford circuits of poly(n) size.

There are a few disadvantages to this simple and direct method of representing
the state via its correlation matrix. It is not immediately obvious how to estimate a
time-dependent correlation function as in equation (5.6) as it relates to measurements
on e ge "2 which is not a state. Second, and more crucially, any learning of a
linear function of o with accuracy ¢, leads to learning with accuracy € Tr(M) = e(N) for
the correlation matrix M itself. Therefore one expects poor accuracy for large particle
number (N); this in particular makes it impractical to extract individual matrix elements.

Thus in the main text of this paper we choose not to directly encode a correlation
matrix as a quantum state, but rather apply quantum computational block-encoding
techniques.

Recently, Ref. [19] introduced a general quantum simulation framework with
compressed ‘shadow’ quantum states with applications to free bosons and free
fermion systems. We note that the results in Ref. [19] use yet a different encoding
than the encoding described above, or the block-encoding in the main text. Like for
the encoding in the previous paragraph, the normalization of the shadow state in
Ref. [19] can lead to a loss of efficiency if one wishes to estimate only few entries
of the correlation matrix (this loss of efficiency is avoided in our block-encoding
method). In particular, the normalization of the shadow state is a, which is bounded as

\/Zj(dvj) —1/2)2 < a < exp(n), where (Nj) is the occupation number in the mode j of

the represented state p. On the other hand, when estimating densities, for example the
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energy density, our methods use sampling to estimate Tr(Hp)/K (with K = ©(2"), the
number of terms in H) with some error &, while Ref. [19] estimates Tr(Hp)/0(2"%a),
which, depending on the value a, can be more efficient.

The precise relation between the shadow state approach [19] and the block-encoding
framework presented in this work is currently unclear. A plausible hypothesis is that
the latter is strictly more powerful, due to the signal strength difference discussed
above. A concrete interesting question is whether a shadow state corresponding to
Mji = Tr(pa;ak) (or, more generally, Tr[pO}Ok)) can always be produced using a

block-encoding Uy of M. In the ‘typical’ case Tr(M'M) = ©(2"), this can be done simply
by acting with Uj; on the maximally entangled state between j and k registers, and
postselecting on the zero value of ancillary qubits. This ‘Choi-Jamiotkowski’ strategy,
however, does not give a constant success rate when Tr(M'M) = 0(2"), and should be
adapted.

5.B. Remarks on oracle conventions

In this work, we define row and matrix entry oracles as in Definition 5.3.2. An alternative
definition of a row oracle, used in, for instance, Ref. [14], is

O34y |k, 0 V=M08WTy — 13y |r(4, k), Vie[2"], ke [s], (5.23)

with O?h acting on 2(n + 1) qubits. Again, if row i contains s’ < s non-zero entries, then
the last n + 1 qubits are set to |1) | k). We note that having access to O, in equation (5.11)
implies access 02! and vice versa.

In Ref. [14], Oflt and O, are used to block-encode a sparse matrix h. In principle,
this block-encoding scheme requires another (column) oracle O?h when it is used to
block-encode general sparse matrices h. If h is also Hermitian, which is the case for all
applications considered in this work, this block-encoding can be implemented with just
0¥t and O, since O3 can be realized using O3 and some SWAP gates.

5.C. Margulis Expander Graphs

In the main text, we have provided an example of a d-dimensional model which has
sparse query access. Going beyond these models, in this appendix we consider an
example of a model on an expander graph which has sparse query access. Expander
graphs are bounded-degree graphs, which have the so-called expansion property. In
particular, when counting the vertices away from a given vertex by a distance d, one
obtains a number that scales exponentially with d. We will focus on realizing sparse
access for a particular simple example, which is the Margulis expander graph.

A Margulis graph Gy, of size N? has vertices v labeled by tuples v = (v1, v2) € [N] x [N];
an edge between two vertices u and v is placed if u = #;(v) where the functions #;
for [ € [4] are defined as ty ((v1,12)) = (v1 + 1mod N, v3), t; ((v1,v2)) = (v1, V2 + 1mod N),
t ((v1,v2)) = (v + v2mod N, v,), and 3 ((vy, v2)) = (v, v2 + v1 mod N). In other words,
the first two types of edges are simple nearest-neighbour links along the vertical and
horizontal directions, with periodic boundary conditions. From this perspective, the
edges 1, and t3 are geometrically non-local, and are the source of the expansion property
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of the graph. We define our tight-binding Hamiltonian on the Margulis graph as follows.
Each fermionic mode is labeled by the vertex of the graph, so the total number of modes
is N°. The Hamiltonian takes the form

Huvarg= Y, Y. (af,atl(y) + a;rl(y)a,,) . (5.24)
le[4] vE[N]x[N]

For a given v, modular addition circuits allow to efficiently generate a list of u = tlﬂ (v).
This list can be used to construct an oracle O;; to ensure distinct outputs, if some of 8
values of u coincide, one stores only one of the colliding outputs. The oracle O, then
represents collisions with an increased matrix element h,,, realized by counting the
times u occurs in the list of tlil (v). We expect that more models on expander graphs can
be implemented in a similar way — especially in the family of constant degree Ramanujan
Cayley graphs, of which the Margulis graph is an example.

5.D. Block-encoding the thermal correlation matrix

In this appendix, we prove Theorem 5.3.9 from the main text. In particular, we prove a
more detailed version of it, namely Theorem 5.D.2 below. In its proof we use Propositions
5.3.3 and 5.3.4 on the block-encoding of polynomials of sparse matrices, and Proposition
5.3.5 and Lemma 5.D.1 (of which Lemma 5.3.7 is a simplified version) on constructing a
polynomial approximation to our desired matrix function M® in equation (5.3). We will
first prove Theorem 5.D.2 and then Lemma 5.D.1.

As was argued in Section 5.3.2 of the main text using Proposition 5.3.5, we wish to
construct accurate polynomial approximations of F(sx) for x € [-1,+1]. Let us state
Lemma 5.D.1, which will be proved at the end of this section.

Lemma 5.D.1. For a function f(x)= %W (with Bs>0,x € [-1,+1]), one can
efficiently construct a polynomial p;(x) of degree d such that

d(5) =
Maxye—1,+1|f () - pax)| < & 2l Ve ="
xel-1,+111f Pd {%J(E)Z' ifg—;<l.

4

(5.25)

Theorem 5.D.2. For an s-sparse Hamiltonian h on n qubits, assume access to the
oracle tuple Oy,. We denote the controlled (1,n+5,epa+ €, + 6)-block-encoding of

MP = % W by C-Uyp . The implementation of this block-encoding requires

{@(ﬁ), il =1,

g (5.26)
Bos .~ Bs
0(%r) ifm<1,
calls to oracles from the oracle tuple Oy,
O(sn+nq+1og*?(165° 81 (e34¢% 1)) (5.27)
ancillary qubits, and
O(n+(n+4)p*s" Iepa+10g*?(165° B°1 (€542 1)) (5.28)

additional one-qubit and two-qubit gates. To implement this block-encoding, an
additional classical computing time of poly(*s*/epa,10g(1/6)) is required.
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Proof. It follows from Proposition 5.3.3 (from [14]) that with O(1) calls to the oracle tuple
Oy, one can construct a (s, n + 3, egg, ) -block-encoding Uy, of h and its controlled version.
For a given ¢gg,,, the required number of ancillary qubits and (additional) elementary
gates are given in Proposition 5.3.3.

Let p4(x) denote the degree-d polynomial approximation of the function X L

4 1+exp(Bsx)
as in Lemma 5.D.1. It follows from Lemma 5.D.1 that one can efficiently construct py

such that

(&)t it s,
(B, i<

Qw

lpathls)—1/aMP)| < { (5.29)

als

Takingd = Q(22)if £ 2 1and d = Q(£2) if £ <1, we achieve | pa(h/s) ~ 174 M®P| <
EPA.

For epp < i, we note that |py(x)| <1/2 for x € [-1,+1]. Therefore, we can apply
Proposition 5.3.4 (from [14]): A (1,n+5,4d/egg, /s + &)-block-encoding of py(h/s)
consists of at most d uses of unitaries Uy, U,Tl or controlled-U;, and O((n+4)d)
elementary gates. In addition, it requires a classical computation with run-time as stated
in Proposition 5.3.4. We take €, := 4d/egg, /s so that for a given &), we should
ensure that egg, = se;(h)/(lﬁdz).

Let the (1,n+5,&p() + 6)-block-encoding of p;(h/s) be denoted by Up,(his)- We can
bound how well the block-encoding of p;(h/s) approximates the block-encoding of
1/4 MV as

erot = 11114 MP = 01 @ LU, (/) 10)*“ @ 1| <
11/4 M — pg(his)||+
[[pa(hls)—01®“®1U,, 1 10)*“ @ 1| <
EPA+ Ep() +0. (5.30)

We have thus constructed a (1,7 +5, €pa + €y + 6)-block-encoding of 1/4 MP To
implement this block-encoding, we require a number of calls to oracles from the tuple
Oy, anumber of ancillary qubits, and a number of one-qubit and two-qubit gates as in
the lemma statement. O

Let us now give the proof of Lemma 5.D.1.

Proof. For the proof of this lemma, we will employ Bernstein’s theorem (Lemma 5.3.6)
which bounds the error of Chebyshev approximations. Such a Chebyshev approximation
of degree d is of the form p;(x) = ZZ:O a; Tr(x), where Ti(cos(0)) := cos(kf) is the
degree k Chebyshev polynomial of the first kind. The coefficients a; can be obtained by
evaluating

2 (0T ) 4

x
o oviexz T

with % replaced by % for k=0. Each a; can be evaluated classically with poly(8sk)
resources for f(x) in the lemma statement.

ay = (5.31)
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Note that the function f(z=x+1iy) = for Bs > 0 is analytic for |y| < 7/ Bs.

1
1+exp(fsz)
Hence we can pick the ellipse E, = {% (z+z Y:|zl=rtwithr= % V(27! Bs)? + 4 on which

f (2) is analytic, since within this ellipse | y| < 2Lﬁs We have | f(z)| = C =1 for z € E, since

for |y| < ZLﬁS, we have
I1+exp(Bsz)| =1+ exp(Bsx)cos(Bsy)l = 1. (5.32)
Using Lemma 5.3.6, we can thus bound maxye(—1,+171f (x) — pg(x)| as

2((n/ps)?+1)" "

1/@nlpsZ+a-1

Let us distinguish between scenario (1) s = 27 and scenario (2) s < 2x. For scenario (1),

we can bound
1 1 )
2\ [@rlBs)2+4-1= E(Zn/ﬁs) . (5.34)

Furthermore, in both scenarios (1) and (2), we have that

maXye[-1,+111 f(X) = pa(x)| = (5.33)

)—d/2

((n/Bs)?+1)" 4 < 1/((n/ﬁs)2d/2+ 1) < 1/((n/ﬁs)2d/2). (5.35)

Combining these two facts lead to the following bound in scenario (1)

12 ﬁsr. (5.36)

maxye[-1,+1]1 f (%) = pa(x)| < 7(;

In scenario (2), we can simply bound the denominator in equation (5.33) by

1 1
5\/(2n/ﬁs)2+4—12E\/g—lzlll(). (5.37)

Combining this with the upper bound above for the numerator in equation (5.33) (which
holds in both scenarios), we obtain the following upper bound in scenario (2).

20 (ﬁ 8)2. (5.38)

maxye[-1,+1]1 f(X) — pa(x)] < 7

5.E. Block-encoding the time-evolved correlation matrix

In this appendix, we prove Theorem 5.E.1 below, which is a generalization of Theorem
5.3.11 for block-encoding M(t;, t2) in equation (5.5). We will use a result from Ref. [22]
on block-encoding exp(iht) using a block-encoding of &. Note that the error of the
block-encoding of M(#, t») in the theorem statement accounts for potential errors in the
block-encoding of the initial correlation matrix as well.
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Theorem 5.E.1. For an s-sparse Hamiltonian h on 2" fermionic modes, assume access
to the oracle tuple Oy,. Also assume access to the (a, m,epr)-block-encoding Uy of a
correlation matrix M of a fermionic state on 2" modes. The (a, 2n+m+10,e+ EM) -block-
encoding Uy, 1,) Of

M1y, 1) = e Me™ M, (5.39)
can be produced using

Da,&,11,12) = O(s(1t1] +122) +log(12a(ly| + |21}/ ([11€)) + log(12a(ly | + |21} (I z1e)
(5.40)
calls to oracles from the tuple Oy, and a single use of the block-encoding Uy;. Moreover,
one uses O((n+3)(s(lt +|02]) +logRa(ln |+ 1)/ (fnle) +logRalti] +|6)/ (t2]€) +
D(a,e, t1, ) (n+1og®?(2as? (1] +|£21)/€))) one-qubit and two-qubit gates, and O(n, +
log®22as?(1t1 + |t2)/€)) ancillary qubits (with n, denoting the number of bits with
which the entries of h are specified).

Proof. A block-encoding Ups(y,,,) of M(#, %) can be constructed using products of
block-encodings Uexpirn Of exp(ith) (for times f; and —#,) and Uy of M (where the
latter is a (a, m, €p7)-block-encoding by assumption).

To construct a block-encoding of exp(iht), we employ a block-encoding of . It follows
from Proposition 5.3.3 (from [14]) that with O(1) calls to the oracle tuple Oy, one can
construct a (s, n + 3, €gg, ) -block-encoding U}, of h and its controlled version. For a given
€gEg,,, the required number of ancillary qubits and (additional) elementary gates are given
in Proposition 5.3.3.

Corollary 62 in [22] states that to implement a (1, n +5, |2¢|epg, )-block-encoding of
exp(ith), one is required to implement U}, or UZ a total of 6s]7| +9log((6/(|t|eBEh))
times, and controlled-Uj, or controlled-U:l three times. In addition, one has to use
O((n+3)(slt| +1log(2/epg, )) two-qubit gates and O(1) ancillary qubits. So to implement
the (1, n+5,|2t|egg,)-block-encoding of exp(izh), one is required to call Oy, a total of
O(sltl +1log(6/ (I tlepg,))) times.

Using Lemma 30 in [14], the block-encoding Ups(y,,1,) of M(f1, t2) can be constructed
using the product Un(z,1) = (Ln+5+m ® Uexp(ing)) L2n+10 ® Up) (Lp454m ® Uexp(=iney)),
such that Uy, is a (a,2n+m+10,2aepg, (1] +1%2]) + £p)-block-encoding. To
implement this product, one is thus required to make

D(egg,, 11, 12) = O(s(|t1] + | £2]) +10g(6/ (1 1 |€BE,)) +10g(6/ (I 12|€BE,,))) (5.41)

calls to oracles from the tuple Oy,. In addition, one has to use a total of O( (n+3)(s(ty] +
I21) +log(1/(1t1lepE,)) +1og(1/ (1 t2lepE,)) + D(eE,, t1, t2) (n +1og® *(s*/epE,)) one-qubit
and two-qubit gates, and O(n, + log®'?(s/ epg,)) ancillary qubits.

We stress that a controlled version C-Up, 1) of the block-encoding of Upy(y,,1,) can be
implemented with equivalent resources. O

5.E Block-encoding the thermal Green’s function

In this appendix, we prove Theorem 5.F2, which is a more detailed version of Theorem
5.3.10. In its proof we will again use Propositions 5.3.3 and 5.3.4 on the block-encoding of
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polynomials of sparse matrices. In addition, we will use Proposition 5.3.5 and Lemma
5.E1 (of which Lemma 5.3.8 is a simplified version) on constructing a polynomial
approximation to our desired matrix function G©A®) in equation (5.7).

As was argued in Section 5.3.2 using Proposition 5.3.5, we would like to construct
accurate polynomial approximations of F(sx) for x € [-1,+1]. The function to be
approximated for block-encoding G©®A®) is

0 1 1 1
6,8,w) =_|(1-
g 0 8[( 1+exp(ﬁsx))i6—(sx+w) +(1+exp(ﬁsx))i6+(sx+w) '

(5.42)
Note that g@P® (z) (z€C) has poles at z = i‘ST_‘” and z = _i‘?T_“’; the regularization
parameter 6 ensures that these poles lie off the real axis. For convenience, we define the
functions g(‘s @) (2) =1/(i6 — (sz +w)) and g(‘s @) (2) = —=1/(i6 + (sz + w)). Due to the poles,
| gl5 @) (x)| can still grow as 1/4. To be able to apply Proposition 5.3.4 for block-encoding
polynomials, we have to ensure that the polynomial that approximates g®#® (x) has
absolute value at most 1/2 for x € [-1,+1]. That is the reason for including a factor of
§/8 in g(5'ﬁ'w) (x) (so that its absolute value is at most 1/4, and that of its polynomial
approximation at most 1/2 for approximation error less than 1/4).

Let us first state the following lemma, the proof of which will be provided at the end of
this section, which will be used in the proof of Theorem 5.E2 (and thus Theorem 5.3.10)
on the block encoding of the matrix GO.fw) (h).

Lemma 5.E1. For a function g(5’ﬁ’w) (x) as in equation (5.42) (with $,6,s >0 and
x € [-1,+1]), one can efficiently construct a polynomial p;(x) of (even) degree d such that

12(Bs\4 o Bs 128(s)4 2s
==, ifs== 1, =), 1 >1,
maxe(-1,+118 %P (x) - pa(x)| < { 10 (gs)z f%ﬁ + { 5 (553 fzs (5.43)
2(Z) <l g3 ¥F<
Theorem 5.E2. For an s-sparse Hamiltonian h on n qubits, assume access to the
oracle tuple Op,. We denote the controlled (1, n+5,€pa+ € p(n) + O class) -block-encoding of
}IG(‘W"‘” (h) in equation (5.7) by C-Ugw s . The implementation of this block-encoding

requires
(-0 Bs st 2s 5
{G((gp‘;z)’ fﬁ = +{®(54€”")’ ff . (5.44)
S, S N
G(H)' <l 9(5261%)’ f5 <l
calls to oracles from the oracle tuple Oy,
O(sn+nq+1og*? (1657 (6* + 1/6%%/ (ehse% ) (5.45)
ancillary qubits, and
O(n+(n+4)(B's* + 516N lepa+10g>? (165° (B + 116/ (€5 1))) (5.46)

additional one-qubit and two-qubit gates. To implement this block-encoding, an
additional classical computing time of poly((B*s* + s*16%)/ € pa,10g(1/8 c1ass)) is required.
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Proof. Like in the proof of Theorem 5.D.2, we employ Proposition 5.3.3 (from [22])
to construct a (s, n+ 3, €pg,)-block-encoding Uy, of h. Using this block encoding, we
construct a block encoding of a polynomial approximation of G®#%) (h). Let py(x)
denote the degree-d polynomial approximation of the function g@#“ (x) from Lemma
5.E1. It follows from Lemma 5.E1 that one can efficiently construct p, such that

|pa(his)—GOP (w,n)| (5.47)
is upper bounded by the RHS of the inequality in equation (5.43). Hence, taking

4
< 9((/55)2), iff—;<1' I} , if%<1.

§2
€PA

(5.48)

S2epp

we obtain || pa(h/s)—5/8 GOP (w, h)|| < epa.

For epy < i, we note that |pg(x)| < 1/2 for x € [-1, +1], allowing us to apply Proposition
5.3.4 (from [14]). A (1,n+5,4d/egg, /s + 6)-block-encoding of p,(h/s) consists of a
circuit with O((n +4)d) one-qubit and two-qubit gates, and at most d calls to unitaries
Up, U;; or controlled-Uy,. The classical description of this circuit can be classically
computed in O(poly(d,1og(1/8ass))) time. We define €pn) :=4d+/egE, /s so that for a
given €,(;), we should ensure that g, = sei(h)/(lﬁdz).

Let the (1, n+5, € () + b classical) -block-encoding of p;(h/s) be denoted by Up,, (/). Like
in the proof of Theorem 5.D.2, we have that ey = || GOBO) (p)y—(0|* @1 Upahls) |0)%% ®
1l < €pa + €pny + Oclass- We have thus constructed a (1,7 + 5, epa + € () + O class) -block-
encoding of G®A®) (). To implement this block-encoding, we require a number of calls
to oracles from the tuple Oy, a number of ancillary qubits, and a number of one-qubit
and two-qubit gates as in the lemma statement. O

Let us now give the proof of Lemma 5.E1.

Proof. We wish to approximate g®#®) (x) in equation (5.43) by a polynomial of degree d.
Let us first express g(‘s’ﬁ"“) (x) as

518((1- £ (N (0 + FP (g () (5.49)
and its degree-d polynomial approximation p;(x) by

518((1 - £ ()840 + fip (08 (). (5.50)
Note that

1618 8P (x) = pa ()| = 51818 (x) - g4 ()

+1g () - gl ()l + 1721 P 0 - £ ()1, (5.51)

0,w)
,dl2
182 ()], 189 (x)| < 1/6). Using the bound on maxye(—1,+1)1f® (x) - f;‘?;(x)l from
Lemma 5.D.1, and applying Bernstein’s theorem [30] (i.e., Lemma 5.3.6) to the functions
g{‘s"”) (x) and ggs"”) (x) (with a Bernstein ellipse E, with r = \/(6/(2s))? + 1), we obtain the

upper bound on maxye|_1,+1;1g>#* (x) — p4(%)| in the lemma statement. O

where we have used that | gi x| gé‘s";;';(x)l < 2/6 for sufficiently large d (note that
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5.G. Proofof Lemma5s.4.1

Proof of Lemma 5.4.1. By assumption, we have that |(i| A|j) — a(0|*™(i|U410)®™ | j)| <
€, where Uy, acts on n + m qubits. Let us consider estimating (0]®™ (i| U 4 |0)®™ |j>, which
can alternatively be expressed as

IF" 01" (L@ U Ua (Lo U 10)°™10)°", (5.52)

where U;, U; are depth-1 circuits which prepare bit-strings i and j. We denote the
estimate of (0™ (i| U4 10)®™ | j) by (il A]}), so thatif [(0™ (i| U410)®™ | j)—(il A] )| < &,
then (i A|j) —am| <e+ad.

One can obtain the estimate m by running a series of Hadamard test circuits on
n+ m+ 1 qubits. These circuits correspond to running

(1&[HR.(0)1a)(1®10) 0l + U®|1)(1l,)(1® Hy), (5.53)

where U = (UZT ® 1) U4 (U; ® 1), on the state |0)®™ |0)®" |0), (with the final qubit being an
ancillary qubit). The output state of the ancillary qubit is measured a total of D(g, d) times,
half of the times for 6 = 0 and half of the times for 0 = n/2. The fractions of output-0
measurements for § = 0 and 6 = 7r/2 provide estimates of 3 + 3Re((0|®™ (i| U410)*™ | j))

and % - %Im( 0| (i| U4 |0y®™ | Jj )), respectively. Using a Chernoff concentration bound,

one can show that |(i| A|j) — (01" (i| U410)®™| j)| < & with probability at least 1 — & for
D(g,6) =0(¢ 2log(4671)).

One can thus obtain an estimate of (i| A |]) (given by a(i| A |j>) up to error € + a€ with
probability 1 -, using D(£,6) = ©(¢721og(46 1)) calls to C-U,.

O

5.H. BQP-completeness

Here we prove Theorem 5.5.1 in the main text, using the next Lemma 5.H.1 as a small tool:

Proof of Theorem 5.5.1. 1t is straightforward to see that evaluating the matrix element
M;;(#) of the correlation matrix M(z) = e Mye~'"* at t = poly(n) is a problem in
BQP given the promise. By Lemmas 5.4.1 and 5.E.1, given access to Oy, and Oy, as
poly(n)-sized quantum circuits, the problem is solved with poly(n) quantum effort.

To show BQP-hardness of our problem, we use the fact that for any promise problem
in BQP of problem size m, we have the following property [32]: the problem can
be decided by acting on an k = poly(m)-qubit input [00...0) with (a uniform family
of) poly(k) = poly(m)-sized quantum circuits, outputing 1 (on the first qubit) with
probability at least 2/3 in case YES, and 1 with probability at most 1/3 in case NO. In
addition, one can boost the success and failure probabilities 2/3 — 1 — exp(—©(k)) and
1/3 — exp(—0O(k)), by running k instances of the poly(k)-sized circuits in parallel and
taking a majority vote on the first qubit of the output state for each instance (and
copying the answer onto an ancillary qubit). The circuit corresponding to this boosted
scenario acts on ¢ = k? qubits, and its success and failure probabilities are respectively
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1-exp(-0(,/9)) and exp(-0(,/q)). Let the quantum circuit for this problem with
boosted probabilities be

U=Wr...W, (5.54)

where W are elementary one-qubit and two-qubit gates and L = poly(k) = poly(,/q). We
represent this decision problem using time-evolution with a sparse circuit Hamiltonian.
The circuit Hamiltonian, acting on a ¢gcjock = log, (L + 1)-qubit clock space (we assume
wlog that log, (L + 1) is an integer) and the g-qubit space is given by

L
h= 3 (114 1) CUaock ® Wi+ 1) (1 + Tetock @ W/ ). (5.55)
=1

We take 1 = gjock + g and note that gock < g for sufficiently large ¢, so that n/2 < g < n.
The matrices W; have at most 4 non-zero entries in a given row/column. Therefore, 5 is
at most 8-sparse. Since {Wl}lL:1 are unitary matrices, the entries of h are O(1) in absolute
value.

Consider the evolution |y(£)) = e~ |1)¢jock [00...0) with the Hamiltonian h from
equation (5.55). This state can be decomposed as

L+1 -1
lw(®)=Y ar:Daock® [ Wirl00...0) (5.56)
=1 I'=1
with coefficients «; ; given by
L+1 _
Y b =e 7 Dok, (5.57)
I=1

where J is a Hamiltonian on the clock register

L
J= 3 U1+ 1) lctock + 11 {1+ Letock) - (5.58)
I=1

Given the encoding of the clock register, one can write the probability of measuring
|L + 1)cjock ON the clock and measuring |1) on the first of the g qubits as

p = [(L+ Teock ® (11D [Y(0)|* = (Lctock (00... 01 €™ Moe™ " [1cioek00...0),  (5.59)
with My = chkﬂn;’ggck(]l — Zaock,j) (1 = Zqubvit,1)- Hence, when the state U|00...0)
outputs 1 on the first qubit with probability at least 1 - exp(—,/q) (YES), it follows
through Lemma 5.H.1 that p = Q(1/poly(,/q)) = Q(1/poly(y/n)). When the state
U100...0) outputs 1 on the first qubit with probability at most exp(—/g) (NO), then
p < exp(—+/q) < exp(—vn/2) through Lemma 5.H.1. Now, observe that M is a valid
and sparse correlation matrix of a multi-particle free-fermionic state on 2” modes (in
particular, a fraction ©(1/poly(y/n)) of the modes is occupied), which is evolved in time
t = poly(y/n) by the sparse Hamiltonian £, after which one wishes to estimate a particular
matrix element (labeled, say, by j = 1¢jock, 00...0) of the time-evolved matrix, which is the
problem stated in Theorem 5.5.1. The only thing left to argue is that given the description
of {W}}, one can implement Oy, in Definition 5.3.2 as a poly(n)-sized circuit.
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Oracle implementation: The oracle O, from Definition 5.3.2, acting on
(s+ 1)(gclock + g + 1) qubits, can be implemented as follows. For convenience, we label the
first (gclock + g + 1) qubits by A and the last s (gcock + g + 1)-qubit registers by By, ..., Bs.
For simplicity and wlog, we assume that all W; are two-qubit gates and all entries of W} in
their two-qubit sub-spaces are non-zero. Note that for each [ € {1,2,..., L}, we have access
to the labels Qi” and Qy) (with Qil) < Qél)) of the qubits on which W; acts non-trivially.
The structure of £ is such that each row contains 8 non-zero entries (apart from the rows
associated with clock states |1)¢jock and |L+ 1)¢lock), With a row |i) = | cjock |X) having
four non-zero entries associated with clock register state |l — 1) ¢jock and four non-zero
entries associated with clock register state |/ + 1)ock. These entries correspond to the
W1 |y1,¥2) and <xQ{,xQ£‘ Wi |y1,y2) (for y € {0,1}%), respectively.
The rows associated with clock states |1)cjock and |L + 1) ¢jock are 4-sparse.

We take workspace in the form of 2(L+ 1) additional (gcock + g)-qubit registers
(initialized in [00...0)), denoted by Cj,...,Cyz+1). For each je {1,2,...,L+1}, we
transform the first (L + 1) qubits on registers C»;_1 and Cy; to | j ) Then, for each

ntri _ _
entries <xQ{ 1,xQ£ 1

clock*
j€1{2,3,...,L} (so excluding 1 and L+ 1), we flip qubits gcjock + Q{_l and Gelock + Qé_l on
register Cz;-1 and qubits gelock + Q{ and ¢qcjock + Qé on register Cy; to |1). In addition, we
flip qubits gclock + Q} and ¢clock + Q; on register C» and gcjock + Qf and ¢clock + Qﬁ on
register Cpr— to |1).

Controlled on the clock state on register A being |l)cock, We set the clock state
to |l —1)cock ON registers By, ..., By (provided that [ > 1) and to |l + 1)ock ON register
Bs, ..., Bg (provided that I < L+ 1). Controlled on the last g qubits of register A being in
state | x), we copy |x) onto the final g qubits of By, ..., By, excluding qubits g¢jock + Q{’l
and gcjock + Qé‘l. These latter two qubits are transformed to |00), [01), [10) and |11) on
registers By, ..., By, respectively. Similarly, we copy |x) onto the final g qubits of Bs, ..., Bg,
apart from qubits gjock + Q{ and gjock + Qé, which are respectively transformed to |00},
[01), |10y and |11). These operations make use of the states in the workspace registers
C1,...,Co+1), which are uncomputed at the end of the protocol. In accordance with
Definition 5.3.2, we need to account for rows of h having less than 8 non-zero entries.
Since the rows of h associated with clock states |1)¢ock and |L+ 1)¢ock are 4-sparse,

registers By,..., By are set to resp. [1) ®15) g, +q»---» 11 ® 18 g tq controlled on the A
clock state being |1)¢ock (after which registers (Bj, ..., Bs) and (Bs, ..., Bg) are swapped),
and registers Bs, ..., Bg are set to resp. |1) ® [5) g, +q»- -+ 11) ®18) g, +4 controlled on the

A clock state being | L + 1) ¢jock. The size of the circuit implementing O, is poly(n).

To implement oracle O, let us note that wlog the entries of W; are 0, £1/ V2orl,
so that the entries can be encoded into a three bit string. By employing additional
poly(n)-sized workspace (note that L = poly(,/q) and each W, has 16 entries), the oracle
O, can be implemented (by a poly(n)-sized circuit).

O

Remark: Like in [17], we could have adapted the BQP-verification circuit to output
the state |0) , ® [00...0) (so all qubits back to their initial state and an additional ancilla
qubit a to 0) with high probability in the NO case, and with low probability in the YES
case. This is done by simply copying the answer of the BQP-circuit onto an additional
ancilla qubit a and applying the gates Wy ... W} in reverse on the other qubits. If we use
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this cleaned-up circuit, it means that we are interested in estimating the probability
for a specific output state — all qubits in |0) and clock state in |L + 1)¢jock — and this
corresponds to estimating an entry of a time-evolved rank-1 projector My, corresponding
to a single-particle state. Hence not surprisingly, time-evolution of single-particle states
is also BQP-complete, as was shown in Theorem 3 in [17] (where more work was done to
bring 4 in sign-free form to directly correspond to a sum of kinetic and potential energy).

The following lemma, which is used in the proof of Theorem 5.5.1, mainly follows the
approach of [17]. Instead of employing this lemma, one could also adapt the coefficients
in the hopping Hamiltonian # in equation (5.55) to allow for a perfect 1D state transfer
from |1)¢1ock — IL + 1) clock, Using an idea first suggested by Peres [45], see also [17]: such
adaptation requires extra ancilla qubit overhead in realizing the time-dynamics of A,
hence we omit it.

Lemma 5.H.1. For a Hamiltonian J = Zlel (D A+1]+11+1){I]) ona (L+1)-dim Hilbert
space with basis states |1y, 1 € {1,...,L+ 1}, there exists a t = O(L?log L) such that

L+1le V1) = Q/VI). (5.60)

Proof. The Hamiltonian J has eigenstates
L+1 5 ik
— 0| ; : k) _ . J
‘1//k>—j2=1aj |]>,w1thaj = _L+23m(L+2)’ (5.61)

and eigenvalues

rk
€= 2cos( (5.62)

L+2)
with k=1...L+ 1. We note that the gap between any two eigenvalues is at most 4. To
prove a lower bound on [(L+1|e~"/*|1)|, we will derive a lower bound on the gaps
Ap = lem+1 —€ml for m =1,2... L) between the eigenvalues of J:

T
Am=lems1 —€ml2 ——

d2cos(x) ’ - 27
dx -

7
sin[—— ) =Q/(L+2?).
L+2x€[m (m+1)n] L+2 L+2
L+27 L+2
(5.63)
Using the eigendecomposition of J, we infer that
. 2 L+1 . Tk
(L+1le 1y = = Y e (1)< Lsin? (), (5.64)
L+2 4 L+2
so that
|<L+1|6_i]t|1>|2:(i)2 Iil e_i(ek—ek/)t(_l)k+k/sin2 (ﬂ_k) Sinz (ﬂ_k/) (5 65)
L+2) e L+2 L+2) )

To show that there must be a time t for which [(L+1|e”Y¢|1)|> = Q(1/L), we use
the fact that a probabilistically chosen time in a sufficiently large interval will give
high success probability [33], and hence there must exist a specific time which works
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sufficiently well. More precisely, for k # k', there must exist a probability distribution
{(p} 20, X p(») =1, such that

T
)Z p(t)e"'(ek‘ek’“| e, (5.66)
=0

provided that A = Q(1/(L+2)?) and T = O((L+2)? log(1/¢)). Examples of probability
distributions for which this is true are given in Ref. [46].
Therefore, for those {p(¢)}’s we have that

Py > ploje ey s (2 st (2 <

Ek;dsm (Lﬂkz)sinz(;f;) :g((L-‘;Z)Z ~ 3(L8+2)) - E(L_:_lz)z

’

where the equality follows from direct computation. We thus conclude that

2 2 L+1 Tk
—iJt 2 i 4
)Zp(t)|<L+1|e iy Zp(t)(L 2) k;sm (L+2)|58. (5.67)
The term Y./, Op(t)(“z) Yi+1sin* () can be evaluated to be 572 So choosing,
for instance, € = 2(L+2), we know that Y p®I(L+1le /' [1)|> = Q(45). For
T = O((L+2)? log(2(L +2))), we conclude that there must be a ¢ = O(L?log L) for which
HL+1le V1) 12 = QQ/L). m

5.1. Classically estimating entries of the time-evolved

correlation matrix on lattice models
In this appendix we briefly argue the following. For ¢ = poly(n) and assuming classical
access to entries (k| M|l) of an initial correlation matrix M for given (k,[), one can
obtain entries M(#);; with 1/exp(n) error with poly(n) classical effort. To see this,
note that maxye(—1,+1) | px (x) —exp(itsx)| = O((t/VK)X*1), with px (x) a degree-K Taylor
approximation. This implies

‘(pK(h/S)MPK(—h/S))ij - M(r)ij) = 0((t/IVIOK), (5.68)

where we have used that || M| < 1. Note that this error can be bounded by 1/exp(n)
for some K = poly(n). Using the same reasoning as in the proof of Lemma 5.6.1,
we can obtain (i| h*1 Mh*2 |j) for all ki, k, < K = poly(n), giving an estimate of
(pK(h/s)MpK(—h/s))ij. So for sufficiently large K = poly(n), we obtain an estimate of
(e*”hMoe’”h)ij with 1/ exp(n) error.
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6.1. Introduction

In general, it is a computationally intractable task to obtain, by classical or quantum
means, the eigenvalues of a Hamiltonian H associated with a many-body quantum
system. However, as discussed in Section 1.2, more restricted tasks related to estimating
the spectrum of H can be executed on a quantum computer by means of quantum phase
estimation algorithms [1-4], using the ability to simulate the real-time dynamics e~ *#¢/"
efficiently on a quantum computer via Trotterization [5].

Classical alternatives are provided by quantum Monte Carlo methods [6, 7]. The
efficiency of quantum Monte Carlo methods when used to simulate many-body systems
is generally limited by the sign problem. This can cause the variance of the estimator in
the Monte Carlo algorithm to grow exponentially in the system size 7, necessitating an
exponential number of runs of the Monte Carlo algorithm.

A (ubiquitous) class of Hamiltonians that is sign-problem-free has been formalized
under the name stoquastic Hamiltonians [8]. Roughly speaking, a (real-valued)
Hamiltonian is stoquastic (in a particular basis B) if its off-diagonal elements are
non-positive: (x| H | y) <0, for x # y (with |x), | ) being elements of B). As a consequence,
its associated Gibbs density matrix e~/ is an element-wise non-negative matrix (for
7 € R}). This property makes it particularly suitable for Monte Carlo sampling as
complexity results [8-10] and various algorithmic results [11-14] have demonstrated.
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quantum real-time evolution

Since stoquastic Hamiltonians are sign-problem-free, it is of interest to see if one
can indeed prove that (part of its) spectrum can be efficiently estimated through
classical Monte Carlo methods. Conversely, can quantum algorithms, even for stoquastic
Hamiltonians, provide an advantage over Monte Carlo algorithms in carrying out this
task? In this work, we address these questions by making a direct comparison between
the task of estimating the spectral content of a stoquastic local Hamiltonian in an input
state via a quantum circuit versus via a classical Monte Carlo scheme. In addition, we
investigate to what extent this task can be efficiently carried out classically for a general
local Hamiltonian.

Central in our study is, first of all, the real-time signal

. 2" . k
gr(k) = (@l e MK 1) = 3 [(y | @y (e PN, 6.1)
=1

for k=0,1...,K and where |®) is some pre-specified n-qubit input state. The estimation
of gr(k) for various k is a crucial step in the quantum phase estimation algorithm (QPE).
In what follows we will fix Af so that the eigenstates |1;/ j) with nonzero or substantial
overlap | (w j | D)% >0, showing up in the signal, have the property that E;Ar € [0,27).
Thus, from now on, we assume that these E; are shifted and rescaled to lie in [0,27).
We will assume that there are at most S eigenvectors with nonzero | {(y j| ®)|?, where S
is desired to be poly(n) or less for overall efficiency. Identifying a state |®) which has
non-zero overlap on only a few (S = poly(n) or S = O(1)) eigenstates and which obeys the
assumptions in the following Theorems is not so simple, and can be considered one of
the bottlenecks in using quantum phase estimation or other Monte Carlo methods to
determine spectral information of the Hamiltonian.
Besides the real-time signal, one can define the imaginary-time signal

2" k
gi(k) =@l e 10) = ¥ [(y | oy (e B) 6.2)
j=1

where again we can assume that E; € [0,27). We will prove, for local stoquastic
Hamiltonians, that the quantum cost of estimating gr(k) and the classical Monte
Carlo cost of estimating gj(k) within error € are approximately identical, although
the assumptions on our knowledge/preparation costs of |®) are slightly different
in the two cases. We present the Monte Carlo scheme that estimates the signal in
equation (6.2) in Section 6.2. We stress that this Monte Carlo scheme does noft rely on the
Metropolis-Hastings algorithm.

The two statements are as follows (the proof of these statements is given in Section 6.2):

Theorem 6.1.1. For a local Hamiltonian acting on n qubits, one can estimate gg(k) in
equation (6.1) with probability at least 1 — 6 with sampling error € and Trotter error € o
(and total error €or = € + €401), USING quantum circuits acting on n+ 1 qubits, where the
depth of the quantum circuit scales as O(k*+°M)O(e,°") x poly(n) and the number of
times one executes the circuit is © (¢ 2 log(46 ’1)), under the assumption that |®) is a state

of n qubits which can be generated by a poly(n)-size quantum circuit. Hence to obtain
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gr(k) for k=0,...,K, with error at most € = € + €0t for all k, with probability 1 -0
requires using quantum circuits for k=0,...,K, each acting on n+ 1 qubits, where the
depth of the quantum circuit scales as O(k'*°M)O(e,°") x poly(n) and each circuit is
repeated ©(c 2 [log(46 1) +log(K)|) times.

Theorem 6.1.2. For a local stoquastic Hamiltonian acting on n qubits, one can estimate
gi(k) in equation (6.2) with probability at least 1 -0 with total error €t = € + €qrot,
using a classical MC algorithm on n-bit strings where the depth of the algorithm scales
as O(k+°M)O(e,;2V) x poly(n) and the number of times one runs the algorithm is
O(e%log(6™Y)), under the assumption that |®) = chil ®(x)|x) is a normalized state of n

qubits such that (1) %

we can efficiently draw samples from the probability distribution P(x) = |CI>(x) |2. Hence to
obtain g(k) forall k=0,...,K, with error at most ey for each k, with probability 1 -6
requires using a classical MC algorithm on n-bit strings for k =0,..., K, where the depth of
each algorithm scales as O(k'*°W)O (e, V) x poly(n) and the number of times one runs

the algorithm (for each k) is © (e~ [log(6™1) + log(K)]).

can be efficiently (poly(n)) calculated for a given x and y and (2)

We then ask, given knowledge of either the real-time signal gr(k) or imaginary-time
signal gy(k), what can be learnt about those eigenvalues E, whose associated eigenstates
have nonzero overlap with the input state |®)? The signals g;(k) and gr (k) respectively
correspond to a probabilistic sum of decaying components and a sum of oscillating
components with decay rates and oscillation frequencies E; as a function of discrete
‘time’ k=0,..., K. Hence a method which extracts those decay and oscillation rates from
knowing gr(k) or ggr(k) at various k is needed. A method of choice which has already
been used in quantum information theory is the matrix pencil method [15-17] (with
equivalent methods known as ESPRIT and MUSIC). This method has been used for
processing randomized benchmarking data [18, 19], quantum phase estimation [3],
spectral tomography of superoperators [20], for processing experimental time-series data
to identify Hamiltonian parameters [21] or generally in processing discretely-sampled
decaying Ramsey signals. In this work, we employ specifically the ESPRIT method
and investigate its ability to extract the E;’s from the signals in equation (6.1) and
equation (6.2). More details on the ESPRIT method are given in Section 6.3 and the
algorithm implementing the ESPRIT method is given explicitly in Algorithm 6.2.

Using this method, it is known that if either gr(k) or gr(k) is known exactly for
k=0,...,K where K+122S§, one can learn those eigenvalues E; and probabilities
(| | ®)|? exactly. However, in the presence of sampling and Trotter noise, the resolving
power also depends on the gap between the eigenvalues E;, the number S of eigenvalues
and whether we extract them from an oscillating or decaying signal. Our work is thus
focused on understanding whether there are fundamental advantages in learning
gr(k) with noise versus learning gj(k) with noise, as this quantifies the benefit of a
quantum algorithm versus a classical algorithm for spectral estimation of (stoquastic)
Hamiltonians.

Not surprisingly, there are drawbacks to processing data from the imaginary-time
evolution. As the signal decays exponentially, k cannot be chosen too large otherwise the
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signal becomes smaller than the noise. Our goal is to quantify this precisely and show
that, at least theoretically, a regime exists in which the Monte Carlo method may be
competitive.

The first statement we make can be viewed as a summary of previous work, namely
it combines Lemma 6.2.1 via Theorem 6.1.1 (which state the computational effort of
estimating the real-time evolution signal up to a given error and with a given confidence)
and the performance of the ESPRIT method in Theorem 6.3.1 (which gives an error
bound for the eigenvalue estimates obtained from application of the ESPRIT method to
the real-time evolution signal) in the presence of a gap:

Theorem 6.1.3. Given a local Hamiltonian on n qubits. Let the number of eigenvectors
supported in some (efficient-to-prepare) input state |®) be S = pi(n) (with p;(n)
some polynomial in n), and each occurs with nonzero probability at least 1/poly(n).
Furthermore, assume that the S eigenvalues {E;} with E; € [0,2n) are sufficiently
well-separated, i.e. at least by a gap A = C/K with constant C and K = ©(p;1(n)). Then
using Hadamard test (QPE) quantum circuits plus signal post-processing via ESPRIT, each
requiring apoly(n) effort, one can resolve the eigenvalues {E;} with distance d({E;}, {E i
(defined in equation (6.32)) at most 1/poly(n).

For local stoquastic Hamiltonians the combination of Lemma 6.2.3 via Theorem 6.1.2
(which state the computational effort of estimating the imaginary-time evolution signal
up to a given error and with a given confidence) and the performance of the ESPRIT
method in Theorem 6.3.3 (which gives an error bound for the eigenvalue estimates
obtained from application of the ESPRIT method to the imaginary-time evolution signal)
in the presence of a gap leads to:

Theorem 6.1.4. Given a local stoquastic Hamiltonian on n qubits. Let the number of
eigenvectors supported in some efficient-to-sample (i.e. with poly(n) effort) input state |®)
be S = O(1), and each occurs with nonzero probability at least 1/poly(n). In addition,
assume that for a fixed x, y it is efficient to compute %. Furthermore, assume that the S
eigenvalues {E;}, E; € [0,2m) are sufficiently well-separated, i.e. at least by A = 1/poly(n)
with some poly(n). Then using a Monte Carlo algorithm plus signal post-processing via
ESPRIT, each requiring (some) poly(n) effort, one can resolve the eigenvalues {E;} with

distance d({E;},{E}}) at most 1/poly(n).

Theorem 6.1.4 immediately begs the question whether such a result could hold
for general local Hamiltonians as well: the assumptions that there are only S = O(1)
eigenstates in the initial state, as well as the assumption of efficient access to the initial
state appear rather strong. To address this question, we define another real-valued,
decaying signal as

2" k
go(k) = @/ (I - Hi2m)* @) = Y |(w ;| @)[*(1- Ej/2n) . 6.3)
=1
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If S= 0(1) and if gp (k) can be estimated with some accuracy for k=1,...,K = O(1), we
can also apply the ESPRIT method to extract these S eigenvalues. We note that this
requires that the eigenvalues E; are bounded away from 27. Hence if we use gp (k) we
assume that we have shifted and rescaled the eigenvalues so that, say, the E;’s lie in [0, 7].

One can prove that for general local Hamiltonians, assuming S = O(1) eigenvalues in
|®), one can estimate gp (k) with € accuracy, under an assumption about the access to
|®@) which is identical to the Monte Carlo case for stoquastic Hamiltonians (Theorem
6.1.4). In fact, this result shows that Theorem 6.1.4 is not particular to local stoquastic
Hamiltonians at all, if we only care about ‘nominally poly(n)’ algorithms. However, the
computational cost of estimating gp (k) for general local Hamiltonians is significantly
higher in practice compared to the Monte Carlo method for stoquastic Hamiltonians. The
result expressed in Lemma 6.2.6 can be viewed as ‘dequantization’ as it is similar in spirit
to the Singular Value Transformation (SVT) tool (Theorem 3 in [22]). Theorem 3 in [22] is
used to construct an algorithm that estimates the ground state energy of a Hamiltonian
to O(1) (in n) precision, given an initial state with only some constant overlap with the
ground state.

Applying the ESPRIT analysis to Lemma 6.2.6, we will obtain the following Theorem:

Theorem 6.1.5. Given a local Hamiltonian on n qubits. Let the number of eigenvectors
supported in some efficient-to-sample (poly(n) effort) input state |®) be S = O(1), and each
occurs with nonzero probability at least 1/poly(n). In addition, assume that for a fixed x, y
it is efficient to compute %. Furthermore, assume that the S eigenvalues {E;}, E; € [0, ]
are sufficiently well-separated, i.e. at least by A = 1/poly(n) with some poly(n). Then
using Lemma 6.2.6 plus signal post-processing via ESPRIT, each requiring (some) poly(n)
classical effort, one can resolve the eigenvalues {E;} with distance d({E;}, {Ej}) at most

1/poly(n).

In [22], it was additionally shown that estimating the smallest eigenvalue of a local
Hamiltonian (with some restrictions on its locality) with inverse polynomial precision,
even when provided that the guiding (input) state (which is a state with access structure
similar to the one considered in this work) has close to a constant (1/2 — Q(1/poly(n)))
overlap with the ground state, is BQP-complete. Improving on this result, the authors of
[23] have shown that this problem is BQP-complete even when the overlap of the guiding
state with the ground state is 1 —Q(1/poly(n)) (a result which was also obtained in [24])
and that equivalent results hold for the task of estimating excited state eigenvalues of
the Hamiltonian. As also mentioned in [23], the ability to classically estimate S = O(1)
eigenvalues up to inverse polynomial error (provided an at least inverse polynomial
spectral gap) — as described in Theorems 6.1.4 and 6.1.5 — thus depends strongly on
the number of eigenvectors supported in the input state being only S = O(1). Note that
in Theorems 6.1.4 and 6.1.5 we furthermore require that the S = O(1) eigenvalues are
separated by an at least 1/poly(n) gap.

To investigate practical aspects of the MC scheme for stoquastic Hamiltonians and
compare it to the quantum scheme, we numerically study the one-dimensional Ising
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chain in a transverse field g [25] in a proof-of-principle setting. We numerically study,
amongst several other aspects, the recovery of the ground-state and first-excited-state
eigenvalues in the (g > 1)-regime from the signals gr(k) and g;(k) (in the presence of
sampling noise and Trotter error) using the ESPRIT method.

An overview of the paper is as follows. In Section 6.2, we review the Hadamard
or overlap quantum subroutine (Lemma 6.2.1) and we present the Monte Carlo
algorithm (Lemma 6.2.3) for stoquastic Hamiltonians with its proof, as well as stating a
straightforward Lemma 6.2.6 on ‘dequantization’. Section 6.3 reviews the ESPRIT method
and has an extensive 6.D in which we prove the performance of the ESPRIT method for
imaginary-time decaying signals using many lemmas also needed in the real-time signal
case. The arguments for Theorem 6.1.5 are presented in Section 6.3 as well. In Section
6.4, we numerically compare the quantum scheme and the Monte Carlo scheme (for
stoquastic Hamiltonians) for determining part of the spectrum of a transverse field Ising
chain. In Section 6.5, we discuss our work and propose some directions for future study.
Several appendices give additional background information and details.

We note that very extensive literature exists on the Monte Carlo power method [6] in
which one applies a sequences of steps which gradually project an initial input state
onto the ground state. In this method, unlike in our MC scheme of Lemma 6.2.3, one
renormalizes the state after each iteration, so that the signal does not die out. In our
approach, we do not renormalize, but study the decay rates themselves. In terms of other
previous work, we note that in [12] the ground state energy of a stoquastic Hamiltonian
was efficiently estimated by means of a projector Monte Carlo scheme, under an
additional ‘guiding state’ promise. In [26] the authors consider the implementation of
the imaginary-time evolution exp(—7 H) on a quantum computer in order to prepare a
ground state of any local Hamiltonian. Note that our goal is not to prepare any ground or
excited state but rather only learn some eigenvalues.

In the remainder of this section, we will review a few definitions which are used in this

paper.

Definition 6.1.6. Stoquastic Hamiltonians A (real-valued) Hamiltonian H is (globally)
stoquastic [8] in a basis B if all its off-diagonal elements are non-positive: (x| H | y) <0, for
X # y (and states | x), |y> being elements of basis 3).

In this work, we are interested in Hamiltonians that are local and stoquastic:

Definition 6.1.7. Local Hamiltonians A Hamiltonian H associated with a system
consisting of n degrees of freedom (e.g. spins/qubits) is local if it admits a decomposition
into a set of Hermitian operators {H;} — i.e. Z;V H; - such that each H; acts non-trivially on
O(1) (not growing with n) degrees of freedom of the system.

We denote the maximum number of degrees of freedom on which each H; acts
non-trivially (i.e. its locality) by k and note that the number of terms in a local
Hamiltonian is N = O(nk).

For local Hamiltonians there is a slightly stronger notion of stoquasticity, called
termwise stoquasticity, which can differ from the definition of stoquasticity given above,
see [8, 9].
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Definition 6.1.8. Termuwise stoquastic Hamiltonians A (real-valued) k-local Hamiltonian
H is m-termuwise stoquastic in a basis B if it admits a decomposition into (real-valued)
m(= k)-local terms {H,} such that each H, is stoquastic: ¥ a, {x| H, \y) <0, forx#y (and
states | x), |y) being elements of basis 3).

Most many-body Hamiltonians considered in physics which are stoquastic are
O(1)-termwise stoquastic. The results in this paper apply to both termwise stoquastic as
well as globally stoquastic Hamiltonians (using some small adaptions employing results
in [9]), and we will refer to them simply as ‘stoquastic’.

For a matrix X we will use the operator or spectral norm || X|| = v/ Amax(XTX) = o0 max (X),
where 0 max(X) is the largest singular value of X. We also refer to the Frobenius norm
IXIlp = vTr(X'X) and the induced—oo norm || X |lo, = max; 3" ; | X; ;|. For an m x n matrix
X,weuse | X| = vVmlXlo and [ X]| < | X| .

6.2. Quantum scheme versus Monte Carlo scheme for spectral

estimation

In this section we show how to estimate gg(k) on a quantum computer, and g;(k) for
stoquastic Hamiltonians via a Monte Carlo algorithm, as well as how to estimate gp (k)
inefficiently (in k) via a classical algorithm for general local Hamiltonians.

Lemma 6.2.1 states a well-known quantum subroutine, namely the Hadamard or
overlap test, while a new result, a Monte Carlo version of the routine, is proved in Lemma
6.2.3. After these Lemmas, the proofs of Theorems 6.1.1 and 6.1.2 are given. Then we give
Lemma 6.2.6 for general local Hamiltonians, using similar tools as in Lemma 6.2.3.

We note that the overlap test is used in versions of quantum phase estimation which do
not aim at preparing an energy eigenstate of the Hamiltonian, but rather only learn the
spectral content in its input state, as in Refs. [3, 4, 27]. Here we basically follow this
approach for the real-time quantum evolution, which can in addition be randomized to
save on implementation costs, see [28].

Lemma 6.2.1 (Hadamard or Overlap Test). Let F = (®| G, G2 ... G |D), where:

1. |®) = Zin:l ®(x) |x) is a state of n qubits which can be generated by a poly(n)-size
quantum circuit.

2. Each Gy is a k-local unitary matrix.

F can be estimated within error € with probability at least 1 — 6 with a quantum circuit
with ©(e~2log(4671)) x [@(L) + poly(n)] single and two-qubit gates.

Proof. Figure 6.1 depicts the quantum circuit which is used. It involves an n-qubit
register and a single ancillary qubit. The state of the composite system can be tracked
through the circuit and the final state can be found to be (where R(0) = e~ /0%/2):

1

E((e*"9’21+ ¢"2G1Gy...G1) 1004 1) + (¢ 721 = ¢0'2G1 Gy GL) 1) ® 1) ). (6.4)
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me{0,1}

10y —] ] T R(0)

|D) GGy .G,

Figure 6.1: Basic circuit with a single ancillary qubit and an n-qubit register (initialized in
state |D)).

A Z-measurement is now performed on the ancillary qubit, measuring either |0) or |1)
with associated outcomes resp. m =0 or m = 1. The probability to measure state |0)
(m = 0) on the ancillary qubit after application of the depicted gates is then given by:

Pr(m=0/6) :%+i(eie(@IGIGZ...GLICD)+e_i0((<l>|G1G2...GL|CI>))*):

(6.5)

In the final expression, we have restricted ourselves to 8§ =0 and 6 = %, which are the 6
values of interest. Suppose that for § = 0 and 8 = /2, the quantum circuits are repeated
|Z| times to obtain a set 2|Z| of independent realizations of the ancillary-qubit state to be
measured and let \Zg:0| and |Zg:”/ 2| be the number of times the ancilla measurement

returns 0 so that
= (1= =7
F=|2 -1|-if2 -1 (6.6)
|X] [Z]

is our (unbiased) estimator, i.e. E(F(£)) = F(¢). Then by means of the Chernoff bound we
have

Pr(|f—]~‘| < e) zPr()Re(ﬁ—f)| < e/\/i) Pr()lm(ﬁ—}‘)) < e/\/Z)

= (1-Pr{|Re(F - )| <erv2)) (1-Pr{[im(F - 7| <€/ v2))

) (6.7)
> [max(0, (1 - 2exp(~[zie?/4)) |
>1-4exp(- |Z|€2/4) =1-6,
where the number of samples is chosen as |Z| = ©(¢~1log(461)). O

Next, we will consider a classical Monte Carlo version of the quantum routine given
above. The key result here is Lemma 6.2.3. However, before we can state it, we collect
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a few facts about matrices G; which will be useful in the proof of Lemma 6.2.3. The
matrices G; that we will consider now can be seen as analogous to the (unitary) local
real-time propagation operators G; considered earlier in Lemma 6.2.1, but are now
local imaginary-time propagation operators. The G; are no longer unitary but, for
local stoquastic Hamiltonians, are elementwise nonnegative. They are of the form
G; = e~%/MKkHi \where a;/M is a positive parameter set by the Trotterization scheme and
k=0,1,...,K denotes imaginary-time coordinate. We have the following proposition on
further properties of these operators:

Proposition 6.2.2. Let G; = e”%/M*Hi yhere H; is a stoquastic Hermitian matrix (a term
in H =Y ; H;) which acts nontrivially on some subset of O(1) qubits. Let the smallest
eigenvalue of H; be 0, i.e. Ajin(H;) = 0. We have:

o The matrix G; is an elementwise nonnegative and positive definite matrix, with
eigenvalues in the interval (0, 1], acting nontrivially only on the same O(1) qubits as
H;.

* IfG; is reducible, then we can write G; = eslgile with B; irreducible sub-matrices
Gf.’ . The set of bit string basis states on which the irreducible sub-matrix Gf acts is
denoted by Sf’, where uhS? < {0, 1}".

* From the Perron-Frobenius Theorem (Theorem 8.4.4 in [29]) it follows that for each
nonnegative and irreducible sub-matrix there exists a unique and strictly positive
eigenstate associated with its largest eigenvalue, i.e.

) =xezs?¢$’(x)|x>, Gllob) =22 [oh), 6.

where (p?(x) >0, Vxe Sf’. Since the spectrum of G; is the union of spectra of the
submatrices sz , the spectrum of each Gf also lies in the interval (0, 1] and one of the
blocks b will contain the largest eigenvalue of G; equal to 1. In case G; is irreducible
itself, there is a largest nonnegative eigenvector as in Eq. equation (2?) which has
support¢;(x) > 0 for all x. In this case, the corresponding eigenvalue will be 1; = 1.

* Naturally, since G; acts nontrivially only on a subset of O(1) qubits (and acts as I on
other qubits) one can efficiently compute the blocks Gf.’ , its largest eigenvalue /1? and

associated eigenstate |(/>§’ ) in each block b.
We prove the following:

Lemma 6.2.3. Let F = {(D| G, G ... G | D), where:

1. |D) = ZiL(D(x) |x) is a normalized state of n qubits where ®(x) e C (Vx) and
Y x|<1>(x)‘2 = 1. We assume that (1) % can be efficiently (poly(n)) calculated for
a given x and y and (2) we can efficiently draw samples from the probability

distribution P(x) = |(I>(x)|2.
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2. Each G; = Gy is a k-local, positive-definite, (elementwise) nonnegative matrix with
eigenvalues in (0,1].

F can be estimated within error € with probability at least 1 -6 with a classical MC
algorithm with runtime ©(e21log(6™")) x poly(n) x O(L).

Proof. The proof of Lemma 6.2.3 consists of two steps: To construct an estimator for (1)
and to show that the error of this estimator can be bounded according to the lemma.

We rewrite the quantity of interest F as follows (where L —1 complete sets of basis
states are inserted in between the G; operators in the final equality):

F= Y & )I(O)

X0, X150y XL

(X0l G1|x1) {x11 G2 | X2} ... X111 GL|xL), (6.9

where we have set |x) = |xp) and |y> =|xz). F thus corresponds to the sum of an
exponential number of products of (non-negative) matrix elements of Gy, ..., G, weighted
by amplitudes in the state |®). Evidently, only terms for which all the matrix elements in
the product are non-zero contribute to the sum.

We now consider the string of basis states |xp),...,|xz) and associate with each step
|x;-1) to |x;) in this string a probability

1 P (x)
Pi(xjy—xp) = w (x1-11 Gy lxp bl

) (6.10)
I 7 (x1-1)

where b labels the sub-block in G; = & bi which contains the strings x;_; and x;. Here
gb;’(x) = (X1 gb?) with |gb§’> defined in Proposition 6.2.2.

The probability distribution P; is thus non-negative as /l? € (0,1], G; is element-wise
non-negative and (p?(xl) >0 and (/);’(xl_l) > 0. It can be shown to be normalized:

1 PF (x7) 1 L, o
Pi(x;1 —x) =) —xalGrlxp) ———= — x| G} %)) ———
xzz ;' Ay ;’(XH) xesh AY by
1 1 (x1- 1|</),
———{x11G —— —{x-1lA (6.11)
" oha 1Mb 5116 o7 = </>l(11mb sl o) = PP, 1)
We use P;(x;_1 — xj) to rewrite F (1) as:
F@)= Y [®x)*Pi(xo— x1)Pa(x1 — X) ... PL(x 11 — X1)
X(),xl,...,XL‘ El?[(rx) g
L b(l)(x 1)
%H,ﬁ(l)u, (6.12)

P(x0) 1 ¢§’”) (x1)

E']{(x).
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where x = (xg, X1, ..., 1) and we have defined the quantities I1(x) and R (x). Since |®(xp) 2
and each P; are probability distributions, II(x) is a probability distribution as well, i.e.

Y 0w = Y (0w ¥ (Pt — x) .Y (Prlet — x)) . )) = 1. (613)

X0,X15..0, XL X0 X1 XL

Clearly, one can sample from I1(x) by first sampling from |®(x)|?, then sampling from
Py (xg — x1) to generate x; etc. until xy.

By thus sampling from the probability distribution II(x) and obtaining a mean
estimator for F(r) using the samples R(x), we can estimate JF (7). We note that
F (1) =E(R(x)). Since R(x) € C, a mean estimator over a finite number of samples will
generally be complex-valued. Since F(7) € R, we will instead obtain a mean estimator
using samples Re(R (x)). The mean estimator that we shall use to estimate F (7) is the
median-of-means estimator [30]. Using a set X of samples {x} (distributed according
to I1(x)), the median-of-means estimator is defined as follows: Divide the set X into g
subsets s1,..., 54 of size approximately |Z|/g. Calculate the empirical mean of Re(R (x))
over the samples in each subset: f; = # ZxESj Re(R(x)) for je{l,...,q} (each fj is an
unbiased estimator of 7 (7)). Now the median-of-means estimator is given by the median
of these empirical means: F =M(fi,..., f4). See 6.C for more details.

The algorithm that efficiently produces F = M(fj, ..., f4) is explicitly given in Algorithm
6.1 below. Note that when ®(xp) is small for some xp, the probability of drawing this xo,

|®(x0)|?, is very small, but the ratio g?) in the estimator could get very large.

Algorithm 6.1: Efficiently obtaining a median-of-means estimate of 7 (r) through
sampling of the probability distribution IT(x).

Input: Initial state |®). Local propagation operators {Gl}lel. Sample size |Z|.
Number of subsets q.
Output: Median of means estimate of F ().

foroe{l,2,..,/2|} do

Sample an initial basis state |xq) from the probability distribution |®(xg) |2. The
state |xg) is part of Sf“).

forle{l,..Ldo

Pick a state |x;) € S”*) with probability

b(l)
(x;
Sb(l+1)

1+1

Pi(xj—1 —x) = Ab‘“ (x1-11G; |x1> The state | x;) is part of

(for I < L).
end

D (x,-

oy L b " )
oGy LIz D)

Given {xl} , (sampled from I1(x)), calculate R (x) =
end
Divide the |Z| samples into g subsets s1,..., 54, such that |s;| = |Z|/q, ¥ j.
for je{1,2,...,q} do

Calculate f; = # Y xe 5 Re(R(x)).
end

Output F = M(fi,..., fy)-
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Algorithm 6.1 thus efficiently provides an estimate of F(7) (albeit biased). To complete
the proof, we will show that the variance of Re(R(x)) € R can be bounded which in turn is
used to bound the number of samples to get an estimate close to the mean, leading to
Lemma 6.2.3.

For a complex random variable Z =R(x), E(Z) = E(Re(2))+ iE(Im(Z)) and
Var(Z) = Var(Re(2)) + Var(Im(Z2))) = Var(Re(Z)). Hence we can bound the variance of
random variable Re(R (x)) by bounding the variance of the random variable R (x). This
variance is given by:

Var(R(®)) = E(|R(x)[*) - |E(R(x)))2 <E(|R@[) (6.14)

—_—
=|F @)% =F(1)2.

where the inequality holds because 72 = 0 (since F € R). To obtain an upper bound on
the variance, we shall investigate this expression in more detail:

E(|R@[) = Y[R [

) L b (p?(l] (-xl—l)
= Y 100xp)1* (ol Gy 1x1) €x11 G2 1x2) .. ¢xp-11 Grlxr) [] A VPR
X =1 (’bl (xl)
= Y 10(x)1* Q1 (x0, ¥1) Q2 (x1, X2) ... Qr(X 11, X1),
X

(6.15)

where in the last equality we defined the non-negative quantity Q;(x,y) =

b(l)

(x| Gy | y) /15’(1) :Zf,m Ex; . Exploiting the Hermiticity of Glb , Qi(x,y) can be shown to have the
W

following property:

¢

b
)
ZQl(x,y)=Z<x|Gl|y)/1§’¢ 27|y

PPy

bix bx
195 ap At () <1
1Y) xest ¢ ()
(6.16)
Qj(x,y) thus satisfies 0 < Q;(x,y) <1, Vx,y and VIe{l1,2,..., L}. By consecutively
exploiting the property in equation (6.16) for all Q;’s and the normalization property of

state |®) in the expression in equation (6.15), we obtain

(A7)

Var(R() <E(|R()|°) < 1. = Var(Re(R()) <1. (6.17)

If we take the number of samples |Z|, and divide them into g subsets si,...,5q4
of size approximately |Z|/g, then (by means of Chebyshev’s inequality) each f;

obeys | fj — F| < \/Var(Re(R(x)))\/4q/IZ] < \/4q/1Z] with probability at least 3/4. Using

Hoeffding’s inequality and the definition of the mean, one can show that (see 6.C):
Pr{|F - F| < \/4q/IZl) = 1- ™98, (6.18)

Hence F can be estimated with error € with probability at least 1 — 6 (with g = 8log(d -1
for |Z| = O(log(d “1e2), where obtaining each sample takes a number of operations that
scales linearly in L and poly(n). This completes the proof of Lemma 6.2.3. O
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Remark 6.2.4. Note that if one would have chosen the empirical mean F =
ﬁ Y xex Re(R(x)) as a mean estimator for F (instead of the median-of-means estimator),
then using equation (6.17) and Chebyshev’s inequality, we obtain:

~ Var(Re(F)) N 1

2 =>1- S (6.19)

Pr(|]:'—.7-"|56)21

Hence F can be estimated using F with error € with probability at least 15, for
IZl =01 2. Using the median-of-means estimator thus provides an exponential
improvement in the required scaling of |X| with 5~'. Note that if we could upper and
lower bound the range of Re(R(x)) by some constants, then we could have used a
Chernoff-Hoeffding bound for the empirical mean F which gives the aforementioned
(exponentially) better dependence of the run-time of the algorithm with 5~ (as in Lemma
6.2.1 where we do use a Chernoff-Hoeffding bound).

Remark 6.2.5. Note that the Lemma also applies to estimating (x| G1 G ... GL, |x’ ) (with

1/poly(n) accuracy) as one simply starts the process at xo = x and R(X) is only nonzero

when one arrives at x; = x'. Similarly, one can estimate (01| G, Gz ... G |®,) with 1/poly(n)

accuracy, assuming one can sample from |®1(x)|? (or |®2(x)|?) and compute for a given x
D2(y)

and y, the ratio 0 addition, one can extend the Lemma to the case where the local

propagation operators G; are not Hermitian, but are still nonnegative matrices, see 6.B.

We stress that Lemma 6.2.3 provides an efficient classical algorithm provided that: For
a given x, y € {0, 1}"*, one can efficiently determine % and the state |®) is such that one

can efficiently draw samples from P(x) = |d>(x) \2. In many practical settings, |®) is such
that one can define a function f :{0,1}"" — C which takes as input the n-bit string x, and
efficiently outputs the corresponding coefficient ®(x). This is e.g. the case for (matrix)
product states or for other ansatz classes of states. Then, given x and y, the fraction %
can be efficiently obtained. Note that under this assumption one can set-up a Monte
Carlo scheme based on the Metropolis algorithm to sample from |(I>(x) ’2, although this
scheme is only a heuristic strategy and its efficient convergence would have to be proved.
A good class of states to which both Lemmas 6.2.3 and 6.2.1 apply are of course product
states. Note that even when running the overlap test is too costly (as quantum circuits are
noisy), but preparing the state |®) is feasible, one could use this preparation to sample
from |®(x)|? for the application of the MC method. Of course the requirement of being
able to compute % remains. For the transverse field Ising model, an example of a |®)
which obeys these conditions will be given in Section 6.4.

ikH

Proof of Theorems 6.1.1 and 6.1.2: We require the Trotterization of e~ resp. e k1

into a string of local propagation operators G; which are unitary (in Lemma 6.2.1)
resp. Hermitian and non-negative (in Lemma 6.2.3). This non-unique decomposition
of e ¥ and e *H into an ordered string of local propagation operators depends
on the Trotterization scheme and is discussed in 6.A (and more extensively in [31]).
The Trotterization gives an error €y (in addition to the sampling error € in Lemmas
6.2.1 and 6.2.3) and the number of local propagation operators (for each sample) L

in Lemmas 6.2.1 and 6.2.3 will be L = poly(n) O(Y k™*!/Pe_ 1) (for real time) and

trot
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L=poly(n) O(Y k“l/pet_r(l)ip) (for imaginary time, provided that M =47Y(X, | Hy|),

where M is the Trotter variable). Y denotes the number of stages in the Trotterization
scheme of order p, and typically scales exponentially in p (but p is chosen a constant).
For given order p = O(1) of the Trotterization scheme, L in Lemma 6.2.3 thus scales with
the length of the time interval over which the system is simulated as k'*°") and k'*°W,
and with the imposed Trotter error as et_rgil). Then, if we wish to estimate gg(k) and
g1(k) at multiple k=0, ..., K, we use that the probability that all K estimates are up to
uncertainty € equals unity minus the probability that at least one of the estimates is
beyond € (which, by the union bound, is at most K§6).

Finally, before we move on to extracting eigenenergy estimates from the (real-time and
imaginary-time) signals using the ESPRIT method, we prove the Lemma related to the
signal gp (k) in equation (6.3).

Lemma 6.2.6. Let gp(k) be defined as in equation (6.3) for a local n-qubit Hamiltonian
H, with E; in [0,7], and assume that (1) one can efficiently (i.e. with poly(n) effort)
sample from |®(x) |2, and (2) given x and y, one can compute ®(y)/ D(x) efficiently. Then,
gp(k) can be classically estimated within error € with probability at least 1 -6 with
[poly(n)]* x @(e21og(6~1)) classical computational effort.

Proof. By definition of gp(k), we can write

(o}
gp(k) = ZIW)IZ¥ (xI(I-HI2m*|y). (6.20)
X,y (%)

To estimate gp(k), one first draws an x from P(x) = |®(x)|?, and then one collects all
y which are obtained after the application of (I — H/2m)¥ to (x|. Each application of
I- H/2m maps the input string onto at most poly(n) new output strings, hence one
obtains at most [poly(n)] k such y’s after k applications. Let x = (x; = ¥, Xg—1,..., X1, Xp = X)
be a particular path of strings and let

D(y) k

Rx) = —_— I1-H/2

(x) ;q)(x) (xI( m*|y)
_ D(y)

= Z —<x|I—H/anxl)<x1|I—H/2n|x2)...(xk_III—H/2n|y), (6.21)
X,y PX)

so that gp (k) = ¥, |®(x)|> R(x). For each x that is sampled from P(x), one thus computes
and outputs Re(R(x)) by summing over the contributions from all paths x that start at
string x. As in Lemma 6.2.3, we need to establish how many samples |Z| we need to draw
from P(x) to obtain gp(k) within error € with probability at least 1 —§. This analysis
depends on the variance of the complex variable R (x) through equation (6.14), requiring
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us to upper bound

D*(y) k (") i
'R (0] I-H/2 I-H/2
EIRWF) = L 100 (;@*m (v« ) |x>)(§ oo [y

=Y (@I - HI2m)F |x) (x| (1 - HI2m)¥ |®)
X
= (@|(I- H2m)*F @) <1, (6.22)

where in the final line we have used that the eigenvalues of H lie in [0,7]. As in the
proof of Lemma 6.2.3, this establishes that Var(Re(R(x))) < 1. Then we can use the
median-of-means estimator as in the proof of Lemma 6.2.3 and 6.C to establish that
with probability at least 1 -9, gp(k) can be estimated with error at most €, taking
IZ| = ©(2 log(@‘l)) samples from P(x) = |®(x)|?, and with [poly(n)]k computational
effort per sample. O

It is important to note that unlike in Lemma 6.2.3, here we only sample x and compute
the rest as the estimator R (x), while in Lemma 6.2.3 we sample the whole path of length
L. This is why the computational effort in Lemma 6.2.3 is efficient (linear) in L and thus
polynomial in k, while in Lemma 6.2.6 the computational effort is exponential in k. This
is thus the difference between the stoquastic Hamiltononian case versus the general
Hamiltonian case. Note also that one can take each G; in Lemma 6.2.3tobe G=1—- H/2n
in principle, as it obeys condition (ii) when H is stoquastic.

We note that in [22] the sampling-access assumption is formulated slightly differently,
that is, one gets access to ®(x) for a given x, which can be stronger than only knowing the
ratio ®(x)/®(y) for a given x and y. In addition, Ref. [22] allows an additional error in the
sampling access whereas we gloss over this here and assume perfect sampling-access
(similar to the exact assumptions in the other Lemmas).

6.3. Classically processing the signal: the ESPRIT method

We turn to discussing the ESPRIT method [32] which is a method like the matrix pencil
method [15, 16, 33] for processing a signal as in equation (6.1) and equation (6.2)
consisting of S components. Indeed, suppose a set of values for the signal g(k),

S
gl =Y ¢z}, (6.23)
=1

where |z;| <1, for k€ {0,1,...,K}, K even. The goal is to determine the z; and the
coefficients c; >0 I using g(k) for sufficiently many k. In case of the real-time
signal gr(k), we have z; =e ~ifj in case of a purely-decaying imaginary-time signal
gi1(k), we have z; = e fi e (e7",1] and for the purely-decaying signal gp(k) we have
zj=(1-E;/2m)€(3,11.

1Here we focus on determining the z j» but given the z; one can determine the c; as well and methods for
analyzing the performance also exist for this [34].
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Due to sampling and Trotter noise, one is effectively given a noisy signal y(k) (for
ke€{0,1,...,K}), which is related to the original signal g(k) by:

S
Y=gy +n(k) = Y ¢zt +nk), (6.24)
j=1

where 7(k) denotes e.g. the sampling and Trotter noise, and we have (k)| < €0 in
Theorem 6.1.1 and 6.1.2 with high probability.

It is well-known that for a noiseless signal (n(k) = 0), the z;’s and the c;’s can be
resolved perfectly via ESPRIT and the matrix pencil method if we take K+1 = 28S.
Importantly, this result does not depend on whether the signal is oscillatory or decaying.
For illustration, Figure 6.2 depicts the results of application of the matrix pencil method
to a noiseless signal. We consider separately a decaying signal and an oscillating signal,
and for both cases we depict respectively the estimates of the decay rates and oscillation
frequencies as a function of K. When K + 1 = 2§, the eigenvalues are indeed resolved both
for the decaying and the oscillating signal. When K + 1 < 28§, the eigenvalues are not
resolved. We will see however, that in the presence of noise a decaying or oscillatory
signal fares very differently.

Let us consider in more detail the task of obtaining the z;’s from the signal y(k) in
equation (6.24). The key object of study here is the Hankel matrix H(y) := H(g) + H(1),
containing all K data points of the noisy signal y(k) and a positive integer ‘matrix pencil’
parameter L:

2.5 K+1=2S --- Exact Eigenvalues
— e Estimates from Decaying Signal
5 2.0
S .
§ 157 { o, e Gnils St e e, i, il St e e, it e el S it 4
]
S 1.0
c e
205 hd
in
° o
0.0
25 K+1=2S -~ Exact Eigenvalues
_ s Estimates from Oscillating Signal
520
5, .
.
g 15 .
2
S 1.0
c
@
20.5
fim
...
0.0
5 10 15 20 25 30 35 40

K

Figure 6.2: Estimates of the decay rates (of a decaying signal) and oscillation frequencies
(of an oscillating signal) as a function of K. The estimates are obtained
from applying the matrix pencil method [15, 16, 33] to the noiseless signals
gk) = Z?:l cjz}“, where z; = e Fi (in the case of the decaying signal) and
zj= e~Ej (in the case of the oscillating signal) for k =0,1,...,K where
Ej€[0,2m). All cj’s are set equal to 1/S and the E;’s have been randomly
produced. The eigenvalues are recovered for K+ 1 = 2S.
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y(0) y(1) y(K-1L)
y() y(2) oo YJIK=L+1)
Hy) = : : :
yL) yL+1) ... y(K) (LD x(K-L+1)
1z ZK-L
S Zj Zﬁ. ZI.(J_L+1
:ch . .] ], +H(n), (6.25)
j=1 : : :
L L+l K
z; szr z;

where H(n) is purely due to the noise and has norm ||H (1) ||. We can decompose the
Hankel matrix H(g) of the noiseless signal in terms of Vandermonde matrices V:

1 zj . ZK-L
S zj 2 ... ZKI_L“
_ J J _ T
H@=) cj| . ; =ViCV¥_, (6.26)
j=1 : : :
L L+l K
Zj % Zj (L+1)x (K—=L+1)
where
C =diag(c, 2, ..., Cs), (6.27)
and V is
1 1 ... 1
21 Z2 ... Z§
Vi=1. . . . (6.28)
L L
2 % Zs ) (L+1)xS

In general, methods such as ESPRIT (see the ESPRIT Algorithm 6.2) rely on the parameter
L and for convenience we will keep it general in some of the analysis (specifically in 6.D).
Our results will, however, focus on the choice L = K/2. For L = K/2, we have

y(0) y) ... K/
y) y(2) o YKI2+1])
Hy=| . : : (6.29)
y(K/2) yK/2+1) ... y(K) (K24 1)x(K/241)
and
H(g) = VK/ZCV]?/Z € C(K/2+1)X(K/2+1), (6.30)

Making contact with error bounds in the previous section, we see that (for L = K/2)

Vk, n(k) < €or = [|HM) | = omax(Hm) < |H®) || < Keor. (6.31)
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From the ‘Vandermonde decomposition’ in equation (6.26) of the Hankel matrix
encoding a real-time or imaginary-time signal, one can develop numerical algorithms to
extract the the decay rates z;. One such algorithm is ESPRIT (given in Algorithm 6.2),
which specifically exploits the relation between the Vandermonde decomposition of H(y)
and its singular value decomposition.

Algorithm 6.2: ESPRIT algorithm.

Data: Time signal y, number of decay rates or oscillation frequencies S.

Result: List Z4,..., Zs.

K —length(y); /*We will assume K is even for simplicity. */

L—K/2; /* Not the most general choice, however it works well in
practice. */

H(y) — Hankel matrix built from y;

U,Z, W — SVD(H(y)); /*Make sure £ is decreasingly ordered. */

Us «— First S columns of U; /* Remember U is a (L+1) x (L+1) unitarymatrix */

U, — First L rows of Ug;

U, — Last L rows of Us;

¥~ [76' U;; /*Make S x S signal matrix ¥, + denotes Moore-Penrose
inverse. x/

Z1,...,Zs — eigenvalues of signal matrix P

We will see that this algorithm comes with recovery guarantees on the parameters
z1,...,2s, in both the real-time and imaginary-time signal case, provided the noise vector
7 is small enough. The strength of these guarantees differs significantly between the two
types of signal, and we will discuss them separately in the next sections. From the Z;’s we
can then (for both the real-time and imaginary-time signal) extract E;’s, which denote the
S estimates for {E; € [0, 271)};?:1 returned by the classical post-processing algorithm. The
error in the energy estimates is set as the optimal matching distance [35]

_ 1. 5
d(EN By = 5 min max| B~ Ejl, (6.32)

i.e. the returned list is optimally matched with the actual eigenvalues and the error is set
by the largest mismatch.

6.3.1. Real-time (oscillatory) signal

In this section we discuss the performance of ESPRIT on real-time (oscillatory) signals.
This performance has been well studied in the signal processing literature. Here,
we will follow the analysis of [32], which provides Theorem 6.3.1 relating ||H(n)| in
equation (6.31) and the energy matching error defined in equation (6.32).

The performance of ESPRIT in the oscillatory signal case relies on lower bounding the
smallest nonzero singular value of the Vandermonde matrix V;-k/» in equation (6.28), (or
similarly upperbounding the condition number x (Vk/2) = 0 max(Vk/2)/ 0 min(Vk/2)). The
smallest nonzero singular value of the Vandermonde matrix Vi, will depend on K, S and
the location of the poles z;. For the real-time signal, the z; lie on the unit circle whereas
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for the imaginary-time signal the z; lie in the interval (e727,1]. Let the minimal gap
between the E; be defined as

1
A= —min|E; — Eg|. 6.33
2 TIDIE; - Fi 6.33)
It has been proved [34] for z; = e~ 'Ej that

c c-1
A= E = Umin(VK/Z) = TK, (634)

for some constant C > 1. Note that if there are S eigenvalues E; € [0, 27) in the signal, it is
clear that the minimal gap A < 1/8, hence one should at least take K = CS. Based on this
bound, Theorem 4 in [32] says:

Theorem 6.3.1 ([32]). Let (g +n)(k) be a real-time signal with k=0,...,K, and with
gl = Zle cizlk, ¢; > 0V1i, cmin = min; ¢; and (k) a small noise vector. Let zj = e Ei with
j=1,...,Sand Ej €[0,27) V j, and K = 2C/ A for some constant C > 2 with gap A, and
K+1=28.If

[H@| < cminK b1 (S, C, K), (6.35)
with
Cc-1 2CS

1-——, 6.36
8v/25C (C-DK (6:36)

then the ESPRIT algorithm outputs energy estimates {E i} with distance

h(S,CK) =

AUENAED < |Hm) | et K1 h2(S, C, K), (6.37)
with
_ ) C )3/2( ~ 2CS )—1
hy (S, C,K) = 40V/2S (_C—l 1 T-DK (6.38)

By equation (6.31) we have | H(n) || < Keo and if we choose K ~ S, € can be chosen
sufficiently small, inversely polynomial with S, such that at least equation (6.35) holds.
Then d({E;}), {E;}) will be ©(| H®)||S), hence decreasing like S?€qo.

If we combine this Theorem with the quantum results of Theorem 6.1.1, then we obtain
Theorem 6.1.3. These results thus form the theoretical underpinning of the ideas and
numerical work in [3] in which quantum phase estimation was replaced by the repeated
execution of a circuit applying controlled-U* (conditioned on an ancilla qubit state)
which gets Trotterized to the overlap test circuit in Fig. 6.1.

Remark 6.3.2. Ir is noteworthy that even when the eigenvalues E; are not well-separated
but occur in ‘clumps, results exist [32] which bound the performance of ESPRIT.
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6.3.2. Imaginary-time (decaying) signal

Let us now discuss what information can be extracted from the imaginary-time signal in
the presence of sampling and Trotter noise and compare this to the known Theorem 6.3.1
for the real-time signal.

In 6.D we discuss in detail the recovery guarantees for ESPRIT for imaginary-time
signals. This analysis is an adaptation of the work done in [32] for real-time signals,
with the only true novelty being Lemma 6.D.7. However, since no rigorous analysis for
imaginary-time signals exists in the literature we go through all the steps in considerable
detail. The analysis will again depend on the condition number of the Vandermonde
matrix Vz-g/» in equation (6.28).

This condition number is much worse behaved, i.e. much larger, in case the z;’s all lie
on the real axis —which is the case for the imaginary-time signal- but bounds on this
condition number do exist [36]. Based on the work of Gautschi [37], we derive our own
upper bounds on this condition number, which are asymptotically sub-optimal but have
a clearer dependence on the choice of K and the given S than previous bounds in [36].
We then use the gap A to fill in the upper bound.

In analogy to Theorem 6.3.1, we then obtain the following:

Theorem 6.3.3. Let (g +n)(k) be an imaginary-time decaying signal with k=0,...,K,
and with g(k) = Zle cizll‘, ¢; >0, Vi, cmin = min; ¢;, and n(k) a small noise vector. Let
z; = e Fi with E; € [0,271) and given eigenvalue gap A < 1 in equation (6.33), and {E;} the
energy estimates of ESPRIT with L= K/2. Let K+1=2S, K even and K = TS for some
positive integer T. If we have

o
[Hm| = \I/“I‘_:gl(s, A), (6.39)

with
g1(S,A) = ﬁ (e 2" mA)3S~D, (6.40)

then
AUELEN < |H®|| e, KVKE2(S, A), (6.41)

with
22(S,A) = ¥640v2 833 (e7 ¥ A) 5D, (6.42)

Since the dependence on S is exponential in equation (6.41), one cannot make the
distance d({E;}, {E 1) small when the number of eigenvalues S = poly(n), no matter what
the gap. This is a crucial difference with the oscillatory real-time case. However, for
S = 0(1), with sufficient, poly(n), effort one can make | H(n)|| sufficiently small to obey
equation (6.39) and then reduce the error on the found eigenvalues to 1/poly(n). This
assumes that the gap between the O(1) rescaled eigenvalues present in the initial state is
atleast 1/poly(n) (and not exponentially small in 7).
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Furthermore, given that |H(n)| should decrease at least as ~ 1/vK through
equation (6.39) but the upper bound in equation (6.41) scales as || H(n) | K*'2, one obtains
the optimal bound by choosing the minimal K, namely K =25, sothat L=K/2=S.In
this case the Vandermonde matrix V;_; = Vs_; is square 2 This expresses the intuitive
fact that increasing K will not help beyond a point, as for larger K the signal simply
dies out. This is unlike the oscillatory case of Theorem 6.3.1 in which the optimal K is
required to grow with 1/A. Here the bound does not require that K grows with 1/A, so
there is no ‘super-resolution’. We note that the upper bounds may have a sub-optimal
dependence on K and S, which is due to the proof techniques. Practically (roughly)
speaking, whenever the condition number of the Vandermonde matrix V;-/» grows by
choosing a larger K, choosing that larger K can be beneficial.

For the other decaying signal (gp(k)), a rather small change from z; = exp(—E;) to
zi =1—E;/2m gives:

Theorem 6.3.4. Let (g+n)(k) be a decaying signal with k=0,...,K, and with
gk) = Zle cizll‘, ¢; >0, Vi, cmin = min; ¢;, andn(k) a small noise vector. Let z; =1 —E; /27
with E; € [0, 7] and given eigenvalue gap A <1 in equation (6.33), and {E;} the energy
estimates of ESPRIT with L=K/2. Let K+1=2S§, K even and K = TS for some positive
integer T. If we have

EOIE C\j‘l‘_; g1(S,A), (6.43)

with
g1(S,0) = ﬁ A3GS=D, (6.44)

then
dAUESEN < |[Hm| el KVKg2(S, D), (6.45)

with
32(S,A) = 6402 §>O A1) (6.46)

Now to argue Theorem 6.1.5 from Theorem 6.3.4, we simply choose the minimal
K =28, and since S = O(1), it implies that the classical algorithm which estimates gp (k)
for k=0,...,K(= O(1)) within error € using Lemma 6.2.6 requires poly(n) effort.

6.4. Spectral estimation for a transverse-field Ising chain

In this section, we numerically investigate the methods described thus far by applying
them to an archetypal stoquastic Hamiltonian: The transverse field Ising chain. This
system has been extensively studied [25] and will serve as a proof-of-principle test.
The system consists of qubits on a one-dimensional lattice, which interact via an Ising

2Hence, strictly speaking Lemma 6.D.11 is not much of a help.



6. Spectral estimation for Hamiltonians: Classical imaginary-time evolution versus

182 . .
quantum real-time evolution

interaction and are exposed to an external magnetic field in the transverse direction. The
Hamiltonian associated with this system is:

H=-)(Y ZiZii+8Y Xi), (6.47)
i i

where X, Y, Z denote the Pauli matrices, J > 0 (for a ferromagnetic interaction) and g = 0,
so that H is term-wise stoquastic in the standard basis. We take the field to be pointing in
the x-direction without loss of generality 3.

The system exhibits an abrupt change in the ground state of the system as a function of
g at g =1 (for n — 00). On either side of the phase transition, one has:

¢ Strong-coupling limit (g > 1): In this limit, the Hamiltonian is dominated by
the magnetic field terms and the ground state is given by |1//0) ~ [+)®". The
p-particle excitations correspond to states | =) g, | =) g, .- 1=) ¢, [lizg,,q2,....q, |+ ir 1-€.
the ground state with spin flips at p sites g1, ..., g, along the chain. These p-particle
excited states are (;)-fold degenerate.

¢ Weak-coupling limit (g < 1): In this limit, the Hamiltonian is dominated by
the Ising interaction terms and the (degenerate) ground state is given by either
[wo) = 10)®" or |wo) = [1)®" (ferromagnetic phase). The excitations w.r.t. the
ground state correspond to domain walls separating ferromagnetic regions of
opposite spin.

To run the Monte Carlo scheme described in Lemma 6.2.3, the imaginary-time
propagation operator e~ must be decomposed (by means of Trotterization) in terms of
the local propagation operators e~ M Hi (where a; and M are set by the Trotterization
scheme) . The local propagation operators acting on a subset of two qubits on the chain
are given by:

e kHi _
sinh(1k) + cosh(AF) 0 g sinh(1k) 0
1+g2 1+g2
0 —sinh(1k) + cosh(AR) 0 g sinh(Ak)
1+g2 \/1+g2%
g sinh(Ak) 0 —sinh(1k) + cosh(AR) 0
1+g?2 1+g?2
0 g sinh(Ak) 0 sinh(1Ak) + COSh(/liC)
1+g? 1+g2

(6.48)

where A = J/1+ g2 and k = a;k/ M. This operator is element-wise non-negative and can
be efficiently brought to bock-diagonal form (with each block being irreducible).

. . -~ . . i0Z; .

3The Hamiltonian can be transformed to A= UHU" by the unitary transformation U = ®; exp( 192 L), which
alters the direction of the field in the transverse plane while preserving the spectrum.

4We note that the numerical results presented in this section are obtained using a first-order Trotter

decomposition.
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Since the choice of |®) directly governs which eigenvalues can be obtained from the
real-time and imaginary-time evolution signals, it is a point of particular importance.
In addition, the ability of ESPRIT to extract eigenvalues from the imaginary-time and
real-time signals depends very strongly on the spectral gap between the eigenvalues
in the signal. We consider a state |®) which has considerable overlap with the ground
state and the (n-fold degenerate) first excited state in the (g > 1)-regime. Since the gap
between their associated eigenvalues increases monotonically as a function of g in this
regime, this allows us to present the aforementioned gap dependence numerically. We
shall call the state |(I>0ptima1> since in the (g > 1)-regime it optimally overlaps with the
eigenstates of interest, i.e. [(+®"|y y—o}|* = i [<+®"yp=1,4)1* = 1. This state is given
by:

|®optimal>=7(n|+>z+q 1\/—| )qn|+>)

#
N—— ;’l]—/
lwp=0) [ p=1,4) (6.49)

- g QZ G+ 7200+ (3= Z2) D) Zaeiea 10

where Y- ,¢(0,1;n-1 |%) denotes an equal superposition of (n — 1)-bit strings that exclude the
bit in register q.

EQ for a given x,y € {0,1}"
and one can efficiently sample from |®(x)|?: From Eq. equation (?2), one can infer a
function ®(x) ({0,1}"" — R) that (efficiently) gives the coefficient of the state |¢)optimal>

associated with an n-bit string x: ®(x) = 1/2("”)/2((% + \/Lﬁ)(n —|xl) + (% - L)le)
[J67)

®(x) only depends on the Hamming weight |x| of bit string x, i.e. the quantity (D(y
can be efficiently determined. Furthermore, since ®(x) only depends on n and |x|, the
distribution |®(x)|? also depends solely on these quantities. This implies that one can
indeed efficiently sample from this distribution: First, one draws a Hamming weight | x|
from the distribution |®(x)|? = |®(|x])|2. Then, given | x|, one constructs at random an
n-bit string with this Hamming weight. This latter step can be efficiently implemented by
starting from some n-bit string with Hamming weight |x| (such as {1}/*1{0}”~*!) and then
applying a random permutation.

We note that for |q)opt1mal> one can efficiently obtain 3

6.4.1. Numerical method and results

We briefly discuss the details of the numerical analysis that is used to obtain the
results presented in this section. We use the Monte Carlo and quantum algorithms
(where the latter is inefficiently implemented on a classical computer), which are
presented in Section 6.2 and summarized in Theorems 6.1.2 and 6.1.1, to obtain resp.
the imaginary-time and real-time evolution signals for the transverse-field Ising chain.
We note that here we estimate the imaginary-time evolution signal using the empirical
mean estimator, instead of the (asymptotically superior) median-of-means estimator.
Having obtained these signals, we obtain estimates of the eigenvalues using the filtered
ESPRIT method: This method corresponds to Algorithm 6.2 in combination with an
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additional filtering step. This additional step is required since in principle the number of
components in the signal S is not known a priori in the current setting. Therefore, we
construct the matrix Ug (in Algorithm 6.2) by taking the first S columns of U, where S is
now the number of singular values in the SVD of the Hankel matrix H(y) that exceed
TF omax- TF denotes what we call a truncation factor, and oyax denotes the largest
singular value of H(y). In this way, the number of components in the signal emerges from
the analysis of its Hankel matrix, rather than being a quantity that is known beforehand.
By implementing the remainder of Algorithm 6.2 as usual, we obtain estimates of the z;’s.
From these estimates of the z;’s, we obtain the spectral estimates E; for the quantum
algorithm and for the Monte Carlo algorithm.

Note that this approach of including a filtering step — which often resembles more
closely the practically encountered scenario when running the algorithms from Lemmas
6.2.1 and 6.2.3 — differs from that considered in Theorems 6.3.1 and 6.3.3, where the
number of components S in signals is known beforehand. Here, S is a quantity emerging
in the analysis and it can even generally occur that components of the signal with very
small coefficients — corresponding to eigenstates with very small overlap with |®) — are
filtered out.

In the results presented in this section, note that the real-time and imaginary-time
increments have been chosen such that all E; that are present in the signals lie in [0, 27).
This does not mean that the whole spectrum of the Hamiltonian lies in [0,27), as the
majority of its eigenvalues will not be present in the signals.

We note that for the quantum algorithm, the parameters {z;} have unit norm. However,
due to finite sampling, one determines a noisy version of the signal gr(k), resulting in
estimated eigenvalues of the Trotterized unitary having norms that slightly deviate from
unity. To ensure that the estimates E ; are real-valued, we take them to be the real parts of
ilog(z;).

The code that is used to obtain the numerical results presented in this work can be
found at [38].

In Figure 6.3, the Monte Carlo signals (®|e*¥ |®) and the real and imaginary parts of
the quantum algorithm signals (®|e~’ kH @y for |@) = [+)®" and |®0ptima1) are depicted.

The upper three figures correspond to |®) = |+)®". For this choice of |®), the signals are
clearly dominated by a single eigenvalue (the ground state eigenvalue): The Monte Carlo
signal decays with a single decay rate and the quantum algorithm signals oscillate with a
single frequency. For the quantum algorithm signals, there are also higher-frequency
components visible (due to |+)®" not having overlap with only the ground state).

For the lower three figures, we take |®) = |(D0pﬁma1>. For this choice of |®), there
are two eigenvalues present in the signals (the ground state and first excited state
eigenvalues). For the Monte Carlo signal, the excited state eigenvalue can be seen to
die out within a few units of time, after which only the ground state component is
left. The quantum algorithm signals can be seen to be composed of a high-frequency
(excited-state) component superposed on the ground-state component, where the
excited-state component now obviously does not die out.

We now consider the spectral estimates that are obtained by applying ESPRIT to the
evolution signals that are produced by the quantum algorithm (from Theorem 6.1.1) and
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(a) Monte Carlo alg., [®) =|+)". (b) Quantum alg. (real part), [®) =|+)".  (c) Quantum alg. (imaginary part), |®) =] +)".
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Figure 6.3: The evolution of the states |+)®" (in (a), (b) and (c), for which the ground state
is the dominant component in the signal) and |(I>opﬁma1> (in (d), (e) and (f), for
which the ground state and first excited state are the dominant components in
the signal) for n =7 and g =4 in imaginary time (in (a) and (d)) and in real
time (in (b), (c), (e) and (f)). The signals in (a) and (d) are obtained through
the Monte Carlo scheme of Theorem 6.1.2. The signals in (b), (c), (e) and
(f) are obtained through the quantum algorithm of Theorem 6.1.1 (which is
inefficiently implemented on a classical computer). The Trotter variable is
taken to be M =100 and |X| is set to be 4200.

Monte Carlo algorithm (from Theorem 6.1.2). In particular, we determine both time
evolution signals at a given total number of measurement points in real/imaginary time.
We then determine the spectral estimates from both signals for increasing K, by including
step-by-step more of the total number of measurement points in the analysis °. The
truncation factor TF is taken to be equal to 0.02 throughout.

The top two plots in Figure 6.4 depict, for a given |Z|, the eigenvalue estimates as a
function of g and for several values of K. For both the quantum algorithm and Monte
Carlo algorithm estimates, it is clear that a smaller spectral gap indeed requires a larger K
for the eigenvalues to be obtained accurately. Furthermore, for a given |X| and K, it is
clear that the error of the estimate for the excited-state eigenvalue obtained from the
imaginary-time signal is larger than that obtained from the real-time signal. We conclude
furthermore that, in line with Theorems 6.3.1 and 6.3.3, increasing K beyond a certain

5For K=2; k=0,1,2. For K =4; k=0,1,2,3,4. Etc.
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Figure 6.4: Spectral estimates of the ferromagnetic Ising chain in a transverse field (for
n =7) obtained through analysis of the evolution of |(D0ptima]>. Plots (a) and
(b) depict the spectral estimates (together with the true spectrum) obtained
through the quantum algorithm and the Monte Carlo algorithm for || = 4200
and M = 100 for several values of K. Plots (c),(d) and plots (e),(f) depict the
relative error of the spectral estimates —i.e. |E = E;|/E; - for the resp. ground
state and excited state eigenvalues at g = 4, for M = 400 and as a function of
|Z]. The truncation factor is taken to be TF = 0.02 throughout. The scaling of
the error of the ground-state eigenvalue estimates is similar for both methods,
while the error for excited-state eigenvalue is larger for the MC algorithm
than for the quantum algorithm. The excited-state eigenvalue estimates also
converge more quickly as a function of K for the quantum algorithm.

threshold does not necessarily reduce the error of the eigenvalue estimates.

It is apparent that as one approaches the g = 1 point, more higher-lying eigenvalues
emerge from the ESPRIT analysis. This is especially true for the quantum algorithm (note
that for the Monte Carlo signal, the larger the eigenvalues are, the quicker the associated
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components in the signal die out). The appearance of these higher-lying eigenvalues can
be attributed to the fact that (for finite n) the state |(D0pﬁmal> starts to have significant
overlap with states other than the two lowest-energy eigenstates in this regime.

The middle two and bottom two plots in Figure 6.4 depict the relative error of
the spectral estimates — i.e. |E i — Ejl/Ej - for resp. the ground-state eigenvalue and
excited-state eigenvalue (at fixed g = 4). We consider a range of values for |Z|. For the
ground-state eigenvalue, the scaling of the relative errors as a function of |X| is similar for
the quantum algorithm and the Monte Carlo algorithm. Clearly, the relative errors of the
excited-state eigenvalue estimates for the quantum algorithm are smaller than those for
the Monte Carlo algorithm.

We have also implemented the matrix pencil method in [20, 33] to estimate the
eigenvalues from the real-time and imaginary-time signals. The only significant
difference that was found between the estimates obtained through the ESPRIT method
and through this matrix pencil method is that - in the (K < 2S)-regime - the matrix pencil
method outputs estimates which resemble an average of the eigenvalues in the signal (as
can be seen in Figure 6.2 in a noiseless setting), while this is not the case generally for the
ESPRIT method.

6.5. Discussion

We have considered the problem of obtaining (some) eigenvalues of local stoquastic —
i.e. sign-problem-free — Hamiltonians and general local Hamiltonians H by means of
tracking the evolution of the system state, differentiating between the evolution of the
system state in real time and imaginary time. In both cases, we examine the use of the
matrix pencil ESPRIT method in extracting eigenvalues of H from the state evolution
signal. The real-time (oscillating) evolution signal is obtained through running quantum
circuits, while the imaginary-time (decaying) signal for local stoquastic Hamiltonians is
obtained through a Monte Carlo scheme (developed in this work) that is implemented in
a computationally tractable manner classically. Another type of decaying evolution signal
— from which the ESPRIT method can extract eigenvalues of H — is obtained through a
classical method for general local Hamiltonians that is similar in spirit to ‘dequantization’.

We have invoked some known performance bounds of the ESPRIT method for the
real-time signal and applied and extended bounds for the imaginary-time signal. Our
bounds suggest that the ESPRIT method (or matrix pencil methods more generally)
performs — not surprisingly — worse in extracting (multiple) eigenvalues from an
imaginary-time decaying (MC algorithm) signal than from a real-time oscillating
(quantum algorithm) signal in the presence of noise. However, we show that if the input
state contains S = O(1) eigenstates and the spectral gap is at least 1/poly(n), and the
right access to the input state is available, the associated eigenvalues can be resolved
efficiently (with poly(n) classical effort) for local stoquastic as well as for general local
Hamiltonians. Even though for S = O(1), the classical effort for stoquastic as well as
general Hamiltonians is poly(n), the ‘brute-force’ algorithm for general Hamiltonians (in
Lemma 6.2.6) incurs an exponential cost in k in estimating the signal gp(k), while for
stoquastic Hamiltonians the cost is polynomial in k. Despite this difference in cost, the
error bounds for the eigenvalue estimates obtained here through analysis of the ESPRIT
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method applied to a decaying signal (gp (k) or gr(k)) suggests that letting k grow as some
function of n will generally not help.

Even though our results show that for these Hamiltonians, for an input state supported
on S = O(1) eigenvalues (separated by an at least 1/poly(n) gap), these eigenvalues can be
estimated with poly(n) classical effort, it remains to be better understood how practical
this MC method for stoquastic Hamiltonians or the ‘dequantization’ method in Lemma
6.2.6 are. The upper bounds for the errors on the eigenvalue estimates in Theorem 6.3.3
grow rather fast with S (and the computational effort grows fast with k in Lemma 6.2.6 for
general local Hamiltonians), and it is not clear how much one can improve, say, the
ESPRIT bounds.

Indeed, it would be interesting to show that the current bounds of ESPRIT for the
imaginary-time decaying signal cannot be improved upon. There are definitely known
negative results on the condition number of Vandermonde matrices [39], but there might
be signal extraction algorithms that have better practical performance on decaying
signals, or have looser requirements (such as the requirement that all data is evenly
spaced). However, we suspect that the difficulty gap we observe between real-time
and imaginary-time signal is universal. One possible way to argue this is through the
Cramer-Rao bound (which has been analysed for real-time signals [40] but not for
imaginary-time signals), which is a question we leave for further research.

In terms of numerical results, we find that: For a given spectral gap and sample size,
the ability to distinguish between two eigenvalues indeed depends on the number of
measurement points K at which the real-time and imaginary-time evolution signals are
evaluated. The MC algorithm for stoquastic Hamiltonians and the quantum algorithm (in
combination with the ESPRIT method) lead to a similar scaling of the relative error of the
ground-state eigenvalue as a function of the sample size. However, for an excited-state
eigenvalue, the quantum algorithm leads to significantly smaller relative errors than
the MC algorithm. More extensive numerical studies, also of models other than the
transverse-field Ising chain, may shed further light on whether the Monte Carlo + ESPRIT
method is useful in practice. For frustrated stoquastic Hamiltonians, even the smallest
eigenvalue may lead to a fast decaying signal, requiring small sampling error and Trotter
error in practice.

As for other directions of further research, one can ask whether a hybrid approach in
which imaginary-time data from an error-free Monte Carlo algorithm can strengthen
the use of real-time data from a quantum algorithm obtained from a noisy quantum
circuit. This approach requires combining the data where the poles/nodes z; = e 'Fi on
the unit circle each have a partner pole z} =eFi (or z} =1-E;/2m) on the real axis.

If the effect of noise can be modeled z; = e~ iEj — ¢lEj=Y [3], then the imaginary-time
data may help in extracting the values for E;. It may also be of interest to consider the
case of sampling k for both the quantum circuit and Monte Carlo method at random
(instead of picking k =0,1,...,K). Another direction of further research is the following.
Suppose the input state has overlap with S (here not necessarily O(1)) eigenstates of the
Hamiltonian, one could asses how well the ESPRIT methods succeeds in extracting e.g.
the ground-state eigenvalue by filtering out all other components in the real-time or
imaginary-time evolution signals. Another rather different direction of further research is
the estimation of low-lying eigenvalues of Laplacian matrices of graphs (which relate to
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the connectivity of the graph), where we note that Laplacian matrices are stoquastic.
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6.A. Trotterization

Suppose H = Zf.\i | Hi (where N = O(poly(n))) represents a k-local Hamiltonian of a
quantum system. {Hi}fi | is generally a set of non-commuting terms but can be divided
into subsets, such that within each subset all terms commute. For a given set {Hl-}f.\i o we
denote the minimum possible number of these subsets by I'. This number of subsets
is at most NV and equals 1 in the trivial case where all H;’'s commute with each other.
The Hamiltonian H can thus be decomposed as H = 231::1 Hy, where all H, do not
commute with each other, but the terms of which each individual H, is composed do
commute. Choosing a decomposition into the minimum number of subsets brings about
an additional advantage of parallelizability when implementing the evolution of the
systems in imaginary or real time.

The following Lemma (adaptation from [31]) upper bounds the errors of implementing
imaginary-time and real-time state evolution through a first-order Trotter decomposition.

Lemma 6.A.1. First-Order Trotter Decomposition. Given a k-local Hamiltonian H =
Zﬁv H;. Furthermore, suppose the set {H, i}f.\i | can be divided into a minimum of T subsets
{Hy}gzl, such that within each individual subset all H;’s commute. Then the quantities
(@l e~ *H @) —(@| (TT, e~ *H/M)M @) | and [(@] e~ H @) —(@| ([T, e "' M)M |0)| (where
|®) is a normalized state and t,T € Ry ) are bounded as follows:

. X I'-1 Z_2
(@71t ) — @ (TTe /M) M @) < 3 3 111Hy, Hyl | o, (6.50a)
Y Y'=1y>y 2M
M -1 T2
@l j@) @I ([Te ™M) 10)| <3¢ Y Y IIHy, Hylll 5, (650b)
Y Y'=1ly>y' 2M

where the second inequality holds provided that ||e"™'M|| <1, ||e"™'M|| <1 (Vy) and
w <1, and M denotes the Trotter variable.

To obtain a better scaling of the errors as a function of the Trotter variable
M, one can employ higher-order Trotter decompositions. We denote the pth-order
approximants of e'"'M and e""'M by Ty(p, 1) and Ty (p, 1), respectively. We denote
[<@l e |®) — (@ Tas(p, )™ ®)| and |(D| e "H |@) — (@| Tas(p, 7)M |®)]| by €ror. In [31], it
was shown that, for general p, eyt is upper bounded as follows:

€trot < O(a P MP ), for real-time evolution, (6.51a)

€irot < O(a Pl mP ), for imaginary-time evolution, (6.51b)
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Figure 6.5: Absolute Trotter error (imposed on the signal estimate) as a function of
the Trotter variable M for the imaginary-time and real-time signals. The
noisy (/2| = 200) and Trotterized versions of (®| e~ " |®) and (®| e~ !H |®) for
a ferromagnetic Ising chain in a transverse field (for g =4 and n = 8) are
evaluated at 7 = ¢ = 3 and several values of M. The Trotterization schemes are
first-order N-term and first-order I'(= 2)-term schemes. The associated error
bounds are included in matching colors.

where a 2271:1,Y2,...,Yp+1=1|| (Hy,uy» oo [Hy,, Hy, 1] ] (a''? is typically poly(n)) and

equation (6.51b) holds provided that 47Y (Y, | Hy|)/M < 1 (where Y corresponds to the
number of stages of the Trotter decomposition and typically scales exponentially in p) ©.

81n the remainder of this discussion it is assumed that this condition is satisfied.
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In [41], a widely used scheme is discussed for constructing pth-order approximants.

It is important to consider the total number of k-local propagation operators L required
to simulate e *H and e~ ™ (for a given order p and Trotter variable M). For the scheme
in [41], the number of these k-local propagation operators required to be implemented

for the simulation of e"?* and e ™ for p > 1is L= 2MN5%-1 (and for p=1is MN).If
one wishes to obtain a given €, the number of k-local propagation operators into
o)
time) and L = poly(n) O(Y gl+lp et_r(l,ip ) (for imaginary time). We thus conclude that for
large p (i.e. high-order decompositions), L scales approximately linearly in the evolution
time of the system under consideration (for real-time and imaginary-time evolution).
In Figure 6.5, we have depicted the absolute error of noisy MC (imaginary-time) and
QPE (real-time) signals at fixed 7 = ¢ as a function of M, obtained through first-order
N-term and I'(= 2)-term Trotterization schemes. We have included the first-order Trotter
error bounds. We note that the apparent drastic increase in noise magnitude as a function
of M is primarily due to the fact that the absolute error decreases as a function of M and

is plotted on a logarithmic scale.

which the evolutions are decomposed scales as L = poly(n) O(Y 1+ Pe,. (for real

6.B. Extension to non-Hermitian propagation operators
In this Appendix we prove the following Lemma, extending Lemma 6.2.3:

Lemma 6.B.1. Let F = (®|G1G; ... G | D), where:

1. |®) = i’;ldb(x) |x) is a normalized state of n qubits where ®(x) e C (Vx) and
Z,C|d>(x)|2 = 1. We assume that (1) % can be efficiently (poly(n)) calculated for
a given x and y and (2) we can efficiently draw samples from the probability

distribution P(x) = |®(x)|2.

2. Each Gy is a k-local (possibly non-Hermitian) element-wise nonnegative matrix
with singular values in (0, 1].

F can be estimated within error € with probability at least 1 -6 with a classical MC
algorithm with runtime poly(n) x ©(e 26 ~1) x O(L).

Proof. In addition to the n-qubit register, we exploit a single ancillary qubit. The matrices
G, are still element-wise non-negative. The state |a) denotes the state of the single
ancillary qubit. By making use of the single ancillary qubit, the propagation operators can
be symmetrized as follows:

HeGleInol, il
_{G,®|o><|+G,®|><0| if /is odd (6.52)

“|Gieln 01+ Gl el0)1l, ifliseven.

In this form, F; (the ‘new’ propagation operator) is element-wise non-negative, k + 1-local
and Hermitian and hence one can apply Lemma 6.2.3 to (®| F; F; ... F1 |®), provided that
its eigenvalues lie in (0, 1]. The eigenvalues A of F; (for / odd) can be found by solving:

Al G

det( Gl -1

) — det (m - G,G}) — det (G,G} - 1211) -0, 6.53)
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where we have used that G;ﬂ commutes with 1 and that G;ﬂ is of even dimensionality.
The eigenvalues of the Hermitian and positive semi-definite matrix GlG;r are thus equal
to A2. Since the singular values of G; are equal to the square root of the eigenvalues of
GlGT, the eigenvalues of F; will lie in (0, 1] if the singular values of G; lie in (0, 1]. This can
be similarly shown for / even and this statement thus holds for all .

What is left to prove is that estimating the signal for the string of F;’s is equivalent to
estimating the signal for the string of G;’s. Specifically, we want to prove the following
identity: G1G»...Gy = (0| F1 F»...F . |Lmod 2), for L € Z... This is done below by means of
induction.

e For L=1:

OIF1 1) = 01 (G1 8 10) (11+ G} @ 1) <01 | 11)

= G1(010) <1/ 1) + G] (01 1) (0| 1) (6.54)
=Gy,

e Assuming G;Gs...G = (0| F1 F»...F; |[Lmod2) holds for L, it holds for L+ 1 as well:
Making use of the definition in equation (6.52), we write Fy; as follows:

Fr41=Grs1®|Lmod2) (L+1mod2|+ G}, ®|L+1mod2)(Lmod2|. (6.55)

The quantity of interest — in the case of the length of the operator string being L + 1
— can now be rewritten as follows:

(0] RE.. . FLFi |[L+1 m0d2) =(0| FE...Fp |Lm0d2) GL+1 = Gng...GLGL.H,
(6.56)
which finishes the proof.

6.C. Median-of-means estimator

The MC scheme described in Section 6.2 produces a set of |X| samples {x} which
are distributed according to IT1(x). For each sample, Re(R(x)) can be evaluated and
subsequently an estimate of F can be obtained. Only the first and second moments of
the random variable Re(R (x)) can be upper bounded in general. Therefore, if one would
use the empirical mean Re (F) = ﬁ Y xes Re(R(x)) as a mean estimator for 7, then the
best achievable scaling of |Z| such that

Pr{|Re(F) - Fl<e|=1-6, (6.57)

is |Z| = ®(¢726~') (by means of Chebyshev’s inequality).

Taking the median-of-means estimator [30] as estimator (instead of the empirical
mean), one can obtain a more convenient scaling of |X| w.r.t. § (despite the fact that
only the first two moments of Re(R (x)) can be upper bounded). The median-of-means
estimator can be constructed as follows: Partition the set of MC samples X into g groups



196

S1,..., 84 of size approximately |Z|/g. One then computes the empirical mean of Re(R (x))
over the samples in each group separately (giving g unbiased estimators of ) and takes
the median of these empirical means. We denote the empirical mean for each group
by f; = ﬁ ersj Re(R(x)) (for j€{l,...,q}) and denote the median of these empirical

means by £ =M(f;, ..., f4)- The estimator F is the median-of-means estimator.
We define the median of g real numbers ay,..., a4 as M(ay, ..., ag) = a; with a; such
that
Hjtaj<all=ql2 AN [j:aj=za}l=ql2, (6.58)

where we take the smallest i if multiple is obey this condition.
{Re(R(x))} are i.i.d. random variables with mean F and variance Var(Re(R(x))) < 1. Let
g and |Z|/ g be positive integers, then

Pr{|F - F| = /4q/IZl) = 1- ™98, (6.59)
So for g = 8log(6~!) and |Z| = 4 ge =2 = 321og(6~')e?, we have:
Pr{|f-Fl<e)z1-0. (6.60)

Note that the estimator F = M(fi,..., fq) depends explicitly on the confidence since g
scales with 6. Given that indeed g = ©(log(6™1)), the number of samples required to
obtain equation (6.60) is |Z| = ©(log(§ "!)e~2) (which is an exponentially better scaling
w.r.t. § compared to that for the empirical mean estimator).

To see why equation (6.59) is true , see [30], note that one can apply Chebyshev’s
inequality to each of the empirical means f;: with probability at least 3/4, we
have |fj - F| < \/4q/IZ]. If |]:'—]-'| > \/4q/[Z], then, by definition of F, at least ¢/2
of the empirical means f; satisfy | fi—-F | = /4q/|Z|. Hence the probability that
|.7:' -F | > ,/4q/|Z| is upper bounded by the probability that a binomially distributed
random variable with g draws and success probability 1/4 exceeds g/2:

Pr(\ﬁ—ﬂ > \/4q/|2|) < Pr(Bin(q, 1/4) > q/z)
- pr(Bin(q, 1/4) - E(Bin(q,1/4)) = q/4) <e 98 (6.61)

where we have used E(Bin(q,1/4)) = q/4 and Hoeffding’s inequality.

6.D. Performance of ESPRIT on the imaginary-time (decaying)

signal
In this section we prove a series of Lemmas that characterize the behaviour of the ESPRIT
algorithm (Algorithm 6.2) on an imaginary-time signal obtained with finite error. They
are direct generalisations of the work done in [32], which leads up to Theorem 6.3.1 for
oscillatory signals, to signals composed of real exponential decays. We will see that the
guarantees on the algorithm will be substantially weaker in this case. The end goal of this
section is Theorem 6.3.3 in the main text.
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The argument decomposes roughly into two halves. In the first half we argue that
the behaviour of ESPRIT is controlled by the smallest non-zero singular value of the
Vandermonde matrix V. In the second half we argue that that this smallest nonzero
singular value can be controlled in terms of a gap condition on the energy eigenvalues of
the imaginary-time signal.

We start by proving a short result on the smallest nonzero singular values of products of
matrices.

Lemma 6.D.1. Let the smallest nonzero singular value of a matrix X be 0 min(X). For any
matrix, X we have omin(X) := | X*||™", where X* is the Moore-Penrose pseudo-inverse of
X, i.e. through the SVD, we have Ur_rllin(X) = || Xt ||, where || X|| is the operator norm (the
largest singular value). Let A, B be (non-square) matrices such that (AB)* = B* A*. Then
we have that

Omin(AB) = 0min (A)Omin (B). (6.62)

Proof. By sub-multiplicativity of the operator norm, we have that
omin(AB) = ([(AB) ) = (|BTAT) " 2 (|B* [ |AT]) ™" = 0min (B)omin(A).  (6.63)
O

We note that the product property on the Moore-Penrose pseudo-inverse does not
hold for all matrices (unlike for the regular inverse). We will make use of the following
sufficient condition:

Lemma 6.D.2 ([42]). Let A, B be matrices and let A have full column rank, and B have full
row rank. Then we have (AB)* = B* A™.

Next, we argue that a small perturbation in the imaginary-time signal does not impact
the space spanned by the the first S left singular vectors of the Hankel matrix H(g) too
strongly, see the ESPRIT Algorithm 6.2. It is a compressed version of Lemmas 4 and 5 in
[32] (which are formulated for real-time signals only, but hold more generally). To state
this Lemma we need to consider a freedom of choice in Us and Ug with Us as defined in
the ESPRIT Algorithm 6.2 and Uy its noise-free version. It is possible that Ug and Us are
far apart as operators, even if the spaces they span are close together.

We solve this by not considering Us proper, but rather a rotated version of Ug. As
we will see, this rotation will not impact the actual output of ESPRIT which are the
eigenvalues of the signal matrix V. The rotated version of Us is given through the S x S
unitary operator (O, Oy, which is defined via the singular value decomposition of Ug Us,
ie.

0,U}Us0; =D, (6.64)

with Is = D = 0 and D diagonal. The diagonal elements of the matrix D are cosines of the
so-called canonical angles. We note that this internal rotation is performed implicitly in
[32], whereas we have chosen to make it explicit at all times.
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Lemma 6.D.3. Let (g +n)(k) be an imaginary-time signal with g(k) = Zle c,-zllc andn(k)
a small noise vector. Consider the associated Hankel matrices H(g) and H(g +1n), with
singular value decompositions H(g) = UXW and H(g +n) = ULW, and label the matrix
of the first S columns of U (resp. U) as Us (resp. Us). Finally, let OlUg UsO, = D with
Is = D = 0 be the singular value decomposition ong Us. If

|Hm)| < omin(H(g))/2, (6.65)

then

2V2S|Hm |

. (6.66)
Omin(H(g))

“ Us(0,01)" - ffs” =
Proof. First, we can observe thatindeed Is = D as H 0, U; Us0, ” <0l ” Ug ” [Ts| 1021l =
1.

The proof follows from Wedin’s sin ® theorem for perturbations of singular subspaces
as well as Weyl’s perturbation theorem for singular values, see e.g. [35, 43]. From this latter
theorem we know that | (H(g +m) — 0 (H(g)| < | H®) | < 0 min(H(g))/2 where g; is the
ith singular value (in order and some singular values can be zero). Let o min(H(g +1)) >0
be the kth singular value, and thus

Omin(H(g+m) 2 0k (H(8)) — Omin(H(g))/2 = omin(H(8))/2, (6.67)

where the last inequality holds as o(H(g)) >0 and hence is at least omin(H(g)).
Hence we can use Wedin’s theorem on singular values (Theorem 3.4 in [44], setting
6 = @ = omin(H(g))/2) to conclude that

H 2|Hm|

H(Ul Umm(H(g))

(6.68)
where USl is the matrix formed from the L+ 1—S other (besides Us) columns of
the noiseless U. To connect this to Us(0,0;)" — Ug we can make the following long
calculation:
H Us(0201)" - Us H = H Us(0201)" - Us HF

_ P 1/2

- [tr(US(ozol)T(ozol)Ugj +tr[USU§] ~tr((Us(0,0) T + US(OZOI)U;))]
- /

- [tr(UsUg) +tr(UsU§) —2tr(D)]1 2

< [26(050]) -2 (D" 1

_\/'[tr(UsU*)—tr (01U} 0502)(01 UL U502) )] 2
_\/'[tr(USUT)—tr uluso US)]”2

]1/2

(

(
= V2 |u( 00 - v (Us U} 05T
= V2w (Us0)) - v(Ts08) + (U WD Ts UT)]
= \/ZH(UL TUSH < \/_H(UL TUsﬂ (6.69)
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In the second inequality we used that tr(Us U;) = tr(ﬁg Ug) = S since Us as well as Us

consist of S orthonormal columns, and D = D? = DD', since I = D = 0. In addition, at the
end we use that UUT = U5U§+USL(USL)T = I as U is unitary. O

The next step is to bound the deviation of the ESPRIT signal matrix ¥ = U; U; from the
rotated version of its noiseless variant (0, 01)¥(0,0)" = (0, 0)) Uy U1 (02 011 in terms
of | Us(0201)" — Us||. Recall that Uy (resp. Uy) are constructed by removing respectively
the first or last row from the matrix Us. Note also that only the eigenvalues of the signal
matrix ¥ matter in the ESPRIT Algorithm 6.2 and the additional unitary rotations O, O,
do not alter these eigenvalues. We first establish some intermediate result:

Lemma 6.D.4. Let A, B be matrices such that rank(A) = rank(B). If||A— Bl < 0min(A4)/2

then
||A+—B+Hsl+—\/§||A—B||||A+||2:1+_\/§w. (6.70)
2 2 oL, (4)
Proof. From Theorem 4.1 in [45] we get that
1 5
ot -5 = A ma ). 6.1
Furthermore, since | A — B| < Umi‘z“m) < m, we have by Lemma 3.1 in [45] that
A
BT| = ”— <|A*|, 6.72
15" = =g = 14°] 672
leading to the first inequality in equation (6.70) and the Lemma follows. O

The next Lemma establishes that if a (non-square) matrix is full rank, a sufficiently
small perturbation does not decrease the rank (and hence rank is preserved). Note that
full-rankness is really required, as an arbitrarily small perturbation can always increase
the rank.

Lemma 6.D.5. Let A bean m x n (m < n) matrix of rank m and let B an m x n matrix s.t.
A= Bl < 0min(A)/2. Thenrank(A) = rank(B).

Proof. By construction, we have rank(A) = rank(B). Moreover we have that the smallest
singular value of B is at least o min(A) — I|A— B|l, by Weyl’s singular value perturbation
theorem [43]. Thus by construction the smallest singular value of B is at least o yin (A)/2
which is strictly larger than 0 as A is full rank and thus B is also full rank, and thus
rank(A) = rank(B). O

Finally, we will require a bound on the smallest nonzero singular value of Uy. This is
the only Lemma where we deviate significantly from the work done in [32], where the
corresponding result, Lemma 3 in [32], makes explicit use of the fact that in their scenario
all poles z; lie on the unit circle (what we call the real-time, oscillatory signal). The
bound we present here is simpler and more general and thus applies to both imaginary
(decaying) as well as real-time (oscillatory) signals, but leads to a suboptimal dependence
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on the condition number of the Vandermonde matrix V; defined in equation (6.28) (in
particular onmin (V1)). However, it is sufficient for our purpose. The Lemma will use some
essential properties of how the ESPRIT Algorithm 6.2 works which we review first. Key to
the functioning of ESPRIT is the fact that H(g) has two decompositions

H(g)=UIW =V,.CV{_;, (6.73)

where V7 is the (L+ 1) x S Vandermonde matrix defined in equation (6.28) and the
coefficient matrix C is given in Eq. equation (??). When S< L <K +1- S (requiring
K+1=2S), V; and Vk_p are full rank. Then V; and Us have an image of the same
dimension, which means there exists an invertible matrix A such that

Us=VLA, (6.74)

and thus
Up=Vi1A U =V 1 ZA. (6.75)

with Z = diag(zy, ..., zs). This implies that
Y=UfUy=A"'V] Vi1 ZA=AT'ZA (6.76)
and hence the eigenvalues of ¥ are the poles z;.

Lemma 6.D.6. Let Uy be the L x S matrix obtained from Ug by removing the last row. If the
associated Vandermonde matrix Vi_y is of (full) rank S then so is Uy, and moreover

O min(Vi-
Omin(Up) = ZmintVL-1). 6.77)
VLl
Proof. We have
Is=ULUs = (VLA VL A= ATV V4, (6.78)

which means that the singular values of A are precisely inverse to those of Vi, or
equivalently that A™ has the same singular spectrum as V. Moreover, by assumption
V1 _1 has full column rank, and A is invertible so

_ - - VLIl
OinU0) = | U | = | Ve | = a7V < a7 |V | = ————. 6.79)

min(VL—l)

which is the inverse of the Lemma statement. O

With Lemmas 6.D.4, 6.D.5 and 6.D.6 in hand, we can give a perturbation bound for the
signal matrix ¥'. We will show that if Uy does not deviate strongly from the rotated version
of Uy, namely Uy (0> 017, then the noisy signal matrix is also close to the ideal (rotated)
version.

Lemma 6.D.7. LetV¥ := Uj Uy, ¥ = Ug U, be the ideal and perturbed version of the signal
matrix, respectively. Now assume that || Uy (0,01t = Uo|| < Omin(Up)/2, where 0,0, is
defined through the singular value decomposition of U; Us (i.e. Oy Ug UsO, = D). With this
assumption we have

|©:00%©0,00" - ¥ <5 Us0200 - s GZ”VL"Z (6.80)

min(VLil)
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Proof. Following [32] we have

H (OZOI)‘I"(Ozol)T_(PH < [o00U7 |

|11(0200" - G| + [ 020005 - T ||| .
(6.81)

We have ||U; | < || Us| = 1, since f]; Us = Is and removing a row vector decreases the
operator norm. Similarly we have || U (0.0 -0y || < || Us(O, ont- USH. Now note that
by our initial assumption and Lemma 6.D.5 (with A = Uy(O- 01" and B = Uy) we have
Rank(Uy(0,01)") = Rank(Uj). This means that we can use Lemma 6.D.4 to conclude that

1+v/5 ||Us(0:01)" - Ty || - 1+/5 ||Us(0,01)" - Us ||

000U — T < < 6.82
0005 - 07 || = — o2 (o) 2 0% .. (Uo) (6:82
Hence we get
<1 _ |Us0200" = Ts| 1+ 5 |Us(0,00)" - U,
”(0201)\1,(0201)1_\PH5|| 5(0201) s”+ +\/_|| s(zz 1) s”
Omin(Up) 2 Umin(UO)
Us(0,0)" - U
S(Umin(UO)+(1+\/§)/2)|| 8(22 1) S”
Umin(UO)
Us(0,01)" - T
S(L\/g) ” s(0200 sl (6.83)
2 oz. (Uy)

min

where we used o min (Up) < [Upll < 1. Plugging in the lower bound on o i, (Up) (Lemma
6.D.6) and noting that % + /5 <5 we obtain the Lemma statement. O

Combining all of this we get the following general theorem. From now on we restrict
ourselves to the case L = K/2:

Theorem 6.D.8. Let (g+n)(k) be the signal with g(k) = Zle c,-zl’.C and n(k) a small
noise vector to which we apply the ESPRIT algorithm 6.2. Consider then the associated
Hankel matrices H(g) and H(g +n), with singular value decompositions H(g) = UZW
and H(g +n) = ULW, and label the matrix of the first S columns of U (resp. U) as Us
(resp. as Us). Denote by Uy (resp. Uy) the submatrix of Us with the last row (resp. first
row) removed and define the signal matrix ¥ = Uy Uy (similarly for V). LetL=K/2 and
K+1=28. Now, if

A|Hm)| = cmin0Zin (Vkr2)Tmin (Vir2-1) 1 V2l (6.84)

then

10V2S|| Hm) | V212 -

H(OZOI)\P(OZOI)T_\PH = ot (Vero) min-

(6.85)

where O, 0 is defined through the singular value decomposition of U; Us, equation (6.64).

Proof. We start from the requirement in Lemma 6.D.7 that ||Uy(0.01)" -0yl <
|Us(02,00)" = Us|| < 0min(Up)/2. By Lemma 6.D.6, this is certainly satisfied if
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[ Us(0200)" = Us|| < 0min(Vks2-1)| Vi /2l 71 /2. Moreover, from Lemma 6.D.3 we know
that |Us(0.01)" - Us|| = 2v2S| Hm|loL (H(g)) so now let’s upperbound o} (H(g))

min min
in terms of the smallest singular value of V/». We have

Tmin (H(8) = [ H@)* || = [ (ViKy2) " C™M Vi || < 07 (Vir2) s (6.86)
where we used cpin = min; ¢;. This means that the condition
4|Hm)|| = cmin0Eyin (Vir2)Tmin (Vir2-1) 1 V2l (6.87)

allows us to use Lemma 6.D.7

I Hm) |1 Vk/21I? O
2 Chin

O nin (VE2)0 i (Vier2-1)
_10VaS|H®|IVkel® _,

4 min’
0 min (Vk/2-1)

Htozol)\y(ozol)T —‘P” <10V2S

(6.88)

where we also used the general fact about Vandermonde matrices [36, Theorem 1]
that omin(Vk/2) = 0min(Vk/2-1) (i.e. the smallest non-zero singular value of V; grows
monotonically with L). O

We wish to translate the bound in Theorem 6.D.8 to a theorem on the distance between
the inferred eigenvalues z; and Z;. The argument is as follows. We know from the
Bauer-Fike theorem and the fact that (0, 0;)¥(0,0;) is diagonalizable (see [35, Exercise
VIII.3.2]) that the operator norm bound on (0 0;)¥ (O, ont implies a matching bound
distance on its eigenvalues z;, using equation (6.76). That is, we have

(6.89)
where k(A(0,01)") = x(A) := | Al|| A"!|| is the condition number of the invertible matrix
Ain equation (6.74). We have A = V,,Us and since Us is an isometry we know that

d({zih (2D = max min|zx - 1 = 25~ DK(A0:0))|(0:00%(0,00)" - ¥

nePermg

Vks2ll

— (6.90)
O min(Vk/2)

k(A) = AN AT = 1 Vk2Ml|| VE L || =
and hence we get a bound on the matching distance of the eigenvalues in terms of known
quantities, as expressed in the following Theorem:

Theorem 6.D.9. Let y(k) = (g+n)(k) (k=0,...,K) be the signal with g(k) = Z?zl cizi, let
n(k) a small noise vector, and K+1=2S (L= K/2). Let Z; be the output of the ESPRIT
algorithm. Then under the noise condition:

A|H®m) | < cmin0in (Vkr2)Tmin (Vir2-D) 1 Vir2 ™ (6.91)

we have

10V2S| Hm || V213 1

d i 5 Zi}) < 28_1 n
({zi},{z;}) = ( ) o3 (Vkja-1) i

(6.92)
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This theorem thus holds for both the decaying as well as oscillatory signal.

In order to use the Theorem, one has to lower bound o i (Vz-1) (and more trivially,
upper bound || V.|| as well) for L = K/2. For complex poles z; on the unit circle one can
get very good bounds, assuming a gap, see equation (6.34).

To lower bound o in (Vr-1) for a purely decaying signal, we start with the following
characterization of square Vandermonde matrices with real poles due to Gautschi:

Theorem 6.D.10 (Theorem 1 in [37]). Let Vs_; be a square S x S Vandermonde matrix
with S (unequal) real positive poles zi, ..., zs. Then oo norm ofVS‘_l1 is

S 1+2z;

(6.93)

vl = |V‘1 y .
” 5_1”00 mzax; ( S_l)” le{l, ,S}] 1,j#i |Zj—Zi|

Based on this Theorem we can work out a very similar statement for non-square
Vandermonde matrices V;_; where L is a multiple of S. Note that this Lemma does not
depend on any gap.

Lemma 6.D.11. Let Vsr_; be an ST x S Vandermonde matrix (where T is a positive
integer) with S (unequal) real positive poles zi,...,zs < 1. Then we have

-1
1Vsr-1 Moo =20 VsZ - (6.94)
Proof. Note that
_ T
Vsra=(VE, zSvl, z»vI, ... z@-DSyl )", (6.95)
with Z = diag(z1, ..., zs), using (Vs_1);; = z; Land (zSvI Ve ij = zsﬂ '
The pseudo-inverse V._, of size S x ST can be directly calculated as

Vir =U-225a-z8N (v, zSvg, z8vgd . ZTDSyl), (6.96)

using a geometric series. Hence | V¢, | can be calculated to be
ST-1lloco

1- Z2S T-1 s . 1- 225 1- ZST
ier{rll,...,S}l ZZST ZO iz g#% Smiax 1—25T 1- z “ ||
s
max 1+—ST IVshilo =2[Vsti o (6:97)
which gives the Lemma statement. O
To apply this Lemma, we use that o} (Vsr—1) = ||V, | = VS| Ve, [, so that
Tmin(Vsr-1) = @VS) Vi |, (6.98)

for any T. Unlike the lower bound for the real-time signal which explicitly uses the gap A
in equation (6.34), this bound does not improve with T. We will now use the gap to upper
bound || VS__I1 Hoo given in equation (6.93), thus lower bounding oy (Vs7-1) for any T.
This is done in the proof of our final Theorem 6.3.3 (and its slight adaptation Theorem
6.3.4) restated here:
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Theorem. Let (g+n)(k) be an imaginary-time decaying signal (of length K) with
glk) = Zle cizf, ¢; > 0Vi, cmin = min; ¢; and n(k) a small noise vector. Let z; = e Fi
with E; € [0,27) and given eigenvalue gap A <1 in equation (6.33), and {E;} the energy
estimates of ESPRIT with L=K/2. Let K+1=2S, K even and K = TS for some positive

integer T. If we have

o
|Hm| < \I/“%lgl(s,m, (6.99)

with
818 = = (e mn)®6Y, (6.100)

then
dUE (E) < |[Hm | ;) . KVKg2(S, ), (6.101)

with
(S, A) = €"V/2640 8> (e " A) O, (6.102)

Proof. First, we can lift the bound on the eigenvalue distance d({z;},{Z;}) to one on
energies d({E;}, {Ej}) defined in equation (6.32), with E; := —log(Z;) and E; € [0,27) by
noting that

1 | . 1 . .
E|En(i) —Ej|l = Ellog(znm) —log(z;)| = Ellog(l —(Zi — zz(1) 1 Zi)]

<1(Zi = z2())/ 2i)| < € |(Zi = 22 )], (6.103)
using that z; € (e727,1] and Z; € (e"%,1]. In particular, for the first inequality, let
x=(Z;i—zz@))/Z;. If x<0, [logl—x)|<|x|. If x>0, since z; € (e72" 1], we have
x<1-e72", 5o that |log(1 - x)| < 27|x|.

Second, let us now use the gap condition |E; — E;| = 27A in equation (6.33). This leads
to a gap condition on the z; themselves through (assuming w.l.o.g. that z; = z;):

2nA < |E; - Ej| = |log(zi/ zj)|, (6.104)
and thus
P I Y ) (6.105)
Zj Zj
which gives
|zi — zjl = zi — 2j = 2j (€™ = 1) = e 2" 27A. (6.106)

This implies through equation (6.93) that
Vsl = ) =70 27570, (6.107)
so that

Omin(VsT-1) = 2V 8) L (mAe™2™)S™V, (6.108)
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for any integer T. We note that this lower bound on o, is exponentially small in S as
A<1.

Third, we need an upper bound on || V. || in order to use Theorem 6.D.9. For z; € (0,1],

1/2 241\ 1/2

we have | VLI < | VLIIF = (Zl j220 U) <s? (Z,“ll ?é;x”) =g§!2 (—ll_zmza" ) which
can tend to (S(L+1))'? when Zmax — 1, so we use the simple upper bound
(S(L+1))"2 < (SK)'/2. Putting all this together allows to translate equation (6.92) to
equation (6.101). The condition on ||H (m || in equation (6.91) then translates to the
sufficient condition in equation (6.99) using that omin(Vk/2) = 0min(Vk/2-1), the lower
bound on o nin (Vk/2-1), and the upper bound on || Vg2 |l. O

The adapted version, Theorem 6.3.4, is proved almost identically (but requires that all
E; are in principle bounded away from 27):

Theorem. Let (g+17)(k) be an imaginary-time decaying signal (of length K) with
glk) = Z c,z ¢;i >0, Vi, cmin = min; ¢;, andn(k) a small noise vector. Let z; =1 —E; /27
with E; € [O 7] and given eigenvalue gap A <1 in equation (6.33), and {E;} the energy
estimates of ESPRIT with L=K/2. Let K+1=2S§, K even and K = TS for some positive
integer T. If we have

Cmin -~

|Hm| < /T g1(S,0), (6.109)

with
SICHNEE 82 —— A3 (6.110)

then
dAUESEN < |[Hm| el KVKg2(S, D), (6.111)

with
&2(S,A) = 6402 833 A1) (6.112)

Proof. First, we convert the eigenvalue distance d({z;},{Z;}) to one on energies
d({E;},{E;}) defined in equation (6.32), with E; := 27(1 - Z;), so

1 -
—I|Exy — Eil = lzz() — Zil- 6.113
27I| (i) z| |n(t) z| ( )

Second, let us now use the gap condition |E; — E;| = 27A in equation (6.33). This leads to
a gap condition on the z; themselves through:

lzi —zjl = A. (6.114)
This implies through equation (6.93) that
[Vshifloo=a=®"Y (6.115)
so that
Omin(Vsr-1) = 2V8)1AG™Y, (6.116)

for any integer T Following identical steps as in the proof of the previous Theorem then
leads to the final statements. O
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7.1. Introduction

As discussed in Section 1.2, the evaluation of spectral properties of large many-body
systems is a computationally intensive task, limited by numerical bottlenecks associated
with classical simulation of time-evolution [1]. Quantum computers have the potential
to make such simulations tractable, offering the opportunity to revolutionize material
science and chemistry [2]. Algorithms based on quantum phase estimation offer a route
towards obtaining such spectral properties, albeit requiring one to perform many costly
time-evolution simulation steps controlled on one or several ancillary qubit(s), making
it difficult to run on current fault-prone quantum computers. Therefore, eliminating
or reducing the need for controlled time-evolution in quantum phase estimation has
attracted a lot of attention, as it could render the prediction of spectral properties
accessible to near-term devices.

A significant step in this direction was the proposal of statistical phase estimation
(see e.g. [3-5]) which reduces quantum phase-estimation to the computation of a time
series f (1) = <1//| ettt |1//> on a quantum device followed by classical post-processing to
obtain an estimate of the spectrum of H with similar resolution as standard quantum
phase estimation for most Hamiltonians. As shown in Figure 1.a, statistical phase
estimation reduces the required quantum circuit to two variants of a Hadamard test
circuit, giving the real and imaginary parts of f(#). This result has spurred a plethora
of theoretical work [6-8], followed by experimental demonstrations [9, 10], which can
be adapted to estimation of more general spectral quantities such as linear response
of quantum systems [11], operator-resolved density of states [12] or Green functions

207
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[13], to give some examples. Even if statistical phase-estimation represents indisputable
progress toward making quantum phase estimation more reachable for near-term
devices, a single-qubit control time-evolution remains a highly non-trivial operation to
implement on near-term devices. This makes it often impractical to implement statistical
phase estimation on currently existing hardware (beyond trivial-size problems). Its
difficulty arises from the significant numbers of qubits and non-trivial circuit depth
time-evolution operations that need to be controlled by one (or few) qubit(s), making
it extremely sensitive to decoherence, increasing the cost of each time-evolution step,
and also significantly increasing the circuit depth of implementing all of the required
controlled-time-evolution operations.

The significant limitation imposed by the controlled time-evolution operation has
led to an effort to develop algorithmic techniques to retrieve spectra using control-free
time evolution operations. Note that the quantity | (y| e/’ |y} |? can be obtained with
the circuit shown in Figure 1.b, which does not make use of a controlled operation.
Unfortunately, this only gives us access to the absolute values of the time-series f (1),
while its phases are key in recovering the spectrum. One way of exploiting the access to
| (1//| ettt |1//) 2, is to compute its Fourier transform to retrieve a new spectrum composed
of differences between energy levels, rather than obtaining the energies directly, as done
in [14]. Alternatively, in [15] the authors use a complex-time evolution, and in [16]
use the knowledge of one eigenvector and eigenenergies, to obtain information about
the spectrum using control-free operations. As we detail in the next subsection, each
technique has its own limitations and sometimes strong constraints, leaving room for
significant improvements.

Retrieving a spectrum while not having (complete) access to the phases of its signal is a
well-known problem in classical signal-processing called phase-retrieval [17], which has
been extensively studied and offers a plethora of different solutions, each one having its
own benefits and set of most appropriate applications. The time-series obtained on
a digital quantum computer or quantum simulator can be understood as a classical
signal and retrieving the spectrum of the many-body problem can therefore benefit from
phase-retrieval ideas and algorithms.

In this work we show how the adaptation to quantum problems of two different
techniques, vectorial phase-retrieval [18] and the two-dimensional phase-retrieval
[19], allows us to remove the intricate controlled time-evolution currently limiting
the scalability of phase-estimation algorithms. Vectorial phase-retrieval works by
including measurements of absolute values of additional time series, and — crucially
— measurements of the absolute values of interferences of the target time series and
these additional time series. In addition, we show how to recast the problem as a
two-dimensional one, which can be solved with the well known hybrid input-output
algorithm [19]. We numerically investigate the feasibility of both approaches for
estimating the spectrum of the Fermi-Hubbard model and discuss the resilience of the
algorithms to inherent statistical noise.

7.1.1. Related work

There are a couple of techniques that allow to compute time-series without having to
implement a controlled time evolution. Both require as condition the knowledge and
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Figure 7.1: (a) Single-ancillary-qubit quantum phase estimation computing a time
series f (1) = (y| e’ |y) for time t. The circuit Uy, prepares the input state
|1//>, which is followed by a circuit implementing e’/* controlled by the
single-ancillary-qubit. The gate V is an identity (S" gate) when estimating the
real (imaginary) part of the time series. (b) Ancillary-qubit-free circuit that
allows one to estimate | f(1)|? = | (y|eH! [y) 2.

easy preparation of an eigenstate of the Hamiltonian of interest. If this can be easily
satisfied for many physically motivated Hamiltonians, for example for all Hamiltonians
having vacuum as an eigenstate, the techniques will fail for arbitrary Hamiltonians.
The first approach, detailed in [20], requires doubling the number of qubits and the
implementation of a pair of control-SWAP operations over the two register, where the
time-evolution is applied locally on one of them and without the needs of control. It is
worth pointing that for current QPU devices, doubling the number of qubits may turn
unfeasible what could be an initial good candidate to quantum advantage. If doubling
the number of qubits is not a big limitation, the approach has a limited additional cost
given by the implementation pair of control-SWAP, which will result in a extra cost
of O(N) CNOT gates. The second approach [16, 21-23] requires the preparation of a
superposition |1//) +e'? | Ry, where |R) is an eigenvector of the Hamiltonian that will play
the role of a phase reference. One can then exploit post-processing algorithms to extract
the value of our time-series of interest. Unfortunately, even in the case where |R) is trivial
to prepare, for example an all zeros state, creating the superposition would be in general
cases non-trivial, as it will require a controlled implementation of UJ;. Again, removing of
the control time-evolution shifts the burden to an extra cost that depends on the original
gate count of ul, leading to a cost that would be of at least O(N) CNOT gates but in many

cases O(N?).

Last year, there were two works that removed those constraints on the input state
requirements, making ancillary-free quantum phase-estimation closer to the range of
applicability of traditional quantum phase-estimation. In [14], Chan et al. leverage the
power of the recently proposed classical shadows technique to estimate energy gaps
via the computation of expectation values of certain operators as a function of time.
A downside of the technique is that it cannot provide the spectrum of (| e |y),
but rather the spectrum of |(y|e'f" |y) %, which leaves the challenge of recovering
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the eigenvalues of the Hamiltonian from the set of all pairwise energy gaps. Almost
at the same time, Yang et al. showed that one can remove the ancillary qubit by
combining real-time and imaginary-time evolution [15], exploiting ideas from complex
function analysis. Its main limitation is the need for an additional implementation of
imaginary-time evolution on a quantum device itself, which currently works only for
input states with finite correlation length and short evolution times, but improvement in
this direction could render the technique more widely applicable. Finally, in the recent
work [12] the authors propose a hybrid classical-quantum algorithm for calculating
quantities of interest in many-body spectroscopy that exploits ideas inspired by classical
shadows that do not require a controlled time-evolution due to particular properties
of the spectral objects of interest. Nonetheless, the approach requires the application
of a (potentially shallow) controlled unitary gate independent of the time evolution.
In addition, despite the promise of delegating part of the computation to a classical
computer, the constraints it imposes in terms of having access to families of states that
can be classically emulated may limit its use for arbitrary Hamiltonians.

7.1.2. Comparison of controlled vs uncontrolled time evolution

There are two key advantages of removing the controlled time-evolution: (1) It takes out a
significant source of errors resulting from the sensitivity of the original scheme to the
decoherence of the single qubit controlling the dynamics; (2) It requires a smaller number
of gates and less circuit depth to implement time evolution compared to its controlled
counterpart. Here we summarize in Table 7.1 the reduction in circuit complexity achieved
when removing the time-evolution for three simple examples that capture the essence of
the discussion: i) the 1D Transverse-Field Ising Model (TFIM) implemented on hardware
with all-to-all connectivity; ii) 1D TFIM with matching hardware connectivity; iii) the
2D Fermi-Hubbard model with square-lattice hardware connectivity. In each case we
calculate the complexity of 1D vectorial phase retrieval. We do not take into account the
cost of preparing or uncomputing the initial state |w>, which we assume to be simple,
nor the cost of preparing a superposition of |w> and another state'. However, we also
make assumptions which significantly favor the controlled time evolution calculation
which we use for comparison. We do not cost the extra control qubits used to reduce the
circuit depth when implementing controlled time dynamics on 1D and 2D architectures.
More details on the discussion and derivation can be found in Appendix 7.C. These
calculations do not take into account any Hamiltonian specific techniques which could
be used to optimize further the gate counts.

In the case of quantum hardware with all-to-all connectivity, a quantum circuit
computing a unitary operator U can be converted into a quantum circuit for computing
controlled-U by replacing every CNOT gate with a Toffoli gate (requiring 6 CNOT gates
each), and every single-qubit unitary V with a controlled-V operator (requiring 2 CNOT
gates each). Despite being only a constant factor gain, this can make a significant
difference to the ability of near-term quantum computers to obtain meaningful results,
by increasing the number of accessible Trotter steps.

'In our experiments, the superposition used was essentially a GHZ state, but we do not believe this is a
fundamental requirement.
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However, the difference in complexity between the two situations can be significantly
greater if there are restrictions on hardware connectivity, as in 1D and 2D architectures.
It is instructive to compare the bounds obtained in a realistic regime for near-term
quantum algorithms. As an example, assume that we have a quantum computer with
100 qubits that can execute quantum circuits of CNOT depth at most 100 accurately.
Then, based on the algorithmic complexities in Table 7.1, we could not even implement 1
Trotter step for the 1D TFIM under 1D connectivity if the standard method is used, but
we could implement 25 Trotter steps using phase retrieval. The reductions in gate count
are less significant than depth, but are still relatively substantial (e.g. approximately a
factor of 3 for the 1D TFIM).

CNOTs CNOTs Depth Depth
Model Hiw (PR) (no PR) (PR) (no PR)
1d TFIM | All-to-all 2n-2)k 6nrn-4)k 4k 2[log, n1 + 10k
6(n—1)
1d TFIM 1d @n-2)k Hon_a)k 4k 6[n/2] + 10k
48kn(n-1)/2
2d FH 2d 82kn(n-1)/2 | o0 "o |32k | 48K +3(n-2)

Table 7.1: The cost of implementing k Trotter layers for several Hamiltonians, an n qubits
transverse field Ising model and an n x n spinless Fermi-Hubbard model.
“Depth” is CNOT depth. Note that the algorithms achieving the minimal CNOT
depth and CNOT count may be different. “2d FH” is Fermi-Hubbard without
spin, where results are approximate. In each case “PR” refers to the 1D vectorial
phase retrieval approach, in which we do not consider the cost of preparing the
initial state.

A key aspect of making phase-retrieval work is to enlarge the problem that we wish
to solve in a “cheap" way, either by enlarging the set of input states included in the
procedure, or by implementing additional (comparatively simple) time dynamics. The
saving in terms of circuit depth therefore comes at a price of a larger number of circuits to
be implemented and required shots.

7.1.3. Structure of this chapter

Section 7.2 summarizes our results on the adaptation of both vectorial phase-retrieval
and two-dimensional phase-retrieval to statistical quantum phase-estimation with a final
comparison of the performance of both techniques. This is followed by a conclusion
and discussion (Section 7.3). This chapter also contains two appendices on the
technical preliminaries (Appendix 7.A), and the full details of our adaptation of vectorial
phase-retrieval (Appendix 7.B) to statistical phase-estimation, the full details of our
adaptation of two-dimensional phase-retrieval can be found in Appendix C of Ref. [24].
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7.2. Summary of results

The classical post-processing in statistical phase-estimation is a standard signal
processing problem: One is provided with a noisy version of some complex-valued
signal f(t), which is typically measured at integer multiples of some time increment
At (resulting in a discrete time-series® f[t]). The goal is to approximately determine
the Fourier transform F(w) of the continuous signal, typically corresponding to some
quantity of interest such as the spectrum of a Hamiltonian. This is a non-trivial task
due to noise and to finite measurement time 7. There exists extensive literature
on this problem with applications to multiple areas of engineering, such as optical
imaging, spectroscopy and audio processing [25-28]. We note that in the statistical
phase-estimation scenario, the largest measurement time T is bounded by the largest
circuit depth we can afford in the simulation of the controlled time evolution unitary
el HT

The goal of phase-retrieval as presented in classical signal processing literature is to
reconstruct the signal from the absolute values of its discrete Fourier transform. At first
sight, this is an impossible task, as the phases are key to achieve the reconstruction. As
with any no-go result, the question is which rules one needs to change to circumvent it.
This can be successfully achieved by extending the problem that one wishes to solve to
one with a larger set of input signals and exploiting natural constraints on the signal
and/or the spectrum. A key non-trivial insight is to understand when this generalized
and constrained problem has a unique solution that recovers all phases of the signals. If
such an insight can be used to develop an algorithm that solves the problem in the
ideal noiseless case, a non-trivial aspect is to design algorithms that work efficiently in
realistic regimes of noise and have reasonable computational cost. This work is devoted
to designing these algorithms in the scenario of ancillary-free quantum phase-estimation
(QPE). It is important to note that phase-retrieval literature defines unique solution (for
the spectrum) up to unavoidable trivial ambiguities corresponding to a multiplication by
a global phase, a translation, and reflection with complex-conjugation of the recovered
spectrum F[k]. The first two have no real physical impact, as experimentally we only
have access to energy differences while the final ambiguity can reflect the spectrum, an
effect that can be mitigated if handled with proper care.

The adaptation of phase-retrieval algorithms to the quantum-phase-estimation
scenario is unfortunately not a trivial “plug & play". First it requires a conceptual
adaptation of the framework. The standard problem in classical phase-retrieval literature
consists of reconstructing the phases el of f[t] while having access to |F[w]|, where in
our case we know | f[¢]| and want to recover ¢!/l (and thereby F[w]) instead. Because
of the symmetries of the standard classical signal processing problem where both
signal and its spectrum are potentially complex functions, we can most of the time
circumvent this slight difference by just exchanging the role of time and frequency
in most phase-retrieval algorithms. Secondly, one needs to find an enlarged set of
time-series, by enlarging the set input states or inducing additional dynamics, that
combined with natural constraints on the spectrum, such as its non-negativity or the fact
that it has a well-defined support, guarantee an efficient recovery of the phases e’ (we
shall come back to this point below and further details are provided in Section 7.B and in

2We use square brackets to stress that the function takes discrete input.
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Appendix C of Ref. [24]). This will finally allow approximate reconstruction of our initial
spectrum of interest, but — importantly — also of the phases of the time series f[f]. In
this manuscript, we show how to re-design two well-known phase-retrieval techniques,
vectorial phase-retrieval and two-dimensional phase-retrieval, to address the problem
of ancillary-free quantum phase-estimation. Vectorial phase-retrieval [18] achieves
its goal by including measurements of the absolute values of multiple well-behaved
time-series, and - importantly — the time-series of their interferences. Where standard
vectorial phase-retrieval makes use of two signals (the target signal and one additional
signal) and their interferences, we generalize to multiple additional signals to improve
the algorithm’s resilience to noise in the quantum phase-estimation framework. The
total number of required samples equals (1 +3R) times the number of samples taken
for each individual times series, where R denotes the number of additional signals
used in the analysis. Secondly, we show how to transform a one-dimensional time
series (corresponding to time evolution of an input state under a Hamiltonian) into a
two dimensional phase-retrieval problem by adding a dummy Hamiltonian Hp that
commutes with H and produces non-trivial dynamics on the input state of interest. We
then exploit the well-known Hybrid Input Output algorithm to retrieve the target spectra.
The sampling cost then increases by a factor equal to the number of measurement points
taken in this second “time” dimension.

It is important to point out that our objective is never to recover the individual
eigenvalues in the spectrum of a given Hamiltonian, which is not practical even for a
fault-tolerant computer due to the exponential increase of the number of spectral peaks
with the size of the system, but to retrieve a realistic spectrum resulting from a time
evolution of time T and time-steps AT. The unavoidable prescience of error in near-term
devices affects both statistical phase-estimation and phase-retrieval techniques, and
reconstructing the initial exact signal is a complex task beyond the scope of this chapter.

A fair goal for this work is to compare the phase-retrieval post-processing to its
statistical phase-estimation counterpart, where both have the same realistic constraint
on the time-dynamics simulation errors (Trotter errors for example) and choices of
accessible time and size of time intervals. It is worth stressing we are not judging the
quality of the output signal from a physicist, chemist or material scientist point of view,
but rather given a time-series as reference, which quality can depend on the quality
of time-dynamics simulation, how the trivial recovery by statistical phase-estimation
compares to the non-trivial one using phase-retrieval techniques. We therefore focus
on the errors resulting from the finite-size of samples that induces a shot noise in the
evaluation of the expectation values of interest. Demonstrating a successful recovery
by phase-retrieval algorithms in this regime is not trivial and is the focus of our work
here. In a nutshell, the effect of Trotter errors or the effect of time-interval choices is
to shift the ground truth for the pot-processing analysis. On the other hand, the gate
errors can have slightly different impacts, as statistical phase-estimation implements
a different circuit that the ones we propose here. Statistical phase-estimation needs a
control time-evolution that has a higher gate counts than standard time-dynamics, while
phase-retrieval may need a reference state preparation (vectorial phase-retrieval) or a
slightly longer time-evolution (2D phase-retrieval). We leave a more refined effect of
error in the quantum circuit for future work, as our primary focus here is the recovery
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performance of our algorithm. However, errors due to quantum noise in the circuit can
often be modeled as global depolarizing noise [29]. Under this model the time series will
experience exponential decay as a function of time, this will become Lorentzian line
broadening on the spectrum.

We stress that the goal of phase-retrieval is solely to reconstruct the phases of the time
series and we could use different metrics to quantify the quality of its recovery. Because
our ultimate aim is to use the time-series to later generate a quantum phase-estimation
spectrum related to a given many-body problem, we will use the recovery of the spectrum
as a good metric of performance of the phase-retrieval problem. More concretely we
use the 1-norm between the reconstruction and the exact solution. In order to keep
the analysis simple we just implement a recovery relying on a DFT of the time-series,
however, we note that the discrete Fourier transform is not necessarily the most accurate
reconstruction of the spectrum of a Hamiltonian. Typically, classical post-processing
techniques like the one developed in [4] can be used to obtain a more useful description
of the spectrum.

Let us stress that we work in the scenario in which the available circuit depth is limited
to some finite value. In that scenario, the presented circuit-depth reduction might yield
the estimation of some previously unavailable many-body spectra tractable. As outlined
above, this comes at some sampling cost. We do not explicitly bound this sampling cost
in terms of the accuracy with which the spectrum is recovered. However, our numerical
investigations suggest that the number of samples to be taken remains reasonable, even
for larger system sizes.

In the rest of the document we will use dimensionless time and frequency variables,
i.e., we will use the notation f[j], where j € Nand ¢; = jAt, and F[k], where k € N and
wy =2nk/T, and we have defined At = T/N. We will be interested in instances of the
Fermi-Hubbard model over a line or square lattice graph G, where V is the set of vertices
and E the edges, where each lattice site, i.e., vertex, has two spin modes o € {1, |}. The
Hamiltonian reads

H=-1 ) (a}aajg+a;r.ga,~g)+UZ Nyt Ny,

(i.,jli.j)eEo vev

where the first term of the Hamiltonian consists of hopping terms among modes of same
spin while the second sum corresponds to interactions between particles of opposite
spin at the same lattice site. Throughout this work we will take T = 1 and U = 4, which is
an intermediate coupling regime where the model exhibits non-trivial behaviour [30].
When referring to states, we are — throughout this work — referring to qubit states, which
are related to the fermionic states by a Jordan-Wigner transformation. For later reference,
we note that a standard basis qubit state corresponds to a position-spin-basis Slater
determinant.

7.2.1. Vectorial phase retrieval

Vectorial phase retrieval [18] is a one-dimensional phase retrieval technique.
One-dimensional phase retrieval techniques aim to solve a problem that, clearly, is
ambiguous in general. Namely, without any further constraints, every assignment of

phases, denoted by {x j}j.vz ‘01, constitutes a time series {| f[j]|x j};\]: ‘01 that is consistent with



7.2. Summary of results 215

the absolute value measurements {| f[j1[} j\/: ‘01. Therefore, in order to (approximately) solve
the one-dimensional phase retrieval problem, one has to include additional constraints
or measurements. In the vectorial phase retrieval framework, this is done by including
absolute value measurements of interferences between the target time series f (which we
shall denote by f; in the remainder of this section) and another (secondary) time series
f>. To be more precise, vectorial phase-retrieval resolves the ambiguity in the retrieval of
the phases of the signal f; by measuring not only its absolute values | f; [j]|, but also those
of a secondary signal | 5[ j]| and their interferences | fi[j]1 + f2[jll and | f1[j] + i f2[j]]. The
vectorial phase retrieval problem has a unique solution — up to trivial ambiguities — in
the noiseless scenario, provided that (1) f; and f, are spectrally independent (i.e., their
z-transforms have no common roots in the complex plane®), and (2) the discrete Fourier
transforms of f; and f, (denoted resp. by F; and F») have no support outside some finite
interval (of size at most N/2 or, equivalently, of size at most 7 in terms of frequency) [18].

In the setting of control-free quantum phase estimation, we take fi[j] =
(®lexp(ijHAL)|®) and f[j] = (Plexp(ijHAr)|y) (for some state |y) different
from |®)), so that fi[jl+ f2lj] = (@lexp(ijHAL)(ID) +|y)) and Al]1+ifolj] =
(®lexp(ijHAL)(|®) + i |y)). The constraint of F; and F, only being supported on a
frequency interval of size 7 can be satisfied by an appropriate choice of Az. Note that for
standard statistical phase estimation routines, such a constraint should also be satisfied,
except that there the support should be of size 2. We stress that the aforementioned
condition (1) of f; and f, being spectrally independent does nof mean that states |®) and
W’) can only have support on disjoint subsets of eigenvalues of H, but rather that the
z-transforms of the time-series have no common roots in the complex plane.

Remark that in our scenario we are interested in retrieving the phases of the time series
f1, which can then - for instance — be used to obtain F;. Two important factors that lead
to one only obtaining an approximation of the correct assignment of phases {x j}j.V= ‘01 ina
practical setting are (1) the noise on the learned signals | fi| and | f>| and (2) the fact that
F) and F, fail to have their support restricted to a well-defined finite interval. This second
factor is caused by spectral leakage of F; and F, away from the eigenvalues of H, which
may spread outside the expected restricted support. This can be particularly aggravated
when the state |®) and distribution of supported eigenvalues might be such that F; and
F, decay slowly near either end of the [0, 7] interval.

We find that to ensure that the approximate solution obtained through vectorial
phase retrieval is accurate, one has to ensure that the scenario is such that F; and F,
have approximately well-defined support. This can generally be done by for instance
increasing the total evolution time (at the expense of deeper circuits implementing the
time evolution) or making informed choices for the reference states or for |®) (when the
problem we aim to solve allows for some freedom in the choice of the input state). Our
numerical investigations suggest that vectorial phase retrieval performs relatively well
even when F; and F, do not have well-defined support.

In what follows we summarize our implementation of the vectorial phase retrieval
technique (and its application to control-free quantum phase estimation), more details

3Since we only work with relatively modest system sizes and total evolution times (since else we would have
no interest in implementing control-free phase estimation), we note that the continuum limit behavior of
these roots is not an immediate barrier for our method.
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and derivations can be found in Section 7.B.

7.2.1.1. Vectorial phase retrieval as an optimization problem

The key aspect behind the vectorial phase-retrieval technique is the realization that the
phases of fi[j] and f>[ ] are related by the relation e11/! = ¢92U] G[ j], where*

AL+ LR+l AL+ i1 - A+ DAL+ £0112)
21ALIHAL

is fully accessible from the measurement data. This allows us to define an optimization
problem over the variable y € C2V with unit absolute value entries, encoding the
estimates of the phases {e?11/], ¢%2l/1} The cost function to be optimized consists of two
contributions. The first contribution quantifies how close we are from satisfying the
relative phase constraints e?1/! = ¢%2l/1 G[ j] and reads,

Gljl:= , (7.1)

N-1
Qinterference (¥) 1= Z |J/j —¥n+j Gljl |2- (7.2)
j=0
As will be argued in Section 7.B (and in [18]), imposing these phase constraints is
not sufficient for (approximate) recovery of the phases in general. Therefore, the cost
function also contains a second contribution. This additional contribution quantifies
how close we are from F; and F, being zero outside the support {0,1,...,0} (for some
integer o € {0,1,..., [N/2] — 1}, the exact value of which is unknown in a general setting).
In an ideal noiseless scenario, this contribution is minimized if F; and F, are zero on
the domain {o +1,0 +2,..., N — 1}. In reality, one of the factors making this constraint
not fully satisfied is the inevitable spectral leakage of the discrete Fourier transform,
that will lead to F; and F» having support outside of the supported frequency range.
Nonetheless, as we will demonstrate, the approach still recovers the phases relatively
accurately provided that |F; [k]| and | F»[k]| decay quickly for k > 0. To impose that the
solution (approximately) has the correct support size, we define a family of support cost
functions, one for each s€ {0,1,..., N — 1} (because, again, the true support size o might
be unknown, or not even well-defined), defined as

-1,N-1 N-1,N-
Q;ﬁppon(y) Z | Z LALy; exp[—th]k/N]| Z | Z LLUillyn+j exp[—th]k/N]|

Y =
(7.3)
quantifying how far the spectrum is from being zero on the region {s,s+1,..., N — 1}.
As we explain in more detail in section 7.B, one can define a family of total cost
functions, combining the support component and the interference component, which
can be expressed as a non-negative quadratic form

Q(S) V) := Qéfl)pport (¥) + Qinterference (¥) = YT AJsr Asy, (7.4)

where Ag € CRIN=9+N)x2N antries are detailed in Section 7.B. Remark that Q(S) (y) is
equal to zero for all se {o+1,0+2,..., N—1} if y is the unique solution of the ideal

4For G[ Jj1 to be well-defined, the subsets of eigenstates of H with which |[®) and |1//) have significant overlap
should not be disjoint, as this would cause | f2[]| to vanish.
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noiseless vectorial phase-retrieval problem (i.e., for which |F; [k]| and |F>[k]| are indeed
equal to zero for k > o). When |F; [k]| and |F>[k]| are not exactly equal to zero for k > o,
the minimum does not equal zero for any s € {0,1,..., N — 1}. Typically, however, it will
decay quickly as a function of s around the optimal choice of s. As presented in Figure
7.2, finding the solution to the optimization problems at different values of s typically
allows one to obtain an estimate of an approximate o, which in turn can be used to
approximately retrieve the phases of f;.

In any case, the optimal assignment of phases y for a given s can be found by
minimizing the function Q¥ (y) over all assignments of phasesy, which is not a convex
optimization problem due to the constraints on the entries of y (i.e., that each entry has
unit absolute value). To approximate the optimal solution in a practical setting, one will
have to relax the non-convex optimization over phase assignments. The relaxation that
we will employ is the problem of optimizing Q*) (y) over all vectors y € C> for which
llyll2 = V2N, instead of optimization over y whose entries have unit absolute value.®
Hence, we relax the problem to the problem determining the smallest eigenvalue of a
matrix.

Empirical investigation, illustrated in Figure 7.2, has shown us that in order to make the
phase-retrieval more resilient to noise, it is convenient to generalize the problem by
including R > 1 secondary signals and their respective interferences with the target signal
(as opposed to including just one such secondary signal). This leads to an equivalent
expression for the cost function, now expressed in terms of A € C(RFDWN=9)+RN)x(R+DN
(where * is used to stress that noisy input data is used in the definition of A;) and
yr € C®+*D_ Employing an equivalent relaxation as the one just discussed, we optimize
over all vectors y € CR*DN for which |lyl|» = v/(R+ 1) N, corresponding to the following
eigenvalue problem.

min Q¥ (y) = (R+1)N Amin (AL 4j). (7.5)
yeC?V st |lyll2=vR+DN

Our numerical investigations suggest that for relatively small noise magnitudes, the
vector y obtained by solving equation (7.5) will generally be close to the ideal solution. We
do note that the entries of the optimal vector y are not necessarily phases (i.e., have unit
absolute value), nonetheless, we approximate {f; [ j]}i.\’: ’01 by {|f1[j]l yj}j.\': ’01 because our
numerical investigations suggest that this generally gives a more accurate reconstruction
compared to the solution that is obtained when rounding to a vector whose entries are
phases. For a more detailed discussion of this latter fact, we refer to Section 7.B.3. We
note that the sampling effort for running the R > 1 version of VPR scales linearly in R.
How large R needs to be to obtain an accurate reconstruction depends on the problem
instance and noise magnitude.

7.2.1.2. Implementation

To demonstrate the technique, we apply the vectorial phase retrieval framework to the
state evolution signals generated by a (1 x 5) spinful Fermi-Hubbard Hamiltonian with
|U/t| = 4. The target initial state is taken to be a (standard-basis) state at half filling,

5Remark that the relaxation we use is slightly different to the one implemented in [18].
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Figure 7.2: (a) The smallest two eigenvalues of AIAS for R=1 (blue) and R =10 (red)
in the noisy setting corresponding to Nsamples = 108 as a function of s; (b)
Comparison between the reconstructed spectrum for R =1 (blue) and R = 10
(red) versus the exact solution (black) (obtained by evaluating the smallest
eigenvector of AJSFAS at s = 105). Note that in (a) it can be seen that, in the
R =10 scenario, the smallest eigenvalue drops rapidly around s = 105 while
it is the opposite for R = 1. We show the spectrum on the range n to 27, to
validate there is no support between 7 to 27, as required by condition (2)
discussed at the start of Section 7.2.1.

where we map to qubits under a Jordan-Wigner transformation. We consider a scenario
in which the number of secondary states is one (i.e., R = 1), and a scenario in which we
include ten secondary states (i.e., R = 10). The secondary states are created as follows.
Take the target state and select at most p < n/2 (distinct) pairs of qubits that are unequally
occupied, then flip the states on these qubits. We obtain the time series at NV = 300 points
in time (with Ngamples = 10° shots per point in time), with a time increment A¢ = 0.133.

Note that superpositions of the target state and a given secondary state can be
produced using similar circuit to those generating a multi-qubit GHZ state followed
by local X gates, which requires O(logp) layers of two-qubit gates (given all-to-all
connectivity). This is similar to a method that can be used to reduce the cost of controlled
time-evolution on hardware with restricted connectivity, or the depth on hardware with
all-to-all connectivity (see Table 7.1). While one should take this additional cost into
account when comparing complexities, we believe that it is not a fundamental limitation
of the method, as different secondary states could be used.

Figure 7.2a depicts the smallest two eigenvalues of the AI A matrix, whose smallest
eigenvector is used as an estimate for the assignment of phases of the time series entries
in both scenarios. Our investigations suggest that:

1. The two smallest eigenvalues are a proxy for the quality of the retrieval of phases.
That is, the smaller the smallest eigenvalue, the smaller the value of the two
residuals Eq. (7.2) and (7.3) above.

2. Alarge gap opening between the two smallest eigenvalues suggests a larger overlap
between the smallest eigenvector and the true assignment of phases. This being
motivated by the fact that in the ideal noiseless case the solution is unique.
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Typically, the smallest eigenvalue of Al A drops rapidly as a function of s at a given
value s* (at s = 105 in Figure 7.2a), which our numerical investigations suggests is an
indicator of an accurate retrieval of phases around that value of s. Note that both features
mentioned above are present in the R = 10 scenario, leading to a good reconstruction,
but not in the R = 1 scenario, which does not provide an accurate reconstruction, as one
can see in Figure 7.2b (showing the associated estimate of the spectrum |F;| at s = 105).

More generally, our investigations suggest that the noise resilience of the vectorial
phase retrieval algorithm is improved by taking R > 1. We note that increasing R increases
linearly the amount of classical data to be processed and the number of quantum
circuit shots required, but leads to a cubic scaling of the running time of the classical
post-processing algorithm (eigenvalue problem). The trade-off between resources cost
and quality of solution will therefore play a role in the final choice of R. In addition, it is
important to cleverly pick the secondary quantum states in a general setting, so that the
circuit generating them and their superposition with the target state is a shallow circuit,
so that it does not significantly increase the depth of the quantum circuit needed for the
implementation.

7.2.2. Two-dimensional phase-retrieval

It is well-known in the phase-retrieval literature that two dimensional problems are more
resilient to non-trivial ambiguities of the solution [31, 32]. The non-trivial ambiguities in
the 1D problem arise from the fact that the z-transform of the signal is a univariate
reducible polynomial. In contrast, reducible multivariate polynomials have measure zero,
which implies that the phase retrieval problem in the multi-dimensional case typically
has a unique solution, unless disguising a single variable polynomial as a multivariable
one. Nonetheless, this result strongly suggests that two-dimensional phase-retrieval
should work in practice, an intuition confirmed by a broad range of applications in
optical imaging and image processing that demonstrate its practical value [33, 34].

We embed our problem — which is naturally one dimensional — into a larger 2D
problem so that we can exploit the benefits of two-dimensional phase-retrieval. The
full details of this method can be found in Appendix C of Ref. [24], but in summary
we introduce an additional dummy Hamiltonian Hp and a second independent time
variable z. A new signal f[j, /] can be defined from samples of

f(t,2) = (y|e e |yr), (7.6)

at the discrete set of times #; = jAt and z; = [Az, where At = T/N and Az = T'/ M, where
for simplicity we choose T’ = T 6. This lets us define a matrix f[j,[] whose entries
can roughly be thought of as samples of this function at these discrete times, up to a
multiplication by a windowing function and a specific ordering of these elements to
ensure the spectrum being real (see Appendix C of Ref. [24] for details).

In this work we apply one of the oldest and most widely used phase retrieval algorithms
to this new 2D problem, the hybrid input-output algorithm (HIO) proposed by Fienup
[19] in 1982. HIO is known to perform well when F[k, m] — the DFT of f[j, ] —is real and
positive. This is because this knowledge can be used to drive the HIO algorithm. These

SNote that T = T" is not a fundamental requirement and other choices are possible and potentially beneficial.
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Algorithm 7.1: Hybrid

Input: |f|, B, L, F! ; ) i
for i 110 L do £ !

fr=DFT'(F) =
|fi|eial‘g(fi)
Fie |f|eiarg(f")
i Re(DFT () Positivity LfLJ, 11

if Fi[k, m] <0 then
Fi+1 [k, m] —
Fi{k,m] - BF' [k, m]

else Fi DFT &real fi

| F*'k,m] — F'[k,m]

Figure 7.3: Pseudocode (left) and schematic (right) for Fienup’s hybrid input-output
algorithm in four steps. The i-th iteration starts with a candidate spectrum
F': Step (1) transforms it into a time series f’ candidate via an inverse
DFT; Step (2) generates a new f' that has same phase as f! and satisfies
| f 7, Ul =1fj,11l; Step (3) transforms it back to the Fourier domain and takes
the real part; Step (4) implements the update rule in the schematic to impose
a relaxed version of positivity of the spectrum.

constraints can be imposed on the problem very naturally, as we detail in Appendix C of
Ref. [24]:

1. Positivity can be ensured by choosing a Hp which commutes with H, and by
multiplying the time-series by a filter that has a positive discrete Fourier transform.
For simplicity in our implementation we choose a triangular window and multiply
by this to form a discrete array f1j, [].

2. F[k,1] is real if we can define f[j,!] so that it satisfies f[j, 1] = f*[N—j M—1],
as any signal that satisfies this condition has a real DFT. We achieve this by
exploiting the fact that f(¢,z) = f*(~t,—2) and including samples at both (¢}, z)
and (—tj, —z;) when defining [}, I] (see Appendix C of Ref. [24]).

We can then incorporate this additional knowledge about the solution into the phase
retrieval algorithm. HIO also makes it relatively simple to add additional constraints
exploiting symmetries of the problems or partial information we may have on the
solution, as we show below for a specific example. In this work we have only explored the
simplest windowing function which ensures the positivity constraint is satisfied. There is
an extensive signal processing literature on filtering [35] and the optimum choice of
windowing function remains an open question.

As schematized in Figure 7.3, Fienup’s hybrid input-output algorithm (HIO) [19]
involves transforming back and forth between the Fourier (left) and object domain (right)
interspersed by projections that guarantee the satisfaction of the time-series values
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(a) Target spectrum. (b) Measured time-series. (c) Reconstructed spectrum.
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Figure 7.4: These three plots show an example of 2D phase retrieval for a 2 x2
Fermi-Hubbard Hamiltonian with N x M =225 x 225. Here T =112 and we
take |1//> to be a uniform super-position over computational basis states.
H has been normalized so that its eigenvalues lie between 0 and 7. We
have chosen the Hp as the total number operator. This example excludes
sampling noise. (7.4a) The target 2D discretized spectrum F[k, m] is shown
here as a heatmap; (7.4b) The absolute values | f[], /]| are shown here, these
would be measured using only time-evolution and are the input to the HIO
phase-retrieval algorithm; (7.4c) Here we show the result of using HIO on
(7.4b), we recover this reconstruction. Observe that the recovered spectrum
contains a trivial ambiguity, in the form of a shift.

| f[j,11] in the object domain and approximately guarantee the F[k, m] constraints in
the Fourier domain. The algorithm is non-linear and of an iterative nature, where the
constraint on the spectrum defines a new element F'*! with the update rule shown at the
left side of Figure 7.3, where the parameter 0 < f < 1 is carefully selected to optimize the
performance. We will now summarise the details of a specific instance of this set-up for
the Fermi-Hubbard model.

7.2.2.1. Implementation

We test this algorithm numerically using a 2D spin Fermi-Hubbard model, with U =4 and
7 = 1. For the dummy Hamiltonian Hp we use the total particle number operator, which
under the Jordan-Wigner encoding is simply a sum of single qubit Pauli- Z operators. We
use 2 x 2 spin Fermi-Hubbard model and set N = M =225, time T = 112 and choose W’)
to be the uniform super-position over computational basis states. H has been normalized
so that its eigenvalues lie between 0 and . Additionally we incorporate knowledge of the
phases of f[0, /] as driving constraints, as they can be computed efficiently classically for
our specific input state. These points correspond to evolution under Hp only, which can
be performed with local gates in any potential experiment.

The first step is to use the HIO algorithm to reconstruct a 2D image, summarized
in Figure 7.4. The left side of Figure 7.4 shows the target 2D-spectrum F[k, m], which
we obtain from a direct numerical calculation of the time-series f[j,!] including its
phase. In the centre we show the absolute values of | f[], ]|, these would be measured
using only time-evolution as sketched in Figure 7.1b, and form the input to the HIO
algorithm. Observe that we also see the effect of the 2D triangular windowing function,
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Figure 7.5: This figure shows the recovered 1D spectrum following the image
reconstruction in Figure 7.4. (7.5a) This shows F[k] := DFT[f[j,0]] where
f is the inverse discrete Fourier transform of the reconstructed spectrum
shown in (7.4c). This is in the noiseless scenario. Note that the ideal solution
includes the triangular window by definition. (7.5a) This figure shows the
effect of sample noise on this same problem. In this case we use only 1000
samples per time-series point and still recover the peaks but with a vertical
offset in the reconstructed spectrum.

the magnitude of | f[, {]| decreases as we approach the edge of the plot’. Finally to the
right we show the reconstruction of F[k, m] using the the HIO algorithm with §=0.9 and
L =5000. We can observe a trivial ambiguity in this reconstruction, the final spectrum is
translated slightly. Nonetheless the reconstruction is correct up to trivial ambiguities
which we correct for when plotting.

Finally, we recover the 1D information following this image reconstruction. To do this
we apply a DFT to the recovered signal f[j,0], which corresponds to the times-series of
H without the dummy Hamiltonian. The result of this is shown in Figure 7.5. We also
model the effect of sample noise on this algorithm and find that for a modest number
of samples — 1,000 per calculation of | f[j, /]| — the algorithm can still reconstruct the
location of the peaks.

7.2.3. Comparative Overview of Proposed Methods

We are now ready to compare the performance of these two approaches in the context
of spectral estimation of the Fermi-Hubbard model. We choose a 3 x 3 instance of the
(spinful) Fermi-Hubbard model (with |U/7|=4) and set up the following task. The
target spectrum is the ideal solution obtained from the DFT of the ideal time series
FLj1 = (y|e"HA |y/) for time step At =0.12 and maximum time evolution of T = 15,
where the time series is obtained using brute-force calculation of e?/H2! (for varying j),
with the input state being

"We have plotted the zero frequency in the centre.
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(a) Vectorial phase retrieval. (b) 2D HIO.

Figure 7.6: This figure compares the two techniques on the same problem with the same
sample budget of 5 x 10°. We target the spectrum given the input state |1p>
in Eq. 7.7 for the Fermi-Hubbard Hamiltonian H on a lattice of size 3 x 3
with on-site interaction strength U = 4 and hopping strength 7 = 1, with time
step At =0.12 and maximum time evolution of T =15. In both plots the
ideal solution is obtained from f[j] = (y| e’/ |y) and shown in blue; (a)
Here we show the estimated spectrum (red) for vectorial phase-retrieval with
R =40 and 6-10° shots per point in time j per signal (we have taken s, the
support size estimate, to be 49); (b) Here we show the estimate spectrum (red)
for two-dimensional phase-retrieval with M =25, f=0.9 and L = 5000 and
1.6-10° shots per f[j, 1.

1
‘1//) = ﬁ(|010101010010101010) +/110101100010100110) +]011101010000110111)),
(7.7)

where the first (last) 9 bits are associated with the occupation of the spin-up (spin-down)
modes. This state was chosen as it is suitable for our implementations of the vectorial
phase retrieval algorithm and the two-dimensional phase retrieval algorithm. It does not
provide an unfair advantage to either adaption and — importantly — it is not an eigenstate
of HD.

To get as close as possible to a fair comparison of both techniques we allocate a budget
of N5 =5-10% circuit runs to our simulation of each phase retrieval technique. This
directly limits the number of circuit runs required for each technique to retrieve each
|£1j1l = {y|e7HA|y) | which translates into shot noise on each value, which can later
affect the performance of the phase-retrieval reconstruction. More concretely, we model
the effect of shot noise induced by the finite number of samples during the statistical
estimation of the time-series by sampling from a binomial distribution with success
probability | f[j11? (See Section 7.A.3).

We chose to set up a comparison in this fashion as both methods have a variety of
parameters which can be altered to ensure quality performance in the presence of sample
noise. By fixing only the total number of runs we can compare the performance of both
methods on the same footing. For example, with vectorial phase-retrieval there is now a



224 7. Quantum phase estimation without controlled unitaries

trade-off between the number of additional secondary states R permitted and the total
number of samples used for obtain an estimate of each | f[j]|. The same is true for the
two-dimensional phase-retrieval implementation and the parameter M. The optimum
setting for each implementation remains an open question and depends on the particular
problem under consideration. In this work we tried to optimize the choices of parameters
for both approaches trying to retrieve a spectrum as close to the target one as possible.

The phase-recovery is followed by a FFT to reconstruct the Fermi-Hubbard
Hamiltonian on a lattice described above, depicted in Figure 7.6 for comparison.

For the 2D implementation we took M = 25 and used 1.6 x 106 samples per fI[j, .
In conjunction with §=0.9 and L = 5000 iterations the HIO algorithm produces the
spectrum shown in Figure 7.6. For the vectorial phase retrieval implementation, we
used R = 40 secondary states, and 6-10° samples per signal per point in time j. Let
us stress again that the total number of circuit runs Ng = 5-10° is taken to be equal
for both methods, to ensure a fair comparison. We observe that the 2D HIO method
gives a poorer reconstruction in comparison to VPR. In particular, the HIO algorithm
struggles to recover the amplitudes of the peaks. One can also check that the 1-norm
(normalized by N) of the vector with entries |Freconstructed [kl — | Fexact[k]] is 0.0018 for
VPR and 0.0028 for 2DPR, confirming the intuition from a visual inspection of Figure 7.6.
Another observation is that the peaks recovered using 2D HIO appear slightly broadened
(which generally leads to a lower resolution on the recovered spectrum), due to the
windowing function we use to enforce the positivity constraint we use to drive HIO.

The accurate retrieval of the spectrum using the vectorial phase retrieval algorithm can
be attributed to the large number of secondary states employed in the algorithm, leading
improved noise resilience (as is outlined in Section 7.2.1). Since the vectorial phase
retrieval algorithm performs better as the support of the spectrum becomes well-defined,
there might be instances of spectra with less well-defined support for which vectorial
phase retrieval performs worse. We remark that when HIO is observed to perform well in
the noiseless scenario — such as when the peaks are well defined as in Figure 7.5a — we
observe that the corresponding noisy spectrum can typically be reconstructed well with
a comparatively low number of samples as in Figure 7.5b. For the problem instance
explored in Figure 7.6, HIO does not recover the spectrum as well as VPR in the noiseless
setting and this gap in performance persists in the noisy setting as shown in Figure 7.6. We
stress that the poorer performance of two-dimensional phase-retrieval in Figure 7.6 is not
necessarily a fundamental fact and one could potentially adapt more advanced modern
two-dimensional phase retrieval methods to quantum phase-estimation problem while
also exploiting other commuting Hamiltonians Hp that could potentially lead to better
results.

The restriction to an 18-mode Fermi-Hubbard instance is inherent to our numerical
modeling demonstration, but we expect that the phase-retrieval algorithms can be
applied to system sizes beyond classically tractable ones and can be applied to
experimental data from actual quantum hardware. The two phase-retrieval techniques
are presented in full detail in Section 7.B and in Appendix C of Ref. [24]. Finally, we
believe further work could generalize the current framework to more general Loschmidt
echo quantities, but also linear response of quantum systems, operator-resolved density
of states or Green’s functions.
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7.3. Conclusion and Discussion

We have demonstrated how to design phase-retrieval algorithms for the problem of
statistical phase estimation. These algorithms allow for the reconstruction of the phases
of the (time evolution) time series of a quantum state |1//) with respect to a given
Hamiltonian H, while only having access to their absolute values. To achieve this
seemingly impossible goal, one needs to address a more general problem involving the
absolute values of a larger set of time series, resulting from increasing the set of input
states or enlarging the range of time-evolutions available to us. To reach our goal we
have adapted two well-known phase retrieval algorithms, vectorial phase retrieval and
two-dimensional phase retrieval, which we demonstrate offer good performance in
retrieving the spectrum of a Fermi-Hubbard model.

In the vectorial phase-retrieval scenario, we obtain absolute values of time series
corresponding to time evolution of multiple input states, but — more importantly —
time evolution of their superpositions. We also showed that despite quantum phase
estimation being a one-dimensional signal processing problem, one can exploit the
benefits of two-dimensional phase-retrieval by adding a quench evolution governed
by a dummy Hamiltonian Hp commuting with H. Despite the two techniques being
rather different in design and post-processing algorithms, there are some analogies in
their adaptation to quantum phase estimation. One could see the time-evolution with a
dummy Hamiltonian Hp as an alternative way of generating a non-trivial family of time
series in addition to the one of the target input state |1//>, in a similar fashion as vectorial
phase retrieval exploits a family of multiple input states and their superpositions. Our
methods require some tailoring to the Hamiltonian at hand, such as a choice for the
target and the secondary states for VPR such that the spectra have (approximately)
well-defined support, or the choice of a dummy Hamiltonian for 2DPR. However, we have
no reason to believe that our techniques only work for the Fermi-Hubbard model, and
have merely chosen it because of its practical relevance.

We demonstrated that the performance of the algorithms is resilient to shot noise
affecting the estimation of the time-series resulting from the limited number of accessible
circuit runs. This is sufficient to analyses the non-trivial recovery performance of
phase-retrieval. Further investigation of the subtle impact of circuit imperfections on the
comparison between statistical phase-estimation and phase-retrieval is left to future
work. Providing theoretical guarantees and asymptotic scaling of the different resource
cost in realistic scenarios is an extremely complex task for the algorithms proposed here,
specially for HIO. Nonetheless, it would be interesting to obtain heuristic asymptotic
scalings, but this will need to use time-series resulting from time-evolutions that can be
scaled numerically on classical computers, like free-fermions or 1D TFIM.

The fine tuning of the different phase-retrieval techniques to a specific spectrum of a
given quantum state |1//> and Hamiltoian H currently needs a handcrafted approach. It
would be interesting to design techniques that can automatize the procedure for arbitrary
states and Hamiltonians. We note that despite the Hybrid Input-Output algorithm used
in two dimensional phase-retrieval working well in-practice, it is highly probable that
relaxing the problem to a convex optimization would bring additional benefits, from
convergence guarantees, to better running times, scaling and potentially better resilience
to noise. We leave this question open for future work. Even further, one could dream
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of having a unified framework that given a quantum state and Hamiltonian suggest
the better phase-retrieval algorithm, ideally base on convex optimization tools that are
known to be most resilient to noise.

We stress that phase retrieval algorithms recover the phases of the state-evolution
time series, of which one learns just the absolute values in the scenario of control-free
quantum phase estimation. In some portions of this work, for convenience, we compare
the discrete Fourier transform of the retrieved time series to that of the true time series to
judge the accuracy of the phase retrieval. However, we note that the discrete Fourier
transform is not necessarily the best way to recover the spectrum of a Hamiltonian from
its time-series. Typically, classical post-processing techniques like the one developed in
[4] can be used to obtain a more accurate and useful description of the spectrum.

We observe that although our phase retrieval algorithms can achieve nontrivial
reductions in quantum circuit complexity in many cases, whether this is useful in
practice requires consideration of a series of tradeoff. Firstly, there is a subtle cost
comparison to do between the additional cost of the controlled time-evolution in
statistical phase-estimation and the additional GHZ-like state input state required for
vectorial phase-retrieval or the additional time-dynamics of the dummy Hamiltonian
in 2D phase-retrieval. In the particular case of vectorial phase-retrieval vs statistical
phase-estimation on 2D architectures, both required to build a GHZ-resource state, the
difference is that the second one needs to be as large as the system, where the first only a
fraction of it, which implies a saving of resources. An interesting question we leave open
is whether the GHZ resource required for vectorial phase-retrieval could be made of
constant cost, not scaling with system size N. Secondly, there is a tradeoff between circuit
complexity and number of shots required, since our algorithms generally increase the
latter. It is an interesting question whether the increased number of shots required can be
significantly reduced.

There is a wealth of advanced techniques in the classical phase retrieval literature that
could be explored and evaluated to improve the techniques that we present in this work
further. We believe further improvement in circuit depth, number of shots and resilience
to error and recovery can be achieved by further adapting more advanced ideas in signal
processing to quantum information theory.
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In this appendix we first introduce basics concepts of statistical phase-estimation
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phase-estimation and its signal-processing material. Secondly, we give details on the
Fermi-Hubbard Hamiltonian that we use as a benchmark and few technicalities related
to our simulations.

7.A.1. Definitions
In what follows we adopt the following continuous Fourier transform convention

Fw)=FTIf] :=f f(ne ®tdr f(O=FTF] :=$[ Fw)e''dw, (7.8)

and the discrete Fourier Transform definition as

N2V opk . -1 1 & i2n ki
FIk|=DFTIf):= ) fljle "~ fljl=DFT '[Fl:= N Y Flkle" . (7.9)
j=0 k=0

For a spectrum F(w) to be a real function it needs to satisty F(w) = F* (w) for all w. It is
easy to check from the definitions above that this is only possible if

F(w) - F*(w) =f[f(t)—f*(—t)]e"wfdt:0, (7.10)

which holds if and only if f(#) = f*(-1).

Let’s consider an Hamiltonian H =} ; E;I1;, where E; is the i-th eigenvalue of the
Hamiltonian and I1; is the projector into its eigenspace. In the case of a rank 1 projector
we have I1; = |E;) (E;|. Its time evolution reads e’/ = Y e!BilT]; and Tr[pIl;] = p; is the
amplitude of spectrum of p at energy E;, where the full spectrum of p can be written in a
compact form as F(w) =2n); p;6 (w — E;), where the positivity of p; implies that of the
spectrum F(w) The Hadamard test in Figure 7.1a used in statistical phase-estimation
allows the computation of the complex amplitude

f@) ="Trlpe'™, (7.11)
for different times ¢, i.e., time series. It is easy to see that () = Tr[pe!!’!] = f*(~1), due to

p being hermitian and the cyclic property of the trace, which proves that the spectrum is
real. We will now show that it is also positive in the ideal case.

7.A.1.1. Positivity of the spectrum
Applying the Fourier transform we obtain

FTIf0]= fTr[pZ e'fil;le" @t dy,
i
which using linearity of the trace and some rearrangements leads to

FTIf(8)] =2Tr[pni]fefuw7gi)tdt
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which using the definition of the amplitudes of the spectrum and [e /@~ Ediqr =
2718 (w — E;) leads to

FTIf®] =21 pi6(w—E;) = F(w).
i

In what follows we assume the Hamiltonian eigenvalues E; satisfy the condition
E; € [0,27]. Otherwise, assuming the Hamiltonian maximum and minimum eigenvalue
energies, or providing a decent upper and lower bounds, one can always re-scale the
Hamiltonian accordingly.

7.A.2. Basics concepts on signal processing and Fourier transforms
7.A.2.1. Time-window and resolution

In practice continuous signals f(¢) can only be probed inside a finite time window
[-T/2,T/2]. The simplest windowing f(¢) = f(£)I17 () results from the multiplication of
the original signal f(¢) and a time-window function

T2 1 102712 712
r 0, [t|>T/2 '

Using the convolution theorem, relating the Fourier transform of a product to the
convolution of its respective Fourier transforms (7 [A- B] = FT [A] * FT [B]), together
with the Fourier transforms of the step function

(Lo

2sin(52) )
FT M7 (H)](w) = —Q = Tsinc(Tw/2) (7.13)

where we define FT[f(1)](w) = F(w), leads to
FTIf(0)](w) = F(w) * Tsinc(Tw/2). (7.14)

We will use the notation F(w) for the convolution of = F[w] * sinc(Tw), resulting from the
broadening of the spectral peacks due to the finite-size time window.

Resolution The convolution Flw] = Flw] * sinc(Tw/2) generally leads to a broadening
of the spectral peaks of F(w). The main lobe width of sinc(Tw/2) being 47/ T, it is easy to
see that a time window of size T can generally only resolve energy gaps of order O(1/T).
Therefore to have full resolution of the spectrum one needs to do time-evolution up to T
inverse proportional to the smallest gap between eigenvalues in the spectrum.

The choice of T gives an upper-bound on how good the quality is of the recovered
spectrum, i.e., even under ideal reconstruction conditions one can at best retrieve
= Flw] * sinc(Tw). For Hamiltonians with gaps scaling beyond 1/poly(n), it is impossible
to reconstruct the exact spectrum and retrieving the coarser version £[w] will be the only
option.
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Alternative time-windows Remark that despite the ideal spectrum F(w) being positive
the convolution with a sinc function, resulting from the finite-size time window, may lead
to a spectrum that has some slightly negativities. In our 2D phase-retrieval algorithm this
could be an issue for the convergence of our algorithm. We will therefore use a different
time window that will ensure the target spectrum in our reconstruction being all positive,
see Appendix C of Ref. [24] for more details. The simplest way to achieve this is via a
triangle time-window, resulting from the convolution of two rectangular time-windows
I17(¢), which has a squared sinc function as Fourier transform. Unfortunately, this
doubles the width of the main lobe of its Fourier spectrum further widening the recovered
spectrum. There is a whole literature on optimized filters that would allow to limit the
widening of the spectrum while still guaranteeing its positivity, we leave that for future
work.

7.A.2.2. Sampling and aliasing

In practice continuous signals f(¢) can only be probed inside a finite time window
[-T/2,T/2] and for a finite number N of time values. We will assume these samples
are evenly spaced with time A¢. Note that in this discussion we always choose an odd
number of samples N and set the spacing to be At = T/N. We have odd time values
as t =0 is also included and we are probing up to time ty_; = (N—1)/N x T/2. The
discretised sampling over a finite range is modelled via the multiplication of the initial
signal f () by a Dirac comb

Mz () =) 6(r— jAD) (7.15)

Jjez

leading to the new discretised and finite signal
g(0) = f(OHI 7 (DIA(D). (7.16)

Using the convolution theorem together with the Fourier transforms of the Dirac comb

27 21 21
FTIa (D] (w) = EHIZn/At(w) = E k;z(s(w— kA_t) , (7.17)

together with eq.(7.14) we obtain

Gw):=FTlgHlw) = 27[1 Z F(w) *sinc(Tw/2) * 6 (a) - kz—n) (7.18)
At At

One can simplify the previous equation using the properties of delta functions and
their convolutions and using the definition F(w) = F(w) * Tsinc(Tw/2) to get

27 N 27
G(w)—Ek;ZF(w—kE). (7.19)

Aliasing Due to the discrete-time nature of the sampling, the spectrum F7 [g(1)](w)
becomes periodic function of period 27/At. The celebrated Nyquist-Shannon theorem
states that sampling at twice the bandwidth of the signal guarantees an unique recovery
of the continuous function. If one samples at a lower rate, the weights of higher frequency
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lines are shifted to the lower part of the spectrum, an effect called aliasing. In an ideal
scenario (and unrealistic) scenario of an infinite time-window and the spectrum of
H having largest absolute value frequency wmax = max{|wl}, it would be sufficient to
guarantee the condition 2At - wpax < 1 to have perfect reconstruction and zero aliasing.
In practice, depending on the choice of time-window and the finite value of T we always
observe some amount of aliasing, but a good choice of sampling rate, time-window shape
and having access to large enough T will help make aliasing small or even negligible.

7.A.2.3. Connecting sampled time-series and discretized spectrum via a DFT

The algorithms we use exploit discretized version of time-series and spectrum connected
via a DFT. In what follows we review this connection where the discretized spectrum can
be understood from a periodic extension of the time-series.

We choose as set of discrete frequencies wy = 2wk/ T where k=0, 1,... N —1 and define
a length N vector F[k]:= FT(g(0)](wg) = Gwg), whose entries are samples of the
continuous time Fourier transform of g(¢) = f ()17 (#)11IA(¢) at points wy. We begin by
writing the Fourier transform of our sampled function as

=FTIg(O](wg) (7.20)
=f f(t)HT(t)HlAt(t)e_i“’tdt, (7.21)

where using the definition of the Dirac comb in eq.(7.15) and [ ()6 (x — a)dt = f(a) we
obtain -
Flkl= Y f(jAD-TI(jAre @kiAt (7.22)
j=—00
which using the discretisation notation f [j1:= f(jADII(jAt) and the fact that
wijAt=2mjk/N leads to

o0
= Y frjle N, (7.23)
j=—00
The connection between the DFT and samples of the the continuous functions at wy
and ¢; = jAr is almost complete. We have obtained the conventional DFT frequencies,
however we have an infinite sum in the above expression.
We deal with this as follows. One can replace the sum over integers by the following
double sum

N-1
F[k Z [] ] N]e—z(an]/N+2n] k) (724)
/ ] =0
( ] ] N) 12nkj/N’ (7.25)
]=0 j'ez
(7.26)
then using the definition
vk Z fli-j'n. (7.27)
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leads to

N-1 X X
Flkl= Y fljle kN, (7.28)
j=0

This shows that F[k] is actually the DFT of f[j], which is simply an N periodic version of
the windowed samples f [jl.

Notice that f[j] is a periodic sequence where the values within the window are
repeated with period N. The previous exposition provides an interpretation of the
discretized time-series linked to a discrete spectrum via the DFT, in a similar fashion as
occurred for their continuous counterparts. Provided we properly choose T and At to
avoid aliasing and limit leakage, we can safely work on a discrete setting using the DFT to
move between the sampled time-series and a discretized version of the spectrum.

7.A.3. Fermi-Hubbard simulation and technicalities of our numerical
experiments

In this manuscript, we benchmark our phase-retrieval algorithms for performing
statistical QPE on spectrum recovery of the Fermi-Hubbard model.

Fermi Hubbard We will be interested in instances of the Fermi-Hubbard model over a
square lattice graph G, where V is the set of vertices and E the edges, where each lattice
site, i.e., vertex, has two spin modes o € {1, |}. The Hamiltonian reads

H=-1 Z (a}aajg+a;ga,~g)+UZ ny1ny|,
(i,jli.jyeEo vev

where the first term of the Hamiltonian consists of hopping terms among modes of same
spin while the second sum corresponds to interactions between particles of opposite
spin at the same lattice site. This model is of great interest, since despite its simple form it
demonstrates interesting phenomena found in more complex materials and molecular
Hamiltonians [30, 36, 37]. Throughout this work we will take 7 = 1 and U = 4, which s an
intermediate coupling regime where the model exhibits non-trivial behaviour [30]. All
simulations in this work are performed on the qubit level, by applying a Jordan-Wigner
transformation to the fermionic model.

Time-evolution simulation In order to compute time-series of the form | (/| e'* |¢)|?
(forming the input to our phase retrieval algorithms) and time-series (y|e'f"|¢)
(which we use to compare to our phase-retrieved solution), one needs to simulate
the time-evolution of the Fermi-Hubbard model e¢f’. We will be using numerical
simulations to obtain the time-series, by brute-force calculation of e'/% with tj = jAt.
Then, for some states |y) and |¢), we simply evaluate the expressions f[j] = (y| e |¢)
and | f[j]I. Due to the current limitation on near-term quantum computers, we will be
interested to explore states that have shallow preparation circuits, as detailed in Sections
7.B and ?2.
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Sampling Noise A crucial aspect of the practical implementation of phase-retrieval
algorithms is their resilience to noise. We model the sampling noise on time series
|{¢p|exp(ijAtH)|y)|? (for some |y) and |¢)) by sampling from a binomial random

variable. In an experimental setting, one can estimate | (0" U; exp(i jAtH)Uy 10™) |

(where Uy, and Uy are state preparation unitaries s.t. |1//> = Uy |0) and |¢>) =Uy10)) by
acting with U:;, exp(i jAtH)Uy on |0"), and simply performing standard-basis projective
measurements on each of the n qubits. The estimate is then given by the fraction of the
number of times that output |0)®” is obtained and the total number of circuit executions
M. Therefore, we model the sampling noise by estimating |(¢|exp(ijArH)|y)[* by
the number of successes M (divided by M) obtained in a binomial random variable
realization with success probability | (¢| exp(i jAtH) |y)|* and M trials.

Trivial Ambiguities We call operations that leave the absolute value of the time
series unchanged trivial ambiguities. Throughout this chapter, we ignore these trivial
ambiguities and therefore match the recovered signal to the true time-series f € CN up to:
(1) a global phase e'? f; (2) linear phase shifts {e~??"/™'N [ j]}; (3) complex conjugation
f*, or combinations thereof. These respectively induce the following operations on the
DFT of f: (1) multiplication by a global phase; (2) translation by m; (2 combined with
3) reflection and complex conjugation. Note that a shift in the energies, provided that
the support of the spectrum is bounded, can be ensured to not lead to confusion in
the ordering of the recovered peaks. The shape of the spectrum will be correct up to
a constant shift. The final ambiguity can reflect the spectrum, an effect that can be
mitigated if handled with proper care.

7.B. Vectorial phaseretrieval

In this section we give a detailed presentation of vectorial phase retrieval (v-PR) (see [18])
and its adaptation to the quantum scenario, which we discussed briefly in Section 7.2.1.
This problem corresponds to a version of the one-dimensional phase retrieval problem,
where one assumes access to particular additional input in the form of interference
measurements.

7.B.1. Vectorial phase retrieval with a single interference signal

Let us first discuss under which circumstances the (single-interference-signal) v-PR
problem has a unique solution. This understanding of the uniqueness of the v-PR
problem was used in [18] to develop a method for obtaining estimates of the phases of
the time series fe CV.

In the v-PR framework, the (non-trivial) ambiguity of the one-dimensional phase
retrieval problem is reduced by not only obtaining absolute value measurements {| fi [ j11}
of a time series f; € CV, but also measurements {| f2(j)I} of some other time series f, € cN,
and - crucially - of the absolute values of the time series corresponding to sums of f; and
f,. It was shown in [38] that under some relatively mild conditions on the time series f;
and f,, and assuming exact access to the aforementioned absolute value measurements,
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the resulting phase retrieval problem has a unique solution. The problem of finding this
unique solution efficiently was addressed in [18].

Let us define the vectorial phase retrieval problem more exactly. Afterwards, we will
discuss under which circumstances the problem has a unique solution, and how one can
in practice obtain an accurate estimate of the full time series using the vectorial phase
retrieval algorithm [18].

Problem 7.B.1. [Vectorial phase retrieval (v-PR)] Given measurements of the absolute
values

LA LU BN = 1AL+ RUTE LA = 1A+ i1 (7.29)

attimes j=0,1,...,N—1, determine

Filk]:= Z filjlexp|—i2mjk/N], Fplk] := Z fljlexp|—i2mjk/N], (7.30)
j=0 j=0

atk=0,1,...,N—-1.

In the setting of control-free quantum phase estimation, the input signals take the
following form.

filjl = (@lexp(iAtHJ)|®),

foljl = @lexp(iAtHj) |w),

falj1=@lexp(iatHj)(1@) +[y)),

fulj] = (@lexp(iAtHj)(19) +i|y)), (7.31)

for our states |®) of interest and a secondary state |w) We will come back to which
choices of |1//) are appropriate, but we note that preparing their superposition ideally
should not require execution of very deep circuits.

7.B.1.1. The noiseless scenario

Let us first address the setting in which one has access to the noiseless absolute value
measurements as input to the v-PR problem. At the core of the vectorial phase retrieval
algorithm is the understanding of when Problem 7.B.1 has a unique solution. To illustrate
when uniqueness is guaranteed, let us introduce the following notions.

The DFTs F; € CN and F2 e CN of the time-series and f, are spectmlly independent
if P1(2) —Z Fl[k zF (with z € C) and P»(z) —Z F2 (k] z* (with z € C) have no
common roots m the complex plane.

The DFTs F, € CN and F, e CN of the time-series f| and f, have well-defined support if
they are such that there exist kymin < kmax €10,1,..., N =1} s.t. kmax — kmin = 0 < |IN/2] and
|FLLK] | Falk]l # O for kmin < k < kmax and |F1 k]| = |F2[k]| = 0 for k < kpnin and k > kmax-
In other words, they have well-defined support if they are non-zero inside of some interval
(Kmin, - --» kmax) (of length o < |N/2]), and zero outside of that interval.
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Especially the latter notion will play a central role in the vectorial phase retrieval
algorithm, and in particular in our application of the algorithm to spectral estimation of
Hamiltonians. The uniqueness of the solution of the vectorial phase retrieval problem is
related to these notions in the following way.

The vectorial phase retrieval problem has a unique solution if and only if F; and F, are
spectrally independent and have well-defined support [18].

See [18] for a proof of this statement. Note that Problem 7.B.1 has trivial ambiguities. The
trivial ambiguities correspond in general to all signals related to (f}, f2) by

{exp(ia) F [k, exp(ia) 2 [k} -y (with a € R),

{Filk = kol, Falk — kol}pg (with ko € 2),

{Ff1-k], By -kl o, (7.32)
or combinations thereof. Solutions to the vectorial phase retrieval problem will only ever
be unique up to these trivial ambiguities.

The vectorial phase retrieval algorithm (presented in [18]) is based on the fact that the
unique solution to Problem 7.B.1 can be obtained by solving a convex optimization
problem in the ideal noiseless scenario. The optimization procedure optimizes over
assignments of phases to the time series measurements {| f1[j1I} and {| f2[j]|} such that
they are consistent with the interference measurements and such that F; and F» have the
right support size.

The input to the v-PR algorithm consists of |fi[j112, | f2[j1I%, | (7112 and |f3[j1]? (at
j=0,1,...,N—1), and of an estimate s of the support size o of F; and F,. Its output is
given by a vector y € C2V, whose entries are the estimates of the phases of f;[j] and
f2ljlat j=0,1,...,N—1. The algorithm is an optimization procedure that minimizes
a cost function over possible assignments of phases y € C*V. Let us denote the vector
containing the correct phases of f; and f; at j =0, 1,..., N — 1 by x. The cost function has
two components; one component ensures that the assignment of phases is consistent
with the interference measurements, and the other component ensures that F; and F,
are indeed zero outside of the interval of size s (which is an estimate of o). These
components are denoted by Qéi}ppon (y) and Qinterference (¥), respectively. Note that due to
the trivial ambiguities, minimization of |F; [k]| and |F,[k]| outside of their supported
interval can be realized by simply minimizing |F; [k]| and |F>[k]| at k=s,s+1,...,N—1
without loss of generality.

The expression for the support component of the cost function is as follows.

) _ N-1 ) N-1 ,
Qsupport V) := kZ |F k]2 + Y | Rkl
=S k=s

N-1,N-1 2
= Y| T 1filjllyexp [~ iznjk/N])|
k=s" j=0

N-1,N-1 5
+y ) RTAN N, exp[—iZﬂjk/N]’ . (7.33)
k=s j=0
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The expression for the interference component of the cost function is a slightly more
involved. Because of the following relations derived from the definitions of f3 and f;, and
involving the correct phases x,

\BUIE =AU+ AU =1AGIE +1 AP+ 21 AT AT Re(xj 0y, ),
|Al1P =AU+ i RUIP = 1A+ 1RGP+ 21 A RUIIM(xxy, ), (734

we have that

.2+. .2_1+. .2+ .12
%= e GLjl, GLjli= | AL+ fal 1P = A+ DAL+ L] ) (7.35)

21 AL

We note that |G[j]| =1 for j=0,1,..., N - 1. The second component of the cost function
is expressed as follows, and is equal to zero if y = x.

N-1
Qinterference () = Z |J/j = yn+j Gljl |2' (7.36)
j=0

The total cost function is defined simply as the sum of the support component and the
interference component. We note that this cost function is non-negative by definition.

QYY) := QR port ¥ + Qinterference (¥)- (7.37)
Importantly, it can be expressed as
QW =y Al Asy, (7.38)
where A € CRWN=9+NX2N a4 entries

Ifilgllexp(i2nq(s+ p)/N), ifg<N,p<N-s,
If2[qllexp(i2n(g— N)(s+ p—(N—s)/N), ifN<g<2N,(N-s)<p<2(N-5),

(As)p,g=141, ifg<N,p=q+2(N-y5),
-Glg - N], ifN<g<2N,p=q-N+2(N-5),
0, otherwise,

(7.39)
withp=0,1,...,2(N-s)+ N)-1land g=0,1,...,2N - 1.

If there exists an assignment of phases y such that Q¥ (y) = 0, then we are guaranteed
that for that assignment Fy[k] = F2[k] =0at k=s,s+1,...,N-1, and y; = yn+; G[j] at
j=0,1,...,N—1. The correct assignment of phases x is a minimizer of the cost function
Q2(y). In particular, since the correct assignment of phases attains zero cost on both
cost functions (by definition), we have that

prei= min - QVy=Q"w =0, (7.40)
yeCH st
[vol=ly1l=..=lyn-11=1

where the optimization is over all vectors y € C¥ whose entries are phase factors.
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We are not, however, a priori guaranteed that x is the unique minimizer of Q) (y),
and therefore that solving equation (7.40) provides the correct assignment of phases x.
However, it was shown in [18] that Q(”) (y) =0 for any vector y € C2V (with non-zero
2-norm) iff y is the exact assignment x. From this fact we conclude that the correct
assignment of phases x can also be obtained by solving the following relaxation of the
non-convex optimization problem in equation (7.40).

Xgoiseless :=min Q) (¥) = (R+1)N Amin (AEAO') =QVx) =0, (7.41)
yeC?V sit.

llyll2=v2N

where the optimization is over all vectors with a 2-norm equal to v2N. In other words,
in the noiseless scenario, the correct assignment of phases x can be obtained by
determining the smallest eigenvector of Aj, Ag.

7.B.1.2. The noisy scenario

In practice, one only obtains the noisy versions of the absolute value meas-
urements |fi[j11%, |f2[j1I?, 101> and |fi[j]>, which we respectively denote by
AL, |12, 1317117 and | f4[j1]%. We denote the correct vector of phases of f; and f,
by % € C?V. Let us now define the cost function in terms of these noisy absolute value
measurements as follows.

Q(S) (y):= Oéfl)ppon y)+ Qinterference W, (7.42)
with
. N-1 1 N-1 _ 2
Qsupport¥) := ) ‘N > |f1[j]|yjexp[—i2njk/n]‘
k=s j=0

N-1 71 N-1 _ 2
+ Y % X 1Blillynsjexp [ - i2njkin][, (7.43)
k=s Nj—O

and
} N-1 o,
Qinterference (¥) := Z |.Vj_J’N+j G[]]/|G[]]|| )
j=0
_ s . 2 o . 2_ 1 . s . 2 T~ . 2
with Gy = LI+ ALl — (AP +ILUIE) o

21 1AL

where we stress that G[j] does not necessarily have unit absolute value.
Again, the cost function can be expressed as

QY (y):= yTAIAS Y, (7.45)
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where A; € CRW=9+NX2N L entries

|f1lq)lexp(i2mq(s+ p)/N), ifg<N, p<N-s,
Ifg[q]lexp(iZn(q—N)(s+ p—(N-s)/N), fN<sg<2N,(N-s)<p<2(N-g),

(A)pg =11, ifg<N,p=qg+2(N-s),
—-Glg - N1/|Glg - N1, ifN<g<2N,p=qg—-N+2(N-5),
0, otherwise,

(7.46)
with p=0,1,...,2(N-s)+N)-land g =0,1,...,2N — 1.
In the noisy setting, there is no guarantee that there is an assignment of phases y for
which Q) (y) = 0, but the optimal assighment of phases could be found by solving the
non-convex optimization problem

0.~ min - GW(y), (7.47)
yeC?N s.t.
Iyol=ly1l=...=lyn-11=1

at s =0. In general, we now have that (bnmsy > 0. The correct assignment X is not

guaranteed to be the unique minimizer of Q'”)(y). However, for relatively small noise
magnitudes, any assignment of phases for which Q') (y) is minimized tends to be close
to the correct assignment X. Like in the noiseless scenario, we will consider the following
relaxation of the problem in equation (7.47) to an eigenvalue problem.

1o :=min Q(y) = 2N Amin(4} 45), (7.48)
yECZ s.t.
llyll2=v2N

where we note that again, generally, XE‘“SY > 0. For relatively small noise magnitudes, the
optimal assignment obtained by solving equation (7.48) (which we denote by ypin) will
be close to the correct assignment X.

Before discussing the details of the algorithm, let us consider a generalization that
we introduce in this work. This generalization consists of the inclusion of multiple
time series that are used for interference, as opposed to just a single one. As we shall
demonstrate, this leads to improved performance of the algorithm in the presence of
noise.

7.B.2. Vectorial phase retrieval using multiple interference signals

In this work, we consider the scenario in which one employs multiple signals f(zr) echV
(with r = 1,2,..., R) with which the target time series f; interferes. As we will demonstrate
in Section 7.B.3, we find that the performance of vectorial phase retrieval improves when
multiple interference signals are employed in the noisy scenario. This multi-interference
vectorial phase retrieval problem is formulated as follows.

Problem 7.B.2. [Multi-interference vectorial phase retrieval] Given measurements of the
absolute values

AU UGB DR = AL EPGR OGP = A IR @49)
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attimes j=0,1,..., N—1, determine

N-1

R
Filk]:=)_ filjlexp[-i2njk/N], {F”) (k] := Z i ]]exp[—iank/N]} o (750
j=0 =

atk=0,1,..., N-1.

The trivial ambiguities of Problem 7.B.2 are equivalent to those of Problem 7.B.1,
involving all (R + 1) signals F;, Fg), e F;R) (instead of just F;, Fy).

We will discuss how the multi-interference v-PR algorithm can be implemented to
(approximately) solve Problem 7.B.2. But let us first discuss how the control-free quantum
phase estimation routine fits into the multi-interference v-PR framework. We take

R
fili) = @lexp(iHA ) @) and {£{”1]1 = @lexp(iHAL ) [wr)} (7.51)
such that

{A711= i1+ £711 = @lexp(iHAt j)(19) + [ur)) and
R
U= A+ 01 = @lexp(iHAL ) (19) +ilwr))} . (7.52)

Hence by preparing states |®) and { |y ), 1/V2(|®) + |y, )), 1/V2(|D) + i |1[/,> -1 then
time evolving each of the states under Hamiltonian H for a time At j, and measuring
the overlap with |®), we can estimate |fi[j]| and {Ifzr)[]]l, If(r)[] 11, If(r) I}Irqz1 at
j=0,1,...,N—1. Of course, we do not want the states |®) and {|1//r>} —, to be such that
preparing superpositions of |®) with any |wr) requires applying circuits of very large
depth.

As discussed before, one only ever obtains noisy versions of the absolute value
measurements | fi[j]%, {Ifz(” L7112, |f3(r) 112, Ifm wl } _, in practice, which we denote
by [A11% {If; F112, If(r) (7112, If(r) ]]|2}r=1- The multi-interference v-PR algorithm
takes as input these noisy absolute value measurements, and an estimate s of o
(with o denoting the support size of FI,F(ZU, e F;R)). The output of the algorithm is a
vector y € CR*DN whose entries are estimates of the phases of fi[]], fz(l) (i1, fz(z) (71,

, Z(R) [jlat j=0,1,...,N—1. The algorithm again consists of the minimization of a
cost function over all these assignments of phases to the absolute value measurements
QAL UEP L - 1P 111} We denote by ke CR+DN the correct phases of fi (],
£V, fz(”[] W Pjlatj=0,1,...,N-1.

The cost functlon again consists of a support component quppon(y) and an
interference component Qjnterference (¥). The support component of the cost function can
be written as

N-1 N-1

Oéfl)pport(y) Z|Z |f1 ]]ijexp[—zZn]k/n])
k=s j=0

(7.53)

R
+2
r=1

N-1,N- 2
Y. Z AP exp [ iz jkin]| |,
k=s' j=0
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which is equivalent to the support component defined in the single-interference-signal
framework, except that now it constrains the support of R + 1 signals. The interference
component Qjperference (¥), Which is again an extension of the single-interference-signal
interference component to R + 1 signals, can be defined as follows.

R N-
Qinterference (¥) := Z [ Z ‘ (r)G lj i1/1G; [j] |) ] (7.54)
r=1 :
where the quantities Gr[j] are defined at j =0,1,..., N—1forr=1,2,...,Ras
- AR+ - A+ i) |f1u 12+1£7 111
Gljl:= ) ( 2 ) (7.55)
21A L] Lf5
The total cost function
Q(S) y):= Qéfl)pport )+ Qinterference v (7.56)
can be expressed as
Q¥ (y):= yTA;rAs Y, (7.57)

where A, g € C(RHDWN=9+RN)x(R+D)N 155 entries

ifg<N,p<N-s,
if N<g<2N,(N-3s)<

|filgllexp(i2mq(s+p)IN),

If2[qlexp(i2n(g— N)(s+ p— (N - $))/N), p<2(N-s),

|fr+11qllexp(i27n(q— RN)(s+p—R(N-5))/N), f RN<g<(R+1)N,RIN-s)<p<(R+D(N-s),

1, ifg<N,p=qg+R+1)(N-5),
Aoy = —~Galg - N1/1Ga[q - N1I, fN<g<2N,p=q-N+R+1D(N-53),
SPAaT] 1, ifg<N, p=g+R+1)(N-s)+N,
—-G3lg—2N1/1G3lqg—2N1, if2N<g<3N, p=g-N+R+1)({N-5),
1, ifg<N,p=qg+(R+1)(N-s)+(R-1)N,
~Gpry1lg—RN1/|Ggs1lg— RN, ifRN<g<(R+DN, p=g—N+(R+1)(N-5),
0, otherwise,
(7.58)
with p=0,1,...,(R+1)(N-s)+RN)-1land g =0,1,...,(R+1)N - 1.

The optimal assignment of phases could be found by solving the non-convex

optimization problem

nois .
D, V= min

Q9 (y). (7.59)

yeCEFDN g ¢,

Iyol=Iy11=.

In general, we have that (Dnmsy

=y =1

> 0. The correct assignment X is again not guaranteed to

be a (unique) minimizer of Q(U) (y). However, for relatively small noise magnitudes, any
assignment of phases for which Q'°)(y) is minimized tends to be close to the correct
assignment X.
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We again relax the problem in equation (7.59) to an eigenvalue problem as follows.

X3®:= min Q9 (y) = (R+ 1N Amin(A} 4y), (7.60)
yeCR+IN g ¢,

llyll2=vV(R+1)N

where we note that again, generally, X;°"*' > 0. As we shall demonstrate in Section 7.B.3,
for relatively small noise magnitudes, the optimal assignment y,i, obtained by solving
equation (7.60) will be close to the correct assignment X. Moreover, we will show that for a
given noise magnitude, the assignment of phases obtained by solving equation (7.60) will
typically become a better approximation for X as R increases.

We note that the optimal assignment y,in obtained by solving equation (7.60) is not
necessarily an assignment of phases. Although we ensure that ||lyminll2 = V(R + 1) N, each
entry can have absolute value different from one. One could consider rounding ymin to an
assignment of phases by dividing each entry by its absolute value. We do not perform
this rounding as we find it does not necessarily improve the approximation to X in the
scenarios that we consider.

In Section 7.B.3, we will demonstrate numerically how the v-PR algorithm can be used
to perform spectral estimation for instances of the FH Hamiltonian, and discuss its
performance in various settings.

7.B.3. Vectorial phase retrieval algorithm for spectral estimation of
Hamiltonians

In this section, we numerically investigate the performance of the vectorial phase
retrieval algorithm in the context of spectral estimation for Hamiltonians. The signals
encountered in this context do not perfectly fit within the framework of v-PR. In
particular, due to the fact that the (absolute values of) the time series are only
measured for a finite measurement time, the signals Fy, Fé”, e F;R) do not necessarily
have well-defined support. Typically, | F; [k]|, IFZ(D [k, ..., IFZ(R) [k]| decay away from the
supported eigenvalues, rather than being equal to zero exactly outside of some frequency
interval. The more the signals suffer from this effect, the more ill-defined their support
is becomes. As a result, a good performance of the vectorial phase retrieval algorithm
cannot be guaranteed without further considerations.

To set the stage, we first provide an example for which the v-PR input data is obtained
from time evolution of some state under the FH Hamiltonian, where we have artificially
ensured that the input data fits exactly in the v-PR framework. Namely, we have altered
the input data in such a way that F, F;l) (we take R =1 here) are exactly equal to zero
outside of an interval of size o = 25. Note that to do this, one generally needs access to the
full time series and not just their absolute values (so this cannot be done in practice). The
data we have used here is noiseless data. Based on the discussion in Section 7.B.1.1,
we expect the matrix Al A; to have a single zero eigenvalue at s = g, and its smallest
eigenvector to correspond to the exact assignment of phases. Figure 7.7 depicts the
spectrum of AZAS as a function of s. Indeed, its smallest eigenvalue is non-zero for s < o
and (numerically) zero at s = 0. For s > g, there are several zero-eigenvalue eigenvectors,
with the correct solution lying in the span of those eigenvectors. In the noisy setting,
there will generally be no zero-eigenvalue solutions. However, for sufficiently small noise
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Spectrum AfAg

Figure 7.7: Spectrum of AZAS for R =1 in the noiseless setting, as a function of s. The
time series amplitudes used to construct A;r A; correspond to evolution under
al x5 (i.e.,, 10-mode) Fermi-Hubbard Hamiltonian for which |t/U| = 1/4. We
have taken N = 300. The signals f; and f, were artificially processed to ensure
that they have well-defined support (here, o = 25).

magnitudes, there will still be a drop in the value of the smallest eigenvalue of AIAS
around o. Our investigations suggest that:

1. The two smallest eigenvalues are a proxy for the quality of the retrieval of phases.
That is, the smaller the smallest eigenvalue, the smaller the value of the two
residuals equations (7.2) and (7.3) above.

2. Alarge gap opening between the two smallest eigenvalues suggests a larger overlap
between the smallest eigenvector and the true assignment of phases. This being
motivated by the fact that in the ideal noiseless case the solution is unique.

In the remainder of this section, we will discuss the performance of vectorial phase
retrieval for input data obtained from time evolution under FH Hamiltonians. The
procedure that is implemented is given as a pseudocode below. As discussed, this input
data does not perfectly fit into the v-PR framework. Nevertheless, the v-PR algorithm
performs well in performing phase retrieval in the scenarios that we consider.

Algorithm 7.2: v-PR
Input: | f,[j]| for j=0,...,N-1;
AP ALNAILE )l for r=1,...,Rand j=0,...,N-1
Output: {| fi[j]1(Ymin) j 1)y
fors—0toN-1do
Evaluate G,[jlforr=1,...,Rand j=0,...,N—-1
Form Af A; € CRFDNx(R+DN
Compute the two smallest eigenvalues of AI Ay (denote the smallest by
Amin(ALAy))
Choose s* (heuristically)
Compute ymin € CR*VN such thaty! . AT, Agymin = (R + )N Amin(AL, A)
return {1 f1 111 (Ymin) j 520!
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Interplay between R and the noise resilience of the vectorial phase retrieval algorithm:
Figure 7.8 illustrates the difference in noise resilience of the v-PR algorithm between
the R =1 and the R = 10 scenarios. This difference materializes as follows: In the noisy
scenario, there is a sharp drop in the smallest eigenvalue of A}LAS as a function of s
for R =10, which is absent for R = 1. This can be seen in Figure 7.8c. Our numerical
investigations suggest that this sharp drop is a signature of an accurate retrieval of phases
at that value of s. As can be seen in Figure 7.8d, indeed the estimate of F; for R =10
is more accurate than for R = 1. Figure 7.8b suggests that choosing larger R does not
influence the accuracy significantly in the noiseless scenario.
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Figure 7.8: The smallest two eigenvalues of AIAS for R=1 and R =10 in the noiseless
setting (see (a)), and for Nsamples = 108 (see (c)). The eigenvalues are given as a
function of s. Approximations to | Fy| at fixed s = 105 for R =1 and R = 10 are
depicted in the noiseless setting in (b) and for Ngamples = 108 in (d). The time
series amplitudes used to construct A’;As correspond to evolution under a
1 x5 (i.e., 10-mode) Fermi-Hubbard Hamiltonian for which |t/U| = 1/4.

Performance of the vectorial phase retrieval algorithm as a function of sample size:
For completeness, we include a plot of the 2-norm error of the recovered spectrum F; in
Figure 7.9. Let us note that the error floor appearing around 10° samples seems to be an
artifact of the “choice" for measuring the error using the /> norm: As can be seen in
Figure 7.8d, the peaks in the spectrum are accurately recovered for R = 10 at these noise
magnitudes, but the recovery of the tails is poorer.



246

0.0011 -

0.0010 -

0.0008 -

0.0007 -

0.0006
104 10° 106 107 108
Number of samples

Figure 7.9: Spectrum error as a function of number of samples used to estimate each
| f[j1l. Here, we consider the R = 10 instance from Figure 7.8 and we define
the spectrum error as €2 = ﬁ \/ Y« |Flk] — Fyyelk]|?. At each fixed number of
samples we average over 10 instances of the v-PR algorithm and include error
bars indicating one standard deviation.

Performance of the vectorial phase retrieval algorithm for shallower time evolutions:
The fact that Fy, Fg), e F;R) do not have well-defined support is the most prominent
reason that the v-PR input data in the current setting does not fit perfectly into the
framework of v-PR. The support of these signals typically becomes more ill-defined (i.e.,
Fy, F;D, e F;R) decay more slowly away from the supported frequencies) as the total
time evolution becomes smaller (due to spectral leakage). Since the circuit depths are
limited in our near-term scenario, it is of interest to see how the v-PR algorithm fares for
shallower time evolutions.
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(a) R=10. (b) R=10, s =29.

Figure 7.10: The smallest two eigenvalues of AEAS for R =10 in the noiseless and
noisy settings (see (a)). The eigenvalues are given as a function of s.
Approximations to |F; | at fixed s = 29 for R = 10 are depicted in the noiseless
setting and for Ngamples = 105 in (b). The time series amplitudes used
to construct A;rAs correspond to evolution under a 1 x5 (i.e., 10-mode)
Fermi-Hubbard Hamiltonian for which |7/U| = 1/4, with a relatively small
total time evolution T. This small total time evolution leads to ill-defined

support of |F;|. Note that the input state |®) is chosen differently than in
Figure 7.8.
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Figure 7.11a depicts the smallest two eigenvalues A;r Aj; as a function of s. Clearly, in
the noiseless setting, /lmin(AJsr Ags) decays to zero comparatively slowly, which is a result
the signals having ill-defined support. We find that the quality of the approximation
| F1,approx!| to |F1| is highest at the value of s at which Amin (A}LAS) first starts to decay, i.e.,
s =29 for Figure 7.10. Figure 7.11b depicts | F1 approx| and in the noiseless scenario, and
for Nsamples = 10°. Remarkably, although the approximation of | F1,approx| to |F1| is worse
(even in the noiseless scenario) than in Figure 7.8, the approximation retains its resilience
against the addition of sampling noise.

To round, or not to round:

At the end of Section 7.B.2, we briefly commented on whether it is beneficial to round
the smallest eigenvector ymin (with 2-norm v/(R+ 1)N) of the matrix A! A, to a vector
whose entries are phase factors, by dividing each entry of yni, by its absolute value.
Our numerical investigations suggest that using the entries of this rounded vector to
reconstruct the time series does not necessarily lead to a more accurate reconstruction.
In terms of the reconstructed spectra F (see Figure 7.11 below, corresponding to the
scenario in Figure 7.6a), we note the following differences. The unrounded spectrum
recovers the peak locations relatively well. The rounded spectrum performs better at
recovering the absolute values |F|. However, the latter also seems to recover some peaks
for frequencies at which F is not actually supported. Whether rounding is beneficial thus
depends on which features one wishes to recover. To quantify the error in the particular
case of Figure 7.11, we note that the 1-norm (normalized by N) of the vector with entries
| Freconstructed [ k]| — | Fexact[K]] is 0.0016 without rounding and 0.0013 with rounding.

0.04 —— True spectrum 0.04 —— True spectrum
—— PR approximation without rounding —— PR approximation with rounding
0.03 0.03
X X
[y 0.02 [y 0.02
0.01 0.01
0.00 - 0.00
0 n/2 m 3n/2 2n 0 n/2 m 3n/2 2n
Wi Wi
(a) Without rounding. (b) With rounding.

Figure 7.11: Comparison between the unrounded (a) and rounded (b) solutions obtained
through vectorial phase retrieval. The scenario used to obtain the figures is
the same as that of Figure 7.6.

7.C. Comparison with the standard approach

There are two key advantages of phase retrieval compared with the standard approach
to statistical phase estimation: each qubit no longer needs to interact with an ancilla
“control” qubit, and there is no increase in circuit complexity caused by the use of
controlled unitary operations. One can consider many metrics for circuit complexity;
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here, we will focus on the number of CNOT gates required, and the quantum circuit
depth.

To get a sense of how large the reduction in complexity can be, first observe that if the
quantum hardware allows for all-to-all connectivity, any quantum circuit computing a
unitary operator U can be converted into a quantum circuit for computing controlled-U
by replacing every CNOT gate with a Toffoli gate, and every single-qubit unitary V with
a controlled-V operator. A Toffoli gate can be implemented using 6 CNOT gates and
controlled-V can be implemented using 2 CNOT gates for any single-qubit unitary V. So,
if the original quantum circuit had ¢ CNOT gates and s single-qubit gates, the controlled
circuit will have at most 6¢+2s CNOT gates — at most a constant factor increase in
complexity, if ¢ = s (for example), but still relatively substantial for near-term applications.
However, the difference in complexity between the two situations can be greater if there
are restrictions on hardware connectivity, or if one considers circuit depth instead.

Here we approximately calculate the reduction in circuit complexity achieved by phase
retrieval for several simple examples: the 1D Ising model with transverse field, both
all-to-all and with matching hardware connectivity, and the spinless 2D Fermi-Hubbard
model with square-lattice hardware connectivity. In each case, we consider the
complexity of implementing k Trotter steps — i.e. k repetitions of an operator of the
form HT: 1 ¢!%Hj for a Hamiltonian of the form H = 3 jHj. Note that it is important
to consider k > 1 steps because the cost of interacting with the control qubit can be
amortised across multiple steps by preparing a GHZ state, as we will see below. This
approach may add its own difficulties in terms of rendering the circuit more prone to
decoherence, but we will ignore this issue for simplicity. We also stress that there is no
guarantee that the implementations we describe here are optimal.

CNOTs CNOTs Depth Depth
Model Hiw (PR) (no PR) (PR) (no PR)
1d TFIM | All-to-all 2n-2)k 6n-4)k 4k 2[log, n1 +10k
6(n—1)
1d TEIM 1d @n-2)k (Gn—d)k 4k 6[n/2] + 10k
48kn(n—-1)/2
2d FH 2d 82kn(n=1i2 | oo "o | 82k | 48k+3(n-2)

Table 7.2: The cost of implementing k Trotter layers for several Hamiltonians, an n qubits
transverse field Ising model and an n x n spinless Fermi-Hubbard model.
“Depth” is CNOT depth. Note that the algorithms achieving the minimal
CNOT depth and CNOT count may be different. We consider the spinless
Fermi-Hubbard model for simplicity, and these calculations are approximate.

1. 1D Ising model with transverse field. This Hamiltonian is defined as
H= Z;’z_ll ZiZi1 +Z;’:1 Xj. A Trotter step can be implemented using 2(n—1)
CNOT gates and in CNOT depth 4. To implement a controlled Trotter step, we
need to implement controlled-e??4Z and controlled-e??X gates. These have circuits
using four and two CNOT gates, respectively. With all-to-all connectivity, then,
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Figure 7.12: A possible layout of the spinless Fermi-Hubbard model on a lattice with
2D connectivity. The connectivity is indicated by dashed lines while the
Fermi-Hubbard lattice interactions are indicated by solid lines. The face
qubits in purple are needed for the compact encoding. The face qubits in
blue are used to implement geometrically local control. The diagram on the
right indicates one of the four Trotter layer groupings of interactions which
can be implemented in parallel, in this case horizontal hopping interactions.
With the control and encoding qubits these interactions are at most Pauli
weight-4.

each Trotter layer can be implemented using 4(n —1) + 2n = 6n—4 CNOT gates.
Implementing these in a straightforward way would lead to a high-depth circuit, as
each controlled unitary acts on the same control qubit. However, we can reduce the
depth by constructing a GHZ state of n qubits, where each gate that needs to be
applied in parallel uses a different qubit of this state. The CNOT depth of producing
such a state given all-to-all connectivity is at most [log, n]. Following this, we can
split the time-evolution steps into three groups (ZZ terms on (odd, even) qubits, ZZ
terms on (even, odd) qubits, and X terms) and implement each group in parallel.
At the end, the GHZ state is uncomputed, before measuring the control qubit as
in the usual protocol. The total CNOT depth (with all-to-all connectivity) is then
2[log, n1+ 10k as each layer can be implemented in CNOT depth 10.

With 1D connectivity, the situation is more difficult as we need to create a
distributed GHZ state. This can be done with a small extra cost in gate count, but a
linear cost in depth. Now we include an ancilla qubit for controlled operations next
to each qubit in the original 1D graph. Once these qubits have been prepared
in a GHZ state, we can perform controlled operations across any pair of qubits
in the original graph without the need for any swaps. The map [000) — |000),
|100) — |101) can be carried out using three CNOT gates in 1d connectivity
(CNOT}2, CNOT,3, CNOT}3), so the required state can be prepared using 3(n — 1)
CNOT gates and in CNOT depth 3[7/2]. Once this has been prepared, the costs for
the time-evolution part are the same as for all-to-all connectivity. The total CNOT
cost for k Trotter steps, including the cost of uncomputing the GHZ state, is then
6(n—1)+ (6n—4)k, and the CNOT depth is 6[n/2] + 10k.

2. 2D Fermi-Hubbard model. Consider an n x n Fermi-Hubbard model without spin
on an 2D lattice. Consider even 7z only and use the compact fermionic encoding [39]
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and layout shown in Figure 7.12. The full Hamiltonian is made of horizontal
Z(i,j) (X,'Xj Yf(i,j) +Y; Yj Yf(i,j))/z and vertical Z(i,j) i(X[Xij(i,j) +Y; Yij(i'j))/Z
interactions, where the sum is over pairs of horizontally or vertically adjacent
sites on an n x n lattice and f(i, j) are face qubits placed on this lattice. The
Hamiltonian can be split into four sets of n(n—1)/2 interactions. Within each
group all interactions can be performed in parallel. Every interaction consists of
two weight-3 (at most) Pauli interactions. Therefore each interaction can be done
using 8 CNOT gates, meaning that a full Trotter step will have a depth of 32 CNOT
gates and the total number of CNOT gates will be 32n(n — 1)/2. This calculation is
approximate and simply treats edge interactions identically to those in the bulk.
When performing controlled evolution under this Hamiltonian one possible layout
of control ancilla qubits is shown in Figure 7.12. As in the case of the Ising model
above, we consider creating a distributed GHZ state so that we can implement
local control. This particular selection uses the remaining face qubits not used
by the compact encoding. Now every "controlled" interaction can be performed
by evolving under two weight-4 Pauli terms, where the interactions have been
augmented so that they include a Pauli-Z on the local control ancilla. Therefore
each interaction can be done using 12 CNOT gates, meaning that a full Trotter
step will have a depth of 48 CNOT gates and the total number of CNOT gates will
be 48n(n —1)/2. (This all uses the standard approach to performing a controlled
rotation by a weight-k Pauli operation [40]) The additional cost of creating the
distributed GHZ state depends on the number of control ancillas [(n — 1)2/2] and
their connectivity. The total count of CNOT gates will be 3 x [(n—1)?/2]. The depth
is approximately 3(n —2)/2 (for even lattices with 7 > 2). One can begin building
the GHZ state from the central control qubit and move outward along the branches
approximately in parallel. It takes 3 CNOT gates to spread the entanglement to the
nearest control qubit, shown in blue. This is done in the same manner as described
for the Ising model.

In all of the above costings, we do not include the cost of preparing (or uncomputing)
the initial state WJ) — which we assume to be simple — nor the cost of preparing a
superposition of |u/> with another state. In some situations, this may be fairly substantial,
e.g. if this superposition is a GHZ state.



Discussion and outlook

In this thesis we have studied computational tasks that appear in quantum
many-body physics, with a focus on fermionic systems. Most contributions are either
complexity-theoretic classifications or — where possible — constructive algorithmic results.
Next, let us discuss some of the most important aspects of this thesis and look ahead to
potential new avenues of research.

In Chapter 2, we have established the complexity of the fermionic satisfiability problem,
FERMIONIC 2-SAT. The bare problem is in P, and if we add the classical global constraints
of fixing particle-number-parity or fixing the particle number itself, the problem is
respectively in P and NP-complete. If we increase the locality of the problem to k=9,
then it becomes QMA; -hard - in line with QUANTUM k-SAT [1] which is in P for k = 2 and
QMA -hard for k = 3. What can we say about the complexity of FERMIONIC 2-SAT or
QUANTUM 2-SAT instances —i.e., keeping the locality of the bare problems at k = 2 — plus
generic k > 2 classical constraints (beyond the global constraints considered in Chapter
2)? Are there any collections of such k > 2 classical constraints that can make these
problems QMA| -hard or will they remain in NP? If they remain in NP, can one establish a
dichotomy such that any instance of the problem can be classified as either being in P
or being NP-complete? One of the reasons that these questions are interesting is that
adding classical k > 2 constraints also has physical motivations; they can be used to fix
particle number (as we have studied in Chapter 2) or magnetization in some regions of
the system, or they can be used to exclude some global occupation/spin configurations.

In Chapters 3 and 4, we have investigated Gaussian approximations to interacting
fermion ground states. We have shown that the so-called Gaussian breakdown that has
been proved for general fermionic Hamiltonians [2, 3] — meaning that Gaussian states
achieve at most a vanishing fraction of the ground energy — can be avoided by imposing
certain structural constraints on fermionic Hamiltonians. Assuming (1) the Hamiltonian
to be sparse (so that each mode is involved in only a constant number of Hamiltonian
terms) or (2) assuming that all interactions are of a density-density type is sufficient.
These structural assumptions are physically motivated as (1) for instance lattice models
are sparse and (2) interactions in (real-space discretized) quantum chemistry are of
density-density type. We have established that fermionic Gaussian states achieve a
constant ratio of the ground energy for these types of fermionic Hamiltonians, but
one might wonder how well such states reproduce the physical phenomena that these
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systems exhibit. More generally, what is the relation between Gaussian approximability
and the presence/absence of certain many-body phenomena?

An interesting direction in that respect is whether Gaussian witnesses can be
used to determine whether a given fermionic system is in some physically relevant
finite-temperature phase. For example, given a density-density interacting fermionic
Hamiltonian (on some generic interaction graph and hopping graph), and given a
temperature and potentially other ambient conditions, is the system in a superconducting
phase? We know — through BCS theory [4] — that Gaussian states can account for many
phenomena related to superconductivity. But is there always a Gaussian witness for a
superconducting phase? If such a witness always exists, then one might wonder whether
it can be used to efficiently test whether a given system is in a superconducting phase or
not. More generally, it is of interest to figure out whether this problem is in P or BQP at all.
Note that this is not ruled out a priori by uncomputability results for zero-temperature
phase transitions [5]. To make progress towards showing that the problem is in BQP at
all, one might attempt to use existing methods for preparing Gibbs states of fermionic
systems at constant temperatures (see e.g. [6]) and combine them with a scheme for
measuring certain constant-weight correlators from which it can be deduced whether a
superconducting condensate is present or not.

Focusing on more pragmatic problems like deciding superconductivity is valuable for
the field of quantum simulation. Beyond being intrinsically interesting, this kind of focus
speaks to quantum simulation’s broader utility promise: it should be pursued not only as
a scientific program in its own right, but also to provide computational capabilities that
are intended to be useful beyond the quantum-information community.

Going back to the contents of this thesis, we have presented a method for compressed
simulation of sparse free-fermion physics using a quantum computer in Chapter 5.
We established an exponential memory compression and — more importantly — an
exponential or strong-polynomial speedup in runtime (depending on the problem
geometry) for practically relevant free-fermion problems compared to classical
techniques. The use of quantum computers to provide a speedup for problems that are
classically asymptotically tractable holds great promise. Beyond applications that are
currently known, which include Chapter 5 of this thesis and the simulation of systems of
coupled classical oscillators presented in Ref. [7], let us propose another idea in the same
spirit for obtaining good graph cuts using a quantum computer.

The Max Cut problem is an NP-hard classical discrete optimization problem
with many real-world applications. Given a (possibly weighted) graph, it is the
problem of determining a split of the vertex set (into two) that maximizes the
total weight of the edges running across the split. Equivalently, the goal is to
solve mMax ¢, 1)V Zj,keE % w;jr(1—zjzg). Classical techniques for solving Max Cut are
essentially as good as they can be. That is to say, there is an efficient SDP-based algorithm
(the Goemans-Williamson algorithm [8]) that achieves approximation ratio 0.878 of
the optimum, and obtaining a ratio of 0.878 + ¢ is NP-hard. Since it is unlikely that
quantum algorithms can efficiently solve NP-hard problems, one should not look to
improve this approximation ratio for general graphs. In recent work [9], the authors have
looked at (among many other applications) improving Max Cut approximation ratios
using quantum algorithms for restricted graph instances. Our idea is to use a quantum
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computer not to improve the approximation guarantee (by focusing on particular
instances), but to obtain a speedup for getting to classically attainable approximation
ratios using compressed simulation techniques'. We consider sparse graphs G = (V, E) for
which |V| = 2" (note that sparsity does not kill the NP-hardness of Max Cut). What can
one learn about good cuts on G using poly(n) =log(|V|) quantum and classical effort?
Clearly, we cannot learn the whole cut z € {+1}!V], but at most poly(n) of the z;’s. In other
words, we can learn on what side of the cut a subset of the vertices lie, for some good cut.
Note that even the fact that we have to learn the cut values of a few variables does not
break the NP-hardness of the problem. Our idea entails block-encoding matrix functions
(using techniques from Ref. [10]) of the adjacency matrix A of G (with A; = wj i for
(j, k) € E and zero elsewhere). Inspired by classical techniques that use the smallest
eigenvector of A to construct good cuts (typically underperforming compared to the GW
algorithm, but still achieving non-trivial approximation ratios), one could block-encode
matrix functions such as exp(—A) and estimate its entries to gain insight into the cut
values of individual vertices on such good cuts. To the best of our knowledge, there are
two existing approaches for (provably) realizing a speedup to obtain good classically
attainable graph cuts using quantum algorithms: (1) based on quantum SDP solvers [11,
12], one can obtain the aforementioned Goemans-Williamson solution with a quadratic
speedup and (2) using Gibbs sampling methods, it was shown recently in Ref. [13] that
the Goemans-Williamson approximation guarantee can be obtained with exponential
speedup, provided that the input problem obeys several constraints which are stronger
than assuming that the graph G is sparse (as is assumed here).

Chapters 6 and 7 are both concerned with the problem of estimating spectral properties
of many-body Hamiltonians from time-domain data. Let us focus the discussion on
Chapter 7. One way to obtain the required time-domain data — namely, a time-evolution
signal of a state under a many-body Hamiltonian - is to run quantum phase estimation
circuits on a quantum computer. A costly step in these circuits is implementing the
time-evolution unitary controlled on a single qubit. Because this unitary is controlled, the
resulting circuit is very deep — too deep to run on early quantum computers. Removing
the control makes the circuits shallower (as discussed in detail in Chapter 7), but it
also discards phase information from the time-domain data. Our solution is to collect
time-dynamics data from many different initial states, with all of this data obtained by
running such shallower control-free circuits. This enlarged set of phaseless time-domain
data can then be used to approximately recover the phases of the target time-evolution
signal, from which spectral features can be extracted. In other words, rather than running
deep quantum circuits, we run shallower circuits many more times to achieve the same
goal. We demonstrate the practical feasibility of this method by estimating spectra of
(large-scale) Fermi-Hubbard model instances. We do not, however, explicitly bound
the total number of samples (i.e., the total number of shallow-circuit runs) required to
recover a spectrum; this is addressed in subsequent work [14], which employs a slightly
different strategy. Note that this aspect is especially important because trading circuit
depth for number of repetitions is not completely free of charge: one must be able to
perform a very large number of circuit repetitions consistently —i.e., without substantial

INote that running the (classical) GW algorithm can become prohibitive (despite being asymptotically
efficient) for practically relevant problem sizes, even for sparse graphs.
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drift in the device parameters over time, which can be in principle be a limiting factor.
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