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A new framework for optimization of variable stiffness

plates

Darun Barazanchy∗, Michel van Tooren† and Brian F. Tatting‡

University of South Carolina, Columbia, SC, USA

Ali Elham§

Delft University of Technology, Delft, The Netherlands

An alternative to the lamination parameters framework for optimization of variable stiff-
ness plates is proposed that utilizes the fiber angles as design variables: the manufacturing
finite element mesh (MFEM) framework. The structure and implementation of the MFEM
framework allows for both stiffness and strength constraints. In this manuscript the max-
imum failure index is minimized for the case of static analysis, while for buckling analysis
the first buckling mode is maximized. For each case examples are presented and discussed.
To complete the manuscript a post-processing tool used to obtain feasible automated fiber
placement machine tow paths is briefly discussed.

I. Introduction

In the last decades composites have slowly replaced metallic material in aircraft structures, however, with
the introduction of the Boeing B787 and the Airbus A350 XWB composites make up more than 50% of the
aircrafts weight. The increase in use of composites in primary aircraft structures has increased the use of
automated fiber placement (AFP) techniques. Subsequently, designers have realized that AFP techniques
allow for non-conventional layups such as fiber steered layups (variable stiffness laminates). Variable stiffness
laminates allow the fiber direction to vary from point to point within a layer instead of having a constant
fiber direction for the whole layer; this opens the possibility to have tailored designed laminates. These
tailored designed laminates can be optimized based on the loading conditions for maximum stiffness, maxi-
mum strength, manufacturability, or any other objective functions. Variable stiffness laminates have shown
unprecedented specific strength levels as reported by.1–9

In much of current literature2–7,10–14 the fiber direction of variable stiffness laminates are determined using
the lamination parameters. The lamination parameters allow for a continuous laminate stiffness formulation
within a conservative convex solution space and limits the number of design variables when the laminate
thickness is increased. This, in combination with efficient gradient based optimizers can determine the
optimal the stiffness distribution to maximize structural performance in an efficient manner. A major
limitation of the lamination parameters framework is the difficulty of implementing strength constraints in
the optimization procedure. In addition, the lamination parameter framework is an indirect method to find
the optimal fiber direction distribution since multiple stacking sequences and fiber directions can result in
the same ABD-matrix. Therefore, a post-processing step is required to obtain the optimal stacking sequence.
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The structure of this manuscript continues as follows: (ii) the fiber steering design problem and the MFEM
approach are elaborated; (iii) the design variable, objective function and constraint functions are defined;
(iv) multiple cases are evaluated using the MFEM framework; and finally (v) the research is summarized
and future work is discussed.

II. Fiber steering design problem statement

In fiber steering the objective is to determine the optimal fiber direction φj in each point P (x, y, z) in each
ply j of a composite structure (a laminated plate with or without cut-outs, or a biaxial specimen etc...).
The problem is defined to have a domain Ω defined in an x-y reference plane, bounded by edges Γ, loaded at
the boundary by in-plane force resultants Nnn and Nns, transverse force resultants Qn and moment results
Mnn and Mns. A schematically representation is given in Fig. 1 to illustrate the domain Ω, the loads acting
on the boundaries Γ, the deformations u, v, w, θx and θy, the distributed force perpendicular q(x, y) to the
plate, and the fiber direction φj in point P in ply j.

Figure 1: Schematic representation of the plate problem for fiber steering

The problem described above is implemented using a a dual mesh finite element method (FEM) approach.
The first mesh (stress-mesh) is used to evaluate the displacements, stresses and strains within the domain.
The stress-mesh is a fine mesh (to obtain converged results) with quadratic triangular elements defined by 3-
or 6-nodes depending on the type of analysis, static or buckling analysis respectively. The 3-node elements
have 5 degree of freedom at each node, while the 6-node elements have only 2 degree of freedom at each node.
The theory behind the stress-mesh is the standard FEM approach that is well documented in the literature15

and reported by the authors16–19 in previous work. Besides the stress-mesh the MFEM framework utilizes a
second mesh in the optimization routine,the manufacturing-mesh (see Fig. 2 for a schematic representation).

The dual mesh approach allows the solution to keep the number of design variables to a minimum by using
a fine stress-mesh for the FEM calculations independent of the manufacturing-mesh that is used to obtain
the optimized fiber direction. The manufacturing-mesh is a coarse mesh consisting of linear quadrilateral
elements (4-nodes) with only 1 degree of freedom per node per ply, the fiber direction in ply k at node j.

2

D
ow

nl
oa

de
d 

by
 T

U
 D

E
L

FT
 o

n 
D

ec
em

be
r 

2,
 2

02
0 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/6

.2
01

7-
08

94
 



Figure 2: Manufacturing mesh representation. Each element e has four degrees of freedom in each ply k:
the nodal values of the fiber direction

The fiber directions at each node are used to obtain the fiber direction distribution function using a set of
four Lagrange interpolation functions

N1 =
1

4ab
(x− x2)(y − y4)

N2 =
1

4ab
(x− x1)(y − y3) (1)

N3 =
1

4ab
(x− x4)(y − y2)

N4 =
1

4ab
(x− x3)(y − y1)

where
a = (x2 − x1)/2 b = (y4 − y1)/2 (2)

Therefore, the fiber direction at a point (x, y) is given as

φe,k =

4∑
j=1

N
(e)
j φ

(e,k)
j (3)

in which the φ
(e,k)
j are the values of the nodal fiber direction in element e and ply k, i.e. the design variables.

The two meshes are superimposed and the stress-mesh elements are mapped onto the manufacturing-mesh
elements. By doing so the fiber direction can be optimized at the nodes of each manufacturing-mesh el-
ement, then the fiber directions are mapped on the centroid of the stress-mesh elements after which the
displacements, stresses and strains are calculated and the constraints are evaluated.

III. Objective function and constraint functions

Material strength objective and constraint functions are implemented using the maximum failure index in
the plate. In this manuscript the Tsai-Hill failure criterion (see Eq. 4) is used to quantify the failure index
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in the centroid of each stress-mesh element.

FI =
σ2
x

X2
+
σ2
y

Y 2
− σxσy

XY
+
τ2xy
S2

(4)

In addition, a manufacturing constraint function (based on the minimal allowable curvature of the slit tape)
is implemented to obtain manufacturable fiber paths. The curvature is chosen in this investigation since it
is the first derivative (dφ

ds ) of the fiber direction along the tow path.

κ =
dφ

ds
=
∂φ

∂x

dx

ds
+
∂φ

∂y

dy

ds
(5)

where
dx = dscos(φ) dy = dssin(φ) (6)

Hence, the manufacturing constraint function becomes

κ(x, y) =
dφ

ds
=
∂φ

∂x
cos(φ) +

∂φ

∂y
sin(φ) (7)

where
dφ

dx
=

4∑
j=1

∂N

∂x
φj

dφ

dy
=

4∑
j=1

∂N

∂y
φj (8)

Furthermore, when a buckling constraint is required, the geometrical stiffness matrices are calculated to
solve the eigenvalue problem [

K − µjG
]
aj = 0 (9)

In which aj is the selected buckling mode and µj the associated eigenvalue. The associated buckling load is
found by multiplying the in-plane loads used to calculate G with the eigenvalue.

IV. Implementation and results

To obtain the global minimum for the MFEM framework a global search algorithm based on the basin of
attraction was implemented. For a smooth objective function f(x) the direction in which f(x) decreases the
quickest is given by the vector −∇f(x), hence the equation of steepest descent is given by

d

dt
x(t) = −∇f(x(t)) (10)

The basin of attraction for steepest descent is the set of initial values resulting in the same local minimum,
while generally initial values close to each other result in the steepest descent. The basin of attraction
principle is illustrated in Fig. 3.20

To evaluate the robustness and correctness of the MFEM framework results multiple test cases are inves-
tigated. The first test case (A) consists of two design plies under a pure tensile force. To evaluate the
robustness of the framework the start angles of the design plies were set to: (i) [0/0]; (ii) [90/0]; (iii) [90/90];
and (iv) [45/45]. For the second test case (B) a pure shear loading condition was investigated in which the
start angles for the design plies varied were (i) [0/0] and (ii) [90/90]. Based on common composite knowledge
the first test case should provide optimized plies orientated in the 0° direction, while for the second test case
a ±45° orientation is expected as a result. In the two aforementioned cases the optimization is performed
to obtain the minimum failure index in the plate. Additionally, a buckling problem was investigated (C)
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Figure 3: Two basins of attraction with the final points

in which the objective was to maximum the first buckling mode. For the buckling case the optimization is
expected to produce an optimal ′S′-shape pattern.

The plate geometries were 1000mm by 1000mm, the FEM mesh consisted of 112 triangular elements while
the manufacturing mesh elements was set to 4 to limit the computational time for each optimization run.
Fig. 4 shows the manufacturing mesh elements (black) on top of the finite element mesh elements (blue).

-600 -400 -200 0 200 400 600

-600

-400

-200

0

200

400

600

Figure 4: Manufacturing mesh elements (black) on top of the finite element mesh elements

Last, a test case (D) in which the optimal result is not intuitive (as in the previous cases) is investigated: a
plate with a hole (with a radius of 150mm) under pure tension.

A. Pure tensile loading

The pure tensile boundary conditions were obtained by restricting the displacements in u on the entire left
edge while only restricting the v displacement on the center node. The tensile load was applied on the nodes
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on the right side edge. Both the boundary conditions and the tensile load are illustrated in Fig. 5.

-600 -400 -200 0 200 400 600

-600

-400

-200

0

200

400

600

Figure 5: The boundary conditions and nodal forces in the case of pure tension

In Fig. 6 the resultsa obtained for the ±45° case using the MFEM framework are given. It can be seen from
Fig. 6 that both plies were rotated to the expected and optimal orientation in case of a tensile load, 0°. Similar
results were obtained for the other cases ((i) [0/0]; (ii) [90/0]; and (iii) [90/90]) and are summarized in terms
of the number of function evaluations and number of successful starting points in Table 1. The MFEM
framework proved it robustness by obtaining the same optimal results regardless of the chosen starting
orientation angles in the design plies. The computational time and the number of function evaluations,
however, did vary depending on the starting orientation angles. As it can be seen from Table. 1 the highest
number of function evaluations was when the starting orientation angles was set to 0 for both plies, something
which is counterintuitive. It was expected when the starting orientation angles where set to the optimal
result the optimization would take less function evaluation to complete. A possible explanation for this lies
in the basin of attraction method, which required a set of initial values resulting in the same local minimum.
Because each chosen initial values resulted in the same results as the starting orientation angles the algorithm
tested more trail points to ensure the obtained results found a global minimum, which subsequently resulted
in more function evaluations.

Table 1: Pure tensile load case results

Test case Number of function evaluations Successful trail points

[0/0] 47620 22/22

[90/0] 21420 18/20

[90/90] 30763 10/11

[±45] 46857 11/25

aIn this manuscript only the before and after figures for the ±45° case are shown for conciseness.
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(b)
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(c)
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(d)

Figure 6: Fiber directions in the case of pure tension for ply 1 and 2: (a,b) before optimization; and (c,d)
after optimization
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B. Pure shear loading

The second test case consisted of a plate under pure shear (Fig. 7), the expected optimal results in this case
are that the plies are steering toward a ±45° configuration. As starting orientations angles for the design plies
two subcases were defined: (i) [0/0] and (ii) [90/90]. The MFEM framework managed to steer the starting
orientations angles towards the expected optimal orientation, as can be seen in Fig. 8 where the before and
after fiber orientations for the [0/0]-subcase are presented. The required number of function evaluations in
this case was 298085 corresponding to 46 trail point of which 17 resulted in successful optimization.

-600 -400 -200 0 200 400 600

-600

-400

-200

0

200

400

600

Figure 7: The boundary conditions and nodal forces in the case of pure shear

Table. 2 (which summarizes the results for both pure shear subcases) shows the effect of the starting orien-
tation angles. When the starting orientation angles were set to 90° the optimization required less function
evaluation, but more trail points to obtain the global minimum. Nevertheless, the same optimal result was
obtained regardless of the starting orientation angles.

Table 2: Pure shear load case results

Test case Number of function evaluations Successful trail points

[0/0] 298085 17/46

[90/90] 125581 42/57
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(c)
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(d)

Figure 8: Fiber directions in the case of pure shear for ply 1 and 2: (a,b) before optimization; and (c,d) after
optimization
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C. Compressive loading, buckling

The third test case, a plate under a compressive loadb (as shown in Fig. 9) was investigated. the boundary
conditions in this was are shown in Fig. 9: the left edge is clamped (fixed u and v displacement), the right
edge is restricted in movement in v-direction and has the nodal forces applied to it. The number of plies was
reduced to 1 and its starting orientation angle was 0°. The optimal result is expected to fiber steer into an
S-shape, in which the fiber on the edges are steered towards the load direction.

-600 -400 -200 0 200 400 600

-600

-400

-200

0

200

400

600

Figure 9: The boundary conditions and nodal forces in the case of buckling

The buckling analysis results are given in Fig. 10a and as expected the MFEM framework steered the
fiber orientations into an S-shape. Increasing the number of manufacturing mesh elements does have an
effect on the results, however, in this case (due to its simplicity) that effect is limited as can be seen from
Fig. 10b and 10c. In the investigated case, buckling of a square plate under uni-axial compression it is
expected buckling to occur in the middle of the plate. To maximize the buckling load the force distribution
as seen by the plate is preferably shifted from a uniform distribution to an S-shape distribution (with the
minimum load in the middle and the maximum on the edges). As a result the fiber near the top and bottom
edge are steered towards the load direction to take up the forces. Tatting and Gürdal9 reported similar
results.

bIt is important to note that the nodal force arrows are pointing in a positive x-direction, this is due to the plotting routine
only. In the analysis the load is compressive.

10

D
ow

nl
oa

de
d 

by
 T

U
 D

E
L

FT
 o

n 
D

ec
em

be
r 

2,
 2

02
0 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/6

.2
01

7-
08

94
 



-600 -400 -200 0 200 400 600

-600

-400

-200

0

200

400

600

(a)

-600 -400 -200 0 200 400 600

-600

-400

-200

0

200

400

600

(b)

-600 -400 -200 0 200 400 600

-600

-400

-200

0

200

400

600

(c)

Figure 10: Fiber directions in the case of buckling: (a) using 4 manufacturing mesh elements; (b) using 16
manufacturing mesh elements; and (c) (b) using 16 manufacturing mesh elements
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D. Plate with hole under pure tension

Last, a plate with a hole of a radius of 150mm under a pure tensile load was investigated. The boundary
conditions and the two meshes used in the framework are shown in Fig. 11, it is important to note that due
to the complexity of the problem more refined meshes were used. In this case it is difficult to determine
what the optimal result will be due to the complexity of the problem, even though it seems simplistic.
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(a)
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-400

-200

0

200

400

600

(b)

Figure 11: Plate with a hole: (a) the boundary conditions; and (b) stress-mesh (blue) and manufacturing-
mesh (black)

The laminate consisted of six plies in total, three design plies and three symmetry plies (for each +θ ply
there was a −θ ply). The starting orientation of all three design plies was set to 0°. The fiber directions
before and after the optimization are shown in Fig. 12. It is important to note that the fiber direction before
optimization were the same for each ply, therefore, the figure shown is valid for all the plies. In addition,
only the results for the first three plies are shown because plies 4, 5 and 6 are mirror plies of ply 3, 2 and 1,
respectively.

As can be seen from Fig. 12, the fiber directions differ from the starting 0° fiber direction. The fiber directions
in ply 1 and ply 2 (Fig. 12b and Fig. 12c) look similar and shows the optimizer trying to guide loads away
from the hole. The fiber directions in ply 3, however, differ significantly from those in ply 1 and ply 2.
To understand what is happening for ply 3 the failure index (the objective function) was investigated (see
Fig. 13).

As it can be seen from Fig. 13 the maximum failure index for ply 1 and ply 2 remain the same, however,
the pattern differs slightly. For ply 3 however, there is a reduction of 20% in maximum failure index and
the pattern changes significantly. From these results it was concluded that the optimizer performed the
requested task: minimize the maximum failure index. In addition, the results indicated the problem was
more complex than initially thought. To investigate it more in depth the stresses in ply 3 before and after
the optimization are examined, see Fig. 14.

From Fig. 14 it can be seen that the optimizer alleviates σx around the hole by placing the fiber such that σy
and τxy are increased. Nevertheless, the maximum failure index was reduced due to the interactions between
the stresses within the failure criterion.
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Figure 12: Fiber directions for a plate with a hole: (a) before optimization; and after optimization: (b) ply
1; (c) ply 2; and (d) ply 3
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(a) (b)

(c) (d)

Figure 13: Failure index for the design plies: (a) before; and after optimization: (b) ply 1; (c) ply 2; and (d)
ply 3
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(a) (b) (c)

(d) (e) (f)

Figure 14: Stresses in ply 3 before and after optimization respectively: (a,d) σx; (b,e) σy; and (c,f) τxy;
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V. Conclusion and future work

The proposed framework presented in this manuscript demonstrates the direct use of fiber angles in individual
plies as design variables. Multiple test cases (both for static analysis and buckling) were examined to
investigate the robustness of the framework. The fiber orientation patterns after optimization corresponds
well with optimal patterns known from literature. In addition the proposed framework allows the use of
manufacturing constraint, strength constraint, stiffness constraint, etc. during the optimization routine,
while the commonly used lamination parameters framework is preferred for pure stiffness based optimization
problems only.

Currently a global search optimization approach was used to ensure the global minimum was found, however,
this proved to be time consuming. Therefore the future framework will be improved over time to work with
different optimizations schemes, in addition to implementing different objective functions and constraint
functions.

Another feature is converted the optimized fiber directions into tow paths such that it can be used as input
for an automated fiber placement (AFP) machine to manufacture variable stiffness plates. Therefore, a
post-processing method was implemented to obtain tow paths from the optimal fiber directions distribution.
The workings of the post-processing method is discussed in more detail in previous work of the authors,17

and therefore not repeated here. A set of optimized fiber directions for a plate with a hole with a coarser
mesh than used the previous cases are used as an example to discuss the post-processing method.

As can be seen from Fig. 15, a set of fiber directions (Fig. 15a) was converted to set of feasible tow paths
(Fig. 15b). It is important to note that gaps and overlaps are unavoidable when going form a theoretical
fiber angle distribution to feasible tow paths inputs for an AFP machine. The gaps and overlaps, however,
can be reduced via manual intervention by a manufacturing engineer. In addition, constraint functions in
the optimization process can be used to reduce gaps and overlaps or to take the effects of gaps and overlaps
on the ABD-matrix into account.

(a) (b)

Figure 15: Post-processing tool result: (a) theoretical fiber angle distribution; and (b) feasible tow paths
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