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Abstract

In the high-tech engineering sector, industry is always looking for the competitive, technological edge.
Through optimisation, in particular the optimisation of component designs, performance gains can often be
realised compared to conventional design geometries. Even within existing implementations, this so-called
topology optimisation allows for improvements in component performance, simply by exchanging its exist-
ing conventional design, and ultimately to higher-level machine assemblies andmodules. This low barrier to
entrymakes topology optimisation a field of engineering that has been gaining traction over the past decades
within various fields of high-tech engineering and, of course, research. While much research has been done
into the field of topology optimisation, including research into multi-physics optimisation problems, such
as conjugate heat transfer problems, more work is still to be done to improve models, improve optimisation
schemes and approaches, reduce computational time, increasing results accuracy and much more.

This thesis, in particular, is focussed on devising a strategy to derive and implement a thermofluidic
model specifically for density-based topology optimisation applications. In doing so, emphasis is placed on
the accuracy of the optimisation model when compared to numerical results found in regular thermofluidic
analyses of systems. In this thesis, a new technique is introduced to refine existing fluidic topology optimi-
sation models for density-based methods: dubbed IGPP, Implicit Gradient-Parallel Penalisation for fluid ve-
locity fields is devised, implemented and evaluated numerically. Furthermore, a parameterisation is created
for the material properties relevant to conjugate heat transfer problems. Finally, the model’s performance is
evaluated.

Keywords: density-based topology optimisation, thermofluidic optimisation, conjugate heat transfer, mod-
elling accuracy, IGPP.
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1
Introduction

In pursuit of ever faster andmore accurate machinery to satisfy the demand for ever higher-quality products,
high-tech industries, such as the automotive, aerospace and electronics and semiconductor sectors, seek
to research new technologies that enable the designing, manufacturing and operation of better-performing
machines, subsystems and parts.

Knowing that topology optimisationmight be a valuable tool in trying to further increase the performance
of machinery, research into its potential for the optimisation of complex integrated parts within their specific
applications, such as those for motion stage design, thermal management systems or drive systems, is desir-
able.

In many applications, the topology optimisation of parts that are subject to (a subset of) thermal, fluidic
and even structural physics are of interest. Such design problems may include an actively-cooled sleeve
for an electric motor to minimise thermal resistance of the motor internals to ambient temperature or heat
exchanger plates for electricmotorDC-AC inverters, allowing it to run cool while increasingmechanical power
output. Alternatively, heat insulationmay be of interest, meaning structures are to be optimised tomaximise
thermal resistance in some regions in the design domain, andminimised in others by the introduction of well-
placed cooling channels.

As outlined by Alexandersen and Andreasen (2020), in the domain of thermofluidic topology optimisa-
tion using density-based methods, gains are still to be made in terms of the accuracy of the optimisation
models. Moreover, this is the case even in the field of purely fluidic topology optimisation. Considering their
recommendations, this is what this thesis seeks to achieve: a fairly robust description of the thermofluidic
problem for a density-based topology optimisation problem. Through a better understanding of the accu-
racy of the model used, ideally, a better understanding of the accuracy and optimality of generated designs
can be created and better-performing designs may be realised.

This research will focus on making improvements to topology optimisation for thermofluid-related im-
plementations.

To further illustrate the underlying problem, in figure 1.1, a schematic representation of the design variable
field γ̂ is given. The core problem facing modelling accuracy in thermofluidic, density-based topology opti-
misation lies in the various steps required to ensure a generated design is realisable. In order to achieve this,
a minimum feature size requirement should be imposed, to avoid structures that cannot be produced with
existing manufacturing techniques. In doing so, however, a filtering step is applied to the design field, that
blurs the regions between solid and fluid, causing intermediate-pseudodensity regions as seen in the figure.

1



1.1. Research scope & focus 2

Ωw,s

Ωw,f

Ωw,intf

Γ = ∂Ω

γ̂ = αth

γ̂ = 1

γ̂ = 0

Figure 1.1: Schematic illustration of a selected subdomain Ωw in Ω utilising a density-based approach.
Independently represented are a fluid region (Ωw,f), a solid region (Ωw,s) and an intermediate-density
interface region (Ωw,intf). γ̂ represents the projected pseudodensity, or design variable field. Note that

in simulation, the domain Ω is discretised.

It is through this blurry interface that not only any information on the ’real’ position of the designed interface
is lost, but also any material properties take on non-physical intermediate values between solid and fluid.
Considering that a good representation of fluid-solid interfaces is critical in accurate numerical modelling of
even regular heat transfer problems, this blurry interface becomes exceptionally problematic as the relative
effects of heat conduction and advection become hard to model accurately with the intermediate material
property values found in topology optimisation. Moreover, also meshing the domain to refine the regions
where boundary layers are formed at the solid walls, is problematic for density-based optimisation methods,
further increasing inaccuracy of the simulation.

After a design has been generated, it will need to be discretised into a solid section and a fluid section.
This discretisation is realised by splitting the entire design domain Ω at the threshold value αth of γ̂. This
process of discretising the design using the threshold contour surfaces, is hereafter referred to as ”threshold-
ing”. The design generated after thresholding a continuous-density design will be referred to as the discrete-
equivalent design.

1.1. Research scope & focus
For this master thesis, some limitations on its scope are set. These limitations are imposed on both the
considered effects and physical phenomena that are considered as well as some simplifications and working
assumptions about the physics involved. With thermal management as one of several key design consid-
erations and challenges in high-tech equipment, topology optimisation applied to design elements subject
to thermofluidic physics, forms the focus of this thesis. This technology could significantly improve cooling
performance and ultimately the overall performance of machinery and products and is therefore of interest.
As a result of this focus, this research considers heat transfer, in the form of conduction and thermofluidics,
and fluid dynamics in topology optimisation problems.

Disregarded physics include structural mechanics, including thermomechanics and buckling mechanics,
as well as thermal radiation, unsteady and quasi-turbulent flows from the RANS-equations, anisotropic or
temperature-dependent material properties (thereby also excluding natural convection effects) and mate-
rial phase transitions. Furthermore, some other key working assumptions are that the considered fluid is
Newtonian and that solid material permeability in reality is zero. The commercially available COMSOL Mul-
tiphysics® 6.2 software will be used for the majority of simulation and optimisation work presented in this
thesis.

Within the outlined scope, the following main research question of this thesis is distilled:

”How can thermal and fluidic requirements be combined into a sufficiently accurate multidisciplinary topology
optimisation method?”
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Listed here, are themost relevant research sub-questions to this thesis, devised to support themain research
question:

• What multiphysics topology optimisation approaches exist for this scope and how do they, generally, work?
• What issues are found in the research gap between the existing work and the desired outcome of this thesis?
• How can the individual identified issues be solved, mitigated or even worked around to generate satisfactory
results?

• How does the proposed approach perform on reference problems and optimised designs?

Very relevant to this thesis’ research question is the topic of how accurate ”sufficiently accurate” is, though
it is also quite arbitrary. For this research, an error of 10% across the various simulations would be deemed
a successful improvement, and a consistent 5% would exceed expectations.

For context, currently the most accurate density-based optimisation models for conjugate heat transfer
problems see somewhere near 15% errors between the optimisation result and its post-processed and re-
alisable equivalent. This means that, considering the non-linearity of fluid dynamics problems in general,
designs may well be optimised to far exceed 15% error in performance when compared to the truly optimal
design. As such, a more accurate model not only brings the performance of generated designs closer to per-
formance upon their realisation into a physical component or assembly, but also reduces the likelihood of
generating topologies that perform inferiorly to those generated with a more accurate model, as it leads to
better gradient information during the optimisation process.

Considering also that models used in the numerical analysis of conjugate heat transfer problems typi-
cally sees errors up to the order of 1%, a consistent 5% error between the optimisation and the numerical
analysis models can be considered a very good result, especially in the light that the optimisation problem
also realistically eliminates the use of boundary layer mesh elements as an option to enhance the accurate
capture of heat transfer across solid-fluid interfaces.

1.2. Thesis structure
Following this introduction of the thesis and its scope, the literature review of Chapter 2 covers the state-
of-the-art of topology optimisation research, with specific focus on thermofluidic system applications the
outlined scope. Chapter 3 regards the methodology of implementation, used techniques and specific refer-
ence problemsutilised in the evaluation of different optimiser and solver configurations aswell as the specific
design cases considered. Any identified problems from themethodology and the found research gap are cov-
ered in Chapter 4. This chapter includes the use of aforementioned methods to evaluate the performance
of the newly devised implicit gradient-parallel penalisation scheme (IGPP) for fluids in permeability-based
topology optimisation. It also concerns the ultimate construction and parameterisation of the thermofluidic
model used in optimisation.

Chapter 5 deals with results of model validation and verification reference simulations and optimisations
as well as the results of the specific design cases considered. Any observations based off of these results are
discussed in Chapter 6, before the final conclusions on the posed research questions and remaining remarks
in Chapter 7.



2
Literature review

2.1. Existing relevant work in topology optimisation
2.1.1. General techniques in topology optimisation
This section will cover the existing research on implementation of topology optimisation utilising density-
basedmethods. It pertains to work specific to the density-basedmethod, such asmaterial properties interpo-
lation and filtering methods, as well as suitable approaches in design iteration and optimisation algorithms.

Techniques for density-based methods
Two-material density-based methods for topology optimisation rely on the discretisation of the design do-
main Ω into (volume) elements and assigning to each a continuous pseudodensity between 0 and 1. This
pseudodensity resembles the designed structure, in that 0 and 1 refer to two different materials or material
phases. In structural problems these often represent ’void’ and ’solid’ material elements and for thermoflu-
idic optimisation problems, they generally represent ’solid’ and ’fluid’ material elements, respectively. This
thesis will follow this convention.

Density-based methods, since their inception by Bendsøe and Kikuchi (1988) in the pioneering paper on
topology optimisation, have seen wide-spread application. Despite some complications in early years, such
as mesh-dependencies, checkerboarding and grayscaling, this method has evolved to generate reliable
results for a broad range of different applications. As discussed in papers akin to Zhou, Shyy, and Thomas
(2001), these issues have been addressed through several techniques, including filtering and projection
methods applied to the pseudodensity variable field. While early continuous density methods utilised
rather more rudimentary approaches to solve these problems, such as gradient control and sensitivity
filtering, more recent work relies on somewhat more involved methods like three-field methods that include
Helmholtz PDE filtering and projection steps to also realise effective minimum feature size control. Specifi-
cally works like Guest, Prévost, and Belytschko (2004), Guest (2009) and Guest, Asadpoure, and Ha (2011)
have contributed significantly to the development towards effective use of these methods.

This thesis will make use of Helmholtz PDE filtering and subsequent hyperbolic tangent projection of the
design variable field.

Techniques for design iterations and sensitivity analysis
For continuous pseudodensity methods, the most commonly used optimisation algorithm is the Method of
Moving Asymptotes, or MMA. Svanberg (1987) devised this method and it was later revised to ensure global
convergence, the method named GCMMA, by Zillober (1993).

4
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Since thismethod relies on gradient information, a sensitivity analysis of theproblemhas tobeperformed.
Since the governing equations consist of the non-linear Navier-Stokes partial differential equations for fluid
flow and the diffusion-advection partial differential equation for heat transfer, analytic sensitivities are hard
to come by. In this thesis, then, the adjoint state method will be used to find the numerical values of the
sensitivities of the objective and constraints to the design variable field.

Material properties interpolation
Since the projected design variable field forms the definition of the design and uses the projected pseudo-
density γ̂(x) ∈ [0, 1], the material properties of an element should be specified as a function of this variable.
Several common types of interpolation functions exist, such as the Solid Isotropic Material with Penalisation
(SIMP) interpolation functions and the Rational Approximation of Material Properties (RAMP) interpolation
functions.

For this research, any interpolation functions for material properties will be of the RAMP-type unless ex-
plicitly differently defined in Chapter 4. RAMP, after its introduction by Stolpe and Svanberg (2001), has
become the interpolation scheme of choice in research for multidisciplinary topology optimisation, on ac-
count of the non-zero gradients at both 0- and 1-values of the projected pseudodensity variable.

2.1.2. Current techniques for topology optimisation of thermofluidic problems
Existing fluidic topology optimisation research
On laminar flow conditions in fluidic topology optimisation – akin to those that will be considered in this the-
sis – Gersborg-Hansen, Sigmund, andHaber (2005) published the first work to consider the full steady-state,
incompressible Navier-Stokes equations as governing equations. Following their paper on two-dimensional
optimisation problems, fluidic topology optimisation was researched heavily, specifically with level-set meth-
ods, as opposed to density-based methods. Notable papers include the progress made by Duan and others
in 2008: Duan, Ma, and R. Zhang (2008a), Duan, Ma, and R. Zhang (2008c), Duan, Ma, and R. Zhang
(2008b).

However, since this thesis will make use of and looks to make improvements to the continuous density
method, improvements to the Darcy penalisation scheme for density-based methods by Theulings, Lange-
laar, et al. (2023) are of particular interest. Moreover, the paper by Theulings, Noël, et al. (2025) forms
the basis upon which this research is built. It introduced two new penalisation methods with a new term to
realise more effective fluid permeation penalisation. The introducedmethods enable enhanced control over
in-solid fluid velocities and, consequently, fluid leakage throughout the optimisation domain to yield more
realistic flow field results in the fluid solver. Since their work is principal for this thesis, it is further covered
throughout section 4.1.

Existing thermal topology optimisation research
In the realm of thermal physics-only topology optimisation, research is limited to almost only conduction-
based problems. Lohan, Dede, and Allison (2019) performed a range of different heat conduction topology
optimisation studies, evaluating various types of objective functions and design cases for these problems.
More complex problems have also been researched, including transient problems by Wu, Y. Zhang, and Liu
(2019), with Li et al. (2022) even introducing multi-material optimisation into their transient problem.

Since conjugate heat transfer (thermofluidic) problems, such as those considered in this thesis, are rather
sensitive to the interpolation of the thermal conductivity in generating meaningful (realistic) results, the spe-
cific interpolation functions presented in these papers are likely not suitable. This perspective is supported
by the remarks of Alexandersen and Andreasen (2020) on the need for further research into modelling ac-
curacy for thermofluidic topology optimisation, in particular, as well as the fact that, since their publication,
little emphasis has been placed on this in literature.
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Existing thermofluidic topology optimisation research
Work on conjugate heat transfer in topology optimisation was picked up near 2007, arguably started in the
paper by Bruns (2007). However, in their work, the flow field was not calculated. Instead using a fixed
coefficient for heat advection. Yoon (2010), instead, included a flow field solver in their optimisation. They
used a similar staggered, or segregated, solution method to the one that will be employed in this thesis,
where first the flow fields are solved, and the temperature field is calculated after, since all (including fluid
simulation-related) material properties are temperature-independent.

Matsumori et al. (2013) improved on this by also successfully modelling the solid material domain tem-
perature field under some constant input power, enabling more relevant constraints to be placed on the
problem. However, their implementations lacked analysis of the heat transfer accuracy and they clearly
demonstrated that results weremesh-dependent and that grayscaling occurred. Conversely, Yaji et al. (2015)
achieved crisp results, albeit using a level-set method, for three-dimensional problems.

Later, Haertel andNellis (2017) provided an improvement to density-based conjugate heat transfer topol-
ogy optimisation, allowing for arbitrary, though non-turbulent (Re smaller than 2300), flow conditions under
steady-state conditions. While they provided some comparison between numerical simulation and known
analytical solutions, they provided no comparison between a numerical, discrete-density result and an equiv-
alent continuous-density result to quantify the effects of the continuous design variable field on the accuracy
of the optimisation problem.

At this point, the use of turbulent flowmodels in topology optimisation models also gained in popularity,
shifting research focus. For instance, Dilgen et al. (2018) implemented a density-based approach for a tur-
bulent conjugate heat transfer problem with around 5million degrees of freedom, using the k-ω-turbulence
model. Then, in 2022, L. Noël and Maute (2022) also considered conjugate heat transfer topology opti-
misation, utilising a level-set method. Meanwhile, Holka et al. (2022) used a density-based method with
RAMP-interpolation instead and used it to optimise a surface cooler design. From this point forward, most
research has been focussed on the extension of the possible physics and more exotic applications, both of
which are well beyond the scope of this thesis. Nevertheless, plenty of research can still be conducted into
improved methods and implementations for even relatively simple pure fluid and thermal topology optimi-
sation problems.

In this research, the interpolation functions and further implementation of the thermofluidic model as
described by Dilgen et al. (2018) will be used as a benchmark for the ’state-of-the-art’ in optimisationmodel
accuracy.

2.2. Identified research gap
The research gap between the desired outcome of this thesis and literature has been reduced to several key
issues and considerations. The need for a focus on accurate modelling in topology optimisation problems
follows largely from Alexandersen and Andreasen (2020) and the following reasoning.

Optimisation of any kind requires a sufficiently true-to-reality optimiser model for the results to be meaning-
ful in reality. An optimisation algorithm may successfully optimise for some model with a large discrepancy
to reality, but will result in an output that is in turn non-optimal in actuality. Consequently, also in ther-
mofluidic topology optimisation, there is a need to ensure the optimiser model’s realism. To achieve this,
interpolation functions and penalisation schemes should be implemented in such a way as to result in an
optimiser model that is sufficiently similar to reality or, at least, to known analytical solutions or to numerical
solutions of reference problems. This, in turn, also requires the design of adequate reference problems to be
devised to verify and validate the model. Furthermore, the resulting model should be verified to be suitable
for optimisation.

A research gap is also found in the independent validation and implementation of the novel work by
Theulings, Noël, et al. (2025), that shows promise in the effective control over flow penalisation in solid
regions.
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2.3. Update to research questions
Based off the conducted literature review, the originally posed research sub-questions may be in part an-
swered and revised:

• What multiphysics topology optimisation approaches exist for this scope and how do they, generally, work?

Based off of the literature review, this question may be considered answered: a selection of important works
to the state of general topology optimisation research and techniques as well as work specifically focussed
on fluid, thermal or thermofluidic optimisation have been high-lighted.

• What issues are found in the research gap between the existing work and the desired outcome of this thesis?

This question also can be considered answered by the previous section.

• How can the individual identified issues be solved, mitigated or even worked around to generate satisfactory
results?

Some key problems have come to light throughout the review that would affect themodelling accuracy for any
interpolated thermofluidicmodel in optimisation. Specifically, these issues include the effective penalisation
of non-zero fluid velocities in regions that are designed solid and the construction of adequate interpolations
to the various material properties that are relevant to heat transfer modelling, such as the thermal capacity
and conductivity. To tackle the first issue, the approach of Theulings, Noël, et al. (2025) could provide a
good baseline, while the second would require some further analysis of the governing equations at play.

From this third question, two new research questions arise, as well as the final sub-question that, so far,
remains unanswered:

• How may a sufficiently accurate fluid velocity field solution be achieved? Is the work of Theulings, Noël, et al.
(2025) adequate, or are additional steps required?

• How can the various material properties be interpolated for density-based topology optimisation to achieve
accurate temperature field results?

• How does the proposed approach perform on reference problems and optimised designs?



3
Methodology and techniques

3.1. Topology optimisation description
Several problems, both two-dimensional and three-dimensional, will be considered andoutlinedhere, includ-
ing a description of the topology optimisation formulation as well as a description of the relevant physics.

3.1.1. Physics and governing equations
In every considered problem, optimisation requires the simulation ofmultiple state fields in the design space
in order for the objective and constraints to be evaluated. These fields are the fluid pressure field p, the fluid
velocity fieldsu and the temperature fieldT . Throughout the optimisation process, these fields will be solved
numerically using COMSOL, following the governing equations and boundary conditions described in this
section. The numerical solutions are all executed on mapped square element meshes following the finite
element method.

Design variable fields
This thesis will make use of a three-field approach to define the ’designed’ structure in the (simulation) do-
main Ω. In such a three-field approach, three scalar pseudodensity fields are used (with lower and upper
limits 0 and 1) to define the design. First the control pseudodensity field γ(x) will represent the state of
the optimisation variables that capture the material properties assigned to every element in the simulation
domain.

To avoid single-element-sized features to be designed and simulated and instead realise a minimum
feature size in the problem, this pseudodensity field will be filtered using the Helmholtz PDE filter approach:

−R2
γ∇2γ̃ + γ̃ = γ. (3.1)

In this formulation, γ̃ represents the filtered pseudodensity field, the second of the three fields considered
in defining the optimiser-designed geometry. Rγ represents the filtering radius, that is responsible for the
minimum feature size control. A larger value leads to a greater minimum feature size, but also to larger
intermediate-pseudodensity regions in the domain. Finally, since the filtered field will have a significantly
increased area of intermediate-pseudodensity regions inΩ when compared to γ, a projection step is applied
to the filtered field to reduce the total size of intermediate density areas by forcing elements to take on values
closer to 0 or 1. To this end, the projected pseudodensity field γ̂ is defined:

γ̂ =
tanh (β(γ̃ − a)) + tanh (βa)

tanh (β(1− a)) + tanh (βa)
. (3.2)

8
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Throughout this thesis, a will be kept constant at 0.5. βγ is a measure of the ’strength’ with which the pro-
jection occurs, specifically for elements that have filtered pseudodensities close to 0.5. All simulations are
performed on this projected field γ̂ and the chain rule is used to define the design changes that should be
made to γ during optimisation.

Fluid state fields governing equations
The fields p, resembling fluid pressure, and u, resembling fluid velocity, are governed by the Navier-Stokes
equations:

ρ⋆ (u · ∇)u +∇p− µ∇2u −
(
1

3
µ+ ζ

)
∇ (∇ · u)− F = 0, (3.3a)

∇ · (ρ⋆u) = 0. (3.3b)

These specific formulations are themomentum and continuity equations, respectively, for compressible flow
with invariant shear (µ) and bulk (ζ) viscosities. It will be assumed that the Stokes hypothesis holds: ζ = 0.
Furthermore, ρ⋆ denotes a non-physical material density interpolation function and F the fluid permeation
penalisation.

While flow conditions, in reality and the scope of this thesis, are taken to be incompressible on account of
the Mach number Ma satisfying Ma < 0.3, the compressible flow description of the Navier-Stokes equation
will prove necessary.

Temperature field governing equation
The temperature state field T is governed by the steady-state diffusion-advection equation:

∇ · (κ∇T )− ρcpu · ∇T + q̇gen = 0. (3.4)

In this governing equation, κ denotes the material thermal conductivity field, ρ the material physical density
field and cp the material heat capacity field, all of which are interpolated from the projected pseudodensity
field. q̇gen resembles an out-of-plane heat flux that may be enabled for two-dimensional problems.

Materials simulated and their real properties
The material that are sought to be simulated are aluminium alloy EN-AW 6082-T6, at γ̂ = 0, and water,
for which γ̂ = 1. Table 3.1 contains the relevant properties of these materials pertaining to thermofluidic
simulation. Unless specified otherwise, these properties will be used throughout this thesis for simulation
and optimisation as the ’solid’ and ’fluid’ material properties associated with 0 and 1, respectively, in the
projected pseudodensity interpolations.

Property Solid γs Fluid γf Unit
Heat capacity cp(γ̂) 900 4184 J kg−1K−1

Dynamic viscosity1 µ(γ̂) → ∞ 0.9 10−3 Pa s
Thermal conductivity κ(γ̂) 237 0.6 W m−1 K−1

Physical density ρ(γ̂) 2700 1000 kg m−3

Table 3.1: Overview of selected temperature-independent material properties.

1Let it be understood that, in this thesis, µ will be kept constant at its ’fluid’ value.
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3.1.2. Optimisation problem formulations
Objective definition
For the considered thermofluidic problems, the objective is to minimise the effective thermal resistance of
the design to the heat flux. For two-dimensional problems, heat will be ’generated’ inside the domain to
simulate influx into the design space from the out-of-plane direction. Assuming a steady-state solution and
that the effective thermal resistance is measure to a control temperature, that may be a local temperature,
an averaged temperature or a global maximum temperature:

F = Rth,eff =
T ⋆ − Tref

Q̇tot
; where Q̇tot =

˚
Ω

q̇gen dΩ in 2D. (3.5)

Here, T ⋆ represents the control temperature. The objective F depends – on the lowest level – only on the
design variable field and the heat influx distribution into the domain Ω.

This definition for the objective is chosen exactly for that reason: it is dependent only on the design geometry
and the thermal load distribution, which includes the boundary conditions. This means that any optimised
design would bemaximally effective under all total heat influx values or under all temperature constraints, so
long as the heat influx is distributed the same over the domain and only scaled. The argument to support that
the effective resistance is only dependent on this thermal load distribution and the design itself, is provided
in appendix A.1.

Constraints definitions
For specific optimisation cases, additional constraints will apply. Such constraints might include inequality
constraints Gi, for which Gi ⩽ 0:

1. A maximum fluid pressure drop constraint between all fluid outlets and inlets – (3.6a);
2. A maximum temperature constraint on the temperature-controlled section of the design domain –

(3.6b);
3. A maximum average temperature constraint on the temperature-controlled section of the design do-

main or the domain boundary – (3.6c).

G1 =
1

|Γin|

¨
Γin

p dΓ− 1

|Γout|

¨
Γout

p dΓ−∆pmax, (3.6a)

G2 = max (T )− Tmax, (3.6b)

G3 =
1

|Ωt.c.|

˚
Ωt.c.

T dΩ− Tavg,max or G3 =
1

|Γt.c.|

¨
Γt.c.

T dΓ− Tavg,max. (3.6c)

In these constraint functions, the maximum allowable pressure drop between the averaged in- and outlet
boundaries is represented∆pmax. Themaximumallowable temperature isTmax and themaximumallowable
domain- or boundary-averaged temperature isTavg,max. Ωt.c. andΓt.c. represent the temperature-controlled
domains –R2 orR3 – and boundaries –R1 orR2 –, respectively.

Note that any selected objective or constraint function should be fully differentiable to enable optimisa-
tion. As such, the max-function should be approximated using a p-norm approximation applied to, in this
case, the temperature field T .

Optimiser overview and applied techniques
The process for a thermofluidic topology optimisation problem is outlined in figure 3.1.

Design iterations are performed through the gradient-based globally convergent method of moving
asymptotes (GCMMA) as devised by Svanberg (2002). The gradients (sensitivities) of the objective and
constraints are acquired through the adjoint state method. The construction of the specific interpolations
used in the final model, will be covered in chapter 4.
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Initial design Design variable field γ

Filtered design variable field γ̃

Projected design variable field γ̂

Material properties fields interpolation ρ, cp , κ, ρ⋆

DTh(γ̂) FTh(γ̂)

Volumetric body force F Filt. velocity ũ

Flow state fields u, p

Temperature field T

ObjectiveF

Constraints Gi

Convergence testThreshold design at αth

Final design F & Gi sens. analysis

GCMMA design iteration

Figure 3.1: Outline of the topology optimisation process for the single-design variable problem, using a
Darcy-with-filtered-Forchheimer flow penalisation approach. Steps depicted within orange bounds are

(internally) iterative processes.

’Solid’ material in the flow fields solver step will be modelled as a finite-impermeability medium. To this
end, the momentum equations of the Navier-Stokes governing equations are modified to include carefully
constructed penalisation terms for flow in ’solid’ material elements in the volumetric body force termF. The
implementation of the three penalisation implementations outlined by Theulings, Noël, et al. (2025) will
be considered and discussed in section 4.1. An additional implicit penalisation on gradient-parallel flow,
abbreviated IGPP, will be introduced in section 4.2, in an effort to mitigate flow in solid material elements
with the aim of improving the thermofluidic model accuracy in the optimisation loop.

The construction of a sufficiently accurate thermal and thermofluidic model for topology optimisation –
especially considering that the problem involves a heat flux objective, rather than a more commonly used
temperature-based objective – is key to obtaining meaningful optimisation results. The main identified is-
sues that will be discussed and for which mitigation strategies will be proposed and implemented include
the design for non-negligible advective heat transfer in solid-pseudodensity regions by the optimiser and
the approach to deriving interpolation functions for the various relevant material properties and selection of
penalisation parameters for accurate modelling.

3.2. Optimiser model construction
This sectionwill outline the process employed to construct amore accurate (thermo)fluidicmodel for density-
based topology optimisation.

The set-up of the optimisation model is undertaken in several steps, to ease the process of verification
and validation of the model. This stepwise tuning and validation can be done without loss of maximum
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attainable accuracy due to the sequential nature of the solver steps: see figure 3.1. The exception is the
iterative solver process between F and flow fields p and u. Consequently, this process will be regarded as a
single step in the model set-up.

3.2.1. Approach
Firstly, various implementations and parameterisations of the of fluid permeation penalisation will be tested,
as they are outlined in the paper by Theulings, Noël, et al. (2025). These tests will be performed on refer-
ence problems and equivalent discrete-density models will also be used to compare performance of the
continuous-density descriptions to ’reality’. This work is done in section 4.1.

After, the gradient-parallel flow penalisation (IGPP) will be set up in section 4.2, though the concept will
be introduced in section3.3, where an interpolation function ρ⋆(γ̂) is introduced for use in thefluid dynamics
governing equations, such that it effectively reduces flow along projected-pseudodensity gradients.

To evaluate the constructed fluidic model, consisting of the fluid permeability penalisation and IGPP, any
considered implementation will be tested in a two-dimensional ’island formation’ simulation, in which a
circular region of variable but uniform pseudodensity is placed in a uniform velocity field. In the simulation,
the variable pseudodensity is decreased from 1 (fluid) to 0 (solid) gradually, to simulate a solid-material
island forming within the flow field, so that the sensitivities of the constraints and objective may be analysed
in the process of such an island forming. Reference simulations with a discrete solid-fluid interface will also
be performed to compare results.

Then, the interpolation functions forκ, cp and ρwill be constructed to build the eventual thermofluidicmodel,
with a focus on accurate heat flux results through the solid-fluid interface. Evaluation of these functions will
also be undertaken with various simulations, both single- and two-dimensional. This work will be outlined in
section 4.3.

3.2.2. Performance indicators
Since model validation simulations for the optimiser are performed in an effort to quantify the performance
of different implementations and parameterisations on model accuracy, several global performance indica-
tors are used:

Umax = max
Ω

|u| Maximum absolute fluid velocity, (3.7a)

∆P =
1

|Γin|

¨
Γin

p dΓ− 1

|Γout|

¨
Γout

pdΓ Pressure drop, (3.7b)

Ṁ =
1

2

‹
Γ

ρ⋆
u · ∇γ̂
|u · ∇γ̂|

u · dΓ Leakage mass flux, (3.7c)

∂nU =

∣∣∣∣∇u · ∇γ̂
|∇γ̂|

∣∣∣∣
γ̂=αth∈Γ

Normal at-threshold abs. velocity gradient, (3.7d)

Tmax = max
Ω

(T ) Maximum temperature, (3.7e)

Q = −
¨

Γin
ρcpTu · dΓ−

¨
Γout

ρcpTu · dΓ Net domain heat flux. (3.7f )

As the accuracy of the thermofluidic model is highly dependent on the accuracy with which the fluid velocity
field can be simulated, the first three quantities listed are purely measures of fluid model accuracy. Depend-
ing on inlet conditions and the intended purpose of the reference problem in a fluid simulation either Umax
or∆P is used, though the ’normal-to-wall-flow’ reference problem includes both. Meanwhile, quantity Ṁ is
used in simulations to evaluate the efficacy of both selected fluid permeation penalisation schemes as well
as IGPP implementations.
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∂nU , in turn, is a measure of exclusively the fluid velocity field, but is only of importance due to its sub-
stantial effect on heat transfer across a solid-to-fluid interface, provided the leakage mass flux is sufficiently
small.

Then, both Tmax andQ are measures of the thermal and thermofluidic performance in a simulation and
may be used as an optimisation constraint and optimisation objective interchangeably.

3.2.3. Model verification and validation reference simulations
Listed in the following sections are detailed explanations of the various simulations used to evaluate
(thermo)fluidic model accuracy for the continuous-design variable problem that the optimiser will be solv-
ing for. Results will also include those found for an equivalent discrete-density design. Figure 3.2 further
specifies the application of the various reference simulations during the construction of the density-based
thermofluidic optimisation model.

Permeation penalisation
— 1D-AW-F
— 2D-NW-F

Gradient-Parallel penalisation
— 2D-NW-F
— 2D-Island-F

Thermal interpolation functions
— 2D-Plate-TF
— 2D-Island-TF

Optimisation behaviour tests
—Monotonicity study
— Optimality study

Figure 3.2: Outline of the approach to thermofluidic model construction and verification, using Darcy
penalisation, Implicit Gradient-Parallel Penalisation and minimal-complexity thermally-relevant material
properties interpolations. Construction is followed by some simulations to test expected optimisation

behaviour of the model.

The dimensions of the 2D-NW-F, 2D-Island-F/TF and 2D-Plate-TF problem geometries and the approach to
obtaining the discretised equivalent design are provided in section B.1.

Single-dimensional flow-along-wall fluidic simulation (1D-AW-F simulation)
This simulation is a reduced two-dimensional simulation, where the single spatial y-coordinate is taken to
be normal to the fully-developed fluid velocity u(y). This simulation is used to evaluate near-wall flow for
gradient walls in comparison to the velocity profile of the equivalent discrete design.

The simulation can be performed for Darcy (D), Darcy-with-Forchheimer (DF) and Darcy-with-filtered-
Forchheimer (DFF) penalisation schemes for in-material impermeability. The continuous designs simulated
are step functions in the control pseudodensity γ and then filtered andprojected using aHelmholtz PDEfilter
and hyperbolic tangent projection, respectively. The penalisation parameters are kept variable to enable the
analysis of their effect on the along-wall flow profile. The IGPP implementation will be omitted when the
fluid permeation penalisation is tested.

Results are generated using COMSOL’s coefficient formPDEmodules: one of which solves for the filtered
pseudodensity field γ̃ with the Helmholtz PDE filter at ’radius’ Rγ , one solves the single-dimensional sim-
plified flow momentum conservation equation (equation (3.8)) for velocity profile u(y) and – exclusively for
the DFF approach – a final PDE module to solve for the filtered velocity field ũ(y) using another Helmholtz
filter with ’radius’ Ru, applied to the absolute value of the velocity field. The equation that follows is a
single-dimensional Navier-Stokes momentum equation, where the flow permeability penalisation is explic-
itly implemented in accordance with Theulings, Noël, et al. (2025).

∂p

∂x
= µ

∂2u

∂y2
+ f1 (γ̂(y))

µ

h2
u+ f2 (γ̂(y))

ρ

h
Uu (3.8)

In equation (3.8), f2 is 0 for a D-penalisation scheme, U = |u(y)| for a DF-penalisation scheme and U =

ũ(y) for a DFF-fluid permeation penalisation scheme. For the DFF-approach f1(γ̂) and f2(γ̂) are identical,
whereas f2 is modified to double the exponents q and q̂ for Darcy-with-Forchheimer, in accordance with
Theulings, Noël, et al. (2025). For D-penalisation, f1 is also scaled with the elemental Reynolds number
Reh. Note that ∂p

∂x is assumed constant and resembles the pressure gradient in the flow direction. Finally h
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resembles the characteristic mesh size, µ and ρ are material properties, where ρ is kept independent of y at
ρf in this simulation.

The results generated with this reference problem can be found in section 4.1.1.

Two-dimensional normal-to-wall fluidic simulation (2D-NW-F simulation)
This simulation is two-dimensional in x- and y-spatial coordinates. An influx profile is specified on a
boundary section, and a zero-control-pseudodensity wall is specified close behind this fluid inlet. For
illustrative purposes, figure 3.3, depicts the problem geometry and illustrative fluid streamlines for both the
(continuous-density) reference problem the discrete-density equivalent.

(a) Discrete-density design simulation domain. (b) Continuous-density design simulation domain.

Figure 3.3: Domains for two-dimensional normal-to-wall fluidic simulations. Streamlines are added to
indicate the inlet and outlet of the geometry.

The aim of this simulation is to evaluate the through-wall flux, pressure drop andmaximum absolute velocity
for various in-material flow and IGPP penalisation schemes and parameterisations. Specifically, the simula-
tion is performed to find the fluidic penalisation model implementation that will yield the most accurate
velocity vector field and pressure field results compared to the discrete equivalent design, as well as to eval-
uate the efficacy of a gradient-parallel penalisation implementation. To this end, it uses COMSOL’s laminar
flow solver module and a coefficient form PDE solver module to find the filtered pseudodensity field and
filtered velocity field. The in-material flow penalisation formulation is implemented as a volumetric body
force term in the model, specified as F in governing equations (3.3).

The results generated with this reference problem can be found in section 4.1.2 and section 4.2.2.

Two-dimensional island fluidic simulation (2D-Island-F)
Also this simulation is two-dimensional in x- and y-spatial coordinates. A uniform inflow velocity is specified
on the inlet edge and a 0-control-pseudodensity island is specified behind this fluid inlet. Figure 3.4, shows
the problem geometry and illustrative fluid streamlines for both the (continuous-density) reference problem
the discrete-density equivalent.

(a) Discrete-density design simulation domain. (b) Continuous-density design simulation domain.

Figure 3.4: Domains for selected two-dimensional island problem fluidic simulations. Streamlines are
added to indicate the inlet and outlet of the geometry.



3.2. Optimiser model construction 15

The aim of this simulation is to evaluate the through-wall flux, maximum absolute velocity and velocity gradi-
ent at-threshold for the three fluid permeation penalisation schemes, for the various parameterisations. The
implementation of this penalisation as well as the solver is identical to the 2D-NW-F reference problem.

The results generated with this reference problem can be found in section 4.1.3 and section 4.2.2.

Two-dimensional flat plate flow thermofluidic simulation (2D-Plate-TF simulation)
In figure 3.5, the problem geometry and illustrative fluid streamlines are depicted. The problem consists
of a simple geometry, where fluid flows over a flat surface. Heat is generated only in the solid elements
using a RAMP interpolation function q̇gen. The velocity field is fully developed at the inlet and the total mass
flux through the domain equalised between the discrete and continuous problems. This is done explicitly,
since an average-velocity-based inlet condition would act on a relatively longer domain boundary for the
continuous problem.

(a) Discrete-density design simulation. (b) Continuous-density design simulation domain.

Figure 3.5: Domains for selected two-dimensional flat plate flow problem thermofluidic simulations.

This simulation is intended to provide insight into the performance of various relevant material properties
to the thermal problem, κ, cp, ρ, q̇gen, etc. Ultimately, the results will be used to decide on a well-performing
optimisation model formulation. The global variables to the problem, such as pseudodensity projection
function parameters and Helmholtz filtering radius, are carried over from the fluid reference simulations.

With the influx of heat into the domain constructed to be equal between the continuous- and discrete-
density problems, the maximum temperature observed in the field becomes the best measure of the ac-
curacy of any formulation or parameterisation of the continuous problem. This results from the maximum
temperature being both a constraint that will be applied to the problem, as well as ameasure of the domain’s
total thermal resistance under the same heat influx and distribution and fluid velocity field.

The results generated with this reference problem can be found in section 4.3.2.

Two-dimensional island thermofluidic simulation (2D-Island-TF simulation)
The geometry and definition of this problemare identical to those found in the two-dimensional fluidic island
simulation (2D-Island-F). However, added to it, are the conduction-advection equation to solve the tempera-
ture field over the simulation domain and the necessary material properties interpolation functions, as well
as a heat source interpolation. In figure 3.6, the problem geometry and illustrative fluid streamlines are
presented, for both the discrete-density and a continuous-density construction.
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(a) Discrete-density design simulation domain. (b) Continuous-density design simulation domain.

Figure 3.6: Domains for selected two-dimensional island problem thermofluidic simulations.

The objective of these simulations is to evaluate the accuracy of the continuous-pseudodensity formulation
to their discrete-equivalent. This is done for various interpolations of material properties relevant to the
thermal problem should aid in constructing a good optimisation model, as is the case with the 2D-Plate-TF
reference problem.

The results generated with this reference problem can be found in section 4.3.2.

3.2.4. Model optimisation behaviour simulations
Beyond the described reference problems, several checks will need to be performed to evaluate the perfor-
mance of the selected formulations and parameterisations of the model when it is applied in optimisation.
Such checks include: a check for monotonicity of the objective function with the generation of a solid island
in the domain for which desired behaviour is known and a check for optimality of the objective to occur with
the narrowest achievable solid-fluid pseudodensity interface.

The first monotonicity check is necessary to ensure that the optimiser is able to generate any fully-solid
regions into the domain. If the the behaviour of the problem is not monotonous, it may well either design
intermediate-density regions or not design any features at all. It is currently unclear whether or not strict
monotonicity can be achieved and if it is a necessary condition. The tests involve a check on themonotonicity
of both the heat flux and the maximum temperature found in the simulation domain, as both could be used
interchangeably as objective and constraint in optimisation. To further elucidate the results, the design’s
effective thermal resistancewill be considered as a key performancemetric for any continuous-density-based
thermofluidic formulation.

Then, a reference problem is devised to verify that the crispest solid-fluid interfaces result in optimality of
the objective with the constructed model. If so, it serves as evidence that the optimiser will tend to generate
the narrowest intermediate-density regions possible in the projected pseudodensity field, resulting in the
highest achievable accuracy in the model’s results.

The results generated with this reference problem can be found in section 4.4.

3.3. Implicit Gradient-Parallel flow Penalisation – A conceptual exposition
Implicit gradient-parallel flow penalisation for fluidic density-based topology optimisation, or IGPP, refers to
the use of the compressible (steady-state) Navier-Stokes equations, see equations (3.9), for penalisation of
fluid flow into and out of regions and elements of pseudodensities that are associatedwith non-fluidmaterial
properties.

IGPP is ’implicit’, as it does not add any terms to the governing equations or to the constraints or objective
of the problem. Instead, the terms responsible for the realisation of effective penalisation are inherent to the
existing (admittedly, now compressible) fluid dynamics governing equations. It is also ’gradient-parallel’, as
this technique only penalises fluid flow locally, where the gradient of the projected pseudodensity field and
the velocity vector field share a non-zero component. In other words, it only acts where projection of the fluid
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velocity vector field onto the density gradient field fields is non-zero and proportional to the local alignment
of both fields.

As a starting point, consider the compressible Navier-Stokes equations for compressible fluids with uniform
viscosities:

Rm = ρ⋆ (u · ∇)u +∇p− µ∇2u −
(
1

3
µ+ ζ

)
∇ (∇ · u)− F = 0, (3.9a)

Rc = ∇ · (ρ⋆u) = 0. (3.9b)

In this description, Rm denotes the residual vector field of the momentum equation and Rc the residual
scalar field of the continuity equation. In the real solution to the Navier-Stokes equations, all residuals eval-
uate to zero. In simulation, the equations are solved numerically to a specified tolerance.

Through the use of the compressible fluid governing equations, it becomes possible to leverage the conti-
nuity equation (3.9b) by specifying the material density in the fluid simulation to equate to the non-physical
density field ρ⋆(γ̂). The idea is to specify ρ⋆ to be exclusively dependent on the projected pseudodensity vari-
able field γ̂. In this way, the compressibility effects in the fluid are modelled to be purely design-dependent,
instead of pressure-dependent.

Through the design variable-dependent description of this non-physical density, one may derive, from
the continuity equation:

Rc = ∇ · (ρ⋆u) = 0 (3.10)
Rc = ρ⋆∇ · u +∇ρ⋆ · u = 0 (3.11)

Rc = ρ⋆∇ · u + ρ⋆′∇γ̂ · u = 0, (3.12)
(3.13)

where ρ⋆′ denotes the first derivative of ρ⋆ with respect ot the projected pseudodensity variable. Note, from
the last expression, that the residual is made up of two terms, of which the first is also found in the incom-
pressible fluid formulation of the continuity equation, wherein the density – or ρ⋆, in this case – is fully
invariant. The second term, however, includes∇γ̂ ·u, a measure of fluid flow parallel to the design gradient,
or, equivalently, normal to the projected pseudodensity field level contours. It, therefore, provides a means
of control over fluid flow perpendicular to the ’walls’ of a design. The specific interpolation of ρ⋆ with respect
to the projected pseudodensity variable will be addressed in section 4.2.

3.4. Filtered pseudodensity fields and curvature-induced shrinkage
One complexity to the proper analysis of the various reference problems considered in this thesis, in par-
ticular the 2D-Island problem specification (2D-Island-F and 2D-Island-TF), concerns the geometry of the
control pseudodensity field γ defined onto its simulation domain Ω. The issue is that the PDE filter does
not only blur the interfaces, causing larger intermediate-density regions, but also causes the filtered and pro-
jected pseudodensity contours to shift in the domain. In essence, this means that the filtering step alters the
generated design compared to the control pseudodensity variable γ.

This effect is, at least in part, outlined in the paper by Trillet, Duysinx, and Fernández (2021) and should
be accounted for when setting up the discrete reference simulations: if the discrete simulation, that is not
filtered, specifies a larger island diameter than is actually found in the filtered and projected field of the
equivalent continuous-pseudodensity reference problem, this could significantly reduce the accuracy and
the consequent usefulness of the reference simulations.

Now, its filtered pseudodensity field γ̃, will be solved for to illustrate the effect of curvature of the contours of
γ(x) on the position of the contours of γ̃(x) and γ̂(x). Particular focus is placed on how it affects the contour
γ̂ = αth, where αth is defined to be 0.5.
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Since γ is circular in nature in the 2D-Island reference problems andmay be centred on the origin, the control
variable field γ can be defined:

γ(r) = H

(
r − Dγ

2

)
. (3.14)

withH the Heaviside step function. For the PDE filter:

−R2
γ∇2γ̃ + γ̃ = γ. (3.15)

Rγ , the filtering radius that is also responsible for the minimum feature size control, is typically presented
in the form Nγh

2
√
3
. In this expression,Nγ is some number of elements and h the characteristic mesh element

length scale. This thesis makes use ofNγ = 8, unless differently specified.

The solution process to arrive at the closed expression for the filtered density field is covered in appendix
A.2. However, the result is presented as equation (3.16):

γ̃(r) = 1− 1

2π R2
γ

ˆ Dγ
2

0

ˆ 2π

0

K0

(√
r2 + r′2 − 2rr′ cos θ′

Rγ

)
r′ dθ′ dr′ (3.16)
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Figure 3.7: Data on the effective diameter reduction in the projected pseudodensity field as a
consequence of the curvature of the wall as designed in the control variable field relative to the

pseudodensity filtering radius. Evaluated for γ̂ at 0.5.

All data presented throughout this thesis is corrected for this effect. Specifically, the geometries in the
discrete-density simulations corresponding to the two-dimensional ’island’ reference problems are explic-
itly corrected for the reduction in island diameter caused by pseudodensity filtering.



4
Optimisation model construction

4.1. Solid-region fluid permeation penalisation
In the search for an accurate continuous-density model for thermofluidic optimisation, an adequate fluid
velocity penalisation scheme is necessary in order for solid-region flow to be kept to a minimum. In keeping
flow minimal in those regions, the velocity field in the optimiser simulations will more closely resemble the
equivalent discrete design that is obtained by thresholding the continuous design at γ̂ = αth.

For the in-material penalisation schemes, the work of Theulings, Noël, et al. (2025) will be used, wherein
three possible penalisation schemes are laid out for laminar flows with Re greater than 1. While it is im-
portant to mention that Theulings’ work is principally applied to pure flow topology optimisation problems
with pressure drop minimisation objectives, these schemes will be analysed and tuned for applicability to
the extension into a thermofluidic topology optimisation model.

These three penalisation schemes include a Darcy penalisation scheme (D), a Darcy and Forchheimer
penalisation scheme (DF) and a Darcy with filtered Forchheimer penalisation scheme (DFF):

D: F = −10q−q̂(1− γ̂)

10−q̂ + γ̂
Ref

h

µ

h2
u (4.1a)

DF: F = −10q−q̂(1− γ̂)

10−q̂ + γ̂

µ

h2
u − 102q−2q̂(1− γ̂)

10−2q̂ + γ̂

ρ

h
|u|u (4.1b)

DFF: F = −10q−q̂(1− γ̂)

10−q̂ + γ̂

µ

h2
u − 10q−q̂(1− γ̂)

10−q̂ + γ̂

ρ

h
Ũu, where −R2

u∇2Ũ + Ũ = |u| (4.1c)

In the expressions for the D, DF and DFF fluid permeation penalisation schemes, interpolation is achieved
via RAMP interpolation approach. Theulings, Noël, et al. (2025) achieved these general constructions, that
provide a high degree of control over the fluid velocities found in solid regions. In short, their proposed
implementations allow the use of a single parameter q to achieve a velocity reduction in solid elements of q
orders-of-magnitude compared to the maximum velocities found in fluid regions. They also specify q̂ as the
interpolation parameter in their RAMP-functions.

From the advection-diffusion thermal governing equation (equation (3.4)), it is clear that any heat flux
is the result of either diffusion or advection, where, generally, the effect of advection is large even for small
fluid velocities. To the end of creating a sufficiently accurate continuous-pseudodensity model to use in op-
timisation, selecting an in-material flow penalisation that minimises fluid velocity in solid regions effectively

19
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is therefore a necessity. Three tests will be performed to evaluate the penalisation schemes’ relative perfor-
mances based on this and other indicators. The results in this chapter are provided in plots akin to the one
presented in figure 4.1, which is given as a clarification.
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Figure 4.1: Illustration of results plot as depicted for the various reference simulations in this chapter
with comments on its lay-out as clarification.

4.1.1. Along-wall in-material penalisation analysis
Figure 4.2 presents data on the single-dimensional along-wall fluidic simulation (1D-AW-F) performed using
the D-, DF- and DFF-flow penalisation schemes as proposed by Theulings, Noël, et al. (2025) for continuous-
design variable simulation. Eight permutations of values for q ∈ {2, 3} and q̂ ∈ {1, 2, 3, 4} have been sim-
ulated, with the aim of evaluating flow profile accuracy under variation of these penalisation parameters.
Results of the discrete equivalent design are included.

The relevant performance indicators for this simulation are the velocity gradient in y-direction at the
threshold projected pseudodensity (γ̂ = αth) in s-1 and the total volume flux in 10-3 m2 s-1 under constant
pressure gradient.

As a first observation, it is clear that the results appear to be relatively invariant with a parameter r = q̂ − q.
This behaviour is expected, as the variation in the various simulation results is mostly caused by changes in
fluid penalisation in pseudodensity gradient regions and only to a lesser degree in solid-designed regions.
This, in turn, is subject to penalisation near the interface, γ̂ ≈ 0.5, at which penalisation interpolation func-
tions are of the order 10(q−q̂). The only exception to this is the Forchheimer term in the DF-scheme, where
this exponent is doubled.
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Figure 4.2: Selected data from single-dimensional flow analyses. In the left-most plot, the velocity profile
of the fluid is shown for DFF flow penalisation with (q, q̂)-parametisation. In the centre and right plots:
relevant performance indicator figures ∂nU in s-1 and total volume flux in 10-3 m2 s-1 are shown for
various values of q̂, using the three seperate penalisation schemes, where q = 2. In the right-most plot,

the same is shown, where, instead, q = 3. Used global parameters areNγ 8, β 10 andNu 10.
Discrete simulation results are also depicted.

Furthermore, the results show that increasing r leads tomore accurate results on the at-threshold velocity
gradient, but exacerbates the overestimation of total volume flux. The most accurate total flux results are
found between r = −1 and r = 0 for all three penalisation schemes. Generally, the Darcy-only approach
underperforms noticeably (on velocity gradient) in comparison to the DF- and DFF-approaches, though this
relative performance deficit decreases for increased r. No stability or robustness issues are observed.

4.1.2. Through-wall in-material penalisation analysis
In figure 4.3 results of the two-dimensional fluidic simulation of a fluid inlet normal to a wall (2D-NW-F) are
presented. Simulations have been performed for D-, DF- and DFF-penalisation schemes, each for the eight
permutations of q and q̂ that also are used in the single-dimensional along-wall flow simulation.

The first, left-most plot shows the horizontal velocity component in the simulation domain at a vertical
cut plane, located at x 20 mm. It, thereby, intersects the wall at the center of its width. In other words, in the
geometry from figure 3.3, the section is placed at the wall’s vertical mid-plane.

This section plane should provide the most accurate reading of through-wall flow, by not intersecting the
rounded-off corners of the continuous wall that result from the filtering and projection steps to the pseudo-
density. Still, however, the ’curvature’ of the wall at the endpoints will lead to the PDE filter slightly decreasing
the projected width of the wall as a consequence of curvature-induced shrinkage. Wall thickness is 4 mm,
its length is 60 mm at a 20 mm distance from the inlet, pseudodensity projection slope β is set at 10, and
filtering radii to the pseudodensity,Nγ , and to the velocity field for DFF,Nu, are set at 8 and 10, respectively.
Inlet velocity profile maximum is set to be 15 mm s-1.

The quadmesh size is set to be 0.5mm ±3% for all elements in the continuous simulation. All fields are
simulated with linear elements, with the exception of the velocity field, that is simulated using Lagrangian
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Figure 4.3: Data from the 2D-NW-F simulation for the D-, DF- and DFF-penalisations of in-solid flow for
eight (q, q̂)-permutations. The left plot shows flow profiles for x = xwall for illustration. The center and
right plot show data on the relevant performance indicators for q 2 and 3, respectively. Nγ 8, β 10 and
Nu 10. Umax is shown in 10-3 m s-1, Ṁ in 10-3 m2 s-1 and∆P inmPa. Discrete simulation results

are also depicted.

quadratic elements.
The relevant performance indicators from the simulation data are maximum absolute velocity recorded

in the simulation, presented in blue in figure 4.3, the through-wall volume flux (where γ̂ ⩽ 0.5), presented
in red, and the average pressure drop over the entire simulation domain, presented in green.

From the results, it is clear to see that robustness issues with the DF-penalisation scheme occur for (3, 1)-
parameterisation, as the maximum velocity as well as the pressure drop far exceed the values of even the
discrete equivalent problem. Moreover, the DF-penalisation also underperforms dramatically in comparison
to both D- and DFF-implementations for leakage flux for (2, 4)-parameterisation.

Surprisingly, the leakage flux of the Darcy-only penalisation scheme is consistently between 20 and 35%
of both Forchheimer-modified approaches for all parameterisations except (2, 4). A data-driven understand-
ing of the underlying cause of this observed behaviour ismissing. Based on the simulation data, the selection
of Darcy-(3, 1) for fluid permeation penalisation would be obvious as it yields the most accurate results on
these three performance indicators at only a minimal increase in computational effort compared to F = 0.

4.1.3. Island leakage simulation
Figure 4.4 shows the results of the two-dimensional island simulation (2D-Island-F) for the selected fluid
permeation penalisation schemes and parameterisations of q and q̂.

In this island simulation, parameters are selected in accordance with those from the 2D-NW-F reference
simulation, with some exceptions. The control pseudodensity field is designed with a zero-density circular
region with its center at x 60 mm and diameterDγ 10 mm. Outside this region, γ is 1. The uniform normal
inlet flow is defined to to have a magnitude of 5 mm s-1. The mesh is still a 0.5 mm ±3%mesh with square
elements. Quadratic lagrangian elements are used for the velocity fields and linear elements for the pressure
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Figure 4.4: Data from the 2D-Island-F simulation for the D-, DF- and DFF-penalisations of in-solid flow
for eight (q, q̂)-permutations. Both plots show data on the relevant performance indicators for q 2 and 3,
respectively. Nγ 8, β 10 andNu 10. Umax is shown in 10-3 m s-1, Ṁ in 10-3 m2 s-1 and ∂nU in s-1.

Discrete simulation results are also depicted.

field and pseudodensity fields.
The relevant performance indicators found through this simulation data (displayed in figure 4.4) are

maximumabsolute velocity recorded in the simulation domainΩ, presented in blue, the through-wall volume
flux, measured at the vertical measurement line x = xwall in red and the velocity gradient at the threshold
projected pseudodensity on the measurement line in green.

The data shows problems with the Darcy-with-Forchheimer approach similar to those found in the normal-
to-wall simulation: high penalisation with low interpolation coefficients, (3, 1), for instance, lead to stability
problems, with the solver finding dramatically higher maximum velocities. Also, for the more relaxed penal-
isation parameterisations such as (2, 3), (2, 4) and (3, 4), leakage flux is significantly higher than equivalent
Darcy-only and Darcy-with-filtered-Forchheimer implementations. In this simulation, too, the Darcy-only pe-
nalisation outperforms DFF in terms of leakage flux across all simulated parameter permutations, with it
suffering from 40 to 85% of the leakage, comparatively, with this disparity increasing for higher penalisation
and lower interpolation coefficients.

In terms of the velocity gradients found at vertical section line at x = xwall, at the threshold pseudo-
density, it is evident that higher interpolation parameters lead to better results up to a certain point: when
increasing q̂ causes the effective penalisation on leakage flux to deteriorate dramatically, such as observed
between (2, 3) and (2, 4), especially the high-intermediate-density regions (0.5 ⩽ γ̂ ≲ 0.95) suffer from that
increase in fluid velocity. In turn, this causes the resulting velocity gradient at the threshold pseudodensity
to reduce. Following this data, selection of r = −1 yields the best results on modelled velocity gradient ac-
curacy, with all three penalisation schemes suffering from similar inaccuracy, ranging from -14.5% to -12%
to the equivalent discrete simulation.
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4.1.4. Scheme and parameter selection
From the data presented in figures 4.2, 4.3 and 4.4, it is clear that the results, in terms of the selected
performance indicators are fairly invariant with q − q̂ = r. Some robustness problems are observed with
the Darcy-with-Forchheimer approach that are of the same nature as those described by Theulings, Noël,
et al. (2025). While it is much less computationally complex than its filtered equivalent, DFF and, thus,
takes substantially less time, robustness problems appear for integer r, if |r| > 1, limiting its realistically
achievable accuracy across all performed simulations.

The results also show that any parameterisation change, particularly to r, to improve velocity gradient
accuracy comes at the cost of increased leakage mass flux. Given the relatively unknown efficacy the pro-
posed IGPP penalisation, selecting two formulations with meaningfully different parameter r and comparing
those, will provide insight into the most effective parameterisation of the fluid permeation penalisation in
conjunction with their, then individually simulated, IGPP-parameterisations. The better the performance of
IGPP is, the more may be compromised on leakage mass flux performance figures in the fluid permeation
penalisation to improve velocity gradient figures.

Finally, both the Darcy-only and Darcy-with-filtered-Forchheimer schemes are stable within the simu-
lated ranges and problems. Considering the fairly minimal observed performance difference between the
two schemes – Darcy-only even outperforming DFF in some simulations – both will be considered in IGPP
performance evaluation and tuning. Moreover, theD-scheme is particularly interesting due to the substantial
reduction in computational effort it provides in comparison to DFF.

Four fluid permeation penalisations are selected for further testing in the IGPP reference simulations: r is
selected−2 and 1 and applied to, both, D- and DFF- approaches. Simulations will be performed with q = 3,
so q̂ will then be 5 and 2, respectively. This leads to the following selection of implementations and parame-
terisations: D-(3,2), D-(3,5), DFF-(3,2) and DFF-(3,5). Values for r are selected to be very differing between
−2 and 1, since the efficacy of further penalisation is unknown: while the additional implicit penalisation
scheme may benefit from permeation penalisation factors as will be argued in section 4.2, it is also possible
that IGPP will prove to be significantly less effective at already-high penalisation on the Darcy term.

Type q q̂ r Name
D 3 2 1 D-(3,2)
D 3 5 -2 D-(3,5)
DFF 3 2 1 DFF-(3,2)
DFF 3 5 -2 DFF-(3,5)

Table 4.1: Overview of selected permeation penalty schemes and parameterisations for further investigation.

For simulations with q̂ = 5, the efficacy of IGPP in limiting leakage mass flux will need to be very good
and should then automatically lead to accurate velocity gradients at the threshold pseudodensity as a result
of the favourable parameterisation of the fluid permeation penalisation term(s). Conversely, for q̂ = 2, the
efficacy of IGPP in mitigating the leakage flux need not be as good to achieve desired levels, but leaves
the velocity gradient accuracy compromised and in need of a precisely tuned interpolation of ’thermofluidic’
material properties to reach the desired accuracy in simulated heat flux, compared to the discrete-equivalent
problems.

4.2. Implicit Gradient-Parallel Penalisation (IGPP)
In pursuit of more accurate fluid field solver models for density-based topology optimisation problems, con-
sidering specifically thermofluidic modelling accuracy, the results found in section 4.1 are not satisfactory.
The substantial remaining inaccuracies inevitably lead to lesser-optimised topologies, as the optimisation
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model is of too limited accuracy to reality, creating designs that will almost always underperform when phys-
ically realised and implemented.

To improve the continuous-pseudodensity fluidic model, this thesis introduces a new, additional penali-
sation scheme, dubbed IGPP. Introduced in section 3.3, Implicit Gradient-Parallel Penalisation of fluid flow
will now be further elaborated upon and evaluated for performance in this section.

How IGPP should work: a quasi-quantitative estimation of performance
To capture the essence of the manner in which implicit gradient-parallel penalisation on fluid flow achieves
in-solid fluid flow reductions is fairly easily explained. This technique – at least in the implementation as it
is shown throughout this thesis – relies heavily on effective in-solid, or fluid permeation, penalisation. With
the introduction of the reduced-tuning formulations by Theulings, Noël, et al. (2025), adequate control over
this penalisation is possible, meaning some very rough estimates can be made in an effort to quantify the
effect of IGPP. Using the compressible Navier-Stokes equations and a (non-physical) density interpolation
function ρ⋆(γ̂), the following line of reasoning may be reached.

Consider fluid permeation penalisation in accordance with Theulings, Noël, et al. (2025). In their paper, they
find that fluid velocity in solid elements can reasonably be controlled via

|us| ⩽ 10−q u∞. (4.2)

simultaneously, through integration with respect to spatial coordinate x, we find for the continuity equation,
if u = u∞ and ρ⋆ = ρf as x→ −∞:

ρ⋆u = ρfu∞ −
ˆ x

−∞
ρ⋆(γ̂(ξ))

∂v

∂y
dξ . (4.3)

Now assume that along x, pseudodensity starts off at 1 (fluid) for sufficiently negative x, 0 for a solid region
near x = 0 and returning to 1 for large x. As x → ∞, ρ⋆ and u return to ρf and u∞, respectively. Finally, ρ⋆
is constructed such that ρ⋆s = 10−a ρf for some real, positive a. In this case, the continuity expression can
be observed at four values of x: x1 well ’before’ the solid region, x2 within the solid region, possibly close to
its trailing ’edge’ (near to the second intermediate-density region), at x3 just after the second intermediate-
density region and, finally, x4 for which x→ ∞. A two-dimensional schematic depiction of a problem of this
form is given in figure 4.5. Consider, from this particular schematic depiction, y = 0, for which ∂ρ⋆

∂y = 0.
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Figure 4.5: A possible representation of the problem for illustrative purposes. This particular design,
characterised by control variable field γ, is axisymmetric and makes a discrete step, to result in the

sharpest possible interface. Only symmetry plane y = 0 is to be considered.

First, observe for x1 the integrated continuity equation. From γ̂ = 1 for fully-fluid elements, we find that
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ρfu∞ = ρfu∞ −
ˆ x1

−∞
ρ⋆(γ̂(ξ))

∂v

∂y
dξ =⇒

ˆ x1

−∞
ρ⋆(γ̂(ξ))

∂v

∂y
dξ = 0.

This is not particularly surprising: far-field fluid flow is uniform, so negligible ’divergence’ of the fluid occurs
until quite a short distance before the leading edge of the solid feature.

Then, consider the case for x2, where fluid is (somewhere) inside the solid region. We assume that the fluid
permeation penalisation is adequately controllable following the relation in equation (4.2). Also assuming,
for now1, that ρ⋆ may be constructed to yield ρ⋆s = 10−a ρf, one deduces that, in the theoretical worst case:

ρ⋆u|x2
= 10−a−qρfu∞ = ρfu∞ −

ˆ x2

−∞
ρ⋆(γ̂(ξ))

∂v

∂y
dξ =⇒

ˆ x2

−∞
ρ⋆(γ̂(ξ))

∂v

∂y
dξ = ρfu∞

(
1− 10−q−a

)
.

Under the working assumption that x3 − x2 is small, meaning that the intermediate-density region at the
trailing edge of the solid feature in the simulation domain is ’sufficiently narrow’, the assumption

ˆ x3

x2

ρ⋆(γ̂(ξ))
∂v

∂y
dξ = 0

is reasonable, since ∂v
∂y will be negligibly small sufficiently near to the trailing edgewhen flow is not both (nearly)

inviscid and globally irrotational. A case where both conditions are met, would result in potential flow, where
∂v
∂y would be very significant in size near the trailing edge of the solid feature. However, neither condition
is met for the cases considered in this thesis, certainly not both simultaneously. Consequently, one may
assume with reasonable accuracy:

ρ⋆u|x2
= ρ⋆u|x3

=⇒ u|x3
= 10−a−q u∞.

Flow order reduction at x3 is even greater than in the solid domain (x2) as a consequence of the compression
due to the severe compressibility effects introduced with ρ⋆. Since fluid velocity along the gradient of the
trailing edge of solid regions is responsible for the largest contribution to non-physical heat transfer in ther-
mofluidic modelling with a density-based impermeability model, this additional order reduction is expected
to drastically improve thermofluidic modelling accuracy.

Finally, for a sufficiently large x4, one may assume ’convergence’ to have taken place to completion in the
wake of the solid region, resulting in u|x4

= uinfty to within reasonable accuracy. This yields, by extension,
that

ˆ x4

x3

ρ⋆(γ̂(ξ))
∂v

∂y
dξ = −

(
1− 10−q−a

)
ρfu∞.

This consequently, as expected via far-field flow conditions, also implies:
ˆ ∞

−∞
ρ⋆(γ̂(ξ))

∂v

∂y
dξ = 0.

In conclusion, there are some observations to be made and a warning to be issued about this quasi-
quantitative approximation to IGPP’s performance in conjunction with the fluid permeation penalisation
formulations based on the work of Theulings, Noël, et al. (2025).

For one, within the solid region, mass flux is reduced by IGPP if and only if the fluid permeation penal-
isation is able to achieve the desired order reduction as given in equation (4.2), but the fluid velocity is,
theoretically, reduced with order q, not q+ a. Only after ’compression’, due to the increase in ρ⋆ through the
intermediate density region of the trailing edge (from x2 towards x3), is the fluid velocity further reduced to
be a+ q orders of magnitude smaller than u∞. The increased reduction in mass flux in the solid region due

1The relation ρ⋆s = 10−a ρf is permissible under the necessary conditions placed on ρ⋆(γ̂). See section 4.2.1.
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to the introduction of IGPP also directly implies that the mass flux inside the fluid region (around the solid
region) is closer to that found for a discrete-walled design and, theoretically, a more accurate solution to the
flow fields.

As for thewarning, it is important tomention that the efficacy of IGPP is directly dependent on the efficacy
of thefluid permeationpenalisation scheme for any givenproblem: poorer penalisation of fluid velocity leads
to a proportionally poorer penalisation of leakage mass flux and reduced effects of trailing edge velocity
reduction as a direct consequence. A specific issue that may come up is that the drastic reduction in the
non-physical density inside solid elements could cause the fluid permeation penalisation parametrisation
to be unable to achieve the expected order-of-magnitude velocity reduction as it was not derived for such
excessively compressible (i.e. variable-density) flow conditions.

4.2.1. The compressible fluid continuity equation in numerical simulations
While the true residualRc of the continuity equation might be defined as defined above, a discretised equiv-
alent is utilised in finite element or volume methods such as those employed by the numerical models that
are used throughout this thesis. The COMSOL documentation provides the techniques that are available
as termination criteria in the iterative (non-linear) solver. The COMSOL documentation (see COMSOL AB
(2025)) provides the following non-linear solver termination criteria for stationary problems:

√
1

M

√√√√ M∑
j=1

1

Nj

Nj∑
i=1

(
|Ei,j |
Wi,j

)2

⩽ εtol,sol (4.4)

√
1

M

√√√√ M∑
j=1

1

NjW̄ 2
j

Nj∑
i=1

|Fi,j |2 ⩽ εtol,res (4.5)

whereEi,j is the error estimate of element i after a solver iteration corresponding to the numerical solution of
field(s) j,Uj . The error estimate follows from the (damped) Newtonmethod in the non-linear solver. Wi,j is a
scaling factor, which, by default, divides the absolute error by the solution value to result in the elementwise
relative error of i for field j. By default, W̄j is the average of all DoF’s (all i) residuals for the field j. Nj

resembles the number of degrees of freedom in field j andM the number of total fields. Fi,j may be found
through the discrete-equivalent evaluation of scalar field Rc for individual elements i in field j.

While for the residual termination criterion of equation (4.5) it is more straight-forward to find an
appropriately-sized tolerance value, simulations have shown earlier on, that this termination criterion re-
sults to much poorer convergence behaviour. Consequently, the solution-based termination expression in
equation (4.4) will be utilised. Also note, that in both expressions, the left-hand side ’error’ terms of the
inequalities include only the square of the absolute value of the solution error estimate or the residual value.

From hereon, the working out turns problematic. Since the desired outcome of IGPP is for the numerically ☡
solved fluid fields to still exhibit incompressible behaviour and mitigate fluid flow along projected pseudo-
density field gradients simultaneously, it is necessary to devise ρ⋆ in a manner such that the terms do not
’trivially’ cancel. That is

ρ⋆∇ · u = −ρ⋆′∇γ̂ · u

must never hold foru ̸= 0. It is possible for this to occur, because the solver, logically, for compressible fluids,
should allow these results and only limits the absolute square of the residual, |Rc|2. Besides this issue,
defining a solution tolerance εtol,sol that corresponds to the desired tolerance on the continuity equation
residual will require some attention.

Conditions for ρ⋆

In total, two conditions exist that the non-physical density function must adhere to:
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1. ρ⋆(1) = ρf;
2. ρ⋆∇ · u ̸= −ρ⋆′∇γ̂ · u.

Considering the second condition, this expression is realised by the stricter-than-necessary condition that

(ρ⋆∇ · u)
(
ρ⋆′∇γ̂ · u

)
> 0.

Under the assumption that at the gradient in the projected pseudodensity, an adequate, dominant fluid
permeation penalisation gradient is found, it is reasonable to assume that compressive effects (with fluid
velocity decreasing) will occur upon fluid entering into solid regions (decreasing γ̂) and expansive effects
upon increasing γ̂ into fluid regions. Following this reasoning we find that this implies:

(∇ · u) (∇γ̂ · u) ⩾ 0.

Then, finally, this implies

ρ⋆ρ⋆′ > 0 =⇒ ρ⋆′ > 0, if ρ⋆ > 0

as the second necessary condition in the construction of ρ⋆ for effective gradient-parallel flow penalisation.
With this description, flow velocities will generally be increased in the solid regions by the reduction in ρ⋆.
However, since the fluid permeation penalisation is known to be effective in fluid velocity order-of-magnitude
reduction for solid regions, certainly in fully-solid regions, these effects should combine to further reduce
fluidmass flux into solid regions. Note, that the interpolation used for ρ⋆ throughout this thesis will be linear
in γ̂.

A brief note on the additional term in the compressible fluid momentum equation
In the case of successful penalisation of along-gradient fluid flowwith IGPP, as the result of effective construc-
tion of non-physical density interpolation function ρ⋆(γ̂), results should – up to the allowable tolerances –
satisfy the true residual expression, leading to

∇γ̂ · u = 0 =⇒ ∇ · (ρ⋆u) = ρ⋆∇ · u = 0.

It naturally follows, of course assuming ρ⋆ ̸= 0 in the entirety of Ω – as can be ensured through proper
construction –, that∇ · u turns zero in the entire domain. The necessary condition is for trivial cancellation
not to occur within Ω.

With all conditions met,∇ · u being equal to zero in all of the simulation domain, will directly imply that
the gradient of the velocity field divergence, ∇ (∇ · u), should also evaluate to the zero vector in all of Ω.
Consequently, the momentum equation will reduce to its incompressible form.

4.2.2. Reference simulation results for IGPP
Figures 4.6 and 4.7 show the results generated by the 2D-NW-F and 2D-Island-F reference simulations,
respectively, this time including IGPP. The selected fluid permeation penalisation formulations from sec-
tion 4.1.4 are utilised and subjected to a range of ∆ρ⋆ parameter values, including 0, to demonstrate the
effect of IGPP against the case without it.

From the displayed data of the 2D-NW-F simulations in figure 4.6 it is evident that the introduction of
IGPP has a significant relative effect on the performance indicators through its effect on the fluid velocity
fields for all four simulated fluid permeation penalisation formulations, leakage flux decreases substantially
under increasing∆ρ⋆, as it increases the ’strength’ of the gradient-parallel penalisation effect. In the cases of
ineffective penalisation near the threshold value γ̂ = αth, D-(3,5) and DFF-(3,5), the absolute effect of IGPP
on the indicators is greatest: in reducing leakage mass flux dramatically, the fluid velocity field becomes so
much more accurate that it also brings the pressure drop measure within less than 10% error compared to
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Figure 4.6: 2D-NW-F reference simulation results for selected performance indicators. Data is
generated for four impermeability penalisation schemes and with for each seven parameterisations of

ρ⋆(γ̂), with∆ρ⋆ at 0, 100, 200, 300, 400, 500, 999 kg m−3. In the left plot, the maximum velocity
in the simulation domain is shown, in the center plot the leakage mass flux and in the right plot the

average pressure drop over the domain. Discrete simulation results are also depicted.
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Figure 4.7: 2D-Island-F reference simulation results for selected performance indicators. Data is
generated for four impermeability penalisation schemes with for each seven parameterisations of ρ⋆(γ̂),
with∆ρ⋆ at 0, 100, 200, 300, 400, 500, 999 kg m−3. In the left plot, the maximum velocity in the
simulation domain is shown, in the center plot the leakage mass flux and in the right plot the at-threshold
velocity gradient at the vertical mass flux measurement plane through the center of the island. Discrete

simulation results are also depicted.
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the discrete-density reference simulation for∆ρ⋆ equal to 999, despite the poor fluid permeation penalisa-
tion in the intermediate-density region of the problem. While caution is necessary, these results also seem to
support the hypothesis that achieving orders-of-magnitude reduction in leakage mass flux through effective
reduction of ρf −∆ρ⋆ is, in fact, possible for at least some circumstances.

Especially as ∆ρ⋆ approaches ρf, penalisation is very effective, with 999 reducing leakage flux to only
0.4% - 2.5% compared to the case without IGPP.

Meanwhile, figure 4.7 shows that the effect of IGPP on the island simulation (2D-Island-F) is not as pro-
nounced. The reason for this is not entirely apparent. In spite of this, IGPP, with∆ρ⋆ at 999, is still able to
realise a factor 6 to 7 reduction in Ṁ for cases with q̂ at 5 and a factor of approximately 3 for cases where
q̂ is set at 3. Also here, it is apparent that IGPP is working – albeit to a seemingly lesser degree than in
the 2D-NW-F simulation – to increase the velocity gradient indicator ∂nU to more realistic levels and re-
duce leakage simultaneously. The effect of improving the at-threshold velocity gradient is only observed for
q̂ = 5-simulations.

In both of the performed reference simulations, there are indications of possible stability and / or robustness
problems occurring at very high∆ρ⋆: the maximummeasured velocity in the domain as well as the velocity
gradient actually exceeding the discrete simulation results is indicative of such problems, similar to how
these effects are observed for the Darcy-with-Forchheimer fluid permeation penalisation scheme when q− q̂
takes on large values. In and effort to construct an effective, yet robust penalisation scheme for the fluid
solver, some additional simulations are performed to find a more favourable parameterisation of IGPP.
Table 4.2 includes additional 2D-Island-F simulation results for selected parameterisations of the fluid per-
meation penalisation, as well as∆ρ⋆. On the data presented, several interesting observations can be made.
Firstly, under constant q − q̂, the results are nearly completely invariant to change of the fluid permeation
penalisation parametrisation. Then, the effect of increasing ∆ρ⋆ from 990 to 999 has a minimal effect (ca.
1.5%mass flux reduction), despite the expectation that this increase corresponds to ρ⋆s reducing by another
order of magnitude and should reduce leakage mass flux by an order of magnitude in the process. This most
likely illustrates that, for a currently unknown reason, the fluid permeation penalisation in the 2D-Island-F
problem is unable to realise the order reduction us ⩽ 10−q u∞, as the density is guaranteed to drop to the
predefined level at γ̂ = 0.

q q̂ ∆ρ⋆ Ṁ (10−3 kg s−1 m−1) Umax (mm s−1) ∂nU (s−1)

3 4 990 0.4855 6.5488 3.4713
4 4 990 0.1434 6.5246 2.6611
4 5 990 0.4852 6.5487 3.4712
4 5 999 0.4721 6.5511 3.4761
3 3 990 0.1438 6.5246 2.6616
3 3 999 0.1411 6.5249 2.6621

Discrete 0.0000 6.5923 3.5088

Table 4.2: Results of additional 2D-Island-F simulations using Darcy-only impermeability penalisation and
IGPP.

The effect of changing q̂ independent of q, however, is quite astounding: equalising both parameters
reduces flux by a factor of 3 to 4 and also exacerbates velocity gradient error from circa -1% to around
-25%.

Having evaluated all generated data in this section on the efficacy of various parameterisations of this lin-
ear IGPP formulation in conjunction with several selected parameterisations of Darcy-only and Darcy-with-
filtered-Forchheimer fluid permeation penalisation descriptions, the Darcy-only formulation is selected for
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all simulations from hereon. It is parameterised with q 4 and q̂ 5. The IGPP formulation with linear non-
physical density interpolation will be utilised, setting ∆ρ⋆ at 990. This formulation is expected to yield
the best compromise between the accuracy of the velocity gradient at the threshold pseudodensity (approx-
imately 1% error from discrete simulations), to aid thermofluidic simulation heat transfer accuracy, and
sufficiently restrict non-physical fluid mass flux through solid regions, to mitigate non-physical heat transfer
mechanics in thermofluidic simulations.

Furthermore, no overestimation occurs on any of the performance indicators in comparison to the
discrete-equivalent simulations, meaning there is no reason to expect any model robustness- or stability-
related problems throughout further simulation and optimisation. While no performance indicators exceed
the levels of the discrete simulation for∆ρ⋆ equal to 999 either, the performance deficit of choosing 990 is
so minimal, that sacrificing it for additional margin on stability is found favourable.

4.3. Thermofluidic material properties interpolation schemes
With a parameterisation and formulation selected for the fluidic optimisation problem, attention turns to the
construction of the material properties that are relevant to solving the thermal governing equation.

4.3.1. Theoretical approach to realistic thermal field solutions in optimisation
As the starting point to refining the continuous-density model for the most accurate heat transfer results, we
should consider the governing equation for the temperature field:

Rt = ∇ · {κ∇T} − ρcpu · ∇T + q̇gen = 0, (4.6)

wherein T is the temperature field to solve for and q̇gen responsible for the ’influx’ of heat into the simulation
/ optimisation domain – for two-dimensional problems, only. In the case of a real, discretised simulation
domain, the thermal conductivity κ has a zero-gradient in all of Ω. While the conductivity is constant within
the fluid and the solid regions, respectively, it is, however, only piecewise constant in the entirety of Ω: κ is
not C0-continuous in Ω. In fact, the same is true for all material properties fields in any discretised problem.
However, for the other material properties, their solid-element values are not relevant when dealing with
steady-state problems concerning the diffusion-advection equation.

Consequently, if one were to further derive from the governing equation, they would find:

Rt =
∇κ
κ

· ∇T +∇2T − ρcpu
κ

· ∇T +
q̇gen
κ

= 0.

Considering that the maximum value of temperature field T in Ω will be dependent mostly on the efficacy
of heat transfer, that is, the thermal resistance, specifically within fluid-density and intermediate-density
regions, rather than the thermal resistance of the solid features, to achieve high simulation accuracies, the
expression without heat generation term is a decent approximation to the thermal governing equation, to
still obtain adequate results.

Furthermore, since flow velocity field u is defined to be near perpendicular to∇γ̂, it is also near perpen-
dicular to ∇κ = κ′∇γ̂. Considering that all heat is (eventually) advected, we consider this term for now
irrelevant:
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For non-solid regions:
�����∇κ
κ

· ∇T +∇2T − ρcpu
κ

· ∇T +
�

�
��

≈0

q̇gen
κ

= 0

∇2T − ρcpu
κ

· ∇T = 0

∇2T − PeL′

L′
u
|u| · ∇T = 0

∇2T − PrReL′

L′
u
|u| · ∇T = 0

where PeL′ is the dimensionless Péclet number for characteristic length scale L′, ReL′ is the Reynolds num-
ber of the same length scale, and Pr the Prandtl number. Under the premise that the construction of the
interpolation functions for material properties cp, ρ and κ does not allow for any corrections to the tem-
perature field that originate from an erroneous fluid velocity field beyond possibly reducing advective heat
transfer resulting from leakage mass flux, the term PeL′

L′ should be constructed to result in minimal error be-
tween any continuous- and discrete-density problems. Regardless of its size, the characteristic length scale
L′ will be identical in both problems.

Consequently, where q̇gen ≈ 0, results are most accurate when 1
L′ PrReL′ is interpolated to be as close

as possible to the discrete-equivalent throughout Ω.
Since the Prandtl number is exclusively relevant in the fluid- and intermediate-density regions of the

simulation domain, κ and cp need only be accurate for γ̂ ≥ 0.5. As such, one can set cp constant at cf
p, or

4184 J kg-1 K-1. κ may not be set constant, since the heat influx term into solid elements depends on it.
Instead, κ will be interpolated using a hyperbolic tangent function akin to that used for projection of the
filtered pseudodensity field. This way, the thermal conductivity interpolation function is differentiable and
close to the step function that would be expected through the discrete problem.

For the Reynolds number, only one relevant assumption can be made, namely that u in any continuous
problem is solved with sufficiently good accuracy to the discrete simulation results. So long as that holds,
also the Reynolds number need only be accurate in the fluid- and intermediate-density regions, meaning ρ
may be kept constant at ρf (1000 kg m-3), since there is no need to compensate for in-solid advection. Finally,
the heat influx will be interpolated using RAMP.

ρ = ρf (4.7a)

cp = cp
f (4.7b)

q̇gen(γ̂) = q̇max
gen

10−qheatgen(1− γ̂)

10−qheatgen + γ̂
(4.7c)

κ(γ̂) = κs +
(
κf − κs) tanh (βκ(γ̂ − γκ)) + tanh (βκγκ)

tanh (βκ(1− γκ)) + tanh (βκγκ)
(4.7d)

This leaves some parameters to be optimised for: βκ (the ’sharpness’ of the interpolation of κ) and qheatgen
(the heat generation RAMP interpolation parameter), specifically. Parameter γκ will be fixed at a value of 0.5.
Besides these remaining parameters, also the effect of IGPP and the fluid permeation penalisation parame-
terisation will be simulated to provide some insight into the sensitivity of the modelling accuracy to changes
to them.

4.3.2. Reference simulation results for the thermofluidic problem
The figures 4.8 and 4.9 display the results of the performed reference simulations 2D-Plate-TF and 2D-
Island-TF, respectively.
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Figure 4.8: Results of the two-dimensional flat plate flow thermofluidic reference simulation
(2D-Plate-TF). Depicted data are the temperature error between the simulated case and the

discrete-equivalent (in K) in blue and the linearised error in the effective total thermal resistance of the
geometry to the heat influx distribution (in 10-3K W−1) in red. The data is generated for qheatgen

equal to 3, 0 and -3 with q̂ ranging from 2 to 5. For each permutation, βκ is simulated at 10, 30 and
50. q = 5.
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Figure 4.9: Results of the two-dimensional island flow thermofluidic reference simulation (2D-Island-TF).
Depicted data are the temperature error between the simulated case and the discrete-equivalent (in K)
in blue and the linearised error in the effective total thermal resistance of the geometry to the heat influx
distribution (in 10-3K W−1) in red. The data is generated for qheatgen equal to 3, 0 and -3 with q̂

ranging from 2 to 5. For each permutation, βκ is simulated at 10, 30 and 50. q = 5.
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The data presented as ϵR is ameasure of the error of themodel’s total effective thermal resistance. This total
thermal resistance, while it is quite crude and dependent on the specific design under consideration as well
as the heat influx distribution, is, at least, compensated for any deficit in the total heat flux as a result of the
non-linearity of its interpolation function. Considering this total effective thermal resistance as

Rth,eff =
Tmax − Tref

Q̇tot
. (4.8)

The corresponding linearised error in the thermal resistance between the discrete-density solution and any
other continuous-density simulation result is then found to be:

δR =
δT

Q̇disc
tot

−
δQ̇(

Q̇disc
tot

)2 (Tmax − Tref)
disc

, (4.9)

by differentiation and substitution. In this expression δT is the difference between simulations in maximum
recorded temperature inΩ, δQ̇ the total heat influx deviation to the discrete-equivalent simulation integrated
over the simulation domain. For the discrete problems, Tmax are 388.12 K and 387.12 K and Q̇tot 1500.0
W m-1 and 1478.6 W m-1 for the 2D-Plate-TF and 2D-Island-TF problems, respectively.

From the data, it is evident that the effect of q̂, the fluid permeation penalisation interpolation parameter,
on the results is substantial. This is a consequence of the – apparently – much higher sensitivity of the
accuracy of the temperature field to the leakage mass flux, rather than the velocity gradient at the threshold
density. By extension, D-(4,5)-990 is not an adequate formulation to get accurate temperature fields from
the continuous-density problem.

Instead, for both problems, the much more accurate results are found for q̂ = 4 – note that results are
generated with q = 5 – and qheatgen either 0 or−3. In fact, given the relatively small differences observed be-
tween both of these parameterisations, it seems reasonable to assume that the effect of a change in qheatgen
in this region is quite limited. However, to increase the likelihood of the optimality of sharp interfaces, choos-
ing qheatgen larger is advantageous, so 0 is selected.

Furthermore, for the 2D-Island-TF problem, limited gain is seen in increasing βκ from 30 to 50, and so,
limited gain is expected in increasing it further. As such, 50 is selected.

All in all, this results in a thermofluidic formulation that provides, at least for these two specific problems,
accuracy to within 5% to 8% of the discrete equivalent simulation on the maximum observed temperature
andwithin 1%error in the problems’ total effective thermal resistance. Wefind for this parameterisation that
the total heat influx into the simulation domains is 1485.6 W m-1 for the flat plate simulation and 1411.7
W m-1 for the island geometry, corresponding to approximately a 1% and a 4.5% error, respectively. Con-
sidering that specifically the derived effective thermal resistance of the problem, pertaining to the maximum
temperature in the domain, is assumed to be the key indicator for the model’s accuracy, this circa 1% error
greatly exceeds expectations.

Parameter/scheme Value/selection (SI units)
Nγ 8
β 10
γproj 0.5
Permeation penalisation Darcy, RAMP
q 5
q̂ 4
ρ⋆-interpolation Linear
∆ρ⋆ 990
cp-interpolation None, constant
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Parameter/scheme Value/selection (SI units)
cp 4184
ρ-interpolation None, constant
ρ 1000
q̇gen-interpolation RAMP
qheatgen 0
κ-interpolation Hyperbolic tangent proj.
κf 0.6
κs 237
βκ 50
γκ 0.5
µ 9 · 10-4

Table 4.3: Selected model parameters and implementations.

4.4. Optimisation model behaviour-under-optimisation tests
In order to get some sense of the suitability of any thermofluidic formulation as an optimisation model for
density-based topology optimisation, some admittedly fairly rudimentary tests can be performed. Specifi-
cally, in this section, the constructed thermofluidic formulation and parameterisation will be tested for sev-
eral desirable properties: the (strict) monotonicity of the total heat flux and maximum temperature in the
simulation domain during the process of island formation in an otherwise fully fluid design; monotonicity
of the continuity equation residual during the same island formation process; optimality of the sharpest
achievable interfaces in both the 2D-Plate-TF and 2D-Island-TF reference simulations.

While none of these test will guarantee the model to behave as desired during optimisation, they should
at least serve to identify and discard any model that would exhibit any obvious undesirable behaviour.

4.4.1. Monotonicity of objective and constraints in island formation
The plots in figure 4.10 show a selection of the data generated through the island formation simulation
performed. The simulation is identical to the 2D-Island-TF, though with a parameter sweep performed on
the control pseudodensity field’s ’island’ region density: 0 indicates a fully solid island (in the control density)
and 1 corresponds to a fully fluid simulation domain.

Displayed in the upper plot, are the objective, or total heat flux through the domain, and the maximum
recorded temperature in Ω for the case where the interpolation parameter qheatgen of the heat influx RAMP-
interpolation is set at 0. Note that Tref is set to be 293.15 K.

In the lower plot, total effective thermal resistance data is presented for various values of qheatgen through-
out the island formation process. Again, note that the thermal resistance displaced is dependent on both
the design and distribution of heat influx into Ω. It is calculated from Tmax and Q̇tot through equation (4.8).

From figure 4.10, it is evident that both the maximum recorded temperature Tmax and total heat flux Q̇tot
monotonically increase during the island formation process (equivalent to γisland decreasing from 1 to 0). As
a result of the limited numerical accuracy of the model, the derived Rth,eff is ill-defined as the island control
density approaches 1: as the design approaches its fully-fluid form, both the denominator and numerator of
the expression in equation (4.8) approach 0. However, we can make the qualitative claim for the behaviour
of the problem as it nears γisland = 1, that Rth,eff is non-zero and generally well-behaved. The argument for
this can be found in section A.3.

Based on the data presented and the knowledge that Rth,eff is non-zero as the the design nears its fully-fluid
form, the temperature and total heat flux are not only monotonically increasing, they are – on account of
the non-zero gradient at γ̂ = 0 in the RAMP interpolation for heat generation into the domain – even strictly
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Figure 4.10: Data generated using the two-dimensional island formation thermofluidic reference
simulation. In the upper plot, the total heat flux objective and maximum recorded temperature in the
simulation domain are depicted. Results correspond to qheatgen = 0. In the lower plot, the effective
total thermal resistance of the geometry is plotted, given the specific heat influx distribution. Results

displayed are generated with various values of qheatgen.

monotonically increasing in for γisland ∈ [0, 1].
Simultaneously, the fact that 0 and 1 are both localminima in the effective thermal resistance is promising.

This, too, may be an indication that the generated designs through optimisation, when using the thesemodel
configurations, will tend to 0-1-solutions with minimal intermediate density regions, as those appear to be
more ’cost-effective’ on the objective function under the complementary constraint.

4.4.2. Optimality of sharpest interfaces
To verify that an objective – be it maximum temperature-based or total heat flux-based – causes the GCMMA
iterations to converge onto a designwith sharp interfaces is hard. However, in an attempt to gain some insight,
both the 2D-Plate-TF- and 2D-Island-TF-problems are simulated with the constructed thermofluidic model,
this time for various pseudodensity filter radii in the Helmholtz PDE. This is achieved by variation of Nγ .
Note, thatNγ is set at 8 by default. Results are provided in table 4.4.

Nγ 8 10 12 14 16
2D-Plate-TF 0.0624 0.0630 0.0638 0.0648 0.0660
2D-Island-TF 0.0611 0.0651 0.0692 0.0741 0.0803

Table 4.4: Wall sharpness simulation data. Depicted results are calculated effective total thermal resistance
Rth,eff in K m W−1 of the problem in the given design configuration with its respective influx distribution
based on the heat influx interpolation. Results are generated with decreasing ’crispness’ withNγ increasing

from 8 to 16.
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From the results, it is quite clear that increasing the pseudodensity filtering range causes the effective
thermal resistance of the design to increase, leading to less favourable objective function evaluations for
’thicker’ walls or, equivalently, shallower gradients. Since this effect is observed for both problem geome-
tries, this thermofluidic model will be considered acceptable. The observed behaviour also serves as an
indication of the optimality of narrower intermediate-density regions, suggesting that crisper design variable
fields should be found favourable to the objective during design optimisation.



5
Results

5.1. Thermofluidic model performance evaluation
This section covers the results generated to quantify the accuracy of the selected thermofluidic optimisation
model formulation, the gains in accuracy achieved through the current implementation of IGPP in the ref-
erence problems and to quantify the gains in accuracy made when compared to existing schemes. To this
end, the formulation and parameterisation of the problem as constructed by Dilgen et al. (2018) is used, but
the D-(5,4)-990 fluidic penalisation is applied instead, that is also applied in the constructed optimisation
model. This formulation, though likely not the most accurate that exists in literature, is established through
its ability to be used in large-scale (ca. 5million DoFs) optimisation problems. It also appears to have yielded
quite well-defined (crisp) designs, devoid of notable grayscaling issues.

In figure 5.1, the numerically solved temperature fields are displayed for all three considered models as
well as the solution to the discrete-design problem.

Discrete D-(5,4)-990 D-(5,4)-0 Dilgen2018
Tmax 388.32 385.92 385.59 385.59
Q̇tot 1500.0 1485.6 1485.6 1543.5

Rth,eff 0.0634 0.0624 0.0624 0.0599
Rel. Err. (%) ±00.00 -01.58 -01.58 -05.52

Table 5.1: 2D-Plate-TF reference simulation data for various thermofluidic models. Presented are: the
solution to the simulation of the discrete equivalent design, the solution to the constructed model, both with
and without IGPP as well as the selected fludic model with a thermal model taken from Dilgen et al. (2018).

Discrete D-(5,4)-990 D-(5,4)-0 Dilgen2018
Tmax 387.12 379.40 377.08 350.58
Q̇tot 1478.6 1411.7 1411.7 1604.3

Rth,eff 0.0636 0.0611 0.0595 0.0358
Rel. Err. (%) ±00.00 -03.93 -06.45 -43.71

Table 5.2: 2D-Island-TF reference simulation data for various thermofluidic models. Presented are: the
solution to the simulation of the discrete equivalent design, the solution to the constructed model, both with
and without IGPP as well as the selected fludic model with a thermal model taken from Dilgen et al. (2018).

38
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(a) 2D-Island-TF discrete simulation. (b) 2D-Island-TF D-(5,4)-990 simulation.

(c) 2D-Island-TF D-(5,4)-0 simulation. (d) 2D-Island-TF Dilgen2018-990 simulation. n = 3.

(e) 2D-Plate-TF discrete simulation. (f) 2D-Plate-TF D-(5,4)-990 simulation.

(g) 2D-Plate-TF D-(5,4)-0 simulation. (h) 2D-Plate-TF Dilgen2018-990 simulation. n = 5.

Figure 5.1: Temperature fields corresponding to the 2D-Island-TF and 2D-Plate-TF simulations
performed. Data is displayed for the discrete equivalent simulation, the constructed

continuous-pseudodensity model, the constructed model without IGPP and the thermal-problem’s
material properties interpolations as taken from Dilgen et al. (2018). n = 3 has been found to yield the
most accurate results in the 2D-Island-TF simulation and n = 5 for the 2D-Plate-TF simulation. In both

cases, IGPP is applied and the D-(5,4) flow permeation penalisation scheme is used.
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In figure 5.1, the resulting thermal fields of the simulations performed are presented. From these
fields, the only notable observation is that the temperature distribution accuracy of the Dilgen2018-
implementation of the thermal model is considerably less accurate than the thermal model that has been
constructed in this thesis in the 2D-Island-TF problem. Meanwhile, no notable differences are observed
between the four models in the 2D-Plate-TF simulation.

5.2. Flow inverter problem
The flow inverter problem is a problem commonly seen in fluidic topology optimisation, frequently serving
as a reference problem to quantify the performance of new techniques in the research field. This section
covers a 4:1 aspect ratio flow inverter. Select design iterations are shown in figure 5.2. Inflow occurs at
the left boundary of the domain and outflow on the right. A pressure drop constraint of 0.1 Pa is applied
for 0.5 mm s-1 inflow velocity. The objective is to minimise the horizontal velocity component u at the geo-
metric center of the domain. Figure 5.3 shows the evolution of the objective F across the simulated design
iterations.
The results displayed, specifically the visualised last iteration of the projected pseudodensity field, appear
to be quite similar to designs frequently encountered throughout literature. While it is clearly not fully opti-
mised, as can also be deduced from the objective function evaluations plot, some interesting things can be
said about these results.

Both the case with and without IGPP converge fast, in part due to the selected initial pseudodensity field.
Both models appear to be very well behaved throughout the optimisation, with both objectives converging
after a similar number of iterations. It is worthwhile mentioning that the objective value of the model with
IGPP reaches slightly lower values, likely due to reduced leakage fluxes through solid regions. This observa-
tion is supported by the structures found after the final iteration: the solid wall thicknesses designed into
the domain with IGPP are considerably reduced compared to the case without IGPP implemented. This sug-
gests that the model that uses IGPP is able to much more effectively reduce leakage fluxes, even with much
thinner solid features.

Also worthwhile mentioning is that, due to the pressure drop having been applied as a constraint, rather
than an objective, intermediate density regions of considerable size still remain in the design domain, even
after more than 150 iterations.

5.2.1. Discretised design simulation
To evaluate the continuous model once more, figure 5.4 displays the results of the discrete and the continu-
ous optimised design, with respective objective values -13.12 and -14.73 mm s-1. Both simulations satisfy
the pressure drop constraint, with 76.2mPa and 100.0mPa for the thresholded and the continuous-design
variable simulations, respectively.

(a) Velocity field of final iteration (158) with D-(3,2)-990 model. (b) Velocity field of the discretised design.

Figure 5.4: Comparison of the continuous and discrete design after flow inversion optimisation.
Discretisation, or thresholding, occurs at 0.5 projected pseudodensity.

The observed error in the continuous simulation, then, is ca. 31% overestimation on the overall pressure
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(a) D-(3,2)-0 – Iteration 0. (b) D-(3,2)-990 – Iteration 0.

(c) D-(3,2)-0 – Iteration 5. (d) D-(3,2)-990 – Iteration 5.

(e) D-(3,2)-0 – Iteration 15. (f) D-(3,2)-990 – Iteration 15.

(g) D-(3,2)-0 – Iteration 167. (h) D-(3,2)-990 – Iteration 158.

Figure 5.2: Projected pseudodensity of the flow inverter optimisation problem. Optimisation is
performed with D-(3,2)-0 and D-(3,2)-990 fluidic penalisation interpolations. Iterations 0, 5, 15 and

167/158 (the final iteration) are shown.
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Figure 5.3: Flow inverter optimisation objective function evolution for D-(3,2)-990 and D-(3,2)-0.
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drop and approximately 12% overestimation on the objective. The particularly large error found on the
pressure drop can, in part, be attributed to the intermediate-pseudodensity region upstream of the inversion
features. However, the majority of this error will be a direct consequence of the error in the fluid velocity in
the restriction at the inversion point.

5.3. Thermofluidic topology optimisation problems
Unfortunately, it has not been achieved to generate meaningful results in heat transfer optimisation prob-
lems. For an as of yet unknown reason, the implementation of the algorithm in COMSOL, with the proposed
thermofluidic model, is unable to completely define the required Jacobian through sensitivity analysis to
make meaningful design iterations. This issue appears to originate specifically at the sensitivity analysis of
temperature field.

All of the attempted problem geometries have failed in generating any designs, filling the optimisation
domain with a near-uniform intermediate-density. Any changes made to the thermal resistance objective,
the pressure drop constraint or the proposedmodel have not resolved this problem. Also any changes made
to implement various parameterisations of continuation methods onto the fluid permeation penalisation
and IGPP, have not resulted in successful optimisation.

While the optimisation problems are not intended to serve as further evaluation of model accuracy, they are
intended to provide evidence of and insight into the functionality of the model for use in an optimisation
case. Since these results are missing, no evidence is available to support or discredit the current model’s
suitability to topology optimisation problems specifically.

Ultimately, the successful implementation of this or a further-derived model – in COMSOL or in other
software – is left as future work.



6
Discussion

6.1. Evaluation of model validity
This section covers the discussion on the validity and accuracy of the fluidic and thermofluidic models con-
structed and tested in this thesis.

6.1.1. The fluidic model and IGPP
Considering the data from sections 4.1, 4.2 and 5.2, some interesting deductions can be made.

Starting off with the fluid permeation penalisation for fluids in solid elements, utilising the methodology as
outlined by Theulings, Noël, et al. (2025) has proven to be very successful. Indeed, as the work suggests
and presents, their methods allow for the robust control of fluid velocities in fully-solid regions through the
parameterisation of q and q̂, where the former realises an order-of-magnitude reduction upon integer incre-
ment and the latter is the RAMP-interpolation parameter. After having trialled all three of their presented
methods, the Darcy-with-Forchheimer method was excluded on the basis of stability concerns – a problem
also outlined in the paper – and the Darcy-with-filtered-Forchheimer formulation was excluded on account of
the considerable computational overhead. Though, it should be mentioned that the improved convergence
that the DFF-formulation may offer could prove to ultimately yield faster iteration times and ultimately a
shorter overall optimisation runtime. This would require further investigation.

All in all, in so far as this thesis serves as an independent replication of the results shown by Theulings,
Noël, et al. (2025), the results generated are seemingly in agreement with their assessments: for sufficiently
small q, order reduction is indeed achievable, though at values beyond 3, efficacy of the method drops off
quite significantly for each of the three formulations. Furthermore, DFF shows promise as a more effective
penalisation model, with it leading to generally more accurate results for relevantly large Reynolds numbers,
though Darcy, making use of the a-priori elemental Reynolds number estimation, works well for, at least, the
tested subset of problems and parameterisations.

Ultimately, based on the simulations performed in section 4.1, the Darcy formulation was selected with
parameterisation (4, 5). In hindsight, through further evaluation after incorporation of the gradient-parallel
penalisation scheme in section 4.2, this was found to be an error. Thermofluidic simulations performed with
parameterisation (5, 4), specifically with q − q̂ = 1, have generated far superior results.

Nonetheless, even with the quite different in-material flow penalisations D-(3,2) – note that q − q̂ = 1 –
and D-(5,3), the newly introduced implicit gradient-parallel penalisation (IGPP) approach shows promise.
While its current linear interpolation is a crude implementation, at best, still it shows its ability in reducing
flow into solid regions and should, in theory, function as a hard limit on gradient-parallel flow as it is part
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of the numerical residual of the fluid continuity equation. This, however, is also a possible drawback: if
implementation is done incorrectly or not matched properly to the utilised fluid permeation penalisation,
convergence and stability issues are easily introduced into any problem geometry. Conversely, considering
topology optimisation generally relies on being able to explore designs that are not physically realisable,
building a fluid model that is too harsh on such designs will also not aid the optimisation process.

Unfortunately, in spite of any effort, no satisfactory approach has been derived successfully that enables
constructing robust and stable formulations to the non-physical ρ⋆. This holds true for the strength of penal-
isation, its interpolation as well as any dependencies on any selected in-solid flow penalisation. This means
that the selection of any parameterisation in this thesis relies exclusively on the data presented in section 4.2.

Despite all of these issues, still, IGPP has shown great promise; quite effectively penalising flow into (and
out of) solid element regions in the reference problems and thereby reducing leakage mass flux for values
∆ρ⋆ of 990 and 999. Even at smaller values, however, its effect is notable for fluid permeation penalisation
schemes with high interpolation parameters q̂. However, simultaneously, it allows for more realistic fluid
velocity profiles near the threshold value of the projected pseudodensity field, whereas this would require
intricate tuning of q and q̂ and thereby results in lesser accurate flow field solutions. To alleviate possible
convergence issues the somewhat more conservative value of 990 is recommended for∆ρ⋆.

While the selected fluidic penalisation formulation is not intended for use in purely fluidic optimisation,
but rather for utilisation in conjunction with a thermal model for thermofluidic topology optimisation prob-
lems, it is still interesting to explore the results of the flow inverter optimisation problem in section 5.2. The
resulting designs did not present with particularly well-defined design variable fields, nor was grayscaling
properly avoided. Likely, the addition of the pressure drop constraint as an objective instead, would have fur-
ther reduced these intermediate-pseudodensity regions. Nevertheless, the optimisation results have clearly
demonstrated that there is significant potential in IGPP regarding fluidic topology optimisation problems.

6.1.2. The thermofluidic model
While the performance of the fluidic penalisation scheme has not been simulated for and evaluated explicitly,
its relevant performance metrics are captured in the heat transfer reference problems implicitly. This, in
conjunction with the constructed thermal model outlined in section 4.3, also realised the results found in
section 5.1.

The thermal model is constructed to require minimal interpolation and, consequently, tuning. With both
pseudodensity-independent heat capacity and density, only the thermal conductivity of the elements and
the heat generation still require interpolation. As a reasonable compromise betweenmodel accuracy and the
optimisation behaviour of the model, the RAMP interpolation parameter qheatgen for the heat influx is set at
0. To achieve the most accurate possible results, the thermal conductivity of any element should be as close
as possible to the discrete equivalent model, however. To this end, its interpolation is constructed using a hy-
perbolic tangent interpolation, much like the projection function that is applied to the filtered pseudodensity
field. Its parameterisation of βκ, the slope of the function at the threshold projected pseudodensity 0.5, is
taken as 50. While higher values correspond to better results, setting this value too high will result in model
behaviour that is unstable due to the localised high sensitivity of the problem to elements near the threshold
pseudodensity.

Quite clearly, the results obtained through the reference simulations on the proposed density-based thermal
model, especially in comparison to existing thermalmodels such as the one utilised byDilgen et al. (2018) for
circa 5M-DoF optimisation, are very promising. With errors in the reference simulations found to generally
be around 5%, compared to typically up to 30% errors for existing models or roughly 15% in the case of
the model of Dilgen et al. (2018), the proposed techniques and implementation would be considered a
significant improvement and has exceeded initial expectations of achievable modelling accuracy using this
density-based optimisation model.
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6.2. Notes on the problems with thermofluidic optimisation
Considering the optimisation problems have not been successfully executed, no further conclusions can be
drawn about the accuracy of any optimised structures, nor is any information available on the behaviour of
the model, in combination with the objective and constraints, within the optimisation algorithm. However,
as alluded to in section 5.3, there are still some meaningful observations to be highlighted.

It should be mentioned, first of all, that the failure to make the thermofluidic optimisations working, is an
issue caused by time constraints. The available timeframe of this thesis had simply run out prior to the
underlying problem having been identified and resolved.

Regarding this problem, it is most likely one based in user error in the implementation of the model
and solver into the software. There are several indications for this to be the problem: for one, since other
optimisation and simulation runs have worked without problems, likely, the error is a one-off with the partic-
ular implementation of the thermofluidic topology optimisation. While several checks have been performed,
including reconstructing the entire model from scratch, the problem has not been successfully identified.

Simultaneously, it is unlikely to be a problem with the choice in objective function or constraints: chang-
ing the objective or constraint equations has not been found to enable COMSOL to find sensitivities to the
temperature field. Moreover, also changes made to the model itself – reduction of penalisation factors and
using interpolation functions with reduced gradients – have not helped. Though comparative inspections of
the entire algorithm implementation to, for instance, the fluidic optimisation problem have been conducted,
no discrepancies have been observed. Even so, this issue is expected to be an implementation error through
the principle of parsimony: it offers the simplest explanation of all observations, despite the inspection of
the models against one that is known to work. Realistically, an implementation error has been overlooked.

Finally, given the demonstrated potential gains in modelling accuracy for fluid systems, further study to
implement IGPP successfully in thermofluidic optimisation problems could well prove a worthwhile endeav-
our.



7
Conclusion

7.1. Conclusions on remaining research questions
In section 1.1 the main research question is posed:

How can thermal and fluidic requirements be combined into a sufficiently accurate multidisciplinary topology opti-
misation method?

In section 2.3, after the literature review, the initial research questions have been revisited and revised. The
resulting open-ended sub-questions may be addressed:

• How may a sufficiently accurate fluid velocity field solution be achieved? Is the work of Theulings, Noël, et al.
(2025) adequate, or are additional steps required?

• How can the various material properties be interpolated for density-based topology optimisation to achieve
accurate temperature field results?

• How does the proposed approach perform on reference problems and optimised designs?

To address the sub-questions, in order of appearance:

• Themethod introduced by Theulings, Noël, et al. (2025) is a useful starting point towards the construc-
tion of a model that enables effective fluid permeation penalisation. To achieve the necessary amount
of order-of-magnitudes in fluid velocity in solid regions for accurate temperature field solutions, IGPP
has been introduced as a new technique to realise further penalisation to achieve improved velocity
field solutions;

• Starting from the thermal governing equation, minimalmaterial properties have had to be interpolated
through the analysis of the non-dimensionalised PDE. Through this approach, a simple-yet-effective
thermofluidic model has been constructed in which only the thermal conductivity is an interpolated
material property;

• The complete thermofluidic density-basedmodel that has been constructed has been verified to reach
a roughly 5% error on heat flux values and temperature field solutions. This error is attributed in
large part to the ’blurred’ heat influx in the intermediate density regions, as the errors on the thermal
resistance of the reference simulations are found at 1.5 and 6.5%, for the 2D-Plate-TF and 2D-Island-
TF geometries, respectively. For comparison, the thermofluidic interpolation scheme of Dilgen et al.
(2018) implementedwith the constructed fluid permeation penalisation and IGPP, sees errors of 5.5%
and 43.7%, respectively, when compared to the discrete-equivalent model.
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Then, to answer the main research question, the results from the various sub-questions may be extended:

For any density-based topology optimisation method or implementation to generate results that are accu-
rate to, at least, results generated by the ’true’ simulation of the same design after post-processing, i.e. in its
physically manufacturable form, several components are key. First off, the temperature field is calculated,
through the advection-diffusion equation and includes the velocity field solved for prior. And so, the em-
phasis in the pursuit of accurate heat transfer results should lie on the construction of material properties
interpolations that are as accurate as possible in the simulation domain to those found in the equivalent
discrete problem as well as an accurate solution of the fluid velocity field.

To this end, the interpolation functions havebeenderived effectively from the thermal governing equation.
This has been done using some simplifying assumptions and differentiable approximations to the theoretical
(discrete) material properties.

Thereafter, to generate the fluid velocity fields with the necessary accuracy for any given continuous-
pseudodensity design, two methods are employed: reduced-tuning fluid permeation penalisation on fluid
flow in solid-designed elements and IGPP, implicit gradient-parallel penalisation onfluid flowalong gradients
in the design, or projected pseudodensity field. IGPP has not so much enabled the more accurate solving of
the velocity field independently, but, specifically, IGPP has been instrumental in enabling higher penalisation
factors in the fluid permeation penalisation, reducing flow in solid regions of the design. This way, the non-
physical advection in solid elements has been effectively mitigated in the reference simulations.

So, then, with the formulations as outlined in chapter 4, it is clear that, despite a lack of data on optimised
thermofluidic topologies, the constructed model yields accurate heat transfer results for the devised refer-
ence problems. In fact, errors between the thermal resistance modelled in the optimisation simulation and
the post-processed design simulation are reduced to circa 5% across simulations. Errors on the model’s
thermal resistance – an arguably better metric for thermofluidic model accuracy – are found to be in the
range of 1.5 to 6 % for the 2D-Plate-TF and 2D-Island-TF reference simulations.

Specifically on the techniques for fluidic penalisation covered in this thesis, some additional remarks are in
order.

Theulings, Noël, et al. (2025) have provided, with their paper, work that was instrumental to this research.
This thesis has managed to implement their work and has not made any observations of stability or robust-
ness issues beyond those relayed by the authors of the paper.

Then, regarding the implementation of Implicit Gradient-Parallel Penalisation of fluid flow, this thesis has
only explored the possibility of incorporating a linear interpolation to the non-physical density ρ⋆. While the
potential of this technique has been demonstrated, at least to some degree, through the reference problem
results, further exploration of improved interpolations could yield significant returns in terms of computa-
tional effort, numerical stability, model robustness and model accuracy. As a further note, the flow inverter
optimisation case has demonstrated the desirable effects that IGPP seeks to realise compared to a fluidic
optimisation model consisting only of a permeation penalisation scheme. This means that the efficacy of
IGPP is demonstrated, despite the lack of implementation into a thermofluidic optimisation problem in this
thesis.

7.2. Recommendations for future research
Despite any potential progress made in this thesis to the field of thermofluidic topology optimisation re-
search, several open-ended questions and unsolved problems with this methodology remain. Moreover,
several clear extensions to the presented implementation and techniques can be considered in any future
research.

First and foremost, the thermofluidic model as it is presented in this thesis should be applied to a thermoflu-
idic optimisation problem. This might well turn out to require modifications to the interpolation function
used in the IGPP scheme, or a variation of the parameters used in the Darcy penalisation scheme. While the
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discussion in section 6.2 possibly presents an argument against the need to change the parameterisation
of the model, this is no guarantee. It would be advisable to simply rebuild the model and an optimisation
problem at first, from scratch and possibly in a different software, to verify if it can be made to work, rather
than trying to identify what is likely a specific implementation error.

Furthermore, a thermofluidic optimisation implementation of the model should be prepared to verify its
accuracy in an optimisation setting: the usefulness of the model is solely based on its ability to be utilised
in practical applications. After optimisation results have been found to be successfully generated, a further
study on their accuracy to their equivalent post-processed discrete-density design would be ideal in an effort
to further validate the claims of accuracy made in this thesis.

Concerning the model and approach as they are presented in this thesis: in some cases, convergence
issues have been observed with higher penalisation factors. The mitigation of these issues requires further
investigation, but lies beyond the scope of this thesis. The implementation of continuationmethods into the
proposed model formulation is likely necessary to circumvent these issues.

Besides this, quite some extensions to the model as it is presented in this thesis as well as its techniques
canbe thought of. Perhapsmost obviously, a framework that enables proper interpolation of the non-physical
density used in IGPP would be a good addition. Instead of the current linear interpolation, an interpolation
that is constructed to match a fluid permeation penalisation scheme such as Darcy-only or the Darcy-with-
filtered-Forchheimer, possibly even be parameterised using the same variables q and q̂, might prove very
effective in reducing convergence problems and reducing fluid velocity through ’solid’ elements.

Concerning the penalisation schemes against in-material flow, a study into the additional computational
complexity of the DFF- and possibly DF-implementations, when compared to the more conventionally used
Darcy penalisation, would be useful to increase understanding of these methods and of the feasibility of
adopting them into a larger-scale design case.

The implementation of IGPP in turbulent flow problems and in compressible flow problems also might be
worthwhile investigating. Considering the compressible Navier-Stokes equations are utilised to enable IGPP,
the construction of a multivariate function for the ’non-physical’ density used that depends on the element
pseudodensity, as well as the fluid pressure (and possibly temperature), is necessary, but might prove to be
a challenge.

If the scope was further expanded, a study into the functionality and performance of the constructed
model in (thermally) transient problems, too, could prove to be a valuable endeavour. Specifically in higher-
performance applications, the effect of thermal load variations might prove to have a large impact on the
designed optimal topologies, as the design iteration algorithm could, for instance, strategically placematerial
to increase thermal inertia, effectively modifying the thermal frequency response of any given design.

7.3. Closing remarks
Throughout this study on thermofluidic modelling and its implications for topology optimisation, some fairly
fundamental issues have been observed.

Starting off with penalisation of flow in ’solid’ elements. While the method by Theulings, Noël, et al.
(2025) presents a leap in the effective penalisation of flows for moderate Reynolds numbers and for laminar
flows, in particular, it, much like other penalisation schemes for fluid flow optimisation, still relies on some
minimal leakage velocity for penalisation to occur. As penalisation factors increase, this required leakage
velocity (and the resulting mass flux) decreases, but does not disappear.

While also IGPP can help reduce this leakage flux, still this increase in fluid permeation penalisation
brings with it at least three problems: for one, through this method, achieving the 5 - 7 orders of magnitude
of leakage flux reduction in solid elements compared to fluid elements for accurate thermal modelling and
realistic optimised topologies, is nearly, if not fully, unachievable. Secondly, in increasing the penalisation
factors and with reducing velocities, numerical errors become large compared to the ’real’ velocity field. This
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leads to convergence and stability issues that are inherent to the model. Finally – IGPP is particularly sus-
ceptible to this – harsh penalisation may easily become too harsh: especially without proper continuation
methods to gradually increase penalisation during the optimisation routines, the algorithm will converge
immediately on a local ’optimum’ or the solver will simply not converge.

To mitigate some of these problems, it is possible to imagine the construction of a penalisation that does
not force higher penalisation factors on terms linearly dependent on the local fluid velocity. Instead, perhaps,
a penalisation that consists of lower-order terms of the velocity will prove more effective: a penalisation of
the square root or even cube root of the local absolute velocity or filtered velocity, could help reduce the size
of penalisation terms and reduce numerical instability and divergence issues in the process in solid regions,
when velocities become particularly small.

Finally, some remarks also pertain to topology optimisation for use in thermofluidic design problems and
the selection of density-basedmethods for these problems. In general, density-based approaches are funda-
mentally poorly suited to heat transfer problems where heat is transferred across solid-fluid interfaces, given
its innate inability to define crisp interfaces. Perhaps with the exception of implementations that make use
of advanced FEA techniques, such as XFEM or equivalent XFVM implementations, optimisation methods for
which such interfaces are inherently defined, level-set methods, for example, will always be more accurate in
modelling heat transfer.

Moreover, should flow velocities increase in any design problem, and Reynolds numbers with it, or when
dealing with a different fluid medium, the introduction of turbulence into the model may become unavoid-
able to achieve model accuracy. Considering the high sensitivity of turbulent boundary layer modelling accu-
racy to simulation domain meshing, specifically also considering the criticality of capturing the viscous sub-
layer with sufficient accuracy to achieve desired model heat transfer accuracy levels, density-basedmethods
are likely never going to be able to model heat transfer within any reasonable margins. At least, not unless
utilising extensive re-meshing every design iteration with an exceptionally robust algorithm to do so.

Methodologies to account for the knock-on effects – consider for instance the effect of re-meshing on
sensitivity analysis for gradient-baseddesign iteration schemes such as (GC)MMA–are not ready and, frankly,
computational power, as it stands, would likely not be able to optimise such structures with any reasonable
degree of model accuracy regardless. Considering that the computational power of modern-day clusters still
leads to weeks of optimisation time even onmodestly-sized two-dimensional problems with isothermal flow,
albeit using discrete evolutionary methods, the computational overhead of the required additional steps is,
with the state of current computing power, likely unmanageable within any reasonable timeframe.
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A
Derivations and arguments

A.1. Argument for the thermal resistance independencies
Consider the conduction-advection governing equation for the temperature field, see equation (3.4):

∇ · (κ∇T )− ρcpu · ∇T + q̇gen = 0. (A.1)

Note that this equation is linear in the temperature field T and gradient ∇T and heat influx (field) qgen.
Assume, then, that a design remains unchanged, but heat influx is increased by some factor ξ in its existing
distribution, both by the linear scaling of the field and by the linear scaling of the relevant heat flux boundary
conditions on the domain, both with ξ. Note, then, that through

{κ∇+∇κ− ρcpu} · ∇T = −q̇gen (A.2)

shows a linear relation between the temperature gradient vector field and the heat influx field (and / or influx
boundary conditions). As such, scaling factor ξ, will simply result in scaling∇T to ξ∇T . By extension, since
the domain is unchanged, the temperature field is scaled, such that T − T ref becomes ξ

(
T − T ref). This

also implies that any linear, even non-differentiable, function of T , denoted T ⋆ as the control temperature,
such as the global maximum temperature or a region average temperature are scaled to ξ

(
T ⋆ − T ref).

Finally, one finds that any scaling factor does not affect the quantity

Rth,eff =
ξ
(
T ⋆ − T ref)
ξq̇gen

=
T ⋆ − T ref

q̇gen
(A.3)

so long as boundary conditions are scaled accordingly (to allow for identical thermal load distribution) and
the design is unchanged. For this argument, the heat influx distributionmay also be integrated overΩ to yield
the total influx Q̇tot, to arrive at the same conclusion, if the influx distribution is kept constant implicitly as
a condition to the total influx Q̇tot.
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A.2. Derivation of the filtered pseudodensity field in the 2D-Island-F/TF ref-
erence problems
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Figure A.1: Schematic representation of the 2D-Island reference problem specification. The design,
characterised by control variable field γ, is axisymmetric and makes a discrete step, to result in the

sharpest possible interface. The desired positions of stagnation points along the x-axis are also depicted.

From the axisymmetric nature of γ in the 2D-Island reference problems, as depicted in figure A.1, the control
variable field γ can be defined:

γ(r) = H

(
r − Dγ

2

)
. (A.4)

withH the Heaviside step function. For the PDE filter:

−R2
γ∇2γ̃ + γ̃ = γ. (A.5)

Rγ , the filtering radius that is also responsible for the minimum feature size control, is typically presented
in the form Nγh

2
√
3
. In this expression,Nγ is some number of elements and h the characteristic mesh element

length scale. This thesis makes use ofNγ = 8, unless differently specified.
To ensure the inhomogeneous second-order PDE is readily solvable, the inhomogeneous term’s function,

defined as f(r), will need to have compact support: be non-zero in only a finite region ofR2. γ(r) in its cur-
rent form does not have compact support. To this end, one redefines the PDE problem in terms of unknown
field A(x) and finds:

∇2A(x)−
(

1

Rγ

)2

A(x) = 1

R2
γ

(
1−H

(
|x′| − Dγ

2

))
= f(x′).

In this description, f indeed has compact support and fieldA(x)may be solved for using a Green’s function
G for a screened Poisson equation:

A(x) =
ˆ
R2

G(x,x′)f(x′) dx′ ;

where G(x,x′) = −(2π)−n/2

(
1

|x − x′| Rγ

)n/2−1

Kn/2−1

(
|x − x′|
Rγ

)
,

where n equals 2, for the spatial dimensionality of the problem andKν is a modified Bessel function of the
second kind. Alternatively, this problem can also be solved using the Green’s function for the Helmholtz
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differential operator. This leads to multiplication of Rγ with the imaginary unit and the use of a Hankel
function of the first kind with purely imaginary input, which ultimately yields the same result.

Utilising the screened Poisson equation’s Green’s function, for the field A(x) follows:

A(x) =
ˆ
R2

− 1

2π
K0

(
|x − x′|
Rγ

)
1

R2
γ

(
1−H

(
|x′| − Dγ

2

))
dx′

A(x) =
ˆ
|x′|⩽Dγ

2

− 1

2π
K0

(
|x − x′|
Rγ

)
1

R2
γ

dx′

Expressing x and x′ in polar coordinates and with the insight that the problem is axisymmetric and therefore
A is exclusively dependent on r, meaning θ may be omitted and θ′ could be interpreted as the angle of x to
0 to x′ in this particular geometry:

A(r) = − 1

2π R2
γ

ˆ Dγ
2

0

ˆ 2π

0

K0

(√
r2 + r′2 − 2rr′ cos θ′

Rγ

)
r′ dθ′ dr′

Finally, from the conversion toA, γ̃ = A+1, and utilising this result, one may calculate the reduction of the
contour diameter at which γ̂ = 0.5, compared to Dγ . These numerically simulated results are depicted in
figure 3.7. Note that, with a hyperbolic tangent projection as it is used throughout this thesis, γ̂ = γ̃ at 0.5.

A.3. Argument for the monotonicity of the effective thermal resistance at
near-fluid projected pseudodensity values during island formation

Consider the control pseudodensity field γ to be of the form

γ(r) = 1− (1− ψ) H

(
r − Dγ

2

)
, (A.6)

where Dγ is the island diameter in the control variable field and ψ the pseudodensity in the island region,
with ψ ∈ [0, 1].

Considering that, in the reference problems, q̇gen(γ̂) is dependent solely on the local projected pseudo-
density γ̂, its distribution remains unchangedwith uniform scaling by changingψ. The conduction-advection
governing equation for the temperature field reads:

{κ∇+∇κ− ρcpu} · ∇T = −q̇gen. (A.7)

Should ψ approach 1, leading to a near-fluid island region, the evaluation of the effective thermal resistance
of the design becomes non-trivial. However, suppose we may take the derivative of the governing equation
with respect to ψ:

{
dκ
dψ∇+∇

{
dκ
dψ

}
− d {ρcp}

dψ u − ρcp
du
dψ

}
· ∇T + {κ∇+∇κ− ρcpu} · ∇

{
dT
dψ

}
= −

dq̇gen
dψ (A.8)

Realising that the properties in this equations depend on γ̂ rather than ψ, use the chain rule to find:

dγ̂
dψ =

∂γ̂

∂γ̃

dγ̃
dψ . (A.9)
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Known is the expression for the filtered field for this problem, given as

γ̃(r) = 1− 1− ψ

2π R2
γ

ˆ Dγ
2

0

ˆ 2π

0

K0

(√
r2 + r′2 − 2rr′ cos θ′

Rγ

)
r′ dθ′ dr′ . (A.10)

Should one differentiate this expression with respect to ψ, the resulting derivative of the field will be found
to be a not globally-zero, even a ψ-independent field, as

dγ̃
dψ =

1

2π R2
γ

ˆ Dγ
2

0

ˆ 2π

0

K0

(√
r2 + r′2 − 2rr′ cos θ′

Rγ

)
r′ dθ′ dr′ (A.11)

Since a hyperbolic tangent projection is used to project the filtered field γ̃ and under a = 0.5, one finds, so
long as β ∈ R and finite:

∂γ̂

∂γ̃

∣∣∣∣
γ̃=1

=
β

sinhβ > 0 (A.12)

As a consequence, even if ψ = 1, representing a fully fluid domain, any reduction in ψ – remember that 1 is
its maximum permissible value due to the bounds on the pseudodensity fields – leads to a non-zero change
in the projected pseudodensity field γ̂.

Furthermore, with a non-zero change in γ̂, one may note that κ, u and q̇gen all change by some non-zero
amount locally inΩ. Note also that ρ and cp are constructed constant in this thesis and therefore will evaluate
to zero-value derivatives with respect to γ̂.

As evidence of these prepositions, the following: under infinitesimal change dγ̂, dκ is non-zero in a man-
ner fully equivalent to pseudodensity projection, since it also uses a hyperbolic tangent projection, only is
the parameter β to be exchanged for βκ ∈ R. For u, a finite change in the velocity field du ̸= 0 is observed
as the Darcy, or equivalently DF and DFF, penalisation scheme against flow permeation is interpolated us-
ing a RAMP function. Since RAMP interpolation functions are constructed explicitly to feature to a non-zero
gradient for γ̂ ∈ [0, 1], a non-zero change will be observed in the resulting velocity field as well under design
change dγ̂. Also q̇gen is interpolated using a RAMP interpolation function, so the same argument applies.

Finally, it is understood that, at uniform design γ̂ = 1 due to ψ = 1, representing a fully-fluid design in Ω,
the heat influx equals 0, and the temperature field will be constant at T = Tref = Tinlet. This implies that
any change to ψ away from 1 results in non-zero changes to all material properties following the chain rule.
As such, even though∇T = 0 in all of Ω in the fully-fluid design, it is found:

����������������������: 0{
dκ
dψ∇+∇

{
dκ
dψ

}
− d {ρcp}

dψ u − ρcp
du
dψ

}
· ∇T + {κ∇+∇κ− ρcpu} · ∇

{
dT
dψ

}
= −

dq̇gen
dψ < 0 (A.13)

where, due to the linearity of all differential operators in the resulting terms:

dq̇gen
dψ > 0 =⇒ dT

dψ > 0 globally. (A.14)

Then:

dT
dq̇gen

> 0 =⇒ Rth,eff (A.15)



B
Problem specifications

B.1. Reference problem dimensional specifications and process to obtain-
ing discrete equivalent designs

B.1.1. 2D-NW-F geometry

Figure B.1: Design geometry of the 2D-NW-F reference problem. Depicted is the projected
pseudodensity field and streamlines of the velocity field for illustrative purposes.

The domain is 150mmwide and 80mm tall. The fluid inlet is specified on part of the left wall of the domain,
is centred and has a length of 20 mm. A symmetric parabolic profile is specified on the horizontal velocity
component at the inlet, with a maximum velocity of 10 mm/s. The entire right wall is a zero-pressure outlet
and the upper and lower walls are slip walls.

The internal wall is defined with a rectangular region of 4 mm wide and 60 mm tall where zero-control pseu-
dodensity is applied. The center of the wall is placed 20 mm behind the inlet face. This field is then still
filtered and projected using the specified methods in this thesis. The discrete equivalent problem geometry
is obtained by filtering Ωby the condition γ̂ ⩾ αth = 0.5.
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B.1.2. 2D-Island-F/TF geometry

Figure B.2: Design geometry of the 2D-Island-F and -TF reference problems. Depicted is the projected
pseudodensity field and streamlines of the velocity field for illustrative purposes.

The domain is 150 mm wide and 80 mm tall. The fluid inlet is specified on the left wall of the domain, with
uniform horizontal velocity of 5mm/s. The entire right wall is a zero-pressure outlet and the upper and lower
walls are slip walls.

The island is defined with a circular region of diameter 10 mm, centred around the point at the average
height of the domain and 60 mm behind the inlet face. In the circular region zero-control pseudodensity is
enforced. This field is then still filtered and projected using the specifiedmethods in this thesis. The discrete
equivalent problem geometry is constructed with the same specification, but with an island diameter of 9.70
mm to adjust for the shrinkage effect induced by the filtering of the control pseudodensity field.

B.1.3. 2D-Plate-TF geometry

Figure B.3: Design geometry of the 2D-Plate-TF reference problem. Depicted is the projected
pseudodensity field and streamlines of the velocity field for illustrative purposes.

The domain is 150 mm wide and 80 mm tall. The fluid inlet is specified on the left wall of the domain, as a
fully developed flow with an average velocity of 5 mm/s. The entire right wall is a zero-pressure outlet and
the upper and lower walls are slip walls.

The plate region is defined with a rectangular region of height 10 mm in the bottom 10 mm of the total
domain. It spans the entire width of the simulation domain and in it, zero-control pseudodensity is enforced.
This field is then still filtered and projected using the specifiedmethods in this thesis. The discrete equivalent
problem geometry is constructed with the same specification as it does not need to be adjusted for shrinkage
effects due to filtering, considering the control variable field contours have no curvature.
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