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A graph H is a vertex-minor of a graph G if it can be reached from G by the successive
application of local complementations and vertex deletions. Vertex-minors have been the
subject of intense study in graph theory over the last decades and have found applications
in other fields such as quantum information theory. Therefore it is natural to consider
the computational complexity of deciding whether a given graph G has a vertex-minor

isomorphic to another graph H. Here we prove that this decision problem is NP-complete,
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NP-complete

even when restricting H and G to be circle graphs, a class of graphs that has a natural
relation to vertex-minors.
© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the

CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

A central problem in graph theory is the study of ‘sub-
structures’ of graphs. These substructures are usually de-
fined as the graphs that can be reached from a starting
graph by a given set of graph operations. An well-studied
example of such a substructure is the graph minor, where
the central question is to decide whether a graph G can
be transformed into a graph H through the successive ap-
plication of vertex deletions, edge deletions, and edge con-
tractions [1]. If this is the case we call H a minor of G.
Many graph properties, such as planarity, can be tested by
checking whether a graph has certain minors. In particular
the Robertson-Seymour theorem [2] states that every set
of graphs which is closed under taking minors is charac-
terized by a finite set of forbidden minors." To check if a
graph is in the set, one can therefore check whether it con-
tains one of the forbidden minors. For example, the set of
planar graphs is closed under taking minors [3] and so is
the set of graphs of tree-width at most k, since tree-width
can not increase under taking minors [4]. The problem
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1 Also called obstructions.
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(MINOR) of deciding whether a graph H is a minor of G
is NP-complete when both H and G are part of the input
to the problem [5]. However, given a fixed H, we can de-
fine the problem (H-MINOR) of deciding whether H is a
minor of G, where only G is part of the input. As shown
in Robertson & Seymour’s seminal series of papers [2], H-
MINOR is solvable in cubic time for any graph H.

Since then a great variety of minor-relations has been
defined and for many of those the complexity has been
studied. Recently, minor-relations related to the graph op-
eration of local complementation, i.e. vertex- and pivot-
minors, have received particular attention. These two mi-
nor structures have been studied within the graph theory
community [6-9] but have also found surprising applica-
tions outside of it, notably in the field of quantum infor-
mation science [10-15]. Similarly to tree-width for minors,
a complexity measure of graphs called rank-width can not
decrease under taking vertex-minors. Furthermore, it has
been shown that every set of graphs with bounded rank-
width which is closed under taking vertex-minors is char-
acterized by a finite set of forbidden vertex-minors. Ex-
amples of such sets include the set of distance-hereditary
graphs, since these are exactly the graphs with rank-width
one [6]. Another example of a set of graphs characterized
by a finite set of forbidden vertex-minors are the circle

0020-0190/© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
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graphs [16], however, this set has unbounded rank-width
([17, Proposition 6.3] and [18]).

The complexity of the vertex- and pivot-minor decision
problems was a notable open problem (see question 7 in
[19]). Recently it was proven in [20] that the pivot-minor
problem is NP-complete if both G and H are part of the in-
put to the problem, but the complexity of the vertex-minor
problem was left open. In [21] we proved, in the con-
text of quantum information theory, the NP-completeness
of the labeled version of the vertex-minor problem, i.e.
the problem of deciding if H is a vertex-minor of the
graph G, taking labeling into account. The labeled ver-
sion of the vertex-minor problem is relevant in the context
of quantum information theory since there the vertices of
the graph correspond to physical qubits in, for example, a
quantum network. However we did not discuss the com-
plexity of the related problem of deciding whether G has
a vertex-minor isomorphic to H (on any subset of the ver-
tices). Here we close this gap, proving that the unlabeled
version of the vertex-minor problem is also NP-complete.
Moreover we prove that ISO-VERTEXMINOR remains NP-
complete even when H is restricted to be a star graph
and G a circle graph. To avoid confusion with the prob-
lems studied in [21] we will call the unlabeled version of
the vertex-minor problem ISO-VERTEXMINOR.

In [21], we introduced the problem of deciding if a
graph allows for a semi-ordered Eulerian tour (SOET) and
used this to prove hardness of the labeled VERTEXMINOR-
problem. Here we make use of a related reduction, how-
ever, using an unlabeled version of the SOET-problem (ISO-
SOET). Although similar in nature, the hardness of the
labeled version of the SOET-problem does not imply hard-
ness of the unlabeled version and a substantially different
proof is needed. The construction in [21] relies critically on
the fact that the set of vertices V of the SOET are fixed
in advance. Without this assumption the argument falls
apart and additional ingredients are required. For example,
in [21] we introduced a mapping, from 3-regular graphs
to 4-regular multi-graphs, which we called the triangular
expansion. The vertices from the original 3-regular graph
have specific roles in the triangular expansion, which is not
invariant under relabeling of the vertices. To take this into
account, we introduce here a different mapping, also from
3-regular graphs to 4-regular multi-graphs, which we call
the K3-expansion.

Our work resolves the problem left open in [20]. How-
ever the related question posed in [19] where H is fixed
and thus not part of the input to the problem, still remains
open. Even though our work in this paper does not answer
the second question directly, it excludes the possibility that
the problem where H is part of the input is in P.

The paper is organized as follows: in section 2 we recall
relevant graph theoretic notions such as vertex-minors and
circle graphs. We also discuss the concept of semi-ordered
Eulerian tours. In section 3 we prove the main result: the
NP-completeness of the vertex-minor problem.

2. Preliminaries

In this section we review relevant graph theoretical no-
tions. We begin by recalling the local complementation op-
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eration and the notion of vertex-minors before discussing
a class of graphs called circle graphs. Here we also recall
the notion of a semi-ordered Eulerian tour, which was in-
troduced in [21], and connect it to the unlabeled version
of the vertex-minor-problem on circle graphs.

We will denote graphs by capital letters: G, H, F, R, ...
Graphs are assumed to be simple unless otherwise indi-
cated. The vertex-set of a graph G is denoted V(G) and
the edge-set is denoted E(G). Give a vertex v in a graph G
we denote the neighborhood of v (the set of vertices ad-
jacent to v in G) by N,. Given a graph G and a subset of
its vertices V' we will denote the induced subgraph of G
on those vertices by G[V’]. We denote the fully connected
graph on n vertices as Kp.

We denote words, i.e. ordered sequences of elements of
a set (with repetition) by boldface letters, i.e. X,Y,Z, ....
We denote the mirroring (reversing of the ordering of its
letters) of a word X by X. Throughout this paper we use
the following notation for sets of consecutive natural num-
bers

M={ieN:0<i<n) (1)
2.1. Vertex-minors

We review the definition of local complementation:

Definition 1 (Local complementation). A local complementa-
tion 7, is a graph operation specified by a vertex v, map-
ping a graph G to 7, (G) by replacing the induced subgraph
on the neighborhood of v, i.e. G[N,], by its complement.
The neighborhood of any vertex u in the graph 7,(G) is
therefore given by

N E) _ NyA(Ny\{u})  if (u,v) € E(G)
u Ny else,

(2)

where A denotes the symmetric difference between two
sets.

Given a sequence of vertices v = v1...vg, we denote
the induced sequence of local complementations, acting on
a graph G, as

w(G) =Ty, 0--- 0Ty, (G). 3)

A graph H that can be reached from another graph
G using local complementations and vertex-deletions is
called a vertex-minor [6] and is formally defined as:

Definition 2 (Vertex-minor). A graph H is called a vertex-
minor of G if there exist a sequence of local complemen-
tations and vertex-deletions that maps G to H. If H is a
vertex-minor of G we write this as

H <G. (4)

Associated to the notion of vertex-minor is the natural
decision problem:
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Problem 1 (ISO-VERTEXMINOR). Given a graph G and a
graph H decide whether there exists a graph H such that
(1) H and H are isomorphic, and (2) H < G.

We can restrict this problem to a special case, where
the graph H is a star-graph® on k vertices. We call this
problem ISO-STARVERTEXMINOR. Note that we must only
specify k as there exists only one star-graph on k vertices
up to isomorphism. Formally we have

Problem 2 (ISO-STARVERTEXMINOR). Given a graph G and
an integer k decide whether there exists a subset V' of
V(G) with |V/| =k and a star graph on V'’ denoted Sy
such that Sy’ < G.

2.2. Circle graphs

Here we review circle graphs and representations of
these under the action of local complementations. Circle
graphs are also sometimes called alternance graphs since
they can be described, as explained below, by a double-
occurrence word such that the edges of the graph are the
given by the alternances induced by this word. We will
make use of this description here, which was introduced
by Bouchet in [22] and also described in [16]. This de-
scription is also related to yet another way to represent
circle graphs, as Eulerian tours of 4-regular multi-graphs,
introduced by Kotzig in [23]. For an overview of the the-
ory and history of circle graphs see for example the book
by Golumbic [24].

2.2.1. Double-occurrence words

Let us first define double-occurrence words and equiv-
alence classes of these. This will allow us to define circle
graphs.

Definition 3 (Double occurrence word). A double-occurrence
word X is a word with letters in some set V, such that
each element in V occurs exactly twice in X.

Given a double-occurrence word X we will write
V(X) =V for its set of letters.

Definition 4 (Equivalence class of double-occurrence words).
We say that a double-occurrence word Y is equivalent to
another X, ie. Y~ X, if Y is egual to X, the mirror X or
any cyclic permutation of X or X. We denote by dx ={Y :
Y ~ X} the equivalence class of X, i.e. the set of words
equivalent to X.

Next we define alternances of these equivalence classes,
which will represent the edges of an alternance graph.

Definition 5 (Alternance). An alternance (u, v) of the equiv-

alence class dx is a pair of distinct elements u, v € V such

that a double-occurrence word of the form ...u...v...u
..v... isin dy.

2 The problem remains the same if star graph is replaced with complete
graph, since these are equivalent under local complementations.
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d

Fig. 1. An example of a circle graph induced by the double-occurrence
word adcbaebced.

Note that if (u,v) is an alternance of dx then so is
(v, u), since the mirror of any word in dyx is also in dy.

Definition 6 (Alternance graph). The alternance graph A(X)
of a double-occurrence word X is a graph with vertices
V(X) and edges given exactly by the alternances of dy,
ie.

E(AX)) ={(u,v) e V(X) x V(X) : (u,v)is

an alternance of dx}. (5)

Note that since A(X) only depends on the equivalence
class of X, the alternance graphs A(X) and A(Y) are equal
if X ~Y. Now we can formally define circle graphs.

Definition 7 (Circle graph). A graph G which is the alter-
nance graph of some double-occurrence word X is called
a circle graph.

As an example, consider the following double-occurrence
word with letters in the set Vo ={a, b, c,d,e}:

Xo = adcbaebced (6)

The alternances of dx, are thus

(a,b), (a,0), (a,d), (b,e), (c,e) (7)

and their mirrors. The alternance graph A(Xy) is therefore
the graph in Fig. 1.

2.2.2. Eulerian tours on 4-regular multi-graphs

There is yet another way to represent circle graphs,
closely related to double-occurrence words, namely as Eu-
lerian tours of 4-regular multi-graphs. A 4-regular multi-
graph is a graph where each vertex has exactly four inci-
dent edges and can contain multiple edges between each
pair of vertices or edges only incident to a single vertex.

Definition 8 (Eulerian tour). Let F be a connected multi-
graph. An Eulerian tour U on F is a tour that visits each
edge in F exactly once.

Any 4-regular multi-graph is Eulerian, i.e. has a Eulerian
tour, since each vertex has even degree [25].

Furthermore, any Eulerian tour on a 4-regular multi-
graph F traverses each vertex exactly twice, except for the
vertex which is both the start and the end of the tour.
Such a Eulerian tour induces therefore a double-occurrence
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word, the letters of which are the vertices of F, and con-
sequently a circle graph as described in the following def-
inition.

Definition 9 (Induced double-occurrence word). Let F be a
connected 4-regular multi-graph on k vertices V(F). Let
U be a Eulerian tour on F of the form

U = Xp€oX1 ... X2k—2€2k—2X2k—1€2k—1X0, (8)

with x; € V(F) and e; € E(F). Note that every element of V
occurs exactly twice in U, except xp. From a Eulerian tour
U as in eq. (8) we define an induced double-occurrence
word as

m(U) = XoX1 ... Xok—2X2k—1- (9)

To denote the alternance graph given by the double-
occurrence word induced by a Eulerian tour, we will write

AU) = Am(@)).

Similarly to double-occurrence words, we also intro-
duce equivalence classes of Eulerian tours under cyclic per-
mutation or reversal of the tour.

Definition 10 (Equivalence class of Eulerian tours). Let F be a
connected 4-regular multi-graph and U be an Eulerian tour
on F. We say that an Eulerian tour U’ on F is equivalent
to U, i.e. U~ U/, if U’ is equal to U, the reversal U or
any cyclic permutation of U or U. We denote by ty the
equivalence class of U, i.e. the set of Eulerian tours on F
which are equivalent to U.

It is clear that if the Eulerian tours U and U’ on a
4-regular multi-graph F are equivalent, then so are the
double-occurrence words m(U) and m(U’). Furthermore, as
for double-occurrence words, two equivalent Eulerian tours
on a connected 4-regular multi-graph induce the same al-
ternance graph.

Consider for example the 4-regular multi-graph in
Fig. 2(a). This graph has a tour Ug with an induced double-
occurrence word

m(Ug) = adcbaebced (10)

Note, that this is equal to the word in eq. (6) which shows
that A(U) is also the graph in Fig. 1.

2.2.3. Vertex-minors of circle graphs

When we are considering vertex-minors of circle graphs,
it is useful to map the operations of local complementation
and vertex deletion on an alternance graph of a double-
occurrence word to operations on that double-occurrence
word. Here we fix some notation and recap results also
discussed in [21].

We start by considering local complementation. Let
X = AvBvC be a double-occurrence word with alternance
graph A(X) and let v be an element in V (X). Local com-
plementation at the vertex v in the graph A(X) now cor-
responds to the mirroring of the sub-word B of X in be-
tween the two occurrences of v, i.e.
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7y (A(X)) = A(AVBVC) (11)

Note that both the double-occurrence word X = AvBvC
and the double-occurrence word AvBvC arise as words
induced by Eulerian tours on the same 4-regular graph F.
One can in fact show that two circle graphs are equivalent
under the action of local complementation if and only if
they arise as alternance graphs induced by Eulerian tours
on the same 4-regular multi-graph [16].

Next we consider vertex deletion. We will denote by
X \ v the deletion of the element v, i.e.

X\ v=(AvBvC)\v=ABC. (12)

The resulting word ABC is also a double-occurrence word
and furthermore we have that

AX)\v=AX\v). (13)

If W={wqi,wy...,w}is a subset of V, we will write X\
W as the deletion of all elements in W, i.e.

X\W=(..(X\wp)\wz)..)\w. (14)

Connected to this we can also define an induced double-
occurrence sub-word X[W]= X\ (V \ W). The reason for
calling this an induced double-occurrence sub-word stems
from its relation to induced subgraphs of the alternance
graph as

AX)[W] = AX[W]). (15)

We can decide if a circle graph has a certain vertex-
minor by considering Eulerian tours of a 4-regular graph,
which is captured in the following theorem, a proof of
which can be found in [21]. This theorem states that
vertex-minors of alternance graphs induced by a Eulerian
tour on a 4-regular graph F are exactly the alternance
graphs induced by sub-words formed by Eulerian tours on
F.

Theorem 1. Let F be a connected 4-regular multi-graph and let
G be a circle graph such that G = A(U) for some Eulerian tour
U on F. Then G’ is a vertex-minor of G if and only if there exists
a Eulerian tour U’ on F such that

G' = AmU"IV(G"HD. (16)

2.2.4. Semi-ordered Eulerian tours

From the previous sections we have seen that circle
graphs and their vertex-minors can be described by Eule-
rian tours on connected 4-regular multi-graphs. One can
thus ask, given a graph H, what properties a 4-regular
multi-graph F must possess such that any of its alternance
graphs® has H as a vertex-minor. We answered this ques-
tion in [10] for the case when H is a star graph by intro-
ducing the notion of a Semi-ordered Eulerian Tour (SOET),
defined as

3 Note that if H < A(U) for some Eulerian tour U on F then H <
A(U") for all Eulerian tours U’ on F.
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Fig. 2. Examples of two 4-regular multi-graphs. Fig. 2a is an example of
a graph that allows for a SOET with respect to the set V' = {a,b,c,d}.
A SOET for this graph is for example m(U) = abcdaebced. The graph in
Fig. 2b on the other hand does not allow for any SOET with respect to the
set V' ={a,b,c,d}.

Definition 11 (SOET). Let F be a 4-regular multi-graph
and let V' C V(F) be a subset of its vertices. Further-
more, let s = sps1...S¢—1 be a word with letters in V’
such that each element of V'’ occurs exactly once in
s and where k = |V’|. A semi-ordered Eulerian tour U
with respect to V’ is a Eulerian tour such that m(U) =
s0X0S1..-Sk—1Xk—-150Y0S1-..5k-1Yk—1 and where Xj,
X1,...,Xx_1,Y0,..., Y1 are words (possibly empty)
with letters in V(F) \ V’. This can also be stated as
m(U)[V'] =ss, for a word s.

Note that the multi-graph F is not assumed to be sim-
ple, so multi-edges and self-loops are allowed. A SOET is
a Eulerian tour on F that traverses the elements of V' in
some order once and then again in the same order. The
particular order in which the SOET traverses V' will not
be important here, only that it traverses V’ in the same
order twice. As an example, the graph in Fig. 2(a) allows
for a SOET with respect to the set {a, b, c, d} but the graph
in Fig. 2(b) does not.

The following theorem, a trivial corollary of Corollary
2.6.1 in [10], connects the problem of finding star graphs*
as vertex-minors of circle graphs to the problem of finding
SOETs on 4-regular multi-graphs.

Theorem 2. Let F be a connected 4-regular multi-graph and let
G be a circle graph given by the alternance graph of a Eulerian
tour U on F, i.e. G = A(U). Furthermore let Sy be a star graph
on the vertices V'. Then Sy < G if and only if F allows for a
SOET (see Definition 11) with respect to V'.

This gives rise to a natural decision problem which we
denote ISO-SOET:

Problem 3 (ISO-SOET). Let F be a 4-regular multi-graph
and let k < |V (F)| be an integer. Decide whether there is a
subset V' C V(F) of size |V'| =k such that there exists a
SOET U on F with respect to the set V’.

In [21] we proved that a version of Problem 3 where
V' is part of the input to the problem, is NP-complete. In
the next section we prove that also the problem of de-
ciding whether such a V’ exists, i.e. Problem 3, is also
NP-complete.

4 The theorem also holds if one replaces star graphs with complete
graphs since they are equivalent under local complementations.
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One can see that a SOET on a 4-regular multi-graph F
with respect to V', imparts an ordering on the subset of
vertices V’. We will in particular be interested in vertices
in V’ that are ‘consecutive’ with respect to the SOET. Con-
secutiveness is defined as follows.

Definition 12 (Consecutive vertices). Let F be a 4-regular
graph and U a SOET on F with respect to a subset V' C
V (F). Two vertices u, v € V' are called consecutive in U if
there exist a sub-word uXv or vXu of m(U) such that no
letter of X is in V'.

We also define the notion of a “maximal sub-word” as-
sociated with two consecutive vertices.

Definition 13 (Maximal sub-words). Let F be a 4-regular
multi-graph and U a SOET on F with respect to a sub-
set V/ C V(F). The double-occurrence word induced by U
is then of the form m(U) = s9Xpsq...Sk—1Xk—150Y0S1.-..
sk—1Yk—1, where k= |V’|, {so....,Sk_1} =V’ and Xo. ...,
Xi—1,Yo0,...,Yyr_1 are words (possibly empty) with let-
ters in V(F)\ V'.

For i € [k), we call X; and Y; the two maximal sub-
words associated with the consecutive vertices s; and

S(i+1 (mod k))-

Given two consecutive vertices u and v, we will denote
their two maximal sub-words as X and X', Y and Y’ or
similar.

3. NP-completeness of the vertex-minor problem

In this section we prove the NP-completeness of the
vertex-minor problem. This we do in three steps. We
will begin by (1) proving that ISO-SOET is NP-Hard. We
do this by reducing the problem of deciding whether
a 3-regular graph R is Hamiltonian to ISO-SOET. Next
we (2) reduce ISO-SOET to ISO-STARVERTEXMINOR and
ISO-STARVERTEXMINOR to ISO-VERTEXMINOR, thus prov-
ing the NP-hardness of ISO-VERTEXMINOR. Finally we (3)
show that ISO-VERTEXMINOR is also in NP.

3.1. SOET is NP-hard

We first review the definition of a Hamiltonian graph
and the associated CUBHAM decision problem.

Definition 14 (Hamiltonian). A graph is said to be Hamilto-
nian if it contains a Hamiltonian cycle. A Hamiltonian cycle
is a cycle that visits each vertex in the graph exactly once.

Problem 4 (CUBHAM). Let R be a 3-regular graph. Decide
whether R is Hamiltonian.

The reduction of CUBHAM to ISO-SOET is done by going
through the following steps.

1. Introduce the notion of a (4-regular) Ks3-expansion
A(R) of a 3-regular graph R. This is done in Defini-
tion 15.
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()

Fig. 3. Figure showing (a) the complete graph Ky on vertices V =
{a,b, c,d} and (b) its associated K3-expansion A(Ky).

2. Prove that if a 3-regular graph R is Hamiltonian then
the K3-expansion A(R) of R allows for a SOET of size
2|V (R)|. This is done in Lemma 1.

3. Prove that if the Ksz-expansion A(R) of a 3-regular
graph R allows for a SOET of size 2|V (R)| then R is
Hamiltonian. This is done in Lemma 3.

Note that 2. and 3. above provide necessary and suffi-
cient conditions for whether a 3-regular graph R is Hamil-
tonian in terms of whether A(R) allows for a SOET of a
certain size. This implies that CUBHAM reduces to ISO-
SOET and hence that ISO-SOET is NP-hard.

We begin by introducing the K3-expansion: a mapping
from 3-regular graphs to 4-regular multi-graphs. Note that
this expansion differs from the triangular-expansion used
in [21].

Definition 15 (K3-expansion). Let R be a 3-regular graph. A
K3-expansion A(R) of a 3-regular graph R is constructed
from R by performing the following two steps:

1. Replace each vertex v in R with a subgraph isomor-
phic to K3 as below

T Y

(17)

where x, y and z are the neighbors of v. We will de-
note the K3-subgraph associated to the vertex v with
Ty, ie. Ty = G[{v¥, v v@),

2. Double any edge that is incident on two subgraphs T,
T, for distinct v, v’.

The graph A(R) will be called a K3-expansion of R. A
multi-graph F that is the K3-expansion of some 3-regular
graph R will also be referred to as a K3-expanded graph.
Furthermore, the number of vertices in A(R) is 3 - |V (R)|
and the number of edges is 2- |[E(R)| + 3 - |V (R)|. In Fig. 3
we show an example of a 3-regular graph and its K3-
expansion.

We now argue that if a 3-regular graph R is Hamilto-
nian then its K3-expansion allows for a SOET on 2|V (R)|

Information Processing Letters 175 (2022) 106222

Fig. 4. Figure showing (a) a Hamiltonian path (blue dashed arrows) on
the complete graph on vertices V = {a, b, c,d} and (b) the correspond-
ing disjoint trails described by the words V (blue dashed arrows) and W
(pink dashed-dotted arrows) from eqs. (18) and (19) on the associated
K3-expansion A(Ky). The edges used to extend the tour to a Eulerian
tour as captured by Algorithm 1 are show as green dotted arrows.

Algorithm 1 Algorithm for lifting the tour Uyw to a Eule-
rian tour on A(R).
for i € [k) do
if X" v x") ¢ W then
Insert vfx’)va’) into W right after x,
end if
end for

(Vi)

vertices and thus providing a necessary condition for a 3-
regular graph being Hamiltonian.

Lemma 1. Let R be a 3-regular graph with k vertices and let
A(R) beits K3-expansion. If R is Hamiltonian then A (R) allows
for a SOET of size 2k.

Proof. Let M be a Hamiltonian tour on R. Choose xg €
V(R) and let L = xgx1---X¢k_1 be the word formed by
walking along M when starting on xp. Note that
Xi, X(i+1 (mod k) are adjacent in R for all i € [k). Now con-
sider the Kj-expansion A(R) of R. We will argue that
A(R) allows for a SOET with respect to the set V' =
{xg("’l),xéxl),xgxo),x(l"”,...,x,ix_"f),xlix_"i}. For all i e [k] let
v; be the unique vertex adjacent to x; in A(R) that is not
X(i—1 (mod k) O X(i+1 (mod ky)- NOW consider the following
words on V(A(R)).

Xj— (Xk—2)
Vo= XOk 1x(()x1)xgxo)x§><2)xéxl)xgxs) B 'xk—k12 I(cx—oi (18)
W= xgk—lxévo)x(()xl)xgxo)xgﬁ)xgxz)xém)xévz)xéﬁ)
(Xk—2) |, (Vk—1) ,(X0)
R A T (19)

These words describe disjoint trails on A(R) as illustrated
for an example graph in Fig. 4.

Now consider the word VW. This word describes a trail
Uyw on A(R) that visits every vertex in V' exactly twice
in the same order. This means Uy is a semi-ordered tour.
It is however not Eulerian. To make it Eulerian we have to
extend the tour Uyw to include all edges in A(R). Note
that these edges are precisely the edges connecting the
vertices xg""), vfx") for all i € [k). We can lift Uyw to a Eu-
lerian tour by adding vertices to W by the following algo-
rithm. It is easy to see that the tour described by VW after
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running Algorithm 1 is also Eulerian and is hence a SOET
with respect to the set V’. This completes the lemma. O

Next we prove a necessary condition (Lemma 3) for the
existence of a SOET on a subset V' of the vertices of a 4-
regular graph F.

Lemma 2. Let F be a 4-regular graph and V' > 4 be a subset
of its vertices. If there exists three distinct vertices in V' which
are all mutually adjacent, then F does not allow for a SOET with
respectto V'.

Proof. Assume that F has three vertices {u,v,w} C V’
which are all mutually adjacent. Let U be a Eulerian tour
on F (note that U always exists). Assume by contradiction
that U is a SOET with respect to V'. It is easy to see that
since u and v are adjacent in F they must also be con-
secutive in U. However the same is true for u and w and
also w and v. This means a tour starting at u and must
traverse v, then w, and then immediately u again (up to
interchanging u and w). Since {u, v, w} is a strict subset of
V'’ (since by assumption |V’| > 4) this means that, when
starting at u, the tour U does not traverse all vertices in
V' before returning to u. This gives a contradiction with
the definition of SOET from which the lemma follows. 0O

Now we will leverage Lemma 2 to prove that if the K3-
expansion A(R) of a 3-regular graph R allows for a SOET
with respect to a vertex-set V'’ with |V’| = 2|V (R)| then
the graph R must be Hamiltonian.

Lemma 3.Let R be a 3-regular graph and A(R) its Ksz-
expansion. If there exists a set V' C V(A(R)) with |V'| =
2|V (R)| such that A(R) allows for a SOET with respect to V'
then R must be Hamiltonian.

Proof. Assume that there exists a subset V' of V(A(R))
with |V’| = 2|V (R)| such that A(R) allows for a SOET U
with respect to V'.

Note first that since |V(A)| = 3|V(R)| and |V'| =
2|V (R)| we must have, by Lemma 2 that |V[T,]NV’'|=2
for all u € V(R). This is easiest seen by contradiction. As-
sume that there exists a u € V(R) such that |V[T,]NV’'| <
2. From the fact that (1) V(T,) NV (T,,) =@ for all v, v’ €
V(R), (2) V(M) =3|V(R)| and (3) |V'| =2|V(R)| we
then know that there must also a exist a u’ € V(R) such
that |V (Ty) N V’| = 3. This means that V(T,) C V'. How-
ever the induced subgraph A(R)[T,/] is isomorphic to K3
(this is easily seen from the definition of K3-expansion).
By Lemma 2 we must thus conclude that A(R) does not
allow for a SOET with respect to V'’ leading to a contra-
diction. Hence we must have that |V (Ty) NV’| =2 for all
ueV(R).

Now consider two vertices x, x' € V' such that x, x' are
consecutive in the SOET U. Note that, by definition of
A(R), there must exist w,w’ € V(R) such that x € Ty,
and x’ € Ty,,. We will now argue that we must have ei-
ther w =w’ or w, w’ are adjacent in R. We argue this by
contradiction. Assume thus that w, w’ are neither equal
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nor adjacent in R. Now let Y be one of the two max-
imal sub-words of m(U) associated to x,x’. Since w, w’
are neither equal nor adjacent in R, the trail described by
the word Y must pass through a triangle subgraph differ-
ent from Ty, and T, i.e. there exists a vertex w” € V(R)
such that [YN V (T~)| > 2. However since by construction
|V(Ty») NV’ =2 (as shown above) and |V (T~)| =3 we
must have that |V’ NY| > 1. This, however, contradicts the
assumption that Y is a maximal sub-word. Hence we must
have that w = w’ or that (w,w’) € E(R). Now consider
the word m(U) associated to the SOET U and the induced
sub-word m(U)[V’]. By the above, and the fact that if two
vertices in V' are adjacent in A(R), they must also be con-
secutive in U (this is a consequence of U being Eulerian
and thus having to traverse the edge connecting these ver-
tices), we have that m(U)[V'] must be of the form

m(U)[V'] = XoXoX1X1X2X) ... Xk—1X),_1X0Xg - - . Xk—1X},_1
(20)

where x,-,xl’. € Ty, and {wq,...wg} = V(R) and moreover
that (w;, witq) € E(R) for all i € [k) and also (wy, wop) €
E(R). This immediately implies that the word M = wiw;
... Wy describes a Hamiltonian tour on R, and hence that
R is Hamiltonian. O

Since Lemma 3 and 1 provide necessary and suffi-
cient conditions for a 3-regular graph being Hamiltonian in
terms of whether a K3-expanded graph allows for a SOET,
we can now easily prove the hardness of Problem 3.

Theorem 3. ISO-SOET is NP-Hard.

Proof. Let R be an instance of CUBHAM, that is, a 3-
regular graph on k vertices. From R we can construct
the 4-regular Ks-expansion A(R). Note that this can be
done in poly-time in k. Now note that (A(R),2k) is an
instance of ISO-SOET. If R is a YES instance of CUBHAM,
that is, R is Hamiltonian, then by Lemma 1 we have that
(A(R),2k) is a YES instance of ISO-SOET. On the other
hand, if (A(R),2k) is a YES instance of ISO-SOET, then
R is a YES instance of CUBHAM by Lemma 3. By contra-
position this means that if R is a NO instance of CUBHAM,
then (A(R),2k) is a NO instance of ISO-SOET. This means
CUBHAM is Karp-reducible to SOET. Since CUBHAM is NP-
complete [26], this implies that SOET is NP-hard. O

3.2. ISO-VERTEXMINOR is NP-hard

Note first that [SO-STARVERTEXMINOR trivially reduces
to ISO-VERTEXMINOR, as it is a strict sub-problem. This
means that if ISO-STARVERTEXMINOR is NP-hard then so is
[SO-VERTEXMINOR. In this section we show that the ISO-
SOET reduces to ISO-VERTEXMINOR, which follows from
Theorem 2.

Theorem 2 states that a 4-regular multi-graph F allows
for a SOET with respect to a subset of its vertices V' C
V (F) if and only if an alternance graph A(U) (which is a
circle graph), induced by some Eulerian tour on F, has a
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star graph Sy, on V' as a vertex-minor. We therefore have
the following theorem.

Theorem 4. The decision problem ISO-SOET reduces to I1SO-
STARVERTEXMINOR.

Proof. Let (F,k) be an instance of ISO-SOET, where F is a
4-regular multi-graph and k < |V (F)| some integer. Also let
G be a circle graph induced by some Eulerian tour U on F.
From Corollary 2 we see that G has Sy as a vertex-minor
for some subset of vertices V' of G if and only if F allows
for a SOET with respect to this vertex set V’. Since an Eu-
lerian tour U can be found in polynomial time [27] and
since G can be efficiently constructed given U [21], con-
sidering the case of |V'| =k concludes the reduction. O

3.3. ISO-VERTEXMINOR is in NP

Next we argue that the problem ISO-VERTEXMINOR
is in NP. This just follows from the fact that the non-
isomorphic vertex-minor problem is in NP.

Theorem 5. The decision problem ISO-VERTEXMINOR is in NP.

Proof. From [21] we know that there exists a polynomial-
length witness for the problem of deciding if a labeled
graph G has a vertex-minor equal to another graph H
on some fixed subset of its vertices. Since GRAPHISOMOR-
PHISM is in NP we can also construct a polynomial-length
witness for ISO-VERTEXMINOR, i.e. to decide if G has a
vertex-minor isomorphic to H. We thus conclude that ISO-
VERTEXMINOR is in NP. O

Declaration of competing interest

The authors declare that they have no known compet-
ing financial interests or personal relationships that could
have appeared to influence the work reported in this pa-
per.

Acknowledgements

AD, JH and SW were supported by an ERC Starting
grant, and NWO VIDI grant, and Zwaartekracht QSC.

References

[1] K. Wagner, Uber eine Eigenschaft der ebenen Komplexe, Math. Ann.
114 (1) (1937) 570-590, https://doi.org/10.1007/BF01594196.

[2] N. Robertson, P.D. Seymour, Graph minors. I - XXIII, J. Comb. Theory,
Ser. B (1983-2010), https://doi.org/10.1016/0095-8956(83)90079-5.

[3] C. Kuratowski, Sur le probléme des courbes gauches en topologie,
Fundam. Math. 15 (1) (1930) 271-283, http://eudml.org/doc/212352.

[4] R. Halin, S-functions for graphs, J. Geom. 8 (1) (1976) 171-186,
https://doi.org/10.1007/BF01917434.

Information Processing Letters 175 (2022) 106222

[5] J. MatouSek, R. Thomas, On the complexity of finding iso- and
other morphisms for partial k-trees, Discrete Math. 108 (1) (1992)
343-364, https://doi.org/10.1016/0012-365X(92)90687-B,  http://
www.sciencedirect.com/science/article/pii/0012365X9290687B.

[6] S.-i. Oum, Rank-width and vertex-minors, ]J. Comb. Theory, Ser. B
95 (1) (2005) 79-100.

[7] J. Jeong, O.-j. Kwon, S.-i. Oum, Excluded vertex-minors for graphs of
linear rank-width at most k, Eur. J. Comb. 41 (2014) 242-257.

[8] O.-j. Kwon, S.-i. Oum, Graphs of small rank-width are pivot-minors of
graphs of small tree-width, Discrete Appl. Math. 168 (2014) 108-118.

[9] J. Geelen, S.-i. Oum, Circle graph obstructions under pivoting, J. Graph
Theory 61 (1) (2009) 1-11.

[10] A. Dahlberg, S. Wehner, Transforming graph states using single-qubit
operations, One contribution of 15 to a discussion meeting issue, in:
Foundations of Quantum Mechanics and Their Impact on Contempo-
rary Society, Phil. Trans. R. Soc. A 376 (2018), https://doi.org/10.1098/
rsta.2017.0325, arXiv:1805.05305.

[11] F. Hahn, A. Pappa, ]. Eisert, Quantum network routing and local com-
plementation, arXiv preprint, arXiv:1805.04559, 2018.

[12] M. Mhalla, S. Perdrix, Graph states, pivot minor, and universality of
(X, z)-measurements, arXiv preprint, arXiv:1202.6551, 2012.

[13] R. Duncan, S. Perdrix, Pivoting makes the zx-calculus complete for
real stabilizers, arXiv preprint, arXiv:1307.7048, 2013.

[14] M. Van den Nest, ]. Dehaene, B. De Moor, Efficient algorithm to rec-
ognize the local Clifford equivalence of graph states, Phys. Rev. A
70 (3) (2004) 034302.

[15] M. Van den Nest, ]. Dehaene, B. De Moor, Graphical description of the
action of local Clifford transformations on graph states, Phys. Rev. A
69 (2) (2004) 022316.

[16] A. Bouchet, Circle graph obstructions, J. Comb. Theory, Ser. B 60 (1)
(1994) 107-144, https://doi.org/10.1006/jctb.1994.1008.

[17] S.-i. Oum, P. Seymour, Approximating clique-width and branch-
width, J. Comb. Theory, Ser. B 96 (4) (2006) 514-528, https://
doi.org/10.1016/j.jctb.2005.10.006, http://www.sciencedirect.com/
science/article/pii/S0095895605001528.

[18] B. Courcelle, Circle graphs and monadic second-order logic, ].
Appl. Log. 6 (3) (2008) 416-442, https://doi.org/10.1016/j.jal.
2007.05.001, http://www.sciencedirect.com/science/article/pii/
$1570868307000316.

[19] S. il Oum, Rank-width: algorithmic and structural results, in: Algo-
rithmic Graph Theory on the Adriatic Coast, Discrete Appl. Math.
231 (2017) 15-24, https://doi.org/10.1016/j.dam.2016.08.006, http://
www.sciencedirect.com/science/article/pii/S0166218X16303705.

[20] K.K. Dabrowski, F. Dross, ]. Jeong, M.M. Kanté, O.-j. Kwon, S.-i. Oum,
D. Paulusma, Computing small pivot-minors, in: A. Brandstddt, E.
Kohler, K. Meer (Eds.), Graph-Theoretic Concepts in Computer Sci-
ence, Springer International Publishing, Cham, 2018, pp. 125-138.

[21] A. Dahlberg, ]. Helsen, S. Wehner, How to transform graph states
using single-qubit operations: computational complexity and algo-
rithms, Quantum Sci. Technol. (2020), http://iopscience.iop.org/10.
1088/2058-9565/aba763.

[22] A. Bouchet, Caracterisation des symboles croises de genre nul, C. R.
Acad. Sci. 274 (1972) 724-727.

[23] A. Kotzig, Quelques remarques sur les transformations «, in: Semi-
naire Paris, 1977.

[24] M.C. Golumbic, Algorithmic Graph Theory and Perfect Graphs, 2nd
edition, North-Holland Publishing Co., 2004.

[25] N. Biggs, EK. Lloyd, RJ. Wilson, Graph Theory, 1736-1936, Oxford
University Press, 1976.

[26] R.M. Karp, Reducibility among combinatorial problems, in: Complex-
ity of Computer Computations, Springer, 1972, pp. 85-103.

[27] M. Fleury, Deux problemes de Geometrie de sitation, J. Math. Elém.
2 (2) (1883) 257-261.


https://doi.org/10.1007/BF01594196
https://doi.org/10.1016/0095-8956(83)90079-5
http://eudml.org/doc/212352
https://doi.org/10.1007/BF01917434
https://doi.org/10.1016/0012-365X(92)90687-B
http://www.sciencedirect.com/science/article/pii/0012365X9290687B
http://www.sciencedirect.com/science/article/pii/0012365X9290687B
http://refhub.elsevier.com/S0020-0190(21)00137-X/bibFACF9809AC6B54065A35E30F6144193Es1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bibFACF9809AC6B54065A35E30F6144193Es1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bib9F960BA9B1270A00283CFF2B9D124EDAs1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bib9F960BA9B1270A00283CFF2B9D124EDAs1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bibF294BB2C0A8B313B7565048D0C05AB51s1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bibF294BB2C0A8B313B7565048D0C05AB51s1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bib8DC06673098B1BD9DC4D89B6C3D2B44Cs1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bib8DC06673098B1BD9DC4D89B6C3D2B44Cs1
https://doi.org/10.1098/rsta.2017.0325
https://doi.org/10.1098/rsta.2017.0325
http://refhub.elsevier.com/S0020-0190(21)00137-X/bibB60AE0A7C57BBE7D83A891BD6B804712s1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bibB60AE0A7C57BBE7D83A891BD6B804712s1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bib53737F9E0328D1ECAE0696C33C5CE82Es1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bib53737F9E0328D1ECAE0696C33C5CE82Es1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bib09EE8D303A23557855AB6ABA6C713A4As1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bib09EE8D303A23557855AB6ABA6C713A4As1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bibB8F54002DE70B98A7A9313E9979193C8s1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bibB8F54002DE70B98A7A9313E9979193C8s1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bibB8F54002DE70B98A7A9313E9979193C8s1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bib70FEDE8DC0BA09680B4B2FEE4F1E2753s1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bib70FEDE8DC0BA09680B4B2FEE4F1E2753s1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bib70FEDE8DC0BA09680B4B2FEE4F1E2753s1
https://doi.org/10.1006/jctb.1994.1008
https://doi.org/10.1016/j.jctb.2005.10.006
https://doi.org/10.1016/j.jctb.2005.10.006
http://www.sciencedirect.com/science/article/pii/S0095895605001528
http://www.sciencedirect.com/science/article/pii/S0095895605001528
https://doi.org/10.1016/j.jal.2007.05.001
https://doi.org/10.1016/j.jal.2007.05.001
http://www.sciencedirect.com/science/article/pii/S1570868307000316
http://www.sciencedirect.com/science/article/pii/S1570868307000316
https://doi.org/10.1016/j.dam.2016.08.006
http://www.sciencedirect.com/science/article/pii/S0166218X16303705
http://www.sciencedirect.com/science/article/pii/S0166218X16303705
http://refhub.elsevier.com/S0020-0190(21)00137-X/bib7DCFA66763BDAC75B397C0645006B4B5s1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bib7DCFA66763BDAC75B397C0645006B4B5s1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bib7DCFA66763BDAC75B397C0645006B4B5s1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bib7DCFA66763BDAC75B397C0645006B4B5s1
http://iopscience.iop.org/10.1088/2058-9565/aba763
http://iopscience.iop.org/10.1088/2058-9565/aba763
http://refhub.elsevier.com/S0020-0190(21)00137-X/bib98221EF608AAC6F8133DD7906630E0ECs1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bib98221EF608AAC6F8133DD7906630E0ECs1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bibB96D3E6A8AA120890413E0336FC96462s1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bibB96D3E6A8AA120890413E0336FC96462s1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bibA9FEC2599CBD0B1C66C0E584FEF77B18s1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bibA9FEC2599CBD0B1C66C0E584FEF77B18s1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bib23708DAA572F9B42F99B616FB001E5CEs1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bib23708DAA572F9B42F99B616FB001E5CEs1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bibC4E7C265ACE073726653801921EB800Es1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bibC4E7C265ACE073726653801921EB800Es1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bibD85CB2E2E99391A62389D0BC015B25EEs1
http://refhub.elsevier.com/S0020-0190(21)00137-X/bibD85CB2E2E99391A62389D0BC015B25EEs1

	The complexity of the vertex-minor problem
	1 Introduction
	2 Preliminaries
	2.1 Vertex-minors
	2.2 Circle graphs
	2.2.1 Double-occurrence words
	2.2.2 Eulerian tours on 4-regular multi-graphs
	2.2.3 Vertex-minors of circle graphs
	2.2.4 Semi-ordered Eulerian tours


	3 NP-completeness of the vertex-minor problem
	3.1 SOET is NP-hard
	3.2 ISO-VERTEXMINOR is NP-hard
	3.3 ISO-VERTEXMINOR is in NP

	Declaration of competing interest
	Acknowledgements
	References


