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1. Introduction

The study of Hamilton-Jacobi (HJ) and related equations on infinite dimensional
spaces is a flourishing research field. Such equations arise naturally in a great number
of situations, including but certainly not limited to mean—field (or McKean—Vlasov)
control problems, mean—field games and large deviation theory. This article is concerned
with a specific class of infinite dimensional Hamilton—Jacobi equations having a common
geometric structure that is typically encountered in the study of abstract versions of the
so called Schrédinger problem (see [46,32,31,38,42] for some motivating examples) and
in connection with large deviations theory [29]. At the formal level, given a metric space
(E, d) where the metric d is generated by a Riemannian metric (-, -), the equation writes
as

f—AHf=h, Hf:=—(grad f,grad&) + % |grad f||* (1.1)

where grad is the gradient associated with (-,-). A fundamental example where equa-
tion (1.1) arises naturally in applications is that of the Wasserstein space (E,d) =
(Po(R%), Wy (-, -)) equipped with an energy functional £ satisfying McCann’s condition.
In this case, the underlying formal Riemannian metric is the so called Otto metric [44].
Equation (1.1) is expected to characterize the value function of the control problem
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—+oo

supd [ AN () = 5 @t 57 =~ grad €) + . 9(0) = po o
’ (1.2)

which can be interpreted as the problem of steering the gradient flow

p=—grad&(p)

in such a way that an optimal balance is struck between the cost of controlling, modeled
through the term —3 [Ju(t) |?, and the reward obtained, modeled by the term A~ A(p%(t)).
The above control problem can be written in the equivalent form

+oo ¢
1 1
sup /AﬂfAthW%»—/§W@W®(ﬂ
0 0

pt = —grad €(p") +u, p*(0) = po}’

that gains a natural interpretation in relation to the corresponding semigroup. In this
manuscript we prove a comparison principle for viscosity solutions of (1.1) that holds
under mild assumptions, the most relevant one being the existence of a gradient flow
for the energy functional £ in Evolutional Variational Inequality (EVI) formulation, see
(EVI,,) below. Since in most examples of interest one cannot make sense of grad £ and the
Riemannian metric cannot be rigorously constructed, following [47,48,21,27,28,1,36,30]
we argue, using (F'VI,), that the Hamilton-Jacobi equation (1.1) can be replaced by two
equations in terms of two operators H; and H; that serve as upper and lower bounds
for the formal Hamiltonian in (1.1). We then state a comparison principle in terms of
the upper and lower bounds H; and H; (see Definition 2.11). Following [47,48,21,27]
the test functions in the domains of H; and Hj, contain, next to the squared metric,
the non-regular Tataru distance. This distance is not easy to handle when proving the
existence of viscosity solutions, nevertheless the comparison principle we state is already
of large interest. A refinement of the comparison principle presented here, that will be
helpful for the existence of solutions, and the existence of solution itself will be published
in subsequent articles. We also present some meaningful examples of applications of our
main result in particular to controlled gradient flows in the Wasserstein space. Further
applications to controlled gradient flows in Riemannian manifolds and Hilbert spaces are
also discussed.

Hamilton—Jacobi equations in infinite dimensional spaces The theory of viscosity so-
lutions for Hamilton—Jacobi equations on infinite dimensional spaces was initiated by
Crandall and Lions in a series of papers [16-21] in the setting of Hilbert spaces or Banach
spaces possessing the Radon-Nikodym property. Recent applications in large deviations
[29], functional inequalities [39], statistical mechanics [5,6], and McKean-Vlasov control
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[13] have motivated the development of a theory of viscosity solutions for Hamilton—
Jacobi equations on metric spaces that are not necessarily Hilbert, and in particular
over the space of probability measures endowed with a transport—like distance. A first
approach to Hamilton—Jacobi equations on the space of probability measures exploits
the possibility of lifting the space of probability distributions to the space of square in-
tegrable random variables in order to take advantage of the Hilbertian structure of the
latter: we refer to [4,45,8,22] for some results recently obtained following this method.
A second approach is more intrinsic and consists of working directly at the level of the
space of probability measures and developing all the relevant notions therein. One can
perform this using either the linear derivative, as shown in [9] in the context of McKean-
Vlasov control for jump processes, or relying on the notion of subdifferential provided
by optimal transport [3]. The connections between the intrinsic approach and the ex-
trinsic notion of derivative obtained through the above mentioned lifting procedure have
been clarified in [37]. In this manuscript, we follow the intrinsic approach and in par-
ticular we build on the achievements of the research program carried out by Feng and
his coauthors [29,28,30], who developed a technique to deal with equations whose geo-
metric structure is the same as (1.1) in terms of upper and lower bounds. We combine
this intrinsic approach with the use of the Tataru distance function, as a penalization
function in Ekeland’s variational principle. Such idea has been introduced in [47,48] and
then further refined in [21,27]. To the best of our knowledge, in this work we provide
the first systematic implementation of Tataru’s method in metric spaces that are not
Hilbert: as a result, we can remove compactness assumptions on the sublevel sets of the
energy £ and for metric balls. While postponing to the next paragraph a more accurate
comparison of our results with the above mentioned works, we stress that several other
important contributions [1,35-37,50] adopt the intrinsic approach to show well-posedness
of Hamilton—Jacobi equations on metric spaces. In all these works it is assumed that the
variations of the Hamiltonian w.r.t. the measure argument can be locally controlled by
the metric d. Since we require very little from the energy functional £ beyond the exis-
tence of an EVI gradient flow, this assumption is systematically violated in most of the
instances of (1.1) that we consider. This happens already in the basic example when &
is the relative entropy and (FE,d) is the Wasserstein space. It is worth mentioning that
operating the formal change of variable f = f — & and setting A = 1 allows to rewrite
formally (1.1) in the form

() — 5 lgrad £(m)|* + F(x) = 0, (13)

F(m) = 4 |lgrad E(m)||> + &(x) — h(r). This equation has been often studied in the litera-
ture on infinite dimensional Hamilton—Jacobi equations. However, our main geometrical
assumption, that is formally equivalent to the semiconvexity of &£, does not give the
control on the growth of %ngadé' (7T)H2 needed to successfully apply the techniques
developed in the above mentioned references [1,35-37,50].
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Master equation and mean field games The recent years have witnessed fundamental
advances on the understanding of the master equation arising in the theory of Mean Field
Games, see [11] and the recent works [50,34,33,12] for a sample of the recent progresses.
Such equation aims at characterizing the limiting behavior of Nash equilibria in the
many players regime and it has been noticed [7] that the master equation shares some
properties with infinite dimensional Hamilton—Jacobi equations, and in particular with
those characterizing the value function of McKean—Vlasov control problems. However,
these two equations remain conceptually different as explained in [14]. For example,
despite some analogies between the “monotonicity” assumption that is typically imposed
on the coefficients of the master equation and the geodesic convexity of the energy
functional £ that underlies all our computations, these two geometrical assumptions are
not directly related and enter the coefficients of the respective equations in a different
way. In the recent article [34], the authors get past the classical monotonicity assumption
and indeed obtain well posedness for the master equation by means of displacement
convexity. Still, the equation considered there and (1.1) have a different nature.

Contribution of this work Our methods are largely inspired by ideas and techniques
put forward in [47,48,21,29,28,27,25,41,30], where comparison principles for (1.1) have
been proven in different contexts. Apart from [25,41], in which exploiting a Riemannian
viewpoint they prove comparison principles in finite dimensional setting, we summarize
here the contributions of the other papers in treating infinite-dimensional versions of

(1.1).

o The works [47,48,21,27] deal with quadratic Hamiltonians on Hilbert spaces where
the drift is not given by a gradient flow, but rather by a maximally dissipative
operator C. (The subgradient of a proper lower semi-continuous convex functional
is maximally dissipative, connecting the two equations.) We formally have

H f(m) := (grad f(m), Cm) + % lgrad £ (r)||” (1.4)

Due to the non-compactness of the space, optimizers in the proof of the comparison
principle are produced using Ekeland’s variational principle. As the drift term arises
from a (non-continuous) operator, the standard Hilbertian norm is not suitable to
be used as a penalization function in Ekelands principle. Thus, a new metric-like
object is introduced that is constructed from the norm in combination with the flow
generated by C. A second innovation in this collection of papers concerns how to
deal with C in giving rigorous understanding to the Hamiltonian in (1.4). Working
_a

for test functions of the type f(7) = § |7 — pl|?, the drift term equals

(m — p, Cm) (1.5)
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which is ill-defined if 7 is not in the domain of C. However, using the dissipativity
of C, this term can be upper bounded by

(m—p, Cp) (1.6)

which is well defined as long as p € D(C). This leads to a candidate upper bound for
H, as long as one restricts to test-functions of metric type with p € D(C). A similar
procedure can be carried out to obtain a lower bound. Working with test functions
with restrictions on g makes it necessary to replace the standard duplication of
variables by a quadruplication, where the two new variables take their values in
D(C). The inclusion in D(C) for these two new variables is enforced by the addition
of two new penalization terms. This procedure is to some extent analogous to the
procedure that, in finite dimensional cases, forces the variables to take their values
in a compact set.

Building upon the works above, [28] introduces a more intrinsic point of view replac-
ing C by the gradient of some energy functional £. In [28] this is carried out for an
energy functional £ with compact sub-levelsets on a metric space. The inclusion in
the domain of the gradient of £ is now achieved by penalization with £, whereas in
the papers above, considered in the context that C' = — grad £, the penalization can
be interpreted as the square root of a Fisher information. This geometric interpreta-
tion effectively leads to much cleaner estimates. A second notable difference to the
papers above is that the quadruplication is replaced by a duplication of variables.
This comes at the cost of working with less-regular test functions in the domain of
the Hamiltonians. To obtain existence of solutions, one typically starts out with more
regular test-functions. It was shown in e.g. the three examples of Section 13 of [29]
that for well-posedness one can connect the regular and non-regular Hamiltonians
by performing an inf- and sup-convolutions on sub- and supersolutions respectively.
This is reminiscent of the techniques used in the proof of the comparison principle
for second order equations on finite dimensional spaces, see e.g. [15], and implies that
the full procedure to obtain the comparison principle can be seen as one that involves
a quadruplication just like in the papers mentioned above. In the example of Section
13.3 of [29], studying the controlled heat flow in the Wasserstein space, it is observed
that the upper and lower bound that in (1.5) and (1.6) were given by the use of the
dissipativity of the operator are now replaced by the use of an inequality that we
recognize in our more general context as the evolutional variational inequality.

In [30], the authors study the controlled Carleman equation. In this context the
Hamiltonian is associated to the gradient flow of the entropy on the space of proba-
bility measures considered as a subset of an inverse Sobolev space. In this paper, a
combination of the ideas above has been put to work, the procedure that involves a
quadruplication, as above, in the sense of a standard duplication in combination with
sup- and inf-convolutions, uses compactness of the sublevelsets of the energy. Also
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in this work, an inequality is used that we recognize as the evolutional variational
inequality with contractivity constant x = 0.

In view of the above works, we combine their strengths and assemble the key idea’s in a
single unifying framework:

o We work with a geodesic metric space, where £ and d do not necessarily have compact
sublevel sets. In fact, we will allow £ that are unbounded from below.

e We replace the variational inequalities used in the papers above by the systematic
use of the evolutional variational inequality (EVI1,). This inequality is the general-
ization of the one used in [30] and in a Hilbertian context implies the dissipativity
of the operator C. Interpreting the variational inequalities used in the literature in
the context of EVI, they correspond to the evolutional variational inequality with
contractivity constant k = 0. We will allow for negative x also.

e We generalize the Tataru distance from Hilbert to general metric spaces and modify
the distance to allow its application to gradient flows satisfying EVI with a negative
contractivity constant x.

e Instead of establishing the comparison principle via the duplication of variables com-
bined with sup- and inf-convolutions, we perform the quadruplication of variables in
a single go and introduce an argument generalizing the classical Lemma 3.1 of [15].

To summarize: the key innovation in our proof strategy is the systematic use of the
properties of EVI gradient flows, in particular of their regularizing properties that in-
clude energy dissipation and distance contraction estimates. Indeed, gradient flows play
a crucial role in: a) Defining suitable upper and lower bounds for the formal Hamilto-
nian that depend on & and d only; b) the construction of the Tataru distance and c)
developing all the necessary estimates for the proof of the main result, in particular to
bound the difference of the Hamiltonians in the proof of the comparison principle (see
e.g. Lemma 3.3 and Lemma 3.4). Apart from our key assumptions on the properties
of the geodesic metric space E and the existence of a gradient flow satisfying the evo-
lution variational inequality, which can be considered to be standard in the literature,
we assume in Assumption 2.9 that the directional derivative of the energy functional
along ‘regularized geodesics’ can be controlled by the local slope of the energy. Thanks
to the rather soft assumptions needed for our main results to apply, we are able to cover
natural situations that, to the best of our knowledge and understanding, fall out of the
range of existing techniques. Leaving all precise statements to section 5 below, we would
like to mention that one novelty is that we can treat the case of the Wasserstein space
equipped with a Rény entropy as energy functional: in this setting the underlying gra-
dient flow is the porous medium equation [44]. Even if we restrict to the more classical
setting where the energy functional is the sum of the Boltzmann entropy, a potential
energy and an interaction energy, existing results (see e.g. [29,28]) require the confining
potential to grow superquadratically at infinity in order to be applied, and several fur-
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ther restrictions are imposed on the interaction potential. Here, we allow for much more
flexibility on both potentials. It is also plausible that the class of distances introduced in
[26] leads to Hamilton-Jacobi equations whose uniqueness can be established by means
of Theorem 2.14 though we leave it to future work to validate this conjecture, as well as
to enlarge the range of applications of the comparison principle proven in this paper.

Organization The article has the following structure: in Section 2 we state our hypoth-
esis and then proceed to the presentation of our main results. In section 3 we prove
Theorem 2.14, that is the comparison principle for the upper and lower bounds H; and
Hj. Section 5 is devoted to examples of applications, whereas Section 4 reports on the
fundamental properties of EVI gradient flows and the Tataru distance. Appendix A con-
tains some background material on Ekeland’s principle and Hamilton Jacobi equations.

Frequently used notation

e Bpg(p) the ball of radius R centered at p;

e N =NU/{+oo};

e USC(E),LSC(E): space of upper semi-continuous and lower semi-continuous func-
tions over F;

e C(F) continuous and bounded functions over F;

2. The comparison principle

Our aim is to establish a comparison principle for viscosity solutions of equations of
the form

f(m) = AHf(r) =h(r), meE (2.1)

where (F,d) is a complete metric space, A > 0 is a constant, h a real function on F and
the action of the formal Hamiltonian H is given by

Hf(r) = —(grad, f(m), grad, £(m)) + % lerad,, f ()|, (2.2)

where £ : E — (—o00,+00] is some energy functional and gradients are taken w.r.t. a
formal Riemannian structure on E. Various issues arise with the definition of H due to
the presence of grad,. Indeed a precise notion of gradient for E is difficult or impossible
to give. For example, when (F, d) is the Wasserstein space (Po(R9), Wo(-,-)), in typical
situations of interest, £ is worth 400 on a dense set and nowhere differentiable, even
though the subdifferential is well defined and non empty on a subset of the domain of
E. The lack of differentiability of entropic functionals is a well known issue in the theory
of gradient flows and has led to the development of notions of gradient flows that do
not appeal to grad, & directly: we refer to [3] for a comprehensive overview. In a certain
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sense, we adopt a similar strategy: instead of working with H directly, we construct
suitable upper and lower bounds H; and Hj, that depend on &£ rather than its gradient
and that are tight enough for the comparison principle to hold. To construct the upper
and lower bounds we partially rely on ideas put forward in [28,30] and draw inspiration
from the EVI formulation of gradient flows which allows to put the considerations made
therein on some important examples into a considerably more general framework. For
example, an important with these work is that here we do not assume that the level sets
of £ are compact. Let us now proceed to introduce the most important concepts needed
to properly define H; and Hj.

2.1. EVI-gradient flows and statement of the main hypotheses

We work on a complete metric space (E,d) on which an extended functional £ : £ —
(—o00,400] is defined. In the sequel, we shall refer to £ as to the energy, or entropy
depending on the context. The next definition is that of local slope given in the first
chapter of [3].

Definition 2.1. Let ¢ : E — (—o00, 00| be an extended functional with proper effective
domain, i.e. D(¢) := {7 € E : ¢(w) < +oo} # (). Then the local slope of ¢ at p € D(¢)
is defined as

limsup, _,, W, if ¢(p) < +o0.

|00(p) = {

400, otherwise.
Next, we define geodesic spaces.

Definition 2.2. (E,d) is a geodesic space, if for any p,m7 € E there exists a curve
(€77 (t))eeqo,1) such that {77 (0) = p,¢"7™(1) = 7 and for all s,¢ € [0, 1]

d(¢P7"(s), 77T (1)) = |t — sld(p, 7). (2.3)
Such a curve will be called geodesic.

Assumption 2.3 (Metric and energy). We make the following assumptions of the complete
metric space (E,d) and the energy functional £.

(a) (E,d) is a geodesic space.

(b) We assume that the energy functional £ : E — (—o0, +00] is an extended functional
such that:
« It has a proper effective domain, i.e. D(€) :={mr € E: E(7) < +oo} # (.
o It is lower semi-continuous.
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Our second main assumption is the existence of an EVI gradient flow of £. The EVI
(Evolutional Variational Inequality) formulation is the strongest formulation of gradient
flows in metric spaces, we refer to the monograph [3] and the more recent article [43] for
an extensive study of this notion.

Definition 2.4. Given k € R, we define solution of the EVI}, inequality a continuous curve
v : [0, +00) — E such that v((0,4+00)) C D(€) and

1d* K
I q (@), p)) < E(p) = E(Y(B) = 5d*(7(1),p), Vp € D(E),t € [0,+00). (EVI)
Here % denotes the upper right time derivative. An EVIy, gradient flow of £ defined in
D C D(€) is a family of continuous maps S(t) : D — D, t > 0 such that for every = € D:

e The semigroup property holds
S[r|(0) =m, S[x|(t+s) = S[S[n](®)](s) Vi, s>0. (2.4)
o The curve (S[7](t))i>0 is a solution to (EVI,).

We shall refer to (S[n](t))i>0 as the gradient flow of &€ started at w. To lighten the
notation, from now on, we will denote with (7(¢));>0 the gradient flow (S[7](¢))¢>o0-

Assumption 2.5. [Gradient flow and EVI] We assume the existence of an (EV1,,) gradient
flow of £ defined on D = E.

Remark 2.6. Note that the above assumption implies that D(E) = E.

(EVI,,) is known to have several important consequences (see [43]), including unique-
ness of the gradient flow. Some of these facts, gathered at Lemma 4.1, play a crucial role
in the proofs of our main results.

Remark 2.7. Note that the Hamiltonian is formally equivalent to

d+ 1
Hf(m) = 3 (@) li=o + 10/ (), (2.5)

for f: E — (—o00,+00) and 7 € E. This representation is an important guideline for the
construction of the lower and upper bounds.

For later use, we define the information functional as the squared slope of the energy.
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Definition 2.8. We define the information functional I : E — [0, +00] as

2 D
tmy o | 106P@ meD(E)
400 otherwise
The information functional is closely related to the gradient flow via the energy iden-
tity

&ﬂm—€w®D=—/Hﬂ$M&

see Lemma 4.1 for a rigorous version of the above relation. Our final condition is of non-
standard nature. We assume that any geodesic can be approximated as well as needed
with a smoother curve, typically but not necessarily another geodesic, along which the
variations of £ can be controlled with the slope. This last requirement is coherent with
the interpretation of the metric slope as the norm of the gradient of £. Note that, in most
examples of interest, (2.7) below fails to be true if we replace ¢{ " (¢) with an arbitrary
geodesic and that in the infinite dimensional context this assumption is considerably
weaker than the existence of directional derivatives of £ along arbitrary geodesics.

Assumption 2.9. For any p, 7 € F satisfying I(p) + £(7m) < +00, there exist a geodesic
¢”77 such that, for any 6 > 0, there exists 7 > 0 and a curve, not necessarily a geodesic,

( Z_m (t))tefo,r, satisfying

d(Cs " (1), ¢ (1))

lim sup <4, (2.6)
£10 t
and
lirﬁ(i)nf E(Cg%ﬂ(tt)) — ) <10&|(p)(d(p,m) + 6). (2.7)

Note that (2.6) implies that 5™ (0) = p.

We refer to (2.6) as to the angle condition. (2.7) can be interpreted as controllability
of directional derivatives of regularized geodesics by the local slope.

2.2. A first attempt at defining upper and lower bounds

In light of the previous discussion, we can start developing a correct formulation of
the Hamilton-Jacobi equation. In classical proofs of the comparison principle for first
order Hamilton—Jacobi equations one needs to apply the Hamiltonian to distance-like
test functions. In the following lines, ignoring all the technical issues, we shall derive a
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formal upper bound for m + Hd>(-, p)(r) arguing on the basis of (EVI,) and on the
following (formal) property of the distance

2

wrpet |o(yeln)| ()=, (28)

where ’8 (5d%(-,p))| () is the slope of the function 3d?(-, p) evaluated at m. Note that
the above equation holds in the case of a smooth Riemaniann manifold. Let us now
consider a test function fT : E — R that is given in terms of the squared distance as
f1(m) = 3ad?(w, p) for some p € E and a > 0. Applying formally the representation of
H from (2.5) and using the property (2.8) (as if 7 € D(£)), we obtain that

+
Hf(r) = %a((li_t (d*(n(t),p)) ‘t:O + %a2d2(7r,p).

Then, applying (formally) Assumption 2.5 and being a > 0, we get
1
Hft(n) < al&(p) — E(n)] — agdZ(ﬂ,p) + 3a’d(m p).

Let us note that this upper bound is proper as soon as £(p) < 400, so that the right
hand side is well defined, even though it may take the value —oo. Therefore, we are led
to a candidate definition for a first upper bound Hcan ;: its domain is

1
D(Hcan,t) == {fT ‘E R, fi(n) = aadz(w,p) Ya>0,VpeE: E(p) < oo}
and for fT(r) = $ad?(r, p) we define our candidate Hamiltonian via

Hcan,TfT(w) =all(p) — E(m)] — agd2(7r, p) + %anQ(mp).

Similarly, we get a formal lower bound for a test function f* : E — R defined as
fHp) = —1ad?*(y,p), v € D(E). Let

1
D(Hean 1) := {fi cE >R, ffu) = —iadQ(’y,u) a>0,vye€E: E7n)< oo}
be the corresponding domain then for f*(u) = —Lad?(v, 1) we set

Hean,i (1) = al€(1) = E)] + (o, ) + 5002, 1)

Thus, instead of establishing the comparison principle for equation (2.1), we aim to show
it for the upper and lower bound we found for our Hamiltonian, i.e. we would like to
show that for every subsolution u (in a sense to be precised) of
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f - )\Hcanﬂ[f =h

and every supersolution v (in a sense to be precised) of

f - >\Hcan,j;f =h

we have u < v. Thanks to the formal inequalities this result would give a formal com-
parison principle for equation (1.1). The standard procedure to prove the comparison
principle consists in using a doubling variables method. However, when doing this with
our candidate Hamiltonian, we run into the known issue that optimal values are not
attained, essentially because we are working in a infinite dimensional space. This issue
is usually solved via Ekeland’s variational principle (a version of which, the one used
in this article, is Lemma A.1, in the appendix). Nevertheless, for our setting, in which
the Hamiltonian contains an unbounded term, this is not enough. Indeed, once Ekeland
variational principle gives us the unique optimizer, the standard procedure consists in
finding good estimates for the difference of the Hamiltonians. Following [21,47,48,27], we
need to apply the Ekeland variational principle with the Tataru distance as a penaliza-
tion function which, in contrast with the usual distance d is Lipschitz along the gradient
flow and allows for an efficient comparison of the difference between of the Hamiltonians.
Let us now proceed to construct a version of the Tataru distance that is adapted to our
scope.

2.8. The Tataru distance

The Tataru distance function, introduced in [47], is given in terms of the gradient flow
generated by the energy functional £ considered therein.

dr(m, p) = nf {t +d(m, p(t))}, Vm.p€E,

where p(-) is the gradient flow of £ started at p. Note that dr is not a metric due to
a lack of symmetry. The two key properties of the above Tataru distance are that dr
is Lipschitz with respect to the metric d and that it behaves well with respect to the
corresponding gradient flow

dr(n(r),p) = dr(m.p) _

1, Vm,p€eFE,

for all » € R\ {0}. These properties are both based on the fact that the gradient flow
considered there was contracting with respect to the metric. In our setting, we consider
(EVI,) gradient flows and we allow negative values &, i.e. a negatively curved space, and
in this case the gradient flow is not anymore contracting. Thus, we have to work with
an adjusted Tataru distance that takes care of all possible values of k.
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Definition 2.10. We define the Tataru distance dy : E x E — [0,400) with respect to
the metric d and energy £ as

dr(m, p) = gg {t+e™d(m p(t)}, Vm,p€EE,
where £ = (0 A k) <O0.

The precise statements and proofs of the main properties of Tataru distance are
postponed to Section 4.2.

2.4. The comparison principle for a proper upper and lower bound

Now that we have defined the Tataru distance we are ready to introduce the upper
and lower bounds for H for which we will actually establish the comparison principle.
As we did before, we provide a heuristic argument to justify their definition. To do so,
we begin by fixing a test function of the form

F1(m) = gad(x, p) + b (1) + ¢ (2.9)

fora,b > 0,c € R, and p, u € E. As before, due to the presence of the term %ad2 (m, p), we
will need to require that £(p) < oo in order to obtain a proper bound for the Hamiltonian.
In order to bound the action of H on fT, we can rely again on the representation (2.5)
and invoke the Lipschitzianity of dr along the gradient flow (Lemma 4.3) that gives

d+
S @r(r(t),m) | | <1

Similarly, as the Tataru distance is Lipschitz with respect to d, then any gradient of dp
can be upper bounded by 1. Using these two properties and applying formally (EVT,,)
and (2.8) as we did before to define Hcay i, we obtain that if fT is as in (2.9):

.
H () =ga e (@ (), ) |, + b5 (@r(rtt), m) |,

(m)

4 % ‘a (%adQ(-, p) + bdrp (-, u))

<al€(p) = E(m)] — a5 (m,p) + b

o (520.0)

1
+ 38 lodr () (m)

2

(m) + l2ab

: () [0dr (-, )| (x)

1
+ §Cl2

o (520.0)

<a[£(p) ~ E£(m)] — agd(m.p) +b
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1 1
+ §a2d2(7r,p) + abd(mp) |8dT('7/~L)| (7T) + §b2 |8dT('vﬂ)|2 (ﬂ—)
<al&(p) — E(m)] — ang(ﬂ', p)+b+ %a2d2(7r,p) + abd(r, p) + %bQ.

We can adapt this argument to test functions of the form
: L2
Frp) = —gad™(y,p) = bdr(p,m) +c, a,b>0,ceR,

by treating the term % |0 (—%d(-,7) —de(-,ﬂ))f(u) in a slightly different way,
namely”

Lo (=2 (.) - sart )| )

2
5 (alo ¢~ Hourtm1) o

Y

= L (1,) — abd(s, )| () () + % 106 () (1)

a2
> S d*(p, ) — abd(p, 7)[0dr (-, )| (1)

a
> 5 d*(p,7) — abd(p, )

We are thus led to consider the following definition, in which we prefer to underline the
fact that the Hamiltonians are operators.

Definition 2.11.

1. For each a > 0,b>0,c € R, and p,p € E: E(p) < oo let fT = fi,b,c,u,p € C(F) and
gt = g;b,C%p € USC(FE) be given for any m € E by

fi(n) = %ad2(7r,p) + bdr(m,pu) + ¢
g1 () 1= alE(p) ~ E)] — alsd?(m,p) + b+ Sa*d(m,p) + abi(m, p) + L.

Then the operator Hi C C(E) x USC(FE) is defined by

Hi = {(f;r,b,c,u,p’gl,b,qu,p) ’a,b >0,ceR ppel: E(p) < OO}

2 In this computation we use the formal bound |8(f + g)| > ||8f| — |8g]||. The local slope does not satisfy
this property. In order to justify heuristically the upcoming calculations, it is convenient to think of it as a
proxy for the norm of the gradient of f + g.
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2. For each a > 0,b>0,c€ R, and m,y € E: £(y) < oo let fi = fai,b,c,ﬂ',’y € C(F) and
gt = gi’b’c’ﬂﬁ € LSC(FE) be given for any 1 € FE by

fHp) = —%adQ(%u) —bdr(p, ) +c
01 (1) = aE(0) ~ £+ as ) — b+ S () — abd(a, ) — S

Then the operator H; C C(E) x LSC(E) is defined by

Hy = {(fj,b,c,m“/’gi,b,c,ﬂ,’v> ‘ a,b>0,ceR,my€B: £(y) < OO} '

Remark 2.12. Note that the term —%bz, in the definition of g%, is introduced in order to
have more flexibility for an existence proof.

We are now ready to provide the notion of solution we are going to work with, which we
state for general Hamiltonians A+ C LSC(E) x USC(E) and Ay C USC(E) x LSC(E).

Definition 2.13. Fix A > 0 and h', h* € C}(E). Consider the equations

f=AAf =Rl (2.10)
f =M f = ht. (2.11)

We say that u is a (viscosity) subsolution of equation (2.10) if u is bounded, upper
semi-continuous and if for all (f, g) € A; there exists a sequence (m,)n,en € E such that

Hm () — () = supu(r) — (), (2.12)
lim sup u(my,) — Ag(m,) — hf (m,) < 0. (2.13)
ntoo

We say that v is a (viscosity) supersolution of equation (2.11) if v is bounded, lower
semi-continuous and if for all (f, g) € Ay there exists a sequence (m,)n,en € E such that

lim () — f(r,) = info(m) — f(x),

ntoo

lim inf v(7,,) — Ag(m,) — h¥(m,) > 0.

ntoo
If hf = h¥, we say that u is a (viscosity) solution of equations (2.10) and (2.11) if it is
both a subsolution of (2.10) and a supersolution of (2.11). We say that (2.10) and (2.11)

satisfy the comparison principle if for every subsolution u to (2.10) and supersolution v
to (2.11), we have supp u — v < supg h' — ht.
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In classical works on viscosity solutions, instead of working with the statement “there

Y

exists a sequence such that..”, one has “for all optimizers one has.... However, when
constructing our test functions in the comparison principle proof, we will work with the
Ekeland variational principle, see Lemma A.1. This principle will give us an optimizer
that is also unique. We will show in Lemma A.4 that, for our specific test functions, we
can work directly with the unique optimizer instead of passing through an optimizing
sequence as if we were using the stronger definition. On the other hand, Definition 2.13
is easier to handle while showing existence of solutions. We are ready to state the main

result of this article.

Theorem 2.14. [The comparison Principle.] Let Assumptions 2.3, 2.5 and 2.9 be satisfied.
Let X\ >0 and h',h* : E — R be bounded and uniformly continuous. Let u : E — R be a
viscosity subsolution to f — AH; f = ht and let v : E — R be a viscosity supersolution to
f—=AH:f = h*. Then we have

sup u(m) — v(m) < sup Al (7) — h¥(n).
ek ek

Remark 2.15. Note that we formally have
Hf S HTf and Hif S Hf

Thanks to these inequalities the above result will give a formal comparison principle for
equation (2.1).

Remark 2.16. The assumption that hf, h* are uniformly continuous can be weakened to
uniform continuity on sets of the type

K?  ={mre E|d(mp) <c&(p) <d}.

C!

3. Proof of Theorem 2.14

The proof of Theorem 2.14 contains two main parts. The first part consists in showing
that, in order to establish the comparison principle, we can reduce to the usual estimation
on the difference of Hy and H;. The estimation of this difference, however, is non-trivial
in the present context and we postpone to section 3.2 the proof of some of the key
estimates needed there.

Remark 3.1. In Step 1 of the proof below, we first make use of the fact that £ can be
bounded from below by a non-negative constant times —d?. In this way, the standard
quadruplication of variables, which goes with a penalization needed as we work with
non-equal variables, is indeed a penalization. If £ is itself already bounded from below
by 0, we can simplify significantly the proof by choosing ¢; = 0.
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Proof. Let u be a subsolution of equation (2.10) and v a supersolution of equation (2.11),
we have to prove that

ilé.};u(ﬂ') —o(m)

can be controlled by

sup hf(7) — h¥(n).

TeR
To proceed, as in the classical proof of the comparison theorem, one usually performs the
doubling variables method, that can be done in our case using the distance function and
the energy functional as penalization functions. However, the use of the energy functional
and the fact that £(m) could be worth +o0 oblige us to introduce two additional variables,
i.e. we quadruplicate the number of variables. This procedure is actually reminiscent of
the sup-convolution procedure.

Step 1: Quadruplication of variables and Ekeland’s principle.

We fix vy € E such that £(vy) < 0o, we need £(1p) < 0o and ¢1,¢2 € R as in Lemma 4.1
item (a), i.e. such that

A c
inf £(m) + - d?(m, v0) + c2 = 0,

and we define
E(n) == E(m) + %dQ(w, Vo) + co.

We fix a > 0 and ¢, small enough (this value has to be fixed according to the condition
(3.15), i.e. Eq(Za,0) +Ea < a~ !, where Za,0 = (Ta,0; Pa0, Ha,0, Ya,0) Will be chosen later
on and Z, is defined as below). We introduce for z = (7, p, u,7) € E*

Next, we define

Go(z) :=Du(x) — a¥y(x) — Eq(z), M, := sup Gu(x) (3.2a)
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and

_ 1
T 1l—g,

B(I7j) : dT(7T,7~T') + dT(M?[") + dT(p’ 15) + dT(F)/a :Y)

1+e4

We gather the important results of this step in the following proposition, whose proof is
postponed to section 3.1.

Proposition 3.2. For each a > 0 we can find to = (T, Pas Has Vo) € E* such that

(a)

sup u(r) = v(m) < Palwa) + O(a~1/?), (3.3)

(b) pasYa € D(E) and z, is the unique point in E* such that

sup Go(7) — ta < Go(240) = sup Gu(z) — a 'Ba, (3.4)
reE4 2 rEFR4
where
Bo(x) := B(z, x4). (3.5)

(c) If (xp)nen € E* is such that

lim Go(2n) — ' Ba(tn) = Ga(a),

n—oo

then lim,, o0 Ty, = Tq.

(d) We have

liminf a¥, (24) + Za(Ta) + €ad*(pas v0) + €ad?* (Yo, Vo) = 0.

a— 00

Step 2: Use of sub(super)solution properties. In the rest of the proof we consider a

diverging sequence (ay,)n,eN along which

lim a,¥,, (a,) + Za, (Ta,) + EandQ(Pana vo) + 5and2(")’an,a vp) = 0.

n—oo
Consider as test functions fT, f¥ : E — (—o0,4+00) given by
fT() i=—(1 = €a,)Ga, (s Hay s Pay s Vo, ) +u(-) + (1 — Ean)angan(.7/’Lan7pan7,7an)’

(3.6)

fi() i=(1+ea,)Ga, (Tans s Pans Yo, ) +0(-) = (1 + 5an)a;13an (Tans s Pan s Yo )-
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Note that fT, f* are valid test functions. Indeed, from (3.2a), (3.5) we have

f1(m) = S (7, pa,) + ' (w70, ) + const.,

Oy _
) = = (1 Ya) = an " dr (g, pa, ) + const.,

and we know that pg, ,Ya, € D(E) by Proposition 3.2-(b). From the very definition of

fT, we obtain

u(m) = f1(m) = (1 = €a,)Ga, — an™ ' Ba,J(7, e, Pt Y ) 3.7)

and 7,, is the unique maximizer of u(m) — ff(7) because of (3.4). Analogously, we find

’U(p,) - fi(li) = _(1 + Ea">[gan - an_lBan](ﬂ-anvﬂa pa">'7an)a

and i, is the unique minimizer of v(y) — f¥(u). Being u a subsolution, there exists a
sequence (7, )men € E satisfying (2.12) and (2.13), for (fT,¢") € Hy, where g' is given
by Definition 2.11 (with a = a,,b = a,~'). In the next lines, we deduce from these
properties that

w(ma, ) <A (M0, ) + 1 (7a,). (3.8)
We begin by observing that

lim (1= ea,) G, — On Bao] (T fhenss P Vo) ) Lim (= f1) ()

m——+oo m— o0

“L sup (u— 11 ()

el
(3.7);(3,’1)

(1 - ¢a,)%, (Ta,)
= (u— fN)(7a,)-

At this point, we can use item (c) of Proposition 3.2 which gives that lim,, e T =
Ta, - Now Lemma A .4, says that since there exists m,, € E such that lim,, 4o T = 7q,,
and

w(ma,) = f1(7a,) = sup u(m) — ().
Then we have
u(ma,) = AgH(ma,) — hf(mq,) < 0.
Therefore we finally establish (3.8). Arguing similarly, we obtain that

0(Han) > MG (Ha) + B (s )s
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for (f*,¢g*) € Hy, where gt is given by Definition 2.11 (with a = a,,,b = a,, ). Plugging
(3.8) and this last bound into (3.3) and using the fact that our choice (3.14) of &4,
implies e, < a;, !, we arrive at

Rt (ma,)  RH(ita,) 1 1
o < Qn /) Qp, )\ T o o I o
iggu(ﬂ) v(m) “l-¢a, l+ea, " <1 — e, (ma.) T+ ea,” (w "’)) (3.9)
+ O(ay, 71,

Step 3: Upper bound on the difference of the Hamiltonians. Applying the definition
of g' and g* and with the help of Proposition 3.2 (d) we can split the difference of the
Hamiltoniains into two terms and a vanishing term, namely

9'(7a,) 9% (ba,)
1—eq, 1+eq,

1
| (E(pa,) = E(a,) + 5 (Ta, s P, )

IN

1—-eaq,
1 R o (310)
o (Blha) — E0a,) = 5 (e pa,)|
an? ap?
e R ) o s Por __m P2 Y
+0(1)

We gather here the important estimates used in this step and that will be contained in
Lemma 3.3 and Lemma 3.4, whose proof is postponed to section 3.2.
Let (a)nen be the sequence given by Proposition 3.2-(d), then we have

an[ ! (E(Pan) = &(ma,) + ng(WQn’ Pan))

1—-¢€a,
1 K
_ 0) = E(a,) — ~d2(Ta, , pa 3.11
o (Eka) — E00,) = 5 (e pa,))| (3.11)
<5 () — () + 0(1)
ST U mea) P T e, e :
and
o? a?
& d2 « « 7—nd2 any
2(1_€an) (71' ny P n) 2(]—+5an) (,u s Y n)
Ea €a
<—2 I(pa (g 1). 3.12
S Aoy Pan) T ey 0en) +o(l) (3.12)

If we now apply (3.11) to bound the first term and (3.12) to bound the second term, we
obtain that
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t i
9" (7a,) 9" (pa,) <o(1).
1—eq, 1+eq,

Step 4: Conclusion. Let w! be a modulus of continuity for Af. Combining the conclusion
of Step 3 with (3.9) we obtain that for all n € N

ht (,uoen ) . hi (Nozn )

5 - < Td Qn Mo 1
sup u(m) — v(m) <w'(d(7a, s pay,)) + —ee. Tte. +o(1)
< sup Al (m) — ¥ (7) + w'(d(Ta,,, fia, ) + o(1)

TeER

where to establish the last inequality we used the boundedness of hf, At and (3.14).
The desired conclusion follows by taking limits on both sides in the above display and
invoking one last time Proposition 3.2(d) Note that item (d) of Proposition 3.2 also
implies Remark 2.16. O

3.1. Proof of Proposition 3.2

Proof. « Step 1: quadruplication of variables We first pick (mq 0, fta,0) € E? such that

(6% _
sup () = v(m) < Ul ) ~ V(jta0) ~ 5 (o0 1100) + 07" (3.13)
S

Next, we choose (pa.0, Va,0) € E? such that

5(p(x,0) + 5(’704,0) < +OO, d(ﬁa,07 p(x,O) =+ d(’Yoz,Ov Na,O) < aila (314)

and g, € (0,1/3) such that
Ea(Ta0) +ea <a™t, (3.15)

where za,0 = (Ta,05 Pa,0, Ha,0 Ya,0)-
o Step 2: algebraic bounds on the difference of solutions In this step we show that

sup u(m) — v(r) < Moo+ O(a™') < M, + O(a™'/?). (3.16)
TeE

We do so by first showing that
sup u(r) — o(r) < sup By(z) — AW o(z) + Oa™")
el zEE* (317)
< (I)a(xa,o) - a‘I’a,O(l”a,o) + O(ail)
and eventually establishing that

¥y 0(Ta0) > a¥(Tao) + (’)(04_1/2). (3.18)
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Once these two bounds have been proven, the desired conclusion (3.16) follows at
once using (3.15). Let us now proceed to the proof of (3.17). From the boundedness
of u,v and using the bounds

1 1
-1 — 1] =0(g,) = -1 1
’1—5,1 ‘+‘1+5a ’ Olea) = O(a™) (3.19)
we get
sup u(m) = v(r) < Ba(@a0) = 56 (Ta 0, Ha0) + Ola”") (3.20)

TeR

From the choice of (74,0, fta,0) (see (3.13)) we deduce that
%dQ(ﬂ'a,o,Ma,o) < sup |u|(7) + sup |v|(7) +sup [u —v|(7) + ot = O(1)  (3.21)
But then, using this last bound and (3.19) in (3.20) we obtain

sup u(m) — v(m) < Po(za,0) — a¥a0(Ta0) + O(ail),
weEER

which proves the first inequality of (3.17). To prove the second one, i.e.

sup ®n(z) —a¥qo(z) + (9(071) < Qo (Ta0) —a¥q0(Ta0) + O(ofl),
reFR4

we proceed as before using the boundedness of u, v, (3.19) and (3.21), to show that

sup @, (7) —a¥,o(z) + O(a™) < sup u(m) —v(p) — ng(ﬂ', p) +O(a™t).
zEE* T, WEE 2

By the choice of (a0, tta,0) (see (3.13)) we obtain

sup @, (z) — a¥, o(z) + O(a™) < w(7a,0) — v(pha0) — %d2(7ra’o,ua’o) +0(a™),
reFRE4

and, through analogous computations, the second inequality of (3.17). In order to
prove (3.18) we begin observing that the triangular inequality give

d(ﬂ'a,Oa ﬂa,O) > d(/)a,o, 'Ya,O) - d(ﬂ'a,07 pa,O) - d('Y(x,Ov ,uoe,O)~ (322)

There are two possible cases:

— d(Pa,0,Ya,0) < d(Ta0,Pa0) + d(Va,05 fha,0). In this case, we immediately obtain
from our choice of pa o and Y,.0 that d(pa.0,Ya,0) = O(a™?t) from which we deduce
that

d2(7ro¢,0a /J/a,O) = dz(ﬂ-a,Oa pa,O) + dZ(pa,Oa 701,0) + d2(7a,0a Ma,O) + O(a_2)~
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— d(Pa.0,Ya0) = d(Ta,05Pa0) + A(Ya,05 tha0)- In this case taking squares in (3.22)
and using (3.14) we get

d2 (ﬂ'a,Oa ,Ua,()) :d2 (77(1,07 pa,O) + d2 (pa,O: ’Yoe,O) + d2 (’Ya,O; ,Ua,O)
+ d(pa,Ov ’Ya,O)O(Oé_l) + O(a_2)'

An application of the triangular inequality (3.22) in combination with (3.14) and
(3.21) gives that d(pa.0,7a.0) = O(a™1/2). Plugging this into the above display
yields

d2 (ﬂ'a,Oa /uoc,()) = d2 (Tra,Oa poc,O) + d2 (pOé,07 704,0) + d2 (’Ya,()a ,uoc,o) + 0(073/2)_ (323)

Therefore in both cases we have that (3.23) holds. Multiplying this relation on both
sides by ﬁ and using the basic inequality ﬁ <3< m establishes
(3.18).

Step 8: Ekeland’s principle and proof of item (a),(b) and (¢) The verification that
G, and B satisfy the hypothesis of Ekeland’s Lemma (Lemma A.1) is done sepa-
rately in Lemma A.3 in the Appendix. Next, we pick & = (%, fi, p,7) € E? x D(E)?
such that

sup Go(z) — %Ot_Q < Go(2). (3.24)
zeE4

If we now apply Lemma A.1 setting 6 = o~}

statement in (3.4) thanks to item (2)-A.1. Le., for each a > 0 we can find a unique
To = (Ta, Pay Moy Va) € E? x D(E?) that attains the maximum in supgs Go(-) —
a~1B,(+). Moreover, using item (1)-A.1 in combination with (3.24) we prove the

we immediately obtain the equality

inequality statement in (3.4). This concludes the proof of item (b). At this point,
item (a) is a direct consequence of equations (3.4), that we have just proven, (3.16),
and the fact that Z,, U, non-negative functions. Item (c) also follows from item
(c)-A.1.

Step 4: Proof of item (d). We have from item (b)

[1]

1 GZO
M, — 5072 <Go(rs) < [Po—a¥,](zq). (3.25)
Next, we observe that our choice of €, and the boundedness of u,v imply
(ba(xa) = q)a/g(])a) + O(Otil).

Moreover, using the version of Jensen’s inequality (A.3), proven separately in
Lemma A.5, with the choices ¢ = £4,¢" = £,/ We obtain

Vo(2a) > 5P o(Ta)

Wl
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But then, the right hand side in (3.25) is bounded above by

1 « « _
M, — §a 2 < [(I)a/G - E\Iloz/ﬁ,o](xa) - §\I’a(xa) +O(a 1)

< Majso = 5 Valza) + O(a™)
(:20) Mo — %\I'a(xa) I 0(071/2)_
We have thus obtained
My —a %< My — %\Ila(xa) + O(a~1/?),

Taking lim sup on both sides we get

1
lim sup M, < limsup M, /6 — %\I!a(:ca) <limsup M, /6 — 7 liminf aV¥, (2,),

1
a—00 a—0o a—0o 2 a—oo

whence the existence of a sequence (o, ),en such that

lim «a, =400, lim a, ¥y, (z4,)=0. (3.26)

n—-+oo n——+4oo

To conclude the proof, we observe that thanks to item (b) we have

1
goz(xa) 2 ga(xa,O) - Ea_2a
whence, with the help of (3.15)
Eo(a) < [Po — aV0,](24) — [Pa — aWy)(Ta,0) + O(al/?).

Using (3.18) on aW,(24,0) and Lemma A.5 to obtain —a¥,(z,) < —a¥,o(za) +
5a¥ (x4 ), we obtain

Ea(ma) < ga,O(CCa) + 505\I/a(1‘a) — ga70(gja70) + O(afl/z).
Since Gu.0(26) < Moo and Gao(Za0) = Mo + O(a™1) by (3.17), we find
Z0(Ta) < 50, (24) + O(a™V/?).

As a consequence of (3.26), if we choose the same sequence (o, )neN giving (3.26)
we have

lim =, (za,)=0. (3.27)



26 G. Conforti et al. / Journal of Functional Analysis 284 (2023) 109853

Finally, observing that by construction

E(m) :=&(m)+ %dg(m V) + c2,

for all m € F and some ¢; > 0, ¢y € R this implies by Lemma 4.1 (a) that
E(n) > &1d*(m, ) + &

for all # € E and some ¢; > 0,¢; € R, we deduce from (3.27) that

lim sandz(pan, Vo) + 6and2('yan,1/0) =0. O

n—-+oo

3.2. Key estimates

We now prove the two main estimates we used in the proof of the comparison principle.
In the next lemma, we find an upper bound for the first term on the right-hand side in
(3.10) relying essentially on (EVI,). It is precisely here where the use of d instead of dr
in Ekeland’s lemma results in weaker estimates that do not allow to conclude the proof
of the comparison principle. In Lemma 3.4, we find an upper bound for the second term
on the right-hand side in (3.10), relying on the curves introduced in Assumption 2.9.
The proofs of these lemmas are partially inspired by Lemma 2.5 and 2.6 of [30]. In
both statements, we use the information functional I = |0€|? which was introduced in
Definition 2.8.

Lemma 3.3 (Estimate on drift from EVI and gradient flow). For fized o > 0 let xz,, =
(T Phas Pas Vo) and vy be as in the proof of Theorem 2.14. Then, we have that £(my) +
E(la) < 400 and the following estimates hold

a[E(pa) = E(xa)] + G @ (pa: o)

< (L= ea)alE() = £(pa)] — (1 = ca)agd*(pa:1a) = cal(pa) + (1 —ca)a™ (3.28)

+eac[E(0) = E(pa)] — eac1 58 (pas v0);

a[E(1a) = E(70)] = G (Yo o)
> (1 +ea)a[€(va) = E(pa)] + (1 + Ea)agd2(pa7 Vo) +eal(Va) — (1 +eq)a™t (3.29)

+eac1[E(Va) — E(W)] + aaclng(vm Vo).

Moreover, I(ps) + I(va) < 00. As a corollary, if (an)nen @s the sequence given by
Proposition 3.2-(d), then we have



G. Conforti et al. / Journal of Functional Analysis 284 (2023) 109853 27

[ 1= () — E(Ta,) + 5 (T pa)

1—eq,
1 K
_ _k 3.30
o (Ele) = £00,) = 5 (T p,)| (3.30)
San 6“71

) ml(”“") B mf(%n) +o(1).

Proof. The fact that £(m,) < 400 follows from the subsolution property (3.8) of u and
the fact that u(7,), hf(74a), E(pa) are all finite quantities. The proof that &(u,) < +00
is analogous. Fix s > 0. From (EVI,) and Ekeland’s principle (3.4) we obtain that the
gradient flow started at p, satisfies

S

a/gmmw—gm@+gfwaﬂmdw

0
(pr7e) _ o (o). 7o)
- 2
d2 (6%} [e3% d2 (03 b [e3%
e () ) - (S 1 ,0)
-l i)
d*(
(1 0) (M50 T G (s 0(5),70) = @ BT s () 7).
Recalling (3.2a), we can rewrite the last expression as
2 2
(1 750()0[ |:d (pa(s)v’}/a) _ d (pOH’yOé):| (331)
2 2
+€J5@J$)—5@kaa%ﬁf@a®%W0—d%mu%N (3.32)
+(1- 5a)a71dT(pa(5)apa)' (3.33)

Using (EVI,) in (3.31), the energy identity (4.2), again (E'VI,) in (3.32) and Lemma 4.3
(b) in (3.33) we obtain the upper bound

S

[ at = ca)iE0m) = Epalr) = 5 Epalr).70)] = el (palr))dr + (1 = 2a)as
0

S

+ [ cactlE0) = £(pa(r) = 5 (palr) )l

0

Dividing by s and letting s — 0 we obtain (3.28), recalling that r — d?(pa(7),Va),
r = d*(pa(r),v0), 7 = E(pa(r)) are continuous functions and that r — I(ps(r)) is
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right continuous by Lemma 4.1 (d). Arguing in the same way, we obtain (3.29). Finally,
having proved (3.28), if we observe that all terms except I(p,) are finite, we can deduce
that I(ps) < 400. The proof that I(vy,) < 400 is completely analogous. At this point,
inequality (3.30) follows due to Proposition 3.2-(d). O

In the following lemma we obtain an upper bound for the second term in (3.10). Here,
it is the fact that (F,d) is a geodesic space together with the geometric conditions (2.6)
(2.7) that play a crucial role.

Lemma 3.4. For fized o > 0, let o, = (o, lhas Po, Vo) be as in the proof of Theorem 2.1.
Then we have

2

%d2(pa77ra) < (1 - 504)%[0‘_1 + O‘d(pa7'7a)]2 + %[V I(pa) + Cld(po” VO)]2 (3'34)

and

a? a? 1 2
(s pta) 2 (14 20) F-d (s pa) = 520 (1d(va,0) + VITa)) +o(1). (3.35)

As a corollary, if (cn)nen is the sequence given by Proposition 3.2-(d), then we have

2 2

« (67
n d2 " " o n d2 o "
2(1_8(1”) (W ns P n) 2<1+€an) (H ns Y n)
Ea Ea
< S () 4+ — [(n, 1). 3.36
< oz ) + ey ) o) (3.36)

Proof. We begin by proving (3.34). First note that if d(p,, 7o) = 0, there is nothing to
prove. We thus only prove the first statement in the case that d(pa,7s) > 0. To do so,
we define the auxiliary function G ( -) by

Ga(-) = —(1 = €a)Ga(Tas thas s Va)

= G + (L= 20 S + 0 ()

where ¢ is a constant. We obtain from (3.4), the definition of B, (see (3.5)) and the
Lipschitzianity of Tataru’s distance that

Vp € E, ga(ﬂa) - ga(l)) <(1- Ea)aildT(pa pa) < (1— 6a)ofld(p, Pa)-

Let us now consider a geodesic ¢?* 7™, fix § > 0 small enough, and consider the curve
Ce"%”" given by Assumption 2.9. Choosing p = Cg‘*%m‘(s) in the above estimate and,
dividing by s, and letting s | 0 we obtain
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lim inf 20‘—5 (02 (pas o) — d2(C07 77 (5), 7)) (3.37a)
< timsup C=da ¢ (). (3.37h)
timsup 2R () 00) = )] (3370

lim inf “[E(CH ™ (5)) — £(pa)] (3.37d)

We start with estimates for all the terms on the right-hand side of (3.37). To this aim, we
observe that for any ¢ € F we have, using the triangle inequality, the geodesic property
and hypothesis (2.6)

d(pa; o) +d(CH T (5), pa)
< d(pa,0) + 5d(pa, ma) +d(Ch T (5), 67T (s)) (3.38)
d(po, o) + sd(pa,ma) + s6(1 + 0(1)).

Choosing o = p, to bound (3.37b), 0 = 7, for (3.37¢), and o = vy to bound the distance
term of (3.37d) together with

2.7

li inf ~ (5™ (5) = Epa)] = Ve (dlpasa) +0) (3.30)

for the energy term of (3.37d), we obtain that the right hand side in (3.37) is bounded
above by

(A7, pa) + 0) (1 = 2a) (@™ + ad(pa, 7)) + 20 (@1d(pas v0) + VI(pa)) ) - (3.40)
Let us now turn the attention to (3.37a). Here, using that

d(ma, G577 (5)) < (1= 8)d(pa, ma) +d(C7* 77 (s), C5" " (s))
(1 = 8)d(pa; Ta) + s0(1 + o(1))

IA

we find that (3.37a) is bounded below by
ad(pas Ta)(d(pa, Ta) — 0). (3.41)
Assembling together (3.40) with (3.41), dividing by d(pa,7s) and letting  — 0 yields
ad(pasma) < (1= 20)(@™" + ad(pa,0)) + 20 (1P 10) + VI(pa)) )

from which the bound (3.34) is obtained taking squares on both sides, using convexity
of the square function on the right hand side and eventually dividing by two. Let us
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now proceed to the proof of the second inequality. We do the proof in detail as, even
though it uses some arguments similar to those used to obtain the first estimate, there
are also some non trivial differences. We begin by noting that we can assume without
loss of generality that d(pa,Ya) > 0. Next, define the auxiliary test function G, (-) by

g_a(') = _ga(ﬂ—aa,ufa,pow')
_ a 2(. - TON
_2(1+Ea)d(7ua)+ 2d (pa7)+

Ea >
mg()+c

We obtain from (3.4), the definition of B, (see (3.5)) and the Lipschitzianity of Tataru’s
distance that

VY EE, Ga(va) = Ga(?) < ot dr(v,7a) < o td(y,7a)-

Let us now consider a geodesic from 7, to pa, €7 7P, (Due to the fact that we don’t
have linearity and all the properties of the flow given in Assumption 2.9 are given with
lim sup, we have to go from 7, to p, while for the other inequality we had to go from p,

—Pa

to 74 ) fix a @ > 0 small enough, and consider the curve ¢* given by Assumption 2.9.

Using the previous estimate, we have, for all s small enough,

lim inf = [0 (pas Vo) — A2 (pa ¢ 77 (5))] (3.42a)
sl0 2s
1
< limsup —d({3° 7" (), Va) (3.42D)
sl0 as
: 2( Yo —*Pa g2
+hrrslfoup T (@577 (8), o) — &*(Yas pia)) - (3:42¢)
.. Ea Gl Ya—Pa _c
+ lim inf SA+el) Ea>[5(C9 (s)) = €(va)l- (3.42d)

In order to estimate all terms containing d on the right hand side, we use the analogous
of (3.38), namely that for all 0 € E

d(’me) + d(Cg‘ﬁpa (8),’7a)
< d(Ya, 0) + 8d(Va, pa) +d(C50 77 (5), (7770 (s)) (3.43)
d(Ya, ) + 8d(Ya, pa) + s0(1 + o(1)).

Indeed, choosing o = 7, to bound the right hand side of (3.42b), ¢ = p, to bound
(3.42¢), 0 = vy to bound the distance term of (3.42d) and

fim ot (£ (5) ~ £6)) S VIGW e +0)  (344)

for the energy term of (3.42d), we obtain that the right hand side in (3.42) is bounded
above by
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(d(Vas pa) +0) (al + - )d(’Yom,uoz) + (

- o (e + V) ) 29

Let us now turn the attention to (3.42a). Here, using that

d(pa, 57" (5)) < (1 = s)d(pasYa) + d(C7 77 (s), 6577 (5))
(1= s)d(pa;,7a) + s0(1 +0(1))

IN

we obtain that (3.42a) is bounded below by

ad(Pm%)(d(Pm’m) - 9) (346)

Assembling together (3.45) with (3.46), dividing by d(pa,Ya) and letting 8 — 0 yields

ad(paa) = 07 < o dOa ) + o (@d0n ) +/T00)

Ea

Sre) Tre
If ad(pa;va) —a~t > 0 the bound (3.35) is obtained taking squares on both sides,
using convexity of the square function on the right hand side and the fact that d(pa, Ya)
is o(1). If ad(pa,va) —a~t < 0, it is easily seen that the right hand side of (3.35) is
bounded above by a function that is o(1), from which the desired conclusion follows.
Finally, the bound (3.36) is a consequence of (3.35), (3.34), Proposition 3.2-(d) and the
basic inequality

(cld , V0 —l—\/_) <Ad* () +I(-). O

| =

4. Consequences of EVI and properties of the Tataru distances
4.1. Consequences of EVI

In this section we deduce from EVI various estimates on the behavior of d, £ and
I along the gradient flow. These estimates play a fundamental role in the proof of the
comparison principle and are be obtained with little effort from those of [43].

Lemma 4.1. Let Assumption 2.3 and 2.5 hold (in particular EVI inequality (EVI,)). For
we E, let (u(t))i>o0 be the corresponding gradient flow starting at . Then the following
holds:

(a) For each ¢1 > —k and for each v € E there exist ca, o € R such that if we set

Vre E, E&(n):=E&(n)+ 02—1612(7'(',1/) + co,

then we have
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inf. E(m)=0 (4.1)
and
Ve E &(n)> “;Cld%,u) +é.
(b) For any t > 0 we have
E(u(t) ~ ) =~ [ T(us)ds. (4.2
0

(¢) The domain D(I) is dense in D(E) and dense in E. In particular, the domain D(E)
of € is dense in E.

(d) For any t > 0, we have I(u(t)) < co. The map t — I(u(t)) is right-continuous at
any to > 0 such that I(u(t)) < oo.

(e) Let v € E and let (v(t))i>0 be the corresponding gradient flow starting at v. Then
we have

d(u(t),v(t)) < e "d(u,v) Vte[0,+o0). (4.3)

In particular, for a given p € E, there is at most one solution of (EVI,) such that
w(t) = poast — 0.

Proof. We begin by observing that under the current hypothesis the triplet (E,d,£) is
a metric-functional system in the sense of [43, Eq 3.1]. This allows us to deduce most of
the results we need to prove from Theorem 3.5 therein. Item (a) is proven at [43, Thm
3.5], see Eq (3.15) and the discussion surrounding its proof. For the proof of (b), note
that [43, Thm 3.5, Eq 3.11] and [10, Theorem 2.1.7] imply that t — E(u(t)) is locally
Lipschitz and, hence, absolutely continuous on (0, 00). By [43, Thm 3.5, Eq 3.17] and the
monotone convergence theorem, we obtain (4.2). Item (c¢) follows from [43, Thm 2.10]
and Assumption 2.3, item (d) follows from [43, Thm 3.5, Eq 3.11 and Eq 3.12] and item
(e) from [43, Thm 3.5, Eq 3.10]. O

4.2. Properties of the Tataru distance

We develop here the key results that hold for our adjusted Tataru distance. First of
all, note that the infimum in the definition is attained.

Remark 4.2. Since the gradient flow (thanks to Assumption 2.5) and the distance d are
continuous then the inf is attained. Indeed, for all u,v € E, we have 0 < dp(u,v) <
04 d(p, v(0)) = d(p, v). Let (tn)nen € [0,4+00) be a minimizing sequence, i.e.
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lim  t, + e d(p, v(t,)) = dr(p,v).

n—-+oo

Then, for all n € N we have
0 < tn + e*nd(p, v(tn)) < d(p,v),

hence 0 < t,, < d(p,v) and (t,)neN is @ bounded sequence. Passing to a subsequence,
still called (t,),en by an abuse of notation, we have lim,,_, o t, =t for a t > 0. Being
the gradient flow v(-) and d continuous we also have

lim e d(y,v(t,)) = e¥d(p, v(D)).

n—-+oo

Therefore we must have
dr(p,v) =t + e d(u, v(D)).

Secondly, we note that the EVI inequality (F'VI,) leads to the control on the growth
of the distance along two solutions of the gradient flow.

Lemma 4.3. We have for all u, fi,v,0 € E and r > 0 that

(a)
dT(:U/v V) - dT(ﬂ7 l)) < d(/”’a ﬂ) + d(”? l))

(b) dr(v(r), ) — dp (v,

Proof. For (a) Let ¢ € [0,400) be optimal for dr(i, D), i.e.
dp (i, 0) =t + ™ d(fi, D(t)).

Then, we have

where in line 4 we use equation (4.3), in line 5 we use that # <0 and & — x < 0. For (b),
let t € [0,4+00) be optimal for dr (v, 7). Then working with the sub-optimal ¢ 4 r for the
first term, we obtain
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dr(v(r), D) —dr(v,0) _ eEd(u(r), ot + 7)) +t 4+ 7 — etFd(v, p(t)) — t

r r
< eENEA(u(r), D(t + 1)) — e*td(v, D(t)) +1
r
- 00—l 2(0)
T
<1
by equation (4.3) and the fact that # —x <0, # <0. O
Lemma 4.4. For p, u,v € E, we have
dT(p7 I/) S dT(p7 :u’) + dT(ﬂﬂ V)'
Proof. We have
dr(p,v) = tu;lg {t+e*d(p,v(1)}
o A(t+s)
_tglzfo {t+3—|—e d(p,u(t—l—s))}
< inf {t+ 5+ d(p, u() + S Nd(u(t), vt + )}
t,s>0

We now use that, as # < 0 we have e*(*+9)d(p, u(t)) < e*d(p, u(t)). For the term
") d(u(t), v(t + 5)) we use equation (4.3) and the fact that & — x < 0. This yields

dr(p.v) < inf {t+s+e™d(p, u(t)) + €™ d(p,v(s))}
<dg(p,p) +dr(p,v). O
5. Examples
In this section, we treat three key examples:

o Hilbert spaces, in particular in the context where £ is derived from a Dirichlet energy.
This includes e.g. the linearly controlled Allen-Cahn equation.

o Finite dimensional spaces that are essentially Riemannian manifolds.

o The Wasserstein space Py(R%).

In all the examples, the first step is the verification that the metric space satisfies As-
sumption 2.3 and that there exists a gradient flow satisfying (E'V1,). We will argue this
final point starting from x-convexity of the functional &£, see Definition 5.1 below. In
concrete examples, this property is typically easier to verify, and is strongly related to
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(EVI,). Indeed, k-convexity of £ is implied by the existence of a gradient flow satisfy-
ing (EVI,) by a result of [24]. The other implication is not established in general, but
includes an extensive list of relevant examples, see the discussion in Section 3.4 of [43].
For our first two examples we will argue via this route, while for the final example, we
will use the methods of [3] based on the k-convexity of £ along generalized geodesics.

Definition 5.1. Let k € R. We say that a lower semi-continuous functional £ : F —
R U {o0} is k-convex on a curve 7 : [0,1] — D(&) if it satisfies for all ¢ € [0,1] the
inequality

E((#) < (1 =1)E(M(0))) +t&(v(1))) — gt(l = 1)d*((0),¥(1)).

If for any two points p, 7 € D(E), there exists a constant speed geodesic ¢~ such that
& is k-convex on ¢”77, then we call £ k-convex. If £ is k-convex on all geodesics, then
we call £ strongly k-convex.

Theorem 5.2 (Theorem 3.2 [24]). Consider a lower semi-continuous functional € : E —
RU{o0} on a geodesic space (E,d) such that there exist a gradient flow satisfying (EVI,).
Then £ is strongly k-convet.

Therefore, in all examples below, we can outright assume that we are working with
a k-convex functional. In this context, the following proposition simplifies establishing
Assumption 2.9.

Proposition 5.3. Consider the context of Assumption 2.3. Consider p,m such that I(p)+
E(m) < oo and let P be the constant speed geodesic between p and . Suppose that for
each 0 > 0 there is a curve (C§ " (¢))ejoy, Co " (0) = p, $§ " (t) # p if t € [0,1] such
that:

(a) € is K-convex along {)77,
(b) the angle condition (2.6) holds:

p— p—T
g G576 @)
10 t

(c) for allt we have ¢§ " (t) € D(|0€|) and

lim [0€](¢5 ™ (1)) = [O€1(p)-

Then Assumption 2.9 holds.

Remark 5.4. Consider the context in which the approximating curves Cgﬁﬂ are them-
selves geodesics. Then by Theorem 5.2 we obtain that £ is k-convex along geodesics

implying (a).
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Remark 5.5. In a range of contexts, one finds that I = |0&|? is convex along geodesics
inside D(|OE|). As |0€] is always lower semi-continuous, this implies (c).

Proof. By assumption (b), it suffices the establish (2.7) for the curves ¢4 ". Due to the

k-convexity of £ along ¢ géﬂ given in (a), we can apply Proposition 2.4.9 in [3] to obtain

™ ™ ™ R s
d(C5T (1), P)IOE(CTT ()] = E(CGTT (1) = E(p) + 5d*(CFTT(#), p)-
Rewriting the inequality yields

£(¢C5 (1) —E(p) _ d(CG" (1), p)
t = t

(S ()] = 5:d*(CH T (). p)-

Using the triangle inequality, and the angle condition of (b), and that (7™ is a geodesic,
we find

lim sup w < lim sup W60 ): CM(?) +d(¢P7 (1), p)
10 £10

< 0+d(p,).

Combining the two above equations, we have

Hnin £66T 1) ~ £(p)
t10 t

< (0+d(p. m)) liminf [9E(C5 (1)

< (0 + d(p. ) lnn nf 02 )
establishing the claim. O
5.1. Hilbert spaces

In this subsection, we assume that (E,d) = (H,|]|) is a Hilbert space. Below we
will verify our Assumptions in two examples, one treats linearly controlled Ornstein-
Uhlenbeck type Hamiltonians on general Hilbert spaces, the other treats L?(R%) with
an energy that yields the solution to the Allen-Cahn equation as a gradient flow. For
another example where our methods apply see [30]. We start out with a general existence
result for (EVT,,).

Theorem 5.6 (Brezis-Pazy, Theorem 8.1 [2]). Let £ be k-conver and lower semi-
continuous. Then there is a unique solution to (EVI,) for £.

5.1.1. The gradient flow constructed from a maximally dissipative operator
As the main example representing a large class of flows, we consider

!
p=508p—Hrp (5.1)
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on L?(R?) which formally corresponds to the gradient flow of

£0) = 4 / [Vp(@)? + lofa)de = 5 (Ap — p. ). (5.2)

We see that £ decomposes as a Dirichlet energy which is lower semi-continuous and
convex, combined with x/2 times the norm-squared. This implies £ is k-convex and that
the gradient flow satisfying (EVI,;) represented by (5.1) exists by Theorem 5.6. The use
of the Laplacian or the specific form of the Hilbert space in this argument is not essential.
The example thus generalizes immediately to the context where we consider a general
Hilbert space H and replace A in (5.1) by a maximally dissipative linear self-adjoint
operator C. We introduce some definitions to take care of general maximally dissipative
operators and establish their connection 0-convex energy functionals.

Definition 5.7. We say that an operator C C FE x E is dissipative, if for all
(p1,&1), (p2,&2) € C we have

(&1 —&,p1 —p2) <0.

If C is a single-valued operator, dissipativity is equivalent to

(Cp1—Cpa,pr —p2) <0

for all p1, po € D(C). We say that an operator C' is maximally dissipative if any dissipa-
tive extension B of the operator C equals C.

In the context of a maximally dissipative linear and self-adjoint operator, which in-
clude all self-adjoint generators of linear strongly continuous semigroups, we thus identify
the flow of this semigroup as the gradient flow for the Dirichlet energy constructed from

C.

Proposition 5.8. Let (C,D(C)) be a at most single-valued linear self-adjoint and maz-
imally dissipative operator on H and let Kk € R. Let £ be the lower semi-continuous
reqularization of the functional

00 otherwise

—3(Cp.p) + 5 lpl* if p e D(C),
i [H000 31
Then the conclusion of Theorem 2.1/ hold for the Hilbert space H and energy functional
E.

For the proof, we turn to Theorem 2.14 and verify Assumptions 2.3, 2.5 and 2.9. As
the first assumption is immediate in this Hilbertian context, we focus on the other two
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assumptions. To facilitate the verification, we first study the convexity properties and
the Frechét subdifferential of &) and £ in the case that x = 0.

Definition 5.9. Let ¢ : E — R U {00} be a functional. The Frechét subdifferential d¢(x)
at x € F is given by

T—p I =l

amm::{seE

If ¢ is lower semi-continuous and convex then by Proposition 1.4.4 of [2] also

96(p) = {€ € E |V € B: ¢(r) — dlp) — (€7 — p) = 0}. (5.4)
Note that the notation |0¢|(p) for the local slope of ¢ at p should not be interpreted as
the ‘size’ of d¢(p), although the local slope is related to the size of the smallest element
in d¢(p). See Proposition 1.4.4 of [2].
Lemma 5.10. Consider the setting of Proposition 5.8 with k = 0. We then have that

(a) & >0 and for p,m € D(C) and t € [0,1] we have

Eo(m) = &o(p) = (=Cp,m = p) = &o(m = p) 20, (5.5)
Eolp+t(m—p)) = (1 = 1)&(p) + t&o(m) — t(1 — 1) (7 — p). (5.6)

(b) D(C)CDE),0<E<E and E =&y on D(C) and & is 0-convex. If p is such that
E(p) < oo then there are p, € D(C) such that

lim E(pp) = lim E(pp) = E(p)- (5.7)
(c) D(OE) = D(C) and for all p € D(C) we have 0E(p) = {—Cp} and |0E|(p) = ||Cp||.

Proof. For the proof of (a), note that due to dissipativity & > 0. Next, consider z,y €
D(C), then using the linearity of C' we obtain

1
€o(m) = &(p) = (=Cp,m = p) = Eo(m = p) + 5 ({(Cp,m) = (O, p)).
As C is self-adjoint, we have
Eo(m) = Eo(p) — (—Cmym—p) =E(m—p) >0

establishing (5.5). The parallelogram rule in (5.6) follows by a direct computation. We
proceed to the second item. As £ is the lower semi continuous regularization of & > 0,
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we find 0 < & < &. Thus, let p € D(C') and consider p,, € D(C) such that p, — p. Then
by (a), we have

hlgmffo(pn) > hmmfé'o( )+ {(—=Cp, pn — p) = Eo(p)
establishing that £(p) = £y(p). As a consequence, the 0-convexity of £ follows from (5.6).
(5.7) follows by construction. To establish (c), first consider p € D(C). We verify that
—Cp € 9&E(p) by using (5.4), in other words, we establish

E(m)—&(m) —(=Cp,m—p) 20

for any 7. First note that if £(7) = co there is nothing to prove. So consider 7 such that
E(m) < oo. By (5.7) there are m, € D(C) converging to 7 satisfying lim,, (m,) = (7).
Then by (5.5) we have

E(m) —E(p) — (Cp,m — p)
> lim &(mn) — E(p) = (=Cp, ™ — p) > Im E(my, — p) > 0

so that p € D(9E) and —Cp € 9E(p). It follows that the graph of C is contained in the
dissipative operator —9€ and as C' is maximally dissipative C' = —0&. We thus find that
0&(p) = {—Cp} which implies by Proposition 1.4.4 of [3] that |0](p) = ||Cp||. O

Proof of Proposition 5.8. It suffices to verify Assumptions 2.3, 2.5 and 2.9. First note
that Assumption 2.3 is immediate. We next turn to Assumption 2.5 and establish the
existence of the gradient flow satisfying (V). As the map p— & || pll? is k-convex, it
follows by Lemma 5.10 that £ is k-convex. Thus, Theorem 5.6 1mphes the existence of a
solution to (E'VI,) establishing Assumption 2.5. We will verify Assumption 2.9 by means
of Proposition 5.3. Consider p, 7 such that I(p)+E&(7) < co. We approximate the geodesic
¢CPT(t) = (1 — t)p + tm between p and 7 by the geodesic CHTT(t) = (1 —t)p+tS(O)T
between p and S(8)w, where t — S(¢)7 is used to denote the gradient flow started from
7 and where @ is chosen such that HS m— 77” < 0. To verify the angle condition (b) of
Proposition 5.3, note that

¢gm @ —¢m ol _ =D+ 1@ — (1= typ+m)|
t N t
= HS(é)ﬂ' — TI'H

which by choice of 6 is smaller than 6. For the second property, note that by Lemma 5.10
we have

lim 9€](¢5™" (1)) = lim || (1 = )Cp + tCS(B)x]| = |Col| = 1021 (p)
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so that (2.7) follows by Proposition 5.3. O

5.1.2. The Allen-Cahn equation

In the context of more concrete Hilbert spaces, we can introduce more general energy
functionals. We will not aim for an exhaustive list, but rather consider a single example
of interest: the energy functional associated to the Allen-Cahn equation on H = L?(R?):

o1
p=58p—F'(p) = rp. (5.8)

Here k € R and F : R? — [0,00) is a non-negative convex C! function such that
F(0) = 0. By Remark 2.3.9 and Corollary 1.4.5 in [3], we can represent this equation as
the gradient flow of the energy

&) =5 [ 1ol + wlpta)Pda + [ Flofa))da. (59)

Proposition 5.11. Consider the Hilbert space H = L?*(R?) and energy functional £ of
(5.9), where k € R and where F : RY — [0,00) is a non-negative conver C1 function
such that F(0) = 0. Then the conclusion of Theorem 2.1/ hold.

Proof. It suffices to verify Assumptions 2.3, 2.5 and 2.9. By construction, £ is k-convex.
By Theorem 5.6 the gradient flow for £ exists and satisfies (E'V1,). As in the proof of
Proposition 5.8, it thus suffices to establish Assumption 2.9. We do so as above. First
note that by (3.4.14) of Remark 2.3.9 and Corollary 1.4.5 in [3] we have

{Ap—F'(p) — kp} if Ap, F'(p) € L*(R?),

0 otherwise.

9E(p) = {

We thus obtain that

0€1(p) = 12p = F"(p) — ripl| -

We next establish the conditions for Proposition 5.3, and we do so on the basis of the
same curves €7 " (t) = (1 — t)p + tS(f)7 as in the proof of Proposition 5.8. ¢4~ is
therefore the linear interpolation between two elements in D(|0€)|. As F’ is increasing
and A is linear, it follows that ¢/ " (t) € D(|9&|) for all ¢t € [0,1]. We next establish

that
ltiiglarflz( 67T (t) = |9EI(p)- (5.10)

We will establish this result by the use of the dominated convergence theorem. First of
all
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[O£1*(¢5™ (1) Z/\Aczﬁ”(t)(fc)—F’(C’f”( )(2)) = £¢ T (1) (w)Pdx

and as C’o’_m(t) — p point-wise as t | 0, it suffices to find a integrable dominating
function. Elementary point-wise estimates yield

[ACET(t)(x) — F'(Cg T (t)(w) — K€y () ()
< BJACETT(OF + 3IF (¢ () (@) + 3k7(¢H T () ()]
< 3|Ap(x)* + 3|AS@)m(2)* + 3|F (p(2)) |
+3[F/(S(O)m ()] + 357 |p(2)* + 357|S (@) (x)

as F’ is increasing, and all six terms are integrable by assumption. Thus (5.10) follows
by dominated convergence. Thus Assumption 2.9 follows by an application of Proposi-
tion 5.3. O

5.2. Almost Riemannian manifolds

In our second set of examples, we consider spaces that are essentially Riemannian
manifolds. To illustrate what we are aiming for, consider the Hamiltonian

Hi(x) = (= o)f @)+ go(7 @) 220 (5.11)
for some constant p > 0. This Hamiltonian arises in the study of Freidlin-Wentzell type
large deviation analysis of the Cox-Ingersoll-Ross model in finance [23,25]. Following [25],
we study the Hamilton—Jacobi equation using a Riemannian point of view, where the
Riemannian metric is generated by the quadratic part of the Hamiltonian. Arguing that
the Hamiltonian is a map on the co-tangent bundle, we obtain a metric on the tangent
bundle that satisfies (v, w)g(,) = 2~ 'vw with the metric g(x) = ™! being singular in 0.
We will show, however, that by interpreting the drift in (5.11) as the gradient flow of a
functional £ that satisfies £(0) = oo, we can work around the singularity of the metric
at the boundary. The framework that we will be working in is the following.

Assumption 5.12. Let (F,d,E) be a triple of a complete space (E,d) together with an
energy € : F — (—00,00|. Assume that the following are satisfied.

(a) Ep := D(€) is dense in E and the restriction of d to Ey is such that (Ey,d) is a
smooth Riemannian manifold.

(b) & is continuously differentiable on Ey.

(¢) & is k-convex along geodesics in Ey.

Proposition 5.13. Suppose that Assumption 5.12 is satisfied, then the conclusion of The-
orem 2.1/ hold.
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Before giving the proof, we start with an auxiliary result that relates the slope to
directional derivatives.

Definition 5.14. Let ¢ be a lower semi-continuous functional. Suppose x € D(¢). For a
geodesic ¢*7Y denote the directional derivative of ¢ along the geodesic ¢*7Y by

B¢ (1) — Bla)
t

! 7YY .= lim inf
¢'(2,¢"7) :=limIn
Lemma 5.15. If ¢ is k-convex on geodesics, then

09| (x) = |lgrad ¢(2)l|7,, g, »
and Assumption 2.9 is satisfied for ¢.

Proof. For any two points z,y € D(E) we will derive (2.6) and (2.7) with § = 0 for a
geodesic ¢ Y. Using the k-convexity of ¢ on geodesics, we derive as in [43, Section 2.3]
that

/ Ty
106(z) = sup Fla e 7)

y€D(p), geodesics (¥ Y d(];, y)

As & is continuously differentiable on the domain of £, we can obtain an upper bound
on the directional derivative by using the Cauchy-Schwarz inequality

¢/($’ Cz%y) = lim Qs(cm%y(t)) — (b(.’];‘)

t10 t

< llgrad ¢(z) |, g,

= (grad ¢(z),¢"¥(0))

&)

T, Eo

As ¢*7Y is a length-minimizing geodesic, we have ’

&)

=d(z,y), so that
T, Eo

|00|(x) < |lgrad ¢(2)l 1, g, -

To establish the converse inequality, recall that on a Riemannian manifold geodesics
are locally length minimizing. Thus there is some & > 0 such that the geodesic (in the
Riemannian sense of the word) v : [0,1] — Ey started at x in the direction grad ¢(z) of
length ¢ satisfies d(y(0),v(1)) = 0, and is thus a geodesic in our sense of the word. A
direct computation yields that

4(0) grad ¢(x)

~ llgrad é()ll 1, g,

which implies
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.67 =t PO =0 rai(0),5(0)) = 6 lgrad £l

We can conclude that [0¢|(z) < [lgrad ¢()||;, g, - For the proof of Assumption 2.9, we
can take for all z,y and 0 the geodesic (*7¥ so that (2.6) is satisfied. Note that (2.7)
can be verified using Cauchy-Schwarz as in the first part of this proof. 0O

Proof of Proposition 5.13. It suffices to verify Assumptions 2.3, 2.5 and 2.9. Assump-
tion 2.3 is immediate. The gradient flow for £ can be constructed by local arguments
and by construction it remains in D(€). Assumption 2.5, or in other words, that the gra-
dient flow satisfies (E'VI,), follows by Proposition 23.1 in [49]. Assumption 2.9 follows
from Lemma 5.15. O

For completeness, we verify the assumptions corresponding to the Hamiltonian of
(5.11).

Lemma 5.16. Assumption 5.12 is satisfied for E = R, E(x) = —plog(x)+x—(pu—plog p)
and d(z,y) = 2|\/x — /Y.

Note that the Hamiltonian of (5.11) is indeed represented by this choice of objects.
In particular, note that grad £(z) = ¢~ 1 (2)&'(z) = x(—p/z + 1) =z — p.

Proof. The functional £ is smooth and finite on Ey := (0, 00). Working in the natural

global chart, we can define a Riemannian metric using g(z) = 27!

(U, W) g(z) =
metric d of the lemma on (0,00), which can then be extended by continuity to the

, or equivalently
vw on the tangentbundle at z. This local metric indeed gives the global

boundary 0. We next verify the convexity of £. As £(0) = oo, it suffices to consider

geodesics that remain in (0,00). Working infinitesimally and considering the geodesic
from z to y, see Proposition 16.2 of [49], we verify

1
<_ gradE(x), gra‘d _dz(xa y)>g(m) - <_ gradg(y)7 - grady §d2(56, y)>g(y)

weal- ) (oo 5)

-2 r1) (E- VB

< 2(VE - y5)’ =~ (wy),

implying that £ is 1-convex. O
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5.3. The Wasserstein space

We consider E = P,(R?), which we equip with the Kantorovich-Wasserstein distance
Wa(-,-) of order two, defined by

W3 (u, v) )= nf y)/lw—yl (dzdy).

Following [3] we consider an energy functional £ which is the sum of an internal energy,
a potential energy and an interaction energy term. More precisely, we consider functions
F:Ry =R, V:R? =R, W:R%— R such that

Assumption 5.17 (McCann’s condition,).

(a) F :[0,4+00) — R is convex, differentiable with superlinear growth. It satisfies the
doubling condition

AC>0: Fz+w) <C(l+F(z)+ F(w)), Vzw>0.
Moreover we assume that
s s4F(s7%) is convex and increasing on (0, +00)
and

d
— 3 —« _
F(0)=0, ll_I)I(I)F(S)/S > —o0, for some a > i1z

(b) V : RY — (—o0, +00] is lower semi-continuous, sy-convex for some xy € R, with
proper domain that has nonempty interior.

(c) W :R% — [0, 00) is an even continuously differentiable xy-convex function for some
kw > 0% and satisfies the doubling condition

IC>0: Wty <CA+W(x)+W(y), Va,ycRe

We define our energy functional £ by

&)= [ F(3Za@)de+ [Viptn) + 5 [ W - gptn) @pdy),  (512)

setting £(p) = 400 as soon as p is not absolutely continuous w.r.t the Lebesgue measure
£, The gradient flow of functionals satisfying McCann’s condition has attracted lots

3 We impose kw > 0 as this condition allows us to directly apply the results of [3]. However, it is very
likely that this assumption is not necessary and that kw € R is enough for Theorem 5.18 to hold.
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of interest over the past two decades, because of their connection with PDEs. Indeed,
the gradient flow of Boltzmann’s entropy F(s) = slogs provides with a variational
interpretation of the heat equation [40], whereas the gradient flow of Rény’s entropy
(F(s) = —L55) relates to the porous medium equation in the same way [44].

Theorem 5.18. Let (E,d) = (Po(RY), Wy (-,-)) and € be defined by (5.12) with F,V,W
satisfying Assumption 5.17. Then the conclusion of Theorem 2.1/ hold with k = Ky +Kw .

The fact that the hypothesis of Theorem 2.14 are verified under Assumption 5.17 is a
consequence of well-known results, that we essentially take from [3]. For the identification
that k = Ky + kw, see Proposition 3.33 in [2].

Proof. We verify the hypothesis of Theorem 2.14 one by one.

o Verification of 2.3 The completeness of (Py(R®), Wy (-, -)) is proven at [3, Prop. 7.1.5].
The fact that it is a geodesic space is proven at [2, Thm 2.10].

o Verification of Assumption 2.5 The existence of an (E'VI,) gradient flow on Py(R)
is granted by [3, Theorems 11.2.1 and 11.2.8].

o Verification of Assumption 2.9 Let us proceed to verify condition (2.6). Given p s.t.

I(p) < +o0o we know that against the Lebesgue measure p is regular in the sense of
[3, Def. 6.2.2]. Thus, we can apply [3, Thm 6.2.4] to obtain the existence of a map r
such that the (unique) geodesic ¢’ 7™ takes the form

CP7T(t) = (i+t(r —d))gp VEE[0,1],

where ¢ denotes the identity map. Moreover, thanks to [2, Thm 6.1 ii)] for any 6 > 0
we can find ¢ € C2°(R?) such that

V! — (r —4)[2 <. (5.13)

Using either a direct calculation or the isometry property of [2, Thm 6.1] we also
find that if we define ¢§ " (u) = (i + uV¢?)xp for u small enough, then

o W26 (), €77 (w)

<|Ve? — (r—1)|2 <6
lim ” S|V = (r—1)[r2 <0,

which is (2.6). We now proceed to verify (2.7). By [3, Thm 10.4.13] we know that if
I(p) < 400, then setting

Lp(z) = 2F'(2) — F(z)
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we have that Lp(d‘jz‘fd) belongs to T/Vlloc1 Combining [3, Lemma 10.4.4 and Egs

(10.4.58), (10.4.59)]*

. E(CH (W) = E(p) dp 01 cod
iy =S = [ (g ade
+/<VV, V<p6>dp+/<VW*p, Ve?)dp
1 dp 0
= <I%VLF(@) +VV + VW xp, Vo >dp.
dZ

Applying again [3, Thm 10.4.13] we have that there exist w € sz, such that

/ w|dp = 1(p),
1 d
d.Z

But then by Cauchy Schwartz we find

p—T B
1 £ (W)
ul0 (7

E0) < VIGINGz < VI (Walpm) + )

where to obtain the last inequality we used (5.13), the triangular inequality and the
fact that Wa(p, ) = [ |r — i|2dp. The proof of (2.7) is now complete. O

Data availability

Data sharing not applicable to this article as no datasets were generated or analysed
during the current study.

Appendix A
A.1. Ekeland’s principle

Lemma A.1 (Ekeland’s principle). Let K be an abstract set and B: K x K — [0,400) a
function with the following properties:

(i) B(z,z) =0 for allx € K
(ii) B(z,z) < B(z,y) + By, 2) for all x,y,z € K.

4 In particular, one can check that the hypothesis of Lemma 10.4.4 are verified with 7, = (1—t)i+ tV<p9
using, among other things, the fact that for ¢ small enough », is invertible, smooth, strongly convex and
(re)up < £
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(iii) For any sequence (Tn)nen € K satisfying Y-, o B(Tni1,2n) < 400, there exists
x € K such that lim,,_, o, B(z,z,) = 0.

Let G : K — [—00,+00) be a bounded from above function, i.e. sup, ¢y G(x) < 400, such
that:

o if (Tp)nen T € K, 33, cn B(@ni1,2n) < 400 and limy, 1o B(x,z,) = 0 then
G(x) > limsup G(x,,).

Then for each § > 0 and any & € K such that G(&) # —oo there exists x5 € K such
that

(1) G(2) + 50B(xs, ) < G(as),
(2) sup, {G(z) — $6B(z,xzs)} < G(s).

Let us note as a corollary that the above statements have the following consequences

(a) Suppose that G(Z) > sup,cx G(z) — %52, then B(xs, &) < 9.
(b) For all x # x5 we have G(x) — 0B(z,zs5) < G(xs).
(c) Suppose that (Tn)neNn € K is such that limy,_, oo G(2y,) — dB(2n, z5) = G(x5), then

lim B(z,,z5) =0 and lim G(z,) = G(xs).

n—roo n—roo

Remark A.2. In particular, from (1) we deduce G(zs) > —oo and from (b) we deduce
that x5 is the unique optimizer of G(x) — 0B(z, x5).

Proof. The statements (1) and (2) follow as in [47], using as B(x,y) := B(y,z),
u(x) := —G(z), multiplying all terms by —1 and replacing ¢ by %5. From (1) and (2),

the consequences (a) and (b) follow immediately. We are left to prove (c).
Let ()nen € K be as in (¢). Then by statement (2), we have

1
0= G(z5) = G(wn) + 56B(zn, 25).
Thus,

0

IN

1
558(33”,335)
< G(xs) — G(xn) + B2, x5).

By assumption, the right hand side converges to 0. Therefore, we also have



48 G. Conforti et al. / Journal of Functional Analysis 284 (2023) 109853

lim B(zy,zs) = 0.

n—0o0

Using again (2),

G(xs) > G(ay) — %68(95”,955) > limsup G(x,) — %5[3(3%,:135) = limsup G(x,,).

n—oo n—oo

Moreover, by the assumption on the sequence (z,),cnN, we also have

liminf G(z,) > lirr_l)infg(xn) — 0B(xn, z5) = G(xs).

n—oo

We then conclude that lim,, . G(z,,) = G(zs). O

Let us show in the following lemma that Ekeland’s principle can be applied to the
Tataru distance.

Lemma A.3. The Tataru distance satisfies the assumptions of Lemma A.1.
Proof. (i) is trivial and (ii) has been verified in Lemma 4.4. Let us show (iii).

Let (ftn)nen € E be such that Y~ dr(tint1, pn) < 00.
Recall we have seen that

dr (i, v) = min {t + ™ d(u, v (1))}
Thus, there exists a sequence (t,),eN € [0, +00) such that

Zt” + M d( g, pin(tn)) < 00. (A1)

For all n € N, set s,, := Y, t. Note that (A.1) implies that
sn§50:Ztn::T<oo,
n

Z d(pnt1, pn(tn)) = Z (TSN ()

n n

<e R Ze’%t"d(unﬂ,un(tn)) < 0. (A.2)

n

(Remember that & < 0.)
Let us consider the sequence (vp)nen € [0,+00) € E given by vy, := pn(sy,) for all
n € N. It follows by equation (4.3) that
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Z d(l/n, Vn+1) = Z d(Mn(sn)v Hn41 (SnJrl))

< Z et d(pn (tn), tnt1)

n

< e (g (b))

< e " Z d(pn (tn)s fins1)

< Q.

Therefore (v, )nen is a Cauchy sequence and converges to a v € E, i.e.

lim d(v, pn(sn)) = 0.

n—o0

Moreover

0< nl;rrgo dr (v, pn) = lim ir>1£ {t+e*d(v, ua(t) }

n—0o0 t>

< lim s, +e™nd(v, pn(sy)) =0. O

n—oo

A.2. From optimizing sequences to optimizing points

49

The following Lemma relates Definition 2.13 to the classical definition stated in terms

of optimizing points. We use the lemma in combination with Ekeland’s principle in the

proof of the comparison principle.

Lemma A.4. Consider a viscosity subsolution u of equation (2.10). Let (f,g) € A; and

(Tn)neN € E, be the sequence given by the definition of viscosity subsolution. Suppose

that:

e There exists mg € E such that lim,, 7, = 79 and

u(mo) — f(mo) = supu(m) — f(m).

us

Then we have

u(mp) — Ag(mo) — hT(wo) <0

Consider a viscosity supersolution v of equation (2.11). Let (f,g) € Ay and (Tp)nen €

E, be the sequence given by the definition of viscosity supersolution. Suppose that:
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e There exists mg € E such that lim,, w,, = my and
v(mo) = f(mo) = infu(m) — f(m).
Then we have
v(mo) — Ag(mo) — h(mo) > 0.

Proof. We prove the statement for the subsolution case, the supersolution case works
analogously.

Let u be a subsolution to f — A f = k', (f,g) € At and (7,)nen € E be as in the
assumption of this lemma. Then in particular we have

lim sup u(m,) — f(ma) = supu(r) — f(),

n T

limsup u(my) — Ag(mn) — hT(ﬂ'n) <0.

n

By assumption, there exists my € E such that u(mg) — f(m9) = sup, u(w) — f(7) and
Ty — TQ.

Being u upper semi-continuous, we have lim sup,, u(m,) < u(m). On the other hand,
being lim,, u(7,) — f(7,) = u(mo) — f(mo), we have

limninfu(wn) = limninf(u(wn) — f(mn) + f(mn))
> u(mg) — f(mo) + limninff(ﬂ'n)
> u(m) — f(mo) + f(mo) = u(mo)

due to the fact that f is continuous. We can then conclude that lim,, u(m,) = u(m). On
the other hand, being h' continuous and ¢ is upper semi-continuous, we find

0 > lim sup(u(7y) — Ag(mn) — hf (m))
= u(mo) — hl(mo) + limnsup —\g(m)
> u(mp) — hi(mo) + lim inf —Ag(,)
= u(my) — hi(m) — /\limnsup g(my)
> u(mo) — hi(m) — Ag(mo). O

A.3. A wvariant of the triangle inequality for the quadratic distance

For the proof of Proposition 3.2, we need the following combination of the triangle
and Jensen inequality.
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Lemma A.5. Let vy,vs,v3,v4 € E and e, € (0,1/3), then

1 1 1
61—¢2

1 1 1 1
dz(yl’l/él) S Tﬁd (l/l,ljz) + d (1/2,1/3) + Féd (1/3,1/4) (A3)

Proof. By the triangle inequality, we have
d(vi,vs) < d(vi,v2) + d(ve,v3) + d(vs, v4)

so that by Jensens inequality, we have

1
gd2(l/l, va) < = (d(vr,v2) + d(va,vs) + d(vs, va))?

11

32
1/1 1 1 2

= 35 <§d(l/1, vy) + gd(l/27 v3) + gd(V?n 1/4))

3 /1 1 1
< 3 <§d2(lj1, va) + gdz(’/% v3) + §d2(y3, V4)) :

The second claim follows from this inequality, using that for e,¢’ € (0,1/3)

1—¢ 1 1 1+¢
— <2 — <1 1< <2.
1—¢ =7 2(1—¢) — 7 “1-g’ 1—¢ —
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