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How does the presence of a body affect the

performance of an actuator disk ?

G de Oliveira, R B Pereira, D Ragni, F Avallone, G van Bussel

Aerodynamics Department, Aerospace Faculty, TU Delft, Delft 2629HS, The Netherlands

Abstract. The article seeks to unify the treatment of conservative force interactions between
axi-symmetric bodies and actuators in inviscid flow. Applications include the study of
hub interference, diffuser augmented wind turbines and boundary layer ingestion propeller
configurations. The conservation equations are integrated over infinitesimal streamtubes to
obtain an exact momentum model contemplating the interaction between an actuator and
a nearby body. No assumptions on the shape or topology of the body are made besides
(axi)symmetry. Laws are derived for the thrust coefficient, power coefficient and propulsive
efficiency. The proposed methodology is articulated with previous efforts and validated against
the numerical predictions of a planar vorticity equation solver. Very good agreement is obtained
between the analytical and numerical methods.

1. Introduction
Questions on the performance of actuator disks with nearby bodies arose at the dawn of rotor
aerodynamics. Shrouded propellers gained popularity with the ideas of Coanda [1] and the pioneering
work of Stipa [2] and Kort [3]. Only few concepts [4, 5] were put forward for aeronautical applications
but shrouds are routinely used to improve the propulsive efficiency of maritime vessels [6, 7].

In the field of wind energy, shrouds were suggested to improve wind turbine performance by Betz
himself [8]. The studies of Lilley [9] reignited interest on ducted windmills and continuous experimental
efforts [10, 11] promoted reflexion on concentrator and diffuser systems. A significant body of literature
emerged on the theory of Diffuser Augmented Wind Turbines [12–22].

The present contribution is meant to formalize the ideas of de Vries [12] for studying conservative
force [23] interaction mechanisms between (axi)symmetric bodies and actuator disks. The article starts
with the derivation of an exact momentum model for the performance of a single actuator disk with
nearby bodies. Section 3 reverts the perspective to discuss the effect of the actuator on a collection
of bodies. Section 4 interprets the power coefficient of an actuator-body system by complementing
analytical predictions with numerical simulations. Finally, section 5 discusses the optimality of various
actuator-body systems while framing the present results with previous efforts.

2. Model of Actuator with Nearby Body
Inspired by the seminal works of Betz [24] and Joukowski [25], the study focuses on the steady isentropic
flow of inviscid incompressible fluids. All processes are governed by a simple form of the Euler equations
complemented by the fundamental thermodynamic relation [26,27]:

{
(U · ∇)U = − 1

ρ
∇p+ 1

ρ
f

∇ ·U = 0
, dh = TdS +

1

ρ
dp with dS ≡ 0
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Figure 1. Flow Configuration and Nomenclature (wind turbine mode)

The specific internal energy ε of the fluid is constant and a simplified form of Crocco’s theorem holds,
written in terms of static h and total ht enthalpy.

dS = 0
dε = 0

}

⇒ ∇ht −U × ω =
1

ρ
f with







ω = ∇×U

ht = h+ 1
2 (U ·U)

h = ε+ p
ρ

Actuation surfaces are conceptuallized as the asymptotic equivalent of constant actuation volumes with
vanishing thickness t → 0. Pressure discontinuities accross actuator disks are seen as a consequence
rather than a definition [23]. The disk ψa ⊂ R

3 is a 2-manifold that exerts a constant force per unit
surface φa = φaex and its total force F a corresponds to that of an equivalent actuation volume Ωa ⊂ R

3,
a 3-manifold that exerts a constant force per unit volume fa = faex.

ψa ∈ lim
t→0

Ωa , F a =

ˆ

fadΩa =

ˆ

φadψa = Faex

The model comprises a free-stream Uo = Uoex, one or more finite bodies and a flat actuator disk ψa.
Setups are either axisymmetric or planar. The symmetry axis (or plane) is aligned with the free-stream
and contains the normal unit vector na = ex of the actuation surface.

The derivation starts by integrating Crocco’s theorem along some streamline σ ⊂ R
3 that crosses the

actuator, as depicted in figure 1. The σ streamline is a 1−manifold whose tangent unit vector rσ = U/ |U |
facilitates the use of the fundamental theorem of multivariate calculus:

ˆ

(
∇ht

)
· rσdσ

︸ ︷︷ ︸

=ht
e−ht

o

=
1

ρ

ˆ

f · rσdσ

︸ ︷︷ ︸

=
Ua·φa
Ua·na

=φa

+

ˆ

(U × ω) · rσdσ

︸ ︷︷ ︸

=0

⇔ hte − hto =
φa
ρ

because rσ ‖ U ⇒ (U × ω) · rσ = 0

Wakes of inviscid incompressible flow can be transported to infinity, but static pressure and static enthalpy
perturbations vanish asymptotically with distance [26]. The corollary is that the developped wake of a
constant loading actuator is always homogeneous, irrespective of the presence of bodies:

φa = ρ

(

he +
1

2
U2
e

)

− ρ

(

ho +
1

2
U2
o

)

=
1

2
ρ
(
U2
e − U2

o

)
+ ρ (he − ho)

︸ ︷︷ ︸

→0

=
1

2
ρ
(
U2
e − U2

o

)
with Ue =

∣
∣U (xe)

∣
∣ (1)
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For constant loading symmetric actuator-body configurations, it can be shown that the vanishing of
pressure perturbations at infinity also implies that the terminal wake is aligned with the free-stream:

xe ∈ ψe ⇒
(
U (xe) = Ueex ∧ Ue⊥xe

)

Momentum conservation can also be studied with path integrals along streamlines. The procedure is
relatively unusual and builds upon the idea that the convective derivative corresponds to the projection
of the velocity field on the velocity Jacobian:

(U · ∇)U =
[
JU

]
U ⇒

[
JU

] U

|U |
= −

1

ρ

∇p

|U |
+

1

ρ

f

|U |

In the above form, the system of Euler equations can be integrated along an arbitrary streamline σ
with the fundamental theorem of multivariate calculus. The computation of the integral of the force
term accross the actuator involves several intermediate steps that were deemed outside the scope of the
present contribution:

ˆ

(
[
JU

] U

|U |

)

dσ

︸ ︷︷ ︸

=Uo−Ue

= −
1

ρ

ˆ

∇p

|U |
dσ +

1

ρ

ˆ

f

|U |
dσ

︸ ︷︷ ︸

=
φa

Ua·na

⇔ U (xe) −U (xo) = −
1

ρ

ˆ

∇p

|U |
dσ +

1

ρ

φa

U (xa) · na

Conservation of momentum is entirely described by the streamwise component (ex) of the integrated
equations, corresponding to the dot product of the free-stream unit vector ex with the system of n
equations:

Ue − Uo = −
1

ρ

ˆ

(
∇p

|U |
· ex

)

dσ +
1

ρ

φa
U (xa) · na

The total force exerted on the flow by the actuator is related with the velocity field by integrating the
momentum conservation statement accross the actuation surface:

Fa =

ˆ

φadψa =

ˆ

ρ (Ue − Uo)U (xa) · nadψa +

ˆ

((
ˆ

∇p

|U |
· exdσ

)

U (xa) · na

)

dψa (2)

Because the wake is homogeneous, the first parcel can be rewritten exactly in terms of the average normal
speed over the actuator, Ūa:

(Ue − Uo)⊥xa , ∀xa ∈ ψa ⇒

ˆ

ρ (Ue − Uo)U (xa) · nadψa = ρ (Ue − Uo) ŪaSa

with Ūa =

´

U (xa) · nadψa
´

dψa

and Sa =

ˆ

dψa

The second parcel corresponds to the streamwise component of the resultant of pressure forces exerted
on the flow crossing the actuator. It is denoted as Fb and its meaning is discussed in section 3.

Fa = φaSa = ρSaŪa (Ue − Uo) + Fb with Fb =

ˆ

((
ˆ

∇p

|U |
· exdσ

)

U (xa) · na

)

dψa (3)

Matching expression 1 with expression 3 leads to a closed solution for the average normal speed on the
actuator Ūa in terms of Fb and Ue:

1

2
ρ
(
U2
e − U2

o

)
= ρŪa (Ue − Uo) +

1

Sa

Fb ⇔ Ūa =
1

2
(Ue + Uo)−

1

2

U2
o

(Ue − Uo)

Fb

1
2ρSaU2

o

(4)
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Interpretation is more instinctive when restating results in terms of relative speeds and adimensional
force coefficients:

CFb
= Fb

1

2
ρSaU2

o

CFa
= Fa

1

2
ρSaU2

o

= φa
1

2
ρU2

o

=
(
u2e − 1

)

ue =
Ue

Uo
=

√
CFa

+ 1 ūa = Ua

Uo
= 1

2 (ue + 1)− 1
2

CFb

(ue−1)

Finally, the rate of energy exchange between the actuator and the flow is written from the flow perspective:

P =

ˆ

φaUa · nadψa = ŪaSaφa =
1

2
ρŪaSa

(
U2
e − U2

o

)
=

1

2
ρU3

oSaūa
(
u2e − 1

)

Leading to a compact expression for the power coefficient of the actuator-body system:

CP =
P

1
2ρU

3
oSa

=
1

2
(ue + 1)

((
u2e − 1

)
− CFb

)

=
1

2

(

1 +
√

CFa
+ 1

)

(CFa
− CFb

) (5)

Negative values correspond to energy extraction (wind turbine mode) while propulsive configurations
exhibit positive power coefficients. Removing the body (CFb

= 0) recovers the classical result [24, 25]:

ā = (1− ūa)
ūa|CFb

=0 = 1
2 (ue + 1)

}

⇒
CP |CFb

=0 = 1
2 (ue + 1)

(
u2e − 1

)

= 4a (1− a)
2

Expression 5 is consistent with the results of De Vries [12] and Werle & Preszl [19]. The present derivation
is exact: by following a different path with fewer assumptions it reinforces and unifies these earlier works.

3. Streamwise Force on Body
CFb

and Fb represent the streamwise component of the resultant of pressure forces exerted on the flow
by all objects but the actuator. The thrust of the actuator+body system T is defined as the sum of all
streamwise forces exerted on the flow by the actuator Fa and the body Fb:

T = Fa + Fb , CT =
T

1
2ρU

2
oSa

=
Fa + Fb

1
2ρU

2
oSa

= CFa
+ CFb

When no bodies are present in a free-space flow, Fb is zero because no objects other than the actuator
are able to support flow forces:

no bodies
actuator present

}

⇒ Fb = 0

Axisymmetric and two-dimensional steady-state inviscid incompressible flows are energy conservative
in the absence of external volume force fields f = 0. D’Alembert’s paradox [31, 33] imposes that an
axi-symmetric body generates no drag or thrust when placed alone in a conservative stream:

axi-symmetric body present
no actuator

}

⇒ Fb = 0

But the presence of non-solenoidal force fields (like those representing an actuator disk) allows non-
conservative energy exchanges with the flow. In this case, far-field boundary conditions can be altered
with the presence of a wake, and d’Alembert’s paradox ceases to apply [34]:

axi-symmetric body present
actuator present

}

⇒ Fb 6= 0
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Figure 2. Shroud Analogy with Stationary (Bound) Vortex Ring

3.1. Inviscid force interactions and the resolution of D’Alembert’s paradox
The action-reaction principle imposes that a momentum deficit (or superavit) appears in the flow
whenever Fb is not zero [39].A non-zero momentum deficit implies the generation of a wake [26]. In
viscous fluids, the wake feeds from the shear layers that form over bodies through the effect of skin
friction, as in Saint Venant’s resolution of d’Alembert’s paradox [32]. But wakes do not need to be
generated on the surfaces of the bodies that support streamwise forces, as noted by Biot [34].

Forces can be transmitted to the body by the pressure field, provided that a wake is created somewhere
in the flow. The pressure field of a steady flow cannot accumulate energy but it can act as a transmission
medium between bodies and wake generation elements: be they boundary layers [32], actuator disks or
unsteady wakes [35, 36].

Wakes consist of non-vanishing far field velocity perturbations that invalidate the traditional proof
of the Kutta-Joukowski theorem [26]. Steady variants of the Lagally theorem show that the local forces
acting on a stationary vortex system are perpendicular to the bound vorticity vector and the local
direction of the flow field [28,29].

3.2. Shroud as stationary vortex ring
Airfoils are often represented as singular vortices in planar flow through Rayleigh’s analogy [37]. In
axisymmetric flow, an equivalent methaphor relates shrouds with stationary vortex rings [6, 38].

Figure 2 illustrates a stationary vortex ring placed alone in an unperturbed free-stream. For
axisymmetric configurations, all local forces are contained in the ring plane and the resultant force is
null. But if the ring has a non-zero angle of attack, lift and finite wing effects like induced drag appear,
as exploited in Stipa’s designs [2].

When a stationary vortex ring is placed in an expanding flow field, the forces acting on the stationary
vortex ring cease to be contained in the ring plane. The ring exerts a thrust (or drag) that is either
compensated by the generation of additional momentum deficit in an actuator wake or counteracted by
other objects. In all cases, d’Alembert’s paradox imposes that the sum of all pressure forces exerted on
the collection of immersed objects is null if there are no wake generating devices [28, 34].

Just like a vortex ring in the decelerating flow field of an actuator disk, shrouds can sail in the flow
surrounding a rotor operated in wind turbine or propeller mode. The importance of shroud forces is
widely acknowledged [12,14,16–19] but its relation with d’Alembert’s remains a topic of debate [35, 36].
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4. Performance of Actuator-Body System

4.1. Power Coefficient
The power coefficient law of equation 5 describes a surface in the (ue, CFb

, CP ) space, of which three
constant CFb

cuts are presented in figure 3. The body force coefficient CFb
is interpreted as a free

parameter despite the fact that it must tend to zero when the actuator loading vanishes CFa
→ 0 and a

wake ceases to be generated ue → 1.

CFa
= 0 ⇔ ue = 1

CFa
= 0 ⇒ CFb

= 0
CFa

6= 0 ⇒ CFb
is a design parameter

(6)

The lower right corner of the CP curves from figure 3 is therefore unreachable and shaded. The region
of low terminal wake speeds ue < 0.2 is also shaded to highlight that wake instabilities are likely to
invalidate the theory for high actuator loadings [35, 36,40].

4.2. Actuator-Body Configurations
It is well known [14,16–18] that actuator-body systems can exhibit power coefficients above 16/27 when
the body accelerates the flow and the actuator surface Sa is used as a reference. What deserves to
be stressed is that the body does not need to surround the actuator to generate a concentrating force
(CFb

< 0). Numerical simulations illustrate this insight and contribute to the verification of analytical
efforts.

Figure 4 shows the results of three numerical simulations conducted with a planar flow vorticity solver
similar to the codes presented in references [20, 30, 38]. A flat actuator with diameter d and loading
CFa

= 8/9 is simulated together with a pair of symmetric counter-rotating vortices. The position of the
singular vortex pair xv = (xv,±yv) is varied while the circulation strenght Γv is kept constant. The
circulation Γv of the vortex pair stays constant while its position xv = (xv,±yv) across the three cases.

The numerical power coefficient Cnum
P and body force coefficient Cnum

Fb
are obtained by postprocessing

the velocity field. The numerical interaction coefficient Cnum
Fb

is combined with the prescribed actuator

loading coefficient CFa
to compute the theoretical power coefficient Ctheo

P with expression 5.
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Analytical and numerical predictions match to within half a percent, irrespective of the presence of a
body. The placement of the vortex pair affects the actuator mass flow which determines power extraction
(for a given actuator loading coefficient). A shrouding vortex ring yields the greatest power increase, but
smaller upstream and downstream rings are also able to increase power extraction beyond the Betz limit.

4.3. Optimal Actuator Loading for Energy Extraction
The terminal wake speed for which energy extaction is maximized depends on the force that the body
exerts on the flow. A simple extremum analysis of expression 5 defines the optimal terminal wake speed
uopte for any given body force coefficient CFb

:

uopte

∣
∣
CFb

:
∂

∂ue
(CP )

∣
∣
∣
∣
CFb

= 0 ⇒ uopte

∣
∣
CFb

= −
1

3

(

1−
√

4− 3CFb

)

(7)

The existence of a bijection between ue and CFa
implies that the optimal actuator loading Copt

Fa
also

depends on the body force coefficient CFb
, as plotted in figure 5:

Copt
Fa

∣
∣
CFb

=
(

uopte

∣
∣
CFb

)2

− 1 , Copt
T =

(

uopte

∣
∣
CFb

)2

− 1 + CFb
(8)

Expressions 7 and 8 contrast with earlier claims that the optimal loading of an actuator disk does not
depend on the presence of a body [16–19].

Of previous studies promoting a universally optimal actuator loading coefficient of −8/9ths, the
approach of Werle & Preszl [19] is closest to the present methodology. They proposed a power coefficient
law that is formally equivalent to expression 5 but written with different variables:

CP = −
1

2
(1 + Cwp

s )Cwp
Fa

(

1 +
√

1− Cwp
Fa

)

, Cwp
s ≡ −

CFb

CFa

=
Fb

Fa

∧ Cwp
Fa

≡ −CFa
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The use of a different adimensional coefficient to describe the body force Cwp
s lead to a different set of

constrained optima:

Copt
Fa

∣
∣
C

wp
s

:
∂

∂ue
(CP )

∣
∣
∣
∣
C

wp
s

= 0 ⇒ Copt
Fa

∣
∣
C

wp
s

=
8

9
⇒ uopte

∣
∣
C

wp
s

=
1

3

A linear relation between CFb
and CFa

is implicitly assumed in this optimality regime. Only then does
the optimal actuator loading coefficient correspond to −8/9ths despite the presence of a body. The
assumption of a linear relation between CFb

and CFa
is a meaningful option, but not necessarily a

universal one. Sorensen develops similar arguments in his recent review of wind turbine momentum
theory [41].

4.4. Variation of Body Force with Actuator Loading
Figure 6 depicts a numerical study of the correlation between the body force coefficient CFb

and the
actuator force coefficient CFa

. As for the numerical experiments of section 4.2, the setup consists of an
actuator and a pair of counter rotating vortices in planar flow:

• The red lines depict the evolution of system parameters when the actuator loading CFa
is varied

while keeping the strenght Γv/(Uod) of the stationary vortex pair (ring) constant. Comparable
behaviors can be achieved in real flows with Magnus effect lifting devices like Flettner rotors.

• The blue lines show the effect of actuator loading CFa
on the body and actuator parameters when

the strenght of the stationary vortex pair is adjusted to mimic the polar of flat plate with chord
c = 0.2d in straight flow. A real flat plate would exhibit a slightly different polar due to flow
curvature effects [42], but the curves still provide reasonable qualitative insight on the interaction
with small (low c/d) bodies.

The relation between force coefficients (CFa
and CFb

) is nearly linear when the strenght of the vortex pair
is kept constant. Departures from linearity are subtle but noticeable for large actuator loading coefficients
(CFa

> 6/9).
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Figure 6. Effect of Actuator Loading on Body Force

The correlation between the CFb
and CFa

force coefficients is primarily quadratic when the strenght of
the vortices grows with the angle of attack. Small angle approximations provide instinctive interpretations
for this observation.

Actual relations between CFa
and CFb

are generally non-linear and depend on the specific type of body
under consideration and its placement relative to the actuator disk. The choice of an optimal actuator
loading coefficient depends on the correlation between the body force coefficient CFb

and the actuator
force coefficient CFa

.
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4.5. Propulsive Efficiency
The propulsive efficiency η of the actuator-body system is defined as the ratio between the propulsive
work UoT and the power imparted to the fluid P :

η = UoT
P

=
u2

e−1+ξ
1

2
(ue+1)(u2

e−1+ξ)
= 1

1

2
(ue+1)

(9)

The propulsive efficiency curve does not depend explicitly on the body force coefficient CFb
. Still, the

body can be used to achieve the same thrust CT with a lower actuator load CFa
and thereby improve

propulsive efficiency in an indirect way [7].

5. Final Note
The study strenghtened the insight of de Vries [12], showing that in the steady state (axi)symmetric
flow of inviscid incompressible fluids, conservative force interaction mechanisms between a body and an
actuator disk:

• Influence the total thrust of an actuator-body system.

• Have no direct leverage on the propulsive efficiency curve of the complete system.

• Are able to increase the power coefficient even if the body fits in the actuator streamtube.

• Generally affect the actuator loading at which the optimal power coefficient is reached.

The methodology was verified against the numerical predictions of a planar flow solver of the vorticity
equation. Agreement between analytical and numerical predictions was observed to numerical accuracy.
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