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1
Introduction

This thesis focuses on modelling a metastable equilibrium state in pre-curved beams. The bases of
the focus start with the literature study of metamaterials. The field of metamaterials is an intriguing
branch of engineering with an ability to alter properties like Poissons ratio [15] energy absorption [16]
and many more with the help of the geometric structures. Katia Bertoldis [6] work on classification has
helped understand various forms of metamaterials.

Although many properties can be fabricated using metamaterials, the literature study followed in
this thesis only focused on the study of metamaterials with bistable unit cell structure(fundamental
repeating structure of metamaterial). The results of the literature study have revealed the general
focus for such metamaterials to be on energy absorption [16], a high magnitude of elastic strain [7]
and vibration isolation [18]. When operating within the confined boundaries, a metamaterial with a
bistable unit cell can be restored to its original form by an application of restoration forces. The need
for an external force has intrigued the curiosity of metamaterials with a self-restoration ability. Thereby
introducing of metastable equilibrium states.

Existing literature related to mechanical systems classified equilibrium states into three main cate-
gories. Stable, unstable and neutral equilibrium states [17][12]. However, there exists a forth form of
equilibrium state known as a metastable equilibrium state. [1] describes metastability as metastable
equilibrium state for which the free energy has a local minimum. For such a state, the system is stable
to small fluctuations in the coordinates, but will eventually evolve (possibly after an extremely long
time) to a more stable state. Although metastability is commonly observed in nature [14][11], it is rare
to see engineered mechanical systems with the properties of metastability. Recently published work by
Brinkmeyer [5][6] is one of the few publications on the investigation of metastability in a prestressed
beam and hollow semi-spheres. In his work, Brinkmeyer formulated metastability by introducing vis-
coelastic properties in the prestressed beams and hollow semi-spheres.

With the desire to create new forms of metamaterials, the objective of the masters evolved into
classifying various bistable mechanism and transforming bistability of a simple pre-curved beam to
metastability, thereby formulating a proof of concept for metamaterials with metastable unit cells.
With Brinkmeyers work as inspiration, the metastability is solved by introducing viscoelastic properties
in the pre-curved beam.

The structure of this thesis is as follows, The paper on Classifying Bistable systems and Identifying
a feasible bistable system that can be redesigned for metastability discusses the literature study related
to metastability and the selection of pre-curved beams. Followed by the discussion on solving for
metastability in Modelling of Metastable Equilibrium State using PRB Principles. In the end, the
report provides a general discussion and conclusion.
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The literature study presented in this paper focuses on
two objectives, objective one is the classification of bistable
mechanisms which are the building blocks of some meta-
materials and objective two is to identify literature on
metastable equilibrium states. The results of both objec-
tives are expected to be used for the formulation of a new
building block for metamaterial with metastable equilib-
rium. The results of such metamaterial can create a self-
healing/self-restoring structure. The investigation of the lit-
erature study has resulted in the selection of viscoelasticity
to realise metastability in a pre-curved beam.

1 Introduction
The metamaterial field of engineering is a fascinating

branch with an appetite to fabricate systems with unique
properties like negative poisons ratio [1], energy absorp-
tion [2] and many more. With the advent of such unconven-
tional properties have opened many possibilities in the field
of aerospace, medicine, military [1] along with others. Katia
Bertoldi’s [3] work gives a details classification of metama-
terials of various forms.

Among the many metamaterials available in the litera-
ture, metamaterials with bistable unit cells are the ones that
inspired this literature study. Metamaterials with bistable
unit cell (basic repeat structures in metamaterials) can ex-
hibit high magnitudes of elastic strain, energy absorption
properties [2] , returning to initial form [4–7] and vibration
damping properties [8]. With the involvement of equilibrium
states in metamaterials through bistability, it is a given to
be intrigued by the idea of introduction of other equilibrium
states in metamaterials.

With the possibility of creating new mechanical prop-
erties, this literature study has set another foot in the study
of various equilibrium states. This curiosity has resulted in
an encounter with the Metastable equilibrium state. One of
the conventional definition for metastable states “metastable
equilibrium state for which the free energy has a local mini-
mum. For such a state, the system is stable to small fluctua-
tions in the coordinates, but will eventually evolve (possibly
after an extremely long time) to a more stable state.” [9] Im-
plying the existence of time vector to the equilibrium state.

This literature study focuses on two objectives; the first
objective is to define and identify metastable equilibrium
states in mechanical systems, and the latter objective is to
classify metamaterials with various bistable unit cells and to
select a feasible bistable unit cell that can be redesigned for
metastability.

The structure of this literature study is as follows, in sec-
tion [2] various forms of equilibrium states are defined and
section [3.1] presents literature introduction to the metastable
equilibrium state. Section [4] gives a brief introduction to
metamaterials with bistable unit cells, and section [4.5] gives
the classification of various forms of bistable systems. In the
end, section [6] offers discussion on metastability and clas-
sification of bistable unit cells. Finally, section [7] offers a
conclusion on the literature study.

2 Equilibrium states
In mechanical systems, a particle is said to be at equi-

librium state when the net force acting on the system is zero.
Not all equilibrium states are equal. Their potential energy
landscape can help distinguish them apart. For the sake of
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simplicity, the nature of the equilibrium state can be visu-
alised [figure – potential energy landscape] by a ball rolling
on a varying terrain; in this case, the terrain would be the po-
tential energy landscape, and the ball represents the state of
the particle.

Fig. 1: Different forms of equilibrium states expressed us-
ing a ball, A - neutral equilibrium, B - stable equilibrium, C
unstable equilibrium and D - metastable equilibrium

Figure [1] is the potential energy (y-axis) representation
of a particle over a range of deformation (x-axis).

2.1 Neutral equilibrium
From the figure 2, when the particle is at position A,

the potential energy for a small band of deformation does
not vary. The net energy needed for the particle to move
within the band is zero. Study lamps are one of the common
appliances with neutral equilibrium nature [10] [11].

Fig. 2: Example for neutral equilibrium, study lamp. A study
lamp can remain any orientations (with in the range of the
motion) without the need for activation.

2.2 Stable equilibrium
From the figure 3, when the particle is at position B, it

is considered to be at global minima. Any deviation experi-
enced by the particle when at stable equilibrium will even-

tually bring the particle back to its initial state. The mag-
nitude of energy needed to get the particle out is relatively
high compared to any other equilibrium states. A regular
pendulum is a conventional system with stable equilibrium
properties [10, 11].

Fig. 3: Example for stable equilibrium, pendulum. Here a
pendulum is shown to depict stable equilibrium and any dis-
turbance applied on the pendulum will eventually place the
pendulum normal to the ground.

2.3 Unstable equilibrium
From the figure 4, when the particle is at position C,

it is considered to be at unstable equilibrium. An unstable
equilibrium is defined as a local maxima on a potential en-
ergy landscape. A typical example of an unstable equilib-
rium would be an inverted pendulum [10, 11].

Fig. 4: Example for unstable equilibrium, Inverted pendu-
lum. Here the cart is depicted to balance inverted pendulum
by constantly counter the fall of inverted pendulum by mov-
ing the cart in the direction of fall.

2.4 Metastable equilibrium
So far, from section 2.1 to section 2.3 described equi-

librium states independent of time. As stated in the earlier
definition, metastability is time-dependent. From the figure
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1, When the particle is at point D. It continues to stay D
for a short duration before returning to a stable equilibrium.
A poppy toy 5 can attain metastability under specific condi-
tions.

Fig. 5: Example for metastable equilibrium, sequence of im-
ages showing different stages of progression from metastable
to stable equilibrium.

3 Metastability
Section 2 offered intuitive examples for various equi-

librium states. Whereas this section offers existing research
which is done on metastable equilibrium and also shares var-
ious examples for the metastable phenomenon that happens
in nature.

3.1 Existing research on metastability
Metastable equilibrium states in mechanical systems is

a relatively recent topic. Brinkmeyer’s work [12, 13] is the
only work available on the topic of metastability, although
Brinkmeyer refers to metastability as pseudo bistable be-
haviour. His work on viscoelastic hallow semi-sphere [13]
and viscoelastic pre-stress beam [12] is valuable at identi-
fying the metastable behaviour in the respective geometries.
Brinkmeyer was able to quantify the time needed for either
of the geometries to return to their original forms when left
to recover after deformation. Brinkmeyer’s has investigated
the influence of geometric parameters, material parameters
and manufacturing parameters on metastability.

3.1.1 Nature examples
Although there is not much existing research on

metastability in mechanical systems, there are various phe-
nomenon that are governed by metastability. The most ob-
served metastability phenomenon would be seed dispersal
[3, 14, 15]. Despite the result of the dispersion of the seeds
are irreversible for the pod, the self-activation brought the
pod structure from local minima to the global minima. This
behaviour can be associated with metastability.

References [11, 16] explicitly stated metastability in
biomechanics (in humans) through internal activation of

muscles — work by [17] defined metastability as a local min-
ima which is independent of time. According toArmin Ki-
bele’s work metastability is defined in humans as the ability
to maintain stability for small perturbations whereas Armin
Kibele‘s work [11] defined metastability as a state that falls
in between stable and unstable equilibrium, giving the ability
to define running most efficiently.

The following table gives an accumulation of nature-
inspired metastability with a brief note

4 Metamaterials
The ability to influence the mechanical properties by

varying the geometry has created an array of applications for
metamaterials. Applications based on negative Poisson’s ra-
tio, energy absorption, refractive index and many more. In
this section, the influence of bistable unit cell design on me-
chanical properties is discussed.

The common objective in literature for metamaterials
with bistable unit cells is to solve for Energy absorption,
Vibration Isolation and Shape reconfiguration. Literature
offered various bistable solutions aiming at these problem
statements.

4.1 Energy Absorption
Metamaterials with energy-absorbing properties are de-

signed intending to absorb shock and preventing the propaga-
tion of shock through the metamaterial. Sicong Shan’s work
[19] demonstrated the influence of energy absorption by stor-
ing the energy within the system through elastic deformation
[figure 6]. Making the metamaterial structure restorable to
its original form.

Fig. 6: This figure compares the energy absorbing behaviour
of bistable metamaterial by presenting structure ability to
protect egg from cracking [19]

4.2 Vibration Isolation
Hang Yang’s work [20] has investigated the behaviour

of bistable unit cell metamaterials under vibration. Because
of buckling based bistability in the unit cells. The resonance
frequency has moved to the left. Improving the operating
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Reference Application Working Principle Followed for Metastability

[11] Bipedal running Rapid oscillation of the centre of mass projection from within the support polygon
to out of the support polygon.

[17] Bipedal balancing Rapid activation and relaxation of muscles to maintain balance.

[16] Seed dispensing As time progresses the internal pressure of the pod increases, whereas the roots of
the pod (place where pod is attached to the plant) dries and gets brittle. At a point
internal pressure exceeds and the root of the pod gives away, causing a explosion
of the pod.

[14] Seed dispensing As time progresses the inner walls are well hydrated but the other walls get drier.
Fibre pattern on the outer wall support curling. When the pod is matured the
stiffness difference is high enough for the walls to curl outwards and propelling
seeds out.

[18]
Seed dispensing and

defence mechanism
Similar mechanism compared to [14]

Table 1: References to nature example for metastable equilibrium

frequency of the metamaterials. These metamaterials were
design intended to act as mounting docks for high precision
applications.

Fig. 7: This figure compares the frequency response between
a control structure and a metamaterial 3 dimensional struc-
ture [20]

4.3 Shape reconfiguration

Because of the high magnitude of elastic strain, bistable
metamaterials are often used in space and medical applica-
tion where real estate is expensive or has additional con-
straints. Medical stents design [1] and high elastic strain
design [2] are some of the many applications of shape re-
configuration. Because of the nature of the metamaterials,
the deployability of such structures is repetitive and can be
achieved with minimum involvement of active components.

Fig. 8: This figure presents open structures with considerably
high dimensions compared to their own close structures [2]

4.4 Other mechanical properties
Bistable metamaterials can also influence mechanical

properties like Poisson’s ratio [21] [20] or the stiffness prop-
erties [22]. However, the influence of bistability is only lim-
ited to a short bandwidth of deformation. Beyond this band-
width, the structure acts similar to a conventional geometry
with regular mechanical properties.

4.5 Classifications of Bistable systems
This section lists various forms of bistable unit cell de-

signs which can form a metamaterial. All the bistable unit
cells do not follow similar principles to attain metastability,
and each structure offers their unique properties. This clas-
sification will be later referred in the selection of a simple
design. Which will be later researched form metastability.

4.5.1 Relative stiffness Between rigid body and hinge
To attain bistability in the intended origami design [5]

is only possible by accounting for the hidden degree of free-
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Classification Source Unit cell design Description

Relative stiffness Be-
tween rigid body and
hinge

[5] Attains bistability by exploiting the bending stiff-
ness of the facet of the unit cell

Kinematic based in-
stability

[23]
The number of stable states in a unit cell are de-
pendent on the arch angle of the facets [a1, a2,
a3 and a4].

[22]

Bistability in Miura-ori is due to the kinematic
instability.

Miura-ori unit cell has unique stiffness be-
haviour and depends on the applied direction of
the deformation.

[6]
Has NPR along one direction and PPR along an-
other direction

But Poisson’s ratio is not constant

[24] At both stable states, the valleys and hills remain
their orientation.

[25]
Inspired by nature – hedgehog.

Similar to a straw with a flexible neck
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Relative orientation
[Kinematic relation]

[7]
Bistable Auxetic – Poisson’s ratio -1 at max
strain.

Relative rotation of the hinges causes bi-stability

Buckling based in-
stability

[2]

Shape reconfigurable structure.

Auxetic structure

Hysteresis force vs displacement response. Re-
turns to initial state after n repetitions.

[19]
Impact absorption

Bistability acts under compression

[21] Bistable and acts under tension and zero Poisson’s
ratio.

[20]

Bistable acts under tension

Unit cell design and comparison study of parallel
and opposite U shape snapping

t2/t1 relation to Poisson’s ratio relation is stud-
ied.

[26] Stiffness along transverse load direction

[27] Controlled response of Y axis stress vs strain us-
ing X axis strain.

[28]

Buckling induced instability.

Force application for change of state thought the
interaction of external magnetic field and mag-
nets.

Optimise Positioning and orientation of the mag-
nets over the buckling beam.

9



Magnetic actuation
and buckling

[29] Buckling induced instability by tuning the thresh-
old of the instability by introducing magnets

Magnetic actuation [30]
Investigating instability with different orienta-
tion of the magnets

Not buckling induced instability

Composites [31]

Use of curvature and anisotropy to generate dif-
ferent stablre states

Multistable structure.

Controlling the stiffness matrix by the orienta-
tion of fibres and layout pattern.

[32]
Curvature induced instability

Controlling the stiffness matrix by the orienta-
tion of fibres and layout pattern.

Table 2: Classification of bistable unit cells based on the working principles

dom of the facets (rigid bodies of origami design). Thereby
allowing the origami design to achieve bistability. The exis-
tence of bistability is such designs is about the stiffness ratio
between hinges and the facets of the origami design.

4.5.2 Kinematic based instability
Origami designs dominate this branch of bistability. The

relative facet lengths and hinge placements offer bistability.
Because of the nature of the unit cell design of Miura-ori
[22], the attained stable state is dependent on the direction of
applied deformation.

4.5.3 Relative orientation [Kinematic relation]
Bistability in rotating polygon design is associated with

the relative rotation between unit cells. Because of the rel-
ative rotation, polygon design can attain negative Poisson’s
ratio.

4.5.4 Buckling based instability
Buckling is generally considered undesirable in classi-

cal mechanics because of the drastic change in the stiffness.
However, when the desired buckling is in the elastic region
and with geometric constrains, buckling based bistability can
be achieved [2] [19] [21] [20] [26] [27] [28]. The general fo-
cus of the literature with buckling based bistability is energy
absorption and shape reconfiguration. The lattice structure
of followed in the literature [21] [19] [21] offer zero Pois-
son’s ratio. Metastable design structure discussed in Pro-
grammable Mechanical Metamaterials [27] was able to con-
trol the magnitude of stress with a control input. In buckling
based bistability classification, bistability in the unit cells are

either induced of geometry (pre-curved) [19] [19] [20] [26]
and [29] or prestressing of the unit cell [27] and [28]. The
significant difference between geometry – buckling based
design and prestress – buckling based design is the potential
energy landscape of geometry-based buckling is asymmetric
while prestress-based buckling is symmetric.

4.5.5 Magnetic actuation and buckling
Work byTiegang Chen [29] was able to enhance and

control the potential energy landscape of the bistable unit cell
by introducing magnetic resistance during loading.

4.5.6 Magnetic actuation
Work by Xiaojun Tan [30] is relatively similar to the

concept discussed in the [29] except for the bistability is
purely because of the magnetic interaction.

4.5.7 Composites
In composite designs, the bistability or some cases mul-

tistability is because of the combination of curvature of the
structure and stiffness matrix (anisotropy). General applica-
tions of composite-based bistability are in aircraft designs.

5 Designing for Metastability
The behaviour of metastability as per the figure 1 and

the definition presented in the section [1] is due to its ability
to change its potential energy landscape. Varying the po-
tential energy can be done by applied deformation or vary-
ing the geometry or varying the material properties. Varying
the geometry or varying the material properties can be self-
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induced, whereas varying applied strain is purely dependent
on the environment.

From the literature, Brinkmeyer’s work presented in the
section [metastability section], attained metastability by util-
ising viscoelastic material, implying the variation of material
properties. Due to limited recourse on the literature front,
designing for metastability in the thesis work is ventured
through varying material properties. As proof of concept, the
objective of the thesis was restated to design a single simple
unit cell with metastability. From the available classification
of bistable systems, pre-curved beams (buckling based bista-
bility) is selected.

6 Observation
The objective of the literature review is two-tier, the

first objective is to identify available literature on metastable
equilibrium, and objective two is to classify bistable unit cell
designs based on the working principle for bistability. Fur-
thermore, combining answers of both objectives to create
metamaterial with metastable unit cell.

The literature on metastability in mechanical systems is
relatively short when compared to the literature on metama-
terials. With the literature as the reference, a simple pre-
curved beam with dominant viscoelastic properties is se-
lected to realise a proof of concept for the metastable unit
cell.

As stated in the section [5], metastability can also be
achieved by varying geometry, and the feasibility of such a
concept can be tested with various bistable mechanisms pre-
sented in the table [4.5].

7 Conclusion
Literature study followed in this thesis has investigated

metastable equilibrium state and bistable unit cell designs in
metamaterials. This investigation has presented the work of
Brinkmeyer on pseudo bistable systems (same as metasta-
bility), and classification of bistable mechanisms into seven
individual categories. Following the literature review, a sim-
ple pre-curved beam with viscoelastic properties is selected
as the proof of concept for a metastable unit cell.
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In this paper, viscoelastic pre-curved beams are used for
the study of a time-dependent equilibrium state, also re-
ferred to as metastable equilibrium. Formulation of an ana-
lytical model of the beam is done by combining an equiv-
alent Pseudo Rigid Body (PRB) model of the pre-curved
beam (modelling the beam’s compliance) with Standard Lin-
ear Solid (SLS) model (modelling the beam’s viscoelasticity).
Experimental, geometrical and material parameters which
can influence metastability are identified. An experimental
setup is designed based on the observed parameters to val-
idate the analytical model. Metastability was observed in
beams with various geometries. However, conclusive valida-
tion of the analytical model can not be established because
of the considerable deviation between experimental and an-
alytical results. Introduction of anisotropy into the proto-
types through 3D printing is expected to be the major con-
tributing factor for the deviation. This deviation demands the
need for repeating the investigation using a prototype made
of isotropic material.

Nomenclature
t Time
Er Elastic modulus of the spring used in a SLS model for

modelling viscoelasticity
Kr Stiffness of the spring with Er as the modulus
Ev Viscoelastic modulus used in a SLS model for mod-

elling viscoelasticity
Kv Stiffness of the spring with Ev as the modulus
Krlx Stiffness of a simple SLS model under quasi static de-

formation rate
Kint Stiffness of a simple SLS model under infinite defor-

mation rate

Ktrlx Stiffness of a torsional SLS model under quasi static
deformation rate

Ktint Stiffness of a torsional SLS model under infinite de-
formation rate

Kcrlx Stiffness of a compression SLS model under quasi
static deformation rate

Kcint Stiffness of a compression SLS model under infinite
deformation rate

SLStr SLS model representing viscoelasticity in bending
SLSc SLS model representing viscoelasticity in compres-

sion
Er1 Rubber modulus obtained from bending test
Ev1 Viscoelastic modulus obtained from bending test
Er2 Rubber modulus obtained from compression test
Ev2 Viscoelastic modulus obtained from compression test
η Viscosity of the dashpot used in SLS model
δTrg Target deformation in a stress relaxation test
∂δ

∂t rate of deformation defined in a stress relaxation test
trlx relaxation time - period during which δTr deformation

is maintained
trov Recovery time - time needed for the structure to return

to its intial state.
T Thickness of the beam
w Width of the beam
a Span of the beam
b Apex height of the beam measured from the base of the

beam
L Arc length of the beam
Q Shape factor of the beam
Θ Angle between rigid body and the x-axis in a PRB model
γ Correction factors used in the estimation the pivot posi-

tions in a PRB model
Ht Heaviside function at time t
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1 Introduction
Equilibrium states are an important aspect in many sci-

entific field . Within the realm of classical mechanics, po-
tential energy and influence of perturbations are some of the
methods followed in the classification of equilibrium states.
Stable equilibrium, unstable equilibrium and neutral equilib-
rium [1] [2] are the most common classifications defined in
classical mechanics. Despite the broader definitions when
time is considered; stable, unstable and neutral equilibrium
do not form the universal set for equilibrium states. This void
could be filled with the introduction of a metastable equilib-
rium state.

A body is said to be in metastable equilibrium if the at-
tained stability in the system is confined to a brief period
after which it returns to its initial form without any external
influence. Although systems with metastable equilibria are
rare in engineered mechanical systems, they are common in
nature, chemical science and physics. The seed dispersion
mechanism of Ecballium elaterium also commonly known
as squirting cucumber plant [3], the decay of chemical bonds
or isomers [4] are some of the many examples that fit the
definition of metastability.

Fig. 1: Popper toy with metastable equilibrium properties

Fig. 2: Different phases of the popper toy in transition from
a metastable equilibrium state

One of the most relatable examples and the inspiration

behind this paper for metastable equilibrium state is a popper
toy figure 1. It is a hollow half sphere, made of viscoelastic
material. Figure 2 shows a sequence of images of deformed
popper toy in the metastable equilibrium state.

A. Brinkmeyer’s work [5] was one of the first to study
metastable equilibria under the name pseudo bistable sys-
tems. A. Brinkmeyer’s work focused on attaining metasta-
bility using viscoelastic behaviour of silicon rubber in pre-
stressed beams. Prony series modelling was followed to
capture the viscoelastic behaviour of the silicon rubber. A.
Brinkmeyer’s work also investigated the influence of geom-
etry, manufacturing, stiffness of the beam and magnitude of
pre-stress on metastability.

Fig. 3: SLS model representation of viscoelastics materials,
Er and Ev are the moduli of the springs and η is the viscosity
of the dashpot

This paper investigates metastability in pre-curved
beams which are manufactured by 3D printing [for more in-
formation on manufacturing refer to the appendix A] with
Thermoplastic polyurethane (TPU)[procured from rigid.ink]
as the raw material. These pre-curved beams are modelled
analytically by combining a Pseudo Rigid body (PRB) model
[6] [7] [8] [9] with a Standard Linear Solid (SLS) [figure 3]
[10] representation for capturing deformation and viscoelas-
tic behaviour of the beams.

The structure of the paper is as follows, section 2 gives
a short introduction on viscoelasticity followed by a discus-
sion on modelling of viscoelasticity using SLS model. In
section 3 analytical model describing the force deformation
characteristics of a pre-curved beam is derived. Followed by
discussion on the conditions for metastability in the section
4. In section 5 analytical model to quantify metastability is
derived. Section 6 through 9 offers experimental setup, re-
sults and discussion on the results and finally conclusion.

2 Viscoelasticity
Viscoelasticity is a material property where a specimen

under constant deformation(force) continues to relax(yield)
as time progresses. The behaviour of viscoelasticity is at-
tributed to the rearrangement of the lattice structure and loss
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of internal energy in the form of heat from within the struc-
ture [11].

Literature offers various methods for modelling vis-
coelasticity. Because of its simplicity the Standard Linear
Solid (SLS) model is followed in this paper. An SLS model
is made of two springs and a dashpot. Where Spring [Er]
represents the rubber modulus of the material and spring [Ev]
represents the viscoelastic modulus of the material. The vis-
cosity of the material is represented by a dashpot of viscosity
[η]. By using Laplace transformation [10], the force defor-
mation transfer function of an SLS model can be written as,

F(s)
X(s)

= Kr +
s ·KV

s+ KV
η

(1)

Where Kr is the stiffness calculated with rubber modulus
Er and Kv is the stiffness calculated with viscoelastic mod-
ulus Ev. Because of viscoelasticity, the effective stiffness of
an SLS model is dependent on the magnitude of deforma-
tion and rate of deformation. Under extreme conditions like
instantaneous or quasi-static deformation rates the effective
stiffness of an SLS model are (Kr +Kv)

N
m2 and Kr

N
m2 respec-

tively.

3 Analytical Modelling of pre-curved beam

Fig. 4: Pre-curved beam with geometric parameters, a - span
of the beam, T - Thickness of the beam, b0 - apex height of
the beam and w - width of the beam

As stated in the introduction, metastability is investi-
gated in a pre-curved beam [figure 4]. In this section, we
will be discussing the formulation of the analytical model
by integrating an equivalent PRB model of the pre-curved
beam with an SLS model springs. The results of the ana-
lytical model can help identify geometric and experimental
conditions for metastability.

In PRB modelling, springs and rigid bodies are used to
represent a compliant body. The building of such models can
be done in more than one way, which can introduce redun-
dancies to the model and complicate the analytical solution.

Such redundancies were curbed by observing the deforma-
tion shape and following the literature work by LL How-
ell [7] [6] and literature on pre-curved beams [9] [8]; this
resulted in the PRB model shown in the figure 5a [for more
details refer to the appendix C].

(a) PRB model with three torsional SLS model springs of stiffness
SLStr and two compression SLS model springs of stiffness SLSc. Θ

as the independent variable and position b is the point of application
of external force

(b) Parametric representation of PRB model followed in deriving
the force deformation characteristics of the beam.

Fig. 5: PRB model representation of pre-curved beam

Figure 5b shows the nomenclature followed in building
the analytical model of the pre-curved beam and in account-
ing for viscoelasticity of the material, the springs in the PRB
model are formulated using SLS model. Within the scope of
the study, the applied deformation at the point b on the beam
is constrained to follow the behaviour shown in the figure 6a.

Since the pre-curved beam is expected to follow mode
1 deformation and the mode 2 deformation is constrained,
the resulted trajectory of the point b is expected to follow
straight line parallel to the y axis[trajectory of the point b is
along the line b1b2 - figure 6b]. The resultant deformations
at the torsional SLS model SLStr and the compression SLS
model SLSc for the applied deformation [figure 6a] will be
perceived as shown in the figures 7 and 8.

Equation 2 gives analytical representation of the defor-
mation at the torsional SLS (SLStr) model as expressed in the
figure 7
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(a) Applied deformation by an external probe at point b on the beam

(b) Nature of deformation of PRB model influenced by the geomet-
ric constraint

Fig. 6: Applied deformation on the pre-curved beam
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Fig. 7: Deformation of torsional springs by the influence of
an applied deformation at point b.
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Fig. 8: Deformation of compression springs by the influence
of an applied deformation at point b.

δΘ =
∂δΘ

∂t
t · (1−HtTrg)+ΘTrg ·HtTrg (2)

where ∂δΘ

∂t is the deformation rate at Θ, ΘTrg is the tar-
get deformation and HtTrg is a Heaviside function at time t
= tTrg and δΘ is the instantaneous measured deformation of
Θ. Equation 3 gives the analytical representation of the de-
formation at the compression SLS model as expressed in the
figure 8

δL = (
∂2δL

∂t2 t2 +
∂δL

∂t
) · (1−HtTrg)+LTrg ·HtTrg (3)

where ∂2δL
∂t2 are ∂δL

∂t the acceleration and deformation rate
at L, LTrg is the target deformation and HtTrg is a Heaviside
function at time t = tTrg and δL is the instantaneous mea-
sured deformation of L. Frequency domain representation of
equation 2 and equation 3 is formulated by applying Laplace
transformation

δΘ(s) = L(δΘ) (4)
δL(s) = L(δL) (5)

The resultant reaction torque for the deformation in
equation 4 is calculated by rewriting the stiffness and vis-
cosity coefficients in equation 1 to match to that of bending
behaviour of beam.

T (s) = (Krtr +
s ·KVtr

s+ KVtr
ηtr

) ·δΘ(s) (6)

where Krtr and Kvtr are the elastic and viscoelastic tor-
sional stiffness and ηtr is the torsional viscosity. Similarly,
the resultant reaction force for the deformation given in equa-
tion 5 is also calculated by rewriting the stiffness and vis-
cosity coefficients in equation 1 to match the compression
behaviour of the beam.

F(s) = (Krc +
s ·KVc

s+ KVc
ηc

) ·δL(s) (7)

where Krc and Kvc are the elastic and viscoelastic com-
pression stiffness and ηc is the compression viscosity. The
time-domain representation of equation 6 and equation 7 are
given by applying an inverse Laplace transformation

T (t) = L−1(T (s)) (8)

F(t) = L−1(F(s)) (9)
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With the help of equation 8 and equation 9, the net re-
action force at point b offered by the torsional SLS model
springs and compression SLS model springs can be analyti-
cally expressed as equation 10:

FNet = 2∗ sin(Θ) ·F(t)+

8cos2(Θ)

ā
·T (t)

(10)

4 Conditions for Metastability in Pre-Curved Beams
This section presents experimental, geometric and ma-

terial conditions which will have to meet the requirements to
attain metastable equilibrium.

4.1 Experimental Conditions
Within the scope of this paper, metastability in a pre-

curved beam is tested by following stress relaxation method.
In an ideal stress relaxation method, the pre-curved beam is
deformed instantly to a target deformation and maintained.
During this constant deformation period also referred to as
relaxation period (trlx), the internal stressed developed in the
viscoelastic material are plotted. Figure 9 shows an ideal
input conditions of such a stress relaxation test.

Fig. 9: Stress Relaxation Test - Deformation as input and
stress as output.

However, in a practical stress relaxation test, the input
and output conditions are similar to figure 10. Based on the
figure 10, deformation rate ∂δ

∂t , target deformation δTr and
the relaxation time trlx are considered as experimental pa-
rameters. For an ideal test condition the peak measured force
(stress) is much higher when compared to a practical case.

To achieve metastability in a pre-curved beam, the ap-
plied deformation δb, shown in the figure 6a should be at
least a factor of ∼ 0.7 of the initial apex height b0 and a
significant relaxation time [trlx](measured using analytical
model).

Fig. 10: Stress Relaxation experimental - with deformation
rate ∂δ

∂t , target deformation δTrg and relaxation time trlx as in-
put parameters. Maximum attained force F, Force relaxation
δF and recovery time trov are the resultant output character-
istic.

4.2 Geometric Parameters
From the figure 4 the thickness - T, span - a, undeformed

height of apex - b0, width - w and shape factor – Q, (which
is a ratio of thickness to the undeformed height of the apex
of the beam – b0

T ) are the geometric parameters. Work by
Hussein Hussein [8] offers insights into the static force de-
formation characteristics of the pre-curved beam in terms of
shape factor Q. According to the Hussein Hussein’s work,
for shape factor Q < 2.314, a single pre-curved beam will
act as a mono-stable system and for Q > 2.314 pre-curved
beams act as a bi-stable system. On observation, it has been
noticed that a bistable beam does not get into metastable
equilibrium. therefore, pre-curved beams with shape factors
Q < 2.314 are preferred for the study of metastability. For
the sake of convince thickness T and span a are set to 3mm
and 60mm respectively. Along with testing for a proof of
concept, this paper also looks at the influence of shape factor
Q on metastability.

4.3 Material Parameters
In this section, the influence of material properties on

metastability is discussed.

Fig. 11: Nature of bending and compression forces at point
b near possible stable state 2
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In a conventional pre-curved beam where the viscoelas-
ticity of the material is considered insignificant, the possibil-
ity of bistability is a combined factor of bending and com-
pression forces. In the figure 11 we can see the resultant re-
action forces generated by bending and compression forces
at the point b. With the introduction of viscoelasticity, the
magnitude of bending and compression reaction forces are
dependent on deformation duration and deformation rate re-
sulting in relaxation of force as time progresses. A temporary
stability can be obtained if the order of relaxation of bending
force is greater than the order of compression force. Based
on this principle, A. Brinkmeyer [5] was able to develop the
following relation between bending and compression stiff-
ness of the material.

(1− Ktrlx

Ktist
)> (1− Kcrlx

Kcist
) (11)

where Ktrlx
N∗s
m2 is the relaxed stiffness and Ktist N∗s

m2 is the
instantaneous stiffness of torsion springs. Whereas, Kcrlx

N
m2

is the relaxed stiffness and Kcist
N
m2 is the instantaneous stiff-

ness of compression springs. For a simple SLS model [fig. 3]
the effective instantaneous stiffness is (Kr +Kv)

N
m2 and re-

laxed stiffness is Kr
N
m2 .

Evaluating the condition [equation 11] depends on the
viscoelastic material properties. [Refer to the appendix D
to learn more about procedures involved in the evaluation of
material properties].

5 Recovery Time Estimation
So far, the paper has introduced the analytical model and

parameters that influence metastability. This section defines
the measure of metastability and ways to quantify it.

The magnitude of metastability in a pre-curved beam is
quantified by the recovery time needed for the beam to return
to its original form following deformation. If the observed
recovery time is not zero, then the beam is considered to be
in metastable equilibrium.

Figure 12 indicates the deformation of the beam with
respect to the position of point b over time. Work by
A. Brinkmeyer [5] explained the force deformation profile
of a pre-stressed beam during recovery. According to A.
Brinkmeyer’s work, at the end of relaxation time (following
the retraction of feed probe) beam is expected to deform to
D instantly and the measure of time needed for the beam to
travel the path D to E is considered as the recovery time. At
point E, the bending force dominates [figure 11] and restores
the beam instantly to its original form.

To analytically translate the above-described work to a
PRB model, one would need an understanding of the com-
plex interaction between all springs and optimisation of the
internal energy, which would introduce a high order com-
plexity to the problem statement. The following assumption
was made to simplify the behaviour, ”The rate of stiffness re-

(a) Progression of the beam deformation over time during a stress
relaxation test
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(b) Position of point b overtime of a beam during stress relaxation
test, with the undeformed initial position as reference δb = 0. Beam
geometry specifications Q = 2.3, T = 3mm and a = 60mm

Fig. 12: Multiple stages of beam deformations during stress
relaxation. A - Initial undeformed for of the beam, B - Con-
stant applied deformation rate, ∂δb

∂t = 20 mm
min , C - Stress re-

laxation period for trlx = 600 seconds. D - Quick retract of
the feed probe, E - Snap back position and F - fully restored
beam

covery of SLS model spring is not influenced by the presence
of any other SLS springs defined within the PRB model.”

By following the assumption, the effective recovery time
of the beam is estimated by quantifying the time needed for
the torsional SLS spring to travel the path D to E [figure 12].
[Since torsional springs contribute to the restoration of the
beam]

δ = δTre
−Kr

η
(1− Kr

Kv )
−1t (12)

With the help of the assumption, the recovery rate of
torsional SLS spring is derived resulting in the equation 12
[12][refer to the appendix B for detailed derivation]

6 Experimental Setup
Section 3 and section 4 have introduced an analytical

model and conditions for metastability. Formulation of these
models is based on various assumptions and linearization of
the pre-curved beam. Experimental validation is needed in
order to verify the assumptions. This section introduces the
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test bench design that was followed to validate and recreate
metastability.

As a side note, the viscoelastic material properties of
TPU material are needed to validate the analytical model
and metastable condition. Appendix D gives a detailed de-
scription of the experimental design for quantifying material
properties.

6.1 Test bench design
As stated earlier, the scope of this paper is to test for

metastability in pre-curved beams by performing a stress re-
laxation test. From the figure 10 we know the input parame-
ter for stress relaxation is deformation [δb] and the resistance
to the deformation is defined as the output. Zwick Z005 ten-
sile test bench was selected for testing metastability on the
pre-curved beams as the input and output parameters defin-
ing the stress relaxation are within the operational range of
the tensile test bench.

Although the tensile test bench can accommodate the
desired deformation rate and also maintain the deformation,
it cannot retract fast, as fast retraction is needed to facilitate
the beam to recover uninterrupted [frame D in figure 12a].
The fast retraction is achieved by using a solenoid as a feed
probe. Figure 13 shows the assembly of the solenoid setup.

Fig. 13: Right - Retracted solenoid, Left - Activated
solenoid. Solenoid is set to move parallel to the ground,
whereas the applied deformation δb moves normal to the
ground.

6.1.1 Clamp design
A pre-curved beam under load can go into mode-2 de-

formation because of error in probe position or non-uniform
beam thickness (because of manufacturing) or because of
the inherent unconstrained rotational degree of freedom of
the beam. By using a planar contact for load application the
mode-2 deformation can be mitigated. clamp design shown
in figure 14 is used during the experimental procedure. The
Poly Carbonate clamp is sandwiched stainless steel to im-
prove the normal stiffness of the clamp.

Fig. 14: Poly-carbonate clamp design reinforced with stain-
less steel to improve the stiffness the clamp.

6.1.2 Prototype setup
Analytical models are solved with zero initial condi-

tions, which means zeros force at zero deformation. Such
zero initial conditions are emulated by taking measures to
avoid introduction of stress in the specimen while mounting
and maintaining same geometries under before the start of
the test. figure 15 is a picture in which prototype is mounted
and prestress are mitigated by using a spacer(red circle).

Fig. 15: Placing a spacer (in the red circle) between beam
and the setup to mitigate pre-tensioning of the beam. Exis-
tence of pre-tension is verified by measuring span a of the
beam

7 Results
7.1 Material Test Results

Viscoelastic properties of TPU are tested for bending,
compression and tensile forces. Table [1] to table [5] states
all the experimental conditions and critical dimensions of the
test specimens used in material testing, refer appendix D for
detailed information on procedures followed for estimation
of material properties.
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Fig. 16: Specimen dimensions used in testing for material
properties of TPU under tensile load. Specimens with thick-
ness 3 mm and 5 mm are tested.

7.1.1 Tensile Test

Specimen
Dimension

Experiment
parameters

Test results

T = 2.93 ±
0.0167 mm

δ = 5mm Er = 3.5e+07 N/m2

W1 = 13.17 ±
0.0096 mm

∂δ

∂t = 10
mm/min

Ev = 6.6e+06 N/m2

W2 = 19.13 ±
0.0167 mm

trlx = 20 min η = 5.5e+05 Ns/m

Table 1: Experimental results of tensile test of 3 mm thick
dogbone specimen

Specimen
Dimension

Experiment
parameters

Test results

T = 5.05 ±
0.0193 mm

δ = 5mm Er = 3.17e+07 N/m2

W1 = 13.17 ±
0.0255 mm

∂δ

∂t = 10
mm/min

Ev = 5.7e+06 N/m2

W2 = 19.10 ±
0.0048 mm

trlx = 20 min η = 9.1e+05 Ns/m

Table 2: Experimental results of tensile test of 5 mm thick
dogbone specimen

Fig. 17: Specimen dimensions used in testing for material
properties of TPU under compression load.

7.1.2 Compression Test

Specimen
Dimension

Experiment
parameters

Test results

Diameter =
29.68 ±
0.1424 mm

δ = 0.5 mm Er = 1.03e+07 N/m2

Height =
25.04 ±
0.0385 mm

∂δ

∂t = 1.2
mm/min

Ev = 1.74e+06 N/m2

trlx = 20 min η = 1.30e+07 Ns/m

Table 3: Experimental results of compression test

7.1.3 Bending Test

Fig. 18: Specimen dimensions used in testing for material
properties of TPU under bending deformation. Specimens
with thickness 3 mm and 5 mm are tested.
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Specimen
Dimension

Experiment
parameters

Test results

T = 2.93 ±
0.0334 mm

δ = 5.5 mm Er = 1.27e+8 N/rad ·m2

W = 13.07
± 0.0167
mm

∂δ

∂t = 11
mm/min

Ev = 2.45e+07 N/rad ·m2

trlx = 20
min

η = 3.96 Nm · s/rad

Table 4: Experimental results of bending test of 3 mm thick
specimen

Specimen
Dimension

Experiment
parameters

Test results

T = 5.02 ±
0.0441 mm

δ = 7 mm Er = 8.72e+07 N/rad ·m2

W = 13.12
± 0.0585
mm

∂δ

∂t = 14
mm/min

Ev = 1.61e+07 N/rad ·m2

trlx = 20
min

η = 10.64 Nm · s/rad

Table 5: Experimental results of bending test of 5 mm thick
specimen

7.2 Prototype Results
Table 6 gives the experimental parameters followed for

investigation of metastability by performing stress relaxation
test on the prototypes. Section 7.2.1, section 7.2.2 and sec-
tion 7 present the results which are analytically estimated and
experimentally measured by testing pre-curved beams of di-
mensions shape factor Q 2.3 and 2.25, with thickness T 3mm
and span a 60mm. Each geometry is repeated by 3 samples
(shape factor Q 2.3 - 3 samples and shape factor Q 2.25 - 3
samples).

Experiment parameters Magnitude

deformation δb 13 mm

deformation rate ∂δb
∂t 20 mm/min

Relaxation time trlx 10 min

Table 6: Experimental parameters followed in prototype test-
ing

7.2.1 Force Deformation Results

This section presents the force deformation plots gener-
ated by comparing analytical model and experimental testing
of pre-curved beams of dimensions Q = 2.3 and Q = 2.25,
T = 3mm and a= 60mm. Er1 and Ev1 are the derived Young’s
modulus from 3 mm bending test [table 4] and where Er2 and
Ev2 are the derived Young’s modulus from compression test
[table 3].
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(a) Force deformation behaviour of pre-curved beam with shape
factor Q = 2.3. Analytical results (red plots) are compared with
the experimental results (blue plot).
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(b) Force deformation behaviour of pre-curved beam with shape
factor Q = 2.25. Analytical results (red plots) are compared with
the experimental results (blue plot).

Fig. 19: Comparing the force deformation behaviour results
between analytical and experimental test. Er1 and Ev1 are the
Young’s modulus derived from bending test of 3 mm speci-
mens and Er2 and Ev2 are the Young’s modulus derived from
compression testing.

7.2.2 Force-Time Results

This section presents the stress relaxation plots gener-
ated using analytical model and prototype testing of pre-
curved beams of dimensions Q = 2.3 and Q = 2.25, T =
3mm and a = 60mm. Er1 and Ev1 are the derived Young’s
modulus from 3 mm bending test [table 4] and where Er2

and Ev2 are the derived Young’s modulus from compression
test [table 3].
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(a) Force vs time behaviour of pre-curved beam with shape factor
Q = 2.3. Analytical results (red plots) are compared with the exper-
imental results (blue plot).
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(b) Force vs time behaviour of pre-curved beam with shape factor
Q = 2.25. Analytical results (red plots) are compared with the ex-
perimental results (blue plot)

Fig. 20: Comparing the force vs time behaviour results be-
tween analytical and experimental test. Er1 and Ev1 are the
Young’s modulus derived from bending test of 3 mm speci-
mens and Er2 and Ev2 are the Young’s modulus derived from
compression testing.

7.2.3 Recovery Time
Table 7 presents the recovery time trov measured during

the test of pre-curved beams of shape factors Q = 2.3 and
Q = 2.25. The measured recovery time is compared with the
analytically estimated recovery time.

Shape
Factor

Analytical
Recovery
Time (Er1

and Ev1 )

Analytical
Recovery
Time (Er2

and Ev2 )

Experimental
Recovery
Time
(mean)

Q = 2.3 8.3 s 93 s 4.97 s

Q = 2.25 5.1 s 52 s 3.07 s

Table 7: Analytically and experimentally estimated recovery
time. Er1 and Ev1 are the Young’s modulus derived from
bending test of 3 mm specimens and Er2 and Ev2 are the
Young’s modulus derived from compression testing.

8 Discussion

Results of analytical model predicted metastability in
with shape factor Q = 2.3 and Q = 2.25 for thickness T =
3mm and T = 5mm and span a= 60mm and a= 100mm. Due
to inconsistency on the test conditions metastability was only
observed in beams with shape factor Q = 2.3 and Q = 2.25
thickness T = 3mm and span a = 60mm. Since the material
test resulted in different bending and compression Young’s
modulus the analytical model is tested twice, once with with
bending modulus Er1andEv1 and ones with Er2andEv2 . On
comparing the experimental results with two sets of data (fig-
ure 19a and figure 19b) we can say the experimental results
fall inside the extreme of the analytical model. The follow-
ing section will present with the possible reasoning from the
deviations observed.

8.1 Manufacturing

For the manufacturing of the prototypes, fused deposi-
tion modelling (FDM) 3D printing was followed. Despite
maintaining consistency between the specimens by follow-
ing the same settings and print orientation, anisotropy prop-
erties are still observed. The possible sources for anisotropy
are the orientation of material deposition, variation in the
extruder temperature, variation of void volume percentage
between specimens. Although 3D printing offered flexibil-
ity in design variation, it has introduced a higher degree of
anisotropy. As an alternative, silicon rubber casting or water
jut cutting of silicon sheets can be considered. Although sil-
icon casting can introduce higher degree of deviation com-
pared to water jet cutting of silicon sheets. Because main-
taining consistent resin mixture, curing temperature and por-
ing can be challenging. For future research water jet cut sil-
icon prototypes are recommended because water jet cutting
does not introduce heat during fabrication and viscoelastic
material properties are sensitive to heat.

8.2 Prototype design and experimental setup

The predicted trend of the force deformation behaviour
of the beams is in agreement with the experimental obser-
vations except at the local minima. Based on the analyti-
cal model, the expected magnitude of force at the local min-
ima is close to zero N as opposed to the experimental results
where the magnitude of the force is higher. A possible ex-
planation for the deviation could be the deformation of the
support structures during loading [figure 21]. An alternative
prototype design similar to figure 22 could solve this prob-
lem.
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Fig. 21: Deformation at the intersection of the beam base
and support structure. Magnitude of the deformation varies
as the applied deformation δb is progressed from 0 to δbTrg

Fig. 22: Alternative beam design to mitigate support struc-
ture deformation

On analysing the recorded video of the deformation, the
beam appears to shows varying degree of mode 2 [figure 23]
deformation which could also explain the observed higher
magnitude force at the local minima. A sensible solution to
constraint mode 2 deformation would be to maintain lower
tolerance on the beam thickness, consistent positioning of
the clamp and constraining the rotation of the beam.

Fig. 23: Appearance of mode 2 deformation of the beam dur-
ing the transition when applied deformation δb progresses
from 0 to δbTrg

8.3 Recovery time assumption
In the section 5, an assumption on the interaction be-

tween SLS model springs was stated to solve for the beam’s
recovery time. On comparing the estimates with the exper-
imental observations, we can say the analytical model has
overestimated the recovery time. This deviation could be a

reference to the anisotropy of the material or the assump-
tion [section 5] not holding the ground. The ambiguity be-
hind the cause could be solved by repeating the tests on an
isotropic pre-curved beam and comparing the experimental
results with the analytical results.

9 Conclusion
Based on the results presented in the section 7, we can

prove the possibility of metastability in pre-curved beams.
The observed difference in the recovery time results between
the beams with Q 2.3 and Q 2.25 also emphasise the influ-
ence of the geometry. However, the lack of agreement be-
tween analytical and experimental results can not validate the
model. This discrepancy in the results can be associated with
the anisotropic behaviour of the prototype, unconstrained
mode 2 deformations of the beam and influence of beam and
clamp interaction during tests. By considering the recom-
mendation offered in the section 8 like, prototyping using
water jet cutting of silicon sheets for minimising anisotropy,
revised prototype and clamp design to constraint mode 2 de-
formation could alleviate the discrepancy and bring forth the
metastable properties of the pre-curved beam.

The introduction of metastability has opened new av-
enues with the ability to operate independently without the
need for any additional instruments. Such devices can have
numerous applications in medicine, aerospace, automotive
and more. In the given period, this paper was able to present
with material estimation, analytical modelling of the beam
along with the viscoelastic properties. The paper was able
to present metastability in an experimental environment and
quantify recovery time.

References
[1] Synge, J. L., 2011. Principles Of Mechanics. Read

Books Limited.
[2] Kibele, A., Granacher, U., Muehlbauer, T., and Behm,

D. G., 2015. “Stable, Unstable and Metastable States
of Equilibrium: Definitions and Applications to Hu-
man Movement”. Journal of sports science & medicine,
14(4), nov, pp. 885–887.

[3] Forterre, Y., Marmottant, P., Quilliet, C., and NOBLIN,
X., 2016. “Physics of rapid movements in plants”. Eu-
rophysics News, 47, pp. 27–30.

[4] Prague Summer School on Mathematical Statistical
Physics (5th : 2006 Prague, C. R., Biskup, M.,
and Kotecky, R. T. A. T. T., 2009. Methods of
contemporary mathematical statistical physics LK -
https://tudelft.on.worldcat.org/oclc/458574884.

[5] Brinkmeyer, A., Pirrera, A., Santer, M., and Weaver,
P. M., 2013. “Pseudo-bistable pre-stressed morphing
composite panels”. International Journal of Solids and
Structures, 50(7), pp. 1033–1043.

[6] Lusk, C., 2013. Using Pseudo-Rigid Body Models.
John Wiley & Sons, Ltd, ch. 5, pp. 55–76.

[7] Jensen, B., 2013. Modeling of Large Deflection Mem-
bers. John Wiley & Sons, Ltd, ch. 4, pp. 45–54.

24



[8] Hussein, H., Le Moal, P., Bourbon, G., Haddab, Y.,
and Lutz, P., 2015. “Modeling and stress analysis of
a pre-shaped curved beam: Influence of high modes of
buckling”. International Journal of Applied Mechan-
ics, 07(04), p. 1550055.

[9] Jin Qiu, Lang, J. H., and Slocum, A. H., 2004. “A
curved-beam bistable mechanism”. Journal of Micro-
electromechanical Systems, 13(2), apr, pp. 137–146.

[10] Roylance, D., 2001. ENGINEERING VISCOELAS-
TICITY. Tech. rep., Massachusetts Institute of Tech-
nology.

[11] NPTEL, 2012. Introduction to vibration control.
[12] Ge, Q., Yu, K., Ding, Y., and Jerry Qi, H., 2012. “Pre-

diction of temperature-dependent free recovery behav-
iors of amorphous shape memory polymers”. Soft Mat-
ter, 8(43), pp. 11098–11105.

25





4
Discussion

This section of the report explains the derived results and offers suggestions that can aid in future
research for the validation of metastable equilibrium.

Based on the results shared in the paper Modelling of Metastable Equilibrium State using PRB
Principles, it can be stated that metastable equilibrium is possible in the pre-curved beam, but the de-
viation between analytical results and experimental observations can not prove or disprove the designed
analytical model. For the sake of quick fabrication, the author decided to follow the 3D printing of
TPU filament; which could be the reason behind the introduction of anisotropy in the prototypes. Since
the derived analytical model is based on isotropic material, it is advisable to reformulate the analytical
model to account for anisotropy or prototyping with an isotropic material (silicon casting or waterjet
cutting of silicon sheets

The observed anisotropy could also be associated with the procedure followed in the estimation of
material properties of TPU material. The possibility of error can lie in the fabrication of the speci-
men or the experimental procedure. To mitigate any discrepancy generating from estimating material
properties, the author would like to suggest the use of well-established materials and protocols.

The experimental procedure followed in the validation of metastability involved hand calibration of
the test bench, this could have introduced inconsistency between tests, the introduction of prestresses
and error in positioning of the clamp. Errors in the positioning of the clamp had caused observable
mode 2 deformation in the beams. To avoid repetition of errors in future tests, the procedure followed
in the fixture of the prototype, design of the prototype and the design of the clamp has to be revised.

Results of the recovery time derived from the analytical model are not in agreement with the
measured recovery time. The cause for the overestimated results can either be associated with anisotropy
or the stated assumption in deriving the analytical model is false. Validation of the analytical model
can only be done by repeating the tests using isotropic material and following the suggestions stated
earlier for the experimental procedure.
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5
Conclusion

This thesis has developed an analytical model to predict metastable behaviour in a viscoelastic pre-
curved beam. Although experimental results prove metastability in pre-curved beams with shape factor
Q 2.3 and Q 2.25, the results derived from the analytical model are not in agreement with the experimen-
tal results. It is the same case for force behaviour and recovery time estimation. The reasons associated
with the deviation of the results could be attributed to various factors ranging from manufacturing to
testing.

The mean measured recovery time between shape factor Q 2.3 and shape factor Q 2.25 show a differ-
ence of ≈ 2 seconds. This difference in recovery time between different shape factors can be associated
with the influence of geometric parameter Q on metastability. However, because of the deviation in the
derived recovery time, the analytical model could neither prove nor disprove the experimental results.
The validity of the analytical model can only be proved by repeating all the tests with a prototype
made of isotropic material and by following the standard test procedures.

Metastability in a pre-curved beam is dependent on various parameters but limited by the scope of
building a proof of concept this thesis has only investigated the influence of shape factor Q. Influence
of other parameters could result in the higher difference in the relaxation time. Along with the task of
repeating the tests for validating the analytical model and shape factor Q, the future work should also
investigate the influence of other parameters on metastability in pre-curved beams.

The assumption made for the formulation of recovery time remains unproven, and as future research,
the readers are encouraged to investigate for the recovery time by estimating the energy landscape of
the beam at every time step till the beam completely recovers.

The concept of fusing metamaterials with metastability is an intriguing proposition. The work
presented in this thesis has opened up various opportunities for future research. In the duration of
the thesis, an analytical model of a viscoelastic pre-curved beam was created, metastability in a pre-
curved beam was achieved, and the influence of geometric parameters on metastability was proved. The
potential magnitude of application that can spur from the topic of the metamaterial can span medicine,
aerospace, automotive and many more.
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A
Appendix: 3D printer settings

In the scope of this project, all the prototypes needed for material testing and the validation of metasta-
bility are manufactured using an FDM 3D printer. The following table offers a detailed description of
the printer settings.

Parameter Dimension
Print volume 220x220x250 𝑚𝑚

Nozzle diameter 0.4 mm
Layer height 0.15 mm

Initial layer thickness 0.06 mm
Initial layer line width 130 %

Shell thickness 1.2 mm Bottom/Top layer thickness 0.75 mm
Fill Density 80 %

Print Speed 10 mm/s
Bottom layer speed 7 mm/s
Bed temperature 70°𝐶

Nozzle temperature 210°𝐶
Filament diameter 1.75 mm

Filament Flow Percent (%) 102 %

Table A.1: 3D printer settings followed in the manufacturing of the material testing specimens and prototypes
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B
Appendix: SLS Model Behaviour

B.1. SLS Transfer Function Modelling
An SLS model is made of three elements, two springs and a dashpot system. Following section details
the steps involved in deriving the transfer function of the SLS model

Figure B.1: Forces and deformations experienced by different elements in an SLS model

Maxwells part of the SLS model: Since 𝐾 and 𝜂 are in parallel, the forces experienced by 𝐾
and 𝜂 are the same, and the total deformation experienced by Maxwells branch is the summation of
deformation experienced by 𝐾 and 𝜂

𝐹 = 𝐹 = 𝐹 (B.1)
𝛿 = 𝛿 + 𝛿 (B.2)
𝐹 = 𝑘 ⋅ 𝛿 (B.3)

𝐹 = 𝜂 ⋅ ̇𝛿 (B.4)

applying a time derivative to the equation B.2 and using the equations B.1,B.3 and B.4
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34 B. Appendix: SLS Model Behaviour

̇𝛿 = ̇𝛿 + ̇𝛿 (B.5)

̇𝛿 = �̇�
𝑘 +

𝐹
𝜂 (B.6)

̇𝛿 = �̇�
𝑘 + 𝐹𝜂 (B.7)

Applying Laplace transformation to the equation B.7

𝑆 ⋅ 𝛿 (𝑠) = 𝑠 ⋅ 𝐹 (𝑠)
𝐾 + 𝐹 (𝑠)𝜂 (B.8)

𝐹 (𝑠) = 𝑠 ⋅ 𝐾
𝑠 +

⋅ 𝛿 (𝑠) (B.9)

Including branch 1 with the Maxwells branch, Since branch 1 and the Maxwell’s branch are in
parallel the following conditions apply

𝐹 = 𝐹 + 𝐹 (B.10)
𝛿 = 𝛿 (B.11)

𝐹 = 𝐾 ⋅ 𝛿 (B.12)
𝐹 = 𝐾 ⋅ 𝛿 + 𝐹 (B.13)

Introducing equation B.9 in equation B.13 and applying Laplace transformation.

𝐹 (𝑠) = 𝐾 ⋅ 𝛿 (𝑠) + 𝑠 ⋅ 𝐾
𝑠 +

⋅ 𝛿 (𝑠) (B.14)

𝛿 (𝑠) = 𝛿 (𝑠) = 𝛿(𝑠) (B.15)

Because branch 1 and Maxwell’s branch are in parallel, results in the equation B.15, and combining
equation B.15 with B.14 results in the transfer function of a SLS model spring

𝐹 (𝑠)
𝛿(𝑠) = 𝐾 + 𝑠 ⋅ 𝐾

𝑠 +
(B.16)

B.2. Force response for Constant deformation
Formulating the ideal conditions describing a stress relaxation test on a simple SLS model [figure B.1].
rate of deformation is considered instantaneous, Piece-wise representation of applied deformation in
a ideal stress relaxation test is as following

𝛿(𝑡) = 𝛿 ⋅ ℋ (B.17)

here 𝛿 is the applied constant deformation and ℋ is the Heaviside function at time 𝑡 = 0.
Applying Laplace transformation to the equation B.17.

𝛿(𝑠) =
𝛿
𝑠 (B.18)

Substituting equation B.18 in equation B.16 and applying inverse laplace.

𝐹(𝑠) = (𝐾 + 𝐾 ⋅ 𝑒 ) ⋅ 𝛿 (B.19)
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B.3. Recovery Time estimation
Estimating the recovery time of a simple SLS model [figure B.1]. Conditions for the estimating recovery
time is no external force acting on the SLS model, 𝐹 = 0, at this point 𝐾 and 𝐾 are opposing on
another.

𝐹 = 𝐾 𝛿 + 𝐾 𝛿 = 0 (B.20)

𝛿 = −𝐾 𝛿𝐾 (B.21)

Internal forces in Maxwell’s branch of SLS model are as equation B.22

𝐹 = 𝐹 (B.22)

𝜂 ̇𝛿 = 𝐾 𝛿 (B.23)

̇𝛿 = 𝐾 𝛿
𝜂 (B.24)

Writing 𝛿 in terms of 𝛿 by substituting equation B.21 in equation B.24

̇𝛿 = −𝐾 𝛿𝜂 (B.25)

Relating deformation in the Maxwell’s branch to deformation in branch 1

𝛿 = 𝛿 (B.26)
𝛿 = 𝛿 + 𝛿 (B.27)
̇𝛿 = ̇𝛿 + ̇𝛿 (B.28)

Writing equation B.28 in terms of 𝛿 by substituting equation B.25 and equation B.21 and rear-
ranging terms

(1 + 𝐾𝐾 ) ̇𝛿 = −𝐾𝜂 𝛿 (B.29)

Applying integration to the equation B.29 with an assumption deformation at the start of recovery
time as 𝛿 will result in the equation B.30

𝛿 (𝑡) = 𝛿 𝑒 ( ) (B.30)

rearranging the equation B.30 will result in B.31

𝑡 = log(
𝛿
𝛿 (𝑡))

𝜂
𝐾 (1 + 𝐾𝐾 ) (B.31)





C
Appendix: PRB Model selection

C.1. Appendix: PRB model design

(a) PRB model A with three torsional springs of stiffness and two compression springs of stiffness
. as the independent variable and position B is the point of application of external force

(b) PRB model B with four torsional springs of stiffness and two compression springs of stiffness
. and are the two independent variables and position B is the point of application of external

force

Figure C.1: PRB models

Formulating the best PRB model of the beam needs knowledge in optimal positioning of the pivot
points, introducing correction factors for the stiffness to compensate for errors in positioning of the
pivot point and path/form of the deformation, the required information was sourced from the work of
Larry L. Howell[9][13] which resulted in two PRB models.
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PRB model A [fig. C.1a] is designed using three torsional springs to represent bending stiffness and
two compression springs to represent compression stiffness of the pre-curved beam. The symmetric
deformation (straight path of travel for point b along the negative y-axis) of the PRB model A is fairly
similar to the deformation form of the pre-curved beam with constrained mode 2.

Whereas PRB model B [fig. C.1b] is designed using four torsional springs to represent bending
stiffness and two compression springs to represent compression stiffness of the pre-curved beam. The
symmetric deformation (straight path of travel for point b along the negative y-axis) of the PRB model
B mimics better deformation form of the pre-curved beam with constrained mode 2.

Handbook of Compliant Mechanisms [8] was used to estimate the position of the pivot points and
correction factors for the stiffness of the springs. The force deformation characteristics of the PRB
models based on the literature correction factors [8] resulted in figure [C.1]. The PRB models did not
agree with the analytical result [figure C.2a]. The deviation between the PRB and analytical model is
solved by updating the correction factors for both torsional and compression springs by referring to the
analytical model. The results of new correction factors resulted in figure [C.2b].
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(a) Black plot is the behaviour of the closest PRB model A of the beam with correction factors derived
from the literature. Red curve is the behaviour of the closest PRM model B of the beam with correction
factors derived from Handbook of Compliant Mechanisms [8]. Blue curve is the behaviour of the beam
derived based on the work of [10]
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(b) Black plot is the behaviour of the closest PRB model A of the beam with updated correction factors
derived from the literature. Red curve is the behaviour of the closest PRM model B of the beam with
updated correction factors derived from Handbook of Compliant Mechanisms [8]. Blue curve is the
behaviour of the beam derived based on the work of [10]

Figure C.2: Normalised force deformation characteristics of a pre-curved beam with shape factor , span
and thickness .

From the figure C.3 we can tell PRB model A happens to have consistent correction factors for the
desired shape factors Q and relatively low RMS error when compared to PRB model B., For this reason,
PRB model A is selected to be used for further analytical development.
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(a) Updated correction factors of bending springs in both PRB models for various shape factors Q
between . ∗ represent the estimated correction factors and are the polynomial fit based on
the estimated correction factors written as function of shape factor Q.
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(b) Updated correction factors of compression springs in both PRB models for various shape factors Q
between . ∗ represent the estimated correction factors and are the polynomial fit based on
the estimated correction factors written as function of shape factor Q.
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(c) Estimated RMS error of both models using updated correction factors when compared to the ana-
lytical [10]

Figure C.3: Re-evaluation of correction factors





D
Appendix: Material Test

This appendix offers test standards followed in identifying the material properties of TPU under bending,
tensile and compression deformations.

D.1. Bending Test

Figure D.1: On the left: Testing setup for a 4 point bending test of a thick beam. On the right: An equivalent
PRB model of the specimen.

For bending test ASTM standard (D6272 - 17)[3] document is referred. Based on the reference
geometries shown in the figure D.2 are selected for testing. The maximum allowable mid-span deflection
was calculated based on the definition mentioned in the reference document[3] . To accommodate the
easy of bending 5𝑚𝑚 and 3𝑚𝑚 thick beams followed different support span dimensions.

PRB model form referred in the figure D.1 was expected to emulate the closest bending behaviour.
This model was used to fit the experimental data to estimate the bending parameters. The applied de-
formation was considered to be instantaneous, and the resultant torque behaviour followed the equation
D.1

𝑇(𝑡) = 𝐾 + 𝐾 𝑒 (
𝐾 𝑡
𝜂 ) (D.1)
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Figure D.2: Specimen dimensions used in testing for material properties of TPU under bending deformation. Specimens
with thickness 3 mm and 5 mm are tested.

Figure D.3: On the left: Testing setup for tensile test of thick dogbone. On the right: An equivalent PRB model
of the specimen.
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D.2. Tensile Test
For this procedure type I [2][figure D.4] dogbone structure was used to perform stress relaxation under
tensile stress. Planar dimensions of the 3𝑚𝑚 and 5𝑚𝑚 thick specimens were kept constant.

Figure D.4: Specimen dimensions used in testing for material properties of TPU under tensile load. Specimens with
thickness 3 mm and 5 mm are tested.

PRB model from the figure D.3 was followed to estimate the material properties under tension.
The applied strain was considered to be instantaneous, and the resultant force behaviour followed the
equation D.2

𝐹(𝑡) = 𝐾 + 𝐾 𝑒 (
𝐾 𝑡
𝜂 ) (D.2)

D.3. Compression Test

Figure D.5: On the left: Testing setup for a compression test. On the right: An equivalent PRB model of the specimen.

For compression ASTM standard E9[4] document is referred. According to the documentation,
there are two acceptable specimen geometries, cylinder or cubes. The ideal case, cubes would have been
the best pick as the specimen dimensions are driven based on the thickness. However, because of the
small dimensions and introduction of the uneven surface during manufacturing, cylindrical geometry
was considered as the best choice [figure D.6].

Specimen with the diameter of 30𝑚𝑚 and height of 25𝑚𝑚 was picked from the available aspect
ratios.
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Figure D.6: Specimen dimensions used in testing for material properties of TPU under compression load.

To estimate the material parameters when under compression, a similar PRB model from the D.2
was followed [fig. D.5]. Similar to previously mentioned procedures, the applied strain was considered
to be instantaneous and resultant force was expected to follow the equation D.3.

𝐹(𝑡) = 𝐾 + 𝐾 𝑒 (
𝐾 𝑡
𝜂 ) (D.3)
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Appendix: Matlab Script

1 % This LaTeX was auto−generated from MATLAB code.
2 % To make changes, update the MATLAB code and republish this document.
3
4
5
6 %\subsection*{Contents}
7
8 \begin{itemize}
9 \setlength{\itemsep}{−1ex}

10 \item Declaration
11 \item Mechanical properties
12 \item Deriving Force − Deformation behaviour
13 \item PLots
14 \item Recovery time estimation =
15 \end{itemize}
16
17 % Analytical formulation of force − deformation behaviour of viscoelastic
18 % pre−curved beams − To study metastability
19
20 % Krishna Dheeraj Kommuri
21 % 4734173
22 % BioMechanical Design Engineering
23
24 clc
25 clear
26 close all
27
28
29
30 \subsection*{Declaration}
31
32
33 Para.P_Vel = 20/60000; % Deformation rate in m/s
34
35 Para.RDur = 10*60; % Relaxation rate
36
37 SP.Q = 2.3; % Q = b0/t, where b0 = initial apex height
38 SP.t = 3/1000; % t = thickness of the beam
39 SP.a = 60/1000; % a = span of the beam
40 SP.gamma = 0.8517; % gamma = referenced from literature

45
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41 SP.b0 = SP.Q*SP.t;% b0 = initial apex height of the beam
42 SP.W = 8/1000; % w = width of the beam
43 SP.Ar = SP.W*SP.t;% Ar = Cross section area of the beam
44 SP.I = SP.W*SP.t^3/12; % I = area moment of inertia (Normal
45 % to thickness)
46
47 Para.ConstStrain = round(1.9*SP.Q*SP.t*1000)/1000; % delta_Trg
48
49 Xv = 0:SP.a/10:SP.a;
50 Yv = (SP.b0/2)*(1 − cos(2*pi*Xv/SP.a));
51
52 SP.L0 = 0; % L0 = arc length of the beam
53
54 for ii = 1:length(Xv) − 1
55
56 SP.L0 = SP.L0 + sqrt((Xv(ii)−Xv(ii+1))^2+(Yv(ii)−Yv(ii+1))^2);
57
58 end
59
60 clear Xv Yv
61
62 SP.a_bar = SP.a − (1 − SP.gamma)*SP.L0;
63 SP.Theta0 = atan((SP.b0)/(SP.a_bar/2)); % Theta0 = initial angle
64
65
66
67 \subsection*{Mechanical properties}
68
69
70 %compression SLS model
71 % E_c_r = (1 − SP.acmp)*E
72 % E_c_v = SP.acmp*E
73
74 %Torsional SLS model
75 % E_tr_r = (1 − SP.at)*E
76 % E_tr_v = SP.at*E
77
78 SP.nuC = 1.3046e+07; % Damping coefficient compression viscoelastic

material
79 SP.ac = 0.1449;
80 % SP.EC = 1.2032e+07;% Commented for isometry
81
82 if SP.t == 3/1000
83
84 SP.E = 1.2032e+07;
85 % SP.ET = 1.5131e+08;% Commented for isometry
86 SP.nuT = 3.9554; % Damping coefficient torsion viscoelastic material
87 SP.at = 0.1621;
88
89 elseif SP.t == 5/1000
90
91 SP.E = 57691000;
92 % SP.ET = 1.0335e+08; % Commented for isometry
93 SP.nuT = 10.6406; % Damping coefficient torsion viscoelastic material
94 SP.at = 0.1558;
95
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96 end
97
98
99

100 \subsection*{Deriving Force − Deformation behaviour}
101
102
103 % Deriving force − deformation
104 VAL = FD_relation(SP,Para);
105
106 % Deriving force − deformation − analytical model
107 VAL2 = FD_analytical(SP);
108
109 % Deriving force − deformation at instant and quasi static speeds
110 ExVAL = FD_Ext2(SP);
111
112
113 ind = islocalmin(VAL.Force);
114 Pos = VAL.Bpos(ind);
115 Vel = Pos/VAL.Time(end);
116
117
118
119 \subsection*{PLots}
120
121
122 figure;
123 plot(VAL.Bpos,VAL.Force,'r',VAL2.d_total_N/1000,VAL2.f_total_N,'.b',...
124 (SP.b0 − ExVAL.iBpos),ExVAL.iForce,'−−m',...
125 (SP.b0 − ExVAL.rBpos),ExVAL.rForce,'−−k')
126 xlabel('Strain')
127 ylabel('Force')
128 title('Force vs Strain')
129 legend('SLS model','Static analytical model',...
130 'instantaneous deformation','relaxed deformation')
131
132 figure;
133 plot(VAL.Time,VAL.Force)
134 title('Force vs Time')
135 xlabel('Time')
136 ylabel('Force')
137
138
139
140 \subsection*{Recovery time estimation =}
141
142
143 % Force deformation at different time stamps
144 VALConST = ConstStiff_FD(VAL.Stiff(end,:),SP,Para);
145
146 figure;
147 plot(VALConST.B,VALConST.Force)
148 title('Constant Stiff')
149
150 ind = islocalmin(VALConST.Force);
151 Fmin = VALConST.Force(ind);
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152
153 if Fmin < 0
154
155 SZ = length(VAL.Stiff);
156
157 MinF = zeros(SZ,1);
158 MinPos = zeros(SZ,1);
159
160 for k = SZ:−1:1
161
162 LocalMin = ConstStiff_FD(VAL.Stiff(k,:),SP,Para);
163 ind = islocalmin(LocalMin.Force);
164 MinF(k) = LocalMin.Force(ind);
165 MinPos(k) = LocalMin.B(ind);
166
167 if MinF(k) > 0
168 break;
169 end
170
171 end
172
173 figure;
174 plot(VAL.Stiff(:,1),MinF)
175 title('Local minima')
176
177 % Initial pos
178 Fsq = VALConST.Force.^2;
179 ind = islocalmin(Fsq);
180 Xist_inp = VALConST.B(ind);
181 ST.Int = Xist_inp(2);
182
183 % Snap back
184 Fsq = LocalMin.Force.^2;
185 ind = islocalmin(Fsq);
186 ST.SnapBk = LocalMin.B(ind);
187
188 Time = Recovery(SP,ST);
189 fprintf('\n Recovary time is %d seconds or less\n',Time)
190 fprintf('\n Target strain was set to %d mm\n',Para.ConstStrain*1000)
191
192 end

1
2 % This LaTeX was auto−generated from MATLAB code.
3 % To make changes, update the MATLAB code and republish this document.
4
5
6
7
8 function [VAL] = FD_relation(SP,Para)
9

10
11 % Stiffness
12
13 SFQ = [1 1.5 1.65 2 2.314 3].';
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14 CFTM1 = [2.9850 3.0719 3.0994 3.1681 3.2212 3.6687].';
15 CFCM1 = [0.9592 0.96 0.96 0.9675 0.9792 0.8667].';
16
17 CFT = fit(SFQ,CFTM1,'poly4');
18 CFC = fit(SFQ,CFCM1,'poly4');
19
20 LocalPara.CFT = CFT.p1*SP.Q.^4 + CFT.p2*SP.Q.^3 + CFT.p3*SP.Q.^2 ...
21 + CFT.p4*SP.Q + CFT.p5;
22 LocalPara.CFC = CFC.p1*SP.Q.^4 + CFC.p2*SP.Q.^3 + CFC.p3*SP.Q.^2 ...
23 + CFC.p4*SP.Q + CFC.p5;
24
25
26 SF.Kc1 = LocalPara.CFC*(1 − SP.ac)*SP.E*SP.Ar/(SP.gamma*SP.L0/2);
27 SF.Kc2 = LocalPara.CFC*SP.ac*SP.E*SP.Ar/(SP.gamma*SP.L0/2);
28
29 SF.Kt1 = 2*LocalPara.CFT*(1 − SP.at)*SP.E*SP.I/SP.L0;
30 SF.Kt2 = 2*LocalPara.CFT*SP.at*SP.E*SP.I/SP.L0;
31
32 \begin{par}
33 Behaviour of input signal
34 \end{par} \vspace{1em}
35
36 LocalPara.angTr = atan((SP.b0 − Para.ConstStrain)/(SP.a_bar/2));
37 LocalPara.LTr = SP.a_bar/(SP.gamma*cos(LocalPara.angTr));
38
39 LocalPara.TmTr = Para.ConstStrain/Para.P_Vel;
40 LocalPara.TmRx = Para.RDur + LocalPara.TmTr;
41
42 syms t s Theta
43
44 VAL.PrbPos = Para.P_Vel*t*(1 − heaviside(t − LocalPara.TmTr)) + ...
45 Para.ConstStrain*heaviside(t − LocalPara.TmTr);
46
47 matlabFunction(VAL.PrbPos,'file','UpdatePos','vars',t);
48
49 VAL.Xt = SP.b0 − VAL.PrbPos;
50
51 LocalPara.dt = LocalPara.TmTr/40000;
52 est.t = (0:LocalPara.dt:LocalPara.TmTr).';
53 est.b = SP.b0 − Para.P_Vel*est.t;
54 est.Theta = atan(2*est.b/SP.a_bar);
55 est.L = SP.a_bar./(SP.gamma*cos(est.Theta));
56
57 Loptions = fitoptions('poly2', 'Lower', [−Inf −Inf 0],...
58 'Upper',[Inf Inf 0]);
59
60 VAL.Thetat = ((LocalPara.angTr − SP.Theta0)/LocalPara.TmTr*t)...
61 *(1 − heaviside(t − LocalPara.TmTr)) + ...
62 (LocalPara.angTr − SP.Theta0)*...
63 heaviside(t − LocalPara.TmTr);
64
65 matlabFunction(VAL.Thetat,'file','ThetaUpdate','vars',t);
66
67 est.fitL = fit(est.t,est.L − SP.L0,'poly2',Loptions);
68 VAL.Lt = (est.fitL.p1*t^2 + est.fitL.p2*t + est.fitL.p3)*...
69 (1 − heaviside(t − LocalPara.TmTr)) + ...
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70 (LocalPara.LTr − SP.L0)*heaviside(t − LocalPara.TmTr);
71
72 VAL.fitL = SP.gamma*[est.fitL.p1;est.fitL.p2;est.fitL.p3]/2;
73
74 matlabFunction(VAL.Lt,'file','LUpdate','vars',t);
75
76 VAL.Thetat_1 = VAL.Thetat;
77 VAL.Thetat_2 = 2*VAL.Thetat;
78 VAL.Lt_1 = SP.gamma*(VAL.Lt)/2;
79
80 VAL.ThetaS_1 = laplace(VAL.Thetat_1,t,s);
81 VAL.ThetaS_2 = laplace(VAL.Thetat_2,t,s);
82 VAL.LS_1 = laplace(VAL.Lt_1,t,s);
83
84
85 VAL.FS_tr1 = (SF.Kt1 + s*SF.Kt2/(s + SF.Kt2/SP.nuT))*VAL.ThetaS_1;
86 VAL.FS_tr2 = (SF.Kt1 + s*SF.Kt2/(s + SF.Kt2/SP.nuT))*VAL.ThetaS_2;
87 VAL.FS_Cp = (SF.Kc1 + s*SF.Kc2/(s + SF.Kc2/SP.nuC))*VAL.LS_1;
88
89 VAL.Ft_tr1 = ilaplace(VAL.FS_tr1,s,t);
90 VAL.Ft_tr2 = ilaplace(VAL.FS_tr2,s,t);
91 VAL.Ft_Cp = ilaplace(VAL.FS_Cp,s,t);
92
93 VAL.F = 2*sin(Theta + SP.Theta0)*VAL.Ft_Cp + ...
94 4*cos(Theta + SP.Theta0)^2*VAL.Ft_tr2/SP.a_bar + ...
95 4*cos(Theta + SP.Theta0)^2*VAL.Ft_tr1/SP.a_bar;
96
97 thetaslope = (LocalPara.angTr − SP.Theta0)/(LocalPara.TmTr);
98
99 VAL.dF1 = jacobian(VAL.F,[Theta,t])*[thetaslope;1];

100 VAL.dF2 = jacobian(VAL.F,[Theta,t])*[0;1];
101
102 VAL.TorRatio = (VAL.Ft_tr1/VAL.Thetat_1);
103
104 matlabFunction(VAL.TorRatio,'file','Torstf','vars',t);
105
106 VAL.Cmpstf = (VAL.Ft_Cp/(VAL.Lt_1));
107 matlabFunction(VAL.Cmpstf,'file','Cmpstf','vars',t);
108
109 matlabFunction(−VAL.F,'file','Force1','vars',[Theta,t]);
110 matlabFunction(−VAL.F,'file','Force2','vars',[Theta,t]);
111
112 \begin{par}
113 Evaluation of the Force deformation curve
114 \end{par} \vspace{1em}
115
116 VAL.Time = linspace(0,LocalPara.TmTr,500).';
117
118 VAL.Time = [VAL.Time;linspace(LocalPara.TmTr,LocalPara.TmRx,500).'];
119
120
121 DataSize = length(VAL.Time);
122 VAL.Force = zeros(DataSize,1);
123 VAL.Theta = zeros(DataSize,1);
124 VAL.Bpos = zeros(DataSize,1);
125 VAL.Lpos = zeros(DataSize,1);
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126 VAL.Stiff = zeros(DataSize,2);
127
128 VAL.Stiff(1,1) = SF.Kt1 + SF.Kt2;
129 VAL.Stiff(1,2) = SF.Kc1 + SF.Kc2;
130
131 for i = 2:DataSize
132
133 VAL.Bpos(i) = UpdatePos(VAL.Time(i));
134 VAL.Lpos(i) = SP.gamma*LUpdate(VAL.Time(i))/2;
135 VAL.Theta(i) = ThetaUpdate(VAL.Time(i));
136
137 if VAL.Time(i) <= LocalPara.TmTr
138
139 VAL.Force(i)= Force1(VAL.Theta(i),VAL.Time(i));
140 else
141
142 VAL.Force(i)= Force2(VAL.Theta(i),VAL.Time(i));
143 end
144 VAL.Stiff(i,1) = Torstf(VAL.Time(i));
145 VAL.Stiff(i,2) = Cmpstf(VAL.Time(i));
146
147 end
148
149 figure;
150 plot(VAL.Time,((max(VAL.Stiff)) − VAL.Stiff)/(max(VAL.Stiff)))
151 title('torsional stiffness')
152
153
154 end

1
2 % This LaTeX was auto−generated from MATLAB code.
3 % To make changes, update the MATLAB code and republish this document.
4
5
6 \begin{itemize}
7 \setlength{\itemsep}{−1ex}
8 \item Analytical model 2 with highter order terms
9 \item Mode 1

10 \item Mode 3
11 \end{itemize}
12
13 function [VAL] = FD_analytical(SP)
14
15
16
17 \subsection*{Analytical model 2 with highter order terms}
18
19
20 N1 = 2*pi;
21 N3 = 4*pi;
22 dN = 0.01;
23
24 Del_top = 28/27 − (2*pi*sqrt(1/6 + (16/(81*pi^2)) − 1/SP.Q^2))/3;
25 Del_bot = 28/27 + (2*pi*sqrt(6^−1 + (16/(81*pi^2)) − 1/SP.Q^2))/3;
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26
27 Nr = (0:dN:N3−dN);
28
29
30
31 \subsection*{Mode 1}
32
33
34 syms N Fnu
35
36 Ca = (3/(16*N^4))*(1+ (tan(N/4))^2/3 − tan(N/4)/(N/4));
37 Cb = −4*pi^2/(N^2 − 4*pi^2)^2;
38 Cc = N^2/(12*SP.Q^2) − pi^2*N^2*(N^2 − 8*pi^2)/(4*(N^2 − 4*pi^2)^2);
39
40 Del = N^2/(N^2 − 4*pi^2) − Fnu*((N/4 − tan(N/4))/N^3);
41
42 F_roots = roots([Ca Cb Cc]);
43
44 matlabFunction(F_roots,'file','Froots');
45 matlabFunction(Del,'file','Delta');
46
47
48 for i = 1:length(Nr)
49
50 check(:,1) = Froots(Nr(i));
51
52 if imag(check(1))||imag(check(2))
53 break;
54 end
55
56 check2(:,1) = Delta(check(:,1),Nr(i));
57
58 if (check2(1)<0)||(check2(1)>2.2)||(check2(2)<0)||(check2(2)>2.2)
59 continue;
60 end
61 Fr_val(:,i) = check(:,1);
62 Del_val(:,i) = check2(:,1);
63
64 end
65
66
67
68 \subsection*{Mode 3}
69
70
71 % axial force = N4
72
73 if SP.Q >= 2.3141
74 Del3 = (Del_top:0.0001:Del_bot);
75
76 F3 = 64*pi^2*(4/3 − Del3);
77
78 VAL.f_total_N = [Fr_val(1,2:end),Fr_val(2,2:end),F3]*...
79 SP.E*SP.I*SP.Q*SP.t/(SP.a)^3;
80 VAL.d_total_N = [Del_val(1,2:end),Del_val(2,2:end),Del3]*...
81 SP.Q*SP.t*1000;
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82
83 else
84 VAL.f_total_N = [Fr_val(1,2:end),Fr_val(2,2:end)]*...
85 SP.E*SP.I*SP.Q*SP.t/(SP.a)^3;
86 VAL.d_total_N = [Del_val(1,2:end),Del_val(2,2:end)]*...
87 SP.Q*SP.t*1000;
88
89 end
90
91
92 end

1
2 % This LaTeX was auto−generated from MATLAB code.
3 % To make changes, update the MATLAB code and republish this document.
4
5
6
7 \begin{itemize}
8 \setlength{\itemsep}{−1ex}
9 \item Spring deformation

10 \item Evaluation of the Force deformation curve
11 \end{itemize}
12
13 function [VAL] = FD_Ext2(SP)
14
15
16 % Stiffness
17
18 SFQ = [1 1.5 1.65 2 2.314 3].';
19 CFTM1 = [2.9850 3.0719 3.0994 3.1681 3.2212 3.6687].';
20 CFCM1 = [0.9592 0.96 0.96 0.9675 0.9792 0.8667].';
21
22 CFT = fit(SFQ,CFTM1,'poly4');
23 CFC = fit(SFQ,CFCM1,'poly4');
24
25 LocalPara.CFT = CFT.p1*SP.Q.^4 + CFT.p2*SP.Q.^3 + CFT.p3*SP.Q.^2 ...
26 + CFT.p4*SP.Q + CFT.p5;
27 LocalPara.CFC = CFC.p1*SP.Q.^4 + CFC.p2*SP.Q.^3 + CFC.p3*SP.Q.^2 ...
28 + CFC.p4*SP.Q + CFC.p5;
29
30 SF.Kc1 = LocalPara.CFC*(1 − SP.ac)*SP.E*SP.Ar/(SP.gamma*SP.L0/2);
31 SF.Kc2 = LocalPara.CFC*SP.ac*SP.E*SP.Ar/(SP.gamma*SP.L0/2);
32
33 SF.Kt1 = 2.0*LocalPara.CFT*(1 − SP.at)*SP.E*SP.I/SP.L0;
34 SF.Kt2 = 2.0*LocalPara.CFT*SP.at*SP.E*SP.I/SP.L0;
35
36 \begin{par}
37 reaction force
38 \end{par} \vspace{1em}
39
40 VAL.dTheta = 2*SP.Theta0/399;
41
42 syms Theta L b
43
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44 X(1,1) = SP.gamma*L*cos(Theta)/2 − SP.a_bar/2;
45 X(2,1) = SP.gamma*L*sin(Theta)/2 − b;
46
47 q = [L b];
48
49 LocalPara.A = jacobian(X,q);
50 LocalPara.B = jacobian(−X,Theta);
51 LocalPara.VEL = LocalPara.A\LocalPara.B;
52
53
54
55 \subsection*{Spring deformation}
56
57
58 % instantaneous deformation
59
60 SF.Mu(1,1) = Theta − SP.Theta0;
61 SF.Mu(2,1) = SP.gamma*(L − SP.L0)/2;
62 SF.Mu(3,1) = (pi−2*Theta) − (pi−2*SP.Theta0);
63 SF.Mu(4,1) = SP.gamma*(L − SP.L0)/2;
64 SF.Mu(5,1) = Theta − SP.Theta0;
65
66 K1 = SF.Kt1 + SF.Kt2; % torsion stiffness
67 K2 = SF.Kc1 + SF.Kc2; % compression stiffness
68 SF.SMatrix = [K1 K2 K1 K2 K1];
69
70 SF.Mu = SF.SMatrix*SF.Mu.^2/2;
71 dPE = simplify(jacobian(SF.Mu,[Theta,L,b])*...
72 [1;LocalPara.VEL(1,1);LocalPara.VEL(2,1)]);
73
74 VAL.iF = dPE/(jacobian(b−SP.b0,b)*...
75 LocalPara.VEL(2,1));
76
77 VAL.idF = simplify(jacobian(VAL.iF,[Theta,L,b])*...
78 [1;LocalPara.VEL(1,1);LocalPara.VEL(2,1)])*VAL.dTheta;
79
80 matlabFunction(VAL.idF,'file','ExtiForce','vars',[Theta,L]);
81
82 % relaxed deformation
83
84 SF.Mu(1,1) = Theta − SP.Theta0;
85 SF.Mu(2,1) = SP.gamma*(L − SP.L0)/2;
86 SF.Mu(3,1) = (pi−2*Theta) − (pi−2*SP.Theta0);
87 SF.Mu(4,1) = SP.gamma*(L − SP.L0)/2;
88 SF.Mu(5,1) = Theta − SP.Theta0;
89
90 K1 = SF.Kt1; % torsion stiffness
91 K2 = SF.Kc1; % compression stiffness
92 SF.SMatrix = [K1 K2 K1 K2 K1];
93
94 SF.Mu = SF.SMatrix*SF.Mu.^2/2;
95 dPE = simplify(jacobian(SF.Mu,[Theta,L,b])*...
96 [1;LocalPara.VEL(1,1);LocalPara.VEL(2,1)]);
97
98 VAL.rF = dPE/(jacobian(b−SP.b0,b)*...
99 LocalPara.VEL(2,1));
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100
101 VAL.rdF = simplify(jacobian(VAL.rF,[Theta,L,b])*...
102 [1;LocalPara.VEL(1,1);LocalPara.VEL(2,1)])*VAL.dTheta;
103
104
105 matlabFunction(VAL.rdF,'file','ExtrForce','vars',[Theta,L]);
106
107
108
109 \subsection*{Evaluation of the Force deformation curve}
110
111
112 DataSize = 400;
113 VAL.Theta = linspace(SP.Theta0,−SP.Theta0,DataSize).';
114
115 VAL.iForce = zeros(DataSize,1);
116 VAL.iBpos = zeros(DataSize,1);
117 VAL.iLpos = zeros(DataSize,1);
118
119 VAL.rForce = zeros(DataSize,1);
120 VAL.rBpos = zeros(DataSize,1);
121 VAL.rLpos = zeros(DataSize,1);
122
123 VAL.iBpos(1) = SP.b0;
124 VAL.rBpos(1) = SP.b0;
125
126 VAL.iLpos(1) = SP.L0;
127 VAL.rLpos(1) = SP.L0;
128
129 for i = 2:DataSize
130
131 VAL.iBpos(i) = tan(VAL.Theta(i))*SP.a_bar/2;
132 VAL.iLpos(i) = SP.a_bar/(SP.gamma*cos(VAL.Theta(i)));
133
134 VAL.iForce(i,1) = ExtiForce(VAL.Theta(i,1),VAL.iLpos(i,1))...
135 + VAL.iForce(i − 1,1);
136
137 VAL.rBpos(i) = tan(VAL.Theta(i))*SP.a_bar/2;
138 VAL.rLpos(i) = SP.a_bar/(SP.gamma*cos(VAL.Theta(i)));
139
140 VAL.rForce(i,1) = ExtrForce(VAL.Theta(i,1),VAL.rLpos(i,1))...
141 + VAL.rForce(i − 1,1);
142
143 end
144
145
146 end

1
2 % This LaTeX was auto−generated from MATLAB code.
3 % To make changes, update the MATLAB code and republish this document.
4
5
6 \begin{itemize}
7 \setlength{\itemsep}{−1ex}
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8 \item Energy
9 \end{itemize}

10
11 function [VALConST] = ConstStiff_FD(Stiff,SP,Para)
12
13
14 SP.dTheta = 1/500;
15
16 LocalPara.angTr = atan((SP.b0 − Para.ConstStrain)/(SP.a_bar/2));
17 LocalPara.LTr = SP.a_bar/(SP.gamma*cos(LocalPara.angTr));
18
19
20 syms Theta L B
21
22 CAL.X(1) = SP.gamma*L*cos(Theta)/2 − SP.a_bar/2;
23 CAL.X(2) = SP.gamma*L*sin(Theta)/2 − B;
24
25 CAL.q = [L B];
26
27 CAL.A = jacobian(CAL.X,CAL.q);
28 CAL.B = jacobian(−CAL.X,Theta);
29 CAL.Rate = CAL.A\CAL.B;
30
31
32
33 \subsection*{Energy}
34
35
36 CAL.Mu(1,1) = Theta − SP.Theta0;
37 CAL.Mu(2,1) = SP.gamma*(L − SP.L0)/2;
38 CAL.Mu(3,1) = (pi − 2*Theta) − (pi − 2*SP.Theta0);
39 CAL.Mu(4,1) = SP.gamma*(L − SP.L0)/2;
40 CAL.Mu(5,1) = Theta − SP.Theta0;
41
42 CAL.SMatrix = [Stiff(1) Stiff(2) Stiff(1) Stiff(2) Stiff(1)];
43
44 CAL.PE = CAL.SMatrix*CAL.Mu.^2/2;
45 CAL.F = simplify(jacobian(CAL.PE,[Theta,L,B])*...
46 [1;CAL.Rate(1);CAL.Rate(2)]);
47 CAL.F = simplify(CAL.F/(jacobian(B−SP.b0,B)*...
48 CAL.Rate(2,1)));
49
50 CAL.dF = simplify(jacobian(CAL.F,[Theta,L,B])*...
51 [1;CAL.Rate(1);CAL.Rate(2)])*SP.dTheta;
52
53 matlabFunction(CAL.dF,'file','Con_FD','vars',[Theta,L]);
54
55
56 VALConST.Theta = (SP.Theta0:−SP.dTheta:LocalPara.angTr).';
57
58 VALConST.Force = zeros(size(VALConST.Theta));
59 VALConST.L = zeros(size(VALConST.Theta));
60 VALConST.B = zeros(size(VALConST.Theta));
61
62 VALConST.L(1) = SP.L0;
63
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64 for i = 2: length(VALConST.Theta)
65
66 VALConST.L(i,1) = (SP.a_bar)/(SP.gamma*cos(VALConST.Theta(i,1)));
67 VALConST.B(i,1) = SP.b0 − SP.a_bar*tan(VALConST.Theta(i,1))/2;
68
69 VALConST.Force(i,1)= Con_FD(VALConST.Theta(i,1),VALConST.L(i,1)) + ...
70 VALConST.Force(i − 1,1);
71
72 end
73
74
75 end

1
2 % This LaTeX was auto−generated from MATLAB code.
3 % To make changes, update the MATLAB code and republish this document.
4
5
6
7 function [Time] = Recovery(SP,ST)
8 % Stiffness
9 SFQ = [1 1.5 1.65 2 2.314 3].';

10 CFTM1 = [2.9850 3.0719 3.0994 3.1681 3.2212 3.6687].';
11 CFCM1 = [0.9592 0.96 0.96 0.9675 0.9792 0.8667].';
12
13 CFT = fit(SFQ,CFTM1,'poly4');
14 CFC = fit(SFQ,CFCM1,'poly4');
15
16 LocalPara.CFT = CFT.p1*SP.Q.^4 + CFT.p2*SP.Q.^3 + CFT.p3*SP.Q.^2 ...
17 + CFT.p4*SP.Q + CFT.p5;
18 LocalPara.CFC = CFC.p1*SP.Q.^4 + CFC.p2*SP.Q.^3 + CFC.p3*SP.Q.^2 ...
19 + CFC.p4*SP.Q + CFC.p5;
20
21 SF.Kc1 = LocalPara.CFC*(1 − SP.ac)*SP.E*SP.Ar/(SP.gamma*SP.L0/2);
22 SF.Kc2 = LocalPara.CFC*SP.ac*SP.E*SP.Ar/(SP.gamma*SP.L0/2);
23
24 SF.Kt1 = 2*LocalPara.CFT*(1 − SP.at)*SP.E*SP.I/SP.L0;
25 SF.Kt2 = 2*LocalPara.CFT*SP.at*SP.E*SP.I/SP.L0;
26
27 ST.SBAng = SP.Theta0 − atan((SP.b0 − ST.SnapBk)/(SP.a_bar/2));
28 ST.IntAng = SP.Theta0 − atan((SP.b0 − ST.Int)/(SP.a_bar/2));
29
30 Time = −log(ST.SBAng/ST.IntAng)*(1 + SF.Kt1/SF.Kt2)*...
31 (SP.nuT/SF.Kt1);
32 end
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