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ARTICLE INFO ABSTRACT
Keywords: This paper focuses on passenger-oriented real-time train rescheduling, considering flexible train
Urban rail transit composition and rolling stock circulation, by integrating learning-based and optimization-based
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Model predictive control
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approaches. A learning-based model predictive control (MPC) approach is developed for real-
time train rescheduling with flexible train composition and rolling stock circulation to address
time-varying passenger demands. In the proposed approach, the values of the integer variables are
obtained by pre-trained long short-term memory (LSTM) networks, while the continuous variables
are determined through nonlinear constrained optimization. The learning-based MPC approach
enables us to jointly consider efficiency and constraint satisfaction by combining learning-based
and optimization-based approaches. In order to reduce the number of integer variables, four
presolve techniques are developed to prune a subset of integer decision variables. Numerical
simulations based on real-life data from the Beijing urban rail transit system are conducted to
illustrate the effectiveness of the developed learning-based MPC approach.

1. Introduction

Urban rail transit has become increasingly important in large cities due to its reliability, high capacity, and eco-friendly charac-
teristics. Urban rail transit systems prioritize safe and efficient train operations while providing high-quality service to passengers.
Effective real-time train scheduling is essential for enhancing passenger satisfaction and minimizing operational costs within infras-
tructure limitations. However, the rapid expansion of urban rail transit systems and the increasing passenger demands pose significant
challenges to real-time scheduling. Advanced scheduling models and control strategies are required to develop efficient timetables
and to improve the overall performance of urban rail transit systems.

1.1. Passenger-oriented train scheduling

In urban rail transit systems, passenger demands vary throughout the day, necessitating adjustments to the train schedules to
accommodate these demand variations while considering operational costs. One direction addresses time-varying passenger demands
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\begin {align}&\ell _{p}(k_p) = \ell _{\mathrm {p}^\mathrm {pla}\left ( p \right )}(k_{p}) + \sigma _p y_{p}(k_p), \label {lmpc-composition}\\ & \ell _{\min }\le \ell _{p}(k_{p}) \le \ell _{\max },\end {align}
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$\ell _{1}(k_1) = \ell _{2P}(k_{2P}-1) +\sigma _1 y_{1}(k_1)$
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\begin {equation}\label {lmpc-eta_kp} \eta _{k_p,p} = \begin {cases} 1, & \mathrm {if} \quad |y_{p}(k_{p})| > 0;\\ 0, & \mathrm {otherwise}, \end {cases}\end {equation}
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\begin {equation}\label {lmpc-tau_min} \tau _{p}(k_{p}) \ge \tau ^\mathrm {min}_{p} + \sigma _p \tau ^\mathrm {add}_{p}(k_{p}),\end {equation}
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\begin {equation}\label {lmpc-y_kp} \tau ^\mathrm {add}_{p}(k_{p}) = \eta _{k_p,p} \cdot t^\mathrm {comp}_{p},\end {equation}
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\begin {equation}\label {lmpc-xi} {\xi _{k_p,k_{p'},p,p'}} = \left \{ {\begin {array}{@{}*{20}{l}} {1,\quad {\rm {if}}\quad {d_{p}(k_{p})} \ge d_{p'}(k_{p'}) + t_{p',p}^\mathrm {roll};}\\ {0,\quad {\rm {otherwise}},} \end {array}} \right .\end {equation}
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\begin {equation}n^\mathrm {arrive}_{p}(k_p) = n^\mathrm {depart}_{\mathrm {p}^\mathrm {pla}\left ( p \right )}(k_p). \label {Xeqn7-20}\end {equation}
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by optimizing the departure and arrival times of trains at each station, while considering several attributes of train operations and
infrastructure restrictions, e.g., train stopping plans (the set of station stops for each train) (Cacchiani et al., 2020; Qi et al., 2021),
rolling stock circulations (Wang et al., 2018), and train speed levels (Hou et al., 2019; Wang et al., 2021). Qi et al. (2021) optimized
train stopping plans and timetables of a high-speed railway line considering time-varying passenger demands by formulating a mixed-
integer linear programming (MILP) problem, and the aim is to find a solution that considers passenger preferences for departure
times while ensuring trains operate within capacity limits. Considering the passenger load of trains, Wu et al. (2021) minimized
the passenger waiting time and the energy consumption by developing a heuristic algorithm to solve the resulting nonlinear integer
programming problem. Wang et al. (2021) formulated a mixed-integer nonlinear programming (MINLP) problem to minimize train
energy consumption and passenger waiting times by optimizing train speed levels and headway deviations. To address train scheduling
under uncertain passenger demands, Cacchiani et al. (2020) introduced a protection level on the departure and arrival times, and
solved an MILP to obtain the train schedule and the stopping plan. Huang et al. (2025) investigated minimization of operation costs,
passenger waiting time, and passenger travel time, and developed a variable neighborhood search approach to solve the resulting
problem. However, the above studies optimize train schedules within the fixed transport capacity of a line, such as fixed train
compositions or fixed train departure frequencies. As transport capacity directly impacts passenger flows, further research is required
to improve passenger satisfaction by including transport capacity as a decision variable.

Another direction for train scheduling problems addresses time-varying passenger demands by optimizing transport capacity
explicitly. Several studies focus on optimizing transport capacity by adjusting train departure frequencies, with higher frequencies
during peak hours and lower frequencies during off-peak hours (Canca et al., 2016; Liu et al., 2023b, 2024). To handle uncertain
passenger demands, Liu et al. (2024) developed a scenario-based distributed control approach, in which a scenario reduction technique
is applied to reduce the computational burden. Pu and Zhan (2021) developed a two-step approach in which the first step determines
the nominal line plan and the second step adjusts the time plan based on the actual measured passenger demands. Instead of changing
the departure frequency, which would significantly affect the schedule, recently, many researchers have focused on optimizing the
composition of the train (Ying et al., 2021; Zhao et al., 2023). Pan et al. (2023) developed a column-generation-based approach
to optimize the timetable, train composition, and rolling stock circulation plan of an urban rail transit line. Their paper concludes
that flexible train composition can provide additional adaptability to better match time-varying passenger demands. Wang et al.
(2024) investigated flexible train composition and rolling stock circulation of an urban rail transit line, and solved the resulting MILP
problem by developing an approximation approach and a two-stage meta-heuristic algorithm. Yang et al. (2024) investigated the train
scheduling problem with flexible train composition for an urban rail transit line, and they applied an adaptive large neighborhood
search algorithm to solve the resulting integer programming problem. As the inclusion of train composition optimization and rolling
stock circulation planning introduces additional integer variables, the above studies indicate that the online computational complexity
is the main challenge of incorporating flexible train composition into the real-time train scheduling problem.

1.2. MPC for real-time train scheduling

Model predictive control (MPC) has been widely adopted in various applications for its ability to handle multivariable constrained
control problems (Griine and Pannek, 2017; Mayne et al., 2000; Qin and Badgwell, 2003). The train scheduling problem is a typical
constrained control problem, and many studies have applied MPC for real-time train scheduling. De Schutter et al. (2002) first applied
MPC in the train scheduling problem to minimize train delays by adjusting transfer connections. Caimi et al. (2012) developed an
MPC algorithm to optimize timetables, transfer connections, and train assignment plans in complex station areas. Cavone et al. (2022)
proposed an MPC approach for train rescheduling during disruptions and delays, where in each step the resulting MILP problem is
solved by combining bi-level heuristics and distributed optimization. The above studies only handle operator-related factors, leaving
an open gap in including passenger demands in real-time train scheduling problems to improve the service quality of urban rail transit
systems.

In recent years, several studies have focused on MPC for real-time passenger-oriented train scheduling. Assis and Milani (2004)
applied MPC to compute the train timetable of a metro line, considering train headway and passenger load, where a linear program-
ming problem is solved at each step. Based on a state-space model, Li et al. (2016) developed a robust MPC approach to minimize the
upper bound of the timetable deviation from the nominal timetable under uncertain disturbances. By solving linear matrix inequal-
ities, they constructed a Lyapunov function to ensure the attenuation of the timetable deviation. An event-triggered MPC approach
is further developed by Wang et al. (2022) to reduce the computational burden of updating control variables in each step. However,
these studies do not explicitly consider train capacity limitations and time-varying passenger demands, and the results are based on
the assumption that the maximum number of passengers does not exceed the maximum train capacity. Chen et al. (2022) investigated
real-time train rescheduling and stop-skipping strategies under disturbances and dynamic passenger flows. A mixed-integer quadratic
programming (MIQP) problem is solved at each MPC step to minimize the total deviation from the original timetable and the number
of waiting passengers. In the follow-up work, Chen et al. (2023) applied distributed MPC to address the real-time train regulation
problem, using Dantzig-Wolfe decomposition to solve the resulting optimization problem. Liu et al. (2023a) explicitly incorporated
time-varying passenger demands and train capacity limitations into the real-time train scheduling problem. In Liu et al. (2023a), time-
varying passenger demands are approximated as piecewise constant functions by dividing the planning time window into several time
intervals of equal length, and an MILP-based MPC approach is adopted for real-time train scheduling. The main challenge of applying
MPC in real time is the online computational burden. Including additional attributes, such as train capacity, train composition, and
rolling stock circulation, will further increase the computational burden. Therefore, further research is required to develop efficient
MPC approaches for real-time passenger-oriented train scheduling.
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1.3. Learning-based train scheduling

Learning-based approaches are considered effective methodologies for reducing the online computational burden. Learning-based
approaches, including deep learning and reinforcement learning (RL), have also been applied in train scheduling problems in re-
cent years (Tang et al., 2022). SL trains models on labeled data to make accurate predictions or classifications, while RL trains an
agent to make decisions through trial-and-error using rewards and penalties. Kuppusamy et al. (2020) applied a deep learning ap-
proach to an energy-efficient timetable rescheduling problem, where a long short-term memory (LSTM) network is trained to select
the optimal operation mode. Semrov et al. (2016) applied Q-learning in the train rescheduling problem to reduce delays caused by
disturbances and disruptions, and they illustrated their method on a single-lane track with three trains. Yin et al. (2016) proposed
an approximate dynamic programming approach to address train rescheduling problems, aiming to reduce passenger delays, total
travel time, and train energy consumption. In Yin et al. (2016), the states include disturbance information, train arrival times, the
number of boarding passengers, and the number of waiting passengers, while the actions include rescheduling the dwell times and
running times. Khadilkar (2019) applied RL to determine track allocations and timetables of bidirectional railway lines to minimize
the priority-weighted delay. Ying et al. (2021) developed a proximal policy optimization approach for the train scheduling problem
in an urban rail transit line, considering flexible train composition. In Ying et al. (2021), the control policy and the value function
are parameterized by artificial neural networks, and scheduling constraints are handled by a devised mask scheme. Simulation re-
sults show that this approach reduces the computational burden and improves solution quality compared to the genetic algorithm
and differential evolution. Nguyen and Chow (2023) introduced an adaptive rollout surrogate approximate dynamic programming
(ADP) framework for rail transit network operations, where the value function is approximated by a surrogate function, and the
solution is obtained via a cross-entropy-based search, encompassing decisions related to service operations and flexible train unit
deployment. Ying et al. (2024) proposed a multi-agent deep reinforcement learning approach for disruption management with short-
turning operations in a service corridor, enabling adaptive rescheduling under time-varying passenger demand. Wang et al. (2025)
formulated adaptive network dispatching as a partially observable Markov decision process and applied a deep recurrent Q net-
work to derive dispatching policies with flexible fleet deployment. These recent studies have shown that learning-based frameworks
can support train scheduling and may incorporate time-varying passenger demands in rail networks. However, explicitly model-
ing time-varying passenger demands in the train scheduling problem further tightens the coupling among timetable adjustments,
capacity allocation via flexible train composition, and rolling-stock circulation. This coupling enlarges the discrete decision space
and increases online computational complexity, while operational feasibility still needs to be guaranteed for real-world implemen-
tation. Therefore, scalability and constraint satisfaction remain key challenges when developing learning-based train scheduling
approaches.

In the above studies, scalability and constraint satisfaction are the main challenges in developing learning-based train scheduling
approaches. The train scheduling problem is typically formulated as an MILP or MINLP problem, and the computational complexity
increases rapidly as the number of integer variables increases. In recent years, some research has combined learning-based and
optimization-based approaches for MILP or MINLP problems by using learning-based approaches to obtain the integer variables
(Cauligi et al., 2022; Russo et al., 2023; da Silva et al., 2025). Having the integer variables fixed, the continuous variables are then
obtained by solving a linear or nonlinear programming problem. This idea aims to combine the advantages of both learning-based and
optimization-based approaches, i.e., the online computational efficiency of learning-based approaches and the feasibility guarantees
of constrained optimization (Cauligi et al., 2022; Russo et al., 2023). The promising results of learning-based train scheduling and
the recent learning-based approaches for mixed integer programming problems have inspired us to develop an optimization-driven
learning-based framework for passenger-oriented real-time train scheduling.

1.4. Paper contributions and structure

The studies introduced in Sections 1.1-1.3 are summarized in Table 1, categorized by network details, train composition, train
order, rolling stock circulation, passenger demands, and solution method. From the above literature review, it can be found that
flexible train composition combined with rolling stock circulation planning is an effective approach to balance operational costs
and service quality. Shorter trains can be deployed during off-peak hours and longer trains during peak hours, thereby balanc-
ing operational costs and passenger waiting times. The passenger-oriented train scheduling problem is typically formulated as a
mixed-integer programming problem. Various approaches can be applied to solve the resulting scheduling problem. Among them,
optimization-based methods often encounter computational challenges for large-scale networks, necessitating additional efforts such
as heuristics, two-step frameworks, and distributed approaches to reduce the computational burden. Learning-based methods are
considered promising for addressing computational complexity. However, developing learning-based methods that are both scalable
and constraint-satisfying for real-time passenger-oriented scheduling remains challenging, especially when time-varying passenger
demands are explicitly considered when optimizing flexible train composition and rolling-stock circulation in network settings.

The current paper, therefore, addresses the learning-based train rescheduling problem in rail networks, considering time-varying
passenger demands, flexible train composition, and rolling stock circulation. Unlike existing train rescheduling methods in the
literature, the proposed approach integrates optimization and deep learning to combine the constraint satisfaction advantages of
optimization-based methods with the fast online computation advantages of learning-based approaches. The main contributions of
the paper are listed as follows:
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Fig. 1. Illustration of definitions used in this paper.

1. A passenger-oriented train rescheduling model in Liu et al. (2023a) is extended to include time-varying sectional passenger de-
mands, flexible train composition, and rolling stock circulation. The time-varying passenger demands can be approximated as a
piecewise constant function by dividing the prediction horizon into several time intervals.

2. Four presolve techniques are developed to streamline optimization processes by pruning a subset of integer decision variables.
After implementing the presolve techniques, long short-term memory (LSTM) networks are applied to obtain the remaining integer
variables with reduced dimensions.

3. Adeep-learning-based MPC approach is developed for real-time train rescheduling. To improve the online computational efficiency
of MPC, the learning-based approach is applied to obtain integer variables, while the detailed timetable is obtained by solving a
constrained optimization problem with the fixed integer variables.

The remaining part of the paper is organized as follows: Section 2 provides the problem description and general explanations.
Section 3 introduces the passenger-oriented train rescheduling model. In Section 4, the problem formulation and the MINLP-based
MPC approach are presented. In Section 5, we propose a learning-based MPC approach for real-time train rescheduling. Section 6
provides an illustrative case study. Section 7 concludes the paper.

2. Problem description and explanations

In this section, we present the problem description of train rescheduling with flexible train composition. Some general explanations
and assumptions used in the problem formulation are summarized as follows.

(1) In urban rail transit, a line is defined as a fixed route that connects an ordered sequence of stations and is served by trains operating
in both directions.

(2) A train unit is the minimum rolling-stock element that can operate independently and that can be coupled/decoupled; multiple
train units form a train composition.

(3) A train service is defined as a train departure from its origin station, visiting every station in the line, and finally returning to the
depot (or connecting to other train services at the depot). As illustrated in Fig. 1, a train service consists of one or several train
units, and the composition can be changed at the station connected to a depot by adding or removing train units.

(4) Since passenger volumes are typically large, the approximation error incurred by relaxing passenger counts to continuous variables
is relatively small (Liu et al., 2023a). Hence, variables representing the number of passengers are modeled as nonnegative real-
valued variables.

In this paper, we jointly optimize train compositions and timetables considering time-varying passenger demands and rolling stock
circulation. We consider the regular departure of trains and focus on the train rescheduling problem that jointly optimizes departure
times, arrival times, and train composition. In this context, both train travel times and transport capacity are adjusted to accommodate
the time-varying passenger demands. We aim to minimize the total waiting time of passengers and the train energy consumption, and
the control actions are the train composition, train service orders at the platforms connected to the same depot, and departure/arrival
times. Flexible train composition and rolling stock circulation relate to the set of integer variables, while train timetables relate
to the set of continuous variables, such as departure and arrival times. Trains operate under several constraints, including train
capacity constraints, train availability in a depot, and headway constraints. By applying MPC, we solve the resulting mixed-integer
programming problem in a moving horizon manner for real-time train rescheduling. To improve the online computational efficiency
of MPC, we use the learning-based approach to obtain integer variables, i.e., train compositions and train orders; then, we optimize
the detailed timetable with the fixed integer variables by solving a constrained optimization problem.

3. Mathematical formulation for passenger-oriented train rescheduling

In this section, we develop a passenger-oriented train rescheduling model for urban rail transit systems. The notations for the model
formulation are provided in Section 3.1. The train operation constraints of the model are introduced in Section 3.2. In Section 3.3,
the rolling stock circulation constraints related to the model are introduced. In Section 3.4, passenger flow constraints of the model
are presented.
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Publications
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Train
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Objective (s)

Semrov et al. (2016)

Li et al. (2016)
Khadilkar (2019)
Cacchiani et al.
(2020)

Kuppusamy et al.
(2020)
Pu and Zhan (2021)

Wang et al. (2021)

Ying et al. (2021)
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Liu et al. (2024)
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Q learning
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Q learning
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deep learning

Lagrangian relaxation
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deep reinforcement learning
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MPC

column-generation-based heuristic

bi-level MPC

rollout surrogate-ADP

multi-agent deep RL

scenario-based distributed MPC

two-stage heuristic
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minimize the total
delay of trains
minimize the
deviations form the
nominal timetable
minimize the
priority-weighted
delay

minimize train travel
time and unsatisfied
passenger demands
minimize energy
consumption
minimize
operational costs
and total passenger
travel time
minimize train
energy consumption
and passenger
waiting times
minimize the
operation cost and
passenger waiting
times

minimize train
delays

minimize the
deviations from the
nominal timetable
minimize total train
deviation an the
number of waiting
passengers
minimize the
waiting time of
passengers
minimize passenger
waiting times and
the usages of train
units

minimize passenger
travel times and the
total operation costs
minimize total
waiting time of
passengers
minimize passenger
travel times and the
total operation costs
minimize passenger
travel times and the
total operation costs
reduce the number
of stranded
passengers, the
number of rolling
stocks, and the
operational costs
minimize total
waiting time of
passengers and the
number of train
units used
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Table 1
continued.
Train Train  Rolling stock  Passenger
Publications Infrastructure ~ composition  order  circulation demands Solution method Objective (s)
Wang et al. (2025) network flexible no yes yes deep RL minimize passenger

travel times and the
total operation costs

Huang et al. (2025) single line fixed no yes yes variable neighborhood search minimize passenger
waiting time, travel
time and operation
costs

Current paper network flexible yes yes yes deep-learning-based MPC minimize passenger
waiting times and
operation costs

Table 2
Indices and input parameters.

Notations Definition

p Index of platforms, p € P; P is the set of platforms

k, Index of train services at platform p, k, € 7,; 7, is the set of train services departing from platform p

z Index of depots, z € Z; Z is the set of depots

pPP(p) Predecessor platform of platform p

sP2(p) Successor platform of platform p

dy©(k,) Predetermined departure time of train service k, at platform p

Ry Minimum departure-arrival headway at platform p

it Minimum running time of trains from platform p to its succeeding platform

rp Maximum running time of trains from platform p to its succeeding platform

Crax Maximum capacity of a train unit

£min Minimum number of train units allowed to be included in any train service

Lmax Maximum number of train units allowed to be included in any train service

o, Parameter indicating whether the train composition can be adjusted at platform p,
i.e., if train composition can be adjusted at platform p, then, o, = 1, otherwise, ¢, = 0.

Tmin Minimum dwell time of a train service at platform p

£ Time required for changing the train composition at platform p

r;?;l, Time for train units from platform p to other platform p’ corresponding to the same depot

dep(z) Set of platforms directly connected with depot z

pla(p) Set of platforms belonging to the same station as platform p

pp(k,) Passenger demands from platform p to its successor platform during a’,“"_e]'p to a’f’:

N rain Total number of train units available at depot z

Hrpakyn Binary parameter, which can be determined based on the predetermined timetable; if train k,
at platform ¢ has transfer connection with train , at platform p, Tipakyp = 15 otherwise, Xipakyp = O-

By Transfer rate from platform ¢ to platform p

rrans Average transfer time from platform ¢ to the platforms at the same station

E,"® Average energy consumption for a train unit running from platform p to its successor platform

E;““ Additional cost of changing train composition at platform p

Table 3
Decision variables.

Notations  Definition

d,(k,) Departure time of train service k, at platform p

a,(k,) Arrival time of train service k, at platform p

¢, (k,) Number of train units included in train service k, at platform p, £,(k,) € Z,,

ik Binary variable; if the train units from train service k, at platform p’ can be used for train service k,
at platform p, Sy ko = 13 otherwise, & ky o =0

M, p Binary variable; if the composition of train service k, is changed at platform p, M, p =1

otherwise, N, p = 0.

3.1. Notations

Tables 2-4 list the indices and input parameters, the decision variables, and the output variables of the model formulations,
respectively.
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Table 4
Output variables.

Notations Definition

7,(k,) Dwell time of train service k, at platform p
h,(k,) Departure-arrival headway between train service k, and train service k, + 1 at platform p
ry(k,) Running time of train service k, from platform p to its successor platform
r;‘"“(kp) Turnaround time of train service k, at platform p
r;dd(k ) Additional time required for changing the composition of train service k, at platform p
y,(k,) Number of train units coming to/from the depot for train service k,,, y,(k,) € Z
n,(k,) Number of passengers waiting at platform p at time d}(k,)
nirs(k,) Number of transfer passengers arriving at platform p for train k,
nﬁe"“"(k,,) Number of passengers departing from platform p with train service k,
nyte (k) Number of passengers arriving at platform p with train k, from the predecessor platform p*2(p)
nﬁ“‘"’c (k,) Number of passengers waiting at platform p immediately before the departure of train service k,
C,(k,) Total capacity of train service k, at platform p
nf‘““(k ) Number of passengers waiting at platform p immediately after train service k, departs from platform p.

out from depot up direction

""""""""" T 2
[ I I e
/ Platform 1 Platform 2 Platform P

turnaround
Platform 2P Platform2P +1  Platform P +1 1

1 [ - [

enter depot down direction

Fig. 2. Layout of a bidirectional urban rail transit line.

3.2. Train operation constraints

In urban rail transit systems, each line typically comprises two directions, i.e., the up direction and the down direction, as shown
for a line of P stations in Fig. 2. For each line, a train service can be defined as a train running from the starting platform to the
terminal platform, e.g., from Platform 1 to Platform 2P in Fig. 2.

Trains generally operate following a predetermined timetable, and the predetermined departure time of train service k, at platform
p is represented by d}'(k,).

In practice, premature departure is usually not permitted; thus, the actual departure time cannot be earlier than the predetermined
departure time. In general, passengers prefer a regular timetable at each platform so that they can conveniently plan their trips.
Therefore, in this paper, we keep the planned service schedule unchanged, i.e., we neither insert nor cancel train services when
adjusting the timetable and train compositions. In this context, we define a cycle, and each cycle includes only one departure at each
platform. Hence, the actual departure time is constrained by

pre pre
A (k) < dy(ky) < dBF(k, + 1), M

where d,(k,) is the actual departure time of train service k, at platform p. Instead of adjusting the departure frequency, we optimize
train composition under a regular timetable with constant departure frequency.! In this setting, (1) defines a cycle as the time interval
between two consecutive predetermined departures, and each cycle contains exactly one departure at each platform. The departure
time d,(k,) is determined by

d,(k,) = a,(k,) +1,(k,). ©)

where a,(k,) and 7,(k,) are the arrival time and dwell time of train service k, at platform p.
For the safe operation of trains, the headway constraint should be satisfied:

ay(k, +1) = d,(k,) + h,(k,), 3)
hy(ky) 2 A, 4

where h,(k,) is headway of train service k, at platform p , and h;“i“ denotes the minimum headway.

! For a regular timetable, longer trains can be used during peak hours and shorter trains during off-peak hours. In this way, passengers can still
have short waiting times even in off-peak periods, which is preferable to reducing departure frequency under a fixed train length.

7
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The arrival time of train service k,, at the successor platform of platform p should also satisfy

agia p(ky) = dy(ky) + 1y (k). ®)

P < (k) < T ©)

where r,(k,) is the running time of train service k, from platform p to platform sPla(p), and r;}“" and r’;"‘" are the minimum and
maximum running time from platform p to platform sP'3(p).

3.3. Rolling stock circulation constraints

At the terminal station, a turnaround action is required for the continuation of the train service. The turnaround constraints can
be formulated as:

agia ) (Kgiagp) = dy(k,) + k), )
r;um,min S rlurn(kp) S rlpurn,max, (8)

where r“““(k ) represents the turnaround time of train service k,, at platform p, and r‘“mi and r‘“;l"ax denote the minimum and maximum
turnaround times at platform p.

An urban rail transit line typically has a limited number of train units that either operate on the line or are stored in the depot.
The train composition can be adjusted at the platform that is linked with the depot, and the number of train units ¢,(k,) € Z, for
train service k, at platform p is determined by

p(ky) = Eppiagy (k) + 0,3, (k). ©
Crmin < Cplky) £ s a0

min =

where o, is a parameter related to the network layout indicating whether the train composition can be adjusted at platform p, i.e.,
if the train composition can be adjusted at platform p, then o, = 1, otherwise, ¢, = 0. Moreover, y,(k,) € Z represents the number
of train units coming to/from the depot for train service k s specifically, if yplk,) >0, then, yp(k,) extra train units will come from
the depot to be added to train service k,; if y,(k,) < 0, train service k, will be decomposed, and |y,(k,)| train units will return to the
depot; if y,(k,) = 0 the composition of train service k, will not be changed at platform p. Furthermore, 7, and ¢,,,, represent the
minimum and the maximum number of train units allowed to be included in any train service.

Remark 1. If the depot is linked with the terminal platform (e.g., Platform 1 in Fig. 2) and train service k,, is performed by the
turnaround train units of the previous train service, then (9) becomes 7, (k) = £,p(kyp — 1) + 01y (ky), i.e., we set £ (ky) = o p(kop —
D.

To capture the changes of train composition at platform p, we introduce a binary variable Mk,p 3S

1, if (k)| > 0;
My = { ()] an

0, otherwise,

where M,p = 1 indicates the composition of train service k, is changed at platform p; otherwise, 7, , = 0.
In general, additional dwell time is required when changing the train composition; thus, the dwell time 7,(k,) of train service k »
at platform p should satisfy:

i add
7,(k,) > 70+ 5,79k ), (12)

where r]',“i“ is the minimum dwell time at platform p, and rl‘jdd(kp) represents the additional time required for changing the composition
of train service k, at platform p, which can be determined by

add(k y=n, o, (13)

where tcomp represents the time required for changing the train composition at platform p.

A depot typically connects to at least one platform, and the departure order of train services at the corresponding platforms
influences the number of available train units in a depot, i.e., if a newly arriving train service requires changing its composition,
the total number of train units in the corresponding depot will change. To represent the relation of departure time of train services
corresponding to the same depot, we define a binary variable f;kp,kp, oy 88

14)

‘ o if d(k)>d(k/)+t“’“
kpskyy spip 0, otherwise,

where d,(k,) is the departure time of train service k), at platform p, d,, (k) is the departure time of train service k, at platform v,
and t;‘)l;) is the time for trains from platform p’ to platform p correspondlng to the same depot. In (14), §k Kyt = 1 indicates train
units assigned to train service k, from platform p’ can be reassigned (i.e., are available) for train service k, at platform p; otherwise,
5kp,kp,,p,p/ =0.
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Fig. 3. Illustration of piecewise approximation of passenger arrival rates for platform p.

Let 7, denote the set of train services departing from platform p, and let Z,(k,) = {k € I, | k < k,} denote the set of services at
platform p up to and including service k. The rolling-stock circulation constraint is

2wk X D Gk Yy (k) S N (15)

k€L, (kpy) p'edep(2)\{p) ky €Ly

Here, z is the index of the depot, dep(z) defines the set of platforms directly connected with depot z, and N ;”‘i" denotes the total number
of train units in depot z. Eq. (15) ensures that, for each service k,, the depot inventory remains feasible under both dispatching
(y,(k,) > 0) and returning (y,(k,) < 0) of train units, and the total number of train units in depot z is bounded by N"™". In this
context, rolling stock can be reused across different services within the same line through the circulation constraints. At depot-linked
platforms, a train unit can either return to the depot or be assigned to subsequent services on the same line as long as the rolling
stock circulation constraints are satisfied.

3.4. Passenger flow constraints

A predetermined timetable is generally designed based on time-varying passenger demands to guide daily train operations, and
passenger flows are updated over consecutive predetermined departure times at each platform, i.e., over each cycle at each platform.
At each platform, the predetermined timetable naturally divides the planning time window into several time intervals, with the
predetermined train departure times at the platforms as the partition points. Following the previous research in Liu et al. (2023a),
which demonstrated that the piecewise constant approximation of the time-varying passenger demands can significantly reduce
computational complexity while preserving comparable accuracy, in this paper, we also approximate the passenger arrival rates as
piecewise constant functions. The resulting piecewise approximation is shown in Fig. 3 where d}fm(kp) is the predetermined departure
time of train service k,; and p,(k,) denotes the passenger arrival rate during d} “(k, — 1) to d, “(k,) for passengers aiming to leave
platform p with train service k.

The number of passengers waiting at a platform immediately after the predetermined departure time of train service k, + 1 at
platform p can be calculated by

ny(ky + 1) = ny(ky) + py(k, + (A (K, + 1) = d5(k,)) + (k) = my P (k ), e
where n,(k,) represents the number of passengers waiting at platform p immediately before the predetermined departure time d,‘,’re(kp);
the term p,(k,+1)d} “(k,+1) — d5(k,)) gives the number of passengers arriving at platform p between d5°(k,) and d} “(k,+1);

depart ,) denotes

n}ja"s(k ») denotes the number of transfer passengers arriving at platform p who intend to board train service k ,, and n),

the number of passengers departing from platform p on train service k.

Since the departure time of each train service is adjusted according to (1), there exists one departure in each time interval. As
shown in Fig. 3, the number of passengers nBef‘"e(kp) waiting at platform p immediately before the departure of train service k, can
be calculated by

et (k) = (k) + ke, + D (dy(ky) = dy (k) + nr (k). a7)
The number of passengers ngq’ “!(k,) departing from platform p with train service k, should satisfy

nﬁer (kp) < nl;efore(kp)’ (18a)

o (k) < Cylky), (18b)

where C,(k,) is the total capacity of train service k, at platform p. Constraint (18) provides a standard linear approximation of

ngepm(k )= min{n‘;“"“(kl,), C,(k,)}, which is commonly used in related studies (e.g., Luan and Corman, 2022; Pan et al., 2023; Wang
et al., 2024).
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The total capacity of train service k,, at platform p is computed by
Cpky) = £(k,)Crnaxs (19)
where £ ,(k,) is the number of train units composing train service k, at platform p.
The number of passengers ni"i"e(kp) arriving at platform p with train k, from the predecessor platform p'(p) can be calculated by

arrive __depart
MEk,) = O (k). (20)

Then, the number of passengers n‘p”‘“s(k ») transferring to platform p for train k), is computed by

wES ) = DD iy pPap Ky, @1

qepla(p) k€1,

where pla(p) defines the set of platforms belonging to the same station as platform p, §, , is the parameter defines the transfer rate
from platform ¢ to platform p, and Xk akyp is the binary parameter denoting transfer connection between train k, at platform ¢ and
train k,, at platform p, which is defined as

1, if d™k, — 1)< d™(k )+ s < dP°(k );
qu,q,kp,p:{ P ( p ) q ( q) q P ( p) (22)

0, otherwise,

where t;”““ represents the average transfer time from platform g to the corresponding platforms at the same station. To improve the
accuracy of the passenger flow model, (21) can be directly extended by making the transfer-rate parameter f, , time-dependent, i.e.,
using f, ,(k,), which can be estimated online from real-time passenger flow data.

After train service k, departs from platform p, the number of passengers waiting at the platform can be calculated by

after __ before depart
n k) =) (k) —np (k) (23)
where n‘l‘f‘er(kp) represents the number of passengers waiting at platform p immediately after train service k, departs from platform p.
In summary, passenger flows are updated over consecutive predetermined departure times at each platform. For platform p, con-
sidering a cycle defined by two consecutive predetermined departure times d}  (k,) and d} “(k,+1), the number of arriving passengers
in this interval is given by p,(k,+1)(d} “(k,+1) — db(k,)). Consequently, the number of passengers waiting before train service k,+1

equals the number of passengers remaining after service k, plus the arrivals in this interval. The number of boarded (departing)

passengers nﬁepa”(kp) is limited by the available capacity implied by the train composition decision; any unboarded passengers re-

main waiting and are carried over to the next departure, which is captured by nzf‘er(kp). For interchange platforms, the number
of transfer passengers is explicitly represented by n;)”‘“s(k »)» and their impact is captured by the same update and reflected in the
passenger-oriented objective. This cycle-based update is used in the time-driven control implementation in the next section.

4. Model predictive control for real-time train rescheduling
4.1. Problem formulation

Based on the developed model, we can formulate the problem to minimize passenger delays and operational costs. The passenger
delays corresponding to train service k, at platform p can be formulated as

Ty ) = my(ky) (d (k) = dy () + mi e (k) (dy ke + 1) = d (k). (24)

As shown in (16), n,(k,) is a dynamic queue state, representing passengers waiting immediately before dsrc(kp). It includes passengers
left behind by previous services and passengers arriving during the previous cycle. After service k,, unboarded passengers are carried
over through n;f‘“(kp), and new arrivals are added to the queue of the next service. Therefore, Eq. (24) does not represent the
full continuous-time integral of waiting time. It measures the additional waiting time relative to predetermined departure events,
while passenger dynamics are captured through a cycle-based manner. Specifically, n,(k p)(d p(k,) — d}?re(k‘,)) measures the additional
delay of passengers waiting at platform p immediately before d};re(kp) due to the rescheduled departure time d,(k,). In addition,
nif‘er(kl,)(dlfre(kp+1) - dp(kp)) measures the additional waiting time of passengers who intend to board service k, but cannot due
to limited capacity and thus have to wait for the next predetermined departure d}'(k,+1). Passengers arriving after d} (k,) are
accounted for through the queue update at subsequent predetermined departures.

Assigning more train units to a train service can increase the capacity for transporting passengers while leading to higher en-
ergy consumption. Furthermore, changing the train composition may require additional workload from operators and thus lead to
additional costs. The operational costs of train service k, running from platform p to its successor platform can be expressed as

T (ky) = €,(kES ™ 4, EXY, (25)
where E;"ergy represents the average energy consumption for a train unit running from platform p to its successor platform,
¢,(k,)E,""® denotes the approximate energy consumption for #,(k,) train units running from platform p to its successor platform,
and El‘j“d denotes the additional cost for changing the train composition of a train service at platform p.

10
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In urban rail transit systems, a train service typically departs from a depot, visiting each platform along a line before returning
to the depot. Based on the predetermined departure times at each platform, we adopt a cycle-based MPC scheme and update the
controller across cycles. The length of the control step, denoted as T, is defined as the time interval of a cycle, and x denotes the
cycle counter?

Therefore, the optimization problem for train rescheduling over the control step « is

min JG) = % T (w5, +w0pd5N k),
&(ko) PEP k€N, (xp)

s.t. (1) = (25),

(26)

where g(k,) represents a vector collecting all the variables of problem (26), P is the set collecting all the platforms of the line, N, »(Ko0)
is the set indices of trains departing from platform p within the prediction time window starting at step x;, and w, and w, are weights
balancing two objectives.

4.2. MINLP-based MPC for real-time train rescheduling

Problem (26) contains piecewise constant (“if-then”) constraints in (11) and (14). We apply the following transformation properties
to convert (11) into a mixed logical dynamical (MLD) system (Williams, 2013).

Transformation property 4.1. If we introduce an auxiliary continuous variable o, , and an auxiliary binary variable Yk with Ykpp =
le Ok,p = yp(k,) and Yipp = 0 Ok,p = ~y,(k,), and then Ok, p = |¥p(k,)| is equivalent to

0k,p = Vplkp) 2 0,

Oy ~ Vplky) < 2Y, (1 — }’kp,p),
0k,p T Vpk,y) 20,

Ok,p T Vp(kp) < 2Yinax Vi, po

27)

where Y, denotes the maximum value of y,(k,).

1, if o > 0; i
kp-p , which can be

Transformation property 4.2. Based on Transformation property 4.1, (11) is equivalent to Nieyp = { 0 therwi
, otherwise,

converted to

ok,,,p < nkp,pomax’ (28)
Ok yup >e+(1- nkp’p)(Omin —e).

where O, and O,;,, are the minimum and maximum values of Ok, respectively, and e is a sufficiently small number, typically representing
machine precision.

Transformation property 4.3. If we define m, and M, as the minimum and maximum values of a (k ), respectively, then following the
transformation property in Bemporad and Morari (1999), (14) is equivalent to the following inequalities

ay(ky) —a,(k,) < (1 - :kp,,kp,p/,p) (M,—ay(k,)), 29
ay (k) = ay(ky) 2 €+ &k, .y (ma—ay(k,)=€).

Based on the transformations described above, we can convert problem (26) into an MINLP problem. The nonlinearity in the MINLP arises
from the nonlinear objective function. The integer variables in this problem encompass the train composition variables (y,(k,) and ¢ ,(k,)),
the train ordering variable (5kp,kp/ 2 and auxiliary binary variables (ykp,p and ”k,,,p)~

For compactness, we rewrite the resulting MINLP problem in the following form:

Ko+N—1
x(Ko).lItx(llg(?),é(Ko)J(KO) = KZZKO HO0, 10,000 (30)
sit. x(k+1) = A x(x) + By u(x) + By, .6(x), (30b)
D5 x(x) + Dy yu(k) + D, . 6(k) < Dy ., (30c)

K =Kg,...,kg+ N —1,

where N is the total number of control steps, x(x), u(x), and 6(x) collect all the independent variables, continuous decision vari-
ables, and discrete decision variables for control step x, respectively, and x(k;) = [xT(kp), xT(ky + 1), ..., xT(ky + N — D17, u(xy) =
[T (o), uT (g + 1), ..., uT(ky + N — DT, and () = [67(x), 8T(k + 1), ..., 8T(kp + N — DIT. In (30), L(x(x),u(x), 5(x)) represents the
nonlinear objective function for control step «, (30b) collects all equality constraints, and (30c) collects all inequality constraints.

2 In this paper, the planned departure intervals are identical across lines.

11
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Fig. 4. Model predictive control for real-time train rescheduling.

Table 5
Numbers of variables and constraints in problem (30).
Variables or constraints Maximum possible total number
Continuous variables 2-|P|+4-1Z)-N
Binary variables 6+N)-|Z|-N
Integer variables (excluding binaries) 2-N-|Z|
Constraints (B3+N)-N-|Z|

The MPC update index « is cycle-based. At step k, the state contains the depot inventory and the availability of train units, and
circulation/depot constraints are enforced over the prediction horizon. Thus, the impact of a decision is propagated to later services
via train units availability. As each cycle includes only one departure at each platform, the transition from « to x+1 depends only on
the current state and current decisions at control step «. Solving (30) leads to a series of continuous decision variables and discrete
decision variables, and only the decision variables at control step k, are applied. At the next step, the prediction time window is
shifted for one step, and a new optimization is formulated. The framework is depicted in Fig. 4.

Lemma 4.1. (Recursive Feasibility): If problem (30) is feasible at control step « with initial state x(x), then problem (30) is also feasible
at control step k + 1.

Proof. The proof relies on finding a feasible solution for control step « + 1. Recall that the planning time window at each platform
is divided into several intervals of equal length, with a train service departing from the platform at each interval according to (1).
In general, there are two types of depots: (i) depots connected to the terminal platform (e.g., Platform 1 in Fig. 2), and (ii) depots
connected to intermediate platforms (e.g., Platform 2 in Fig. 2).

i) For a depot connected to the terminal platform: if the problem (30) is feasible at control step «, then at each control step, a
train service returns to the depot from the opposite direction of the line. In this context, the new train service departing from the
terminal platform at control step « + 1 can directly utilize the train units by performing a turnaround from the opposite direction
of the line following (7). Moreover, utilizing one train unit when performing the turnaround action is always feasible.

ii) For any depot connected to an intermediate platform: a feasible solution is obtained by maintaining the composition of each train
service the same as it was at control step «.

|

Remark 4.1. (Complexity Analysis). There are three categories of variables in (30), i.e., continuous variables, binary variables, and
integer variables (excluding binaries). The total number of variables and constraints is listed in Table 5, where P and Z are the set
of platforms and depots, respectively, and | - | denotes the cardinality of a set.

4.3. MILP-based MPC for real-time train rescheduling

In Section 4.1, a nonlinear objective function has been defined in (24) to calculate the passenger delays. This nonlinear objective
function results in the MINLP-based MPC approach formulated in Section 4.2. In general, the nonlinear term significantly increases
the computational burden. In what follows, we simplify the nonlinear objective function to reduce the computational burden.

Since we divide the planning time window as indicated in Fig. 3 and the actual departure time d,,(k,) is constrained by df,’re(k ) <
dy(k,) < dgm(kp + 1), by using the upper bound and lower bound of d,(k,) we approximate the nonlinear objective function (24) by

Ty ) 0 w3ny(ley) (dy (e + 1) = dy (k) + " (k) (d) (K, + 1) = dy (k) (31)

12
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where ws is a weight used to balance the approximated errors. In particular, w5 can be defined as

ot 3 3 et

— (32)
Zoer 1Ll jG (51 dp“(ky + 1) = dj(k,)

where |Z,| represents the cardinality of 1, and d_p(kp) represents the average value of d,(k,) from historical data.

Other settings are identical to those of Section 4.2. With this approximation, a linear objective function (31) is obtained, and due to
the objective function and constraints being all linear, we obtain an MILP-based MPC approach for real-time train rescheduling. Since
Section 4.3 modifies only the objective function and keeps the constraint set identical to that of Section 4.2, Lemma 4.1 (recursive
feasibility) applies to MILP-based MPC as well.

5. Learning-based MPC for real-time train rescheduling

For the MINLP-based MPC and MILP-based MPC approaches introduced in Section 4, a mixed-integer optimization problem must be
solved at each control step. The computational complexity, mainly due to the integer variables, can make these approaches unsuitable
for real-time implementation. To address this issue but in a different context, Cauligi et al. (2022) proposed PRISM, in which presolve
techniques and an LSTM network are used to generate integer decisions, followed by solving a convex optimization problem to
compute the continuous variables. Motivated by PRISM, we develop a learning-based MPC approach with presolve techniques for
train rescheduling. In the proposed method, presolve techniques and a neural network ensemble with feedforward layers and an
LSTM network are used to assign the discrete (integer) variables of the MPC problem. As a result, only a continuous nonlinear or
linear optimization problem needs to be solved online to compute the continuous variables and to update the timetable. The main
differences with PRISM lie in the design of the presolve techniques, the use of a neural network ensemble to improve feasibility, and
the offline training procedure tailored to the train rescheduling problem.

5.1. Presolve techniques

Presolve techniques streamline optimization processes by pruning a subset of decision variables with values predetermined by
other coupled variables and constraints, setting them to predefined values. In this paper, we develop the following presolve techniques.
Presolve technique 5.1: As we adjust the departure time of train service k, at platform p according to dlfm(kp) <d,(k,) <

dEre(kp + 1), the departure order between some trains has already been determined: If dgre(k P2 dll:,re(k st D+ t;‘,’”, then ‘fkp,kp/ o =L

If dp(k, + 1) < diS(ky) + 000, then &y, = 0.
Presolve technique 5.2: According to the definition of §kp.,k,,/ pp i (14), the order of trains at the same platform should be kept

ko ’p’p/ .
Presolve technique 5.3: The train composition cannot be changed at a station that is not linked with a depot: If o, = 0, then

v,(k,) = 0.

Presolve technique 5.4: Let 7, = x,T represent the current time. If train service k, has already departed from station p at time ¢,
the composition cannot be changed at that station: If dy(k,) < 19, yp(k,) = yl’;(kp), Vp € P, where y;'(kp) is the value of yp(k,) obtained
before train k departs from platform p and P denotes the set of all platforms of the line.

consistent, i.e., fk‘, +Lky > .fkp ky

5.2. Environment setting

The environment of the learning-based MPC algorithm includes the system and an MPC optimization problem. The state and
variables that interact with the environment are defined as follows:

State s(x) € S: The system state is defined to encompass all necessary information required to characterize the system at control
step « and to serve as input to the neural network. Hence, the state at the control step « is defined as

s(x) = [nT(x), pT(x), NT(©)]T, (33)

where n(x) includes the variables n,(k,) for each train service , at its corresponding platform p with «T' € [d}'*(k, — 1), d} “(k ), p(x)
collects the passenger arrival rates p,(k,) for all train services k, departing from all platforms p from time ¢ = «T to the end of the
prediction time window, and N (k) collects the number of available trains for all depots at time 7 = 7.

Discrete variables: The variable 6(kx) € A represents the discrete variables of the MPC optimization problem (30) or (31) at
control step «.

Continuous variables: The variable u(x) € U denotes the continuous variables of the MPC optimization problem (30) or (31) at
control step «.

5.3. Offline training

We formulate the learning problem as a multi-class classification task. Each feasible combination of discrete control actions
encountered during data acquisition is mapped to a unique class label. In the forward pass, one class label is predicted for each time
step of the prediction horizon from a label set. This formulation enables the a priori exclusion of infeasible, suboptimal, or internally
inconsistent discrete action combinations, as only labels corresponding to admissible MPC solutions are included in the label set.

13
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Fig. 5. Unrolled LSTM architecture with feedforward input layer FC, and output layer FC, over the prediction horizon.

The goal is to learn a parametric mapping ¢, : S — £ from the state set S to the label set £V, with § € R" being the parameter
vector. At control step k, the input is the system state s(x), and the output is a label sequence of length N, with one label for
each prediction step, and each label is selected from the label set £. The label sequence is then decoded into the corresponding
discrete decision variables. In this way, ¢, approximates only the discrete-decision component of the MPC solution, including train
composition and ordering decisions.

We use supervised learning to train ¢,(-) by adjusting the parameter vector 6. The training data consist of labeled states and the
corresponding discrete decisions obtained from simulations of the MPC policy, where (30) or (31) is solved only offline to generate
the training labels. In this way, the combinatorial complexity associated with the discrete variables is shifted from online evaluation
to offline training. During online evaluation, the trained model ¢,(-) assigns the discrete variables, and the MPC optimization problem
in (30) or (31) reduces to an NLP or an LP by fixing the discrete variables.

For various realizations of the initial system state s(-), we generate the training dataset by solving the MINLP in (30) or the MILP
in (31). Let

D={(s;, C;)} s, (34)

i=1

denote the resulting dataset with size Ny,,, where s; € S is a sampled realization of s(x;) from the training set, and C; := {c¥ }k]";o1 €
LN is the corresponding label sequence associated with the discrete variables in the solution of the MPC problem. To improve
robustness under unobserved operating conditions, we augment the dataset with noise to reflect variability in passenger demands
and delay profiles. In this learning framework, the MINLP (or MILP) formulation of MPC serves as an offline label generator providing
the discrete decisions for each state. Before training, the dataset is split into three disjoint subsets, i.e., D, D> Dy for training,
validation, and testing, respectively, with D = D, ;, U D, U Dy,

In practice, the train schedules across consecutive time intervals are interdependent due to the headway relation between trains
and the physical connections between stations. The neural network should be able to capture and retain essential information over
sequences of time intervals. Therefore, a long short-term memory (LSTM) network (Hochreiter and Schmidhuber, 1997; Cauligi
et al., 2022) is selected as the parametric model ¢,(-). As a deep recurrent neural network (RNN), the LSTM architecture enables the
network to remember the dynamic interdependencies within train schedules, ensuring effective adaptation and learning in response
to evolving temporal dynamics.

The architecture of the neural network for the parametric model ¢,(-) is shown in Fig. 5, where each block represents the identical
LSTM cell with shared parameters across time steps. The input at step k is the pre-processed state vector g, (s;), where k =0, ..., N — 1
indexes the prediction horizon. Each input is first mapped into a latent representation, i.e., a compressed representation of input
data, by the feedforward layer FC,. The latent features are then processed by an LSTM that maintains a hidden state 4, € R"» and a
cell state o, € R":, both initialized to zero at the beginning of the forward pass. In this paper, we use zero-padding, with gy(s;) = s;
and g, (s;) =0 for k =1,..., N — 1, and the rationale is to place all relevant information on the system state and forecasted passenger
demands at the initial step, so that the LSTM can propagate it across the prediction horizon via its internal states. Finally, the output
of the LSTM network is passed through the feedforward layer FC,, whose output neurons correspond to the possible combinations of
discrete decision variables, yielding a categorical probability distribution over the label set at each time step through a softmax layer.

Each target label c’." € {0, 1}!¢ corresponds to one discrete sequence and is represented by one-hot encoding, where || is the
cardinality of the label set £. The output at prediction step k is ¥ = [¢y(s,)], € RI*! denoting a categorical distribution over £
for state s; at step k, with [-], extracting the kth element. We train the network by stochastic gradient descent Amari (1993) and
minimize the mean squared error (MSE) between predicted and target labels over the prediction horizon. Let J C {1, ..., Ng,,} denote
a mini-batch with |J| = Ny,,, sampled randomly at each training iteration. Mini-batches reduce the per-iteration cost and yields an
unbiased stochastic estimate of the full-dataset loss. The loss function is defined as

N-1
Lo =Y, Y lief =&l (35)

JET k=0

train» test
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Fig. 6. Closed-loop implementation of the proposed learning-based MPC framework.

As a common limitation of learning-based methods, including Cauligi et al. (2022), the parametric model ¢,(-) cannot guarantee
the feasibility of the resulting continuous optimization problem. To mitigate infeasibility, we use a neural network ensemble defined
as {q.’); }lﬁ " and evaluate the networks sequentially until a feasible discrete assignment is found, where N, is the ensemble size. If
the ensemble fails to produce feasible discrete variables, we apply the heuristic strategy of Lemma 4.1 to guarantee feasibility during
online operation.

In the learning context, classification accuracy and performance are correlated. However, the aim of this paper is control per-
formance, namely minimizing passenger delays and operational costs. Therefore, instead of using the validation loss, we evaluate
each trained model on the validation set D,,, by the average open-loop objective value obtained by the corresponding MPC problem.
Specifically, for each state s; € D,,;, we compute ¢y(s;) and use the predicted outputs to assign the discrete variables in the MINLP
or MILP formulation. With the discrete variables fixed, we solve the resulting continuous MPC optimization problem and obtain the
objective value J(k;; s;, ¢y(s;)), and k; denotes the control step associated with s;. The average open-loop objective value over all
5; € Dyy is denoted by Jy, .

This performance metric is used in the hyperparameter optimization stage. We train multiple neural networks with different

weight initializations and hyperparameter settings. Let ® = {¢;,, ..., ¢y, } denote the set of trained networks obtained from the
train

hyperparameter optimization procedure. For each ¢, € ®, we compute its average open-loop objective value f%i on D,,; and rank

the models accordingly. We then select the N, models with the lowest J_¢ ,, o form the ensemble, denoted by @™ C ®. In this

manner, the ensemble is obtained as a byproduct of the hyperparameter optimization process. Finally, the states in D, are used to
evaluate both open-loop and closed-loop performance of the learning-based framework.

ns

5.4. Online evaluation

The outcome of the training process is a neural network ensemble @, = {¢y,, ..., Py Nene }. During online operation, the measured
system state is provided to the ensemble as an input. The networks are evaluated sequentially, and the (i+1)th network is evaluated
only if the ith network fails to produce a feasible assignment of the discrete variables. The ensemble size N, is fixed and relatively
small, and the computational cost of each forward pass is negligible compared to that of solving the continuous MPC problem. As
a result, even in the worst-case scenario where all neural networks are evaluated, the additional computational overhead remains
compatible with real-time operation.

Before applying the discrete actions suggested by the ensemble, the presolve techniques in Section 5.1 are used to prune infeasible
discrete variables by fixing them to predetermined values. The resulting discrete assignments are then fixed in the MPC formula-
tion, and the corresponding continuous optimization problem is solved to obtain the continuous decision variables for updating the
timetable. Although feasibility can be improved by a neural network ensemble, it cannot be guaranteed by design. If no feasible
assignment is obtained, we apply the heuristic strategy in Lemma 4.1 to ensure recursive feasibility. The closed-loop implementation
is illustrated in Fig. 6.

6. Case study
6.1. Simulation setup

In this section, we illustrate the proposed approaches based on real-life data from a network of three lines in the Beijing urban
rail transit network. As shown in Fig. 7, the network includes 3 bi-directional lines with 45 stations. There are 3 transfer stations,
i.e., Station ZXZ, Station XEQ, and Station HY, where passengers can transfer from one line to another. For each line, there is a depot
connected with the starting station of the line, i.e., Station CPX for Changping Line, Station XZM for Line 13, and Station ZXZ for Line
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Fig. 7. The layout of the considered urban rail transit network (with 3 lines).

8. The values of parameters for the case study are given in Table 6. The original timetable is generated based on the regular headway,
regular dwell time, and average running times in Table 6. According to the definition, the length of a control step is the time interval
between two consecutive predetermined train departures at a platform, i.e., the sum of the regular headway and the regular dwell
time. The total number of train units N'*" in the depot for each line has been selected as a random integer number with the value
varying within the range given in Table 6. The constraint (15) becomes binding when the number of train units assigned from depot
z, after considering train units that can be reused through rolling-stock circulation, reaches N!™i", In this situation, no additional
train unit can be dispatched from the depot, even if a larger train composition could reduce passenger waiting time. Therefore, the
optimizer has to keep the current composition, reuse train units released by previous services, or allow more passengers to remain
for the next cycle. Thus, (15) prevents infeasible overuse of train units and couples current composition decisions with future rolling-
stock availability. In practice, time required for changing the train composition t;‘)mp may vary across platforms. In this case study,
we set t;"mp = 60 s for all platforms, which does not affect the comparison since all methods use the same parameter setting.

The length between every two consecutive stations is openly accessible on the website of Beijing Subway.? In the case study, the
average running time and the average energy consumption of a train between every two consecutive stations are calculated using
the method in Wang et al. (2015) with the maximum acceleration of 0.75m/s2, the maximum deceleration of 0.7 m/s?, and the
cruising speed of 70 km/h, respectively. The sectional passenger demands are obtained based on real-life passenger flow data from
the Beijing urban rail transit network, collected in January 2020. We have selected data from 6:00 AM to 10:00 PM for simulation, so
the data contains both peak hours and off-peak hours. At interchange stations, the passengers include both passengers entering from
outside the system and transfer passengers arriving from other lines. Hence, transfer impacts are reflected in the passenger-oriented
results through the rescheduled departure times and the available capacity implied by train composition decisions. For training agents
and simulation, we have generated passenger demands based on a Poisson distribution by using real-life passenger flow data as the
expected value.

The simulations have been conducted using Python as a programming language, PyTorch as the machine learning library, and
gurobi to solve optimization problems. Adam (Kingma and Ba, 2014) is applied in the offline training process to minimize MSE, and
dropout (Srivastava et al., 2014) is used to handle the overfitting issue. Moreover, the experiments were conducted on a computing
cluster with Intel XEON E5-6248R CPUs. The dataset consists of 96000 states and the corresponding reference solutions, and it has
been built using 60 CPU cores and 240GB of RAM in 24 h. The training and hyperparameter tuning processes have been conducted
using 144 CPU cores, 864GB of RAM, with more than 200,000 iterations for 24 h. The code used to generate the results in this paper
is available online.*

To reduce the solution time of the MINLP solver without significantly compromising optimality, a simple early termination cri-
terion was employed: if the reference objective gap does not decrease by 0.5% within 10 s, the solution process terminates, and
the solver outputs the best solution found. Moreover, as the MILP-based approach typically has a significantly shorter solution time
than the MINLP-based approach, the integer variables generated by the MILP-based approach are used as a warm-start rule for the
MINLP-based approach.

3 https://www.bjsubway.com/station/zjgls/
4 https://github.com/fabcaio/railwaynet_learning/
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Table 6
Main parameters for the case study.

Parameter Symbol  Value
Regular headway e 180s
Minimum headway ht 120s
Regular dwell time rfgum' 60s
Minimum dwell time o 30s
Average turnaround time r;;"“ 529s
Minimum running time o 0.8-r,"
Maximum running time pmax 121"
Time for changing train composition [ 60 s
Time for rolling stock circulation o) 240's
Transfer rate at a transfer station B 10%
Capacity of a train unit Chax 400 persons
Regular train composition of a train service ~ £;&"™ 2 train units
Minimum number of train units

included in a train service f;“‘“ 1 train unit
Maximum number of train units

included in a train service [ 4 train units
Weighted term w, 1074
Weighted term w, 107!
Weighted term wy 107!
Number of train units for Changping Line N rain [55, 75]
Number of train units for Line 13 Nram [70, 90]
Number of train units for Line 8 N;“““ [60, 80]
Prediction horizon of MPC N 40

Table 7
Comparison of the open-loop performance of different approaches for real-time train rescheduling.

Approach Warm-start Reference objective gap (%) CPU time (s) Feasibility rate
mean std min max mean min max

Benchmark yes - - - - 222.18 3.67 600.10 100%

MINLP no 7.22 14.14 0 100.81 239.84 52.47 240.14 100%
Warm-start MINLP  yes 0.04 3.14 -0.24 12.96 96.71 3.58 240.10 100%

MILP no 0.47 1.11 -33.73 1.54 8.77 0.37 240.01 100%
Learning + NLP no -0.11 1.18 -34.28 3.48 6.89 1.80 112.22 98.94%
Learning + LP no 0.22 1.10 -33.42 1.73 0.13 0.11 0.25 98.55%

In this section, the developed train rescheduling approaches, i.e., MINLP-based MPC, warm-start-MINLP-based MPC, MILP-based
MPC, learning-NLP-based MPC, and learning-LP-based MPC, are evaluated. As defined in Section 3, the length of a control step is
240 s. Hence, to ensure that a solution can be obtained for each step, we set the maximum solution time for each approach as 240 s.
In addition, as a longer solution time typically yields a better objective function value, we use the MINLP approach with a warm-start
and a longer maximum solution time, i.e., 600 s, as a benchmark to evaluate the performance of the developed approaches.

To improve feasibility, we use an ensemble of 15 neural networks trained with different weight initializations and hyperparameter
settings. During online operation, the networks are evaluated sequentially, as described in Section 5, until a feasible assignment of
the discrete variables is obtained. If the ensemble fails to provide feasible discrete variables, we apply the strategy of Lemma 4.1 to
ensure feasibility.

We perform hyperparameter optimization by grid search over a predefined set of candidate values for size of the hidden layer,
dropout rate, learning rate scheduling, and output masking. Although alternative methods, such as Bayesian optimization, can be
more efficient for large search spaces, grid search is effective and reliable for the low-dimensional search space considered in this
work. The neural network ensemble is obtained as a byproduct of the hyperparameter optimization procedure. The resulting elements
of the ensemble are trained under the following hyperparameter configurations: size of the hidden layer € {512, 1024}, dropout rate
€ {0,0.5}, learning-rate scheduling € {ON, OFF}, and output masking € {ON, OFF}. The input dimension of FC; equals the state
dimension, and its output dimension equals the LSTM size of the hidden layer. The output dimension of FC, equals the cardinality of
the shared label set |£|, and its input dimension equals the LSTM size of the hidden layer.

Dropout is applied to both weight connections from FC, to the LSTM and from the LSTM to FC,. When learning-rate scheduling
is enabled, the learning rate is halved when a plateau in the validation loss is detected, i.e., whenever the validation loss does not
improve for five consecutive epochs. When output masking is enabled, the network is prevented from assigning labels that were not
observed during data acquisition for each time step.

17



X Liuetal Transportation Research Part C 191 (2026) 105841

x1073
] —— Training loss
1.6 ——- Validation loss
1.4 —
1%}
w0 -
o
|
1.2
1.0
T T T T T T T T
0 50k 100k 150k 200k

Iteration

Fig. 8. Training and validation loss as a function of the mini-batch gradient descent iterations.

6.2. Simulation results

We conduct simulations to generate training data and train the learning algorithm. The training process of one neural network
in the ensemble is shown in Fig. 8, where a 1000-step moving average is used to smooth the loss curves. The loss decreases rapidly
during the first 10° iterations and then gradually converges over the remaining iterations.

We perform simulations for both open-loop optimization, where the MPC optimization problem is solved for one step, and closed-
loop MPC, involving real-time MPC optimization over 30 steps. For open-loop optimization, we have performed simulations using the
developed learning-based approaches on 10 separate cores for 24 h (resulting in 1054 scenarios). For comparison, simulations have
also been performed with the benchmark approach, the MINLP approach, the warm-start MINLP approach, and the MILP approach,
where the benchmark approach corresponds to the MINLP approach with warm-start and a maximum solution time of 600 s.

To compare the proposed learning-based approach with the MINLP- and MILP-based MPC controllers, we report three metrics:
relative objective gap, CPU time, and feasibility rate. Since the benchmark is obtained by solving the warm-started MINLP with a
finite time limit, it is not guaranteed to be globally optimal. Therefore, we use the term reference objective gap, which is defined as
the percentage difference between the average open-loop objective value of an approach and that of a benchmark. The benchmark is
the MINLP-based MPC problem solved with a time limit of 10 min, which exceeds the control step duration of 4 min. Therefore, the
benchmark is used as a reference rather than an online strategy, since the longer time limit generally allows the solver to find a better
local solution. In contrast, all other methods are implemented online under the 4-min control step. The feasibility rate is defined as
the percentage of instances in which the neural network ensemble produces discrete actions that lead to a feasible continuous MPC
optimization problem.

The reference objective gap, CPU time, and feasibility rate obtained from the simulations are given in Table 7. The MINLP approach
without warm-start has the worst reference objective gap and the worst CPU times. In general, the nonlinear objective function and
the presence of integer decision variables significantly influence the performance of MINLP. By applying the warm start, the reference
objective gap and the solution time are reduced; however, the maximum solution time and the average solution time of the warm-
start MINLP approach are still large with values of 240.10 s and 96.71 s, respectively. By approximating the nonlinear objective
function, the solution time of the MILP approach is further reduced without significant performance degradation. However, the MILP
also reached the maximum allowed solution time in some cases, i.e., the maximum CPU time of MILP in Table 7 still reached 240 s.
The MILP controller is a strong optimization-based baseline. The MILP controller is a strong optimization-based baseline. For a fair
comparison, the reference objective gaps of all methods are computed using the original nonlinear objective after the corresponding
solutions are obtained. The small reference objective gap and low mean CPU time show that the MILP performs well in many cases.
However, its worst-case CPU time may still approach the control-step limit in some rolling-horizon instances. Therefore, the MILP is
used as a strong baseline, while the learning-based LP/NLP methods are designed to obtain faster and more stable online computation
after the discrete decisions are predicted.

In the open-loop optimization, the developed learning-based NLP approach (Learning + NLP) and learning-based LP approach
(Learning + LP) achieve comparable performance with an average reference objective gap of -0.11% and 0.22% among the feasible
cases, while significantly reducing the solution time to an average of 6.89 s and 0.13 s, respectively. Furthermore, by approximating
the nonlinear objective function, the learning-based LP approach further reduces the solution time, enabling the optimized timetable
to be obtained in under 1 s. Both the learning-based NLP and LP approaches demonstrate high feasibility rates, at 98.94% and 98.55%,
respectively. Negative reference objective gaps are possible when an alternative approach attains a lower objective value than the
benchmark, since the benchmark is computed under a fixed solver time limit and is not guaranteed to be globally optimal. During
online operation, the system state may deviate from the training distribution due to time-varying passenger demands and unforeseen
disruptions, which can degrade the performance of the neural network ensemble. To improve the generalization under distribution
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Table 8
Comparison of the closed-loop performance of different approaches for real-time train rescheduling.
Refi bjecti % CPU ti
Approach Warm-start eference objective gap (%) ime () Feasibility rate
mean std min max mean min max
Benchmark yes - - - - 227.18 0.05 600.12 100%
Warm-start MINLP yes -0.22 3.42 -60.95 13.03 51.36 0.05 240.06 100%
MILP no 0.46 1.53 -35.61 21.18 6.83 0.06 240.05 100%
Learning + NLP no 4.92 10.21 -11.02 93.43 6.50 1.84 91.20 100%
Learning + LP no 5.50 11.75 -9.99 126.71 0.15 0.11 0.31 100%
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Fig. 9. Objective function value at each MPC step for one episode.

shift, we use data augmentation, dropout, and an ensemble of neural networks during training. For long-term changes in passenger
behavior, the ensemble can be periodically retrained with recent data, and imitation learning can be used for fine-tuning. Under
severe disruptions that differ substantially from the training conditions, the ensemble performance may still deteriorate. In such
cases, the feasible suboptimal actions of Lemma 4.1 or backup controllers can be applied to ensure feasibility.

To further demonstrate the performance of the learning-based MPC approach, we conduct closed-loop control tests on 10 separate
cores over 24 h, with each episode consisting of 30 control steps. If the integer variables generated by the learning agents are
infeasible, the heuristic described in Lemma 4.1 is applied to obtain the train decomposition and to generate a feasible timetable.
The simulation results are presented in Table 8. It can be observed that after applying the heuristic rule described in Lemma 4.1, the
feasibility rate reached 100%. Compared to the warm-start MINLP and MILP approaches, the optimality of learning-based approaches
is reduced in some cases because heuristic rules typically generate suboptimal solutions. In the closed-loop case, the maximum solution
time for traditional approaches, i.e., warm-start MINLP and MILP, reaches 240 s, making them unsuitable for real-life applications
where operators require an optimized solution as soon as possible for real-time timetable rescheduling. In contrast, the solution times
for learning-based NLP and LP approaches are significantly lower, with average solution times of 6.50 s and 0.13 s, respectively.
Table 8 indicates that learning-based approaches significantly enhance solution efficiency, with an acceptable optimality sacrifice of
approximately 5%.

As an illustrative example, Fig. 9 presents the simulation results for one episode, showing the objective function values at each
step for the benchmark, warm-start MINLP, MILP, learning-based NLP, and learning-based LP approaches. The episode begins at
10:30 and spans 30 MPC steps. Fig. 9 indicates that the developed learning-based approaches achieve comparable performance
concerning objective function values. The timetables for the Changping Line, covering from Station CPX to Station XEQ, are depicted
in Figs. 10-14 for the benchmark approach, the warm-start MINLP, MILP, learning-based NLP, and learning-based LP approaches,
respectively, where the line width indicates the number of train units included in each train service. From Figs. 10-14, it can be
observed that all approaches deploy long trains from 10:30 to 10:50 to transport passengers. After 10:50, the benchmark, warm-start
MINLP, and MILP approaches continue using long trains, whereas the learning-based NLP approach initially uses short trains before
switching to long trains, resulting in a slight difference in the objective function value shown in Fig. 9. In contrast, the learning-based
LP approach continues using short trains until 11:40, resulting in the worst performance in Fig. 9.

In general, the rail operator expects to generate a timetable as soon as possible to ensure an efficient rolling-stock circulation
that satisfies depot/turnaround constraints and limits unnecessary coupling/decoupling operations, thereby enabling effective man-
agement of real-time traffic conditions and passenger flows. The simulation results indicate that the developed learning-based MPC
approach significantly reduces solution times with an acceptable trade-off in objective function performance. The developed learning-
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Fig. 10. Timetable for Changping Line of the benchmark approach.
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based MPC approach can generate timetables in real time with the train composition and rolling stock circulation plan generated by
learning, and the detailed departure and arrival times generated by nonlinear or linear programming. It should be noted that solving
MINLP or MILP problems typically requires commercial solvers, such as gurobi and cplex, to generate solutions in a computationally
efficient way. By generating integer variables with well-trained learning agents at each MPC step, the resulting continuous linear or
nonlinear programming problems can be efficiently solved using various available solvers and algorithms.

As the dataset is divided into disjoint training, validation, and testing subsets, the LSTM models are trained only on the training
set, and the tests are conducted on held-out samples. In this paper, the rail network topology and operational parameters are fixed.
The testing samples correspond to unseen dynamic passenger flows within the same rail network, which is consistent with our goal
of evaluating robustness to dynamic passenger flows. Transfer to networks with different topology or parameters is beyond the scope
of this paper. The reported CPU time does not include offline data generation or LSTM training. It refers to the online computation
at each MPC step, including LSTM prediction and the subsequent continuous optimization.

7. Conclusions

In this paper, we have investigated the passenger-oriented train rescheduling problem considering flexible train composition
and rolling stock circulation. The passenger-oriented train rescheduling model of Liu et al. (2023a) has been extended to include
train compositions and rolling stock circulation, considering time-varying passenger demands. To improve the online computational
efficiency of model predictive control, we have combined the optimization-based and learning-based approaches, where the learning-
based approach obtains integer variables, i.e., train compositions and train orders, by using pre-trained long short-term memory
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networks; then, the detailed timetables are optimized by solving a constrained optimization problem with the fixed integer variables.
We have developed several presolve techniques to prune the subset of integer decision variables. Simulation results indicate that the
developed learning-based framework can achieve comparable performance compared to the exact approach with an acceptable loss
of feasibility, while the solution time is significantly reduced.

In the future, we will investigate the integration of reinforcement learning (instead of deep learning) and model predictive control
for real-time train rescheduling to improve the learning ability of the approach. A state reduction approach can also be applied to
improve performance and reduce memory usage. Among several directions, multi-agent learning-based approaches can also be a
promising research direction for handling large-scale urban rail transit networks.
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