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Abstract

Efficient adiabatic control schemes, where one steers a quantum system along an
adiabatic path ensuring minimal excitations while achieving a desired final state, that
enable fast, high-fidelity operations are essential for any practical quantum
computation. However, current optimization protocols are not universally tractable
due to stringent requirements imposed by the microscopic systems encoding the
qubit, including complex energy level structures and unwanted transitions, and
generally require a trade-off between speed and fidelity of the operation. Here, we
address these challenges by developing a general framework for optimal control
based on the quantum metric tensor. This framework allows for fast and high-fidelity
adiabatic pulses, even for a dense energy spectrum, based solely on the Hamiltonian
of the system instead of the time evolution propagator and independent of the size
of the underlying Hilbert space. Furthermore, our framework suppresses diabatic
transitions and state-dependent crosstalk effects without the need for additional
control fields. As an example, we study the adiabatic charge transfer in a double
quantum dot to find optimal control pulses with improved performance. We show
that for the geometric protocol, the transfer fidelities are lower bounded F > 99% for
ultrafast 20 ns pulses, regardless of the size of the anti-crossing, while being robust
against miscalibration errors and quasistatic noise.

Keywords: Optimal quantum control; Quantum geometry; Adiabatic state transfer;
Spin qubits; Semiconductor quantum dot qubits; Quantum computing

Coherent control of quantum information is the central part of the advancement of emerg-
ing quantum technologies such as quantum processors, quantum sensors, and quantum
communication [1]. However, the inherently fragile nature of quantum states makes their
coherent control a challenging task. Much research is dedicated to finding so-called quan-
tum optimal control protocols, that allow fast and high-fidelity operations by appropriately
shaping the control pulses [1-6]. Optimized initialization and readout protocols are of
particular interest, as they are an integral part of any error correction algorithm [7].
Optimal control protocols can be roughly divided into three main categories. Firstly,
there are geometric approaches that rewrite the time evolution into Pontryagin’s Max-
imum Principle [8-16]. Extensions of the geometric protocols also intend to circum-
vent incoherent dynamics [12, 17-20]. Secondly, fully numerical techniques, such as the
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Figure 1 Schematic representation of the geometric fast-QUAD approach for a single qubit. First, one defines
the system Hamiltonian and the respective parameters x* = (x!,x?,x3) one wants to optimally operate. The
number of parameters defines the dimension of the quantum metric tensor g,,». For a qubit Hamiltonian, the
underlying parameter manifold is the Bloch sphere. The geodesic on the sphere (red line) gives the optimal
path connecting two states. Examples of non-optimal state transfer protocols (xﬁ‘, xé‘) are drawn as blue and
purple, dotted lines

GRARPE [21, 22] and CRAB algorithms [23, 24], can be used to find a (hopefully) global
minimum of the error by varying parameters of the input signal. As these protocols are
based on classical optimization problems, they come at the cost of the computational
overhead and flexibility to small modifications, often limiting them to smaller problem
sizes. Lastly, inherent error suppression can be achieved via (enforced) adiabatic dynam-
ics [4, 17, 25—43]. However, often the suppression of additional transitions is generically
forced through the control of new components of the driving Hamiltonian like in the tran-
sitionless driving method [27, 37], which may be experimentally inaccessible. Approxi-
mate methods circumvent these additional control fields and only affect the experimen-
tally accessible parameters while providing fast and quasiadiabatic (fast-QUAD) proto-
cols [40, 44—46].

In this work, we develop a geometric framework, making use of the benefits of the
first and last class, based on geodesics in the space provided by the quantum metric ten-
sor [47-52]. Furthermore, our framework can be generalized to any multi-level Hamilto-
nian and allows for fast and high-fidelity adiabatic operations without needing the com-
putational overhead akin to the numerical approaches. We refer to this approach as the
geometric fast-QUAD. Our geometric fast-QUAD does not require imposing any new ex-
ternal control fields, is resistant to miscalibration errors, allows for fast operations even in
dense energy landscapes, and does not require the computation of the full time-ordered
evolution operator. It reduces undesired level transitions and initialization, and readout-
induced crosstalk by traversing rapidly through regions of charge uncertainties [53]. In
addition, our framework can be easily adapted to account for different quantum oper-
ations [54] and can be efficiently extended to large-size systems [55]. We show the ad-
vantages of the geometric fast-QUAD through an optimal protocol for initialization and
readout of semiconductor spin-qubits.

Semiconductor spin qubits are a platform for quantum computing based on confined
semiconductor quantum dots with a promise to be scalable [56, 57], with long coherence
times [58], operability at high temperatures [59, 60], and their similarity in fabrication
to the classical semiconductor industry [61-63]. However, their small size can lead to
dense energy spectra that may hinder fast and high-fidelity quantum control. For read-
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Figure 2 Comparison of coherent qubit state transfer. (@) shows the linear (black, dashed), standard
fast-QUAD (analytic solution from [46] in green, numerical solution in yellow), and geometric fast-QUAD
(analytic solution in red, numerical in blue) pulse shapes. In addition, the inset shows energy levels as a
function of p. We find that the standard fast-QUAD leads to a sharper pulse shape requiring high bandwidth.
In (b), we plot the respective transfer error 1 - p(ty) =1 - |<1//0(rf)|1p(tf)> |2 as a function of pulse time t. As the
quantum metric tensor (9) is independent of ¢ we can choose a protocol exclusively for p(t) or for the ratio
0(t) = arctan2(p(t), z(1)). Using the quantum adiabatic protocol (4) we find analytically that

Ogeo(t) = (6 — 0o) t/15 + 6o, where the adiabaticity is given by the ramp rate § = (6 - 60)/tr. Throughout these
simulations the values of ¢ =0, po = -10 GHz, pf = 10 GHz, z= 0.1 GHz have been used. Note that the
precision of the numerical simulations determines the singular behavior (gray area) in the transfer error. The
geometric fast-QUAD consistently outperforms the linear and the standard fast-QUAD after 20 ns if we
exclude the resonance. We note that the use of such resonances is limited in realistic scenarios with a finite
bandwidth and time precision [42]. (c) We show the filter functions for noise acting both in the direction of
the control parameter F,, and in the direction of the other parameter F,. The filter functions, defined in

Eq. (11), describe the extent to which any given pulse shape overlaps with an arbitrary noise spectral density
and hence quantify its exposure to it [68]. Here, we study the rescaled pulse shapes p(t)/z, and we find that
the geometric fast-QUAD is resilient in the low-frequency regime to noise acting on any parameter, while the
standard fast-QUAD is only resilient in the direction of the control parameter. The linear pulse shows a
strongly oscillatory behavior, making it difficult to predict its noise susceptibility

ing out and initializing such qubits, the measured signal is typically enhanced through
spin-to-charge conversion techniques [64, 65]. Common spin-to-charge techniques, such
as Pauli-Spin-Blockade (PSB), rely on an adiabatic transition between a spin and a charge
state [66] passing through multiple anticrossings. We illustrate the advantages of the geo-
metric fast-QUAD by optimizing the PSB initialization and readout in a double quantum
dot (DQD) with experimentally feasible parameters. Furthermore, we expand on previous
results in [40, 46] by including the theoretical framework based on quantum geometry, al-
lowing for generalized pulse engineering in multi-parameter Hamiltonians robust against
miscalibration errors and quasistatic noise.

The article is structured as follows. First, the general framework is introduced, starting
with the geometric formalism, relating optimal protocols to geodesics, and applying it to
a general qubit Hamiltonian. Subsequently, upon reviewing the general DQD model in
the presence of strong spin-orbit interaction [67], an effective three-level Hamiltonian,
describing the readout and initialization subject to PSB, is introduced and analyzed under
unitary and non-unitary evolution using the geometric fast-QUAD and compared to the
linear and standard fast-QUAD methods. In addition, we provide a detailed analysis of the
robustness of the geometric fast-QUAD under quasistatic noise and miscalibration errors.

1 Results

1.1 Quantum geometric formalism: fast-quasiadiabatic dynamics as geodesics
Optimal control schemes rely on the control of parameters x* = (x!,x2...,x") of the phys-
ical Hamiltonian H[x"] to provide high-fidelity state transfer. The task of optimizing the
fidelity of state transfer |y (x)) — |1//(x/)> can be captured by the parameter space trajec-
tory x — &’ through the geometry described by the quantum metric tensor (See [48] for a
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review). The quantum metric tensor g,,, describes the infinitesimal distance between two

pure states via the local infidelity (up to second order in parameter changes) [49, 69]

1
L= [ (@ @+ d0) P~ S g (@)dx"da”. (1)

Here, " € M, where M is the set of all possible parameter values, define a set of parame-
ters that define an embedding for the set of pure states P(H) = H/U(1). For Greek indices,
we will opt for the Einstein summation convention. The quantum metric tensor consti-
tutes the real and symmetric part of the full quantum geometric tensor g,,, = g, + i€,
whose antisymmetric component 2, is related to the Berry curvature, which captures
topological effects [70-73] allowing for a possibility to straightforwardly connect quantum
dynamics and topology. For approximately adiabatic dynamics [69], the quantum metric
tensor, with respect to a given target state ), can conveniently be written in terms of
the Hamiltonian 4, its eigenvalues E,, and eigenvectors {|{,)} (See Methods 3.1)

SeReY (Yold, 1Y) (YuldH | 10) ~Reg

(Ex — Eo)? e @

n#0

where 9, = 9/dx" is the derivative with respect to the parameters of the Hamiltonian.
The quantum metric tensor g, is a frame-independent object, as opposed to the works
in [74, 75], and allows us to connect fast and quasi-adiabatic (fast-QUAD) dynamics with
the geometry of the parameter space. For coherent population transfer, experimentally
controlled parameters can be written as x*(¢). State transfer is then given by a path con-
necting the set of initial parameter values x!' = x*(0) to some final set x} = x*(t;). The
task of fast and high-fidelity population transfer then relates to the optimization problem
of finding an optimal path xje,(¢) between these two points described by the following
functional

. R dtt dxv
L[x,x]—fo dt g,w(x)g T (3)

This functional describes the length of a path x#(¢) parametrized by time ¢ and can be min-

imized for functions xge,(t) (See Fig. 1) that solve the Euler-Lagrange equations, which in
this context are known as the geodesic equations. Note that we can always add a constraint
functional C[x, %], altering the equations of motion in parameter space (See Methods 3.2).
For adiabatic protocols, the geodesics fulfill the geometric-adiabatic condition (See Meth-
ods 3.1)

=82« 1. (4)

gux )

For now, § is a constant parameter ensuring the boundary conditions for the pulse. Since
the above relationship minimizes the local infidelity (1), the geodesics also minimize the

energy fluctuations [76]

dx* dx”
dt de’

of = <I:12> - <ﬁ1>2 o g (%) —— (5)
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Hence, we see that, for adiabatic evolution, our geometric fast-QUAD directly minimizes
the main coherent error, namely, diabatic excitations (See Methods 3.3). As §? o« 02, we call
3 the adiabaticity since it is equal to the energy standard deviation. If we restrict ourselves

to a single parameter x* = £(¢), we can solve for the adiabaticity parameter as follows

e(tf) L
8:—/ ds\/gsa:#« 1. (6)
f

f Je(0)

Therefore, adiabatic protocols can be understood as paths that minimize locally the length
of the path that they trace out, i.e. short geodesics with respect to the time ¢. This relation-
ship can also be extended to the multi-parameter case by substituting Eq. (4) into Eq. (3).
From the perspective of adiabatic perturbation theory, we can then see the quantum met-
ric tensor as minimizing the first-order non-adiabatic transitions. The above equation also
converges to the quantum speed limit bound for pure states as found in [76]. Finally, this
allows us to draw a connection between adiabatic dynamics and geometry. To find an op-

timal time evolution of (), we need to solve

i :H|W,) 12 (de\?
goi?= NPT (T) =2 7
n#0 n

Unsurprisingly, this is similar to the known fast-QUAD equation [44—46], differing from
the standard fast-QUAD equation only by an additional exponent of 2 of the energy split-
ting in the denominator [77]. However, our geometric protocols allows for a clear exten-
sion to multiple optimization parameters by solving the multi-parameter geodesic equa-
tion. In the remainder of the article, we refer to Eq. (7) as geometric fast-QUAD equation,
which is an explicit expression of Eq. (4) using a single control parameter &(¢). As bound-
ary conditions, we use Eq. (6) that relates the pulse time to the energy fluctuations. Solving
this ordinary differential equation with respective boundary conditions gives our control
pulse (See Methods 3.4).

The geometric structure of Hilbert space allows us to optimize adiabatic population

transfer. For instance, a two-level Hamiltonian in cylindrical coordinates (p, ¢, z)

- z e
HPauli = ( it P ’ (8)
pe -z
leads to the quantum metric tensor resembling the Bloch sphere (see Methods 3.1)
1/(1 0
v(@, )] = — . 9
(g (0, 9)] 4 (0 sin2 9> )

Here 6 = arctan2(p, z) describes the azimuthal angle of the Bloch sphere. Figure 2 shows
the simulated probability p(t) = | (Wo(¢)|¥ (t)) |* under coherent evolution for the linear
protocol prinear() = (0r— po) t/t + po, the standard fast-QUAD, and the geometric protocol
as defined in Eq. (4). Using Eq. (4) we find analytically that [78, 79]

Ogeo(t) = (6 — 6o) /15 + b, (10)
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where 6y, 6 are the initial and final values of 6(). For the (geometric) fast-QUAD, we also
simulate the pulses numerically to inspect their applicability when analytic methods do
not suffice (shown as blue and yellow dashed lines). In both cases, because of the min-
imization of the energy fluctuations, the transfer errors arising from undesired diabatic
transitions are drastically reduced with respect to the linear protocol. The geometric fast-
QUAD, however, provides a more stable performance for a wider range of possible pulse
times. This robustness can also be seen in Fig. 2 (c), where we plot the filter functions
for each pulse for noise acting in the direction of the control parameter F,, or the other
parameter F,,, which describe the extent to which any given pulse is exposed to differ-
ent parts of the frequency noise spectrum [68]. For a noise Hamiltonian Hiopise = Z/‘ 5Ajo;
we find that the decoherence decay rate x(t), up to second order in §A and only taking
auto-correlations into account, is given by [57, 68, 80, 81]

® d
x () :_/ 2_f Zsli(f)Fjj(f, tr) with a1
0 " 7
Sjj(f) = 2/00 dt (5)\1‘(0) 5)\,‘(1‘)) COS(ZT[ﬁ) 12)
1 t . - 2
F}j(f’ tp) = E /0 dt tr (Uc‘o‘juccrj)e’ 2 13)

where U, (¢) is the time evolution operator associated to the control pulse. We find that the
geometric fast-QUAD is more resilient to low-frequency noise independent of the direc-
tion of the noise, which remarks the robustness of the geodesics to small perturbations.
Contrary to this, the standard fast-QUAD is only resilient against noise in the control
parameters direction. The linear protocol shows a strongly oscillatory behavior with an
envelope similar or worse than the other protocols, as seen in Fig. 2 (b). Additionally, the
geometric fast-QUAD pulse shape is a smoother function of time and hence reduces the
requirements on the control electronics. Moreover, the geometric fast-QUAD can be eas-
ily extended to an arbitrary multi-level system, as illustrated in Eq. (2). On the one hand,
the quantum metric tensor extrinsically scales with the number of control parameters and
is hence also useful for large systems, making it a reliable tool for analyzing and optimizing
large-scale quantum architectures. On the other hand, to actually compute it, one needs
to sum over different energy eigenstates and eigenenergies, whose computation does scale
with the Hilbert space. However, for any given multi-qubit adiabatic state transfer, one can
restrict oneself to the subset of eigenenergies and eigenvectors that are closest to the target
state. This subset will have the biggest impact on the state transfer fidelity and is, hence, ef-
ficiently computable. Furthermore, the enforced adiabaticity makes the generation of the
instantaneous eigenstates very efficient as previous time-steps can be used for iterative
algorithms such as Filtered Eigensolver Algorithm for Symmetric Targets (FEAST) [82]
and Locally Optimal Block Preconditioned Conjugate Gradient (LOBPCG).

1.2 Optimal control of spin-to-charge conversion in a double quantum dot

Given the advantages of the quantum metric tensor, we aim to apply the geometric fast-
QUAD for the adiabatic spin-to-charge conversion, which is the important component of
initialization and readout processes in spin qubit systems. We study an effective model
for a double quantum dot (DQD) system that may be used directly for the initialization
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and readout of singlet-triplet qubits [65, 83—86], which currently suffer from initialization
and readout errors from coherent and non-unitary sources as seen explicitly in [83]. After
providing a brief overview of the microscopic model below, we investigate a truncated two-
level model of the full model to extend the previous result of a two-level Landau-Zener
problem to one in the presence of S— T~ coupling [83, 84, 87]. Following, we will introduce
a low-dimensional effective DQD model, which captures the spin-to-charge transition,
while taking into account the spin state. Using this model, we will aim to provide a detailed
analysis and comparison of the geometric fast-QUAD with the linear and standard fast-
QUAD protocols under coherent and non-unitary errors. In the remaining text, we will
work in units of i. The results in the single qubit case (Fig. 2) can be extended to the full
6x6 DQD [88, 89], consisting of two spins in the lowest orbitals of two quantum dots. The
Hamiltonian is a sum of the Fermi-Hubbard Hamiltonian and the Zeeman Hamiltonian

I:IDQD = Hewt + Hzeeman, (14)

where the spin-degenerate part is described by the Fermi-Hubbard model

~ A A u, . .

fm=-Y (c;ac,«,a + h,c.) 3 Uiy + Y (En,(nj 1+ \/,n,> (15)
ij,o (&) j

where ﬁ}tg (¢;») creates (annihilates) a fermion on sites j with spin . The fermionic number

operatoris 7= E;jég,j, U and Uj; are the intra- and inter-dot Coulomb repulsion, €2 is
the tunnel coupling originating from the overlap of the wavefunctions in nearby quantum
dots, and V; are the chemical potentials in each dot. The spin degeneracy is lifted through

the Zeeman term

~ 1 S
Hzeeman = Z 4B ZB] -0, (16)

where 11 is the Bohr magneton, 6 = (04,0, )T is the Pauli vector consisting of the con-
ventional Pauli matrices, B]; =y b gjsz,, the effective magnetic field and gib the g-tensor
at site j. The indices a,b = x,y,z run over the spatial components. Additionally, we de-
fine E, = E;1 + E;» and AE, = E,1 — E,» as the total Zeeman energy and the Zeeman
splitting difference, which may arise due to a spatially varying g-factor as usually found in
germanium-based platforms [87, 90—94] or a magnetic field gradient as appears in silicon-
based architectures with an additional micromagnet [66, 95-97]. The matrix representa-
tion of the double quantum dot Hamiltonian is given by [88, 89]

U+e¢ 0 0 —-Q Q 0
0 U-=¢ 0 -Q Q 0
0 E, AEx —-AEx O

Hpop = 17
PAPT 9 _Q AEy AE, 0  AEx 17
Q -AEx 0 —AE, —-AEy
0 0 0 AEX —AEX —EZ

if we constrain ourselves to the charge states (2,0), (0,2), and (1,1) with the associated spin
states {|11),114),1471), 14 4)}. In addition, we define I = U — Uy, and for simplicity we
set the y-component of the Zeeman term to zero.

Page 7 of 25
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Figure 3 Adiabatic state initialization for truncated full DQD. (a) Transfer errors as a function of the pulse time
t are plotted for the linear, standard fast-QUAD and geometric fast-QUAD protocols following Eq. (17) without
incoherent errors. (b) Illustration of the 6x6 energy levels as a function of detuning, where we only focus on
the two lower levels. The ST_ anti-crossing, which induces diabatic transitions in the initialization process, is
given by the size of AEy = 0.1 GHz, similar to [87] for out-of-plane magnetic fields. After around 150 ns pulse
time, we can expect a state transfer fidelity of 99.99% for the || |) state by using the geometric fast-QUAD
vastly outperforming the linear and standard fast-QUAD. Due to the sharpness of the standard fast-QUAD
pulse, we find that it reduces the final state fidelity. The parameters used in the simulation are: U=100GHz,
E>=10GHz, Q= 10 GHz, AE7 = 1 GHz, & = 10 GHz, and & = 30/2

Here, we restrict our optimization protocol to suppress only the transition of the ground
state to the closest state. This way we effectively work in a low-energy two-dimensional
subspace of the full 6x6 DQD, which in the eigenbasis takes the schematic form

]:[DQD ~ Z Hn,m |¢n><1/fm| . (18)

n,m=0,1

The state |7_) = |} |) is initialized by shifting the detuning &(¢), which is the difference
of the left and right chemical potentials of each dot ¢ := Vi — Vz. Due to the small ST_
anti-crossing, as found in [87] for out-of-plane magnetic fields, we again find that the ge-
ometric fast-QUAD is superior to the linear pulse and standard fast-QUAD (See Fig. 3).
Even under this simplification, we report a transfer fidelity of > 99.99% after around 150 ns
pulse time. However, one may also include more excited states to improve upon the geo-
metric fast-QUAD in the adiabatic limit. In the Methods section, we analyze the behavior
of the geometric fast-QUAD as one includes sequentially more excited states. Our find-
ings show that in the adiabatic limit (§ <« 1) adding more energy eigenstates results in
higher fidelities. For shorter times, the gain in state transfer fidelity is not guaranteed due

to interference effects and non-adiabatic corrections.

1.3 Complete analysis of three-level model

To provide a more in-depth, yet simplified model that captures spin-to-charge conversion
(See Fig. 4(a)), we restrict ourselves to a double dot system with a magnetic field point-
ing purely in the z-direction, neglecting the fully polarized states |T7.), and focus on the
singlet-triplet basis with two charge degrees of freedom (Fig. 4(b)). The Hilbert space is
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Figure 4 Adiabatic state initialization using PSB in spin qubit platforms. (a) Illustration of the spin-to-charge
conversion protocol of spin qubits. The particle on the right side of the DQD potential can only be transferred
to an antisymmetric spin state on the left side due to the Pauli exclusion principle. (b) Plot of the energy
spectrum £, of the full model (17) as a function of the detuning e (tilt of the potential wells). The colored lines
correspond to the energy levels of the reduced three-level model (22). (c) Detailed energy spectrum for the
three-level Hamiltonian (22). The dashed line represents the energy of the |S(2,0)) state, which for large
detuning & > U9, AE7 becomes the ground state of the DQD Hamiltonian

spanned by the following basis states

1S(2,0)) =¢] ,¢] | Ivac) (19)
1 /. 4 J

s = (& 18k, — 2,20 ) vac) (20)
1 /. .

|To(1,1)) = — (&f &b, +¢f &b, ) vac), (21)
ﬁ LAYR L1"R1

where (11, 1) describes the number of charges in the left and right dots, respectively, and
|vac) represents the vacuum state. In this subspace, we find that the matrix representation
of the DQD Hamiltonian, in the above basis, is

U-c@t) 0
H(t) = Q 0 AE,]. (22)
0 AE;, 0

The energy spectrum of the Hamiltonian in Eq. (22) is seen in Fig. 4(c), which displays
an anti-crossing at ¢ = {1. The size of the anti-crossing is now determined by the combi-
nation of the tunnel coupling €2 and the Zeeman splitting difference AE. In contrast to
the Landau-Zener-Majorana-Stueckelberg anticrossing, the energy spectrum is not sym-
metric in the detuning €. Also, the existence of a third energy level, makes it possible for
diabatic transitions from the ground state to two upper energy eigenstates.

For concreteness and without loss of generality, we will focus in our analysis only on
the initialization process, as the readout process is directly provided by the reverse pulse
shape. The initial state is the singlet state in the (2,0) charge state and is adiabatically pulsed
to the desired final state. Under coherent evolution, the only error source is due to unde-
sired diabatic transitions, inducing interference effects that reduce the transfer fidelity. We
scan multiple pairs of parameters and simulate the transfer error 1 — p(¢) using the geo-
metric fast-QUAD protocol in Eq. (7), the standard fast-QUAD and the linear protocol.
For the geometric fast-QUAD protocol, we generate an appropriate adiabaticity using the
boundary conditions of the detuning (go, ¢r) and the pulse time # with Eq. (6) and then
feed the numerically solved pulse &yym(¢) into our Hamiltonian or Lindbladian based time
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Figure 5 Comparison of initialization pulses using the linear (g, d, g), standard fast-QUAD (b, e, h) and
geometric fast-QUAD (¢, f i) protocols. Boundary conditions are &g = 20 =200 GHz and & =0. Figures a-c
illustrate the effect of both the tunnel coupling and the pulse time on the transfer error. We note that the
geometric fast-QUAD achieves a transfer fidelity of 99.99% after 20 ns, which defines a lower bound. Transfer
errors as low as 1078 may be reached even for small tunnel couplings. Figures d-f are contour plots sweeping
the Zeeman splitting difference and the pulse time (A£, t) at fixed tunnel coupling €2 = 1 GHz. Here, the
clear advantage of the geometric fast-QUAD comes through, as the size of the anti-crossing hinders the
coherent charge transfer in the linear case and in the case of standard fast-QUAD, provides issues in the pulse
timing and calibration. Hence, the standard fast-QUAD achieves lower final state fidelities. A similar trend can
be seen in g-i. Remarkably, in (h, i) the charge transfer fidelity for both the standard and geometric fast-QUAD
are lower bounded at 99%, independent of the combination (AEz, 2) for an ultrafast pulse with pulse time

tr = 20 ns. The geometric fast-QUAD provides lower achievable fidelities compared to the standard fast-QUAD.
Note that, due to the conservation of energy along adiabatic paths, we observe no difference between the
initialization and readout protocols

evolution, depending on whether we want to study unitary or non-unitary dynamics. Fig-
ure 5 shows the results of the geometric fast-QUAD pulse for the initialization sequence
of the || 1) state of the Hamiltonian (22). The transfer error is reduced as a function of
the pulse time as we move more adiabatic at larger pulse times. We observe the advantage
of using the geometric fast-QUAD over the standard fast-QUAD and linear protocols as
a reliable protocol for circumventing coherent errors, even for very small anti-crossings
and extremely fast pulse times without the need to perfectly time the pulse. Strikingly, we
observe as a common trend, that the transfer fidelity for the (geometric) fast-QUAD for
t¢ > 20 ns yields a transfer fidelity 7 > 99% for all investigated settings of tunnel couplings
Q and Zeeman splitting differences AEz. Note that these results, for the same parame-
ter settings besides the detuning boundary conditions, also hold for the adiabatic readout
protocol, as the energy is conserved along these paths.
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1.4 Incoherent dynamics due to quasistatic and Lindbladian noise

During coherent spin-to-charge conversion, a dominant error source are diabatic tran-
sitions in the vicinity of the anti-crossings, where the energy level difference is minimal.
Our geometric protocol Eq. (4) is designed to minimize such errors. However, non-unitary
dynamics arise due to couplings with ambient degrees of freedom, which alter the time
evolution and hence may affect the optimal pulse shape. In the following, we will describe
two ubiquitous noise types that may affect the protocol, low- and high-frequency charge
noise.

One of the most known types of noise in semiconducting and superconducting devices
is the appearance of low-frequency noise [68, 81, 98—103], whose noise spectral density
follows S(f) o< 1/f. Under sufficient conditions, the noise spectral density is the Fourier
transform of the autocorrelation of the noise. For the Hamiltonian in Eq. (22), the noise
spectral density arises from the correlation function of the fluctuations of the detuning
parameter §&(£), which we include as a perturbation

SH(t) = —5e(£)1S(2,0))(S(2,0)| = —8&(t) [T5(2,0), (23)

where 8¢ is drawn from a Gaussian distribution & ~ N(0,2), which is centered at zero
with a variance given by o'2. In the simulations, we will model this behavior by fluctuating
boundary conditions of the pulse shape eof — &o¢ + 8¢ [104] and illustrate the differences
between a noisy and a noiseless time evolution.

To study high-frequency noise, we will adopt the Lindblad master equation, which de-
scribes non-unitary evolution of a quantum system subject to Markovian noise. It takes

the form
D it e Y (Lol - ML) )
dlf__l » Pl + /,0]‘_2 j »P1 )

J

where i,- are the conventional Lindblad operators. Explicitly, we describe dephasing from

high-frequency noise via the dephasing jump operator [66]

1 1 0 O
Ldephasing = ‘[ 27 0 -1 0]. (25)
2
0 0 -1

Here the Lindblad operator acts on the charge states (1,1) and (2,0). The strength of the
dephasing is captured by the decoherence time T5. Since the dephasing operator has Her-
mitian real entries, we can also shift the Lindbladian to obtain the equivalent dephasing

operator

., . 1. [2.
Lacpasing = Laephasing + | 5701 =\ [ 7 Tszon (26)

which will generate the same time dynamics. Since for spin qubits relaxation is several
orders of magnitude longer than dephasing for spin [58] and charge qubits [105], we ne-
glect it in our analysis. Note that relaxation usually benefits adiabatic charge transfer of
the ground-state as it counteracts the diabatic transitions to energetically excited states,
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Figure 6 Susceptibility of the geometric fast-QUAD to low-frequency detuning fluctuations. We simulate the
effects of quasistatic noise via a fluctuation in the detuning (23). This fluctuation will affect the initial and final
boundary conditions when simulating the pulse shape as follows: egf — &q¢ + 8&. We fix the values of the
tunnel coupling to €2 =3 GHz, AE; = 0.5 GHz, and the remaining are identical to the ones in Fig. 5. The errors
mostly affect infidelities below 1 - JF < 107* after a pulse time of t; = 20 ns. The asymmetry of the deviation is
due to the fact that the energy spectrum is asymmetric around the anti-crossing at & = U

thus effectively improving the population transfer fidelity. Using the Uhlmann fidelity F
defined as

R NN 27)

we can determine the overlap of the lowest energy eigenstate |1/(¢)) and the time-evolved
one under the non-unitary evolution given by (26) for the linear, standard fast-QUAD and
geometric fast-QUAD state transfer protocols.

In addition to providing higher fidelities for very short pulse times and dense energy
spectra, our protocol is also highly resilient against quasistatic noise as seen in Fig. 6, where
we plotted the susceptibility of the transfer fidelity with respect to detuning fluctuations.
Notably, after 20 ns the effects of the quasistatic noise affect the fidelities below 107, even
for strong fluctuation of d¢ = 5 GHz. In Fig. 7 we also show that the geometric proto-
col is robust against pulse miscalibration regarding Q@ — Q + §<2, for small 62 and for
pulse times bigger than 20 ns. Remarkably, assuming larger tunnel couplings for the pulse
leads to smaller deviations from the calibrated result. This may be caused due to favor-
able interference effects in the initial ramp towards the anti-crossing. Namely, assuming a
smaller anti-crossing will usually result in an initial fast ramping ending in a slow-down at
the anti-crossing, leading to interference effects that do not destructively interfere beyond
the anti-crossing.

Lastly, we compare the optimal control sequences of the linear, standard fast-QUAD,
and geometric fast-QUAD protocol given some fixed decoherence time T in Fig. 8. Here,
we compute the linear, standard fast-QUAD, and geometric fast-QUAD pulse shapes and
simulate the Uhlmann fidelity of the lowest energy eigenstate |(¢s)) and the resulting
mixed density matrix p(f) under Lindbladian time evolution. For a fixed interval of al-
lowed pulse operation times # < 50 ns, we find the maximum Uhlmann fidelity at fixed
decoherence time and compare the protocols. The maximum Uhlmann fidelity F(¢}) is
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Figure 7 Transfer fidelity deviation, due to a miscalibrated pulse. The miscalibration is due to the tunnel
coupling Qpyise = 20 + 8€2, where the system Hamiltonian is set at £ = 3 GHz and A£7 =05 GHz
Remarkably, assuming a bigger tunnel coupling for the pulse will deviate less from the calibrated result

(a)
0.6 -
\ - geometric
‘\ == linear
0.5 ——
\~~————_—————___f(3___-
W04 D0
= %)
I S 4w (b)
— * o
2 0.3 ; 304
]
2 £
E 02 -
o 104
[a2]
0.1
Decoherence time T; [ns]
0.0

0 20 40 60 80 100
Decoherence time T, [ns]

Figure 8 Fidelity analysis under non-unitary evolution. (a) Plot of the minimum infidelity of the standard
fast-QUAD (green, dashed), geometric fast-QUAD (red line), and linear protocol (black, dashed line) for a fixed
decoherence time T for pulses up to 50 ns. The standard and geometric fast-QUAD protocols, even under
dephasing noise and dense energy spectra (2 = 1 GHz, AE; = 1 GHz), do always provide higher fidelity
protocols at ultrafast operation times (r;k < 10 ns) than the linear one. The boundary conditions chosen are:
&= 20/=200 GHz, and &¢ = 0. (b) Best pulse operation times as a function of decoherence time T,. Note that
the linear protocol, due to the fact that it induces diabatic transitions, will always pick the longest operation
time to achieve the highest fidelity

given by the optimal pulse operation time ¢; for any given decoherence time T5. The lin-
ear protocol will always perform best at the longest allowed pulse times to suppress the
diabatic transitions which dominate in this regime. On the other hand, the (geometric)
fast-QUAD will be optimal at ultrafast operation times (£ < 10 ns) to simultaneously re-
duce the coherent and incoherent errors due to dephasing. Therefore, the (geometric)
fast-QUAD will always outperform the linear protocol under fixed decoherence rates. In
the limit of strong dephasing both the standard and geometric fast-QUAD perform simi-
larly.
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2 Discussion

In this work, we established a relationship between the quantum geometric structure of
the Hilbert space and quasiadiabatic time dynamics. Our main focus lied in providing a
general framework to deal with coherent errors arising from undesired diabatic transi-
tions between multiple energy levels while operating at fast pulse times. Special emphasis
was put on applying these methods to enable fast and high-fidelity adiabatic initialization
and readout for a DQD system, which is integral for the minimization of state-dependent
crosstalk. Nevertheless, we stress that the framework is applicable to all quantum systems
with non-degenerate eigenvalues and only requires optimization on the level of the Hamil-
tonian and not the time-ordered evolution operator. For coherent evolution, we found that
independent of the parameter configuration, the geometric fast-QUAD provides an upper
bound on the transfer error at 1072 for pulse times of 20 ns. Miscalibration of the pulse and
quasistatic noise did not yield significant deviations and hence illustrate the robustness of
the geometric fast-QUAD. For completion, errors arising due to strong dephasing effects
were studied, and it was found that the (geometric) fast-QUAD is always superior to the
linear protocol with respect to the Uhlmann fidelity, while allowing ultrafast operation
times.

Nevertheless, further efforts in the understanding of the quantum geometric approach
have to be made, especially with a focus on including the effects of noise directly into the
formalism [106, 107], understanding the geometric difference between pure and mixed
states, and what the impact of a non-abelian connection and degenerate eigenstates would
be for transfer protocols. So far, the case of mixed states has been tackled only for full and
finite rank density matrices [108, 109], making it challenging to capture non-unitary time
evolution and systems with infinite-dimensional Hilbert spaces. The Choi-Jamiolkowski
isomorphism allows a straightforward extension to unitary gates, giving rise to a formal-
ism similar to the works in [12, 15]. An interesting avenue would also be to explore nu-
merical optimization methods based on geometric cost functions, akin to using GRAPE,
as shown in [110], for state-transfer protocols. In conclusion, the quantum geometry of
parameter space will provide new opportunities for ultrafast adiabatic operations, allow-
ing for significant improvements in the coherent processing of quantum information and

accelerating the advancement of emerging quantum technologies.

3 Methods

3.1 Fundamentals of quantum Riemannian geometry

Bloch sphere from quantum geometry To define the metric g we need to find a basis £, (x)
that spans the tangent space T;P(?). A natural choice is given by the set of traceless and
Hermitian matrices

£ (%) = 8, 6(x) = |, ¥ fw | + [wfa. |, (28)

where we assume that the density matrices are pure p(x) = [ (x)){¥(x)| and that the
derivative is with respect to the parameters x*. We can define the quantum geometric
tensor as the Killing form on the tangent space T;P(H)

1
G = 2 tr(tﬂt,,) (29)
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=Re [ (0,900 | + v [v) w109 (30)

The above equation holds for any state vector in Hilbert space. If we restrict ourselves to
energy eigenstates we can use the Hellmann-Feynman theorem to arrive at Eq. (2) in the
main text. We note that the quantum geometric tensor (QGT) has certain symmetries,
which, in part, will constrain our dynamics. First, the QGT is invariant under shifts in the
ground state energy H — H+w(x)1, which is the known invariance that only energy differ-
ences are measurable and is the expected invariance under a global U/(1) transformation.
Secondly, the QGT does not change if we rescale the Hamiltonian globally with a func-
tion Q(x), i.e. H — Q(x)H, which we will refer to as conformal invariance. We also need
to rescale the time variable to not affect the time dynamics. The conformal invariance will
constrain our dynamics to a (dim M — 1)-dimensional subspace. To see this, we will work
through the example in the main text: A general 2 x 2 Hamiltonian can be written in the
Pauli basis, which in polar coordinates (p, ¢, z) takes the form

A z pe®
HPauli = ( . ) ’ (31)

pe?  —z

where we note that, for pure states, dim P(Hp,y;) = 2 < dim M = 3, as pure states can be
fully described by the angles (6, ¢) on the Bloch sphere. This condition restricts the no-
tion of M being an embedding of the projective Hilbert space P(Hp,yi) as the map is no
longer injective. Due to the conformal invariance, however, we may restrict ourselves to
subspaces that span the projective Hilbert space and hence form a well-defined embed-
ding. For instance, if we identify x* = {p, ¢, z} then we may find a function €2(x) such that
we can reduce the number of parameters. If we want to work in the subspace of x* = {p, z}
we find that the quantum metric tensor is singular, i.e. detg = 0, which alludes to the fact
that the embedding is ill-defined. This feature can be seen by the fact that there is no
non-trivial function ©(x) that removes the ¢-dependence. On the other hand, the subsets
x* ={p,¢p} and " = {¢,z} can be well-defined. For instance, if Q(x) = z and we redefine
0!z — p, the Pauli Hamiltonian takes the form

. 1 e
HPauli = ( P ) ’ (32)

pe? -1

which, upon using Eq. (2), leads to a non-singular quantum metric tensor

(o) - —— (T © (33)
e 41+p)\ 0 p2)’

which captures the fact that the embedding is well-defined. This can also be seen by the
fact that now dim P(Hpay);) = dim M. This metric is the metric on the Bloch sphere, as can
be seen if we use p = tan6 and use the transformation rule for the quantum metric tensor
to arrive at

1/1 0
(g (0, 9)] = 2 (0 Gin? 9> . (34)
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Finally, we want to note that the quantum metric tensor, due to the definition as a formal
distance metric on the space of state vectors, only depends on the topology of the manifold
and is, hence, a frame-independent object different from the works in [74, 75, 111]. For
instance, the topology of the single-qubit system is P(Hpayii) = CPP*, which is the complex
projective space or Riemann sphere.

Beltrami identity, Killing charges and energy fluctuations To derive that adiabatic geo-
metric condition (4) we start by simplifying the length functional in the main text via the

Cauchy-Schwarz relation to the following functional [78]

gmﬂ:/wmﬁwwan, (35)
0

where the integrand can be understood as a Lagrangian L[x, %, ] and the functional as the
action. If the Lagrangian does not explicitly depend on time, i.e. dL/9¢t = 0, then Beltrami’s
identity holds

oL

&% —— — L = const. (36)

oxv
The left-hand side is the expression of the Hamiltonian, and hence, in this case, Beltrami’s
identity is a consequence of conservation of energy. Computing the partial derivative of
the Lagrangian above using dx"/0x“ = §/; we find the adiabatic-geometric condition

g x)x"x” = const. (37)

Another way to see this identity is that conservation laws arise due to symmetries. The
connection between symmetry and conserved quantities in the geometrical context is il-
lustrated by the Killing vectors £#. Each Killing vector has an associated conserved charge
(49]

atQE = at (g;w(x)gl%v) = O. (38)

Ifthe Killing vector is proportional to the tangent vector £ o« 4" we also find the adiabatic-
geometric relation. This shows the explicit relation between energy conservation and ge-
ometry. In order to find the geodesics of a manifold one also only needs dim M — 1 Killing
vector fields [49], which aligns with the parameter subspace after the constraint due to the

conformal invariance of the QGT.

3.2 Constraints in the geometric fast-QUAD

The geometric fast-QUAD protocol can be understood as extremizing the length func-
tional L[x,x; ] and, hence, providing a minimum that is robust against parameter fluctu-
ations. The framework is also flexible enough to include constraints that may be imposed
on the physical system. This can be done via the inclusion of a Lagrange multiplier A and
an associated constraint functional C[x, %], yielding a new length functional

Llx, %] = L[x,x] + 1 Clx, x]. (39)
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The geodesic equations, which constitute the minimum of the length functional §£ =0,
are now altered to

0=38L[x#] (40)

= 8L[x,X] + 1. 8C[x, %], (41)
which yield new sets of differential equations that explicitly depend on the constraint C,
similar to the case of the quantum brachistochrone [14, 16]. Note that including a general

constraint C may break the symmetries of the original length functional £, resulting in the

breaking of our geometric fast-QUAD protocol (4).

3.3 Optimality of geometric-adiabatic protocol
Here we will show that our quantum geometric approach is equivalent to minimizing the

energy fluctuations. Starting from the second-order Taylor expansion of the wave function

2

d 1d
[Y (& +do) = [ (D) + AR dt+ - — [y @) de, (42)

2 de?

and using the Schroedinger equation, we also find

Wit do) ~ 1y @) + (- iH) [y @) des (—z‘;—’f —HZ) (o) d. (43)

Similar to the main text, we compare this infinitesimally evolved state with the initial state

to compute the fidelity (up to second-order terms)
WO+ de) P~ 1= ((H) - (H)?)de? (44)

~ 1 -oldt’. (45)

This means that in order to stay adiabatic, one needs to minimize the energy fluctuations
o2. This fidelity is exactly mapped out by the quantum metric tensor, as seen in the main
text

L (Y@l (t +de)|)* ~ opdt® (46)

1
L- (Y @)Y (x + dx))|* ~ ng(x)dx"dx”, (47)

hence we find that the quantum geometric protocol achieves the optimal adiabatic proto-

col (up to second order)

min (g,w(x)ﬂ dx“) = min (2 aﬁ). (48)

dt dt

3.4 Numerical methods
Here we outline the numerical methods used in the main text, including the generation of

the pulse shapes, the Hamiltonian, and the Lindblad master equation solvers.
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Pulse shape interpolation First, we compute the quantum metric tensor using Eq. (29).
Making use of the quantum adiabatic condition (4), we obtain a differential equation for
the pulse in terms of the adiabaticity parameter §. In the single-parameter case, where we
focus on the detuning &(¢) as our control parameter, we find

-1

de\* | (ol 8 H 1Y) |*
(&) - 2 By | “

for the geometric fast-QUAD method, and

-1

de\? | (Wold-H| ) |
(5> B gg\ E-E)* | 0

for the standard fast-QUAD. As mentioned in the main text, the cost function in our
framework corresponds to the quantum metric tensor g, whereas the standard fast-
QUAD differs by the factor of 2 in the energy splitting, thereby missing the geometric
interpretation. With appropriate boundary conditions, we can compute the adiabaticity
parameter using Eq. (6) as follows

8

&(tp) 2
L oo ) P 61)

=— de 5

tr Jeo) e (E.—Ep)
and similarly for the standard fast-QUAD. Finally, we solve the above differential equation
for the pulse numerically (See Fig. 9).

Computational complexity We note that the computational complexity of generating
the pulses is mainly determined by the diagonalization bottleneck. For a N x N dense
Hamiltonian matrix, one requires O(N?) operations to fully diagonalize the system. How-
ever, in our framework, we can naturally restrict ourselves to the closest k eigenvalues and
eigenvectors, therefore achieving a reduced time complexity of O(N2k).

In contrast, for instance, numerical methods like GRAPE typically require a computa-
tional complexity of O(KLN?®) [110], where K is the total number of control parameters
and L is the number of iteration steps. However, we note that approximate Krylov methods
can reduce the time-complexity of GRAPE to O(KLN?k), where k is the dimension of the
Krylov subspace, at the cost of restrictions on the time intervals [112]. We also note that
the required iteration steps of GRAPE can be strongly decreased using a geometric gate
optimization [110]. Faster convergence is achieved using geometric updates, as opposed
to the GRAPE updates, that follow the geodesic path to the target gate, at the cost of a
steeper O(N*) dependence.

Hamiltonian simulation For the numerical simulations of the coherent population
transfer, we first generate a pulse according to the boundary conditions for initializa-
tion or readout. Next, we replace the numerically solved pulse &,ym(¢) in the Hamiltonian
operator and then solve the Schrodinger equation (in units of 72 = 1)

d .
i& V() = Hlenum(O] ¥ (2)) - (52)
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Figure 9 Control pulse shapes for the initialization protocol. (a) Given the Hamiltonian in Eq. (22), we
numerically solve for the pulse shape &num(t) using the geometric fast-QUAD (4). (b) Detuning pulse shapes
for the analysis of the truncated full DQD shown in Fig. 3. However, here we illustrate the differences between
the three main methods studied in this work: the linear, fast-QUAD, and geometric approaches

Given the initial state |o(t = 0)), we evolve the state and project it onto the lowest energy

eigenstate at the final pulse time to see whether coherent errors occurred. For that, we
compute the transfer probability p(z) = | (wo(tf)wgeo(tf)) |2, where

tf R
’wgeo(tf» = TCXP<—i/ H[gnum(t)]) [Yo(t=0)).
0

(53)

Lindblad simulation For the numerical simulations of the Lindblad master equation, we

switch to the vectorized form. We choose to use vectorization by row, which means that,

for instance,

QU o SV

(54)

(55)

Page 19 of 25



Ventura-Meinersen et al. EPJ Quantum Technology (2025) 12:125 Page 20 of 25

1.0 4
geo: T, =1ns

linear: T,=1ns
fQ:T,=1ns
geo: T, =100 ns

0.8

linear: T, =100 ns

= o]

K fQ: T, =100 ns

2

)

EM A—*

0.2 1

0.0

0 10 20 30 40 50
Pulse time tf [ns]

Figure 10 Example of simulated Uhlmann fidelity between the lowest energy eigenstate and the mixed state
after Lindbladian evolution. The full (dashed) lines represent the fidelities for a dephasing time T, = 100 ns

(T, =1 ns) with the dots and the stars illustrating the maximum values of the overlap for the respective
decoherence times

where the Lindbladian takes the form

A ~ PO ~ ~ ~ 1 A oA PN
E:—i<H®]1—]l®HT)+ZL/®L;*—§(i jei+iellfL)"). (56)
j

Note that the expression explicitly depends on the basis chosen, as the transpose is basis-
dependent. To compute the success of the state transfer protocols we define the Uhlmann
fidelity

Fp,o) = (tr ﬁaﬁ)z. (57)

We will use this to quantify the overlap between the time-evolved pure initial state
[¥0(0)) ~ [S5(2,0)) to the mixed state at the end of the non-unitary evolution p(t). In this
case, the fidelity simplifies to

F(p (o 1o)X Wo(to]) = | (Yolto)| ot o(te) |- (58)

Defining |vo)) = vec[|yo(t))(¥o(t)|] we find that the Uhlmann fidelity reduces to

F(te) = [{{pE)|¥o(t))|. (59)

Figure 10 shows the procedure to obtain the optimal control simulation in Fig. 8. We
start by simulating the Uhlmann fidelity for a fixed decoherence time T, for pulse times
tr € [0,50] ns and extract the highest overlap for both the linear (dashed line) and geo-
metric (full line) protocol. These are shown in the figure as blue circles/red stars for two
exemplary decoherence times T, = 1,100 ns, respectively. Note that the geometric proto-
col provides a higher fidelity at shorter pulse times. From each simulation, therefore, we
extract the fidelity F(¢;), the pulse time 7 at which the highest fidelity is reached, and the
corresponding decoherence time 7.
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Figure 11 Coherent transfer errors for the model in Eq. (17) disregarding the very-high-energy state |5(0, 2)).
The main anti-crossing is the one governed by AEy, hence, to avoid special resonance sweep spots we
simulate the fidelity for AEx =.1 GHz to AEx =1 GHz. We plot the average over these in bold. The number of
excited states, labeled by n, improves the fidelity in the adiabatic limit. The parameters used in the simulation
are: U=100 GHz, £ =10 GHz, =10 GHz, AE; =1 GHz, & =10 GHz, and &g = 3U/2

3.5 Full Hilbert space analysis

In the main text, we provide a framework flexible to be used for any quantum system. In
Fig. 3, we provided the example of generating a geometric fast-QUAD pulse while only us-
ing 1 excited state. However, if we include more excited states, we find that, in the adiabatic
limit, the pulse shape will yield higher fidelities. Here, we study the sequential inclusion
of these excited states as shown in Fig. 11 and neglecting the state |S(0,2)), which is far-
separated in energy = 2[I. In bold, we plot the average for different AEx to avoid specific
resonances. Our results clearly show that additional energy eigenstates increase the fi-
delity as expected. However, we note that the gain in infidelity comes in steps and slows

down for farther separated states, allowing for an efficient computation by truncation.
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