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INTRODUCTION

The preceeding results (see ref. [1] and [2]) indicate that the frequency-
amplitude relationships admit more than one solution for some values of

frequency. One solution that is always possible is B = 0, namely, single
mode response, in which case the nodal lines of radial displacement form a
stationary spatial pattern and the motion is symmetric about the planes y =

0. We may also sometimes find real, nonzero values of B which satisfy the
frequency-amplitude relationships. Such solutions represent the traveling
wave moving around the circumference resulting in a moving nodal pattern. In
order to ascertain whether the single or coupled mode response will actually
occur, we must consider the stability of the responses obtained by
theoretical analysis.

The first work dealing with the stability of response was done by Evensen
for rings in 1964 [4]. He used the method of slowly varying parameters [3]
in his investigation. This method was also used later by Ginsberg in the
stability analysis of the nonlinear vibration of shells [6].

The purpose of this phase of the present study is to investigate the
stability characteristics of the frequency-amplitude relationship derived
for various cases, which are presented in ref. [1] and [2]. The method of
slowly varying parameters is used. The stability of both the single mode as
well as the coupled mode responses are investigated. In order to ensure the
necessary accuracy the Newton-Rapson method was used. The results of the
calculations are presented and discussed in the ref. [1] and [2]. Only the
process of the investigation and the associated equations are presented
here

ANALYSIS

It has been reported in ref. [1] that Galerkin's procedure yielded .two
coupled nonlinear differential equations for A(t) and B(t), which are the
amplitude of the driven mode and of the companion mode, respectively. These
equations are:

2 2 R R
- d°A - dr | - - d°c - dC
o, — +a. — +a A+ a, — [A+S (6.+6.)) + a_. — [A+§ (8. +6.)]1 +
1 52 2 4 3 42 n,s %2 %2 5 4t n,s %2 %2
+ &6A2 + &7(A2+82) + &8(A2-BZ) + &9A3 + &10(A2+82)A + &11(A2+82)A2 +
2 2.2 2 2.2

+ &12(A +BS)C + &1 (A“+B°)°A = F (1-1)
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dzB =~ dB = = d2C

B, —5 + B, — *+ BB +8
1 2 2 3 y dt2 7

dt dt
+ 59(A2+BZ)AB + §1O(A2+B2)2B =0 (1-2)

. BB L g+ d
dt

A% + 58(A2+B?)B +

where Ugs Aoy eees &13 and 51, 82, .oy 810 are coefficients which are
defined in Appendix A of ref. [1]. Also FD is the generalized dynamic force

defined in ref. [1]. :
To study stability of the solutions reported in ref. 1] and [2],
equations (1) are rewritten as follows:

2 2 2
9__.% + 2‘Ys g.‘& A + %E[(gé)z + A g__% + (2?.)2 + B .q_.g. +
drt dr drt dt dr dr

~ d2A -
+ Gn’2(62+62);:§][A+6n’£(62+62)] +
3y ora G4, 5B >y g : 2 2

+ uYse[A + B + Gn;£(62+62) ][A+6n’1(62 62)]+ aS1A + aszB +

drt dt dr

3 2 2 .2,,2 2 .22 2 2.2

+ as3A + asuAB + asS(A +BT)AT + as6(A +B7)" + as7(A +B7)7A =
FsD cos @ _1 (2-1)

2 2 2 - 2

drt dr dt dt dt ' dt
3 a , o a8 Sy A 2 3
+ § YgeBIA T + B o + 8, g (8,48,) 1 * BB * B AB + B BT
2. .2 2 2.2
+ BsS(A +B7)AB + 856(A +B“)°B = 0 (2-2)

where Qs’ Ys’ T and FSD are nondimensional frequency, damping, time and

excitation, defined as follows:

Qs = w/wmn
Y, = —
prmn
=0 t
mn
Fsp = Fo/82
=2 1 BZE
Wn =33 is the linear natural frequency of free vibration of the
pR

imperfect shell, and
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€ = (£§D)2

The coefficients agqs @ .y Q and B ey Bs6 are defined in

s2’ *° s7 s1? 852’

Appendix A. B, is defined in Appendix C of Ref. [2].

2
As a test of the stability of the response, the following small
perturbations z(t) and n(t) are introduced

A1) = Kcosx1 + (1) (3-1)

B(1) = §cosx2 + n(1) (3-2)
where

Xy = Qg1 * ¢ (4-1)

Xy = QT * ¥ (4-2)

The ¢ and ¢ are the average value (over one period) of the phase angle
defined in [1].

These expressions are then substituted into equations (1-1) and (1-2).
The first order terms in the perturbations are retained. This procedure
results in two coupled differential equations for g{t) and n{t), namely:

2 2
- d ¢ - d - - d™n - dn -
a,—2t+ta ,—2+a_ 7 +ta +g,_ —+a ,n=20 (5-1)
si dT2 s2 dt s3 sy d12 s5 dt s6
2 2 2
- dn, = dn, = sz d¢ .,z d¢o .7
g + B + g . .n+ B + 8 +8 =20 (5-2)
s dT2 s2 dt s3 s}y d12 s5 dt sb
where the coefficients Ugqs Bgor soes Qg and 831, Bs2’ ey 856 are defined

in Appendix B. The details of derivation of the equations (5) can be found
in Appendix C.

It is obvious that no closed form solutions of these equations are
known, However, approximate solutions can be obtained by using numerical
integration procedures directly or indirect numerical procedures. In the
present analysis, the Method of Slowly Varying Perturbations [3] is
employed. In this method, the perturbations z(1) and n(t) are assumed in the
form :

z(t)
n(t) = n1(r)sinx2 + nz(T)COSXZ (6=2)

lv;](r)cosx1 + r,z(r)sinx1 (6-1)




where ;1, ;2, n, and n, are assumed to be slowly varying_functions of 1.
2 2

Then the derivatives 25, 9—5, dn and d4n are replaced by
2 2
dt drt dt dt

a .. .0 siny, + r.Q_cosy (7-1)
dt 1"'s 1 2"'s 1
dn _ _ . -
qc - n1QScosx2 n29331nx2 (7-2)
955 =~z chos -z stin - EE— Q_siny, + EE— Q_cosy (7-3)

2 1%590%Xy 2SIy sy s 1
dt dt dt

2 dn dn
d n - : _ 2_. _ 2 _

> Qscosx2 — st;nx2 n19851nx2 n2nscosx2 (7-4)
dt dt dt

together with the auxiliary conditions

dg, de,

— cosy, * — siny, = 0 (8-1)
dx dt

dn dn2

— sinx, + —= cosx, = 0 (8-2)
dr dt

These expressions for the derivatives are then substituted into
equations (5) and the procedure described in Appendix D is used. This

procedure yields four linear differential equations for 21, 22, 51 and 32,

which can be put in matrix form as follows:

M1{e} = [N]{g%} (9)
where
/ E1W
fo} = <,
n
.;‘2J

and [M] and [N] are 4x4 matrices respectively. The elements that are

contained in these matrices are functions of K, B, Q and Y, which are
defined in Appendix E. Equations (9) are derived for the case of the coupled
mode response. The equations for the case of single mode response can be



obtained easily from this matrix equation by letting B =0 in the matrix

elements and replacing sin2a and cos2a by sin5 and cosa respectively as
shown in Appendix E,

It is obvious that {¢} = {¢0} e*™ is a possible solution of the matrix

equation (9), where {¢ is a constant column matrix whose matrix elements

N
will be determined.

Substituting {¢} = {¢O} eAT into equation (9) leads to a standard

eigenvalue problem for determining the i's,
[N-AM| =0 (10)

It is demonstrated in Appendix E that the matrices [M] and [N] are
nonsymmetric. That means that the solutions of equation (10) are complex. If
any of the A's have a positive real part, then the corresponding
perturbations will increase exponentially with time. In this case, the
associated response is said to be unstable; conversely, if none of the A's
have a positive real part, the response is said to be stable.

Stability of both the single mode response as well as the coupled mode
response for various values of damping, excitation and shell geometry were
investigated by using equation (10). In order to ensure the required
accuracy in the present analysis, the Newton-Raphson method was used to

refine the values of A and B obtained by cross-plotting.. These refined
values are then substituted into equation (10) along with the @, Y and

associated parameters sin2A and cos2A. For each case the eigenvalues were
examined to determine whether or not they had a positive real part. In this
manner, the stability of the responses plotted in ref. [1] and [2] was
determined. The results of the calculations are discussed in ref. [1] and
[2], respectively.
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APPENDIX A COEFFICIENTS OF EQUATIONS (2)

agq = (Byg * Byg * Byg)/By
ag, = (Big = Byg)/B,
y
o553 = 3 B378;
agy = 48,78,
ag5 = 8110782
%56 = B111782
as? - 865/82
Bgy = B,/B,
s2 = Bas’Bs
s3 = "8g’8;
y
Bss = Bog/B>

Bsg = 8B10782

where 82, 63, ey 310 are defined in Appendix C of Ref. [2]. 815’ 816’ 817,

825, 828’ 8110 and 8111 are defined as follows:

2
R -
B = —— ¢
15 N
2
2R -
g === c
16_ Eh2 6
2
2RC -
B s — ¢
17 en2 T
B, = 28? :
110 ~ ;2 710
2
2R" -
8 =—c
1Mo 2
B, = 2R° 3
25 .2 4
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where CS’ 06' 07, 010, 011, du and d7 are defined in Appendix C of Ref. [2].
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APPENDIX B COEFFICIENTS OF EQUATIONS (5)

Q1

si

QI

s2

s3

Q1

sl

QI

s5

%s6

™!

s1

>

s2

™l

s3

-8

—
+
oolw

3

n
2
'

S 4 n,8 2 2

- 2
+ 28, (8,48 )c08x, + 8 ,(6,48,)7]

-2 2 ~ -
e[A"cos Xq * 26n,g(62+62) A cosyx, +

= ensﬂzsinh[cosx1 + 8 (§,+6,)] +

~ 2
n,g (8276507

§
3., rrr 2
m YSeA[Acos Xq *

3 10252, .2 . 2 2=2, 2 __.2
1+ 8 s[QSA (sin X 2cos X1) + QSB (cos x,"sin XZ) +

- 2021 5 -3 2%si -
ZQsAén’g(62+62)cosx1] m Yseﬂs[A 51n(2x1)

- 2A6n’l(62+52)31nx1] + 2as
3

1
=3
+ ass[uA cos

+ 2as6[23.3cos3

+ as7[51-xucosux1 + 6K2§231n2x20032x1 + ﬁusinuxzj
% eﬁ[ﬁco§i1sinx2 + Gn’2(62+32)sinx2]
% Yseé[ﬁcosx1sinx2 + Gn,l(62+32)sinX2] + % eré[Kcosx1cosx2 +
+ 6n’1(62+g2)cosx2]'
- % eQi §sinx2[l-&cosx1 + 6n,2(62+32)] + % eYstﬁcosxz[Kcosx1 +
+ 6n,1(52+32)] + 2as2§sinx2 + 2asuK§cosx1sinx2 + 2a5552§coszx1sinxz+
+ Mas6[§3sin3x2 + Kzﬁcoszx1sinx21 + Mas7[ﬁ3§cos3x1sinx2 +
+ AB sin3x2003x1]
1+ %eézsinzxz
27, + %ensézsin(zxz) N %Yseﬁzsinxz
7/82 + %e[niﬁz(sin2x1 - coszx1) + Qzﬁz(coszx2 - sin2x2) +
- Qiﬁén,l(62+32)cosx1] +
- % Yser[é Ezsin(2x1) - ézsin(zxz) + Kdn’2(62+32)sinx1] + Bszl_\cosx1 ¥
+ Bs3 szcoszx1 + 385u ﬁzsinzx2 + 885[330033)(1 + 3K§2003x1sin2x2] +
+ 856[Kucos“x1 + Sﬁusinux2 + 652§2c032x1sin2x2]

Kcosx1 + 3as

1 =2 .
3 B 31n(2x2) +

=2 2 =2 . 2
3A cos X4 + asHB sin X5 +

=2 . 2 -—2 . 2
Xq * B"sin Xo ¥ 2AB"sin X2003X1] +

=2 . 2 -2 . 2
Xq * B sin Xo ¥ 2AB " sin x2cosx1] +
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APPENDIX C DERIVATION OF EQUATIONS (5)

The details of the process is demonstrated here by deriving the
equations (5-1) from equation (1-1).

Substituting equations (3) into equation(1-1) and keeping only the
first order terms of the perturbations in the resulting equation, one
obtains

f1(QS’YS'A’B'FSD) + fZ(QS,Ys,C1,C2.H1,ﬂ2,A,B) =0 (B-1)

where

and

QI

I

QgAcosx1 + 2Y (-0 A51nx )+ Acosx1 + % [Q A 31n2x1 - QZAzcoszx1 +
(-Q

2=2 2 2 2 2 N
QSB cos X2 2 B sin Xo * Gn 2( ot 2) Acosx )][Acosx1 +
§ 2(62+62)]
éY e[-Q A231nx cosy, + Q §zsinx cosy (8 )( Q A31nx )]
4's S 1 1 2 2 n,% 2
- -2 2 =2 2 =3 .3
[Acosx1 + n 2(62+62)] aS1A cos“y, *a 2B sin X, * @ 3A cosx, *

==2 . 2 -4 y =2=2 2 X y
asMAB sin"y,cosx, * ass[A cos x, * A"B cos x,sin x2] + as6[A cos x, *

=4 .4 -2=2 2 .2 =4 4 =4 4
B 'sin x2 *+ 2A"B"cos"x,sin X2] + as7[A cos x, * B'sinx, *

-2=2 .
2A"B cos x151n x2]831nx2 FsDcosQT
(B-2)
2 2
d¢ , -~ d¢g - -~ dn_ - dn, =
— +a_,—=t*ta L *ta +a.— ta,n (B-3)
s1 dTZ s2 dat s3 sl d12 s5 dt s6

t is evidence that the function f‘1 is identical to zero since

equations (3) are its solution. Only f2 remains. The equation (5-2) can be

obtained using a similar procedure.
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APPENDIX D DERIVATION OF EQUATION (4)

The purpose of this appendix is to describe the details of the

derivation of equation (9).
Substituting expressions for the derivatives (7) into the equations (5)
yields two coupled equations:

- 2 > daz dg
as1{- ;1nscosx1 - c29351nx1 T stulx1 + rCH Qscosx1} +
+ asz{- T 2 sing, *+ cZQscosx1} + as3{;1cosx1 + g2s1nx1} +
_ dn dn :
+ a {——— Q cosy, - =— Q_sinx, - n 251nx -n chosx } +
sitdr S 2 dt s 2 1 s 2 2's 2
+ ass{nlﬂscosx2 - n29581nx2} + as6{n1SlnX2 + n2005X2} =0 (D-1)
dn dn 5 5
351{d Q. cosx, = o 8g8ink, - n19331nx2 - n2nscosx2} +
+ B 2{n19 cosy, = N sinx } 3{n131nx2 + nzcosxz} +
dg dg
= 2 2 1 2
* Ssu{ C19 s€OSX,4 ;2 smx1 I Q smx1 Y 3T Q 508X } o+
* Byglr agsing, + g figeosy, b+ Bogle cosyy + posink b -0 (D-2)

Equation (D-1) is multiplied by sinx1 and is added to the auxiliary

condition (8-1) after the latter has been multiplied by (- &S1QScosx1). This

procedure yields the following equation:

- dC1 - d'ﬂ - dn

T agy g % togy gro B3Iy 008X, T %y gr

1 2 - . 2
{E a 1stm2x1 + as29331n X4

Q 31nx 81nx2

1

1 - .

5 %3 s1n2x1} g, +
a 31n2x b o, +

3 2

cosy, - as6SlnX2SlnX1} n,

+

= 2 2 1 = .
{as1st1n X4 ] asznssm2x1 + s

sinx1 -a stinx1

2.
+ {asu9331nx2

s5

2 . =
{asu9831nx1cosx2 + a

+

o5SinX {Sinx, = as6SlnX1COSX2} n, (D-3)




15

In this state of the analysis, the coefficients 551, 532, ey &s6 are

substituted into equation (D-3) and then the resulting equation is
"averaged" by integrating t from O to 2w. This procedure yields

de, de, - dn, dn, - -
My g t Mg P M3ar P Muar S M S T M2t P s My ™
(D-4)

Similarly, if both sides of equation (D-1) are multiplied by cosy , and
the equation resulted is added to the auxiliary condition (8-1) after the

latter has been multiplied by (- &S sinx1), and then the average procedure

1
mentioned above is used again, one can obtain a second equation as

dt, G, n, dn,

Moy gr * Moo ar " M3 ar P Monar T M Y T Motttz R

2y M2
(D-5)

Applying the same procedure to equation (D-2) yields another two
equations.

5;1 552 an1 anz - - - -
My dr " M2 37 P M3 dr T Manar C M3 Y TPt tfliz M YRy M
(D-6)
and
dz, dz, 5n1 anz - - - -
My g0 " M2 g F ™3 ar P Mmuar C far S T Ty T2 T Taz Mt Puy M2
(D-7)

where El , 22, 31 and 32 are average values of ;1, ;2, n1and N, respectively
and mij are coefficients defined in Appendix E.

These four linear differential equations can be put in matrix form as
follows:

[Ml{o} = [N]{SE) (p-8)
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APPENDIX E
- - 3 32,3 s )2
m,, = 93{1 g eAT + 3 eén’2(62+52) }
Myp = My =0
.3 1B ‘
m13 = &5 EQSABCOSZA
iy = M3
Moo = 7 ™y
- -3 ABsinoa
m23 = 60 erA851n2A
- -3 AB(1- 1 A
m,y, = 3 eQSAB(1 5 cos2A)
m31 = = m13
m32 = m23
- 3 .82
mys = 93{1 + og B }
m3u = mu3 = 0
m)41 = - m23
My = 7 Moy
Pyy = 7 M33
- 3 (-332,152 A 5 211 - 15213 o2
n, o= ey {1+ 3 el 3 AT+ §BTcosan + 8 ((8,+8,) I} -g8 [ eqg * agy *
-2 =2 ey
tag, [3a B“]} sin2a
372 _1 .2y U3 2=2 - 3 -2 -
n, =3 A {as3 8 er} 32 EQSB cos2h + 32 eYSQsB sinz2a +
1 =2 1 - 1 =4 =2-2 =l -
+ g ag,B°(1+ 5 cos2a) + 1£ as7{5A + 6A°BS + B (3 + 2cos2n) +
- o211 4+ 3 72(1-Yc0s? 3 NRY: 1
aglz + 55 eA"(1-5c0s%8) + 3z e, ((5,+6,)7} + 3
1 == =2 =27 _ 3 21.s 57 . 3 ==
n13 = T AB{asu + as7[A + 2B ] i EQS}SIHZA + 16 eYSQsABcos2A
1 5= =2 =27 _3 .2 = 3 —= .
Ny =T AB{asu + as7[A + B“] : er}cos2A + 37 € Y 2 ABsin2a
9 =2 1 .21 _ 3 o232 - _ 3 -2 -
n21 =716 A {as3 + g ens} 3% sﬂs cos2A 3 erYSB sin2A +
1 2,1 - 1 -~ ~2-2.3 _ - =43 _ -
* 3 asuB (1 2cos2A) * 76 as7{25A + 12A"B (2 cos2a)} + 2B (2 cos24) +
211,98 2,3 5.)°) + L
s gl v g et v gg a8, 1 (8,760} + 3




Ny, = ~ QSYS{1 + % e[% Al - % 520032
LT 0l

Nyy = = % Kﬁ{asu(1—%0032A) + as7[52
+ %E sYstﬂésinZA

N,y = % Kﬁ{asu + as7[2A2 + B2] - % €

ny, =3 MBlagy + B gl2h” + B°) - Je

ngp = < BBlegs + g selh + 8] - 5

= 3 Flo 1,2 -
- %5 eYst§2 - Y0

Ny = % 92{1 + %3 e[§2 + 2%cos2a]} +
- % 8s6[A (3 + cos2h) + % 5% 4 3

ny, = - %3 eAB{QgcoszZ + stssinzl}
- % 83635[52 + 52](% - cos2a)

Ny, = - %E eﬂé{azsinzl - stscoszZ}

nys = % 95{1 + ?6 e[38° - A%cos2a]}
- % Bs6[A (3 - cos2h) + %2 B .

Myy = % A2{833 * 836[52 + 357 - % €
ML

Notice that in the case of A #

17

~

A+ S ’2(62+52

2]}sin2A

+ §2](% -cos2h) + % eQicosZZ} +

)2} +

Iw

Qz}sinZZ - €Y_Q_ABcos2A
s s's

(@)

1

T, 3
T
-2
€Y Q A cos2A +
s s

eY Q _ABsin2a
S S

3
32

3 Y _Q A2s1n2A T B A (1+—cos2A) +

32 s's s3
-2-27 _ 1 3, =2
] 2 B 8 BSMB

AB
1 -
3 BS3AB(1 EcosZA) +

B 3A§sin2£ +'% 8 6K§[K2 + 28°] sin2a

eY Q A251n2A - % B

¥ ﬂ
3
32
6428 (3 - cos2p)] -

K2(1—%0032Z) +

1 9 2
2 Bs1 78 BsuB
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0 and B # 0, namely, the case of coupled

mode response sin2a and cos2A are those defined in (1], which are repeated

here for convenience:

- 2
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s, = Bl(Bgv) + [Be0" - Bg - 28, (A7 + BT)]T #

=2=2 2 -2 =2
28, ,A"B (8,07 - Bg = 28,(A" + B )]}
But for the case of A # 0 and B = 0, namely the case of single mode response

the sin2a and cos2A must be replaced by sina and cosa respectively.

= _ 2= -2 ° 2 = -3 =5 =
sing = [-Q°A[1 + B,A + 2315n,2(52+52) ]+ BA + BoAY + 5B b/F
21 /F

cos¢ = -QY[ZK + 8153 + NB1E6n 2(62+62) b
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