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Abstract: This work for the first time develops a neuro-adaptive control strategy for an extended class of longitudinal dynamics
of hypersonic flight vehicles (HFVs). To handle with the design difficulty that the uncertain time-varying disturbances appear
implicitly in HFVs dynamics, a new function approximator is designed by incorporating the fourier series expansion (FSE) into
the radial basis function neural networks (RBFNNs). An integral term and a linear term are, respectively, constructed to speed
up the convergence rate and compensate for the negative effects caused by approximation errors. It is rigorously proved that all
closed-loop signals are semi-globally uniformly ultimately bounded (SGUUB). Simulation results verify the effectiveness of the

proposed control methodology.
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1 Introduction

Several research on HFVs have been carried out by world-
wide institutes due to its advantages of high-speed and low
cost especially in the near-space transportation [1]. For ex-
ample, a feedback linearization method is employed for s-
teering the velocity and altitude to the reference trajectories
in [2], overcoming the design difficulty arising from the cou-
plings between the engine and the flight dynamics of longi-
tudinal system. By introducing an auxiliary system, a robust
adaptive dynamic surface control method is proposed to deal
with the actuator saturation problem in [3]. In [4], a com-
mand filtered back-stepping control technique is presented
for the longitudinal dynamics to filter the virtual control law,
which alleviates the computation burden in the sense that no
calculation of the derivative of virtual control law is required.
Besides, in order to deal with small angle values encountered
in engineering practice, the reconstruction strategies of flight
track angle and angle of attack are provided in [5]. Howev-
er, above mentioned results are merely based on the ideal
HFVs dynamics in which disturbance terms were not taken
into account.

It is well-recognized that perturbations inevitably occur
in HFVs dynamics due to the presence of uncertain aerody-
namic parameters and unknown time-varying aerodynamics.
The main obstacle in dealing with such perturbations lies in
the fact that they influence the system in a nonlinear and un-
known manner [6]. To counteract this barrier, fuzzy adaptive
control [7]-[10], multilayer nerual networks (MNNs) [11]
and RBFNNs [12]-[14] have been exploited for estimating
those system nonlinearities. More specifically, in [10], a
fuzzy-approximation-based adaptive control method is pro-
posed to solve the non-smooth issue while designing distur-
bance observer. The MNNs and the backstepping technolo-
gy are combined in [11] to achieve closed-loop stability for
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strict-feedback nonlinear systems. In [13], a RBFNNs-based
adaptive control strategy is developed to stabilize a class of
nonlinear high-order dynamics. Nevertheless, as far as we
know, owing to the design difficulty, no control approach
known has been proposed for the dynamics of HFVs with
time-varying periodic disturbances, which impact the flight
quality seriously and cannot be well handled using conven-
tional control scheme. These reasons motivate us to explore
new design going beyond the existing methods. The main
contributions of this study are given in the following three-
folds:

1) To our best knowledge, this should be the first work ad-
dressing tracking control problem for HFVs subject to
unknown periodically time-varying disturbances.

2) Compared to the standard designs in [15]-[17], an in-
tegral term is devised to enhance the convergence rate
of tracking errors, and a linear term is constructed to
compensate for approximation errors.

3) A new approximator consisting of FSE and RBFNNs
is introduced to model each suitable uncertain distur-
bance, where FSE is utilized to estimate the periodic
perturbance. Then the estimated values can be regard-
ed as inputs of RBFNNSs to approximate the uncertain
dynamics of HFVs.

The rest of this paper is organized as: the longitudinal dy-
namics of HFVs, the FSE-RBFNNs-based approximator as
well as preliminaries are provided in section 2. Section 3
presents the neuro-adaptive control design. Stability analy-
sis is given in section 4 and section 5 provides the simulation
results, followed by the conclusion in section 6.

2 Problem Formulation and Preliminaries

2.1 Hypersonic Flight Vehicle Dynamics

The longitudinal dynamic model of HFVs under study is
given as [18]-[19]
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where V, h, v, 6 and @) represent the velocity, altitude, flight
path angle, pitch angle and pitch rate, respectively; I, is
the moment of inertia; 7; denotes the sth elastic mode; (;, w;
and ; are the damping ratio, the natural frequency and the
constrained beam coupling constant for 7;; the thrust force
T, the drag force D, the lift force L, the pitching moment
M, the first generalized force N; and the second general-
ized force N5 are defined as

T =Bi(h, q)000” + Ba(h, @) + Bs(h, §)dea”
+ Ba(h, ) + Bs(h, @)dsa + Bs(h, §)cx
+ B7(h, @)0s + Bs(h, q),
D =GSC% a2 +qSC8a+qSCss’ 5.2 +GSCo% 5, +qSCy,
M =2pT+GSeCs; o0 +3SeCsy 4ot GSeCyy o +qSec,s.,
L =GSC¢a + gSCis. + gsSC?,
Ny =N*"a? + N + NP,
Nz =N§“a? + Nfa + N8, + N3,

_pvz oy [0 =
= = X
q 9 P Po €Xp hs )

where @ is the fuel equivalence ratio, ¢, is the elevator an-
gular deflection, and readers can consult [18] for more infor-
mation about other system parameters.

Remark I: Model (1) has been widely used in [1]-[5]: it
consists of five rigid body states, two flexible states, and t-
wo control inputs. It is worth mentioning that §,. is mainly
affected by the angle of attack «, whereas ® is primarily af-
fected by the thrust 7', which is consistent with the model
decomposition shown here and afterward.

The conventional velocity subsystem of HFVs is [5]

V= fv+ove, (8)

_ a2 2
where fvzw — gsiny + €52 [By(h, 7)o+
64(ha lj)a2 + 66(h7 (j)a + 68(h7 (j)] > gv = C(;% [ﬁ7(h7 (7)

+BS (h7 (j)Ol2 + 61 (ha Q)QS] .
The velocity subsystem considered in our paper (embed-
ding unknown time-varying disturbances dy ) is given by

V: fV <’YaeadV) +gV (7a97dV) o. (9)

The system nonlinearities fy (7,8, dy ) and gy (7,0, dy)
are unknown due to the existence of unknown aerodynamic
parameters and unknown external disturbance.

Define the altitude error e, = h— h,. ¢, and the flight path
angle command is devised as

|1 :
Yref= arcsin {V (—k:heh — ki/ehdt + href):| , (10)

where h,.. s is the reference altitude command, k;, and k; are

positive design parameters. Note the fact that e; will con-

verge to zero exponentially as v — 7.y according to [20].
The conventional altitude subsystem of HFVs is [5]

v = f7+g’79a
b=0Q, (11)
Q - fQ +gQ5€7

qs(02 *Cg'}’) + T'sinc _ gcosy __gscy
myv v > 9T v

where f, =

fQ = ZTT + 7QSEC;I:ZQ(Q) and gQ = %

We consider unknown periodic disturbances d.,(t) and
dg(t) with d(t + 1) = d(t) and dg(t + T) = dg(t) in
the altitude subsystem. Then, the altitude subsystem can be
expressed by

¥ =fy (v, dy) 4+ gy (7,dy) 0,
0=Q, (12)
Q = fQ (’YvonadQ) + 9gqQ (VaaaQ7dQ) 5e~

Following similar analysis to velocity subsystem, system
nonlinearities f, (v,d), g~ (v,dy), fo(7,0,Q,dg) and
9¢ (7,6, Q, dg) are unknown continuous functions.

Remark 2: In contrast with the state-of-the-art [1]-[5],[23]
and [24], the most advanced peculiarity of this work lies in
taking unknown periodic disturbances into account in ve-
locity (9) and altitude (12) subsystems. To tackle this is-
sue, a new approximator composed by FSE and RBFNNs
is employed to estimate unknown system nonlinearities
fﬂ’ (77 d’Y)’ Gy (77 dW)? fQ (77 9, Qa dQ) and 9Q (77 97 Qa dQ)

Assumption 1 [I]: The reference trajectory -y,.s is
a sufficiently smooth function with respect to ¢, and
there exists a positive constant By such that [[, :=

{Orers eIy + 32 < BE}.

Assumption 2 [5]: The signs of g, and gq are assumed
known a priori. Without loss of generality, we assume there
exsit positive constants g, g 9Qm and ggas such that
Gym < 19y < gymr and gom <9l < goum-

Remark 3: In altitude subsystem (12), the control gain

function g, = qi?} is changing continuously with respect to

V € Qy and d.,, where 0y is a compact set and d., is a
bounded disturbance, thus continuous function g, (v, d) is
also bounded according to extreme value theorem [16]. Sim-
ilar reasoning results in the boundedness of g (v, 0, Q, dg).

Notation: Throughout this paper, || - || represents the Eu-
clidean norm of a vector, || - || » denotes the Frobenius norm
of a matrix, | - |; denotes the 1-norm of a vector, Ay,q. (A)
and \,ip, (A) are the largest and smallest eigenvalues of a
square matrix A, respectively.
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2.2 FSE-RBFNNs-Based Approximator

We employ the RBFNNs and FSE to construct the com-
posite approximator, d (£) = [dy,...,dm]" € Qm € R™ is
an unknown disturbance vector of known period 7" in com-
pact set €,,. The unknown time-varying periodic distur-
bances can be estimated by FSE in the form of [21]

d(t)=5"¢ ) +da(t), |lball<oa  (13)
where S = [s1,...,8,] € RT*™ is a constant matrix with
s; € R? being a vector consisting of the first ¢ coefficients
of the FSE of d; (¢ is an odd integer), d4 is the truncation
error with upper bound b4, ¢ (£) = [f1 (£),--- g (1)]"
with @1 (t) = 1, ¢o; (t) = V2sin (2mjt/T), ¢oj41 (1) =
V2cos (27mjt/T), j=1,...,(¢ —1)/2.

The RBFNNS are used to approximate the unknown con-
tinuous function [22] as

h(u) = Wy (u) + p, (14)

where u € ), C R"™ is the input vector, n is input dimension
of neural network; ¥ (u) € R! is the basis function vector,
[ > 11is the node number of neural network; p is approxima-
tion error satisfying 0 < |u| < pu*; W* € R! is the optimal
weight vector.

The unknown time-varying periodic disturbances and the
measured states x; of HFVs dynamics are taken as inputs, in
that we assume V/, h, v, 6 and @) are measurable and take
periodic disturbances in the form of (13), thus, the unknown
function can be expressed as

hi (Xi, di) = Wi 0 (xi, ST+ 64) + i (15)

According to (15), we construct a FSE-RBFNNs approxi-
mator as

Gi (xirt) = Wiy (xi, Si" 9) - (16)

Then we can obtain

hi (xirdi) =Wip (xi, Si" @) + 6; (xin 1)

(17)

where §; (i, t) is the approximate error satisfying 0 <

Lemma 1 [15]: Note that, in approximator (16), W; and 1);
are unknown and need to be estimated, the estimation errors
of (16) can be expressed as:

WP (xi, ST 6) = Wiy (xi, ST 9)
=W (i (i, ST8) — ¢ (xi, ST 0)ST¢)  (18)
+ Wl-Tw'(Xi, S'Z-Tqb)SiTrb + K.

where WZ- and S’Z are estimqtes of W; aqd SZ; . Further, Eleﬁne
the weight estimate errors W; = W; — W, S; = .5; —S; and
denote ¥ = 1 (x, ST¢) and o' = ¢/ (x, ST ¢) for brevity.

The residual term «; is bounded by

il < Ri=l[Sil|plleW ¥ (ir ST @)l

N N (19)
+ Wil 1[¥ (xs, ST 0) ST ¢l + Wi,

where k; is a positive constant.
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The longitudinal motion is decomposed into altitude sub-
system and velocity subsystem in this paper. In the altitude
subsystem, an adaptive controller based on FSE-RBFNNs
approximator is proposed to achieve the altitude tracking.
Moreover, we simply use proportion-integration-differention
(PID) control, displayed in simulations, to ensure the veloc-
ity tracking in the velocity subsystem.

3 Neuro-Adaptive Control Design

Step I: Define the tracking error as e, = 7 — Ypey, the
derivative of e, is

é'y :;Y_%'ef :g'y(’Yvdw)o‘Ff'y(%d’y) _77'ef- (20)

The form of estimate function is
B (s ) = 957, d) 7 [ £ (1) = g | @1)

Substituting (21) into (20) yields

€y = 9 (7 dv) [9 + hv(va dv)} ) (22)

where X’y = [77 ;)/Tef]T-
Construct the virtual control law «., and adaptive law as

t

Oy =—Ty (/;J‘ka) ev_n'vcw/ e'vdT_Wqu[”Y’ 23)
0
‘SA’,Y = FS"V |:6’Y¢W’3—‘1[)’/Y — U'ygfy:| )

W, =Tw, {67 (1/;’1 - 1/395’3 ) - O"YVAV’Y} ’
where I's. > 0 and 'y, > 0 are adaptive gains, k, > 0,
oy > 0,¢, > 0and p, > 0 are design parameters, and
ny =sign(g, (7, dy)).
Substituting (23) into (22) gives

(24)

) L _
€y =g4(7,dy) {_”7 (% + kv) ey + 2y
(25)

¢
—n.,c,y/ eydr + (0 - av)} )
0

where 2, = h., (x4, d,) — WT4,. According to Lemma I,
it holds that

= T (5, — 0180, ) 4 WG 8T 1, 26
|’f'y| < Ry :||S'v”FH¢W$QZ)fy||F

+ WL T4 ST @l + W

Step 2: Define tracking error ey = ) — o, . We have the
derivative of ey as

27

€g = Q — (uy. (28)
Construct the virtual control law ay as
t
ayp = —kgeg — C(;/ eng, (29)
0

where kg > 0 and ¢y > 0 are design parameters.
Substituting (29) into (28) gives rise to

t
g = —kpeg — Cg/ egdT — (jz,y + (Q — 049) . (30)
0
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Step 3: Define tracking error eg = () — ayg, the derivative
of e is

eQ = 9Q (1,0,Q,dq) 0 + fq (7,0,Q,dq) — dy.  (31)

The form of estimate function is
ho(xq: d@)=95'(7,0,Q, dg) {f@(%& Q, dQ)—de]- (32)
Substituting (32) into (31) results in
€Q =9q (7,0,Q,dq) [5e + hq (Xq dQ)], 33)

where x¢o = [7,0,Q, cg]”.
Construct the actual control law ¢, and adaptive law as

t
8 =—nq (M7Q+kQ> BQ*TLQCQ/O cQdT=Wqte, (34)

S'Q = FSQ {6Q¢W§1&b — O’QS’Q} 5

Wa =T, [eq(fo — U6550) — oW .
where FSQ > (0 and I‘WQ > 0 are adaptive gains, kg > 0,
o > 0,co > 0and g > 0 are design parameters, and

ng :Slgn(gQ (Py’ 03 Q7 dQ))
Substituting (34) into (33) leads to

(35)

. H -
€Q =99 (’y, 0, Q7dQ) |:—nQ (762 + kQ) eQ +2q

t
—nQCQ/O €Qd7':|7

where Z¢ = hq(xq,dq) — Whiq. In view of Lemma I,
one has

=W (o — pS50) +WEp S50+ kq+dq, (3T)

(36)

|kal < Ro =[SqllrlloWEdgllr
+[Wall g SGell + Wali.
4 Closed-loop Stability Analysis

(38)

Theorem 1: Consider the closed-loop system consisting of
(12), the virtual control laws (23) and (29), the actual con-
trol laws (34), and the adaptive laws (24) and (35). Let As-
sumptions 1 and 2 hold, then, there exist design parameter-
sTw,,I's,,T'wq,[sqs kv, ke, kg and ¢, cq, cq such that:
all closed-loop signals are SGUUB and the tracking errors
e, will converge to the following set

Qe = {ex|les] < Ci}.

where * represents 7, 6 and Q. C. is a positive constant that
depends on design parameters and adaptive gains.
Proof: Let us take the entire Lyapunov function as

e2 1/ [t g STS
e d tr{ L7
V 2—&—2(/0&, T)—l—r o5 +
2 t 2 2 t 2
eg 1 €0 1/
%, 2 dr) +242 dr) (39
+2+2</0e97>+2+2 OeQT )

STS, WIWw,
perd2eel, ee
M, My,

WIW,
2y

The derivative of V' is

575, W,

Ts, Ty,

t
V =e éy + ev/ eydr + tr
0

t t
+ epéy + ey / epdT + eQéQ +eq / EQdT (40)
0 0

S5 . WoWg

+ tr
Is, T'w,

Substituting (25), (30) and (36) into (40) reaches

t
14 =0~ (’% d"/) |:_nv k’y 6,27 - TL,YC,YQ,Y/ ewdT + €y EV
0
STS,\  WIw t
+ tr y 7 + X RA kgeg — 6969/ Eng
FS“V FW’Y 0

2
Ny b€

2

t
+ (0 — ay)e, } + ev/ ey dT — €egiry
0
t C W,
+(Q7019)69+69/ engJreQ/ eq dT+———
0 0 T'w,

t
+ 9Q (7, 9, Q,dQ) {—anQeé — chQeQ/ eQdT
0

o fhoe2 S8

2 s,
where

exZy =W (s (xy, 870) = ¥, (x+, $70) ST 1 e,
+W7Twi/ Oy, 53;@ S’$¢767+(l€7+6y)€7, (42)

c@Z=W3 (Vo (xe. 55¢) — o (xe. 55)550)eq
+W5¢6(XQ, Sg ¢)§£¢6Q + (HQ -|—(5Q) eq- 43)

where eg = 0 — a, andeg = Q — ap.
Substituting (24), (35), (42) and (43) into (41), we have

Y ¢ Non flry €2
4 :g’Y(’W d'y) {_nykyeg — nvcvey/ e,ydT — %
0

t
+egey+(ky+905) e,y} +e,y/ eydT + oy (tr {S?S.Y}
0
t
-i-WVTWV) — keeg — 0969/ epdT — egc'w + eqeq
0
t o N R t
+69/ 69d7'+0Q <tr {SgSQ }JngWQ)%Q/ 6Qd7'
0 0
t
+ 9Q (’}/, 9, Q, dQ) {—anQeé — chQeQ/ eQdT
0

B nQ,uQezQ

T2+ (kg +80) eQ}. (44)
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Using Young’s inequality leads to

2 2 =2
Raon — B0 e o B (45)
5.e2 82 02
Oy — = <= <= (46)
4 u* s
1
egey < — S 9+ Val > 0, 47)
1
eQee S g@Q"‘jee,an > 0, (48)
1
—egly < —69+—a ,Vaz > 0, 49)
2as3 2
t 1 a4 t 2
e*/ e dr < ez—&-(/ e*d7'> , Yag >0, (50)
0 2a4 2 0

Note that Wi =W; - Wi, we have

W«/TWV :W$ (Wv - Wv) = W’YW’Y - ||Vi/'y||2

LA A &)

WEWo < - S lIWall? + 51l (52)
u {378, } s—lns ||%+1||s I3, (53
{3880} <~ 3lISell: + 5 ISal’2. (54)

Substituting (45)-(54) into (44), and let a = a; = ay =
a3 = ay, one has

" 2
\%4 §—p763{ — peeg? — erQ2 — Ty (/ evd7>
0

o[ ) o[ o) -5 5,

i L e o e Ll
Wo| = [|Se|[, — 5[ Wel| +v. 69

2

where

a 1 1
p'y:n'ygw(%d'y)k'yfig'y(%d’y) %CW+%nng(’y,d )C'ya
1 1 1 a 1
=ko — — d —Ccp— — — — — —
Po=ko — 5-9:(7,dy) + 5-co — 5 = 5 = 5-cp,
—nago (7,6,Q,d )(—Q+k )—i—ic
pPe=nego 7 Q/\ 24 Q)2 24 @
a a
rv:§nvgv(%dw)cv Ty
a a
ro=—cop — —
7] 9 0 23
a a
rQ=5nq9Q (7,0,Q,dg) cq — 3,
R2 4 02 + 02
Q Q
v=g,(7,d,)——= +9q (7,6,Q,d + 24?2
v( Y iy Q( Q) 1[G 9%
o 2 g 2, 0Q 2 Q
+ 282 + TR + T2 gl + T2 Wo .
From (55), it follows that
V<=1V 4w, (56)
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where l:min{2p7, 2pg, 2pq, 21+, 219,21, 0, W, 045,

UQFWQ, O'QFSQ }
Integrating both sides of (56) gives rise to

V(t) < (V(O) _ %) ity %

<V(0)e " + 7 (57)

From (57), it can be seen that V(¢) is bounded with
tlim V(t) = 7. Along the same lines as [22], we can con-
— 00

clude that all closed-loop signals can be ensured to be SGU-
UB in the presence of unknown periodic disturbances.
This completes the proof. |

62 .
Remark 4: According to (39), we have o+ < V/(t). Uti-

2
lizing %” < V/(t) and (57), the inequality tlim ey < 27”
—00
holds. It is worth noting that 7 can be arbitrarily reduced
by increasing I'w_, I's_, T'wy, sy kv, Ko, kq» tiqy, i and
Cy,Co, cq or decreasing o, 0. Based on (10), then the al-
titude tracking error will converge to a small neighbourhood

of the origin.

5 Simulations

In the velocity subsystem,in order to achieve desired ve-
locity tracking performance, we employ the PID controller
in the form of

& =kpAV + k; / AVdt + kpAV, (58)

where AV =V — V¢, kp, k; and kp are positive design
parameters.

Apart from this, we consider the situation that unknown
time-varying disturbances implicitly appear in the HFVs dy-
namics and the thrust force 7" is formulated as

T :Bl(hv Q)(I)ang +B2(h, Q)QBdT+ﬂ3(ha Q)(I)Oéz
+ Ba(h, D)a® + B (h, @) @a + Bo(h, G)ex
+ ﬂ7(h‘7 Q)(I) + 68<h’ 6)7

(59)

gS(C7+0.5 sm(t))

where dr = |[sin(¢)], and let g,= 7
q v _(ce sin sin «
f’y (,77 )_qS[CL (CL"‘O;:V (t))"/}'i‘T gc‘c;sw and
90Q —w. The HFVs are supposed to climb a
yy

maneuver from the trim states, provided in Table 1, to final
states V'=8480ft/s and h=83800ft, respectively. The number
of FSE components are set as ¢y = ¢,= 5, FSE-RBFNNs
approximator W, (x-,S7¢) contain 5% nodes with
centres evenly distributed in [—2, 2] x [-2, 2] x [—2, 2] with
the width being equal to two. FSE-RBFNNs approximator
WQTz/JQ (XQ, Sggb) contain 5° nodes with centres evenly
distributed in [—2, 2] x [—2,2] x [-2,2] x [-2,2] x [-2,2]
with the width being equal to two. The design parameter-
s are set: kp = 1, k; = 0.1, kp = 0.01, &k, = 10,
ki = 1, ky=2,kg =5, kg = 7,0, = 0g = 0.001,
¢y = cg = cg = land p, = pg = 1. The adaptive gains
are: I's, = T'y, = T's, = I'w,, = 1. The initial values of
15511 1WA 1], [[Sqll and [[Wq | are set as zero.
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Table 1: The initial states

States Value Units

7500 ft/s
h 80000 ft
¥ 0 deg
0 1.6325 deg
Q 0 deg/s
m 0.97 ft slugs®-2/ft
M 0 ft/s slugs®->/ft
72 0.7967 ft slugs®-5/ft
2 0 ft/s slugs® > /ft

The HFV's model parameters are borrowed from [18]. The
simulation results are shown in Figs.1-6. The velocity and
altitude tracking performance, depicted in Fig.1 and Fig.2,
show that the tracking error can rapidly converge to a resid-
ual set after selecting proper design parameters. From Fig.3
and Fig.4, it can be seen that the flight path angle, attack of
angle, pitch rate and flexible states are bounded as well as
within a reasonable range. The responses of ® and J, are
presented in Fig.5 and no chattering phenomenon occurs. It
is observed from Fig.6 that ||S, ||, [|W,|], ||So]| and ||[Wo|
are bounded. Overall, simulation results verify the validity
of the developed control strategy.

6 Conclusion

This paper for the first time addresses the tracking control
problem for the longitudinal dynamics of HFVs in the pres-
ence of uncertain periodic time-varying disturbances. The
challenge of tackling such class lies in the occurrence of
perturbations in flight dynamics. To pursue this, a new ap-
proximator consisting of FSE and RBFNNs is adopted to
estimate the uncertain dynamics involving periodic distur-
bances. Simulation results validate the effectiveness of the
developed control strategy.
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