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Abstract: This work for the first time develops a neuro-adaptive control strategy for an extended class of longitudinal dynamics
of hypersonic flight vehicles (HFVs). To handle with the design difficulty that the uncertain time-varying disturbances appear
implicitly in HFVs dynamics, a new function approximator is designed by incorporating the fourier series expansion (FSE) into
the radial basis function neural networks (RBFNNs). An integral term and a linear term are, respectively, constructed to speed
up the convergence rate and compensate for the negative effects caused by approximation errors. It is rigorously proved that all
closed-loop signals are semi-globally uniformly ultimately bounded (SGUUB). Simulation results verify the effectiveness of the
proposed control methodology.
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1 Introduction

Several research on HFVs have been carried out by world-

wide institutes due to its advantages of high-speed and low

cost especially in the near-space transportation [1]. For ex-

ample, a feedback linearization method is employed for s-

teering the velocity and altitude to the reference trajectories

in [2], overcoming the design difficulty arising from the cou-

plings between the engine and the flight dynamics of longi-

tudinal system. By introducing an auxiliary system, a robust

adaptive dynamic surface control method is proposed to deal

with the actuator saturation problem in [3]. In [4], a com-

mand filtered back-stepping control technique is presented

for the longitudinal dynamics to filter the virtual control law,

which alleviates the computation burden in the sense that no

calculation of the derivative of virtual control law is required.

Besides, in order to deal with small angle values encountered

in engineering practice, the reconstruction strategies of flight

track angle and angle of attack are provided in [5]. Howev-

er, above mentioned results are merely based on the ideal

HFVs dynamics in which disturbance terms were not taken

into account.

It is well-recognized that perturbations inevitably occur

in HFVs dynamics due to the presence of uncertain aerody-

namic parameters and unknown time-varying aerodynamics.

The main obstacle in dealing with such perturbations lies in

the fact that they influence the system in a nonlinear and un-

known manner [6]. To counteract this barrier, fuzzy adaptive

control [7]-[10], multilayer nerual networks (MNNs) [11]

and RBFNNs [12]-[14] have been exploited for estimating

those system nonlinearities. More specifically, in [10], a

fuzzy-approximation-based adaptive control method is pro-

posed to solve the non-smooth issue while designing distur-

bance observer. The MNNs and the backstepping technolo-

gy are combined in [11] to achieve closed-loop stability for

strict-feedback nonlinear systems. In [13], a RBFNNs-based

adaptive control strategy is developed to stabilize a class of

nonlinear high-order dynamics. Nevertheless, as far as we

know, owing to the design difficulty, no control approach

known has been proposed for the dynamics of HFVs with

time-varying periodic disturbances, which impact the flight

quality seriously and cannot be well handled using conven-

tional control scheme. These reasons motivate us to explore

new design going beyond the existing methods. The main

contributions of this study are given in the following three-

folds:

1) To our best knowledge, this should be the first work ad-

dressing tracking control problem for HFVs subject to

unknown periodically time-varying disturbances.

2) Compared to the standard designs in [15]-[17], an in-

tegral term is devised to enhance the convergence rate

of tracking errors, and a linear term is constructed to

compensate for approximation errors.

3) A new approximator consisting of FSE and RBFNNs

is introduced to model each suitable uncertain distur-

bance, where FSE is utilized to estimate the periodic

perturbance. Then the estimated values can be regard-

ed as inputs of RBFNNs to approximate the uncertain

dynamics of HFVs.

The rest of this paper is organized as: the longitudinal dy-

namics of HFVs, the FSE-RBFNNs-based approximator as

well as preliminaries are provided in section 2. Section 3

presents the neuro-adaptive control design. Stability analy-

sis is given in section 4 and section 5 provides the simulation

results, followed by the conclusion in section 6.

2 Problem Formulation and Preliminaries

2.1 Hypersonic Flight Vehicle Dynamics
The longitudinal dynamic model of HFVs under study is

given as [18]-[19]

This work is supported by the National Key Basic Research Program

of China (No. 2015CB755805).

Proceedings of the 39th Chinese Control Conference
July 27-29, 2020, Shenyang, China

6965

Authorized licensed use limited to: TU Delft Library. Downloaded on October 05,2020 at 08:29:54 UTC from IEEE Xplore.  Restrictions apply. 



V̇ =
T cos(θ − γ)−D

m
− g sin γ, (1)

ḣ = V sin γ, (2)

γ̇ =
T sin(θ − γ) + L

mV
− g cos γ

V
, (3)

θ̇ = Q, (4)

Q̇ =
M + ψ̃1η̈1 + ψ̃2η̈2

Iyy
, (5)

η̈1 =− 2ζ1ω1η̇1 − ω2
1η1 +N1 − ψ̃1M

Iyy
− ψ̃1ψ̃2η̈2

Iyy
, (6)

η̈2 =− 2ζ2ω2η̇2 − ω2
2η2 +N2 − ψ̃2M

Iyy
− ψ̃2ψ̃1η̈1

Iyy
, (7)

where V , h, γ, θ and Q represent the velocity, altitude, flight

path angle, pitch angle and pitch rate, respectively; Iyy is

the moment of inertia; ηi denotes the ith elastic mode; ζi, ωi

and ψi are the damping ratio, the natural frequency and the

constrained beam coupling constant for ηi; the thrust force

T , the drag force D, the lift force L, the pitching moment

M , the first generalized force N1 and the second general-

ized force N2 are defined as

T =β1(h, q̄)δΦα
3 + β2(h, q̄)α

3 + β3(h, q̄)δΦα
2

+ β4(h, q̄)α
2 + β5(h, q̄)δΦα+ β6(h, q̄)α

+ β7(h, q̄)δΦ + β8(h, q̄),

D =q̄SCα2

D α2+q̄SCα
Dα+q̄SCδe

2

D δe
2+q̄SCδe

D δe+q̄SC0
D,

M =zTT+q̄Sc̄Cα2

M,αα
2+q̄Sc̄Cα

M,αα+q̄Sc̄C0
M,α+q̄Sc̄ceδe,

L =q̄SCα
Lα+ q̄SCδe

L δe + q̄SC0
L,

N1 =Nα2

1 α2 +Nα
1 α+N0

1 ,

N2 =Nα2

2 α2 +Nα
2 α+N δe

2 δe +N0
2 ,

q̄ =
ρ̄V 2

2
, ρ̄ = ρ̄0 exp

(
h0 − h

hs

)
,

where Φ is the fuel equivalence ratio, δe is the elevator an-

gular deflection, and readers can consult [18] for more infor-

mation about other system parameters.

Remark 1: Model (1) has been widely used in [1]-[5]: it

consists of five rigid body states, two flexible states, and t-

wo control inputs. It is worth mentioning that δe is mainly

affected by the angle of attack α, whereas Φ is primarily af-

fected by the thrust T , which is consistent with the model

decomposition shown here and afterward.

The conventional velocity subsystem of HFVs is [5]

V̇ = fV + gV Φ, (8)

where fV =
q̄SCα2

D α2+q̄SC0
D

m − g sin γ + cosα
m

[
β2(h, q̄)α

3+

β4(h, q̄)α
2 + β6(h, q̄)α+ β8(h, q̄)

]
, gV = cosα

m [β7(h, q̄)

+β3(h, q̄)α
2 + β1(h, q̄)α

3
]
.

The velocity subsystem considered in our paper (embed-

ding unknown time-varying disturbances dV ) is given by

V̇ = fV (γ, θ, dV ) + gV (γ, θ, dV ) Φ. (9)

The system nonlinearities fV (γ, θ, dV ) and gV (γ, θ, dV )
are unknown due to the existence of unknown aerodynamic

parameters and unknown external disturbance.

Define the altitude error eh = h−href , and the flight path

angle command is devised as

γref= arc sin

[
1

V

(
−kheh − ki

∫
ehdt+ ḣref

)]
, (10)

where href is the reference altitude command, kh and ki are

positive design parameters. Note the fact that eh will con-

verge to zero exponentially as γ → γref according to [20].

The conventional altitude subsystem of HFVs is [5]

⎧⎪⎨
⎪⎩

γ̇ = fγ + gγθ,

θ̇ = Q,

Q̇ = fQ + gQδe,

(11)

where fγ =
q̄S(C0

L − Cα
Lγ) + T sinα

mV − g cos γ
V , gγ =

q̄SCα
L

mV ,

fQ = zTT +
q̄Sc̄CM,α(α)

Iyy
and gQ = q̄Sc̄ce

Iyy
.

We consider unknown periodic disturbances dγ(t) and

dQ(t) with dγ(t+ Tγ) = dγ(t) and dQ(t+ TQ) = dQ(t) in

the altitude subsystem. Then, the altitude subsystem can be

expressed by

⎧⎪⎨
⎪⎩

γ̇ = fγ (γ, dγ) + gγ (γ, dγ) θ,

θ̇ = Q,

Q̇ = fQ (γ, θ,Q, dQ) + gQ (γ, θ,Q, dQ) δe.

(12)

Following similar analysis to velocity subsystem, system

nonlinearities fγ (γ, dγ), gγ (γ, dγ), fQ (γ, θ,Q, dQ) and

gQ (γ, θ,Q, dQ) are unknown continuous functions.

Remark 2: In contrast with the state-of-the-art [1]-[5],[23]

and [24], the most advanced peculiarity of this work lies in

taking unknown periodic disturbances into account in ve-

locity (9) and altitude (12) subsystems. To tackle this is-

sue, a new approximator composed by FSE and RBFNNs

is employed to estimate unknown system nonlinearities

fγ (γ, dγ), gγ (γ, dγ), fQ (γ, θ,Q, dQ) and gQ (γ, θ,Q, dQ).
Assumption 1 [1]: The reference trajectory γref is

a sufficiently smooth function with respect to t, and

there exists a positive constant B0 such that
∏

0 :={
(γref , γ̇ref )|γ2

ref + γ̇2
ref ≤ B2

0

}
.

Assumption 2 [5]: The signs of gγ and gQ are assumed

known a priori. Without loss of generality, we assume there

exsit positive constants gγm, gγM , gQm and gQM such that

gγm ≤ |gγ | ≤ gγM and gQm ≤ |gQ| ≤ gQM .

Remark 3: In altitude subsystem (12), the control gain

function gγ=
q̄SCα

L

mV is changing continuously with respect to

V ∈ ΩV and dγ , where ΩV is a compact set and dγ is a

bounded disturbance, thus continuous function gγ (γ, dγ) is

also bounded according to extreme value theorem [16]. Sim-

ilar reasoning results in the boundedness of gQ(γ, θ,Q, dQ).
Notation: Throughout this paper, || · || represents the Eu-

clidean norm of a vector, || · ||F denotes the Frobenius norm

of a matrix, | · |1 denotes the 1-norm of a vector, λmax (A)
and λmin (A) are the largest and smallest eigenvalues of a

square matrix A, respectively.
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2.2 FSE-RBFNNs-Based Approximator
We employ the RBFNNs and FSE to construct the com-

posite approximator, d (t) = [d1, . . . , dm]
T ∈ Ωm ⊂ Rm is

an unknown disturbance vector of known period T in com-

pact set Ωm. The unknown time-varying periodic distur-

bances can be estimated by FSE in the form of [21]

d (t) = STφ (t) + δd (t) , ||δd|| ≤ δ̄d (13)

where S = [s1, . . . , sm] ∈ Rq×m is a constant matrix with

si ∈ Rq being a vector consisting of the first q coefficients

of the FSE of di (q is an odd integer), δd is the truncation

error with upper bound δ̄d, φ (t) = [φ1 (t) , · · · , φq (t)]
T

with φ1 (t) = 1, φ2j (t) =
√
2 sin (2πjt/T ), φ2j+1 (t) =√

2 cos (2πjt/T ), j = 1, . . . , (q − 1)/2.

The RBFNNs are used to approximate the unknown con-

tinuous function [22] as

h(u) = W ∗Tψ (u) + μ, (14)

where u ∈ Ωu ⊂ Rn is the input vector, n is input dimension

of neural network; ψ(u) ∈ Rl is the basis function vector,

l > 1 is the node number of neural network; μ is approxima-

tion error satisfying 0 < |μ| < μ∗; W ∗ ∈ Rl is the optimal

weight vector.

The unknown time-varying periodic disturbances and the

measured states χi of HFVs dynamics are taken as inputs, in

that we assume V , h, γ, θ and Q are measurable and take

periodic disturbances in the form of (13), thus, the unknown

function can be expressed as

hi (χi, di) = Wi
∗Tψ

(
χi, S

T
i φ+ δdi

)
+ μi. (15)

According to (15), we construct a FSE-RBFNNs approxi-

mator as

Gi (χi, t) = Wi
Tψ

(
χi, Si

Tφ
)
. (16)

Then we can obtain

hi (χi, di) =Wi
Tψ

(
χi, Si

Tφ
)
+ δi (χi, t)

=Gi (χi, t) + δi (χi, t) ,
(17)

where δi (χi, t) is the approximate error satisfying 0 <
|δi (χi, t)| < δ̄ [15].

Lemma 1 [15]: Note that, in approximator (16), Wi and ψi

are unknown and need to be estimated, the estimation errors

of (16) can be expressed as:

WT
i ψ

(
χi, S

T
i φ

)− ŴT
i ψ

(
χi, Ŝ

T
i φ

)
=W̃T

i

(
ψi

(
χi, Ŝ

T
i φ

)− ψ′(χi, Ŝ
T
i φ

)
ŜT
i φ

)
+ ŴT

i ψ′(χi, Ŝ
T
i φ

)
S̃T
i φ+ κi.

(18)

where Ŵi and Ŝi are estimates of Wi and Si. Further, define

the weight estimate errors W̃i = Wi−Ŵi, S̃i = Si− Ŝi and

denote ψ̂ = ψ
(
χ, ŜTφ

)
and ψ̂′ = ψ′(χ, ŜTφ) for brevity.

The residual term κi is bounded by

|κi| ≤ κ̄i=||Si||F ||φŴT
i ψ′(χi, Ŝ

T
i φ)||F

+ ||Wi|| ||ψ′(χi, Ŝ
T
i φ)Ŝ

T
i φ||+ |Wi|1,

(19)

where κ̄i is a positive constant.

The longitudinal motion is decomposed into altitude sub-

system and velocity subsystem in this paper. In the altitude

subsystem, an adaptive controller based on FSE-RBFNNs

approximator is proposed to achieve the altitude tracking.

Moreover, we simply use proportion-integration-differention

(PID) control, displayed in simulations, to ensure the veloc-

ity tracking in the velocity subsystem.

3 Neuro-Adaptive Control Design

Step 1: Define the tracking error as eγ = γ − γref , the

derivative of eγ is

ėγ = γ̇ − γ̇ref = gγ(γ, dγ)θ + fγ(γ, dγ)− γ̇ref . (20)

The form of estimate function is

hγ(χγ , dγ) = gγ(γ, dγ)
−1

[
fγ(γ, dγ)− γ̇ref

]
. (21)

Substituting (21) into (20) yields

ėγ = gγ(γ, dγ)
[
θ + hγ(χγ , dγ)

]
, (22)

where χγ = [γ, γ̇ref ]
T .

Construct the virtual control law αγ and adaptive law as

αγ=−nγ

(μγ

2
+kγ

)
eγ−nγcγ

∫ t

0

eγdτ−ŴT
γ ψ̂γ , (23)

⎧⎪⎨
⎪⎩

˙̂
Sγ = ΓSγ

[
eγφŴ

T
γ ψ̂′

γ − σγ Ŝγ

]
,

˙̂
W γ = ΓWγ

[
eγ
(
ψ̂γ − ψ̂′

γ Ŝ
T
γ φ

)− σγŴγ

]
,

(24)

where ΓSγ
> 0 and ΓWγ

> 0 are adaptive gains, kγ > 0,

σγ > 0, cγ > 0 and μγ > 0 are design parameters, and

nγ =sign(gγ(γ, dγ)).
Substituting (23) into (22) gives

ėγ =gγ(γ, dγ)

[
−nγ

(μγ

2
+ kγ

)
eγ + Ξγ

−nγcγ

∫ t

0

eγdτ + (θ − αγ)

]
,

(25)

where Ξγ = hγ (χγ , dγ)− ŴT
γ ψ̂γ . According to Lemma 1,

it holds that

Ξγ=W̃T
γ

(
ψ̂γ − ψ̂′

γ Ŝ
T
γ φγ

)
+ŴT

γ ψ̂′
γ S̃

T
γ φγ+κγ+δγ , (26)

|κγ | ≤ κ̄γ =||Sγ ||F ||φŴT
γ ψ̂′

γ ||F
+ ||Wγ || ||ψ̂′

γ Ŝ
T
γ φ||+ |Wγ |1.

(27)

Step 2: Define tracking error eθ = θ − αγ . We have the

derivative of eθ as

ėθ = Q− α̇γ . (28)

Construct the virtual control law αθ as

αθ = −kθeθ − cθ

∫ t

0

eθdτ, (29)

where kθ > 0 and cθ > 0 are design parameters.

Substituting (29) into (28) gives rise to

ėθ = −kθeθ − cθ

∫ t

0

eθdτ − α̇γ + (Q− αθ) . (30)
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Step 3: Define tracking error eQ = Q−αθ, the derivative

of eQ is

ėQ = gQ (γ, θ,Q, dQ) δe + fQ (γ, θ,Q, dQ)− α̇θ. (31)

The form of estimate function is

hQ(χQ, dQ)=g−1
Q (γ, θ,Q, dQ)

[
fQ(γ, θ,Q, dQ)−α̇θ

]
. (32)

Substituting (32) into (31) results in

ėQ = gQ (γ, θ,Q, dQ)
[
δe + hQ (χQ, dQ)

]
, (33)

where χQ = [γ, θ,Q, α̇θ]
T .

Construct the actual control law δe and adaptive law as

δe =−nQ

(μQ

2
+kQ

)
eQ−nQcQ

∫ t

0

eQdτ−ŴT
Q ψ̂Q, (34)

⎧⎪⎨
⎪⎩

˙̂
SQ = ΓSQ

[
eQφŴ

T
Q ψ̂′

Q − σQŜQ

]
,

˙̂
WQ = ΓWQ

[
eQ

(
ψ̂Q − ψ̂′

QŜ
T
Qφ

)− σQŴQ

]
,

(35)

where ΓSQ
> 0 and ΓWQ

> 0 are adaptive gains, kQ > 0,

σQ > 0, cQ > 0 and μQ > 0 are design parameters, and

nQ =sign(gQ (γ, θ,Q, dQ)).
Substituting (34) into (33) leads to

ėQ =gQ (γ, θ,Q, dQ)

[
−nQ

(μQ

2
+ kQ

)
eQ + ΞQ

−nQcQ

∫ t

0

eQdτ

]
,

(36)

where ΞQ = hQ(χQ, dQ) − ŴT
Q ψ̂Q. In view of Lemma 1,

one has

ΞQ=W̃T
Q

(
ψ̂Q − ψ̂′

QŜ
T
Qφ

)
+ŴT

Q ψ̂′
QS̃

T
Qφ+κQ+δQ, (37)

|κQ| ≤ κ̄Q =||SQ||F ||φŴT
Q ψ̂′

Q||F
+ ||WQ|| ||ψ̂′

QŜ
T
Qφ||+ |WQ|1.

(38)

4 Closed-loop Stability Analysis

Theorem 1: Consider the closed-loop system consisting of

(12), the virtual control laws (23) and (29), the actual con-

trol laws (34), and the adaptive laws (24) and (35). Let As-

sumptions 1 and 2 hold, then, there exist design parameter-

s ΓWγ
,ΓSγ

,ΓWQ
,ΓSQ

, kγ , kθ, kQ and cγ , cθ, cQ such that:

all closed-loop signals are SGUUB and the tracking errors

e∗ will converge to the following set

Ωc = {e∗ ||e∗| < C∗} .
where ∗ represents γ, θ and Q. C∗ is a positive constant that

depends on design parameters and adaptive gains.

Proof : Let us take the entire Lyapunov function as

V =
e2γ
2
+
1

2

(∫ t

0

eγdτ

)2

+tr

{
S̃T
γ S̃γ

2ΓSγ

}
+
W̃T

γ W̃γ

2ΓWγ

+
e2θ
2
+
1

2

(∫ t

0

eθdτ

)2

+
e2Q
2
+
1

2

(∫ t

0

eQdτ

)2

+tr

{
S̃T
QS̃Q

2ΓSQ

}
+
W̃T

QW̃Q

2ΓWQ

.

(39)

The derivative of V is

V̇ =eγ ėγ + eγ

∫ t

0

eγdτ + tr

⎧⎨
⎩ S̃T

γ
˙̃Sγ

ΓSγ

⎫⎬
⎭+

W̃T
γ

˙̃W γ

ΓWγ

+ eθ ėθ + eθ

∫ t

0

eθdτ + eQėQ + eQ

∫ t

0

eQdτ

+ tr

⎧⎨
⎩ S̃T

Q
˙̃SQ

ΓSQ

⎫⎬
⎭+

W̃T
Q

˙̃WQ

ΓWQ

.

(40)

Substituting (25), (30) and (36) into (40) reaches

V̇ =gγ (γ, dγ)
[
−nγ kγ e2γ − nγcγeγ

∫ t

0

eγdτ + eγ Ξγ

+ tr

{
S̃T
γ
˙̃Sγ

ΓSγ

}
+

W̃T
γ

˙̃W γ

ΓWγ

− kθe
2
θ − cθeθ

∫ t

0

eθdτ

−nγμγe
2
γ

2
+ (θ − αγ)eγ

]
+ eγ

∫ t

0

eγdτ − eθα̇γ

+(Q−αθ) eθ+eθ

∫ t

0

eθdτ+eQ

∫ t

0

eQ dτ+
W̃T

Q
˙̃WQ

ΓWQ

+ gQ (γ, θ,Q, dQ)
[
−nQkQe

2
Q − nQcQeQ

∫ t

0

eQdτ

+ eQΞQ

]
−nQμQe

2
Q

2
+ tr

{
S̃T
Q
˙̃SQ

ΓSQ

}
, (41)

where

eγΞγ=W̃T
γ

(
ψγ

(
χγ , Ŝ

T
γ φ

)− ψ′
γ

(
χγ , Ŝ

T
γ φ

)
ŜT
γ φγ

)
eγ

+ŴT
γ ψ′

γ

(
χγ , Ŝ

T
γ φ

)
S̃T
γ φγeγ+

(
κγ+δγ

)
eγ , (42)

eQΞQ=W̃T
Q

(
ψQ

(
χQ, Ŝ

T
Qφ

)− ψ′
Q

(
χQ, Ŝ

T
Qφ

)
ŜT
Qφ

)
eQ

+ŴT
Qψ′

Q

(
χQ, Ŝ

T
Qφ

)
S̃T
QφeQ+

(
κQ+δQ

)
eQ. (43)

where eθ = θ − αγ and eQ = Q− αθ.

Substituting (24), (35), (42) and (43) into (41), we have

V̇ =gγ(γ, dγ)
[
−nγkγe

2
γ − nγcγeγ

∫ t

0

eγdτ − nγμγe
2
γ

2

+eθeγ+(κγ+δγ) eγ

]
+eγ

∫ t

0

eγdτ + σγ

(
tr
{
S̃T
γ Ŝγ

}

+W̃T
γ Ŵγ

)
− kθe

2
θ − cθeθ

∫ t

0

eθdτ − eθα̇γ + eQeθ

+eθ

∫ t

0

eθdτ+σQ

(
tr
{
S̃T
QŜQ

}
+W̃T

QŴQ

)
+eQ

∫ t

0

eQdτ

+ gQ (γ, θ,Q, dQ)
[
−nQkQe

2
Q − nQcQeQ

∫ t

0

eQdτ

−nQμQe
2
Q

2
+ (κQ + δQ) eQ

]
. (44)
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Using Young’s inequality leads to

κ∗e∗ − μ∗e2∗
4

≤κ2
∗

μ∗
≤ κ̄2

∗
μ∗

, (45)

δ∗e∗ − δ∗e2∗
4

≤ δ2∗
μ∗

≤ δ̄2∗
μ∗

, (46)

eθeγ ≤ 1

2a1
e2θ+

a1
2
e2γ , ∀a1 > 0, (47)

eQeθ ≤ 1

2a2
e2Q+

a2
2
e2θ, ∀a2 > 0, (48)

−eθα̇γ ≤ 1

2a3
e2θ+

a3
2
α̇2
γ , ∀a3 > 0, (49)

e∗
∫ t

0

e∗dτ ≤ 1

2a4
e2∗+

a4
2

(∫ t

0

e∗dτ
)2

, ∀a4 > 0, (50)

Note that W̃i = Wi − Ŵi, we have

W̃T
γ Ŵγ =W̃T

γ

(
Wγ − W̃γ

)
= W̃γWγ − ||W̃γ ||2

≤− 1

2
||W̃γ ||2 + 1

2
‖Wγ‖2. (51)

W̃T
QŴQ ≤− 1

2
||W̃Q||2 + 1

2
‖WQ‖2, (52)

tr
{
S̃T
γ Ŝγ

}
≤− 1

2
||S̃γ ||2F +

1

2
‖Sγ‖2F , (53)

tr
{
S̃T
QŜQ

}
≤− 1

2
||S̃Q||2F +

1

2
‖SQ‖2F . (54)

Substituting (45)-(54) into (44), and let a = a1 = a2 =
a3 = a4, one has

V̇ ≤− pγe
2
γ − pθeθ

2 − pQeQ
2 − rγ

(∫ t

0

eγdτ

)2

−rθ

(∫ t

0

eθdτ

)2

−rQ

(∫ t

0

eQdτ

)2

− σγ

2

∥∥∥S̃γ

∥∥∥2
F

− σγ

2

∥∥∥W̃γ

∥∥∥2− σQ

2

∥∥∥S̃Q

∥∥∥2
F
− σQ

2

∥∥∥W̃Q

∥∥∥2+υ, (55)

where

pγ=nγgγ(γ, dγ)kγ− a

2
gγ(γ, dγ)− 1

2a
cγ+

1

2a
nγgγ(γ, dγ)cγ ,

pθ=kθ − 1

2a
gγ(γ, dγ) +

1

2a
cθ − 1

2a
− a

2
− 1

2a
cθ,

pQ=nQgQ (γ, θ,Q, dQ)
(cQ
2a

+ kQ

)
− 1

2a
− 1

2a
cQ,

rγ=
a

2
nγgγ(γ, dγ)cγ − a

2
,

rθ=
a

2
cθ − a

2
,

rQ=
a

2
nQgQ (γ, θ,Q, dQ) cQ − a

2
,

υ=gγ(γ, dγ)
κ̄2
γ + δ̄2γ
μγ

+ gQ (γ, θ,Q, dQ)
κ̄2
Q + δ̄2Q
μQ

+
a

2
α̇2
γ

+
σγ

2
‖Sγ‖2F +

σγ

2
‖Wγ‖2 + σQ

2
‖SQ‖2F +

σQ

2
‖WQ‖2.

From (55), it follows that

V̇ ≤ −lV + υ, (56)

where l=min
{
2pγ , 2pθ, 2pQ, 2rγ , 2rθ, 2rQ, σγΓWγ , σγΓSγ ,

σQΓWQ
, σQΓSQ

}
.

Integrating both sides of (56) gives rise to

V (t) ≤
(
V (0)− υ

l

)
e−lt +

υ

l

≤V (0)e−lt +
υ

l
. (57)

From (57), it can be seen that V (t) is bounded with

lim
t→∞V (t) = υ

l . Along the same lines as [22], we can con-

clude that all closed-loop signals can be ensured to be SGU-

UB in the presence of unknown periodic disturbances.

This completes the proof. �
Remark 4: According to (39), we have

e2γ
2 ≤ V (t). Uti-

lizing
e2γ
2 ≤ V (t) and (57), the inequality lim

t→∞ eγ ≤
√

2υ
l

holds. It is worth noting that υ
l can be arbitrarily reduced

by increasing ΓWγ
,ΓSγ

,ΓWQ
,ΓSQ

, kγ , kθ, kQ, μγ , μQ and

cγ , cθ, cQ or decreasing σγ , σQ. Based on (10), then the al-

titude tracking error will converge to a small neighbourhood

of the origin.

5 Simulations

In the velocity subsystem,in order to achieve desired ve-

locity tracking performance, we employ the PID controller

in the form of

Φ = kPΔV + kI

∫
ΔV dt+ kDΔV̇ , (58)

where ΔV = V − Vref , kP , kI and kD are positive design

parameters.

Apart from this, we consider the situation that unknown

time-varying disturbances implicitly appear in the HFVs dy-

namics and the thrust force T is formulated as

T =β1(h, q̄)Φα
3dT +β2(h, q̄)α

3dT +β3(h, q̄)Φα
2

+ β4(h, q̄)α
2 + β5(h, q̄)Φα+ β6(h, q̄)α

+ β7(h, q̄)Φ + β8(h, q̄),

(59)

where dT = | sin(t)|, and let gγ=
q̄S(Cα

L+0.5 sin(t))
mV ,

fγ (γ, dγ)=
q̄S[C0

L−(Cα
L+0.5 sin(t))γ]+T sinα

mV − g cos γ
V and

gQ=
q̄Sc̄(ce+0.1 sin(t))

Iyy
. The HFVs are supposed to climb a

maneuver from the trim states, provided in Table 1, to final

states V =8480ft/s and h=83800ft, respectively. The number

of FSE components are set as qγ = qγ= 5, FSE-RBFNNs

approximator Wγ
Tψγ

(
χγ , S

T
γ φ

)
contain 53 nodes with

centres evenly distributed in [−2, 2]× [−2, 2]× [−2, 2] with

the width being equal to two. FSE-RBFNNs approximator

WQ
TψQ

(
χQ, S

T
Qφ

)
contain 55 nodes with centres evenly

distributed in [−2, 2]× [−2, 2]× [−2, 2]× [−2, 2]× [−2, 2]
with the width being equal to two. The design parameter-

s are set: kP = 1, kI = 0.1, kD = 0.01, kh = 10,

ki = 1, kγ= 2, kθ = 5, kQ = 7, σγ = σQ = 0.001,

cγ = cθ = cQ = 1 and μγ = μQ = 1. The adaptive gains

are: ΓSγ
= ΓWγ

= ΓSQ
= ΓWQ

= 1. The initial values of

||Ŝγ ||, ||Ŵγ ||, ||ŜQ|| and ||ŴQ|| are set as zero.

6969

Authorized licensed use limited to: TU Delft Library. Downloaded on October 05,2020 at 08:29:54 UTC from IEEE Xplore.  Restrictions apply. 



0 50 100 150 200 250 300
7400

7600

7800

8000

8200

8400

8600

0 50 100 150 200 250 300

0

0.5

1

1.5

0.5 1 1.5 2

7500

7500.4

7500.8

150.3 150.34 150.38

7978.2

7978.28

V
Vref

0 2 4 6 8
-0.4

-0.3

-0.2

-0.1

150 155 160 165 170
-0.15

-0.1

-0.05

0

Fig. 1: Velocity tracking performance
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Table 1: The initial states

States Value Units

V 7500 ft/s

h 80000 ft

γ 0 deg

θ 1.6325 deg

Q 0 deg/s

η1 0.97 ft slugs0.5/ft

η̇1 0 ft/s slugs0.5/ft

η2 0.7967 ft slugs0.5/ft

η̇2 0 ft/s slugs0.5/ft

The HFVs model parameters are borrowed from [18]. The

simulation results are shown in Figs.1-6. The velocity and

altitude tracking performance, depicted in Fig.1 and Fig.2,

show that the tracking error can rapidly converge to a resid-

ual set after selecting proper design parameters. From Fig.3

and Fig.4, it can be seen that the flight path angle, attack of

angle, pitch rate and flexible states are bounded as well as

within a reasonable range. The responses of Φ and δe are

presented in Fig.5 and no chattering phenomenon occurs. It

is observed from Fig.6 that ||Ŝγ ||, ||Ŵγ ||, ||ŜQ|| and ||ŴQ||
are bounded. Overall, simulation results verify the validity

of the developed control strategy.

6 Conclusion

This paper for the first time addresses the tracking control

problem for the longitudinal dynamics of HFVs in the pres-

ence of uncertain periodic time-varying disturbances. The

challenge of tackling such class lies in the occurrence of

perturbations in flight dynamics. To pursue this, a new ap-

proximator consisting of FSE and RBFNNs is adopted to

estimate the uncertain dynamics involving periodic distur-

bances. Simulation results validate the effectiveness of the

developed control strategy.
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