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1

Introduction

In a very general sense one may say that functional calculus theory studies
the pairing of an operator A on some Banach space X and a function f = f(z)
of a variable z as an operator f(A) on X. One would then like to derive
properties of f(A), for example norm bounds, from properties of the function
f and the operator A. This thesis will be concerned with several instances of
this problem.

Functional calculus theory arises in various contexts. The spectral the-
orem yields a beautiful functional calculus in which one can associate a
bounded operator f(A) with any normal operator A on a Hilbert space X
and any bounded measurable function f on the spectrum of A. A similar
theory exists on Banach spaces for scalar type operators, which correspond
to diagonalizable matrices if X is a finite dimensional space. In these cases,
the existence of a spectral measure allows for a natural definition of the func-
tional calculus, and this calculus has many desirable properties.

A general bounded operator A on a Banach space does not have a spectral
measure, and therefore the construction of a functional calculus for such op-
erators should proceed in a different manner. The Riesz-Dunford functional
calculus takes Cauchy’s formula as a starting point, using that for a bounded
operator A and A not in the spectrum of A the definition of the operator
ﬁ (A) = (A — A)~! is obvious. One then obtains a bounded operator f(A)
on X for each holomorphic function on a neighborhood of the spectrum of
A, and the mapping f — f(A) that arises from this procedure allows one
to study a large class of operators associated with A, such as spectral projec-
tions corresponding to parts of the spectrum of A.

If A is an unbounded operator and f is holomorphic on a neighborhood
of the spectrum of A and on a neighborhood of infinity, then one can use an
extension of the Riesz-Dunford functional calculus to construct a functional
calculus for A, see for instance [41]. However, since many interesting func-
tions are not holomorphic on a neighborhood of infinity, this calculus is of
limited use in applications.
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An additional complication is that one is often interested in functions
which have singularities. By this we mean that the function f need not in
general be defined on a full neighborhood of the spectrum of A. For instance,
in the functional calculus theory for generators of strongly continuous semi-
groups one often deals with an operator A with spectrum in the standard
closed right half-plane and which intersects the imaginary axis, in particu-
lar at zero. In this case it is often unnatural to consider functions defined on
regions which strictly contain zero, as this would restrict the number of in-
teresting examples the theory applies to (think for instance of the fractional
powers of an operator).

A functional calculus theory for a specific class of unbounded operators
and functions with singularities at zero and infinity was developed by McIn-
tosh and collaborators (see e.g. [88], [29]). This theory is now called the theory
of H®-functional calculus, or simply H*-calculus (throughout, H* denotes
the Hardy space of bounded holomorphic functions on some domain). In
the theory of H*-calculus problems arise that are not present in the Riesz-
Dunford calculus for bounded operators. For example, for general bounded
and holomorphic f one can only define f(A) as an unbounded operator. The
question for which bounded holomorphic functions f and operators A the
operator f(A) is bounded is still mostly unanswered in general.

It turns out that these obstacles make the theory of H*-calculus highly
nontrivial, and many basic questions remain unanswered. If A is an operator
such that f(A) is bounded for all bounded holomorphic functions (on some
domain) then A is said to have a bounded H*-calculus. It was shown early
on by McIntosh that on Hilbert spaces, the boundedness of the H*-calculus
for A is equivalent to the boundedness of certain square functions for A. The
result in question deals with so-called sectorial operators, defined in Section
2.2.3. For the moment it suffices to note that a sectorial operator A of angle
¢ € (0,7) has spectrum contained in the closure of the sector S, with ver-
tex at zero and opening angle 2¢ which is symmetric around the positive
real axis. If A is injective then A has a natural functional calculus that asso-
ciates with functions in the class H*(Sy), for any ¢ € (¢, 71), an unbounded
operator f(A). By Hj(Sy) we denote the subspace of H*(Sy) consisting of
bounded holomorphic functions on Sy which decay polynomially at zero
and infinity. The following then holds, cf. [88].

Theorem 1.1. Let A be an injective sectorial operator of angle ¢ € (0,7) on a
Hilbert space X. Then the following assertions are equivalent.

For some i € (@, ) and all f € H*(Sy), f(A) is bounded;

Forally € (@, ) and all f € H*(Sy), f(A) is bounded;

For some ¥ € (¢, ) and some nonzero f € HE(Sy), there are constants
C1,Cy > 0 such that

IS zdt 1/2
il < ([0S ) < Call
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forallx € X.
o Forally € (@, ) and all nonzero f € HF(Sy), there are constants C,C > 0
such that
° AN
il < ([T Iseas? ) < cols) an
forallx € X.

Later, Cowling, Doust, McIntosh and Yagi generalized Theorem 1.1 to
sectorial operators on general Banach spaces using weak square function es-
timates ( [29]). The latter theory is useful in particular on LP-spaces.

The square functions or quadratic estimates which occur in Theorem 1.1
come from harmonic analysis and go back to the classical Littlewood-Paley
g-functions (see [115]). In fact, for A the square root of the negative Laplacian
on R" and f(z) := ﬁ, a change of variables shows that (1.1) is a gener-
alization of the Littlewood-Paley g-function. The connection between square
functions and functional calculus theory has been investigated by many au-
thors, see for example [68], [75], [80] and [54]. It is a manifestation of the link
between harmonic analysis and functional calculus theory which appears
frequently throughout this thesis. In fact, one could say that it is one of the
central themes of this work.

An instance of the link between functional calculus theory and harmonic
analysis can also be found in the study of symmetric contraction semigroups
on LP-spaces. Let A be a positive operator (i.e. A is selfadjoint and the spec-
trum of A is contained in the nonnegative real numbers) on L?(Q, ), where
(Q, 1) is a measure space. Let the operators e=*4 = e~ (A) be defined by
the Borel functional calculus for A, and assume that |le~*4f Hp < [IfIl, for

all f € LP(Q,u) NL2(Q, ) and all p € [1,00]. In this case (e~ '4);>0 ex-
tends to a consistent semigroup of bounded operators on L¥(Q, i) for all
p € [1,00), and we say that —A generates a symmetric contraction semigroup.
Then A, considered as an operator on L7, is a sectorial operator and one may
ask whether A has a bounded H*-calculus. This question was considered by
Stein in [115], who proved the first general theorem on functional calculus
for symmetric contraction semigroups. Cowling extended this result in [28],
from which we take the following theorem.

Theorem 1.2. Let — A be an injective generator of a symmetric contraction semi-
group and let p € (1,00). Then A has a bounded H®-calculus on LF (Q, i) for all

ye(mld - §lm)

The reason for stating this result here is, apart from its importance for
functional calculus theory, the method of proof employed by Cowling. He
used transference techniques of Coifman and Weiss (see [27]) to show that, if
f is a bounded holomorphic function on the standard right half-plane such
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that the Fourier transform of the non-tangential limit of f on the imagi-

nary axis is a Fourier multiplier (see section 2.4 for definitions), then f(A)

is bounded. He then used the Mikhlin Multiplier Theorem, Theorem 2.19

below, to deduce that A has a bounded H*(Sy)-calculus for ¢ € (7/2,7)

and all p € (1, c0). Finally, Stein interpolation yields Theorem 1.2. (It should
1_1

be noted that the angle 7| i 5| in Theorem 1.2 is not optimal and that the

optimal angle was determined recently in [25]).

The transference techniques developed by Coifman and Weiss in [27] (see
also [26]) were influenced by work of Wiener in [123] and Calderén ( [24], see
also the survey [9]). Since then, they have been studied in e.g. [13] and [59],
and applied to the theory of H*-calculus in [64], [58] and [59]. One of the
key components in all these transference techniques is the idea of bound-
ing the norm of an operator by relating it to another operator which is bet-
ter understood, and then using bounds for the latter operator to bound the
norm of the former. Usually the operators which are better understood come
from harmonic analysis, for example as Fourier multipliers. This is the main
technique, and simultaneously the central viewpoint on functional calculus
theory, that one will find throughout this thesis.

If A is a normal operator on a Hilbert space, or more generally a scalar
type operator on a Banach space (see Section 2.2.5 for definitions), then de-
termining which functions f lead to bounded operators f(A) is trivial: the
spectral measure associated with A allows one to define in a natural way a
bounded operator f(A) for each bounded measurable function on the spec-
trum of A. However, there are still many nontrivial functional calculus ques-
tions that arise naturally. For instance, one may wonder for which unitarily
invariant norms ||-|| and which continuous functions f : R — R an estimate
of the form

If(A+B) = f(A) <C|B] 12)

holds for all selfadjoint operators A and B on a Hilbert space H, with a con-
stant C > 0 independent of A and B. Such questions arise when studying the
interactions between atoms in a crystal ( [82,83]) and also occur in scattering
theory ([15,16]). Equivalently, one can consider

1f(B) = f(A)] < C|[B— Al (1.3)

for selfadjoint operators A and B.

If (1.3) holds then f is said to be operator Lipschitz with respect to || - ||, since
(1.3) implies that f is Lipschitz as a mapping on the class of selfadjoint oper-
ators with respect to the norm ||-||. Determining when a function is operator
Lipschitz with respect to a specific norm turns out to be highly nontrivial.
Clearly (1.3) implies that f is Lipschitz (by letting A :=a € R, B:= b € R),
but for which norms ||-|| are all Lipschitz functions operator Lipschitz? For
which norms and specific important functions such as the absolute value
function f does (1.3) hold? Answers to these questions can also be found by
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using tools from harmonic analysis. For example, when considering the op-
erator norm ||-[| ;) on a Hilbert space H, (1.3) was obtained by Peller in [95]

for f in the Besov class B})o,l (R) from Section 2.3.

Theorem 1.3. Let H be a Hilbert space and f € Blo,l (R). Then there exists a con-
stant C > 0 such that

1F(B) = f(A)ll cery < CIIB = Allo(my
for all selfadjoint A, B € L(H).

To prove this result, Peller uses the technique of double operator integrals
which goes back to Daleckii and S. Krein ( [30]) and was developed exten-
sively by Birman and Solomyak in a series of papers (see [17-20]). This tech-
nique views the difference f(B) — f(A) as the image under a certain transfor-
mation of B — A. One then studies the associated transformation, and if the
divided difference % of f is sufficiently regular then one can bound

the norm of this transformation to deduce the desired result. For example,
Peller used the Littlewood-Paley decomposition of functions in Blo,l (R) to
show that the divided difference of f belongs to a class of functions (con-
sidered in Section 2.3) which have a specific integral representation. This in-
tegral representation ensures that the associated transformation is bounded
with respect to [|-|| £(f), from which one deduces Theorem 1.3.

In this sense, the approach used to prove Theorem 1.3 is analogous to that
of the transference techniques described above. To bound the norm of the dif-
ference f(B) — f(A) one relates it to a better understood transformation. One
then uses other techniques to bound the norm of this transformation to de-
duce the desired result. Moreover, the transformations which occur via the
double operator integral technique are (continuous versions of) Schur mul-
tipliers. Since Schur multipliers can be viewed as noncommutative versions
of Fourier multipliers, the analogy between transference techniques and the
theory of double operator integration is even stronger.

Another link with harmonic analysis occurs when considering (1.3) with
respect to other norms than the operator norm. It was proved by M. Krein
in [74] that, if B — A is an element of the Schatten ideal & of trace-class oper-
ators, then f(B) — f(A) € & for all f € CP(R). Moreover, (1.9) holds with
respect to the S;-norm. He also asked whether this result could be extended
to all f € CY(IR). One could then pose the same question for the Schatten
ideal S, for other values of p € [1,c0].

Krein’s question has an affirmative answer for p = 2 but is false for p =1
and p = oo, as was shown by Farforovskaja in [46—48]. It was proved by Kato
in [69] that the absolute value function f does not satisfy (1.3) with respect
to the operator norm on an infinite dimensional Hilbert space. Later, it was
proved by Davies [31] that for f the absolute value function, (1.3) holds with
respect to the Sy-norm if and only if p € (1,0). Finally, a complete answer
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to the question above was recently given by Potapov and Sukochev in [102],
where they proved the following.

Theorem 1.4. Let p € (1,00) and let f : R — R be Lipschitz. Then there exists a
constant C > 0 such that

1f(B) = f(A)lls, = ClIB — Alls,
for all selfadjoint operators A and B on {5 such that A — B € S,.

This result is proved by using double operator integral theory to relate the
difference f(B) — f(A) to the norm of a Schur multiplier, and then bound-
ing the norm of this Schur multiplier. For the latter one uses vector-valued
harmonic analysis, in particular the vector-valued Marcinkiewicz Multiplier
Theorem due to Bourgain ( [21]). Here one finds a very clear analogy with
the pairing of transference methods and vector-valued Fourier analysis that
was mentioned before, using as a vital ingredient that the Schatten p-classes
are UMD spaces for p € (1,00). One possible proof of Theorem 1.4 even ex-
plicitly uses transference techniques.

The discussion above shows that many of the same principles that oc-
cur in the study of H*-calculus using transference principles apply also in
the study of operator Lipschitz estimates using double operator integrals.
It is the aim of this thesis to use transference methods and double operator
integration theory to derive some new results concerning H*-calculus and
operator Lipschitz estimates.

Applications of H*-calculus to semigroup theory can be found in various
areas, for example in questions of maximal regularity (see e.g. [39] and [75]).
In this thesis we shall mostly be interested in applications of H*-calculus to
numerical analysis. Consider the abstract Cauchy problem

%(t) = —Au(t) (t>0) (1.4)
u(0) =x

on a Banach space X. It is well-known that a unique mild solution to (1.4)
exists for each initial value x € X (that is, (1.4) is well-posed) if and only if
— A generates a Cy-semigroup (T(t))¢>0 € £(X) of bounded operators on X.
In this case the mild solution to (1.4) is given by u(t) = T(t)x forallt > 0
and x € X.If —A generates a Cy-semigroup then A has a natural functional
calculus for all bounded holomorphic functions on suitable half-planes, and
T(t) = et forall t > 0.

Even when (1.4) is well-posed, the semigroup (T(t));>0 is often not given
explicitly or is hard to work with analytically. Hence one would like to ap-
proximate the solution u(t) = T(t)x at any time t > 0 by simpler functions.
One possible way to do this is to approximate T(t) by rational functions of
A. In functional calculus terms this comes down to approximating e~ 4 x by
rn(tA)x for a sequence (7)yen of rational functions. In other words, one



1 Introduction 7

would like to determine when He_tAx - rn(tA)xH converges to zero as n

tends to infinity. If, for some function norm ||-|| and a constant C (possibly
depending on x), an estimate of the form

Hefmx - rn(tA)xHX < Clle™ —ru(t)||z (1.5)

holds for all n € N, and if ||e™" — 7, (t-)||; — 0 as n — oo, then r,, (tA)x con-

verges to e~ *4x. Hence functional calculus estimates as in (1.5) can yield con-
vergence of numerical approximation schemes for evolution equations. The
classical result of Brenner and Thomée from [23] on convergence of rational
approximation schemes is proved in this manner. More recently, a general
functional calculus approach to the convergence of approximation schemes
was set up in [53].

Most of these applications of functional calculus theory deal with the
Hille-Phillips functional calculus (see Section 2.2 for the definition) and let
F in (1.5) be the space of Laplace transforms of bounded measures. One then
attempts to estimate the variation norm of the inverse Laplace transform of
(a modified version of) e~* — r,,(#-) and show that it converges to zero as
n — oco. This is the most general approach possible, in the sense that the
Hille-Phillips calculus applies to all generators of Cy-semigroups and an es-
timate of the form (1.5) for this F is the best that one can expect in general.
However, for specific semigroups one might be able to obtain (1.5) for larger
function spaces F and smaller norms ||-||p, which then allows for a faster
convergence rate of ||e~*Ax — r,(tA)x||  to zero. This approach was applied
in [49] to generators of analytic semigroups with a bounded H*-calculus.
Transference principles can also prove useful in this setting, as these allow
one to obtain stronger functional calculus estimates for specific classes of
semigroups using results from harmonic analysis.

In this thesis we shall use functional calculus theory to derive new re-
sults on convergence of approximation schemes. In particular, we shall use
both the Hille-Phillips calculus to derive results valid for general bounded
Co-semigroups, and functional calculus estimates obtained using transfer-
ence principles to improve the convergence rates for specific classes of semi-
groups.

Applications of the operator Lipschitz estimates in (1.3) can be found in
matrix analysis, see [14]. Specifically, (1.2) shows that the functional calculus
is stable under perturbations, with a constant independent of the size of the
matrices involved.

Most of the research in this area has focused on the case of selfadjoint or
normal matrices and unitarily invariant norms in (1.3). However, there are
many interesting matrix norms that are not unitarﬂy invariant. For example,
the operator norm of an n X n-matrix as an operator on C" with the ¢7-norm
for p # 2 and n > 1 is not unitarily invariant. In this case, when deriving
operator Lipschitz estimates for diagonalizable matrices from those for nor-
mal matrices one gets a dependence of the constant C on the dimension 7, as
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follows from the fact that the Banach-Mazur distance from ¢} to ¢2 tends to
infinity as # tends to infinity.

The discussion above might lead one to think that estimates such as (1.2)
and (1.3) for diagonalizable matrices and norms which are not unitarily in-
variant cannot be independent of the dimension. However, the double opera-
tor integral technique that has been useful in obtaining (1.3) in various cases
relies mainly on the fact that the operators A and B in (1.3) have spectral
measures. Just like a normal matrix, any diagonalizable matrix has a spectral
measure. Therefore one could hope that the double operator integral tech-
nique can also prove useful when considering diagonalizable matrices and
norms which are not unitarily invariant. In this thesis we shall show that this
is indeed the case, and we shall derive an extension of Theorem 1.3 to gen-
eral symmetric matrix norms and diagonalizable operators. This then yields
dimension-independent perturbation inequalities such as (1.2) for diagonal-
izable matrices.

We now give a more detailed description of the contents of this thesis.

Part I: Preliminaries

In the first part of this thesis we collect some background material that is
necessary for the understanding of the rest of the thesis. Most of this material
is not new, and the parts which are new generally concern adaptations of
existing concepts.

Preliminaries

We first introduce the basic notation and terminology that will be used
throughout this thesis, after which we move on to discuss various func-
tional calculi. In particular, we treat the Hille-Phillips calculus for generators
of Cop-semigroups and Cp-groups. We also treat the half-plane type calculus
for operators of half-plane type (of which generators of Cp-semigroups are
the main example), the strip type calculus for strip type operators (of which
generators of Cy-groups are the main example), the sectorial calculus for sec-
torial operators (of which generators of analytic semigroups are the main
example) and briefly the parabola type calculus for generators of cosine func-
tions. We discuss some of the basics of these calculi, such as the Convergence
Lemma. We mention examples of operators which do not have a bounded
H*-calculus, and give sufficient conditions for operators to have a bounded
H®*-calculus. Finally, we discuss the Borel functional calculus for scalar type
operators defined by integration with respect to a spectral measure. These
functional calculi are well known and much of this material can be found in,
e.g. [45], [55] and [42].

We then introduce some of the function spaces which appear in this work.
In particular, inhomogeneous Besov spaces will be essential in Chapter 4,
whereas a particular homogeneous Besov space is important for Chapter 5.
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We then discuss a class of functions 20 which allow for a specific integral
representation. This class will be important in Chapter 5, and has been stud-
ied for functions on the square of the real line in [32], [101]. We define it for
functions on subsets of C x C, and we discuss some of its basic properties.

We then treat Fourier multipliers on vector-valued spaces and some of
their properties. We first consider Fourier multiplier operators on LP-spaces
and discuss the connection between Fourier multipliers and the geometry
of the underlying space in the form of the UMD property and the Mikhlin
Multiplier Theorem. This material is classical. We then move on to Fourier
multipliers on vector-valued Besov spaces, which play a key role in Chapter
4. The most useful property of such multipliers is that one can obtain results
about their boundedness regardless of the geometry of the underlying Ba-
nach space. This material is taken mostly from [51].

In the next section we consider several transference principles which link
functional calculus with Fourier multiplier theory. In particular, we mention
the transference principle by Berkson and Gillespie from [13] and the abstract
transference principle from [59]. The latter we discuss in a specific, more con-
crete setting that will be sufficient for our purposes.

The notion of -boundedness is treated next. This notion was intro-
duced by Kalton and Weis in [68] and is related to the more well known
R-boundedness. It has been studied extensively since its introduction (see
the survey [120]) and is known to allow one to transfer results that follow
from Plancherel’s Theorem on Hilbert spaces to general Banach spaces. In
particular, this holds for Fourier multiplier results, which is why this notion
is useful for us in Chapters 3 and 6. We consider the ideal property of the
ideal of y-radonifying operators and the y-Multiplier Theorem. Moreover,
we give two applications of the notion of y-boundedness for H*-calculus on
general Banach spaces.

Finally, we treat some basics of real interpolation spaces. These will
mostly be used in Chapter 4, but will appear at several other places in this
thesis as well. In particular, we use that vector-valued Besov spaces occur as
interpolation spaces between vector-valued Sobolev spaces. This material is
classical (see [12] and [86]).

Part II: Functional calculus using transference methods

In Part I of this thesis we present some new functional calculus results for
(semi)group generators, obtained using transference principles.

We note that the transference approach has also been employed in [105] to
derive functional calculus results for Cyp-groups using the geometric notions
of type and cotype of a Banach space.

Functional calculus for semigroup generators

In this chapter we consider functional calculus for semigroup generators. The
study of H*-calculus for generators of general, not necessarily analytic, Cp-
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semigroups is relatively new. Historically, H*-calculus has mostly been stud-
ied for sectorial operators and analytic semigroups. This theory allows for
many elegant results, see for instance the theorems of McIntosh and Cowl-
ing discussed before.

In contrast, far less is known about H*-calculus for general semigroups.
Many results about sectorial operators also apply to generators of semi-
groups, but often they yield bounded calculi on sectors bigger than the stan-
dard half-plane. Such statements are relatively useless for applications, due
to the lack of interesting examples of functions which are bounded and holo-
morphic on these bigger sectors. For semigroup generators with spectrum
in a half-plane, it is more natural to consider functional calculi for functions
defined on half-planes. In particular, for —A the generator of a uniformly
bounded Cy-semigroup one would like to consider functions on half-planes
which are slightly bigger than the standard right half-plane.

The desire to study functional calculus for functions defined on half-
planes led in [7] to the definition of an operator of half-plane type, a notion
which extends that of a generator of a Cp-semigroup. One can study func-
tional calculus for such operators, and in [7] results were obtained about the
boundedness of certain operators. Moreover, in [59] it was shown that gener-
ators of uniformly bounded Cy-semigroups allow for a bounded Besov-type
functional calculus, a result similar to one obtained for generators of analytic
semigroups by Vitse in [121].

To prove the results in [59] a general abstract transference principle was
set up that will be used in this chapter as well. In [59] one can already see
the interplay between harmonic analysis, the geometry of the underlying
space and functional calculus theory that underlines this thesis. The results
in [59] are most useful on Hilbert spaces or for y-bounded semigroups, are
still interesting on UMD spaces, and are of a more abstract nature on general
Banach spaces.

In [59] the notion of an analytic multiplier algebra is introduced, a con-
cept which allows one to elegantly capture results obtained from transfer-
ence principles. The analytic multiplier algebra depends on both a parameter
p € [1,00] and a Banach space X, and it is the algebra of bounded holomor-
phic functions which are L?(IR; X)-Fourier multipliers on the boundary of
their domain. By Plancherel’s Theorem, the analytic multiplier algebra coin-
cides with H* for p = 2 and X a Hilbert space, but for general Banach spaces
it is a smaller class. If X is a UMD space then various multiplier theorems,
in particular the Mikhlin Multiplier Theorem, allow one to identify a large
subclass of functions of the analytic multiplier algebra. For general Banach
spaces, for instance L!-spaces, it may occur that the analytic multiplier alge-
bra consists of only the Laplace transforms of bounded measures.

Apart from the results about Besov-type functional calculi for semigroup
generators mentioned above, significant results were obtained by Zwart
in [125]. He showed that for —A the generator of an exponentially stable
Co-semigroup (T(f))icr, on a separable Hilbert space and f a bounded
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holomorphic function defined on the standard right half-plane, f(A)T(¢) is
bounded for each t > 0. It is this result which led to the present chapter of
this thesis.

To prove his results Zwart used notions from systems theory, and al-
though this approach to functional calculus theory was extended to a more
general setting in [110], the method of proof in [125] does not appear to be
easily extendable to UMD spaces or general Banach spaces. In this chapter
we use the abstract transference principle in [59] to reprove some of the re-
sults in [125] and extend them to general Banach spaces.

In [125] it is shown that, for —A the generator of an exponentially sta-
ble Co-semigroup (T(t));cr, on a separable Hilbert space and f a bounded
holomorphic function defined on the standard right half-plane, ||f(A)T(t)]|
grows at most like t~1/2 as t | 0. In this chapter we show that on general
Banach spaces in fact || f(A)T(t)|| grows at most logarithmically in ¢ for f a
function in the analytic multiplier algebra associated with X. In particular,
this improves the results in [125] on Hilbert spaces. It should be noted that
our result was recently shown to be sharp, in [111].

From the logarithmic growth mentioned above one can deduce the do-
main inclusion D(A%*) C D(f(A)) for all « > 0 and all functions in the an-
alytic multiplier algebra. This in turn is equivalent to saying that f(A)(1 +
A)™" is bounded for all « > 0 and all such f. This shows that the domain
of f(A) for functions in the analytic multiplier algebra is quite large, and
also that f(A) is a bounded operator for any f which decays exponentially
at infinity. For generators of analytic semigroups such results are a simple
consequence of the definition of the functional calculus, but for general semi-
group generators they are new. That f(A)T(t) is bounded for each t > 0 is
again easy to deduce for generators of analytic semigroups, since the func-
tion z — e~ * decays rapidly on sectors. Moreover, for analytic semigroups
it has since been shown in [112] by more elementary means that the norm
bound of f(A)T(t) grows at most logarithmically in t as ¢ | 0.

It was shown by Mubeen in [90] (see also [7]) that semigroup generators
on Hilbert spaces allow for a so-called m-bounded H*-calculus. By this we
mean that, if —A generates a uniformly bounded Cy-semigroup on a Hilbert
space, then f (m)(A) is bounded for each bounded holomorphic function f
on a half-plane, where (") is the m-th derivative of f. Moreover, an estimate

LF™ (A < Cllflloo (1.6)

holds with a constant C independent of f. In fact, it is shown that semigroup
generators are characterized by (1.6), at least if one assumes that the con-
stant C depends in a specific way on the size of the half-plane on which f is
bounded and holomorphic. Moreover, for group generators the existence of
an m-bounded H*-calculus for functions defined on strips is equivalent to
the boundedness of the H*-calculus.
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The method of proof in [90] and [7] relies on the underlying Hilbert space
structure via Plancherel’s Theorem, and it is not clear how one should extend
the method to general Banach spaces. In this chapter we use a transference
principle to reprove the results in [90] and extend them to general Banach
spaces, using again the analytic multiplier algebra. This m-bounded calculus
can be used to give an alternative proof of the fractional domain inclusion
from above.

Apart from allowing for extensions to general Banach spaces via the ana-
lytic multiplier algebra, the transference principles we consider are also use-
ful for extensions to y-bounded semigroups. In particular, by factorizing op-
erators via the space of y-radonifying operators and using the ideal property
of this space, we are able to extend the results on Hilbert spaces which were
discussed above to y-bounded semigroups on general Banach spaces.

The contents of this chapter are based on joint work with Markus Haase
and have appeared in [61].

Functional calculus on real interpolation spaces for generators of
Co-groups

Although a semigroup generator on a Hilbert space need not have a bounded
H%-calculus in general, each group generator on a Hilbert space has a
bounded H*-calculus for functions on strips. For bounded groups this is
classical, and for unbounded groups it was shown in [22]. On UMD spaces,
it was shown in [64] that generators of uniformly bounded groups have a
bounded H*-calculus on double sectors. These results can be proved using
transference principles, and in [58] a transference principle for unbounded
groups was developed that shows that unbounded groups on UMD spaces
also have a specific bounded calculus for functions on strips.

As indicated before, the transference principles which we use throughout
rely on the boundedness of certain Fourier multipliers to obtain functional
calculus estimates. This approach therefore automatically seems to restrict
one to considering Hilbert spaces or at least UMD spaces. In this chapter we
show that one can in fact also obtain results on general Banach spaces for a
large class of functions.

The approach that we use is as follows. Let —iA generate a Cy-group
(U(s))ser on a Banach space X. The classical transference principle of Berk-
son and Gillespie from [13], as well as the recent transference principle for
unbounded groups in [58], rely on factorizing an operator U, of the form

U, (x) = /m U(s)xpu(ds)  (x € X) (1.7)

via a convolution operator on L? (R; X) related to the measure y. Then results
about Fourier multipliers on L” (IR; X) can be used to obtain norm bounds for
u,.

I
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It was shown in [51] that on X-valued Besov spaces, Fourier multiplier re-
sults hold that do not require a UMD assumption on the geometry of X. The
results in [51] hold for operator-valued Fourier multipliers and depend on
the Fourier type of X. Fourier type is a geometric condition which imposes a
restriction on the generality of the space X. However, for scalar-valued mul-
tipliers no assumptions on the Fourier type of X, nor any other assumptions
on X, are needed. In particular, a version of the Mikhlin Multiplier Theorem
holds for Fourier multipliers on X-valued Besov spaces and general Banach
spaces X.

Since it is well-known that Besov spaces are real interpolation spaces be-
tween L”-spaces and Sobolev spaces, one can try to modify the transference
principles mentioned above to factorize via X-valued Sobolev spaces. One is
then naturally led to the domain D(A) of A (and the domains of other pow-
ers of A), and interpolation between the L”-spaces and Sobolev spaces leads
one to consider real interpolation spaces between X and D(A).

We use this approach to show that each group generator —iA on a gen-
eral Banach space X has a bounded calculus on the real interpolation space
(X,D(A))g,; for each 6 € (0,1) and g € [1, 0], for functions in the so-called
analytic Mikhlin algebra H{". This algebra consists of all bounded and holo-
morphic functions f on strips which satisfy the condition (coming from the
multiplier theorem in [51]) that z — (1 + |z|)|f’(z)| is bounded. Moreover, if
the group generated by —iA is uniformly bounded then the constant bound-
ing the H{°-calculus is independent of the size of the strip. This result mirrors
the analogous statement in [58] for group generators on UMD spaces, where
the theorems are obtained for operators on X.

By considering the imaginary powers of a sectorial operator one can re-
late results about functional calculi for generators of groups to results about
functional calculi for sectorial operators with bounded imaginary powers.
In particular, as a consequence of our results we obtain the boundedness of
the functional calculus for a new class of functions and operators A with
bounded imaginary powers on a general Banach space X. This result is sim-
ilar to a result obtained on UMD spaces in [58]. In our case restriction on the
generality of the underlying space X is avoided by dealing with functional
calculus on the real interpolation space (X, D(log(A)))g,4, for 6 € (0,1) and
g € [1,00].

In a similar manner, we deduce results for generators of cosine functions
from the results for group generators.

This chapter is influenced by the results of Dore in [37] (see also [38] and
[56]), who showed that the part of an invertible sectorial operator A on a
Banach space X in the real interpolation space (X,D(A))g, has a bounded
sectorial H®-calculus for all 6 € (0,1) and g € [1, c0]. Note that the operator
A need not have a bounded calculus on X. The method of proof used in [38]
is “elementary” in the sense that it relies on the definition of f(A), for f a
bounded holomorphic function of sufficient decay, via the Cauchy integral
formula. This proof does not seem to apply to functions defined on strips.
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However, in this chapter we show that transference techniques in fact yield
nontrivial results for functions on strips.

We could have formulated our results in terms of analytic multiplier alge-
bras, as in Chapter 3. Doing so would have led us to consider bounded holo-
morphic functions on strips whose restrictions to the boundary of the strip
are Fourier multipliers on Besov spaces. For simplicity we have chosen to
confine ourselves to considering the analytic Mikhlin algebra H{°. Moreover,
the value of such abstract multiplier algebras only arises when considering
functions which do not satisfy the Mikhlin Multiplier Theorem but which
satisfy other multiplier theorems.

The results in this chapter are based on joint work with Markus Haase
(see [62]).

Part III: Double operator integrals and perturbation inequalities

Part II of this thesis is of a noncommutative nature. In this part we consider
the technique of double operator integration and use it to derive perturbation
inequalities for the functional calculus associated with scalar type operators
on Banach spaces.

Operator Lipschitz functions on Banach spaces

We have already indicated that for normal operators on Hilbert spaces the
questions considered before, about boundedness of various functional cal-
culi, are trivial. The existence of a spectral measure E associated with a nor-
mal operator A on a Hilbert space H means that one can define a bounded
operator f(A) for each bounded measurable function f : 0(A) — C by

f(a)= [, fEEEE) 1.9

Then f — f(A) is a continuous algebra homomorphism from the space
of bounded measurable functions on ¢(A), endowed with the supremum
norm, to L(H).

However, in this theory new questions arise that are far from trivial to
answer. For instance, under what conditions on f do bounds of the form

1f(B) = f(A)[l < C[[B - A (19)

hold for all selfadjoint operators A and B with respect to a given norm ||-||?
Answers to this question have been obtained in [95,96,102] (see also Theo-
rems 1.3 and 1.4) by combining harmonic analysis with the theory of double
operator integration. In the theory of double operator integration one views
the difference f(B) — f(A) in (1.9) as a double integral with respect to the
spectral measures E and F of A respectively B:
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£(B) = £(4) = [ | r(x,y) dF(y) (B~ A)E().

Here ¢¢(x,y) = % is the divided difference of f. Then (1.9) can be
obtained by studying the operator

S s /«: /C Py (x,y) dF (y) SAE(x) (1.10)

and determining its boundedness with respect to various norms.

The technique of double operator integration is similar to the transference
principles that were discussed before. To study the quantity one is interested
in, in this case the difference f(B) — f(A), one instead studies a transforma-
tion which is easier to understand. For transference principles this is done by
factorizing an operator via a Fourier multiplier. In the theory of double op-
erator integration the factorization is trivial, it merely consists of the change
of viewpoint in studying (1.10) instead of f(B) — f(A).

In this chapter we contribute some new results to the theory of double op-
erator integration and perturbation inequalities. The viewpoint we take is the
following: results about selfadjoint or normal operators on separable Hilbert
spaces can be viewed as results about operators on £2. Not all Lipschitz func-
tions are operator Lipschitz with respect to the operator norm on ¢2. In partic-
ular, (1.9) does not hold for f the absolute value function (see [69]). However,
in this chapter we show that a similar inequality does hold for the absolute
value function and for operators A on ¢” and B on ¢ for p < g.

In order to clarify what we mean by the previous statement, we rewrite
(1.9) as

1/(B)S = Sf(A)|| < C[[BS — SA| (1.11)

for S the identity operator. Note that (1.11) makes sense even for operators A
and B defined on different spaces X and Y, if we let S be a bounded operator
from X to Y. In the case where X = Y and A = B, (1.11) yields a norm bound
for the commutator of f(A) and S in terms of the commutator of A and S.
For this reason we will often refer to (1.11) as a commutator estimate.

A nontrivial difficulty in interpreting (1.11) for operators on ¢ and ¢7
with p # g is that at least one of the operators in question will not be defined
on a Hilbert space. Hence we need to define f(A) and f(B) for operators on
general Banach spaces. Since the absolute value function is not holomorphic
one cannot use the Riesz-Dunford functional calculus for this. Moreover, the
theory of double operator integration relies on the existence of a spectral
measure for the underlying operators, and for general operators on a Banach
space such a spectral measure is not available. It should be noted here that the
double operator integration theory has been extended to the Banach space
setting in [33]. However, these results are much weaker than in the Hilbert
space setting.
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One can identify an important class of examples for which a spectral mea-
sure does exist, the class of diagonalizable matrices. A diagonalizable matrix
A has a spectral measure associated with it, namely the measure which as-
sociates with an eigenvalue A of A the spectral projection corresponding to
the eigenspace of A. Dunford and collaborators studied (see [5,40,109]) more
general operators on Banach spaces with a spectral measure, so-called spec-
tral operators and scalar type operators. A scalar type operator A on a finite
dimensional space is simply a diagonalizable matrix, and for f the absolute
value function one can define f(A) as in (1.8). In light of this discussion it
seems natural to study (1.11) for scalar type operators on Banach spaces. In
particular, we consider the class of scalar type operators which are diagonal-
izable with respect to an unconditional Schauder basis.

In this chapter we establish the following version of (1.11):

1£(B)S = SF(A)lz(wem) < CIIBS = SA| 21w ea - (1.12)

Here f is the absolute value functions, S € £(¢?,¢7) and A and B are diago-
nalizable operators on (¥ respectively ¢ for p,q € [1,c0] with p < g, and A
and B have real spectrum. The constant C in (1.12) in fact depends on A, B, p
and g in the following sense:

C = Cpqinf Ul gon) 1T | 2on) 1V |2 IV £ as), (1.13)

where the infimum is taken over all U € L(¢*) and V € L(¢7) which di-
agonalize A respectively B, and Cy 4 is a constant depending only on p and
q.

It might seem like this result is not the goal that we set out to achieve,
which was to obtain (1.11) with a constant independent of A and B. How-
ever, when considering normal operators on ¢, the constant C in (1.13) is in
fact independent of A and B. Indeed, a normal matrix is diagonalizable by a
unitary matrix, hence the infimum in (1.13) is a constant (in fact equal to 1) if
A and B are normal matrices. This explains why the constants which appear
in the classical results about (1.9) on Hilbert spaces do not depend on the op-
erators A and B. In our setting one can also obtain constants independent of
the underlying operators by restricting to diagonalizable operators for which
the infimum in (1.13) is less than a prefixed value, as is already done implic-
itly on Hilbert spaces by considering only selfadjoint or normal operators, as
opposed to all operators which are similar to a normal operator.

Commutator estimates for the absolute value function and operator ide-
als in £(H) have been studied in [36]. The proofs in [31,33,36] are based on
Macaev’s celebrated theorem (see [52]) or on the UMD-property of the reflex-
ive Schatten von-Neumann ideals. In the presence of the UMD-property one
can apply techniques from harmonic analysis, as we have discussed before.
However, the spaces £(X,Y) are not UMD spaces, and therefore the tech-
niques used in [31,33,36] do not apply. To study (5.2) for X = P and Y = ¢4,
we use methods completely different from those of [31,33,36]. In this sense
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the results in the present chapter differ from earlier chapters, where the use
of vector-valued Fourier analysis was a key ingredient. However, our analy-
sis shows that one can still deduce nontrivial results in situations where the
underlying space is not a UMD space, a philosophy which is also present in
Chapter 4.

To obtain (1.12) we proceed in several steps. We first set up the general
theory of double operator integration for scalar type operators on Banach
spaces. We then establish a version of Theorem 1.3 for scalar type operators,
which shows that for a large class of functions f one can obtain (1.11). Since
the absolute value function f is not contained in this class, a more refined
analysis is needed for this function. We relate estimates for (1.10) to esti-
mates for so-called triangular truncation operators and thereby establish in
our setting a connection which has already been observed for various spaces
of operators (see [36,71]).

We then study the boundedness of triangular truncation operators on
L(¢P,£7) using properties of Schur multipliers on L(¢?,¢7), established by
Bennett in [11]. In particular, we use that the classical triangular truncation
operator is bounded on L(¢7, ¢7) for p < q (see [10]).

We also obtain results for operators on ¢” and ¢ with p > g, and we
develop the theory of double operator integration in the setting of operator
ideals. In particular, we show that each Lipschitz function is operator Lip-
schitz on the ideal of p-summing operators from o to 1.

The results that are obtained in this chapter specialize on finite dimen-
sional spaces to results for diagonalizable matrices. In particular, we obtain
(1.12) for diagonalizable matrices A and B with a constant independent of
the size of the matrices. A particular case of this is the perturbation estimate

1£B) = f(A)ll zgeniny < CUIB—=Allggp gy

for f the absolute value function and diagonalizable n x n-matrices A and B,
obtained by letting S be the identity matrix in (1.2).

The results in this chapter are based on joint work with Fedor Sukochev
and Anna Tomskova (see [106]).

Part IV: Applications to numerical approximation methods

Part III of this thesis contains applications of the results in earlier chapters to
numerical approximation methods. In particular, we prove convergence of
a specific approximation method and determine the corresponding conver-
gence rates.

Convergence of subdiagonal Padé approximations of Cp-semigroups

As indicated before, given a well-posed Cauchy problem
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) =—Au() (t=0)
L% 0) —x (1.14)
on a Banach space X, one often wants to approximate the solution u of (1.14)
by simpler expressions. A common way to do this is to use rational approx-
imation: one takes a sultable seguence of rational functions (r,),eN and
tries to approximate u(t) = e *“x by r,(tA) as n — oo. One would like
to know when such an approx1mat10n is stable, meaning that ||r,(tA)x|| is
uniformly bounded in #, and when it converges, by which we mean that
|lu(t) —rn(tA)x|| = 0asn — oo.

Assume that the solution u of (1.14) stays bounded for all initial val-
ues x, ie. that the semigroup (T(t));cr, generated by —A is uniformly
bounded. Then, in order for there to be any chance of stability and conver-
gence in general, (7,),eN should be a bounded sequence in H*(C,.) such
that r,(tz) — e asn — oo forallz € C4 and t > 0. A common choice is
to take a rational function r which approximates the exponential function to
a fixed order around zero and to let r,(z) := r(%)" for z € C. For example,
the classical result by Brenner and Thomée in [23] establishes convergence of
approximation methods of this form.

A drawback of the method sketched above is that, for r = p/gq with p
and g polynomials, p(4)" and q(4)~" need to be computed for large values
of n. This can be time-consuming, already for A a finite matrix. Therefore,
in [66] a method of rational approximation was proposed which does not
require the computation of high powers of resolvents (see also [91]). This
method was called rational approximation without scaling and squaring and re-
lies on the partial fraction decomposition of a rational function r = p/q with
deg(p) < deg(q) and with distinct poles to write r(tA) as a linear combi-
nation of resolvents of A. If one can find a sequence ()N such that each
ry is of this form and if r,(tA)x — T(t)x as n — oo, then higher powers of
resolvents of A are not needed to approximate the solution u of (1.14).

Hence in [66] the question was posed whether, for —A the generator
of a uniformly bounded Cp-semigroup (T(t));cRr., one can find a sequence
(rn)nen such that each r, = py /g, has distinct poles and satisfies deg(p,) <
deg(gn), and such r, (tA)x — T(t)x as n — oo for each x € D(A) and ¢t > 0.
Numerical experiments seemed to indicate that convergence should indeed
hold, with rate O(ﬁ)

The fact that convergence of such methods might not hold on all of X,
and that the rates of convergence may depend on the subset of X which x
belongs to, is classical (see [23]). From a functional calculus perspective this
can be explained as follows. For a sequence (r,),en of rational functions
which is bounded in H*(C.) and which satisfies r,(z) — e * forallz € C,
convergence of 1, to e”* in H®(C,.) (that is, uniform convergence on C)
generally will not hold. However, for appropriately chosen (ry,),cN one can
often find an & > 0 such that
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tu(z) —e ?

Ttz | 0

sup
zeCy

as n — oo. Now, if A has a bounded H*(C.;)-calculus then

rn(tA)x—e*foH - H(rn(tA) —e )1+ A)7(1 —|—A”‘)xH
<cC r((lti_)ft e )H(l—i—A”‘)xH =0

asn — oo forall t > 0 and x € D(A"). More generally, if

for some function space norm ||-||; and if A has a bounded F-calculus, i.e. if

£ < Cliflle

for all f € F with C > 0 independent of F, then convergence of r,,(fA)x to
e '4x as n — oo follows in the same manner for x € D(A%). The rate of

ru(t) —e "
"7l

—0 (1.15)

convergence then depends on the rate of convergence of % toQin F.

This viewpoint has been used extensively, either explicitly or implicitly, in
the past (see for instance [23] and [53]). Much of this research has focused on
the case where F = AM;(C.), the space of Laplace transforms of bounded
measures with || f|| the variation norm of the pre-Laplace transform of f €
F. Scalar convergence results such as (1.15) obtained in this manner yield
convergence of r,(tA) to T(t)x on D(A*) for general uniformly bounded
semigroups, since any generator —A of a uniformly bounded semigroup has
a bounded AM; (C. )-calculus, by definition of the Hille-Phillips calculus.

Scalar convergence results of the form (1.15) for function spaces F which
are larger than AM; (C4 ) necessarily yield convergence of r, (tA)x to T(t)x
for a smaller class of generators A. However, for larger F it might be eas-
ier to obtain (1.15) and the convergence might occur with better rates. This
is where the functional calculus theory considered in other chapters of this
thesis proves to be useful.

In this chapter, by deriving (1.15) for F = AM;(C4) and (74)nen the
sequence of subdiagonal Padé approximants, we answer the question posed
in [66] in an affirmative manner: r,(tA)x — T(t)xasn — oo forall t € X

and x € D(A), with rate O(%) and locally uniformly in t. Using results
from Chapter 3, we then improve the rates of convergence for generators
of exponentially y-stable semigroups, in particular for exponentially stable
semigroups on Hilbert spaces. We also improve the results for generators of
analytic semigroups and for operators with a bounded calculus for the class
of bounded rational functions on CT, and we extend our results to obtain

convergence on Favard spaces.
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One can find applications of these results when considering inversion of
the vector-valued Laplace transform. Let Y be a Banach space and let X :=
Cub(R4;Y) be the space of X-valued uniformly continuous and bounded
functions. Let (T(t)):cr. be the left translation semigroup and —A its gen-
erator. Then

((+4)700) = [TeMTmHO = [TV d=F) 116

for f € X and A € C4, where f is the Laplace transform of f. Since
(T(t)f)(0) = f(¢) forall t > 0 and f € X, convergence of linear combina-
tions of (A + A)~1f to T(t) f implies the convergence of linear combinations
of f(A) to f(). In other words, in this way one can numerically invert the
Laplace transform f of f using only knowledge of f This is not the case for
other numerical inversion formulas for the Laplace transform, which either
make additional assumptions on f or require derivatives of fin the compu-
tation (see [85,117]).

This chapter is based on joint work with Moritz Egert and has appeared
n [43].

Appendix A: Growth estimates

In this appendix we provide the proof of an estimate which is vital for Chap-
ter 3, because it implies the logarithmic bound for the growth of the constant
bounding || f(A)T(t)|| as t | 0. The estimate is proved using an adaptation
of a lemma due to T. Hytonen in [59].

Appendix B: Estimates for Padé approximants

In this appendix we provide a technical analysis of the behavior of the sub-
diagonal Padé approximants. These results are essential for the proof of the
main result in Chapter 6, but are quite technical and have been placed in an
appendix to improve readability of the main text.
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Preliminaries

In this chapter we present the background knowledge which will be used
throughout this thesis.

We treat the basic functional calculi that occur in this work, and we intro-
duce some of the function spaces which occur frequently throughout. Then
we treat Fourier multipliers on vector-valued LP-spaces and Besov spaces,
and link them to functional calculus theory via transference principles. We
discuss the notions of -radonifying operators and y-boundedness, and we
give an overview of the basics of real interpolation spaces.

2.1 Notation and terminology

The natural numbers are N := {1,2,...} and welet Ny := INU {0}. We write
R := [0, 0) for the nonnegative reals. The letters X and Y are used to denote
Banach spaces over the complex number field C. We write X* for the dual of
X. The space of bounded linear operators from X to Y is denoted by £(X,Y),
and £(X) := L(X, X). We identify the algebraic tensor product X*® Y with
the space of finite rank operators in £(X,Y) via (x*® y)(x) := (x*, x)y for
xeX,x*ecX*andy €Y.

The domain D(A) C X of a closed unbounded operator A on a Banach
space X is a Banach space when endowed with the norm

[xllpay = llxll +[[Ax]| - (x € D(A)).

The range of A is denoted by ran(A), its spectrum by o(A), and the resolvent
set is p(A) := C\ ¢(A). The identity operator on X is denoted by I, and
R(z,A) := (z1— A)~! € L(X) is the resolvent of A atz € p(A).

The Borel o-algebra on a Borel measurable subset W C C will be denoted
by By, and B := B¢. For measurable spaces ((),%1) and (), X,) we de-
note by X; ® X, the o-algebra on () x (), generated by all measurable rect-
angles W; x W, with Wy € £; and W, € X,. If ((), ) is a measurable space
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then B((), X) is the space of all bounded X-measurable complex-valued func-
tions on (), a Banach algebra with the supremum norm

£z = sup |f(w)] (f € B(O,X)).

We simply write B(Q) := B(Q), %) and ||f||, := £l 32,y when £ respec-
tively (Q),X) are clear from the context.

If u is a complex Borel measure on a measurable space ((2,X) and X is a
Banach space then a function f : (O — X is u-measurable if there exists a se-
quence of X-valued simple functions converging to f p-almost everywhere.
For Banach spaces X and Y and a function f : Q — £(X,Y), we say that f
is strongly measurable if w — f(w)x is a y-measurable mapping Q) — Y for
eachx € X.

For p € [1, 0], LP(RR; X) is the Bochner space of equivalence classes of X-
valued Lebesgue-measurable, p-integrable functions on IR. The Holder con-
jugate of p is p/, defined by % + % = 1. The norm on L?(RR; X) is usually
denoted by ||- ||p. In the case X = C we simply write LP(R) := L?(RR; C).

For p € [1,00] and m € Ny, W™P(IR; X) is the Sobolev space of all f €
L?(R; X) which are m times weakly differentiable with f¥) ¢ L?(R; X) for
allk € {0,1,...,m}. We endow W"P(RR; X) with the norm

1f ey = 1FIp +1F 0 (F € WP(R; X).

We often write |-[,,, = [-lwnrg;x) and in the case X = C we let
WP (R) := W"P(R;C).

The space of uniformly continuous and bounded functions on R with
values in a Banach space X is C(RR; X). For m € IN, CI}l (R; X) consists of
all f € Cy(RR; X) which are m times differentiable with f¥) € C, (RR; X) for
allk e {1,...,m}.

For p € [1,00], we denote by ¢F the space of all p-summable sequences
(xx)kenw C C, and by ¢P(Z) the space of all p-summable sequences (X ) ez C
C. Similarly, 7 (INg) consists of the p-summable sequences (x)ren, C C.

For p € [1,00] we let S, denote the Schatten p-class of compact opera-
tors T € L(¢?) such that the sequence of singular values (1,)%_; of T is an
element of /7, and we let

ITlls, = 1 (An)aZallep -

For w € Rand z € C we let e, (z) := e“*. For Q3 = Ror Q) = R, we
denote by M(Q) the space of complex-valued Borel measures on (), and we
write M,, (Q) for the distributions y on Q) of the form y(ds) = e“!*ly(ds) for
some v € M(Q). Then M, (Q) is a Banach algebra under convolution with
the norm

1l () = lle—wttllma -
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For u € M (Q) we let supp(u) be the support of e_, . A function g such
that e_,g¢ € L'(Q) is usually identified with its associated measure y €
M (Q) given by p(ds) = g(s)ds.

For an open subset Q) # @ of C we let H*(Q) be the space of bounded
holomorphic functions on (), a unital Banach algebra with respect to the
norm

1A lleo := 1 flltaes(y) = sup f)] (f € HY(Q)).

We shall mainly consider the case where Q) is equal to a right half-plane
Ry :={z € C | Re(z) > w}
for some w € R (we write C := Ry), or a strip of the form
Sty :={z € C||Im(z)| < w}
for w > 0, with Sty := R. At times we shall also let Q) be a sector
Sp 1= {z € €\ {0} | argz| < o} 1)

for ¢ € (0, ), or a parabola
I, = {z2 |z € Stw} 2.2)

for w > 0.
For w € Rand f € H®R, ), we let f(w +1i-) € L(R) denote the trace of
the holomorphic function f on the boundary dR,, = w + iR, given by

flw+is) = 1/1{411 f(w' +is) (2.3)

for almost all s € R. Then || f(w + i) || ~r) = [ f|l~(r,,) (se€ [104, Corollary
5.17)).

The Schwartz class S(R; X) is the space of X-valued rapidly decreasing
smooth functions on R, and the space of X-valued tempered distributions is
S'(R; X). The Fourier transform of an X-valued tempered distribution ¢ €
S'(R; X) is denoted by F®. For example, if 4 € My (R) for w > 0 then
Fu € H*(Stw) N C(Sty) is given by

Fu(z) = /]Re’iszy(ds) (z € Sty).

Forw € Rand u € My, (R ) welet 7 € H(R,) NC(Ry),

i(z) = /Owefzsy(ds) (z € Ro),
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be the Laplace-Stieltjes transform of .
If y is a positive measure on a measurable space ((), %) and f : Q — [0, 0]
is a function then we let

[ Fw)dute) i=int [ g() du(w) € 0,09,

where the infimum is taken over all measurable g : O — [0, 0] such that
g(w) > f(w) for w € Q.

The indicator function of a subset W of a set () is denoted by 1. We will
often identify functions defined on W with their extensions to () by setting
them equal to zero off W, in particular if O = Rand W = R.

For convenience we abbreviate the coordinate function z — z simply by
the letter z. Under this convention, f = f(z) for a function f defined on some
domain Q) C C.

Let X be a topological spaceand f : X — C, g : X — Ry, xg € X. We
write f(x) € O(g(x)) as x — xp if there exists a neighborhood U C X of xg
and a constant C > 0 such that |f(x)| < Cg(x) forall x € U.

We will occasionally use the abbreviation SOT for the strong operator

topology.

2.2 Functional calculus

Here we summarize some of the basics of functional calculus theory for gen-
erators of operator (semi)groups. For more on operator (semi)groups see [45].

2.2.1 Semigroup generators

A Co-semigroup (T(t))ier, € L£(X) is a strongly continuous representation
of (R4, +) on a Banach space X. Each Cyp-semigroup (T(t)):cr, is of type
(M, w) for some M > 1 and w € R, which means that || T(t)| < Me“! for all
t > 0. If the semigroup is of type (M, 0) for some M > 1, then it is uniformly
bounded, and the semigroup is exponentially stable if it is of type (M, w) for
some w < 0.

The generator of T is the unique closed operator — A such that

(A+A)Tx = /0oo e MT()xdt (v € X)

for Re(A) large. The Hille-Phillips (functional) calculus for A is defined as
follows. Fix M > 1 and wy € R such that T is of type (M, —wy). For
1 € My (Ry) define T, € L(X) by

Tox = /0°° T(Hxu(df)  (x € X). 2.4)
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For f = ji set f(A) := T,. (This is allowed by the injectivity of the Laplace
transform.) The mapping f — f(A) is an algebra homomorphism. In a sec-
ond step the definition of f(A) is extended to a larger class of functions on
Ry, via regularization:

f(A) = e(A)"H(ef)(A)

if there exists y € M, (R ) such that e = ji, such that ¢(A) is injective
and such that ef = ¥ for some v € My, (R4 ). Then f(A) is a closed and (in
general) unbounded operator on X and the definition of f(A) is independent
of the choice of regularizer e. The following lemma shows in particular that
for w < wy the operator f(A) is defined for all f € H¥(R,,) by virtue of the
regularizer e(z) = (z — A) !, where Re(A) < w.

Lemma 2.1. Let &« > %, A€ Cand w,wy € R with Re(A) < w < wy. Let
f € H¥Ry ). Then there exists y € M, (Ry) with

f(2)(z=A)"" =H(z)
forall z € Rey,.

Proof. After shifting we may suppose that w = 0. Set h(z) := f(z)(z — A)™*
forz € C4. Then h(i- +a) € L2(R) with

, 2 |f(is +a)[? 2 1
||h(i- +a)HL2(]R) < " mds < ||fHH°°(C+) /]R mds

for all 2 > 0, hence the Paley-Wiener Theorem ( [104, Theorem 5.28]) implies
that h = g for some ¢ € L2(IR+). Now p(ds) := g(s)ds defines u € My, (R+)
as required. O

The Hille-Phillips calculus is an extension of the holomorphic functional
calculus for operators of half-plane type. An operator A is of half-plane type
wp € Rif 0(A) C Ry, with

sup {||[R(A,A)| | A € C\Ry} < oo forall w < wy.
For such an A, one can associate bounded operators f(A) € £(X) with
fe&Ry) ={g€HRu) |g(z) € O(|]z| *) for some a > 1as |z| — oo }

for w < wy. This is done using a Cauchy integral

£(A) =

=5 aRw,f(z)R(z,A) dz,

where dR,, is the positively oriented boundary of R, for v’ € (w,wy).
This procedure is independent of the choice of w’ by Cauchy’s theorem,
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and yields an algebra homomorphism £(R,,) — £(X). Just as for the Hille-
Phillips calculus, the definition of f(A) is extended to a larger class of func-
tions by regularization:

F(A) = e(A) " ef)(A)

if there exists e € £(Ry ) with e(A) injective and ef € £(Ry). This yields a
closed unbounded operator f(A) on X, and the definition of f(A) is inde-
pendent of the choice of the regularizer e. Each f € H®(R,) is regularizable
by the function (A — z) 2 for Re(A) < w. It is straightforward to check that

flA)+8(A) S (f+8)(A) and  f(A)g(A) C (f)(4)  (25)

if f and g are regularizable functions, with D(f(A) + g(A)) = D(f(A)) N
D(g(A)) and D(f(A)g(A)) = D((fg)(A)) ND(g(A)). Hence equality holds
in (2.5)if g(A) € L(X).

If — A generates a Cp-semigroup of type (M, wy) then A is an operator of
half-plane type —wy. Conversely, the following lemma from [7, Proposition
2.5] gives a functional calculus characterization of when an operator of half-
plane type generates a Cp-semigroup.

Lemma 2.2. Let A be an operator of half-plane type w € R on a Banach space X.
Then — A generates a Co-semigroup (T(t))ier, € L(X) ifand only if A is densely
defined and if e € L(X) for all t € [0,1], with sup, (g [|e”"*|| < co. In this

case T(t) = e ' forall t € Ry.

If —A generates a Cp-semigroup of type (M, —wy) then [7, Proposition
2.8] and [55, Proposition 3.3.2] imply that for w < wp and f € H¥(R,) the
definitions of f(A) via the Hille-Phillips calculus and the half-plane calculus
coincide.

For —A the generator of a Cp-semigroup (T(t));er, € L(X) of type
(M, wp) on a Banach space X, we will at times consider the scaled semigroup
(e“'T(t))er, € L(X) of type (M, wy + w) for w € R. It is straightforward
to check that this Cp-semigroup is generated by —(A — w). The following
lemma relates the functional calculi of A and A — w.

Lemma 2.3. Let A be an operator of half-plane type wy € R on a Banach space X,
and let w € R. Then A — w is of half-plane type wy — w, and

fl+w)(A-w)=f(A)
forall w' < wgand f € H(Ry).

Proof. 1t is straightforward to check that A — w is of half-plane type wy — w
since R(A,A) = R(A —w, A —w) for A € p(A). Let ' < wp, v € (', wp)
and f € £(R,). Then f(- + w) € E(R,_,) and
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fl+w)(A—w)= 2}_[1/81{7 f(z4+w)R(z, A —w)dz
2;1 BR,,f() (z—w,A—w)dz
= 5 fo FORG A dz = £(4),

For general f € H®(R,,), lete(z) := (A —z) 2 for Re(A) < w’and z € R,,.
Then ¢,ef € E(Ry) and e(- + w), (ef)(- + w) € E(Ry_). By what has
already been shown,
fltw)(A—w) = (e +w)(A—w) " ef) (- +w)(A - w)
=e(A)7lef(A) = f(A). O
The next lemma will be fundamental throughout this thesis. The proof is

taken from [7, Theorem 3.1].

Lemma 2.4 (Convergence Lemma for operators of half-plane type). Let A
be an operator of half-plane type wy € R on a Banach space X. Let w < wq and let
(fi)jer € H¥(Ry) be a net satisfying the following conditions:

o sup{|fj(z)||z€ Ry, jET} <oo;
o f(z):=limjc; fi(z) exists for all z € Ry.

Then f € H(Ry) and fj(A)x — f(A)x forall x € D(A?).
Suppose moreover that A is densely defined and that f;(A) € L(X) forallj € ]

with sup;c |fi(A)|| < co. Then f(A) € L(X), fj(A) — f(A) strongly and
If(A)] < limsup || f;(A)]|.

j€]

Proof. Vitali’s theorem ( [3, Theorem A.5]) implies that f € H*(Ry) and that
fi(z) — f(z) uniformly on compact subsets of R;,. Let A < w < w' < wy.

Then
(2 )=t 3 [ HD e

A—z n—oo 271 J_p (A — ' —is)?
for each j € ], where the limit is uniform in j. Since f; converges to f uni-

formly on compacts, it is straightforward to show that (f;(z)(A — z)72) (A)
converges to (f(z)(A —z)~2) (A) in norm. Hence

fi(A)x = () =2)72) (A)(A - APx
= (fA=2)72) (A)(A - A% = f(A)x

for all x € D(A?). If A is densely defined, then D(A?) is dense as well, and
we deduce that f(A) € £(X) and | f(A)|| < limsup; [|fi(A)]|- The density

of D(A?) also implies that fi(A) — f(A) strongly. O
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Let A be an operator of half-plane type wy and w < wy. For a Banach
algebra F of functions continuously embedded in H¥(R,, ), we say that A has
a bounded F-calculus if there exists a constant C > 0 such that f(A) € £(X)
with

IF(Al) <ClIflp  forall f € F. 26)

The following result due to Le Merdy (see [79]) shows that on a Hilbert space
the generator of a semigroup (that is even immediately compact) need not
have a bounded H*-calculus.

Proposition 2.5. Let H be a separable infinite dimensional Hilbert space. Then there
exists an operator A on H such that —A generates an exponentially stable Co-
semigroup (T(t))scr, such that T(t) is compact for all t > 0 and such that A
does not have a bounded H*®(C_)-calculus.

Finally, in Chapter 6 we will consider operators A of half-plane type 0
on a Banach space X which have a bounded R(C+ )-calculus, where R(C.)
consists of all rational functions in H®(C_.). In other words, we assume that
there exists a constant C > 0 such that

(Al zx) < Cllirlla=(c,) 27)
forall € R(C4). By [55, Proposition E3], the closure of R(C.) in H*(C.)
is the algebra
A(C1) = {f € HY(C1) NC(Cy) | lim f(z) exists }.

For f € A(C) set
f(A) := lim r,(A),

n—o0
where (r)sen © R(Cy) is such that ||y — f||peyc, ) @as n — oo. This def-
inition is independent of the choice of approximating sequence (7,),eNn <
R(C), and is the unique way in which to extend the definition of f(A) to
all f € A(C4) so that

I (A 2xy < Cllf e

holds for all f € A(C+) Now f +— f(A) is a continuous algebra ho-
momorphism A(C;) — L(X), and one can extend this calculus to all
f € H¥(C4) NC(Cy) by regularizing. Then (2.5) holds.

After Proposition 2.5, we choose to conclude with the positive result that
(2.7) holds if —A generates a contraction semigroup on a Hilbert space (see
[55, Theorem 7.1.7]).

Proposition 2.6. Let —A generate a Co-semigroup (T(t))ier, S L(H) of type
(1,0) on a Hilbert space H. Then A has a bounded R (C 1.)-calculus. More precisely,
(2.7) holds with C = 1.
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2.2.2 Group generators

A Co-group U = (U(s))ser C L(X) is a strongly continuous representation
of (R, +) on a Banach space X. For each Cy-group U the group type of U,

6(U) :=inf {w >0 ]31\4 >1:[U(s)| < Me“F foralls >0}, (28)

is finite. A Co-group (U(s))seR is (uniformly) bounded if sup g [|U(s)]|| < oe.
The generator of a Cy-group (U(s))ser € L£(X) is the unique closed oper-

ator —iA on X which generates the Cy-semigroup (U(t)):cRr, - Suchan A is a

strip type operator of height wy := 6(U). This means that c(A) C St,, and

sup ||R(A,A)|| < oo forall w > wy.
A€C\Sty,

The strip type functional calculus for A is defined in a similar manner as for
operators of half-plane type. Let

E(Stw) := {g € H®(Stw) |g(2) € O(|z| ") for some & > 1 as [Re(z)| — oo }

for w > wy. Associate an operator f(A) € L(X) with f € £(Sty) by a
Cauchy-type integral

1
A)i=— R(z,A)dz.
FA) = 55 [y FEORG Az
Here 9St,, is the positively oriented boundary of St for ' € (wy,w).
This procedure is independent of the choice of w’ by Cauchy’s theorem, and
yields an algebra homomorphism £ (St,,) — £(X). The definition of f(A) is
extended to a larger class of functions by regularization as before:

f(A) = e(A)"H(ef)(A)

if there exists e € £(St,,) with e(A) injective and ef € £(St). This yields a
closed unbounded operator f(A) on X, and the definition of f(A) is inde-
pendent of the choice of the regularizer e. Each f € H*(St,,) is regularizable
by the function z + (A — z) 72 for [Im(A)| > w, and (2.5) holds.

Let —iA generate a Cyp-group on a Banach space X. Then the Hille-Phillips
functional calculus for A yields certain functions f that give rise to bounded
operators f(A). Fix M > 1and w > 0 such that ||U(s)|| < Me“ll for all
s € R. For y € M_,(R) define

Uyx = / UGs)xpu(ds)  (x e X). 2.9)
R
Then y +— U, is an algebra homomorphism M_(R) — £(X). The fol-

lowing lemma from [57, Lemma 2.2] shows that the Hille-Phillips calculus
extends the strip type calculus for A.
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Lemma 2.7. Let X A and U be as above, and let w’ > w > 0.

a) Foreach f € E(St,) there exists a p € M_,(R) such that f = Fu.
b) Let y € M_,(R) be such that Fu extends to a regqularizable function on St,.
Then Fu(A) = Uy, € L(X) and

sup || Fu(t+ A)[l < Mlulv_(w)-
teR

The next lemma from [55, Proposition 5.1.7] is the strip type version of
Lemma 2.4. The proof is similar to that of Lemma 2.4.

Lemma 2.8 (Convergence Lemma for strip type operators). Let A be a
densely defined strip type operator of height wqy on a Banach space X. Let w > wy
and let (f;)jc; € H*(Stw) be a net satisfying the following conditions:

o supjcy ||fillpesy,) <
o f(z) = lim; f;(z) exists for all z € Stu;

* sup; Hf]'(A)Hﬁ(x) < 0.
Then f € H*(Stw), f(A) € L(X), fi(A) — f(A) strongly and

If(A)]| < limsup || f(A)] -

IS

Let A be a strip type operator of height wy and w > wp. For a Banach
algebra F of functions that is continuously embedded in H*(St, ), we say
that A has a bounded F-calculus if there exists a constant C > 0 such that
f(A) € L(X) with

1fM)llex) <ClIfIp forall f € F.

In Proposition 2.5 we have seen that semigroup generators on Hilbert spaces
do not have a bounded H*-calculus in general. For group generators the sit-
uation is different, as the following result by Boyadzhiev and de Laubenfels
from [22] shows. We will sketch a proof of this result in Section 2.5.

Theorem 2.9. Let —iA generate a Co-group (U(s))ser < L(H) on a Hilbert space
H. Then A has a bounded H*® (St )-calculus for all w > 0(U).

If (U(s))ser is uniformly bounded then the constant bounding the H*® (St )-
calculus can be chosen independent of w > 0.

2.2.3 Sectorial operators

An operator A on a Banach space X is sectorial of angle ¢ € (0,71) if 0(A) C
Sy, where S, is as in (2.1), and

sup { [AR(A, A)[| | A € C\Sy} < oo
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forall ¢ € (¢, ). We say that A is sectorial of angle 0 if A is sectorial of angle
¢ for all ¢ € (0,7). If —A generates a uniformly bounded Cy-semigroup
(T(t))ter, € L(X), then A is sectorial of angle 7. We say that (T(t))cRr, is
bounded analytic if A is sectorial of angle ¢ € (0, 5). In this case (T(t)):eRr.
extends to a holomorphic mapping T : S, /2, — £(X) such that

o T(M)T(p)=TA+pu)forall A, u €Sy
* sup;c, [T(MIlz(x) < ooforally € (0,7/2— g¢).

Conversely, each densely defined sectorial operator of angle ¢ € (0, %) gen-
erates a uniformly bounded Cy-semigroup, which is then bounded analytic.

Sectorial operators admit a sectorial functional calculus, defined as follows.
Let ¢ € (0,7) and let HJ(Sy) be the class of all f € H*(Sy) for which there
exist C > 0 and s > 0 such that

[f(2)] < Cmin{|z[*, [z[ 7} (z € Sy).

If A is a sectorial operator of angle ¢ € (0,7) and f € HF(Sy) for ¢ € (¢, 7r)
then one can define f(A) € £L(X) as

1
" 2mi Jas,

£(A) f(2)R(z, A) dz,
where v € (¢, 1) and 9S, is the positively oriented boundary of S,. This inte-
gral converges absolutely and is independent of the choice of v, by Cauchy’s

theorem. Furthermore, define
g(A) = f(A)+c(I+A) ' +d

if g is of the form g(-) = f(:) +c(1+ )"t +d for f € H(Sy) and ¢,d € C.
This definition is independent of the particular representation of g and yields
an algebra homomorphism

HF(Sy) @ (1+) ") @ (1) = L(X), g~ g(A).

In the same manner as before one extends this homomorphism by regular-
ization to a larger class of functions on Sy, and (2.5) then holds. In particu-
lar, if A is injective, then each f € H*(Sy) is regularizable by the function
zez(z+1)72

For general A and & € C., the function z — z* is regularizable by z —
(14+2z)™", where n > Re(a), and yields the fractional power A* of A with
domain D(A%). Clearly, A' = A and A° = 1. Moreover, A*"F = A* AP for all
a, B € C with Re(a),Re(B) > 0 (see [55, Proposition 3.1.1]. This implies the
domain inclusion

D(AP) C D(A%) (2.10)

forall w, p € C with 0 < Re(a) < Re(p).
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If —A generates a uniformly bounded Cp-semigroup, then the Hille-
Phillips calculus extends the holomorphic functional calculus for angles
Y € (%, m), see Lemma 3.3.1 and Proposition 3.3.2 in [55]. In particular, for
« € C4 the fractional power A* defined by the Hille-Phillips calculus yields
the same operator as in the sectorial calculus.

Let ¢ € (0,7) and let F be a Banach algebra of functions that is contin-
uously embedded in H*(Sy). Similarly as for half-plane type operators and
strip type operators, we say that a sectorial operator A of angle ¢ € (0, ) has
a bounded F-calculus if there exists a constant C > 0 such that f(A) € £(X)
with

1f(A)llgxy <Clifllp  forall f€F.

If A is an injective sectorial operator of angle ¢ € (0, 77) then z — log(z) is
regularizable. An injective sectorial operator A has bounded imaginary powers
if —ilog(A) is the generator of a Cy-group (U(s))ser € L£(X) on X. Then
U(s) = A% forall s € R, and for ¢ € [0, 1) we write A € BIP(X, ) if
O(U) < ¢ (here 6(U) is the group type of U from (2.8)). We write A € BIP(X)
if A € BIP(X, ¢) for some ¢ € [0, 7). If A € BIP(X, ¢) then A is sectorial of
angle ¢ (see [55, Corollary 4.3.4]).

Proposition 2.5 showed that the generator of an exponentially stable
semigroup on a Hilbert space need not have a bounded H*-calculus. That
result in fact also yields an example of a sectorial operator without bounded
imaginary powers. However, for historical reasons we state the following re-
sult which shows that on a Hilbert space, a sectorial operator of angle 0 need
not have bounded imaginary powers. It is due to Baillon and Clément ( [6])
and appeared around the same time as a similar example of McIntosh and
Yagi ( [89]).

Proposition 2.10. Let H be a separable Hilbert space. Then there exists an injective
sectorial operator A on H of angle O such that A ¢ L(H) forall s € R\ {0}. In
particular, A ¢ BIP(X) and A does not have a bounded H* (Sy)-calculus for any

Y € (0,m).

We conclude by recalling that Theorem 1.1 gives a characterization of
when an injective sectorial operator on a Hilbert space has a bounded H*-
calculus, in terms of square function estimates. Moreover, Theorem 1.2 pro-
vides a large class of sectorial operators which have a bounded H*-calculus.

2.2.4 Generators of cosine functions

In this section we briefly discuss the basics of functional calculus theory for
cosine function generators, as will be needed in Chapter 4. As the procedure
here is analogous to that in previous sections, we do not provide details. For
more information on functional calculus for generators of cosine functions
see [60].
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A cosine function Cos : R — L(X) on a Banach space X is a strongly
continuous mapping such that Cos(0) = I and

Cos(t +s) + Cos(t —s) = 2Cos(t)Cos(s)
forall s,t € R. Then

6(Cos) = inf{a} >0 ’EIM >0:||Cos(t)|| < Me“!l forall t IR} < oo,

The generator of a cosine function is the unique operator —A on X that satis-
fies

AR(A2, —A) = / e~ MCos(t) dt
0

for A > 6(Cos). The solution to the abstract Cauchy problem
u"(t) = Au, u(0) = x, u'(0)=0

is then given by u(t) = Cos(t)x fort € R.

If —A generates a cosine function, then A is an operator of parabola type
w = 6(Cos). This means that o(A) C I, where I, is as in (2.2), and that
for all w’ > w there exists M, > 0 such that

M,

VINT (Im(v/2)] - o)

for all A ¢ II,. For such operators there is a natural functional calculus,
constructed in the same way as for half-plane type, strip type and sectorial
operators. In particular, if f € H*(I1,/) for ' > w then f(A) is defined as
an unbounded operator on X.

The following proposition, a combination of [70, Theorem 2] and [57, The-
orem 6.2], will be needed in Chapter 4.

IR(A, A)]| <

Proposition 2.11. Let —A generate a cosine function (Cos(s))ser C L(X) on a
Banach space X. Then there is a unique subspace V. C X with D(A) C V such that
the operator —i.A, where

Jo1y
.A.—1|:_AO:|

with domain D(A) := D(A) x V, generates a Co-group (U(s))ser on V x X.
Moreover, 0(Cos) = 6(U).

The space V in Proposition 2.11 is called the Kisyriski space.
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2.2.5 Scalar type operators

In this section we summarize some of the basics of scalar type operators,
taken from [42].

Let X be a Banach space, and recall that 8 denotes the Borel c-algebra on
C. A spectral measure on X is a map E : B — L(X) such that the following
hold:

E(@)=0and E(C) =1,

E(W; N W,) = E(W;)E(W,) for all Wy, W, € B;

E(W; UW,) = E(Wy) + E(W,) — E(Wq)E(W,) for all Wy, W, € B;
E is o-additive in the strong operator topology.

These conditions imply that E is projection-valued. Moreover, by the Uni-
form Boundedness Principle there exists (see [42, Corollary XV.2.4]) a con-
stant K such that

IEW)l¢x) < K (W € %B). @.11)

An operator A € L(X) is a spectral operator if there exists a spectral measure
E on X such that AE(W) = E(W)A and ¢(A,E(W)X) C W forall W € B,
where 0 (A, E(W)X) denotes the spectrum of A in the space E(W)X. For a
spectral operator A, we let v(A) denote the minimal constant K occurring
in (2.11) and call v(A) the spectral constant of A. This is well-defined since
the spectral measure E associated with A is unique, cf. [42, Corollary XV.3.8].
Moreover, E is supported on ¢ (A) in the sense that E(c(A)) = I ([42, Corol-
lary XV.3.5]). Hence we can define an integral with respect to E of bounded
Borel measurable functions on ¢(A), as follows. For f = 27:1 D(jlw]. a finite
simple function with a; € C and W; C ¢(A) mutually disjoint Borel sets for
1<j<n,let

n
/ FAE =Y wE(W). 2.12)
a(A) =1
This definition is independent of the representation of f, and
n
’ / FAE|[ = sup Yl aj(xt, E(W))
o(4) LX) elx=l =1 =1
<supla| sup (¥ E(C)) [vo)
j [l =[1x* [+ =1
< 4lflp@(ay  sup sup |(x%, E(W)x)|

Iellx=l1x* s =1 WEa(4)
< 4v(A) | fllpo(ay) -

where [[x*E(-)x|[y(c) is the variation norm of the measure x*E(-)x on C.

Since the simple functions lie dense in B(c(A)), for general f € B(c(A)) we
may define
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n—oo

B = lim /(A)fndE e £(X)

if (fn)nen C B(o(A )) is a sequence of simple functions with || f, — f||,, = 0
as n — oo. This definition is independent of the choice of approximating
sequence and

dEH <4v(A (A)) - (2.13)
/UM)JC £ (A) Hf||B( (A))
It is straightforward to check that

/ (ocf+ng—oc/ de+/ ¢dE,

[t = ([ 90) [ 599

forall « € C and sunple f,g € B(c(A)), and approximation extends these
identities to general f,g € B(c(A)). Moreover, fv(A) 1dE = E(¢c(A)) =L

Hence the map f — fa(A) f dE is a continuous morphism B(c(A)) — L(X)

of unital Banach algebras. Since /(A) is compact, the identity function A — A
is bounded on o(A) and fU(A) A dE(MA) € L(X) is well defined.

Definition 2.12. A scalar type operator is a spectral operator A € L(X) with
spectral measure E such that

A= AdE(A).
/M ()

The class of scalar type operators on X is denoted by Scal(X).
For A € Scal(X) with spectral measure E and f € B(c(A)) we define

F(A) == /U o FAE (2.14)

Then, as remarked above, f — f(A) is a continuous morphism B(c(A)) —
L(X) of unital Banach algebras with norm bounded by 4v(A). Note also that

_ ./U(A) F(A)d(x*, E(A)x) (2.15)

forall f € B(c(A)), x € X and x* € X*. Indeed, for simple functions this
follows from (2.12), and by taking limits one obtains (2.15) for general f &
B(o(A)).

Finally, we note that a normal operator A on a Hilbert space H is a scalar
type operator with v(A) = 1, and in this case (2.13) improves to

H/U(A)de c

as is known from the Borel functional calculus for normal operators.

< , (2.16)
" I£11Bo(a))
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2.3 Function spaces

In this section we introduce some of the function spaces which will be used
throughout this work.

2.3.1 Besov spaces

First we define the Besov spaces which will be used in Chapters 4 and 5. We
combine material from [93], [118] and [1].
Let € C*(RR) be a nonnegative function with support in [1,2] such that

Y. p27Fs)=1  foralls € (0,).
k=—o0
Fork € N and s € R let ¢ (s) := p(27¥|s]), and let o (s) := 1 — T3 ; ¢k (s).
Let X be a Banach space and let p,q € [1,00] and r € R be given. The (inho-
mogeneous) Besov space B}, ;(IR; X) consists of all X-valued tempered distribu-

tions f € §'(IR; X) such that

< oo,
£1(INo)

£ 118y, (r:x) = H (21«”]_—71(%) *fHLV(IR;X))keNO

endowed with the norm ||- HB? S(RX)" Then B}, , (IR; X) is a Banach space such
that S(R; X) C B}, ,(IR; X), and a different choice of ¢ leads to an equivalent
norm on B}, . (R; X).

The following continuous inclusions hold for each Banach space X, m €
Npand p € [1,00):

" (R; X) € W™P(R; X) C Bl (R; X), (217)

where WP (IR; X) is the X-valued Sobolev space with paramaters m and p.
These are proved in the same way as for X = C, i.e. one proves the result
for m = 0 directly and then uses that f’ € B;,l’ql(]R; X) if and only if f €
B} ;(R; X) fors € Rand p,q € [1, o]. For details see [118, Proposition 2.5.7].
Similarly, the continuous inclusions

7 1(R; X) € Cly (R X) € BY o (R; X) (2.18)

hold for each Banach space X and each m € INj. The norm bounds of the
inclusions in (2.17) and (2.18) do not depend on the underlying space X.

In the case X = C we also define the homogeneous Besov spaces. Let i
be as before and let () := (27 ¥|s|) for k € Z and s € R. For p,q € [1, ]
and r € R, we let B;,q(]R) be the space of all f € §’(R) such that

£y, w) = H (Zkru}—fl(tpk) *f”LP(IR))

< o,

kez 0(Z)
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modulo polynomials. More precisely, if f € S'(R) is such that || f HB{, A(R)
oo, then it admits a representation

f=Y Fly)«f+P

kez

for some polynomial P (see [93, Chapter 3]). We let the homogeneous Besov
space B}, , (IR) consist of all those f for which P = 0, endowed with the norm

Illg;,, () Then B}, . (R) is a Banach space.

2.3.2 The class A

In Chapter 5 another function space will play a vital role. Let W;, W, C C be
Borel measurable subsets and let 2A(W; x W,) be the class of Borel functions
¢ : Wi x Wy — C such that

¢(A1,A2) I/Qﬂl(/\l/w)ﬂz()\zrw)dﬂ(w) (2.19)

for all (A1,A2) € Wy x Wy, where (Q), %, i) is a finite measure space (with
u positive) and a; € B(W; x Q, By, ® L), ap € B(W2 x Q, By, ® X) are
bounded Borel measurable functions. For ¢ € A(W; x W;) let

Il sy 3= i0E [ 1o 0)llsy 2 0) sy (o),

where the infimum runs over all possible representations! in (2.19). One can
show that the map w +— |la1(-, )| g,y [|32(+, @) g(w,) is measurable by
first considering simple a1 and a, and then approximating general a;, a; uni-
formly by simple functions.

Remark 2.13. The class (07 x 02) coincides with the class of functions ¢ :
W1 x Wy — C admitting the representation

p(A,A2) = [ b1(Ag, )bz, @) dv(eo) (2.20)

for all (A1, A2) € Wy x Wa, where (Q, %, v) is a measure space and b; : W; x
Q — C, for j = 1,2, are such that b;(-,w) : W; — C is a bounded Borel
function for w € ), with

[ 181Gl N2l ) a0y (@) < o

1 Taking an Taking an infimum over all such representations might seem problematic from a
set-theoretic viewpoint. The problem can be fixed by choosing an equivalence class
of such a representation for each real number which can occur in the infimum.
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Indeed, any ¢ € A(W; x W,) has a representation as in (2.20), and conversely
any ¢ : W; x Wp — C satisfying (2.20) also satisfies (2.19), with a; € B(W; x
Q) defined by

ai(Ai,w) i= ———5F——
)= T @) o,

forj = 1,2, A; € g; and w € (), and with the finite measure y given by
dp(w) = [|b1 ()l sy ) 1020 @) [ ) dv(@)-

Lemma 2.14. For all Wy, Wy C C measurable, A(Wy x W) is a unital Banach
algebra which is contractively included in B(W; x Wp).

Proof. The proof is straightforward, we provide it for completeness.
Fix Wi, W, C C measurable and let @1, 92 € A(W; x Wy). For j = 1,2,

let (Q),%;, ;) be finite measure spaces and let a; ; € B(W; x Qj, By, ® L)),

ay; € B(Wy x O, By, ® L) be bounded Borel measurable functions such
that

@i(A1,A2) =/0_ﬂl,j()\llw)ﬂz,j()\zlw)dﬂj(w)

]

for all (A1,A;) € Wy x Wy, Let (O, X, ) be the direct sum measure space of
(01,21, }l]) and (02,22, ]/lz) and define a1 € B(Wl x ), %Wl &® Z) by

(A w) = {ﬂ1,1()\,w) ifwe Oy

- allz()\,w> ifwe
for A € Wy. Define a; € B(W; x Q), By, ® X) similarly. Then
91(A1,A2) + @2(A1, A2)
= /Q a1,1 (A1, w)az1 (A2, w) dpg (w) + /Q a12(A1, w)azp (A, w) dpp(w)
1 2
= [ m(,w0)(12,w) du(w)

for all (A1,A2) € Wi x W,, and

Therefore @1 + @p € A(Wy x W,) with

o1+ 902||91(W1xw2) < ||€01||91(w1xw2) + ||4’2||2((w1xw2) :
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To show that ¢ ¢, € A(W; x W,), let (), 2, i) be the product of the measure
spaces (04, X1, p1) and (Qy, Xy, pp). Let
a1(A, (w1, w2)) == a1, (A, wi)ar (A, w2)

for A € Wy, (w1, wz) € O x (), and define a, similarly. Then
¢1(M, A2) 92(M, A2)
= /Q a1,1 (A1, w1)az1 (A2, wi) dp (wr) /Q 112(A1, w2)az,2 (A2, w2) dpiz (ws)
1 2

= [ a1(h, (@1, @2))aa(, (@1, 2) dp((@,2)
for (A1, A2) € Wy x W, and
/Q lla1 (-, (w1, @2)) | gy 132, (w1, @2)) || gowsy) dpt (w1, w2))
< [l Cren) sgwy laaaCrn) sgug) dim(n)
1
o N2 w) g 22 o 02) iy dia(2).

If 9 € A(W; x W) and A € C, then multiplying y by A in (2.19) shows that
Ap € AWy x Wa) with [A@|lgw, xwy) = M | @llaiw, xwy)- Hence we have
shown that 2(W; x W,) is an algebra. Moreover,

[p(A1,A2)] < /Q lar (- )l sy 32 (- )l gy dpe (@)

for all ¢ € A(W; x W,) with representation (2.19) and (A, A2) € Wy x Wh.
Taking the infimum over all representations as in (2.19) yields that 2A(W; x
W) is contractively embedded in B(W; x W;), and now the considerations
above imply that |- || g, xwy) is @ normed algebra.

To show that 2((W; x W,) is complete, let (¢n)nen C A(W1 x W) be a
sequence in A(Wy x Wa) with 372 1 [|@nlgw, xw,) < o0- For each n € N let
(Qn,Zn,yn) and An € B(Wl X Qn,%wl & Zn), Ay € B(Wz X Qn,%wz &
X,) be such that

on(A1,A2) = /Q 010 (A1, @)z (Mg, @) dji ()

n

for all (Aq,A2) € Wy X W, and

/On @10 (o )| gy 1820 (o ) | o) At (@) < Nl @l xws) 277
Let (Q), %, ) be the direct sum of the measure spaces (O, Xy, 4y) for n €
N, and define a; € B(W; x Q, By, ®X), ap € B(W, x Q, By, ® X) by
m (A w) :=a1,(A,w)and a3(A, w) := a2, (A, w) if w € Q. Then
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/ a1 (- ) 5y 2 ) s ()

—)3 / 10 ) L o, 82,1 (o ) gy) i (0) < 00

and

P(A1,A2) = i Pn(A,A2) = /Q a1(A, w)az (A2, w) dp(w)

n=1

uniformly in B(C?). Hence ¢ € 2A(W; x W,) and the series Y ; ¢, con-
verges in 2A(W; x W) to ¢. We conclude that 2((W; x W) is complete. O

We now state sufficient conditions for a function to belong to . The first
is [101, Theorem 9] and will be used in Chapter 5.

Lemma 2.15. Let ¢ € WV2(R) and let

lo (—1)) ifA, A >0
A Ag) 1= { SU08(E, 1 . 2.21
¥s (A1,22) {0 otherwise ( )

Then g € A(R?) with ngHm(RZ) <V2 ||gHW1/2(]R)

The second condition involves the homogeneous Besov space Blog(lR)-
For f € B}, | (R), define s : R — C by

Wr(Ag, Ap) == w if (A, A7) € R? and Ay # A2
e F(f) A=A R

Lemma 2.16. There exists a constant C > 0 such that y; € A(R?) for each f €
Bl 1 (R), with || ¢f |l ra) < Clifllsr, w)

Proof. Let f € BL ;(R). In [96, Theorem 2] (see also [97, p. 535]) it is shown
that ¢ has a representation

Prnde) = [ o1, @)az(hz, @) du(w)

for (A1, Ap) € R?, where (Q), i) is a measure space and a7 and a, are measur-
able functions on R x ) such that

/Hu1 @) s 122, @) oo dlpel (@) < C I f g1, (my

for some constant C > 0 independent of f. Now apply Remark 2.13. O
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2.4 Fourier multipliers

In this section we collect some basic facts about Fourier multipliers, taken
from [55, Appendix E], [1] and [51].

We note that, recently, in [107] new vector-valued Fourier multiplier the-
orems were proved using the geometric notions of type and cotype of a Ba-
nach space.

2.4.1 Fourier multipliers on LP-spaces

First we consider Fourier multipliers on vector-valued LP-spaces.

Let X be a Banach space and let m € L(IR; £(X)) and p € [1, c0]. Then m
is a bounded L (R; X)-Fourier multiplier if there exists a constant C > 0 such
that

Tu(f) = F H(m-Ff) e LP(R;X) and || Tu(f)l, < CIIfI,

for all f € S(R; X). In this case T, extends uniquely to a bounded operator
on L?(R; X) for p < oo and on Cy(IR; X) for p = co. We let HmHM,,(X) be the
norm of the operator Ty, and let M, (X) be the unital Banach algebra of all
bounded L?(IR; X)-Fourier multipliers, endowed with the norm ||-|| My(X)*
Then M (X) is contractively embedded in L™(RR; £(X)).

Each y € M(R) yields a bounded L?(IR; X)-Fourier multiplier F for all
p € [1,00], with

Tru(f) = Lu(f) ==p=f 2.22)

for each f € L¥(R; X). Indeed, Young's inequality implies that

||fV||Mp(X) < ||-7'—V\|M1(x) = ||L14HL1(]R;><) = HV”M(IR) = H]:IMHMOO(X)
(2.23)

for all p € (1,00). Moreover, a scalar-valued function m € L(R) is a
bounded L!(R;X)-Fourier multiplier if and only if m = Fu for some
# € M(R), and this in turn is the case if and only if m is a bounded L*(R; X)-
Fourier multiplier.

A straightforward computation shows that m + n € M (X) for each m €

M,p(X),n € LY(R) and p € [1, 00|, with

[ nll a0 < g, ) 17l - (2.24)

The following lemma from [55, Lemma E.4.1] will be used later on.
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Lemma 2.17. Let X be a Banach space and p € [1,00].

i) Letm € Mp(X),a € Rand b € R\ {0}. Then e m(-),m(b-) € M,(X),
with

O o = IO o0 = Ilag - 229)

quence such that my (s) — m(s) for almost all s € R. Then m € M(X) with
Il ag, x) < limsup,, o, [[m| pg,, ()

ii) Let m : R — C and let (my)pen € Mp(X) be a ||-||MP(X)—bounded se-

Lemma 8.2.3 in [3] yields a useful class of bounded Fourier multipliers:

Proposition 2.18. Let m € C'(IR) be such that

max { sup |s|°|m(s)|, sup [s|"*|m’(s)| } < oo
seR seR

or some o > 0. en m < or eac anacrn space ana eac c |1,00|.
5> 0.Th M, (X h Banach space X and each p € [1

2.4.2 UMD spaces
If X is a Hilbert space then Plancherel’s Theorem yields
Mo(X) = LR L(X))  with  [Jm]| vy, x) = [mlleomoe(x))  (226)

for all m € Mj(X). If X is not a Hilbert space then such a simple description
of My (X) for p € (1,00) is in general not known. In this section we discuss a
class of spaces for which a useful sufficient condition for being an LP(R; X)-
Fourier multiplier is known.

A Banach space X is a UMD space if the function s — sgn(s) is a bounded
L2(X)-Fourier multiplier. By (2.26), any Hilbert space is a UMD space, and
so is the X-valued Bochner space L7 (), j; X) for (), ) a measure space, X
UMD and p € (1,0). In particular, the scalar-valued LF-spaces are UMD
spaces for p € (1, 00). Each UMD space is reflexive (see [100]).

On UMD spaces the following result, the vector-valued Mikhlin Multi-
plier Theorem, yields a large class of bounded scalar-valued Fourier multi-
pliers. It shows that on UMD spaces one can let § = 0 in Lemma 2.18. For the
following formulation see for instance [55, Theorem E.6.2].

Theorem 2.19. Let X be a UMD space and p € (1,00). Then there exists a constant
C > 0 such that the following holds. Let m € C1(R \ {0}) be such that

max < ||| (), SUPp |51’ (8)| p < 0.
{ LAR) sellg }
Then m € M (X) with

m < Cmax < [|m||; ey, sup |sm’ (s)] ¢.
1l o, ) { gy sup o' (5)
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To indicate the use of UMD spaces for functional calculus theory we
present a result from [58] which is a version of Theorem 2.9 on UMD spaces.
For w > 0 let

S (Ste) = { f e H(Sty) | sup |zf'(z)] < oo } 2.27)

z€St,

be the (homogeneous) analytic Mikhlin algebra on St,,, endowed with the norm

F s sty = SUP L)+ 27 (f €HF(St).  @29)

zESty,

The first statement in the following result is [58, Theorem 3.6]. The second
statement follows in the same manner as the first by using a transference
principle for bounded groups, as we will explain in Section 2.5.

Theorem 2.20. Let —iA generate a Co-group (U(s))ser € L(X) ona UMD space
X. Then A has a bounded H‘(’i)(Stw)—calculus forall w > 6(U).

If (U(s))seR is uniformly bounded then the constant bounding the H‘Z?)(Stw)—
calculus can be chosen independent of w > 0.

2.4.3 Fourier multipliers on Besov spaces

We now collect some facts about Fourier multipliers on (inhomogeneous)
vector-valued Besov spaces, to be used in Chapter 4.

Let m € L¥R;L(X)), p,q € [1,00] and r € R. We say that m is a
bounded By, . (R; X)-Fourier multiplier if there is a unique bounded operator
T : B, 5(R; X) — By, ,(R; X) such that

Tu(f) = F 1 (m-Ff) (2.29)

for all f € S(R;X). As in (2.22), each 4 € M(R) induces a bounded
B;,q (R; X)-Fourier multiplier Fu for allr € R and p, g € [1, c0], with

Tru(f) = Ly(f) =px f (f € S(R;X)).

The main results about B}, , (IR; X)-Fourier multipliers that we will need are
the following.

Theorem 2.21. [51, Corollary 4.15] There exists a constant C > 0 such that the
following holds. Let X be a Banach space, p,q € [1,00] andr € R. If m : R — C is
such that ¢m € B%r/lz(]R;C)for all k € Ny, and

M i= sup inf | (gim)(a-)
keNy a>0

”B%Z(M) <

then m is a bounded B}, | (IR; X)-Fourier multiplier with || Ty, HL(B;,,,(]R;X)) < CM.
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It should be noted that some of the results in [51] were improved in [65].
However, the actual improvements occur when considering Fourier multi-
pliers on R" for n > 1, hence for us the results in [51] suffice.

Corollary 2.22. There exists a constant C > 0 such that for all Banach spaces X,
p,q € [1,00], 7 € Rand all m € CY(R;C) with

N :=sup |m(s)| + (1 + |s])|m(s)| < oo,
seR

m is a bounded B}, , (IR; X)-Fourier multiplier with || Ty, HL(B;W(IR;X)) < CN.
Proof. This follows as in [51, Corollary 4.11]. See also [51, Remark 4.16]. O

Note that, for Fourier multipliers on Besov spaces, no geometric assump-
tions on X are needed, in contrast with the situation for L” (R; X )-multipliers,
cf. Theorem 2.19. Note however that singularities of m at zero are not allowed
in Corollary 2.22, whereas in Theorem 2.19 m was allowed to have a singu-
larity at zero. This is relevant for Chapter 4.

2.5 Transference principles

In this section we discuss some of the basic transference principles that will
be used throughout this work.

We first state the classical transference principle by Berkson, Gillespie and
Mubhly from [13], for uniformly bounded groups. For y € M(R) and p €
[1,00], recall the definition of the convolution operator L, € L(L*(R;X))
from (2.22).

Proposition 2.23. Let (U(s))ser € L(X) be a Cy-group on a Banach space X
such that M := sup, [|[U(s)|| < oo. Let p € [1,00] and u € M(R). Then

H/ s)x u(ds)

A transference principle for unbounded groups was established in [58,
Theorem 3.2]. For w > 0 and € M_,(R) let i, € M(R) be given by

Hew(ds) := cosh(ws)u(ds). (2.30)

Proposition 2.24. Let 0 < wg < w and p € [1,00]. Then there exists a constant
C > 0 such that the following holds. Let (U(s))ser € L(X) be a Cy-group on a
Banach space X such that ||U(s)|| < M cosh(wps) forall s € R and some M > 1,
and let y € M_,(R). Then

U(s)x u(ds)

<M HLVHL Lw:x)) Xl

forall x € X.

< CM?||Ly, |x||

| L R;X)) |

forall x € X.
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We will reprove Propositions 2.23 and 2.24 in Section 4.1. By combining
Propositions 2.23 and 2.24 with (2.22) and (2.26), and using Lemma 2.8 as
in [58, Theorem 3.6], one can now prove Theorem 2.9. Theorem 2.20 follows
in the same manner, appealing to Theorem 2.19 instead of (2.26). In the same
way one can obtain the result of Hieber and Priiss that the generator of a
bounded group on a UMD space has a bounded H*-calculus on double sec-
tors (see [64]).

In [59], an abstract transference principle for general sub-semigroups of
locally compact groups was described, of which we present a specific case
here. Let S = Ror S = Ry and let (T(s))ses € L£(X) be a strongly continu-
ous representation of S on a Banach space X such that ||T(s)|| < Me“l! for
certain M > 1, w € Rand all s € S. Let ®(R; X) and ¥(R; X) be Banach
spaces of X-valued Bochner measurable functions on R. Let g € [1,00] and
let ¢ € L7(S) and ¢ € LY (S). Recall that we extend functions and measures
on R to R by setting them equal to zero off IR ;. Let

1) = 9 p(s) = [ p(tp(s —

for s € S. Suppose that p € M(S) is such that yu(ds) := #(s)pu(ds) defines
an element yu € M_,(S). Now define the following maps:
o 1: X = Y(R;X),x(s):=9(—s)T(—s)xforx € Xands € R;
o L, Y(R;X) = ®(R;X), Ly(f) := p*f for f € ¥(R; X);
P:®(R;X) = X, Pg:= [5 (t)T(t)g(t)dt for g € O(R; X).

Recall that
Tyx := / T(s)xv(ds)
S
forv € M_,(S) and x € X. The following is [59, Proposition 2.3]:
Proposition 2.25. Suppose that the maps 1, L, and P are well-defined and bounded.

Then the following diagram of bounded maps commutes:

¥ (R; X) LN O (RR; X)

1 . b

Xx— "™ .x

For S = R, Proposition 2.25 yields a transference principle for Cy-groups
that can be used to prove Propositions 2.23 and 2.24, as is demonstrated in
[59, Section 2]. This will be used in Chapter 4 to yield new results. In Chapter
3 we use the case S = R to obtain a new transference principle for Co-
semigroups.
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2.6 y-Boundedness

In this section we discuss the notions of y-radonifying operators and <y-
boundedness that will be used in Chapters 3 and 6. Much of this material
can be found in [120].

2.6.1 y-Radonifying operators

Recall that a random variable v : 3 — C on a probability space () is a
complex-valued standard Gaussian random variable if y = 1 + i, for 1,72 :
) — Rindependent standard Gaussian random variables. Let H be a Hilbert
space and X a Banach space. A linear operator T : H — X is y-summing if

2\1/2
T, = IEH Th” < oo,
Il = sup ( L )<

where the supremum is taken over all finite orthonormal systems F C H
and where (7}, )scr is an independent collection of complex-valued standard
Gaussian random variables on some probability space. Endow

Yoo(H; X) :={T : H— X | T is y-summing}

with the norm |-, and let the space 7v(H;X) of all y-radonifying opera-

tors be the closure in 7. (H; X) of the finite rank operators H ® X. The fol-
lowing proposition states one of the main properties of y-summing and -
radonifying operators. In particular, it shows that v (H; X) and y(H; X) are
Banach ideals in £(H, X) as defined in Section 5.3. For a proof see [120, The-
orem 6.2].

Proposition 2.26. Let H, K be Hilbert spaces and X, Y Banach spaces. Let R €
L(X,Y),S € vo(H; X)and T € L(K; H). Then RST € v+ (K;Y) with

IRST ||, < IRl zex,vy IS4 1T 2 (i) -
IfS € y(H; X) then RST € v(K;Y).
For a measure space (Q, 1), let 72(Q; X) be the space of all f € L?(Q); X)
such that J; € v(L?(Q); X), where Jr: L2(Q) — X is given by

I5(8) = [ g+ fdu @3

for ¢ € L?(Q). Endow 72(Q; X) with the norm? 1£1l3,5%) = llflly- Then
72(€); X) is a space of X-valued functions, and any finite rank operator T €
2 This definition of the norm on 7,((); X) is different from that in [54], where the

quantity | f|li2(r;x) + [|J¢ ||y is considered. The present definition will be more use-
ful for us.
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L2(Q) ® X induces an element of ,(Q; X). Since the finite rank operators
lie dense in v (L?(Q); X), but in general not every T € (L?(Q); X) satisfies
T = ]y for some f € L2(Q; X), 72(Q; X) is not a Banach space in general.
Nevertheless, it will be a useful space for us later on.

The following corollary of Proposition 2.26 is of fundamental impor-
tance. For 4 € M(R), recall the definition of the convolution operator
L, € £(L*(R; X)) from (2.22).

Corollary 2.27. Let € M(RR). Then L, € L(72(RR; X)) with
Lol 2 p iz < I Ml -

Proof. Let f € L2(R; X). Then i+ f € LX(R; X) and J,..f(g) = J¢(ji* ) for
each ¢ € L2(R). Here /i(s) = h(—s) for h € L2(R) and s € R. Since

11 8llzry < IFHller) I8 Nz r)

by Plancherel’s Theorem, Proposition 2.26 yields the desired result. O

Corollary 6.3 from [59] yields a useful class of functions in v, (); X) for
Q = (a,b) C R (we use the convention oo - 0 = 0):

Lemma 2.28. Let X be a Banach space, (a,b) C R, u € Wi ((a,b); X) and ¢ :

loc

(a,b) — C. Suppose that one of the following conditions is satisfied:
b
o @lizgap llu(@)llx < coand [ @lliasp) ll1'(s)]x ds < eo;

b
o lollagop) llu®)llx <ooand [ @]z 1’ (s)llx ds < eo;
Then ¢ - u € v2((a,b); X).

A collection T C L(X) is y-bounded if there exists a constant C > 0 such
that

H Y. orTxr

TeT!

< CH YTXT
LZ(Q?X) T;—’

L2(0;X)

for all finite subsets 7' C T, sequences (x7)re7w C X and independent
complex-valued standard Gaussian random variables (y7)rc7s on some
probability space ). The smallest such C is the y-bound of T and is denoted
by [T]". Every y-bounded collection is uniformly bounded with supremum
bound less than or equal to the y-bound, and the converse holds if X is a
Hilbert space.

A basic result concerning y-boundedness (as well as boundedness with
respect to more general random variables, although we will not discuss such
generalizations here) is the Kahane contraction principle from [67]:
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Lemma 2.29. Let p € [1,00], n € N and let (v;)}_, be a sequence of independent
complex-valued standard Gaussian random variables on some probability space Q).
Let A1,..., Ay, € Cand xq,...,x, € X. Then

Another important result involving y-boundedness is the y-Multiplier
Theorem. We state a version that is tailored to our purposes. Given a Ba-
nach space Y, a function g : R — Y is piecewise W™ if g € WL*(R \
{a1,...,an};Y) for some finite set {ay,...,a,} C R.

L7 (QX)

n
AkYkXk <
k; LP(QX) ~ 1<k<n

n
< max |Ag] H Z VX
k=1

Theorem 2.30 (y-Multiplier Theorem). Let X and Y be Banach spaces and T :
R — L(X,Y) a strongly measurable mapping such that

T:={T(s) | s € R}

is y-bounded. Suppose furthermore that there exists a dense subset D C X such that
s = T(s)x is piecewise W' for all x € D. Then the multiplication operator

M7 :L2(R)® X — L3(R;Y) Mr(f@x) = f(-)T()x
defines a bounded operator Mt € L(72(R; X)) with || Mr|| £, rx)) < [T17.

Proof. Let f € 72(IR; X). That Jaq,(f) € Yoo (L2(R); Y) with || Ty, f ‘ <[7T]"
v

is the content of [120, Theorem 5.2]. To see that in fact [, s € Y(L2(R); Y) we

use an approximation argument. Let x € Dand f € C.(R).Letay,...,a, € R
be such that s +— T(s)x € WV°(R\ {ay,...,a,};Y), and set ag := —oo,
4,11 := oo. Note that

aj+1
L W2y TG 2] s < o0

]

forallj € {1,...,n}. Furthermore,

a
S 2w T ds < oo,

Lemma 2.28 yields (l(a/_,ajﬂ)f)(-)T()x € 12(R;Y) forall 0 < j < n, hence
F()T(-)x € 72(R;Y). Now, C.(R) ® D is dense in L?(R) ® X, which in turn
is dense in (L?(R); X). For a general f € 7,(RR; X), approximate J by ele-
ments of Cc(IR) ® D to obtain [, ¢ € 7(L?(R); Y). O

2.6.2 y-Bounded (semi)groups

To illustrate the use of the concept of y-boundedness for functional calculus
theory, we state the following important result due to Kalton and Weis [68].
Note that it extends Proposition 2.9 to general Banach spaces.
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Theorem 2.31. Let —iA generate a Co-group (U(s))ser C L(X) on a Banach
space X, and suppose that there exists an w € Ry such that

{E*W‘S‘U(s)’ s € ]R} C L(X)

is 'y-bounded. Then A has a bounded H*(St,, )-calculus for each w' > w.

We note that, under the assumption that X has the so-called property («),
the converse implication in Theorem 2.31 also holds, although not necessarily
for the same w (for details see [68]).

We note for later reference the following result due to Le Merdy (see [81]),
which links y-bounded Cy-groups to the scalar type operators from Section
2.12.

Proposition 2.32. Let —iA generate a Co-group (U(s))ser € L£(X) on a Banach
space X. Then {U(s) | s € R} C L(X) is y-bounded if and only if A is a scalar
type operator.

We now present some terminology for Cp-semigroups which will be use-
ful later on. Note that a Co-semigroup (T(t))icr, is of type (M,w) (as
defined in Section 2.2.1), if and only if sup {||e"“'T(¢t)|| [t e Ry} < M.
This motivates the following definition. We say that a Cyp-semigroup T =
(T(t))ter, is of y-type (M, w) € [1,00) x Rif [e"“'T(t) | t € Ry]7 < M.
The exponential y-bound of T is defined as

wy(T) := inf{w € R | T is of y-type (M, w)} € [—00, 0],

and T is exponentially y-stable if w,, (T) < 0. Clearly type and y-type coincide
for semigroups on Hilbert spaces.

In Chapter 6 we will use the following corollary of Theorem 2.31. Note
that it applies in particular to an exponentially stable semigroup (T(t))cRr,
on a Hilbert space for which all the operators T(t), t > 0, are invertible.

Corollary 2.33. Let — A be the generator of an exponentially y-stable Cy-semigroup
(T(t))ter, on a Banach space X. Suppose that T(t) is invertible for each t € R,
and that {e='T(t)~1 | + > 0} C L(X) is y-bounded for some wy € R... Then
A has a bounded H*(C ;. )-calculus.

Proof. Let w; > 0and M > 1 be such that (T(t))cRr, is of type (M, —wy),
and set wp = L +w; € Ry. Let B := —i(A — wy). Then —iB generates
the Co-group (U(s))ser C L(X) given by U(s) = e“2°T(s) for s € R4, and
U(s) = e“>"T(—s) ! fors < 0. Let w := “2. Then

{7 U(s) |s € Ry} = {e'T(t) | € R}

is y-bounded by assumption. By Lemma 2.29, so is
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{e*U(s) | s < 0} = {e~@or@ltT(H)=1 | £ > 0},
Hence Theorem 2.31 yields a constant C > 0 such that
1f (w2 +1)(B)llgix) < Cllf(w2 i) lpesy,,,) < Cllflase,) — (232)
for all f € H*(C4). In the same manner as in Lemma 2.3, one can show

that f(wp +1i-)(B) = f(A) for each f € H®(C.). Hence (2.32) concludes the
proof. O

2.7 Interpolation spaces

In this section we give a summary of some aspects of interpolation theory
that will be used in Chapter 4.

2.7.1 Real interpolation spaces

If X and Y are Banach spaces that are embedded continuously into a Haus-
dorff topological vector space Z, then we call (X,Y) an interpolation couple.
We let

K(t,z) == inf {{|x[|x +tlylly | x € X,y € V,x+y =z}

fort > 0and z € X +Y C Z. The real interpolation space of X and Y with
parameters 6 € [0,1] and g € [1,00] is

(X,Y)g, = {z EX+Y| [t t9K(tz)] € Lq((O,oo),dt/t)}, (2.33)
a Banach space when equipped with the norm

2l e, = ||t = tOK(E2)

L9((0,00),dt/t) (Z € (X/ Y)G,q)-

IfT:X+Y — X+ Y restricts to a bounded operator on X and a bounded
operator on Y then

1Tl g0y < 1T NG 1Tz ) (234)

forall 6 € (0,1) and g € [1, 0] (see [12, Theorem 3.1.2]).
By [12, Theorem 3.4.1], the following holds for any interpolation couple
(X,Y)and 6 € (0,1),9 € [1,00]:

(Y, X)oq = (X, Y)194 (2.35)

with equality of norms.
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In the case where Y is continuously embedded in X, the real interpolation
spaces are nested, cf. [86, Proposition 1.1.4]:

(X, Y)g,p € (X, Y)e, 4 (2.36)

for0 < 6; <6, <landallp,g € [1,00].
In Chapter 4 we will need the following version of the Reiteration Theorem.
For a proof see e.g. [12, Theorem 3.5.3].

Theorem 2.34. Let (X, Y) be an interpolation couple and let q,q1,q, € [1,00] and
0,01,0, € (0,1) with 01 # 6,. Then

((X/ Y)91,q1/ (X/ Y)ez,qz)e,q = (X/ Y) (1-6)6, +662,9
with equivalent norms.

An important class of real interpolation spaces is the class of Besov spaces
from Section 2.3.1. For m € IN and p € [1, 00|, recall the definition of the
Sobolev space W"?(IR; X) from Section 2.1.

Lemma 2.35. Let 0 € (0,1), p € [1,0), g € [1,00] and m € IN. Then there exists
a constant C > 0 such that, for each Banach space X,

(LP(R; X), W™ (RR; X))g,4 = By (R; X)

with

1
C HfHBg{g(]R;x) < ||f“(LP(R;X),W'W(]R;X))M <C ||fHB;;g(]R;x)

foreach f € B%(]R; X).
Similarly, (C,3(R; X),Cl(R; X))o, = Bglo?q(]R; X) with equivalent norms,
and the constant describing the equivalence of the norms is independent of X.

Proof. The proof is the same as that of [118, Theorem 2.5.7] in the case X = C.
One first uses that

By (R; X) = (B)1(R; X), By1 (R; X))og = (B eo(R; X), Byl (R; X))o,

with equivalent norms (where the constant of equivalence does not depend
on X). This is shown just as in [118, Theorem 2.4.2]. Then the inclusions

By (R; X) = (B)1(R; X), By1 (R; X))a C (LP(R; X), WP (IR; X) )a g

C (B) o (R; X), B} (R; X))gy = B9 (IR; X)

follow from (2.17). The proof of the second statement is analogous. O
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2.7.2 Functional calculus on interpolation spaces

We now discuss functional calculus for operators on interpolation spaces. We
will deal with strip type operators and generators of Cyp-groups, because of
the applications of the theory in this section to Chapter 4. However, much of
the material in this section is equally valid for the other types of operators
that were considered in Section 2.2, and the proofs are analogous. This will
be used at times in Chapter 4.

We mainly consider interpolation spaces for the couple (X,D(A)), where
A is a closed operator on X. We write

D4(6,9) == (X, D(A))g,q (2.37)
and

Iy = 7o,y (x €Dal6,4)):

If — A generates a Cp-semigroup on X, the following inclusions hold for
a,B,v € C with Re(y) < Re(B) < Re(w) and Re(y) > 0 or ¢y = 0, by [55,
Corollary 6.6.3]:

(D(A),D(A%))g1 C D(AF) C (D(AT),D(A")g0,  (239)

where 6 € (0,1) satisfies Re() = (1 — ) Re(y) + 0 Re(«).
For an operator B on X and a continuously embedded Y — X, the oper-
ator By on Y that satisfies Byy = By for elements in its domain

D(By):={y € D(B)NY | By € Y}

isthe part of Bin Y. If Y = Dy(0,q) for 6 € (0,1) and g € [1, 00| then we
write

BG,L] = BDA(9,17)' (239)

Now let A be a strip type operator as in Section 2.2.2. The following
lemma shows, in particular, that the functional calculi for A and Ayg,; are
compatible.

Lemma 2.36. Let A be a strip type operator of height wy > 0 on a Banach space X
andlet 0 € (0,1),q € [1,00] and m,n € Ny. Let Y := (D(A™),D(A"))g 4.

a) The part Ay of A in'Y is a strip type operator of height wy. Furthermore, each
f 1 Sty = C with w > wq which is regularizable in the calculus for A is
regularizable in the calculus for Ay, and f(Ay) = f(A)y.

b) If —iA generates a Co-group (U(s))scr on X and q < oo, then —iAy generates
the Co-group (U(s)y)ser. In particular, D(Ay) is dense in Y.



2.7 Interpolation spaces 55

Proof. a) First note that, for all k € INg and A € p(A), R(A, A) leaves D(AF)
invariant with [[R(A, A) | zpeary) < IR(A, A)[l£(x)- By (2.34), R(A, A) leaves
Y invariant with

IROA, Al vy < IR, Al £x) - (2.40)

By [55, Proposition A.2.8], c(Ay) C 0(A) and R(A, Ay) = R(A, A)y for all
A € p(A). Hence (2.40) yields the first statement. Let w > wp and f € £(Sty,)
be given. Then

Ay = o [ fERG Az = o [ fEIRG A)ydz = f(A)y

for some contour I' and all y € Y. Now let f : St,, — C be a function which
is regularizable in the calculus for A and let e be a regularizer for f. Then e
is a regularizer for f in the calculus for Ay, since e(Ay) = e(A)y is injective.
The rest follows by regularization.

b) By (2.34), ||[U(s)y|| < ||U(s)]| forall s € R. Hence (U(s)y)ser is locally
bounded. Since it is strongly continuous on the subset D(A™X("m)) C 'y,
which is dense by [86, Proposition 1.2.5], it is strongly continuous on Y. By
[45, p. 60], —iAy is its generator. a

Remark 2.37. It follows from part b) of Lemma 2.36 that, for x € D4 (6, q) with
q < oo,

ny:/IRU(s)xy(ds) (2.41)

exists as an integral of a D4 (6, g)-valued function. Even though in general
(U(s))ser is not strongly continuous on D4 (6, 00), for x € Dy4 (6, 0) (2.41)
exists as an integral of an X-valued function. Since Dy4 (6, ¢) is continuously
embedded in X for all 6 € (0,1) and g € [1, 0], the value of (2.41) does not
depend on the space in which we consider s — U(s)x. Hence we regularly
will not specify in which space we consider (2.41).

We conclude with an important link between real interpolation spaces
and functional calculus theory provided by a theorem of Dore (see [37]). It
is the first instance of a theme that will be further investigated in Chapter 4,
namely that the functional calculus properties of an operator may improve
upon restriction to a real interpolation space.

Theorem 2.38. Let A be an invertible sectorial operator of angle ¢ € (0, 7) on
a Banach space X, and let 6 € (0,1) and q € [1,00]. Then Ag, has a bounded
H®(Sy)-calculus on (X, D(A))g,q for all € (@, 7).

Versions of this result for operators which are not invertible can be found
in [38] and [55, Chapter 6]. Note that, by Proposition 2.10, there exists a sec-
torial operator A of angle 0 on a Hilbert space X which does not have a
bounded H* (S )-calculus on X for any ¢ € (0, 7).
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Functional calculus using transference methods






3

Functional calculus for semigroup generators

We have seen in Proposition 2.5 that not every semigroup generator has
a bounded H%-calculus, even if the underlying Banach space is a Hilbert
space. However, by Proposition 2.9 group generators on Hilbert spaces do
have a bounded H*-calculus, and this follows from the fact that group gen-
erators allow for transference principles as in Propositions 2.23 and 2.24. In
the present chapter we derive a transference principle for operators Tj as
in (2.4) in the case where y has support away from zero. This allows us to
show that, although a semigroup generator —A does not in general have a
bounded H*-calculus, there is a large class of functions f for which f(A) is
bounded. In particular, on Hilbert spaces we obtain the following result. (See
Section 3.3 for the definition of a strong m-bounded calculus.)

Theorem 3.1. Let —A be the generator of a uniformly bounded Cy-semigroup
(T(t))ter, of type (M,0) on a Hilbert space H. Then the following assertions hold.

a) For w < 0and f € H¥(Ry,) one has f(A)T(t) € L(H) with

IFATE < c(0)M? | e, - @3.1)

where ¢(T) € O(|log(7)|) as T \, 0, and ¢(7) € O(1) as T — oo,
b) For w < 0 < aand A € C with Re A < 0 there is C > 0 such that

IF(A) (A=) < CM? |f g, ) (3.2)

forall f € H(Ry,). In particular, D(A*) C D(f(A)).
¢) A has a strong m-bounded H*-calculus of type 0 for each m € IN.

When X is a UMD space one can derive similar results, stated in Section
3.4.2. Our results generalize to arbitrary Banach spaces by using (subalge-
bras of) the analytic L?(R; X)-Fourier multiplier algebra from (3.3). How-
ever, they are useful only if the underlying Banach space has a geometry that
allows for nontrivial Fourier multiplier operators. In Section 3.5 we take a dif-
ferent approach, in the spirit of Theorem 2.31, and extend the Hilbert space
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results to general Banach spaces by replacing the assumption of bounded-
ness of the semigroup by its y-boundedness. In particular, Theorem 3.1 holds
true for y-bounded semigroups on arbitrary Banach spaces with M being the
v¥-bound of the semigroup.

In Section 3.1 we introduce the analytic multiplier algebras which will
be used throughout this chapter, and we study some of their properties.
In Section 3.2 we derive a transference principle for semigroup generators
and measures with support away from zero, and apply it to deduce results
about boundedness of certain functional calculi. In Section 3.3 we study m-
bounded functional calculus, and show that each semigroup generator has
an m-bounded analytic multiplier calculus. In Section 3.4 we specialize the
results in the preceding sections to Hilbert and UMD spaces. In Section 3.5
we study y-bounded semigroups and apply our results to their generators.

As noted in Section 2.2.1, —A generates a Co-semigroup (T(t))icr, of
type (M, w) if and only if — (A + w) generates the semigroup (e “!T(t))cRr,
of type (M,0). By Lemma 2.3, the functional calculi for A and A + w are
linked by the composition rule “f(A + w) = f(w + z)(A)”. Therefore, in
this chapter we shall almost exclusively consider uniformly bounded semi-
groups; all results carry over to general semigroups by shifting.

3.1 Multiplier algebras

In this section we define the analytic multiplier algebras that occur frequently
in this chapter, and we derive some of their basic properties.

Let X be a Banach space and p € [1, 0], and recall the definition of the
space M (X) of all bounded L*(IR; X)-Fourier multipliers from Section 2.4.
Forw € Rand p € [1, 0] we let

AM}(Ry) = {f € H¥(Ry) | f(w +1') € Mp(X)} (33)
be the analytic LP (R; X)-Fourier multiplier algebra on R,,, endowed the norm
I Lanex = 1Al ane g,y += 1L (0 43y ) -

Here f(w +1i-) € L®(R) is the trace of f from (2.3). To simplify notation we
sometimes omit reference to the Banach space X and write AM,(Ry,) instead

of AM;((RW) whenever it is convenient.

The space AM;((RM) is a unital Banach algebra. Since M, (X) is contrac-
tively embedded in L¥(R; £(X)), AM;((Rw) is contractively embedded in
H*(R,,). Moreover, AM{(R,,) = AMZX(R,) is contractively embedded in
AM;f(Rw) for all p € (1,00), as follows from (2.23) and the fact that any

scalar-valued m € M (X) satisfies m = Fu for some u € M(R).
For our main results we need a few lemmas about the analytic multiplier
algebra.
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Lemma 3.2. For every Banach space X, all w € Rand p € [1,00],
AM}(Ry) = {f € Hw(Rw)‘ sup ||f(w' +i-)||Mp(X) < oo}
w'>w

with [l sy = S9Pwre IF(@ + 1)Ly, forall f € AME(R,)

Proof. Letw € R, p € [1,00] and f € AMP(RW). Forallw' > wands € R,

Flo + w —w/ —ir) dr

s—r)2+ (W' —w)?

by [104, Theorem 5.18]. The right-hand side is the convolution of f(w — i-)
and the Poisson kernel given by P, (r) := m forr € R. Itis
straightforward to check that || P,y _||;1 (R) = 1,50 (2.24) yields

£+ ) < 1F@ =)ty = 1 anaies -
The converse follows from (2.3) and Lemma 2.17 (ii). O

For y € M(R) and p € [1,00] recall the definition of the convolution
operator L, € L(L?(R; X)) from (2.22).

Lemma 3.3. For each w € R the Laplace transform induces an isometric algebra
isomorphism from M, (R +) onto AM$ (Ry,) = AMI{(Ry, ). Moreover,

||F7||AM;<(Rw) = HLLwVHﬁ(LP(X))
forall p € M(R4), p € [1, 00].

Proof. The mappings y — e_ppu and f — f(- + w) are isometric algebra
isomorphisms My, (R ) — M(IR+ ) and AM,(Ry) — AM,(C4 ) respectively.
Hence it suffices to let w = 0. If y € M(Ry) and f = ji € H*(C) then
f(@i-) = Fu(-). Therefore (2.22) and (2.23) imply that f(i-) € M;(X) with
LFE)at, ) = Il - and that [£G)llug, ) = 1Ll oy for p €
[1,00]. Conversely, if f € AM;(C) then f(i-) = Fu for some u € M(R).
An application of Liouville’s theorem shows that supp(¢) C R4, hence f =
L. O

Lemma 3.3 implies that Lemma 2.1 can be reformulated as follows, using
the analytic multiplier algebra.

Lemma 3.4. Let & > 1, A € C and w, wy € Rwith Re(A) < w < wy. Then

f(2)(z—=A)"" € AMy(Ry,) forall f € H(Ry).
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3.2 Transference and functional calculus for semigroups

In this section we establish a transference principle for Cp-semigroups and
measures with support away from zero. We then apply this transference prin-
ciple to obtain the main functional calculus result of this chapter.

3.2.1 Transference for measures with support away from zero

Define the function # : (0,00) x (0,00) x [1,00] — R by
n(at,q) = inf {9l lgl, | $xp=ewonlto)}. (34

Here the infimum is taken over all ¢ € L7(R.) and ¢ € L7 (R, ) with ¢ *
¢(s) = e ™ for all s € [t,00). This set is not empty: choose for instance
P :=1jye—qand ¢ := %e_,x. By Lemma A.2,

n(a,t,q) € O(|log(at)|) asat — 0,
for g € (1,0). We now derive the main transference principle of this chapter.
Proposition 3.5. Let (T(t));cr, be a Co-semigroup of type (M,0) on a Banach

space X. Let p € [1,00], T,w > 0and p € M_,, (R4 ) with supp(p) C [T, 0).
Then

1Tell ) < M?n(w, 7, p) 1 Zewnll £ e @mix) - (3.5)

Proof. Let ¢ € LP(IRy ) and ¢ € LP (R ) be such that ¢ * ¢ = e_, on [1, ).

Define ¢ : X — LP(IR; X) by ix(s) := ¢(—s)T(—s)x fors < 0 and x(s) := 0
for s > 0. Clearly

el ) < MYl Xl (x € X), (3.6)

so ¢ is well-defined and bounded. Moreover, let P : LP(R; X) — X be given
by

Pri= [T (f €U (RX)).
By Hoélder’s inequality,
IPFIl < Mgl Ifllpmax) — (F € (R X)), (37)

so P is also well-defined and bounded. Finally, L., is a bounded operator on
L?(RR; X), by Young's inequality. Letting ¥ (R; X) = ®(R; X) = L”(RR; X) and
using that (¢ * ¢)e, 1t = p, Proposition 2.25 yields the commutative diagram
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ew it

L
L’(R; X) —— LP(R; X)
IT lP
Ty
X——X

Estimating || T, || through this factorization and using (3.6) and (3.7) yields

ITull < M2 1911, [ Lewrl| 2ur iy 21l

Finally, taking the infimum over all such ¢ and ¢ yields (3.5). O

3.2.2 Functional calculus for functions of exponential decay

Define, for a Banach space X, w € R, p € [1,00] and T > 0, the space
AMX (R,,) := {f € AMX(Ry) | f(z) € O(e ™R as [z| — oo},
endowed with the norm of AM;,((RW).
Lemma 3.6. For every Banach space X, w € R, p € [1,00] and T > 0
AM} (Ry) = AM}(Ry) NeH(Ry) = et AM(Ry). (3.8)
In particular, AM;,(IT(RW) is a closed ideal in AM;f(Rw).

Proof. The first equality in (3.8) is clear, as is the inclusion e :AM,(Ry,) €
AM,, (Ry). Conversely, if f € AMp(Ryw) Ne—H*(Ry) thene:f € AM,(Ry)
since

le” ) fw + i) | gy 000 = € NF (@ + i) g, ()

by Lemma 2.17 (i).
Now suppose that (fu)sen S AMy(Ry) converges to f € AMp(Ry).
The maximum principle for holomorphic functions implies

HeTfVZHH""(Rw) =e™ ||fn||H°°(Rw) ’

hence (erfn)nen is Cauchy in H*(R, ). Since it converges pointwise to e f,
(3.8) implies f € AM, «(Ry). 0

We are now ready to prove the main result of this section. Note that the
union of the ideals AM;{ ARy) for T > 0is dense in AM;,((RQ,) with respect to
pointwise and bounded convergence of sequences. If there were a single con-
stant independent of T bounding the AM%T(Rw)—calculus for all T, Lemma
2.4 would imply that A has a bounded AM?(RM)—calculus, but this is false in
general, by Proposition 2.5. Moroever, it was shown recently in [111] that the
logarithmic bound in the following result is sharp in general.
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Theorem 3.7. For each p € (1,00) there exists a constant c, > 0 such that the
following holds. Let —A generate a Co-semigroup (T(t));cr, of type (M,0) on a
Banach space X and let T,w > 0. Then f(A) € L(X) and

),
)

7

cp M?[log(w)] Ifllangx i T < min(

2M2e~wT ||f||AM;7< if wt > min(

7

<= S
T R

(A < {

forall f € AMff,T(R,w). In particular, A has a bounded AM;{T(R,w)—calculus,

Proof. First consider f € AM; (R_,). Let 6 € M_, (IR ) be the unit point
mass at 7. By Lemmas 3.6 and 3.3 there exists a € M_, (R4 ) such that

f=e_ (= m Since 6 x u € M_,(Ry) with supp(dr * u) C [T,00),
Proposition 3.5 and Lemma 3.3 yield

IF (A < MPy(w, T, p) INVEE (3.9)

Now suppose that f € AM,,(R_,,) is arbitrary. Fore > 0,k € N and z €
R_, set gx(z) :== ﬁ and fy.(z) := f(z+€)gk(z + €). Lemma 3.4 yields
fre € AMj (R_,), hence, by what we have already shown,

e (A < M1(w, T, p) [ frell ana -

The inclusion AM(R_) € AM,(R_,) is contractive, so Lemma 3.3 implies
that g € AM,(R_,) with

I8kl anx < lgkll ang = K lle—rllurr.) = 1.
Combining this with Lemma 3.2 yields

kaﬁHAMff < |IfC +€)HAM;§ llgx (- "‘E)HAM;(

< HfHAM;f'

In particular, supy . || frell, < o0 and supy . ||fie(A)|| < co. Lemma 2.4
implies that f(A) € L(X) satisfies (3.9), and Lemma A.2 concludes the
proof. O

Remark 3.8. Because AM3(R_) = AM«(R_,) is contractively embedded in
AM,(R_,), Theorem 3.7 also holds for p = 1 and p = co. However, A triv-
ially has a bounded AM;j-calculus and a bounded AM-calculus, by Lemma
3.3 and the definition of Hille-Phillips calculus.

Note that the exponential decay of |f(z)] is only required as the real part
of z tends to infinity. If | f(z)| decays exponentially as |z| — oo the result is
not interesting. Indeed, Lemma 3.4 then implies that f € AM; and therefore
that f(A) € L(X).
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We can equivalently formulate Theorem 3.7 as a statement about compo-
sition with semigroup operators.

Corollary 3.9. Under the assumptions of Theorem 3.7, f(A)T(t) € L(X) and

¢p M2 [log(wT)| e |[fll g if wT < min(5;, 57),
. . 1 1

2M2||fHAM§f szr>m1n(ﬁ,?)

IF(AT@)] < {

forall f € AMY(R ).
Proof. Note that f(A)T(t) = (e—¢f)(A) and

leefllag oy = e 00, = W langin -

by Lemma 2.17 (7). Hence Theorem 3.7 yields the result. O

3.2.3 Additional results for semigroup generators

In this section we discuss some additional results that can be derived from
Theorem 3.7.

As a first corollary of Theorem 3.7 we obtain a sufficient condition for a
semigroup generator to have a bounded AM;(—calculus.

Corollary 3.10. Let — A generate a uniformly bounded Co-semigroup (T (t))ier,
on X with

| ran(T (7)) = X.

Then A has a bounded AM;f(Rw)-calculus forallw <0, p € [1,00].

Proof. Using Corollary 3.9, f(A)T(7) € L(X) implies ran(T (7)) C D(f(A)).
Therefore f(A) € L(X) for each f € AM;,((R(U) and the map AM;,((Rw) —
L(X), f — f(A), is well-defined and linear. Suppose that f € AM;((RM),
(fi)ken C AM})f(Rw) and T € £(X) are such that fy — fin AM;((RW) and
fx(A) — Tin L(X) as k — oo. By Lemma 24, fi(A)x — f(A)x for each

x € D(A?). Since D(A?) is dense in X, f(A) = T. Now the closed graph
theorem yields (2.6). O

Theorem 3.11. Let p € (1,0), w > 0and a, A € C with Re(A) < 0 < Re(a).
There exists a constant C = C(p,a, A, w) > 0 such that the following holds. Let
— A generate a Co-semigroup (T (t))ser, of type (M, 0) on a Banach space X. Then
D((A = A)") € D(f(A)) and

IF(A) A =27 < CM?IIf gz )

forall f € AM;((R,Q,).
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Proof. —(A — )) generates the exponentially stable semigroup (e T(t))ser, -
So Corollary 3.3.6 in [55] allows us to write

1

(A=A = s

/ ElMT(Hxdt (x € X).
0

Fix f € AM,(R_,) and seta := 1 min {%, %} By Corollary 3.9,
[ R TIR £V ()] dt < CMP | f| gy ] <00 (310)
Jo P

for all x € X, where

C=¢, /0” tRe(tx)—l|10g(wt)|e(Re(/\)+w)tdt+2/aoo fRe(a) 1 Re(A)t 4y

is independent of f, M, and x. Since f(A) is a closed operator, this implies
that (A — A)~* maps into D(f(A)) with

1 [e9)
_ L a—1_At
fA)(A—A)*x F(tx)/o M f(A)T(t)x dt (3.11)
for all x € X. Applying (3.10) to (3.11) concludes the proof. O

Remark 3.12. Theorem 3.11 shows that for each analytic multiplier function
f the domain D(f(A)) is relatively large, it contains the real interpolation
spaces (X,D(A))g,4 forall @ € (0,1) and g € [1, co]. This follows from (2.36)
and (2.38).

Remark 3.13. We can describe the range of f(A)(A — A)™* in Theorem 3.11
more explicitly. In fact,

ran(f(A)(A = A)™) €D ((4 - A)F)

for all Re(B) < Re(w). Indeed, this follows if we show ran(A — A)™* C
D((A — A)Pf(A)), and [55, Theorem 1.3.2] implies

D((A—A)Pf(4)) = D(F(A) ND ([(z = MPF(2))(A))
The inclusion ran((A — A)™*) C D(f(A)) follows from Theorem 3.11. Since

[(z = MPF@IAN A=) = [(z= 1P f(2)](A) = fF(A)(A - AP,

the same holds for the inclusion ran((A — A)~*) € D ([(z — A)P£(2)](4)).
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3.3 m-Bounded functional calculus

In this section we describe another transference principle for semigroups,
one that provides estimates for the norms of operators of the form f(")(A)
for f an analytic multiplier function and f(") its m-th derivative, m € N.
We use terminology from Section 5 of [7]. Moreover, we recall our notational
simplification AM,(Ry) := AM;((RQ,).

Let w < wy be real numbers. An operator A of half-plane type wp on a
Banach space X has an m-bounded AM;((RM)—calculus if there exists C > 0

such that f(" (A) € £(X) with

£ ()l < Cllfllaggy forall £ € AMX(R,).

This is well defined since the Cauchy integral formula implies that (") is
bounded on every half-plane R, with w’ > w:
m! 1

F" (@] <l (v

We say that A has a strong m-bounded AM;,(—calculus of type wy if A has an

m-bounded AM;((RW)—calculus for every w < wy and if for some C > 0 one
has

C
(m)
Hf " (A)HL(X) < ((UO 7w)m HfHAMff(Rw) (3.12)

forall f € AM;((RW) and w < wy.

Lemma 3.14. Let A be an operator of half-plane type wy € R on a Banach space X,
and let p € [1,00] and m € IN. If A has a strong m-bounded AM;,(—calculus of type

wy, then A has a strong n-bounded AM;,(—calculus of type wo for all n > m.

Proof. Letw < a < B < wo, f € AMp(Ry) and n € IN. Then

. ., n! flatir)
F(B+is) = Tm/R (a+ir — (B +is))"+1

(Flati)s (w=p—i)™"") (s)

for all s € R, by the Cauchy integral formula. Hence, using Lemma 3.2 and
(2.24),

n!
T 2m

. . n! N .
£ (B +1) L, 30) < Folle—=p—i) Ml ary 1 (& 4 5) g, )

C
< B=a)y £ 1l an, (o)
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for some C = C(n) > 0 independent of f, B, « and w. Letting a tend to w
yields

n n . C
[FaSINY: (Rg) = £ (B + )| ag x) < Tl fllam, Ry (3:13)
PARB P (‘3 w) P

Now let 2 > m. Applying (3.13) with # — m in place of n shows that f("~") ¢
AM,(Rp) with

el —m
IF oo < =gyl lavyxy)

wo
cc’
< o= Py (p—wym M v

Finally, letting 8 = 1(w + wy),

C//
Hf(”)(A)HE(X) < WHJCHAMP(Rw)
for some C” > 0 independent of f and w. O

For the transference principle in Proposition 3.5 it is essential that the sup-
port of u € My, (R ) is contained in some interval [T, 00) with T > 0. In gen-
eral one cannot expect to find such a transference principle for arbitrary u,
as this would allow one to prove that semigroup generators have a bounded
analytic multiplier calculus. But this is false in general, cf. Proposition 2.5.
However, if we let tu be given by (tu)(dt) := tu(dt) then we can deduce the
following transference principle. We use the conventions 1/c0 := 0, co? := 1.

Proposition 3.15. Let —A be the generator of a Co-semigroup (T(t))icr, of type
(M, 0) on a Banach space X. Let p € [1,00], w < 0and y € My, (R+). Then

M? Ry
| Tru|| < Tl P T el £ o -

Proof. As in the proof of Proposition 3.5, define : : X — L?(IR; X) by 1x(s) :=
e “T(—s)x fors <0, while 1x(s) := 0if s > 0. Then

l[ex|lLp (rix) < M(jw|p) =P x| (x € X), (3.14)

so ¢ is well-defined and bounded. Moreover, let P : LP(R; X) — X be given
by

Pf = /0°° CIT(F( At (f € LP(R; X))

By Holder’s inequality,
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IPAIl < M(lwlp) P I flomxy — (F € LR X)), (3.15)

so P is also well-defined and bounded. Moreover, L, u is a bounded op-
erator on LP(R; X), by Young’s inequality. Letting ¥(R; X) = ®(R; X) =
L?(R; X) and using

(IR, ew * 1R ew) (t)e—o (t)pu(dt) = tu(dt),

Proposition 2.25 yields the commutative diagram

6 wh

LP(R; X) —% LP(R; X)

1 . b

X———X

Finally, estimate the norm of Ty, through this factorization, and combine
(3.14) and (3.15) to conclude the proof. O

We are now ready to prove our main result on m-bounded functional
calculus, a generalization of [7, Theorem 7.1] to arbitrary Banach spaces. The
idea for the proof of the implication (ii) = (i) comes from [7, Theorem 6.4].

Theorem 3.16. Let A be a densely defined operator of half-plane type 0 on a Banach
space X. Then the following assertions are equivalent:

(i) —A is the generator of a uniformly bounded Cy-semigroup on X.
(i) A has a strong m-bounded AM;,(—calculus of type O for some/all p € [1, 00] and
some/all m € IN.

In particular, if —A generates a uniformly bounded Cy-semigroup then A has an
m-bounded AM;,((RW)—calculus forallw <0, p € [1,00] and m € N.

Proof. (i) = (ii) By Lemma 3.14 it suffices to let m = 1. We proceed along
the same lines as in the proof of Theorem 3.7. Let (T(t))tcr, € £(X) be the
semigroup generated by —A and fix w < 0, p € [1,00] and f € AM,(Ry).
Define the functions fre = f(- +€)gk(- +¢€) for k € N and € > 0, where
8k(z) == = w+k forz € Ry. Then f . € AMl(Rw) by Lemma 3.4, and Lemma
3.3 yields pig e € My (R4 ) with fi o = iy . Now

fke(z+h) fre(z) s 00 @ (2 _ gzt
o =W Jo o Peeldh)

fre(z) =
= -  ire (dt) = —fpge(z)

for z € Ry, by the Dominated Convergence Theorem. Hence f (A) =
— Tty ., and Proposition 3.15 and Lemma 3.3 imply
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M? 4
I fre( ey < —=p VP TV free

] AM(R,)

By Lemma 3.2 and because the inclusion AM{(R,,) C AM;((RQ,) is contrac-
tive,
[ frellam, Ry) < 1FC+€)llam, ®,) 18k (- +€)llam, ®,)

< Ifllam, ®o) 18kl aM, (o) = I laM, (R,)-

In particular, the f . are uniformly bounded on R,. By the Cauchy integral
formula, the derivatives f/ _ are uniformly bounded on R, for each «’ €

(w,0).Since f; .(z) = f'(z) forallz € R,y ask — 0, € — 0, the Convergence
Lemma yields f/(A) € £(X) with

M? 1y
1 (Al zx) < mp Vr(ph)tr ”f”AM;((Rw)’

which is (3.12) for m = 1.
For (ii) = (i) assume that A has a strong m-bounded AMj-calculus of
type 0 for some p € [1, 0] and some m € IN. Then

et € AM|(Ry) C AMP(Rw)
forallt > 0 and w < 0, with
—tw

He—tHAMp(Rw) < He—fHAMl(Rw) =e

Now (e_¢)™) = (—t)™e_; implies that e 4 € £(X) with

m|| ,—tA
t He HE(X) < ‘w|m

Letting w := —1 and using Lemma 2.2 yields the required statement. O

3.4 Semigroups on Hilbert and UMD spaces

In this section we apply the results from previous sections, which involve the
abstract analytic multiplier algebra, to Cyp-semigroups on Hilbert spaces and
UMD spaces.

3.4.1 Semigroups on Hilbert spaces

If X = H is a Hilbert space then (2.26) implies that AM}! = H® with equality
of norms. Hence the theory in Section 3.2 specializes to the following result,
yielding a) and b) of Theorem 3.1.
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Corollary 3.17. Let — A generate a Co-semigroup (T(t))ier, of type (M,0) on a
Hilbert space H. Then the following assertions hold.

a) There exists a universal constant ¢ > 0 such that the following holds. Let T, w >
Oand f € e_tH®(R_,). Then f(A) € L(H) and

~

¢ M?|log(wT)| [|flasr ) i wT <
M%7 || fllasr ) if wt>

NI—= NI—

1A (A < {

Moreover, f(A)T(7) € L(H) with

e M2log(wt) 7 | flly ) i wT < 1,
AT (1) < W)
ATl {2M2 e i wr >}
forall f € H(R_y).
b) If

UDOran(T(T)) =H,

then A has a bounded H¥(Ry,)-calculus for all w < 0.
¢) For w < 0and a, A € C with Re(A) < 0 < Re(a) thereis C = C(a, A, w) >
0 such that

IF (A (A=) < CM? | f g, )
forall f € H(Ry,). In particular, D(A*) C D(f(A)).

Part c) shows that, even though semigroup generators on Hilbert spaces
do not have a bounded H*-calculus in general, each function f that decays
with polynomial rate « > 0 at infinity yields a bounded operator f(A). For
x> % this is already covered by Lemma 3.4, but for « € (0, %} it appears to
be new.

Remark 3.18. Part c) of Corollary 3.10 implies the stability of certain numerical
methods. Let —A generate an exponentially stable semigroup (T(t));>0 on a
Hilbert space, let r € H*(C) be such that [|r||jye(c, ) < 1, and leta,h > 0.
Then

sup {|[r(hA)"x|| | n € N,x € D(A"),||A%x|| <1} < o0 (3.16)

follows from c) in Corollary 3.10 after shifting the generator. Elements of the
form r"(hA)x are often used in numerical methods to approximate the so-
lution of the abstract Cauchy problem associated to —A with initial value
x, and (3.16) shows that such approximations are stable whenever the semi-
group is exponentially stable on a Hilbert space and if x € D(A*) for some
a > 0.
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Theorem 3.16 specializes to the following result, which contains part c) of
Theorem 3.1. This result also follows from [7, Corollary 6.5 and (7.1)].

Corollary 3.19. Let A be a densely defined operator of half-plane type 0 on a Hilbert
space H. Then the following assertions are equivalent:

(i) —A is the generator of a bounded Cy-semigroup on H.
(ii) A has a strong m-bounded H*-calculus of type O for some/all m € IN.

In particular, if —A generates a uniformly bounded Cy-semigroup then A has an
m-bounded H®(R,, )-calculus for all w < 0 and m € IN.

3.4.2 Semigroups on UMD spaces
For w € R let
HP(Rw) := {f € HY(Ro) | (z = w)f'(z) € HY(Rw) }

be the analytic Mikhlin algebra on R, a Banach algebra endowed with the
norm

Il = 11 fllsr,) = suplf(2)| + 1z =w)f'(2)]  (f € HY(Rw)).

z€Ry

Theorem 2.19 yields the continuous inclusion
HP(Ry) = AM(R,)

for each p € (1,00), if X isa UMD space. Combining this with Theorems 3.7
and 3.16 and Corollaries 3.9 and 3.10 proves the following theorem.

Theorem 3.20. Let —A generate a Co-semigroup (T(t))icr, of type (M,0) on a
UMD space X. Then the following assertions hold.

a) For each p € (1,00) there exists a constant ¢, = c(p, X) > 0 such that the
following holds. Let T,w > 0. Then f(A) € L(X) with

cp M?|log(w)| || fllpe(r,) # wT <min{g, 5,
2c,M?e T ”f”Hi"(Rw) if wT > min % %

(A < {

forall f € HP(R_y,) Ne—H*(R_y,), and f(A)T(t) € L(X) with

Cp M2|10g(wT>|ewT Hf”Hi"(Rw) lf wT < min %/% ’
2, M? [ f e v ) if wT > min % >

IF(A)T(D) < {

forall f € HPY(R_y).
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b) If
UT>0ran(T(T)) =X,

then A has a bounded H*(Ry, )-calculus for all w < 0.
) A has a strong m-bounded H{’-calculus of type 0 for all m € IN.

Remark 3.21. Theorem 3.11 yields the domain inclusion D(A%*) C D(f(A))
forallx € C1, w < 0and f € HP?(Rw), on a UMD space X. However,
this inclusion in fact holds true on a general Banach space X. Indeed, for

A € C with Re(A) < 0, Proposition 2.18 implies f@) ¢ AM;4(C4 ), hence

F(A)(A — A)=* ¢ £(X) and D(A%) C D(f(A)). The cetimate
IF(A)A = A) 7| < Cllfll(r,) (3.17)

then follows from Lemma 2.4. Indeed, the Convergence Lemma implies that
the map f — f(A)(A — A)™* is a closed operator, hence the closed graph
theorem yields (3.17).

Remark 3.22. To apply Theorem 3.20 one can use the continuous inclusion
H¥(Ro U (S, +a)) € HE(R,) (318)

for ' > w,a € Rand ¢ € (7/2,7]. Here R, U (S, + a) is the union of
Ry and the translated sector S, + a. Indeed, it suffices to consider a < 0 in
(3.18). Then for each f € H*(R, U (Sy +4)) and z € R, the Cauchy integral
formula yields

/ L2l
2" () < 52 | |y_z|2d\y| (3.19)
for T' the boundary of R, U Sy, for "’ € (w,w’). To obtain (3.18) from
this, split the integral in (3.19) into two parts, corresponding to the part of
I' on dR,,» respectively dS,. For the first part, which is bounded, use that
SUPc If'(z)] < |If [t (r,, )- For the second part use a rescaling argument
(see also [55, Lemma 8.2.6]).

3.5 y-Bounded semigroups

The geometry of the underlying Banach space X played an essential role in
the results of Sections 3.2 and 3.3 in the form of properties of the analytic
multiplier algebra AM;,( . Indeed, in order to identify nontrivial functions in
AM;,( one needs a geometric assumption on X, for instance that it is a Hilbert

or a UMD space. In this section we take a different approach and make ad-
ditional assumptions on the semigroup instead of the underlying space. We
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show that if the semigroup in question is y-bounded then one can recover
the Hilbert space results on an arbitrary Banach space X.
The following theorem generalizes part a) of Corollary 3.17. Recall that

e_H¥R,) = {f € H®Ry) | f(z) € O(e "Re(®)) as |z| — oo}

fort>0,weR.

holds. Let — A generate a Co-semigroup (T (t))ier, € L(X) of y-type (M,0) ona
Banach space X, and let T,w > 0. Then f(A) € L(X) with

Theorem 3.23. There exists a universal constant ¢ > 0 such that the following

c M?log(wT)| ||flle i wT <

3.20
Mt |f]l T > (320

(A < {

NI N[

forall f € e_HR_,).
In particular, A has a bounded e_H*®(R_,)-calculus.

Proof. We first show that the estimate (3.5) in Proposition 3.5 can be refined
to

ITull < MPn(w0,7,2) || Legul| (3.21)

72(R;X))
for 4 € M_y,(IRy) with supp(u) C [t,00). To this end, let ), ¢ € L2(R)
be such that ¥ x ¢ = e_,, on [1,00), and define 1 : X — 72(R;X) and P :
12(R; X) — X by
1x(s) := ¢(—s)T(—s)x (xeX,s€R),
Pg:= [ oTMg(Ddt (3 € 12(RX)).

Note that s — T(—s)x is piecewise W' for all x in the dense subset D(A) C
X and that

P(—) ©@x € L?(—00,0) ® X C 72(IR; X).
Theorem 2.30 now implies that ¢ is well-defined and bounded, with
lxllymix) = MIY(=) @ xll2(co0) = MIPlawy I2lx - G22)
for x € X. As for P, write

Pg= [T o(TMg()dt = rgle) (g € T2R;X),

where |7, is as in (2.31). Now use Theorem 2.30 once again to see that Tg €
72(R; X), with
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IPlx < [Trsll, lelem,) < Mlelew,) 18l,®x) — (623)

for each ¢ € 12(R; X).
Hence ! and P are well-defined and bounded maps, and Proposition 2.25
yields the commutative diagram

Le,
72(R; X) —% 72(R; X)
] JP
T,
X— X

Finally, estimating the norm of T, through this factorization, taking the infi-
mum over all ¢ and ¢ and using (3.22) and (3.23) yields (3.21).
Now one uses that

| Lewnll 2 (ymixy) < Newttlliwc, ) = Il )

by 2.27, to obtain

IF A < MP*(w, 7, 2) || fllie &)

if f = i for some y € M_,(Ry) with supp(y) C [t,0). For a general

f € e_tH®(Ry), define gi(z) := ﬁ and fie(z) := f(z +€)gk(z +€) for
€ >0k € Nand z € R_. Then Lemmas 3.4 and 3.6 imply that fi. =
for some u € M_, (R4 ) with supp(u) C [1,0). Hence, by what we have
already shown,

ka,e(A)H < Mz’?(w/ T, P) kafHHw(R,w) .

Moreover,

ka,EHHoo(R,w) < fC+ ) llper o) 186 ¢+ e ) < I flTaer ) -

Now Lemma 2.4 implies that f(A) € £(X) and that f(A) satisfies (3.20), and
finally Lemma A.2 concludes the proof. O

Corollary 3.24. Let — A generate a y-bounded Cy-semigroup (T(t));er, € L£(X)
of y-type (M, 0) on a Banach space X. Then the following assertions hold.

a) There exists a universal constant ¢ > 0 such that the following holds. Let T, w >
Oand f € HR_y,). Then f(A)T () € L(H) with

¢ M2[log(wT)e“ | fllpr_,) I wT < 3,

ATl = {2M2 T i wr >

forall f € HY(R_y,).
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b) If
UDOran(T(T)) = H,

then A has a bounded H®(Ry,)-calculus for all w < 0.
¢)For w < 0and a,A € C with Re(A) < 0 < Re(a) there exists a C =
C(a, A, w) > 0such that

IF(A) (A=) < CM? | f g, )
forall f € H(Ry,). In particular, D(A*) C D(f(A)).

Proof. Part a) follows from Theorem (3. 23) just as Corollary 3.9 followed from
Theorem 3.7, using that ||e_ Tf||Hoo(R YTl eer

Part b) follows from part a) in the same way as Corollary 3.10 followed
from Corollary 3.9, by noting that the map H¥R_,,) — L(X), f — f(A),
is well-defined and linear, and by using the Closed Graph Theorem and
Lemma 2.4.

For part c), Corollary 3.3.6 in [55] yields

(A—A) " = F(la) /000 EIMT(xdt  (x € X),

since —(A — A) generates the exponentially stable semigroup (eMT(t))scr, -
Fix f € H®(R_,) and set a := 5. By part a),

/0 $Re(2) 1RV || £ AT (#)x|| dt < CM?2 £l ) X[l <00 (3.24)
for all x € X, where
C= C/“ tRe(«H‘10g(wt)‘e(Re(A)+w)tdt+2/°° fRe(a)—1Re(A)t 44
0 a

is independent of f, M, and x. Since f(A) is a closed operator, this implies
that (A — A)~* maps into D(f(A)) with

FIAY (A —A)x = 1"(11x) /0oo M F(A)T(H)x dt

for all x € X. Applying (3.24) to this expression concludes the proof of ¢). 0O

The following result will be used in Section 6.2.3.

Corollary 3.25. Let — A generate a Co-semigroup (T(t))ier, € L(X) of y-type
(M, —w) for M > 1 and w > 0, and let B > 0. Then there is a constant C =
C(w, B) > 0such that f(A)A=P € L(X) with

IF(A)A™Pll 3y < CM?|| fllies(c, )
forall f € H*(C4).
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Proof. Let f € H®(C4) and note that —(A — w) generates the semigroup
(e“'T(t))er, of y-type (M,0). Moreover, f(- + w) € H¥R_,) with f(- +
w)(A —w) = f(A), by Lemma 2.3. Hence Corollary 3.24 c) yields a constant
C = C(w, B) > 0 such that

IF(A)AP i) = £ (- + @) (A = @) (A = w = (=) Pl £ x)
< CMf(- + @) lper_y) < CM?[|fllmacs - O

Theorem 3.16 can also be extended to a y-version:

Theorem 3.26. Let —A generate a Co-semigroup (T(t))ier, € L(X) of y-type
(M, 0) on a Banach space X. Then A has a strong m-bounded H®-calculus of type
0 for all m € IN. In particular,

(A 2o < 22 flle (325)
L(X) = 2|w| "/ H R-w) :

for each w > 0and f € H(R_).

Proof. By replacing AM;,( by H* in the proof of Lemma 3.14, it suffices to let
m = 1. Let w > 0. We first obtain (3.25) for f = ji, where p € M_,(R4).
A modification of the proof of Proposition 3.15, along the same lines as in
the proof of Theorem 3.23, shows that the maps ¢ : X — 72(R; X) and P :
72(R; X) = X, given by

1x(s) :==e “*T(—s)x (xe X,s €R),
Pfi= [Tt T (1) dt (F € 1(R;X),
are well-defined and bounded. More precisely, one obtains
lixlly iy < M2eol) ™2l (3.26)
forx € X, and
IPFllx < M2l ™ 2| £l ;) (327)

for f € 12(R; X). By Lemma 2.27,
Le—wnll £y im0 < Newtllmec,) = NAllaew_,)- (3.28)
Letting ¥(RR; X) = ®(R; X) = 72(IR; X) in Proposition 2.25, and using that
(IR, ew * 1R, €w) (He—w (Hp(dE) = tu(dt),

we obtain the commutative diagram
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As in Theorem 3.16, f'(z) = fu(z) for all z € R_,,. Hence estimating the
norm of Ty, = f'(A) through the above factorization, and using (3.26), (3.27)
and (3.28) one obtains (3.25) if f = ji for p € M_,(R4).

For general f € H*(Ry,) define the functions f . := f(- +€)gx(- + €) for
k € Nand € > 0, where gi(z) := ﬁ forz € R_,,. Lemma 3.4 and Lemma
3.3 yield py e € My (Ry) with f . = fijc for each k € N and € > 0. We have
shown above that

M? M?
I fre(Allzx) < m”fk,e H®(Ry,) = m”fHHW(Rw)/

where we used that ||fi HeRy) < Iflae(g,) forallk € Nand e > 0.In

particular, the fi . are uniformly bounded on R_,. By the Cauchy integral
formula, the derivatives f/  are uniformly bounded on R, for each «’ €

(—w,0). Since f; (z) — f'(z) forallz € R,y ask — o0, € — 0, Lemma 2.4
yields f'(A) € L£(X) with

M2
1f (Al ex) < mllfl\Hoo(R,w),

which is (3.12) for m = 1. a
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Functional calculus on real interpolation spaces for
generators of Cy-groups

In Theorems 2.9 and 2.20 we have seen that group generators have a bounded
calculus for a class of functions which may depend on the underlying space.
Given what we encountered in Chapter 3, where the results depended heav-
ily on the geometry of the underlying space, this is perhaps not very surpris-
ing. Moreover, just like the results in Chapter 3, Theorems 2.9 and 2.20 can
be proved using transference principles.

Although Theorems 2.9 and 2.20 are powerful statements, geometric as-
sumptions on the underlying space restrict the generality of the results. In
particular, Hilbert and UMD spaces are reflexive. Therefore the transference
approach which we used so far does not yield interesting results for groups
of operators on non-reflexive spaces such as C(K)-spaces or L!-spaces.

In this chapter we take a different approach and consider transference
principles on interpolation spaces. We have seen in Theorem 2.38 that the
functional calculus properties of an operator can improve upon restriction to
interpolation spaces. However, unlike in Theorem 2.38 we are interested in
the strip type functional calculus considered in Section 2.2.2, which is a more
natural and useful functional calculus for group generators.

The reason that the transference principles in Propositions 2.23 and 2.24
do not directly yield anything interesting for Cy-groups on spaces X which
are not UMD is that no results about L¥ (IR; X)-Fourier multipliers are avail-
able in this context. However, we have seen in Theorem 2.21 that B}, | (R; X)-
Fourier multiplier results exist that do not depend on the geometry of X. We
have also seen in Lemma 2.35 that Besov spaces are obtained from real inter-
polation between L? and Sobolev spaces, and this fits well into the setting of
a transference principle on interpolation spaces.

In this chapter we consider transference principles on the real interpo-
lation space D (6, q) from (2.37). In particular, in Proposition 4.4 we estab-
lish the following interpolation version of the classical transference principle
from 2.23.
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Proposition 4.1. Let 6 € (0,1), p € [1,00) and q € [1,c0]. Then there exists
a constant C > 0 such that the following holds. Let —iA generate a Cy-group
(U(s))ser € L(X) on a Banach space X with M := sup, g ||U(s)| < oo, and
let y € M(R). Then

H/ s)x p(ds)

forall y € M(R) and x € Dy(6,q).

< CM? [|Lu] oa,

1%/l
0 (R;X)) A

We also establish an interpolation version of the transference principle for
unbounded groups from Proposition 2.24.

We then combine these transference principles with Theorem 2.21 to de-
rive a functional calculus result for the part Ag,; of Ain Dy (6,9) from (2.39).
To this end, for each w > 0 define the (inhomogeneous) analytic Mikhlin algebra

H(St,,) := { f e H(St,)

sup (1+|z]) |f'(2)] <°°} (4.1)

z€St,

on St,,, endowed with the norm

sty == sup 1f @)+ A+ 2 If' ()] (f € HT(Stw)).  (42)

z€St,

It is straightforward to show that, for all w > 0, H{*Sty) is equal to the
homogenous analytic Mikhlin algebra Hﬁ)(Stw) from (2.27), with equiva-
lent norms. However, (4.2) is more natural in the setting of transference
principles on inhomogeneous Besov spaces, since Fourier multiplier results
on such spaces require an inhomogeneous condition at zero. Moreover, the
norm equivalence of H{*(St,,) and H‘("{)(Stw) fails as w | 0, which means that

the distinction between the two spaces is relevant for uniformly bounded
groups. See also Remarks 4.9 and 4.11.

The main functional calculus result of this chapter is the following ver-
sion of Theorems 2.9 and 2.20 on interpolation spaces. For a proof see Theo-
rem 4.10.

Theorem 4.2. Let —iA generate a Co-group (U(s))ser € L(X) on a Banach space
X, and let 0 € (0,1), g € [1,00]. Then Ag, has a bounded H{ (St )-calculus on
Da(6,q) forall w > 6(U).

If (U(s))ser is uniformly bounded then the constant bounding the H} (St )-
calculus can be chosen independent of w > 0.

Theorem 4.2 shows that, just as in Theorem 2.38, the functional calculus
properties of an operator can improve upon restriction to a real interpolation
space.
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An important class of Cp-groups is given by the groups of imaginary
powers of a sectorial operator with bounded imaginary powers. For a sec-
torial operator A with bounded imaginary powers one can use Theorem 4.2
to obtain a specific bounded calculus on real interpolation spaces between
the underlying space X and the domain of the logarithm of A. This result
complements Theorem 2.38.

In a similar manner, one can deduce results about convergence of princi-
pal value integrals and functional calculus for generators of cosine functions
from Theorem 4.2.

In Section 4.1 we establish transference principles on interpolation spaces,
and in Section 4.2 we prove Theorem 4.2. Section 4.3 contains additional re-
sults that can be derived from this.

4.1 Transference principles on real interpolation spaces

In this section we derive versions of Propositions 2.23 and 2.24 on interpola-
tion spaces.

4.1.1 Unbounded groups

We first establish an interpolation version of the transference principle for
unbounded groups from Proposition 2.24. For w > 0 and y € M_4,(R),
recall the definition of the measure y,, € M(R) from (2.30).

Proposition 4.3. Let 0 < wy < w, 6 € (0,1), p € [1,00) and g € [1,00]. Then
there exists a constant C > 0 such that the following holds. Let —iA generate
a Co-group (U(s))ser C L(X) on a Banach space X such that [|U(s)| zx) <
M cosh(wys) forall s € R and some M > 1, and let y € M_,(R). Then

forall x € D4(6,9).

/]R U(s)x u(ds)

< CM?||L, | ¢
0.4

Bfﬂ,q(IR;X)) ”x 0,9

Proof. Let Uy, be as in (2.9). By Proposition 2.25, we can factorize U, € L(X)
as Uy = Po Ly, o, where

e 1:X — LP(R;X) is given by
1x(s) == ¢p(—s)U(—s)x (xe X,s €R),
with

Pls) = coshszs) (s €R).
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e P:LP(R;X) — Xis given by

Pfi= [ OUG)f()ds  (f € L/(R;X)),
with

V8w cosh(ws)
7t cosh(2ws)

@(s) :== (s € R).

Here we use that ¢ x ¢(s) = m for s € R, as can be seen by taking

Fourier transforms (see [58, Theorem 3.2]). By Holder’s inequality,
ell 2 (x,Le(r;x)) < M| cosh(ewo)]],,, (4.3)
1Pl 2r (r:x),x) < M [l@ cosh(wo) |, - (4.4)

We claim that : : D(A) — WY (R; X) and P : W' (R; X) — D(A) are well-
defined and bounded. To prove this claim, let x € D(A). Then ix € CY(IR; X)
with

(1x)'(s) = =9/ (=s)U(=5)x + ip(—s)U(—s) Ax

tanh(2ws) 1
=2 . _U(-s)A
wcosh(Zws)u( s)x+i cosh(Zws)u( 5)Ax
for all s € R. Hence (1x)" € LP(RR; X) with
h(wp-) cosh(wg-)
"< | cosh(wo
H(lx) HP*ZWMHtanh”L (R) cosh(2w-) p +M cosh(2w-) p

Combining this with (4.3) implies that 1x € W (R; X) with

cosh(wy-)

2l < M(2w ftanhlp~gey +1) | 500 05

[xllpay-  (45)
p

This shows that : : D(A) — WP(R; X) is bounded. To prove the claim for
P, fix f € §(X) and note that

1 [ e £ == 1)~ g(s) ()
LU =1pf = [ UGs) ; ds

for h > 0. The latter expression converges to — [ U(s)(¢f)'(s)ds € X as
h — 0, by the dominated convergence theorem. Hence Pf € D(A) with

APf = lim - (U(H) ~DPf = — [ UGs)(9/(5)F(5) + 9(6)f(5)) .

h—oh R

Another application of Holder’s inequality yields
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|APFllx < M||g' cosh(wor)[|, [IFll, + M [l cosh(eon ) ],

Combining this with (4.4) implies
1Pflogay < M (lpcosh(en)ly + o' cosh(wn ), ) £l @6)

As S(X) is dense in W7 (R; X), P : W/P(RR; X) — D(A) is bounded.

Since Ly, € L(W'P(R;X)), we can factorize U, € L(D(A)) as U, =
Po Ly, ot via bounded maps through WUP(RR; X). Applying the real inter-
polation method with parameters 6 and g to the two factorizations of Uy,
through L?(RR; X) respectively W7 (R; X), yields the commutative diagram
of bounded maps

(LP(R; X), WP (R; X) )g, — (LP(R; X), WP (R; X))o,
] ;
u}‘
D4(6,9) D4(6,9)

Finally, estimate the norms of  and P in this diagram by applying (2.34) to
(4.3) and (4.5) respectively (4.4) and (4.6). This yields

U HE(DA(Q,q)) < C'M?*||Ly HL((LP(IR,-X),WLP(IR;X))@/,J) (4.7)

for a constant C’ > 0 independent of y. Now Lemma 2.35 concludes the

proof. O

4.1.2 Bounded groups

In this section we establish a version of Proposition 2.23 on interpolation
spaces, already stated in the introduction to this chapter as Proposition 4.1.
In the proof we use the convention 1/co := 0.

Proposition 4.4. Let 6 € (0,1), p € [1,00) and q € [1,c0]. Then there exists
a constant C > 0 such that the following holds. Let —iA generate a Cy-group
(U(s))ser € L(X) on a Banach space X with M := sup, g || U(s)|| < oo, and
let p € M(R). Then

H/ s)x u(ds)

forall p € M(R) and x € Dy (6, 9).

®x)) 1 ¥llog (4.8)

. <OV 1,

Proof. First note that it suffices to establish (4.8) for measures with compact
support. Indeed, approximating by measures with compact support then ex-
tends (4.8) to all # € M(RR). So fix N > 0 and suppose that supp(y) C
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[N, N]. We will factorize U, using Proposition 2.25. To this end, let p €

C%(R) be defined by
1
o0 )

<1
0 >1

where ¢; > 0 is such that [ p(s)ds = 1. Fix «, > 0 and define o'(s) :=
1o (%) fors € R, and let

1
¥ 1= 0% 1 (N+3a+B) N+3a+8] and ¢ = m(f * 11— (atB),a+8)-

Then ¢, ¢ € C*(R) are such that supp(¢) C [— (2« + B),2a + ],

20+

Yp=lon[-(2x+N+p),204+ N+ B] and /z+,s p(s)ds =1.

Hence ¢ * ¢ =1 on [-N,N]. Let: : X — LP(RR; X) be given by
1x(s) == ¢p(—s)U(—s)x (xe X,s €R),
and P: L*(R; X) — X by

Pfi= [ pOUEfE)ds (€ LR X).

Proposition 2.25 yields the factorization U, = P o L, o1, where we use that
(¢ * ¢)u = p. By Holder’s inequality,

el zexrrixy) < MII®ll, and [Pl zrmgx),x) < M@,y (4.9)

Moreover, : : D(A) — W'?(R; X) and P : W'”(IR; X) — D(A) are bounded
with

1l 2oeaywirrixyy < MIYl, and 1Pl zwirr;x)pa)y < M@l -
(4.10)

This follows by arguments analogous to those in the proof of Proposition
4.3. Applying the real interpolation method with parameters 6 and g to the
two factorizations of U, through LP(RR; X) and Wlfp(]R; X), produces the
commutative diagram of bounded maps

Ly
(LP(R; X), WP (R; X))o —— (L (IR; X), W (R; X) )

o I

Da(0,9) Da(0,9)
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Use (2.34) on (4.9) and (4.10) to estimate the norms of : and P in this factor-
ization as ||¢|| < M ||1,b||1,p and ||P|| < M ||(p|\1,p/. This yields

||uy ||£(DA(9,q)) < M2||l/’|‘1,p || Q’Hl,p’ HLV ||5((Lp(m;x),wlfv(m;x))e/q)- (4.11)

To determine [|¢[|1,, and [|¢][; ,» note that

191l < ol = (N+3atp)N+3asp)lp = (2(N + 3 +B)YVP,

1 -1/
||§0Hp’ < m”‘fﬂlHl[—(a+ﬂ),a+ﬁ]”p/ = (2(x+p)) e,

by Young's inequality. Since ¢ is an even function that is decreasing on [0, «]
and supported on [—a, a], its derivative satisfies

I = =2 [ o'(5)ds = 2(00) - ofa)) = 210,

Let c; := 20(0). Another application of Young’'s inequality yields
c
19 llp < 10”18 - (30 ) N30 o = = 2N+ 3+ )7,

1 c _
19'lly < g1 It pracally = 7 G+ B) 77,

Hence (4.11) becomes

\2(N+3a+p\"7
Il cooa < M2 (1 2)" (2B Tl ma wincsy

and taking the infimum over « and B yields

[y ||£(DA(9,q)) < M*||Ly HL((Lv(R;X),wl,p(R;X))(,,q) : (4.12)

Lemma 2.35 now establishes (4.8) and concludes the proof. a

Remark 4.5. Note that the constant C in Proposition 4.4 comes only from
the equivalence of the norms on (L?(RR; X), W'?(IR; X))o,q and Bleg,q(IR; X),
whereas in Proposition 4.3 a constant is present which is inherent to the trans-
ference method.

Remark 4.6. Let p € [1,00) and let (U(s))ser € L(LP(R)) be the left trans-
lation group given by U(s)f(t) := f(t+s) for f € LP(R), s € R and al-
most all t € R. Then (U(s)))scr is generated by —iA, where Af := if’ for
f € D(A) = W'(R). Hence D4 (6,9) = (L*(R), W'?(R))g,, for 6 € (0,1)
and g € [1, o). Moreover, for 4 € M(R) and f € LP(R),

J UG dn(s) = e f = Lu().
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Hence, with U, as in (2.9),

HuﬂHL(DA(e,q)) = HLHHﬁ((LP(]R),WW(]R))g,q)‘

This shows that (4.12) is sharp in general, up to possibly a change of constant.
By Lemma 2.35, the same holds for (4.8).

Proposition 4.4 and Corollary 2.22 combine to yield the following result.

Corollary 4.7. Let 6 € (0,1) and q € [1,00]. Then there exists a constant C > 0
such that the following holds. Let —i1A generate a Co-group (U(s))ser C L(X) on
a Banach space X with M := sup . [|[U(s)|| < oo, and let u € M(R) be such that

Fu € CYR) with sup,g (1 +|s|) [(Fu)'(s)| < co. Then

H/ s)x u(ds)

forall x € D4 (6,9).

< CM? |xllg, sup (17n(s)] + (1+Is|) [(F)' (5)1)
0.9 seR

Remark 4.8. For Corollary 4.7 we used Corollary 2.22, but there are other ways
to verify the conditions of Proposition 2.21, for instance Hérmander-type as-
sumptions, cf. [51, pp. 47-49]. These then yield functional calculus results for
other function norms than in Corollary 4.7.

Remark 4.9. If X is a UMD space then Proposition 2.23 and Theorem 2.19 yield
an estimate

H/ s)x u(ds)

for all x € X. Corollary 4.7 then follows from (2.34), and in fact in this case
(Fu)' need not be bounded near zero. However, the inhomogeneity of the
Besov space B}, / (R; X) implies that for general Banach spaces in Corollary
4.7 a condition at zero on the multiplier is needed to deal with the term ¢ym
in Proposition 2.21.

S OV xlsup (17| + 1) ()]
seR

4.2 Functional calculus results for groups on interpolation
spaces

We now use the theory established in the previous sections to prove the main
functional calculus result of this chapter, Theorem 4.2. Recall the definition
of the (inhomogeneous) analytic Mikhlin algebra H{*(St,,) from (4.1).

Theorem 4.10. Let —iA generate a Co-group (U(s));cr € L£(X) on a Banach
space X and let 6 € (0,1), q € [1,00] and w > O(U). Then there exists a constant
C > Osuch that f(Ag,) € L(Da(6,q)) with
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1f (Aol 2o 0.0 = € If st

for all f € H{¥(Stw). If (U(s))ser is uniformly bounded then C can be chosen
independent of w > 0.

Proof. First consider f € H{(Sty) N E(Stw) and fix & € (#(U),w) and p €
[1,00). By Lemma 2.7 there exists a 4 € M_4(R) such that f = Fu. Let j, be
as in (2.30). By Lemmas 2.7 and 2.36 and Proposition 4.3,
Hf(AGIq)H - H(UV)MH =G HLﬂauﬁ(B%q(R;X)) =G HT]‘—Plauﬁ(B%q(R;X))
(4.13)

for some constant C; > 0, where Tr, is as in (2.29). Since

Fia(s) = f(s+in) —;—f(s —in) (s €R),

Corollary 2.22 yields a constant C; > 0 such that

1£(Aag)ll < Casup (1Fa(s)| +(1-+1sDI(Fp)' ()] < Call s
(4.14)

For general f € H{(St,) first assume that g < oo. By part b) of Lemma 2.36,
D(Ag,)isdenseinD,(6,q). Let i(z) := —k?(ik — z) "2 fork € N withk > w
and z € St,. Then 7, f1, € H{®(Stw) N E(Stw),

sup 1f Tillrst,) < I lerese,) sup k[ sty < @

and f1(z) — f(z) ask — oo, forall z € St,,. Now (4.14) yields

1 fte(Ap )| < Coll fFrellasmst,) < C lIf st
for some C > 0. Hence Lemma 2.8 implies f(A) € £(X) and
1£(As )|l < ClIflpost,,) - (4.15)

Finally, for g = co Theorem 2.34 yields
D (6,00) = (Da(61,1),Da(62,1))p,

with equivalence of norms, where 61, 6,,03 € (0,1) are such that 6; # 6, and
61(1 — 03) + 6203 = 6. Combining (3.9) and (2.34) concludes the proof of the
first statement.

In the case where (U(s))ser is uniformly bounded, use Proposition 4.4
instead of 4.3 in (4.13) to obtain

||f(A6,q)H <G HTfﬂHg(Bl;,,,,(R;X))

for all f € H{®(St,) N E(Stw) and some constant C; > 0 independent of w.
The rest of the proof is the same as before. O
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Remark 4.11. If X is a UMD space then Theorem 4.10 follows from Theorem
2.20 by interpolation. Moreover, in this case one seems to obtain a stronger
result since the term sup, g, |f'(z)| which occurs in | f ||H§O(Stw) does not ap-

pear in the norm

I sty = 6P £ + |2 2)

z€St,,

of H‘("i)(Stw). However, the norms H”Hﬁ (st,) and ”'”HT(Stw) are equivalent,

since 0 € St for all w > 0. So for generators of unbounded groups, The-
orem 2.20 does not yield an essentially better estimate than Theorem 4.10
on D4(6,q). This is different for generators of uniformly bounded groups,
since the norm equivalence of sup, g, |f(z)| + |zf'(z)| and | f ”Hi"(Stw) fails
as w |, 0. For generators of uniformly bounded groups on UMD spaces, The-
orem 2.20 yields a strictly stronger result on D4 (6, q) than Theorem 4.10.

Remark 4.12. Let A € C with Re(A) > w. By (2.38), D((A —iA)%*) C Dy(a, o)
for each « € (0,1). Hence Theorem 4.10 yields f(A)(A —iA)™* € L(X)
for all w > 6(U), f € H{?(Sty) and & > 0. However, this already fol-
lows from Proposition 2.18, in a similar manner as indicated in Remark 3.21.
Moreover, using arguments as in Remark 3.13, Proposition 2.18 implies that
f(A) :D4(6,9) — Da(0,4q') isbounded for all 6’ < 6 and q,4’ € [1,0]. The
improvement that Theorem 4.10 provides lies in going from 8’ < 6 to 6’ = 6.

Remark 4.13. As already noted in Remark 4.8, in the proof above we could
have used Fourier multiplier results on Besov spaces other than Corollary
2.22. These lead to statements about the boundedness of functional calculi
for other function algebras.

For ¢ € (0,71/2) and w > 0 let
Yy := Sy U Sy,
where Sy, is as in (2.1), and
Vipw := Stw U Zy.

The next lemma follows from [58, Lemma 4.5], using that H{*(St,) =
H‘(’i)(Stw) with equivalent norms for each w > 0.

Lemma 4.14. Let w > w' > 0and ¢ € (0, 71/2). Then H(V ) is continuously
embedded in H{®(St, ).

Corollary 4.15. Let —iA generate a Co-group (U(s))ser € L(X) on a Banach
space X and let § € (0,1) and q € [1,00]. Then Ag 4 has a bounded H*(V,y)-
calculus for all w > 6(U) and ¢ € (0, 71/2).
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So far we have considered functional calculus on interpolation spaces for
the couple (X,D(A)). The next corollary extends our results to other inter-
polation couples.

Corollary 4.16. Let —iA generate a Co-group (U(s)),cr € L£(X) on a Banach
space X and let 0 € (0,1), q € [1, 0] and m,n € N with m # n. Then the part of
Ain (D(A™),D(A"))g,q has a bounded H(St., )-calculus for all w > 6(U).

If (U(s))ser is uniformly bounded then the constant bounding the H (St )-
calculus can be chosen independent of w > 0.

Proof. By (2.35) we may assume that m < n. Using the similarity transform
R(A,A)™ : X — D(A™), it suffices to let m = 0. Suppose that n6 ¢ IN. By
Lemma 3.1.3 and Proposition 3.1.8 in [86],

(X,D(A"))gq = (D(AF), D(A*))g

for some k € Np and 6’ € (0,1). Another similarity transform shows that we
can let k = 0. Now Theorem 4.10 yields the statement.
If k := n0 € IN, then Theorem 2.34 yields

(X,D(A")g, = ((D(Ak_l)/D(Ak))l/Z,qf (D(A")fD(Ak“))l/M)1/2,5,'

By what we have already shown and by (2.34), this concludes the proof. O

4.3 Additional results on interpolation spaces

We now consider several results which follow from Theorem 4.10. Corollary
4.16 can be applied in this section to yield results for other interpolation cou-
ples.

4.3.1 Principal value integrals

We first state a proposition about the convergence of certain principal value
integrals. If ¢ € L![—1,1] is an even function then by PV — g(s)/s we mean
the distribution defined by

(PV —g(s)/s, ) = lim (5)p(s) % = /01 g(5) ) = #(=9) 4

eN\0 e§|s|§1g S

for ¢ € CP(R). By BV[—1, 1] we denote the functions g of bounded variation
Var_y 5)(g) on [-1,1].

Lemma 4.17. Let ¢ € BV[—1,1] be an even function and set f := F(PV —
8(s)/s). Then f € H{(Sty) for all w > 0, with

£ sty < C(Var—q,1(g) +8(1)) (4.16)

for a constant C = C(w) > 0 independent of g.
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Proof. By [58, Lemma 4.3], f € H‘(ﬁ)(Stw) for each w > 0 and (4.16) holds
with respect to the H‘(’i)(Stw)—norm. But as noted in Remark 4.11, H{*(St,,) =
H‘(’i)(Stw) with equivalent norms. O

The following is an interpolation version of [58, Theorem 4.4] on general
Banach spaces.

Proposition 4.18. Let —iA generate a Co-group (U(s))ser € L(X) on a Banach

space X. Let ¢ € BV[—1,1] be an even function and set f := F(PV — g(s)/s).

Then f(Agy) € L(Da(8,q)) forall 8 € (0,1), 9 € [1,00], and
ds

x R—

f(A)x = lim s)U(s)

4.17
eN0 Je<|s|<1 8 S ( )

forall 0 € (0,1),g9 € [1,00) and x € D4 (6,q).

Proof. By Lemma 4.17, f € H{(St,) for all @ > 0. Theorem 4.10 now yields
the first statement.

Let g < oo, and for € > 0let ge 1= (1|_11] — 1(_¢e))g and fe := F(PV —
ge(s)/s). Then

sup Var|_q1)(ge) +8e(1) < o0
e>0

and fe(z) = f(z) as e | 0 for z € C. Moreover, sup,. ||f||Hc1>o(Stw) < oo by
Lemma 4.17. Hence Theorem 4.10 and Lemma 2.8 conclude the proof. O

4.3.2 Results for sectorial operators and cosine functions

We now apply the results from previous sections to functional calculus the-
ory for sectorial operators and generators of cosine functions.
For ¢ € (0, ) define Hfgg(S¢) to be the unital Banach algebra of all f €

H*(Sy) for which

£l s, = suplF(2)] + (1 + log()) |z ()] < oo,
8 ZESIP
endowed with the norm ||- ||Hi>o (Sp)* Recall the definition of a sectorial opera-
og
tor with bounded imaginary powers from Section 2.2.3.
Proposition 4.19. Let X be a Banach space and A € BIP(X, ¢) with ¢ < 7. Let

0 € (0,1)and q € [1,00]. Set Y := (X,D(log(A)))e,q4. Then Ay has a bounded
Hfgg(Slp)—calculus onY forall y € (¢, ).

If sup, g ||A¥|| < oo then the constant bounding the H{S, (Sy)-calculus can be
chosen independent of 1 > 0.
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Proof. Let ¢ € (¢, ) be given and note that f — f o log is an isometric alge-
bra isomorphism H{(Sty) — Hfgg<slﬁ)' By Lemma 2.36 as well as Theorem

4.2.4 and Proposition 6.1.2 from [55],

f(log(A)y) = f(log(A))y = (f olog)(A)y = (f olog)(Ay)
for all f € H*(Sty). Now Theorem 4.10 concludes the proof. O

Remark 4.20. Let A be an injective sectoral operator of angle ¢ € (0, 7),
and let « > 0,60 € (0,1) and g € [1,0]. By [55, Corollary 6.6.3], a spe-
cial case of which is Theorem 2.38, the part of A in (X, D(A%) Nran(A%))g,
has a bounded H*(Sy)-calculus for all ¢ € (¢, 7). By (2.38), and because

log(A)A®(1+ A)~2% ¢ £(X) (by definition of the sectorial calculus for A),
(X,D(A%) Nran(A*))g C (X, D(A%))gq C D(A) C D(log(A)),

and in general D(log(A)) is strictly included in (X, D(log(A)))e 4 for all

0’ € (0,1) and q' € [1,0]. Hence Theorem 2.38 does not imply Proposition
4.19.

We now apply Theorem 4.10 to the generators of cosine functions consid-
ered in Section 2.2.4. For w > 0 let

HY() = {f € B0 I g = sup £ + (14 2D1f ()] < oo}

be the (inhomogeneous) analytic Mikhlin algebra on I1,, a Banach algebra en-
dowed with the norm ||- HH?(HM).

In the following result we use that a version of Lemma 2.36 holds for
operators of parabola type. This is proved in the same manner as Lemma
2.36.

Proposition 4.21. Let —A generate a cosine function (Cos(s))ser € L(X) on a
Banach space X and let 6 € (0,1), g € [1,00]. Then the part Ag, of AinD4(6,9)
has a bounded H*(I1,,)-calculus for all w > 6(Cos).

If sup . [|Cos(s)|| < co then the constant bounding the H{(I1 )-calculus
can be chosen independent of w > 0.

Proof. Let V C X be the Kisyriski space from Proposition 2.11, and let

_Jo 1y
A'_l[—AO]’

with domain D(A) := D(A) x V, be such that —i.4 generates the Cy-group
(U(s))ser on V x X with (Cos) = 6(U).

Note that
2. AV 0
A" = [ 0 A



92 4 Functional calculus on real interpolation spaces

with domain D(A?) = D(Ay) x D(A). By [86, Proposition 3.1.4],
D(A) x V € Ky ;»(V x X,D(Ay) x D(A)) N J1,2(V x X,D(Ay) x D(A)),

where the classes Kj,, and 1 /» are as in [86, Definition 1.3.1]. Inspecting the
second component yields

V € Ki2(X,D(A)) N J12(X,D(A)).
Now [86, Theorem 1.3.5] yields
Y:=(VxX,D(A))gg(VxX,D(A) x V)g, = (V,D(A))gq X (X, V),
= DA <#/q) X DA (g/q) .

Letw > 6(Cos). Then f € H*(I1,,) is an element of H{(I1,,) if and only if
g(z) := f(z?) defines an element of H{*(St,, ), with HgHH?(Stw) <4 ”fHH‘]"’(Hw)'
Moreover, it is straightforward to see that f(Ay) @ f(A) = g(A) and

8(Ay) = g(A)y = (f(Av) & f(A))y = f(A@146)/2,4) © f(Ap/2,)

for all f € H{(I1,), by what we have already shown. Theorem 4.10 and the
Reiteration Theorem, Theorem 2.34, conclude the proof. O
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5

Operator Lipschitz functions on Banach spaces

Up until now we have investigated the functional calculus properties of
generators of strongly continuous (semi)groups. For such operators one is
usually most interested in determining whether they have a bounded H*-
calculus, and Chapters 3 and 4 were dedicated to determining boundedness
of various functional calculi for (semi)group generators. We now leave this
setting behind and consider the scalar type operators from Section 2.2.5. As
we have seen, these operators have a very rich functional calculus theory as-
sociated with them which renders questions about the boundedness of var-
ious functional calculi trivial. Instead, we will consider operator Lipschitz
estimates

1£(B) = f(A)llgx) < ClIB = Allgx) (5.1)

for a bounded Borel function f € B(C) and scalar type operators A,B €
L(X), with a constant C > 0 independent of A and B. More generally, we
study commutator estimates of the form

I£(B)S — SF(A)l cxy) < ClIBS — SAll gy, 52)

for Banach spaces X and Y, scalar type operators A € £(X) and B € L(Y),
and S € L(X,Y).

We have seen in Theorem 1.3 that (5.1) was established by Peller for self-
adjoint operators on a Hilbert space and f € Blo,l (R). In this chapter we
extend Theorem 1.3 to scalar type operators on general Banach spaces. More
generally, (5.2) holds for f € Bl ;(R) and forall S € L(X,Y) (see Corollary
5.12).

If f is the absolute value function then f ¢ Bc1>o,1 (R) and the results men-
tioned above do not apply. Moreover, the techniques which we use to obtain
(5.1) for f € B, ;(R), and which involve the class 2 from Section 2.3.2, can-
not be applied to the absolute value function (see Remark 5.43). Because of
the importance of the absolute value function for matrix analysis and pertur-
bation theory (see [14, Sections VIL5 and X.2]), we study (5.2) for this function
inthecase X = ¢ and Y = {1 with p,q € [1, c0].
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It was shown by Kato in [69] that the absolute value function does not
satisfy (5.1) for X = ?2. An earlier example of McIntosh [87] showed the
failure of the commutator estimate (5.2) for this function in the case X = Y =
2. Nonetheless, in this chapter we establish a version of (5.2) for X = ¢? and
Y = {1 with p < q. More precisely, in Theorem 5.28 we prove the following
result. For the definition of a diagonalizable operator see Section 5.3.

Theorem 5.1. Let p,q € [1,00] with p < q, and let f(t) := |t| for t € R. Let
A € L(¢P)and B € L(£7) (where £<° should be replaced by cg) be diagonalizable
operators with real spectrum. Then

[£(B)S = Sf(A) zier,eny < Cagpq IBS = SA| £(owem) (5.3)
forall S € L(¢P,07), where

Capqg = Cpginf [Ullzn U 2@ IVIc@n IV gy (64)

for a constant Cp 4 > 0 depending only on p and q, and where the infimum is taken
overallU € L(LP)and V € L(47) which diagonalize A and B, respectively.

If p =1o0rg = oo then (5.3) holds for each Lipschitz function f with
Cpg = IIflip, where

. [f(z1) = f(z2)]
[ fllLip = B S P (5.5)
z1#2)

In fact, (5.3) holds for p = g = 1 and p = q = oo (with £ replaced by cy) and
therefore (5.1) holds on ¢! and ¢, for each Lipschitz function f (see Theorem
5.29).

We also obtain results for p > g. In particular, for p = g = 2 we prove
(see Corollary 5.35) that for each € € (0, 1] there exists a constant C > 0 such
that the following holds. Let A, B € L(¢?) be compact selfadjoint operators,
and let U,V € L(?) be unitaries such that

v v
UAU'=Y AP; and VBV '=Y uP,
j=1 =1
where (Aj);?';l and (y]-)]?”:l are sequences of real numbers and P; € L(¢?), for
j € N, is the j-th standard basis projection. Then

1Bl =[ Al £(2) < Cmin([|V(B = AU (2 2-¢), [[V(B = AU g 2e 2))
(5.6)

where the right-hand side equals infinity if V(B — A)U~! ¢ L£({?,/>=€) U
£(52+€, 52)
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The results stated here for the absolute value function in fact extend to a
larger class of functions. This is briefly mentioned in Remark 5.36.

The constants in our results, for example the constant C4 p 4 in Theorem
5.1, depend on A and B via the infimum in (5.4). This quantity is indepen-
dent of the norms of A and B, and to obtain constants in (5.3) which do not
depend on A and B in any way one merely has to restrict to operators with
a sufficiently bounded spectral or diagonalizability constant. This is already
done implicitly on Hilbert spaces by considering normal operators, for which
this quantity is equal to 1. For example, in (5.6) the constant C does not de-
pend on A or B in any way. Our results therefore truly extend the known
estimates on Hilbert spaces, the main difference between Hilbert spaces and
general Banach spaces being that on Hilbert spaces one has a large and easily
identifiable class of operators which are diagonalizable by an isometry.

Throughout this chapter we in fact study the commutator estimate in (5.2)
in the more general form

1f(B)S = Sf(A)llz < CI[BS = SAl|z, (5.7)

where 7 is a Banach ideal in £(X,Y) (for the definition of a Banach ideal
see Section 5.1). For example, in Corollary 5.12 we extend Theorem 1.3 to a
general Banach ideal Z in £(X) with the strong convex compactness property
(for the definitions of this property see Section 5.1), with respect to the norm
7.

We also present (see Theorem 5.39) an example of a Banach ideal (Z, || -
|z) in L£(¢F,eP), for p € [1,00) and 5 T = 1 (with £* replaced by c),
namely the ideal of p-summing operators, such that any Lipschitz function f
(in particular, the absolute value function) satisfies (5.7).

One of the main motivations for the work in this chapter is that any diag-
onalizable matrix is a scalar type operator. Hence the results in this chapter,
e.g. (5.3), (5.6) and (5.7) hold for diagonalizable matrices A and B with a con-
stant independent of the size of the matrix. It should be noted that, by Propo-
sition 2.32, the results in this chapter also apply to generators of y-bounded
Co-groups on general Banach spaces.

In Section 5.1 we study the convex compactness property which plays a
major role when studying (5.7). In Section 5.2 we set up the theory of dou-
ble operator integration for scalar type operators on Banach spaces and ex-
tend Theorem 1.3 to this setting. We then study the absolute value function
and relate (5.7), for f the absolute value function, to estimates for triangu-
lar truncation operators. In Section 5.4 we study these triangular truncation
operators on L(¢?,¢7) and prove Theorem 5.1. We then study (5.7) for the
ideal of p-summing operators from ¢¥' to (¥, and in the final section we ap-
ply our results to finite dimensional spaces to obtain dimension-independent
inequalities for diagonalizable matrices.
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5.1 The strong convex compactness property

In this section we discuss a property which will be used extensively in this
chapter.

First we provide a lemma about approximation by finite rank operators.
Recall that a Banach space X has the bounded approximation property if there
exists M > 1 such that, for each K C X compact and € > 0, there exists
S € X*®@X with [|S]|z(x) < Mand sup, ¢ [|Sx — x[|x <e.

Lemma 5.2. Let X and Y be Banach spaces such that X is separable and either X or
Y has the bounded approximation property. Then each T € L(X,Y) is the SOT-limit
of a norm bounded sequence of finite rank operators.

Proof. Fix T € L(X,Y). By [84, Proposition 1.e.14] there exists a norm
bounded net (T;)jc; € X*® Y having T as its SOT-limit. It is straightforward

to see that the strong operator topology is metrizable on bounded subsets of
L(X,Y) by

d(Sl,Sz) = Z 27k ||Slxk — SzkaY (51,52 € ﬁ(X,Y)),
k=1

where {x};cpn € X is a countable subset that is dense in the unit ball of X.
Hence there exists a subsequence of (T})jc; with T as its SOT-limit. O

Let X and Y be Banach spaces and let Z be a Banach space which is con-
tinuously embedded in £(X,Y). Following [122] (in the case where Z is a
subspace of £(X,Y)), we say that Z has the strong convex compactness prop-
erty if the following holds. For any finite measure space (2, %, ) and any
strongly measurable and bounded f : O — Z, the operator T € L(X,Y)
defined by

Tx = /Q Flwrdp(w)  (xeX), (5.8)

belongs to Z with ||T||; < [, f(w)|l;du(w). By the Pettis Measurability
Theorem, any separable Z has this property. Indeed, if Z is separable then
combining Propositions 1.9 and 1.10 in [119] shows that any strongly mea-
surable f : O — Z is p-measurable as a map to Z. If f is bounded as well,
then (5.8) defines an element of Z with

Tl < [ 1@z du(e).

It is shown in [122] and [108] that the subspaces of compact and weakly com-
pact operators in £(X, Y) have the strong convex compactness property, but
not all subspaces of £(X,Y) do.
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Lemma 5.3. Let X and Y be separable Banach spaces and Z a Banach space con-
tinuously embedded in L(X,Y). If Bz := {z € Z | ||z||, < 1} is SOT-closed in
L(X,Y), then Z has the strong convex compactness property.

Proof. The proof follows that of [4, Lemma 3.5]. First we show that Bz is a
Polish space in the strong operator topology. As in the proof of Lemma 5.2,
bounded subsets of £(X,Y) are SOT-metrizable. The finite rank operators
are SOT-dense in £(X,Y), hence £(X,Y) is SOT-separable. Therefore By is
SOT-separable and metrizable. By assumption, Bz is complete.

Now let (Q), ) be a finite measure space and let f : O — Z be bounded
and strongly measurable. Without loss of generality, we may assume that
f(Q) C Bz and that p is a probability measure. For each y* € Y* and x €
X, the mapping By — [0,0), T — |(y*, Tx)|, is continuous. The collection
of all these mappings, for y* € Y* and x € X, separates the points of Bz.
Moreover, w — |(y*, f(w)x)| is a measurable mapping QO — [0, o) for each
y* € Y* and x € X. By [119, Propositions 1.9 and 1.10], f is the y-almost
everywhere SOT-limit of a sequence of Bz-valued simple functions (fi)> ;.
Let Ty := |, fk d]/t € Bz for k € IN. By the dominated convergence theorem,
Ti(x) = T(x) := [of(w)xdu(w) as k — oo, for all x € X. Since Bz is
SOT-closed by the assumption, we conclude that T € Byz.

Now let ¢ : O3 — [0,00) be measurable such that 1 > g(w) > [|f(w)],

for w € Q, and define h(w) := % and dv(w) := %dy(w)
Q

for w € O (where we let % := 1). By what we have shown above, x —
Ja h( xdv (w) defines an element of Bz. Since Tx = [ f(w)xdu(w) =

Jog(w w) [oh(w)xdv(w), we obtain ||T||, < [,g(w)dp(w), as re-
mained to be shown. O

Remark 5.4. Note that the converse implication does not hold. Indeed, if X is
a Hilbert space (or more generally, a Banach space with the metric approx-
imation property) then the finite rank operators of norm less than or equal
to 1 are SOT-dense in the unit ball of £(X). Therefore the compact operators
of norm less than or equal to 1 are not SOT-closed in £(X) if X is infinite di-
mensional. However, by [122, Theorem 1.3], the space of compact operators
on X has the strong convex compactness property.

Let X and Y be Banach spaces and Z a Banach space which is continu-
ously embedded in £(X,Y). We say that (Z, || - ||z) is a Banach ideal in L(X,Y')
if
e ForallR € L(Y),S € Zand T € L(X), RST € Z with |[RST|; <

IRl vy 1SHz 1T 1] £
o X*®Y C I with|x*®yl|; = |[x*||x|lylly forall x* € X*and y € Y.

By Lemma 5.3 and [34, Proposition 17.21] (using that the SOT and weak op-
erator topology closures of a convex set coincide), for separable X and Y,
any maximal Banach ideal (for the definition see e.g. [99]) in £(X,Y) has the
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strong convex compactness property. This includes a large class of operator
ideals, such as the ideal of absolutely p-summing operators, the ideal of in-
tegral operators, etc (see [34, p. 203]).

5.2 Double operator integrals and Lipschitz estimates

In this section we extend the theory of double operator integration to scalar
type operators on Banach spaces, and use this theory to obtain commutator
and Lipschitz estimates for scalar type operators.

5.2.1 Double operator integrals

Fix Banach spaces X and Y, scalar type operators A € Scal(X) and B €
Scal(Y) with spectral measures E respectively F, and ¢ € A(c(A) x o(B))
(recall the definition of the class 2( from Section 2.3). Let a representation as
in (2.19) for ¢ be given:

@(A1,A2) Z/Qﬂl(/\LW)az()\z,w)dy(w) (5.9)

for all (A1,A) € 0(A) x o(B), where (Q, %, ) is a finite measure space and
a1 € B(0(A) x Q,B,4) ® L), a2 € B(c(B) x Q,B,p) ® X) are bounded
Borel measurable functions. For w € ), let a1(A, w) := a1(-,w)(A) € L(X)
and ap (B, w) := ay(-,w)(B) € L(Y) be defined by the functional calculus for
A respectively B from Section 2.2.5.

Lemma 5.5. Let S € L(X,Y) have separable range. Then, for each x € X, w
a3(B, w)Sa1 (A, w)x is a weakly measurable map Q) — Y.

Proof. Fix x € X.If a; = 1y for some W C o(A) x Q) then it is straightfor-
ward to show that (x*,aq(A,-)x) is measurable for each x* € X*. As S has
separable range, Sa; (A, -)x is y-measurable by the Pettis Measurability The-
orem. If a; is an indicator function as well, the same argument shows that
(B, -)y is weakly measurable for each y € Y. General arguments, approxi-
mating Saq (4, -)x by simple functions, show that ay (B, -)Saj (4, -)x is weakly
measurable. By linearity this extends to simple a; and a5, and for general a;
and a; let (fi)ren, (Sk)keN be sequences of simple functions such that a; =
limy o fx and ap = limy_,o g uniformly. Then a1 (A, w) = limg o fx(A)
and ay(B,w) = limy_, gx(B) in the operator norm, for each w € Q. The
desired measurability now follows. O

Now suppose that Y is separable, that 7 is a Banach ideal in £(X,Y) and
let S € £L(X,Y). By (2.13),

|a2(B, w)Sa1 (A, w)|z < 16v(A)v(B) [[S|Iz [|a1(-, )| go(ay 92 @) | om))
(5.10)
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for w € Q). Since Z is continuously embedded in £(X,Y), by the Pettis Mea-
surability Theorem, Lemma 5.5 and (5.10) we can define the double operator
integral

TAP(S)x i= /Qaz(B,w)Sal(A,w)xd‘u(w) cY (xeX). (511
Throughout, we will use T, for T(‘;"B when the operators A and B are clear
from the context.

Proposition 5.6. Let X and Y be separable Banach spaces such that X or Y has
the bounded approximation property, and let A € Scal(X), B € Scal(Y), and
¢ € A(c(A) x 0(B)). Let Z be a Banach ideal in L(X,Y) with the strong con-

vex compactness property. Then (5.11) defines an operator T(f’B € L(Z) which is
independent of the choice of representation of ¢ in (2.19), with

1T Pll2z) < 16v(A)(B)||9llat(o(a) xo(8))- (5.12)

Proof. By (5.10) and the strong convex compactness property, Ty (S) € L£(T)
forall S € Z, with

ITo(S)]|7 < 16v(A \5||z/ a1 )l Bo(ay 1920 ) 5(o(r)) dp(w)-
Clearly T, is linear, hence the result follows if we establish that T, is inde-
pendent of the representation of ¢. For this it suffices to let ¢ = 0. Now, first

consider S = x*®@yforx* € X*andy € Y,andletx € X,y* € Y andw € Q.
Recall that E and F are the spectral measures of A and B, respectively. Then

(y*,a2(B, w)Sa1 (A, w)x)
:/ az(n, w) d(y*, F(17)Sa1 (A, w)x)
- / (", a1 (A, w)x)d(y*, F()y)
_ / / 1(A, w)ay (1, w)d(x", E(A)x)d(y*, F(i7)y)
by (2.15). Now Fubini’s Theorem and the assumption on ¢ yield

(v, Tp(S)x)
:/()(y*,az(B,w)Sal(A,w)x>dy(w)

N /Q /a(m /(rm) a1(A, w)az (17, w)d(x", E(A)x)d{y”, F(n)y)dp(w)
- /aw) /a(A> /o a1 (A, w)az (17, w)dp(w)d(x", E(A)x)d{y", F(1)y)
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B /(;(B / ¥ (x*, E(\)x)d(y", F(11)y) = 0.

By linearity, Ty(S) = 0 forall S € X* ® Y. By Lemma 5.2, a general element
S € T is the SOT-limit of a bounded (in £(X, Y)) sequence (S,),en € X* ®
Y. Hence for each x € X there exists a constant C > 0 such that, foralln € N,

| Ia2(B,0)Sums (4, @)l du(w)
< 16v(A)0(B) [all oy 1¥llx [ 1o 0)lsogan 2o 0) o) (o)

< C [ Nl 1920 ) o)) d(w) < o

where we have used (2.13). Now the dominated convergence theorem shows
that Ty (S)x = limy 00 Tp(Sn)x = O for all x € X, which implies that T, is
independent of the representation of ¢ and concludes the proof. O

If A and B are normal operators on separable Hilbert spaces X and Y,
then (5.12) improves to

||T$'BH£(Z) < HQ"Hm(a(A)xa(B)) (5.13)
by appealing to (2.16) instead of (2.13) in (5.10).

Remark 5.7. Let H be an infinite dimensional separable Hilbert space and S
the ideal of Hilbert-Schmidt operators on H. There is a natural definition

(see [20]) of a double operator integral 7:PA’B € L(S,) for all ¢ € B(C?)
and normal operators A, B € L(H), such that T(PA’B = qu’B if p € A(c(A) x
o (B)). One could wonder whether Proposition 5.6 can be extended to a larger
class of functions than 2(c(A) x o(B)) using an extension of the definition of
T;,fl’B in (5.11) which coincides with 7:PA’B on &;. But it follows from [95, The-

orem 1] (see also Remark 2.13) that 7ZPA’B extends to a bounded operator on
Z = L(H) ifand only if ¢ € A(c(A) x ¢(B)). Hence Proposition 5.6 cannot
be extended to a larger function class than (¢ (A) x ¢(B)) in general. How-
ever, for specific Banach ideals, e.g. ideals with the UMD property, results
have been obtained for larger classes of functions [33,102].

Remark 5.8. The assumption in Proposition 5.6 that X or Y has the bounded
approximation property is only used, via Lemma 5.2, to ensure that each
S € I is the SOT-limit of a bounded (in £(X,Y)) net of finite rank opera-
tors. Clearly this is true for general Banach spaces X and Y if [ is the closure
in £(X,Y) of X*® Y. In [78] the authors consider an assumption on X and
I, called condition ¢}, which guarantees that each S € I is the SOT-limit of
a bounded net of finite rank operators. It is shown in [78] that for certain
nontrivial ideals this condition is strictly weaker than the bounded approxi-
mation property. In the results throughout the paper where we assume that
X has the bounded approximation property, one may assume instead that X
satisfies condition c} for I for some A > 1.
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5.2.2 Commutator and Lipschitz estimates

For Wi, W, C C Borel, let p1 : Wy x Wy, — Wi and pp : Wy x W, — W,
be the coordinate projections given by p1(A1,A2) 1= Aq, pa(Aq, A2) == A, for
(/\1,)\2) € Wj x Wp. Note that fopy, fop, € Q[(W] X Wz) forall Wy, W, C C
Borel and f € B(W; UW,). For selfadjoint operators A and B on a Hilbert
space and for a Schatten von Neumann ideal Z, the following lemma is [101,
Lemma 3].

Lemma 5.9. Under the assumptions of Proposition 5.6, the following hold:

1. The map ¢ — Tq‘f’B is a morphism 2A(c(A) x 0(B)) — L(Z) of unital Banach
algebras.

2.Let f € B(c(A)Uo(B)) and S € L(X,Y). Then Ty.p,(S) = Sf(A) and
Ttop,(S) = f(B)S. In particular, Ty, (S) = SA and Tp,(S) = BS.

Proof. The structure of the proof is the same as that of [101, Lemma 3]. Lin-
earity in (1) is straightforward. Fix @1, 92 € 2(c(A) x 0(B)) with representa-
tions as in (2.19), with corresponding measure spaces (Q);, ;) and bounded
Borel functions a1, € B(c(A) x Q;) and ay; € B(c(B) x () for j € {1,2}.
Then ¢ := ¢1¢7 also has a representation as in (2.19), with O = ) x (),
W = p1 X pp the product measure and a; = ay1412, a2 = ay,142. By multi-
plicativity of the functional calculus for A,

a1 (A, (w1, w2)) = (a11(-,w1)a12(-, w2)) (A) = a1 (A, wr)a12(A, ws)

for all (w1, wy) € O, and similarly for a,(B, (w1, ws)). Applying this to (5.11)
yields

T,(S)x = /Q a2(B, w)Sar (A, w)x dp(w)

= /Q a21(B, w1)Ty,(S)ar1 (A, wy)x dpq(wr)
1

= Ty, (Tp, (5))x
forall S € Z and x € X, which proves (1). Part (2) follows from (5.11) and
the fact that T, is independent of the representation of ¢. O

For f : 0(A) U (B) — C define

f02) = f(A) 10

Prihda) =70

for ()\1, Az) S O'(A) X (T(B) with Aq 75 Ap.

Theorem 5.10. Let X and Y be separable Banach spaces such that X or Y has the
bounded approximation property, and let T be a Banach ideal in L(X,Y) with the
strong convex compactness property. Let A € Scal(X) and B € Scal(Y), and let
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f € B(c(A) Ua(B)) be such that ¢f extends to an element of A(c(A) x o(B)).
Then

1£(B)S =Sf(A)lz < 16V(A)V(B)||q)fHQ[(¢7(A)><a(B)) IBS —SA|z (515

forall S € L(X,Y) such that BS — SA € T.
In particular, if X =Y and B— A € T,

1£(B) ~ F(A)llz < 16v(AW(B)]| 07 |y oy 1B~ Allz-

Proof. Note that (p2 — p1)@s = f o p2 — f o p1. By Lemma 5.9,

f(B)S = Sf(A) = Top,(S) = Tfop, (S) = T(p,—py)g, (5)
= Ty (S) = Ty (S) = T (Tp,(S) — Tp, (S))
— Ty, (BS — SA)

for each S € Z. Proposition 5.6 now concludes the proof. O

Letting X and Y be Hilbert spaces and A and B normal operators, we
generalize results from [20,101] to all Banach ideals with the strong convex
compactness property. As mentioned in Section 5.1, this includes all separa-
ble ideals and the so-called maximal operator ideals, which in turn is a large
class of ideals containing the absolutely (p, )-summing operators, the inte-
gral operators, and more [34, p. 203]. Note that, for normal operators, we can
improve the estimate in (5.15) by appealing to (5.13) instead of (5.12).

Corollary 5.11. Let A € L(X) and B € L(Y) be normal operators on separable
Hilbert spaces X and Y. Let T be a Banach ideal in L(X,Y) with the strong convex
compactness property, and let f € B(c(A) U c(B)) be such that ¢ extends to an
element of A(c(A) x o(B)). Then

If(B)S —Sf(A)lf < H(PfHQ((U(A)XU(B)) |BS — SA||7

forall S € L(X,Y) such that BS — SA € T. In particular, if X =Y and B— A €
7,

1£(B) = F( )z < (|0 (o) xosy 1B~ Allz-

Combining Theorem 5.10 with Lemma 2.16 yields the following, a gener-
alization of [96, Theorem 4].

Corollary 5.12. There exists a universal constant C > 0 such that the following
holds. Let X and Y be separable Banach spaces such that X or Y has the bounded
approximation property, and let I be a Banach ideal in L£(X,Y) with the strong
convex compactness property. Let f € Bioll(]R), and let A € Scal(X) and B €
Scal(Y) be such that c(A) Uo(B) C R. Then
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I£(B)S = SF(A)lz < Cu(AW(B) Iflgs w)lBS—SAl;  (5.16)

forall S € L(X,Y) such that BS — SA € T. In particular, if X = Y and B — A €
I/

1£(B) = f(A)llz = Cv(A)v(B) I flls1 , r)lIB — Allz-

In the case where the Banach ideal 7 is the space £(X,Y) of all bounded
operators from X to Y, we obtain the following corollary, an extension of
Theorem 1.3 to scalar type operators on Banach spaces.

Corollary 5.13. There exists a universal constant C > 0 such that the following
holds. Let X and Y be separable Banach spaces such that either X or Y has the
bounded approximation property. Let f € B}x,’l (R), and let A, B € Scal(X) be such
that o(A) U (B) C R. Then

If(B)S = Sf(A)llzxy) = Cv(AW(B) [Iflls , r)I1BS = SAllzxy)  (517)
forall S € L(X,Y). In particular, if X =Y then
1f(B) = f(A)ll ) = Cv(A)v(B) I fllgy, () IB = All ) -

Remark 5.14. Corollaries 5.12 and 5.13 yield global estimates, in the sense that
(5.16) and (5.17) hold for all scalar type operators A and B with real spec-
trum, and the constant in the estimate depends on A and B only through
their spectral constants v(A) and v(B). Local estimates follow if f € B(R) is
contained in the Besov class locally. More precisely, given scalar type opera-
tors A € Scal(X) and B € Scal(Y) with real spectrum, suppose there exists
g€ Blo,l (R) with g(s) = f(s) foralls € 0(A) U (B). Then (with notation as
in Corollary 5.12), Theorem 5.10 yields

If(B)S = S£(A)lz < Cu(A(B) gl w)IBS —SAl;  (5.18)

forall S € £L(X,Y) such that BS — SA € 7.

5.3 Spaces with an unconditional basis

In this section we prove some results for specific scalar type operators,
namely operators which are diagonalizable with respect to an unconditional
Schauder basis. These results will be used in later sections. In this section we
assume all spaces to be infinite dimensional, but the results and proofs carry
over directly to finite dimensional spaces. This will be used in Section 5.6.
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5.3.1 Diagonalizable operators

A sequence (ej)j?’il C X in a Banach space X is said to be a Schauder basis if,
for each x € X, there exists a unique sequence (x;)72; < C such that

00
X = 2 X]'Ej,
j=1

where the sum converges in the norm of X. A Schauder basis (e]-)]?”:1 C Xis
=1
. . o .
in X and for each permutation 7 of IN, Z]-:1 X (j)€j converges in X.

unconditional if, for each sequence (x;)?2; € C such that } 72 ; xje; converges

Let X be a Banach space with an unconditional Schauder basis (e]‘)]?“’:l C
X.Forj € N, let P; € L(X) be the projection given by P;(x) := xje; for all
x =Y xke € X,

Assumption 5.15. We assume in this section that szeN Pj”c(x) = 1 for all

nonempty N C IN. This condition is satisfied in the examples we consider in later
sections, and simplifies the presentation. For general bases one merely gets additional
constants in the results.

An operator A € L(X) is diagonalizable (with respect to (ej)]?“’zl) if there
exists U € L£(X) invertible and a sequence ()tj)]?"’zl € (% of complex numbers
such that

UAU 'x = Z%A]-ij (x € X), (5.19)
]:

where the series converges since (;)> ; is unconditional (see [113, Lemma
16.1]). In this case A is a scalar type operator, with point spectrum equal to

{Aj}2g o(A) = {Aj}}il and spectral measure E given by

E(o)= Y, u'pru (5.20)
)LjEW

for W C C Borel. The set of all diagonalizable operators on X is denoted by
L4(X). We do not explicitly mention the basis (¢;)72; with respect to which
an operator is diagonalizable, since this basis will be fixed throughout. Often
we write A € L4(X, ()72, U) in order to identify the operator U and the
sequence (/\]-)}-";1 from above (note that the set £;(X, (A]-)]?’il, U) consists of
at most one element). For A € L4(X, ()\‘)]911, U) and f € B(C), it follows

]
from (2.14) that

f(A)=ut ( y f(Aj)P]-) . (5.21)
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Since any Banach space with a Schauder basis is separable and has the
bounded approximation property, we can apply the results from the previous
section to diagonalizable operators, and we obtain for instance the following.

Corollary 5.16. There exists a universal constant C > 0 such that the following
holds. Let X and Y be Banach spaces with unconditional Schauder bases, and let
Z be a Banach ideal in L(X,Y) with the strong convex compactness property. Let
feBl w1 (R), andlet A € Lq(X) and B € Ly(Y) be such that o(A) Uco(B) C R.
Then

If(B)S = Sf(A)llz = Cv(A)v(B) [Ifllg:,  (w)lIBS — SAllz

forall S € L(X,Y) such that BS — SA € T. In particular, if X =Y and B— A €
7,

1£(B) = f(A)llz < Cv(A)v(B) I flls , r)lIB — Allz-

Since this result does not apply to the absolute value function (and nei-
ther does the more general Theorem 5.10), and because of the importance of
the absolute value function, we will now study Lipschitz estimates for more
general functions.

Let Y be a Banach space with an unconditional Schauder basis (f;);> ; €
Y, and let the projections Q € L(Y) be given by Qi (y) := yify forall y =
Yiziyifi € Yandk € N.Let A = ()72 and p = ()2, be sequences of

complex numbers, and let ¢ : C2 — C. For n € IN, define T(P,’,]f € LIL(X,Y))
by

n

A,
Ton(S):= Y @A, m)QkSP;  (S€ L(X,Y)). (5.22)
jk=1
Note that T$j € L(Z) for each Banach ideal Z in L(X,Y).
For f € B(C) extend the divided difference ¢ from (5.14), given by
@r(A1, ) = f(/\) f( 1 for (A1,A2) € C? with Ay # A, to a function
Pf: C? - C.

Lemma 5.17. Let X and Y be Banach spaces with unconditional Schauder bases,
and let T be a Banach ideal in L(X,Y). Let A = (A; )] pand po= (pe)p, be

sequences of complex numbers, and let A € L4(X,A,U), B € Lq(Y, 1, V), f €
B(C) and n € IN. Then
LF(B)Su = Suf(A)llz < IUll ) IVl o) | Tyt (V(BS = SAYU )|z

forall S € L(X,Y) such that BS — SA € Z, where

n
Sui= ). ViQusu'pu.
jk=1
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Proof. Let S € T be such that BS — SA € Z. For the duration of the proof
write P := U '"PjU € L£(X) and Qy := V1QV € L(Y) for j,k € N. By
(5.21), and using that P;P, = 0 and Q;Qx = 0 for j # k,

[7e

FB)S: = 50(4) = L fQe( L @isP) - L f)( L aspi)p
£

k il=1 i,l=1

(f (m) — f(A}))QkSP;

1
= ‘kzl ;A W(ﬂkaspj —AjQkSP)
Jik=L U7

= i @A), Hk)Qk((liﬂle)S - 5( iAiPi))Pj

k=1

s

o I
= 7= L

= Y. ¢5(Aj, u)Qx(BS — SA)P;
=

= V‘lT(‘;‘f'B(V(BS —sAuUhHu.
Now use the ideal property of Z to conclude the proof. O
For A € L4(X, A, U) define

Ka ::inf{ Ul 201U 2| 324 such that 4 € Cd(X,/\,u)}. (5.23)

We call K4 the diagonalizability constant of A. Using the unconditionality of
the Schauder basis of X and Assumption 5.15, one can show that K4 does
not depend on the specific ordering of the sequence A. Since the sequence
A is, up to ordering, uniquely determined by A (it is the point spectrum
of A), K4 only depends on A. Moreover, by Assumption 5.15 and (5.20),
IEW)llzx) < Hu—1|y£(x) IU|[(x) for all W C C Borel and U € L(X)

such that A € L£4(X, A, U), where E is the spectral measure of A. Hence
v(A) < Ka, (5.24)

where v(A) is the spectral constant of A from Section 2.2.5.

We now derive commutator estimates for A and B in the operator norm,
under a boundedness assumption which will be verified for specific X and Y
in later sections.

Proposition 5.18. Let X and Y be Banach spaces with unconditional Schauder
bases, A € Lq(X, A, U), B € Ly(Y,u,V)and f € B(C). Suppose that

< . (5.25)

— A
C:=sup HTfPff”

neN LIL(X)Y))
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Then
1f(B)S = Sf(A)llg(x,v) < CKaKp [[BS = SAll(xy)
forall S € L(X,Y).

Proof. Let S € L(X,Y) and forn € N let S, € L(X,Y) be as in Lemma 5.17.
It is straightforward to show that, for each x € X, Syx — Sx asn — co.
Hence f(B)Syx — Suf(A)x — f(B)Sx — Sf(A)x as n — oo, for each x € X.
Lemma 5.17 and (5.25) now yield

LF(B)S = SF(A)l £ixyy < Timsup [Lf(B)Sn = Suf (A)llix,v)
n—oo
< ClullvHHIV(BS = SAU™ | £ix,v)
< cluiu=t vV =HHIBS = SAllgxy)-
Taking the infimum over U and V concludes the proof. O

Remark 5.19. Proposition 5.18 also holds for more general Banach ideals in
L(X,Y). Indeed, let Z be a Banach ideal in £(X,Y) with the property that,
if (Sy)sr_; € Z is an Z-bounded sequence which SOT-converges to some
S€ L(X,Y)asm — oo, then S € Z with ||S|; < limsup,, . ||Sul/7. If

< 0
L(1)

M
C :=sup HTW”
neN

then the proof of Proposition 5.18 shows that
If(B)S = Sf(A)llz = CKaKp [|BS — SAllz

forall S € £(X,Y) such that BS — SA € T.

5.3.2 Estimates for the absolute value function

It is known that operator Lipschitz estimates for the absolute value function
are related to estimates for so-called triangular truncation operators. For ex-
ample, in [71] and [36] it was shown that the boundedness of the standard
triangular truncation on many spaces of operators is equivalent to Lipschitz
estimates for the absolute value function. We prove that triangular truncation
operators are connected to Lipschitz estimates for the absolute value function
in our setting as well. We do so by relating the assumption in (5.25) to trian-
gular truncation operators associated to sequences. We will then bound the
norms of these operators in later sections for specific X and Y.

Let A = (A;)$2 j)iZiand p = (Mx )5, be sequences of real numbers, and let X,

Y, (73]-)]-:1 and (Qx);>, be as before. For n € IN define TA,’;‘ € L(L(X,Y)) by
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n

TVHS) = Y Y QSP;, (S e L(X,Y)). (5.26)
’ Jh=1 <A

We call Tf’B the triangular truncation associated with A and .
For f(t) := |t|, t € R, define ¢y : C? — Cby

Ml\ \/\2| if Ay £ A
A1, Ar) 1= 2
s (A1,22) { 1 otherwise

The following result relates the norm of T;,\f” » to that of T;\,’Z .

Proposition 5.20. There exists a universal constant C > 0 such that the following
holds. Let X and Y be Banach spaces with unconditional Schauder bases and let T be
a Banach ideal in L(X,Y) with the strong convex compactness property. Let A and
u be bounded sequences of real numbers. Let f(t) := |t| for t € R. Then

. A,
IT3(8) Iz < (ISl + I TA%(S)lIz)

foralln € Nand S € I. In particular, if sup, ||T§,’Z(S)|\L(L(le)) < oo then
(5.25) holds.

Proof. Let n € N and S € Z, and write A = (/\j)]?”:1 and p = (pi)eey-
Throughout the proof we will only consider )\j and py for 1 < j,k < n,
but to simplify the presentation we will not mention this explicitly. We can

decompose T, 4,f F.(S) as

J’_
Tph(s)= ¥ gsp- ¥ X ijSPJr

)\k,]/lk>0 ‘llk<0</\]' Hik —

+A;
y, K ]kap— Y OSPi+ Y QiSP;.

)Lj<0<}lk Bk — Ao <0 Aepe=0

Note that some of these terms may be zero. By the ideal property of Z and
Assumption 5.15,

|, £ 25l <[ 5 0l 10| 5 Pl <1505 6520

Similarly,

LA <0 QkSPjHI and HZMM:O QkSP]'HI are each bounded by
||S||7. To bound the other terms it is sufficient to show that

|z i

o Pt A Q"SPH <CI(HS”I+HT'V Hz)
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for some universal constant C' > 0. Indeed, replacing A by —A and y by —u
then yields the desired conclusion. Let

and define ¢ € W2(R) by g(t) := for t € R. Note that ®(S) is equal to

\f\ +1

Y (s(ogy)-1) s+ ¥ (1-g(logl)) Py

0<yk§/\j 0<)\]'<]/lk

Now let ¥ : R? — C be as in (2.21), and let A := Z “1AP; € L(X) and
B:=Y2 Q€ L(Y). Let T/;B be as in (5.11). One can check that

CD(S) T@B An Z Qk
Aj k>0
A, A,
+ Y Q(S-T(8)P - T@'B(s — T, (8)).
Aj k>0

Any Banach space with a Schauder basis is separable and has the bounded
approximation property, hence Lemma 2.15 and Proposition 5.6 yield

|TaBerans)]|, < 16V20(A)(B) I8lwiam |Tak ()] -
By (5.24), v(A) = v(B) = 1. Similarly,
7575 =Tz < 16Vl (] + [maiisn])

By the same arguments as in (5.27),

|2 omon]+] X ots-mnem]
A >0

<], [z,
< I+ An .

Combining all these estimates yields

12(S)lz < (2+32v2ligllwaamy ) (3], + || Taz(S)])-

as desired. O
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5.4 The absolute value function on £ (£7, £1)

In this section we study the absolute value function on the space L(¢F, (7).
We obtain the commutator estimate (5.2) for the absolute value function and
X =/{PandY = #1 with p < q,and we obtain (5.1) for each Lipschitz function
and X = L(¢') or X = L(cp). We also obtain results for p > g.

The key idea of the proof is entirely different from the techniques used
in [31], [33], [36] and [71], which are based on the fact that the reflexive Schat-
ten von Neumann ideals are UMD spaces, a property which £(¢F,£7) obvi-
ously does not have (L(¢7, £7) is not reflexive). Instead, we prove our results
by relating estimates for the operators from (5.26) to the standard triangu-
lar truncation operator, defined in (5.28) below. For this we use the theory of
Schur multipliers on L(¢7, ¢7) developed in [11]. We then appeal to results
from [10] about the boundedness of the standard triangular truncation on

Lr, 7).

5.4.1 Schur multipliers

For p € [1,00), let (ej)}?‘;l be the standard Schauder basis of ¢7, with the
corresponding projections P;(x) := xje; for x = Y32 xep and j € IN. We
consider this basis and the corresponding projections on all ¢P-spaces simul-
taneously, for simplicity of notation. Note that Assumption 5.15 is satisfied
for this basis. For g € [1, 0], any operator S € L(¢F, (1) can be represented
by an infinite matrix S = (sjk);.’jczl, where sj; := P;(S(ex)) for j,k € IN. For
an infinite matrix M = (m]'k);?,c;czl the product M * S := (mjsjx) is the Schur
product of the matrices M and S. The matrix M is a Schur multiplier if the map-
ping S — M xS is a bounded operator on £ (¢F, £1). Throughout, we identify
Schur multipliers with their corresponding operators.

The notion of a Schur multiplier is a discrete version of a double oper-
ator integral (for details see e.g. [103, 114]). Schur multipliers on the space
L(¢P,£7) are also called (p, q)-multipliers. We denote by M (p, q) the Banach
space of (p,q)-multipliers with the norm

1Ml gy == sup {HM * S| ap ) ‘HSHE(ZP,M) <1 } :

Remark 5.21. We also consider (p,q)-multipliers M for p = oo and g € [1, ].
Any operator S € L(cp, ¢7) corresponds to an infinite matrix $ = (Sjk);;czlf
and M is said to be an (oo, q)-multiplier if the mapping S — M xS is a
bounded operator on £L(co, £7). We define the Banach space M (c0,q) in the
obvious way. Often we do not explicitly distinguish the case p = oo from
1 < p < oo, but the reader should keep in mind that for p = co the space ¢*
should be replaced by cy.

Remark 5.22. 1t is straightforward to see that | M|, .y = sup; ;e[| for all
p.q € [1,00and M = (m)75_1 € M(p,q).
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For p,q € [1,00] and S € L(¢P,(7), define

Ta(8) := ) PiSPj, (5.28)
k<j

which is a well-defined element of L£(¢",¢°) for suitable r,s € [1,c0] by
Proposition 5.23 below. The operator 7 is the (standard) triangular truncation
(see [76]). This operator can be identified with the following Schur multiplier.
Let Ty = (t;-k);?f;czl be a matrix given by t;k =1fork < jand t;.k = 0 other-
wise. It is clear that 75 extends to a bounded linear operator on L(¢F, ()
if and only if T} is a (p,q)-multiplier. For n € N and r,s € [1,00] we will
consider the operators Tp ,, € L(L(¢P,07), L({7,¢°)), given by

Tan(S):= Y, PSP (SeL(LF, ).

1<k<j<n

The dependence of the (p, g)-norm of T, on the indices p and g was de-
termined in [10] and [76] (see also [116]), and is as follows.

Proposition 5.23. Let p,q € [1,00]. Then the following statements hold.

(i) [10, Theorem 51]Ifp < q,1=p =qor p =g = oo, then Ty € M(p,q).
(ii) [76, Proposition 1.2] If 1 # p > q # oo, then there is a constant C > 0 such
that

I Tanll zezeer,eay) = Clnn

foralln € N.
(iii) [10, Theorem 5.2] If 1 # p > q # oo, then for each s > gand r < p,

Ta: LOEP, L) — LP,0°) and Tp: LLP,0T) — L(,07)
are bounded.

Remark 5.24. In Proposition 5.23 (i), a stronger statement holds if p = 1 or
q = oo. Then, for M = (mc)7_, a matrix, M € M(p,q) if and only if
Sup; ken [Mjk| < oo, in which case |[M[|(, ) = sup;cn [mk|- This follows
immediately from the well-known identities (see [11, p. 605, (2) and (3)])

o0 1/q
|5]’k|q)
=1

forg € [1,00) and S = (sjk);’j(zl € L(¢1,¢1), and

1SNl 2(e1,09) = sup
Le) ke]N<

]

[ee]

p/ 1/77/
1502y = sup ( X Isyel”")
jEN “ k=1

forp € [1,00]and S = (Sjk);}zl € L(¢P, (%) (with the obvious modification
forp =1).
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We will also need the following result, a generalization of [11, Theorem
4.1]. For a matrix M = (mjk)ﬁzl, let M = (ﬁjk)ﬁzl be obtained from M by
repeating the first column, i.e. mmj; = mj and my = m;4_q) for j € N and
k>2.

Proposition 5.25. Let p,q,7,s € [1,00] with r < p. Let M = (mj)7%_; be such

that S — M S is a bounded mapping L(LF,67) — L(07,£5). Then S — M S is
also a bounded mapping L(¢P,07) — L(L", 07), with

M| 2ezqerem), e esy) = M gozieneny,cer is)-

In particular, if M € M(p,q) then M € M(p,q) with 1Ml |\]\7I||(

pa) = p4):

Proof. For any 5 = (sjx)7%_y € L(¢7,£7), the matrix S = () 7%= given by
8j1 = 0and §j = sj for j € N, k > 2 satisfies S € L(¢P,07) with ||§||£( <

v ,01)
Il (gn,er) and Mx$ € L(¢7,6) with HM*SHE( | = Ml gy,

008
Hence

||| = |1m].

For the converse inequality, let S € £(¢F,£7) and x = (x¢)32; € £'. Define
2= (%), by £1 := (Jx1]" + [x2|")}/", # := xp 41 for k > 2. Then # € ¢" with
H)?HZ,: = ||XHW. Define also T = (t]'k)]?’c;(zl by tjlfl = 5j1X1 + SjpX2 if 1 #0,
and th =0 otherwise, and Lk = Sik+1) for j € N, k > 2. We claim that
T € L(eP,07) with |T|| £ 4p gy < IS £(ov,0y- If this is true, we obtain

(e} (o) (e} (e}
(M« S)xlfze = Y1) sl = Y1 Y mjet el

j=1 k=1 j=1 k=1
< AIMIPNTNZ oo ooy 1217 < IMIIS] 20w eyl e,

as was to be shown. Hence it only remains to prove the claim.

Lety = (yx)i2y € €7 and define § = (9 )i2; by #1091 = x1y1, £102 = x211
if #1 # 0, and §; = §» = 0 otherwise, and §x = yx_1 for k > 3. Then § € ¢
with

. > 1P + [x2|P — p
1918, = Yo loxlP < P+ Y lel?) < lyllh
e k; (<\x1|f+|xz|r>v/r k:zz ) o

|21 [P +]x0|P
(Joe1 [+ o2 |)P/T

o0 (o] [ee) [ee)
1Tyl = Y1) tiyil = Y1) sjntel®
j=1 k=1 =1 k=1

< ||S||‘2(gp,gq) WHZP < HS”Z(W,M) Hy”ZV

where we have used that < 1since p > r. Hence we obtain

Therefore || T £ (v 1y < |||l £(¢r ) and the claim is proved. O
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Remark 5.26. For a matrix M = (mj )35 _;, let M = (m;‘k);jc:y with m}k = my;
for j,k € N, be the transpose of M. Let S € L(¢7,¢V'), S = (s]-k);?‘}(zl and let

S = (s]’«k)}?/‘;czl be the transpose of S. Then §" € L(¢F, £9) with [|S"|| £ (p» a) =

HS”L(M’,ZF’)' Lety € (. Then
100+ Syl = sup [ +S)0)] = sup |3 (£ o))
flx[lr <1 HxHU< j=1 k=1
= | sHup ‘ )y (kalsk]x])yk‘ S AIM =S|l o)1yl o
x||pr <1 " k=1

< ||M||L(£(ZP,Z'7),£(€’,ZS)) 1Sl 2w,y Il

= [IMllzizer ey, ceresp) 151 g o o) 1Yl g5

hence HM/”L(L(M’,ZP’),E(ES’,Z”)) < ||M[|£(£(5preq),£w,€s)). Taking transposes

again yields ”M/HL(L(gq’,gp/)/g(gs’,gr/)) = ”M||£(£(£P,M),L(€’,£5))'

Hence Proposition 5.25 implies that row repetitions do not change the
L(L(LP,£7), L(¢7,£))-norm of a matrix if s < g. Moreover, since ||S|| 2 ¢1)
is invariant under permutations of the columns and rows of S € L(¢7, 1),
rearrangements of the rows and columns of M € L(L(¢F,07), L({7,0°)) leave
IMIl 22 er,0), 207 ¢)) iInvariant.

The following lemma is crucial to our main results.

Lemma 5.27. Let p,q,r,s € [1,00] withr < pands < g. Let A = ()\j)]?“’zl and
# = (x)p>, be sequences of real numbers. Then

TS| 2cer e, £00r05)) L(P00), £(0705))

foralln € N.

Proof. Note that T;\,’g(S) = M=« Sforall S € L(¢P,(7), where M = (m]-k);.’j(:l
is such that my = 1if 1 < j,k < nand p; < Aj, and mj = 0 otherwise. We
show that | M|| 2z, ), £(ere5)) (L(er,09), £ (0r 5))- Assume that M is
nonzero, otherwise the statement is trivial. By Remark 5.26, rearrangement
of the rows and columns of M does not change its norm. Hence we may
assume that (A; )7 1 and (py)y_, are decreasing. Now M has the property
that if my = 1then m; = 1foralli < jand k < I < mj. By Proposition
5.25 and Remark 5.26, we may omit repeated rows and columns of M, and
doing this repeatedly reduces M to T n for some 1 < N < n. Noting that
H7’AN||£ ep Z'? ﬁ(gr,éb)) S H7.A,n||£(£(ZP,['7),£(ZV,Z5)) COnCludeS the prOOf. I:l
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5.4.2 The casep < g

We now combine the theory from the previous sections to deduce our main
result, Theorem 5.1.

Theorem 5.28. Let p,q € [1,00] with p < g, and let f(t) := |t| for t € R. Then
there exists a constant C > 0 such that the following holds (where ¢*° should be
replaced by cg). Let A € L4(¢F) and B € L4(¢17) have real spectrum. Then

1f(B)S = Sf(A)z(ep ey < CKaKp [|BS = SAl| £4p o0 (5.29)
forall S € L(¢P,07).

Proof. Simply combine Propositions 5.18 and 5.20 and Lemma 5.27 with
Proposition 5.23 (i), using that || Taull ) < [|Tall(,,q) foralln € N. 0

We can deduce a stronger statement if p = 1 or ¢ = co in Theorem 5.28.
For f : C — C a Lipschitz function, recall the definition of || f ”Lip from (5.5).

Moreover, let ¢ : C? — C be given by

[M=f%a) 6 0y o£ Ay

A, Ag) = . 5.30
s (A1, 42) {0 otherwise ( )

Theorem 5.29. Let p,q € [1,00] with p = 1 or g = oo (with (% replaced by co).
Let A€ Lq(¢P)and B € L4(¢7), and let f : C — C be Lipschitz. Then

1£(B)S = SF(A) 2w ,n) < KaKp || fllip 1BS = SAl £gr, 1) (5.31)
forall S € L(€P,09). In particular, for p =q =1,
1£(B) = f(A)ll gy < KaKs || fllip 1B = All gary
and for p = g = oo,
1£(B) = f(A)ll () < KaKp | fllLip 1B = All £c) -

Proof. Let A = (7\]‘)]90:1 and u = (pr)s, be sequences such that A €
Lq(P,A,U) and B € L4(4,,V) for certain U € L({F) and V € L(¢7). By
Proposition 5.18, it suffices to prove that sup,, HT(j,‘fyn leeceer,my) < 1 fllLp-

Fix n € N and note that T,”,(S) = M« S for all S € L({?,(7), where
M = (m]'k)}');c:l is the matrix given by mjy = @(Aj, px) for 1 < jk < n,

and mj. = 0 otherwise. Then

sup [mj| < sup [@f(Aj, )| < | fllip -
jkeN jkeN

Remark 5.24 now concludes the proof. O
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Remark 5.30. Theorem 5.29 shows that each Lipschitz function f is operator
Lipschitz on ¢! and ¢y, in the following sense. For fixed M > 1and f : C — C
Lipschitz, there exists a constant C > 0 such that

1£(B) = f(A)ll gy < CIIB = Al g

for all A,B € Lq(¢') such that K4, K < M, and C is independent of A and
B. Similarly for cy.

For p < g an analogous statement holds. By considering A, f(A) € L(¢F)
and B, f(B) € L(¢7) as operators from (7 to {1, and by letting S be the in-
clusion mapping 7 — ¢9 in Theorems 5.28 and 5.29, one can suggestively
write

1f(B) = f(A)ll g(er,ey < C 1B = All 0w,y »

forall A € Ly4(¢7) and B € L4(¢7) with K4, Kg < M. Here f is the absolute
value function for general p < gin [1, 00| and any Lipschitz function if p = 1
or g = oo.

This remark also applies to Corollaries 5.31 and 5.32 below.

In the case of Theorems 5.28 and 5.29 where p = 2 or g = 2, we can apply
our results to compact normal operators. By the spectral theorem, any com-
pact normal operator A € £(¢?) has an orthonormal basis of eigenvectors,
and therefore A € L4(¢?,A,U) for some sequence A of real numbers and
an isometry U € L(£?). Thus Theorems 5.28 and 5.29 yield the following
corollaries.

Corollary 5.31. Let p € (1,2). Then there exists a constant C > 0 such that the
following holds. Let A € L4({P) have real spectrum and let B € L((?) be compact
and selfadjoint. Then

1£(B)S = SF(A)l £(er,2) < CKAlIBS = SA|[ (4 2
forall S € L(£F,¢%), where f(t) := |t| for t € R. Moreover,
1£(B)S = Sf(A)llzimn,i2) < Kallflluip I1BS = SAll (01 2

foreach A € Lq(¢') and S € L (¢, ¢?), each compact and normal B € L({?) and
each Lipschitz function f : C — C.

Corollary 5.32. Let g € (2,00). Then there exists a constant C > 0 such that the
following holds. Let A € L({?) be compact and selfadjoint, and let B € Lq(£1)
have real spectrum. Then

1£(B)S = Sf(A)l (2,00 < CKp ||BS = SA| (42,41
forall S € L(£2,07), where f(t) := |t| for t € R. Moreover,
1f(B)S = SF(A)l £(2,c) < KB I fllLip I1BS = SAll £(42,cy)

for each compact and normal A € Lq(¢?), each B € Lg(co) and S € L(?,cp),
and each Lipschitz function f : C — C.
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5.4.3 Thecasep > g

We now examine the absolute value function f on L£(¢F,¢7) for p > g, and
obtain the following result.

Proposition 5.33. Let p,q € (1, c0] with p > q. Then for each s < q there exists
a constant C > 0 such that the following holds (where {*° should be replaced by
co). Let A € Lq(¢P,A,U) and B € L4(41, 1, V) have real spectrum, and let S €
L¢P, 07) be such that V(BS — SA)U~ € L(¢P,¢°). Then

1£(B)S = SF(A)l e eny < CIUN ceen IV I ey [V (BS = SAYU | £ 40 5)-
In particular, if p = g and V(B — A)U~1 € L(¢P, (%), then
1£(B) = F(A)ll cgery < CIUN comy IVl 2emy IV (B = A)U | £ g g -
Proof. Let R := V(BS — SA)U~!. With notation as in Lemma 5.17,
_ A,
1£(B)Si = Suf (M)l gier,eay < WU N £eeny IV 2 en 1 Tt (R 2w )
f
for each n € IN. Proposition 5.20, Lemma 5.27 (with p = r and with g and s

interchanged) and Proposition 5.23 (iii) (with g and s interchanged) yield a
constant C’ > 0 such that

A,
1T/ (R) 2 qer,en) < C (IR £ ger,em) + IR ]| or ))-

Since L(¢P, (°) — L(¢P, ) contractively,
1f(B)Si = Suf (M)l z(er,eay < CIUIl gl VMl £en)l V(BS = SAYU | ow )

forall n € IN, where C := 2C’. Finally, as in the proof of Proposition 5.18, one
lets 1 tend to infinity to conclude the proof. O

In the same way, appealing to the second part of Proposition 5.23 (iii),
one deduces the following result.

Proposition 5.34. Let p,q € [1,00) with p > g. Then for each r > p there exists
a constant C > 0 such that the following holds (where €= should be replaced by
co). Let A € Lq(0P,A,U) and B € Lq(¢7,u, V) have real spectrum, and let S €
L(P,07) be such that V(BS — SA)U~Y € L(¢7,¢7). Then

1F(B)S = SF (Al gier gy < CIUN ey IV e IV (BS = SAYU | £ gr ey
In particular, if p = g and V(B — A)U~1 € L(¢7,£7), then

1F(B) = F(A)l 2oy < CIUN e IV 2eny IV (B = A)U | £ gr g9 -



5.5 Lipschitz estimates on the ideal of p-summing operators 119

We single out the case where p = g = 2. Here we write f(A) = |A| for
a normal operator A € L(/?), since then f(A) is equal to |A| := VA*A.
Note that the following result, stated before as (5.6), applies in particular
to compact selfadjoint operators. For simplicity of the presentation we only
consider € € (0,1].

Corollary 5.35. For each € € (0,1] there exists a constant C > 0 such that the
following holds. Let A € Lq(¢?,A,U) and B € Lq(¢?, 1, V) be selfadjoint, with U
and V unitaries, and let S € L(¢?). If V(BS — SA)U~! € L({?,(?>7€), then
I1BIS = S|Alll g2y < CIIV(BS = SAU™ | £g2,2-¢)
and if V(BS — SA)U 1 € L({>7€,(2) then
11BIS = S|Alll ¢ (2) < ClIV(BS = SA)U || g g2te 42)-
In particular, if V(B — A)U~1 € L((?,0>7€), then
1Bl = [Alll g2y < CIV(B = AU | g2, 2
and if V(B — A)U~1 € L(£2%€,0?), then
1Bl = [Alll z(2y < CIV(B = AU | gg2ve g2)-

Remark 5.36. Let J be the class of all f : R — R such that

F(t) =at+b+ /_t (t— ) du(s) (5.32)

forallt € R, where a,b € R and y is a signed measure of compact support.
This class is introduced by Davies in [31, p. 156], and he states that f : R — R
satisfies (5.32) for a positive y if and only if f is convex and linear for large |¢|.
The results in this section for f the absolute value function can be extended
toall f € J, in the same way as in [31, Theorem 17].

5.5 Lipschitz estimates on the ideal of p-summing operators

Let H be a separable infinite dimensional Hilbert space. It was shown in [2]
that a matrix M = (mjk)}’j(:l is a Schur multiplier on the Hilbert-Schmidt

class S; C L£(H) if and only if sup; [mj| < co.By [94], S coincides with the
Banach ideal I, (H) of all p-summing operators (see the definition below) for
all p € [1,00). Hence a matrix M = (mjk)ﬁﬂ is a Schur multiplier on IT, (H)
ifand only if sup;  [m;i| < co.In Corollary 5.38 below we show that the same
statement is true for the Banach ideal Hp(ﬂ’/, (P)in L(¢F, ), for p € [1,00).
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As a corollary we obtain operator Lipschitz estimates on I, (¢¥',€P) for each
Lipschitz function f on C.

Let X and Y be Banach spaces and 1 < p < co. An operator S : X — Y
is p-absolutely summing if there exists a constant C such that for each n € IN
and each collection {xj};?zl cX,

(L) =c

The smallest such constant is denoted by 7, and IT,(X,Y) is the space of
p-absolutely summing operators from X to Y. We let IT,(X) := IT,(X, X).
By Propositions 2.3, 2.4 and 2.6 in [35], (I1,(X,Y), 7r,(-)) is a Banach ideal in
L(X,Y).

Below we consider p-absolutely summing operators from 07 to (. We
first present the following result.

Lemma 5.37. Let p € [1,00) and S = (si)5%_y. Then S € T1,(¢7', £7) (with ¢
replaced by cg) if and only if

sup (Z\ x*, x;) |7’)% (5.33)

[l 1« <1

==

= (X L lsil?

( j=1k=1 )
In this case, 71,(S) = cp.
Proof. 1t follows from [35, Example 2.11] that, if ¢, < oo for p € (1,00), then
Se Hp(ﬂ’/, 7) with 71,(S) < cp. An inspection of the proof of [35, Example
2.11] shows that this statement in fact also holds for p = 1. For the converse,
letn € Nand letx; :=¢j € ¢/ for1 < j < n. By (5.33) (with X = ¢/ and
Y = (p),

( Z Ds]kv’) < p(S).

Letting n tend to infinity concludes the proof. O

For the following corollary of Lemma 5.37, recall that a matrix M is said to
be a Schur multiplier on a subspace Z C L(¢?,¢7) if S — M x S is a bounded
map on Z. Recall also the definition of the standard triangular truncation 7
from (5.28).

Corollary 5.38. Let p € [1,00) and let M = (m]-k)}’j(:l be a matrix. Then
M is a Schur multiplier on Hp(ﬂ’/,ép) (with €% replaced by cy) if and only if
SUP; keN [mj| < oo. In this case,

Ml 211 = sup |my].

jkeN

In particular, Ty € »C(Hp<‘€p 0P)) with ||TA||£

o (07, 0))

oy =1
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Observe that T & L(L(¢F,¢P))if p' > p, by Proposition 5.23 (ii). Never-
theless, 7, is bounded on the ideal IT, (¢, ¢F) C L(¢V',¢7) forall p € [1,0).

We now prove our main result concerning commutator estimates on
IL,(¢V, 07).

Theorem 5.39. Let p € [1,00), A € Lgq(¢7') (with (% replaced by cy) and B €
Lq(¢P). Let f : C — C be Lipschitz. Then

mp(f(B)S — Sf(A)) < KaKg || f|ip p(BS — SA) (5.34)
forall S € L(£V,07) such that BS — SA € T, (¢V, (P).

Proof. Let A € Lg(¢V',A,U) and B € Lq(¢P, 1, V) for certain A = (/\j)}?‘;l,
po= (), U € LUP)yand V € L(OP). If (Sw)®_; C TL,(£F,0F) is
a mp-bounded sequence which SOT-converges to S € L(X,Y), then S €
I1,(¢7, €P) with 71,(S) < limsup,, ., nf(sm), by (5.33). Hence, by Remark
5.19, it suffices to prove that sup,, .y || Tp/n L@ ) < || fllpip, where @

is as in (5.30). This is done as in the proof of Theorem 5.29, using Corollary
5.38 instead of Remark 5.24. a

5.6 Matrix inequalities

In this section we apply the theory developed in Sections 5.2, 5.3 and 5.4 to fi-
nite dimensional spaces, and in doing so we obtain Lipschitz estimates which
are independent of the dimension of the underlying space. The dimension-
independent estimates that follow from the results in Section 5.5 can be ob-
tained in the same manner.

5.6.1 Finite dimensional spaces

Letn € N and let X be an n-dimensional Banach space with basis {ey, ..., e, }
and the corresponding basis projections P € £(X) for 1 < k < n. Recall that
an operator A € L£(X) is diagonalizable if there exists U € £(X) invertible
such that

n
UAU ! = Y APy
k=1

for some (Aq,...,A,;) € C". We then write A € L£4(X, (/\j);;l, U). Recall also

the definition of spectral and scalar type operators from Section 2.2.5.

Lemma 5.40. Let A € L(X). Then A is a spectral operator, and A is a scalar

type operator if and only if A is diagonalizable. If A € L4(X, (A]-);?:l, U) then the

spectral measure E of A is given by E(W) = 0if WNo(A) = @, and E({A}) =
Ya=a U 'P;U for A € o(A).
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Proof. It was already remarked in Section 5.3 that any diagonalizable opera-
tor is a scalar type operator, with spectral measure as specified. By [42, Theo-
rem XV.4.5], an operator T € L£(Y) on an arbitrary Banach space Y is a spec-
tral operator if and only if T = S 4+ N for a commuting scalar type operator
S € L(Y) and a generalized nilpotent operator N € £(Y'), and this decompo-
sition is unique. The Jordan decomposition for matrices yields a commuting
diagonalizable S and a nilpotent N such that A = S 4+ N, hence A is a spec-
tral operator. If A is a scalar type operator, then the Jordan decomposition
for matrices yields a commuting diagonalizable S and a nilpotent N such
that A=S+ N.Since A=A+ 0and A = S+ N are two decompositions of
A as a sum of a commuting scalar-type operator and a nilpotent operator, the
uniqueness of such a decomposition [42, Theorem XV.4.5] implies that N = 0
and that A = S is diagonalizable. O

Let Y be a finite dimensional Banach space. As in [14], a norm ||-|| on
L(X,Y) is said to be symmetric if
o [[RST|| < |IR[lzv) ISIITz(x) forall R € L(Y), S € L(X,Y)and T €
L(X);
o |x*®@yl =|x*||x|lylly forallx* € X*andy € Y.

Clearly (£(X,Y),||-]|) is a Banach ideal in £(X,Y) in the sense of Section 5.1
if and only if ||| is symmetric. Note that, for A € L4(X, (Aj);?zl, u),

F) = (L fmu

as in (5.21). Let A := 2A(C x C) be as in Section 2.3, and for f € B(C) and
(A, A2) € C2with Ay # Ay let pr(Ag, Ag) == L) ag in (5.14). The
following corollary of Theorem 5.10 extends results for selfadjoint operators
and unitarily invariant norms (see e.g. [71] and [14, Chapter X]) to diago-
nalizable operators and symmetric norms. Note that a symmetric norm on

L(X,Y) need not be unitarily invariant.

Proposition 5.41. Let f € B(C) be such that ¢ extends to an element of 2. Let X

and Y be finite dimensional Banach spaces, let ||-|| be a symmetric normon L(X,Y),
andlet A € Lq(X)and B € L4(Y). Then

1£(B)S = SF(A)|| <16v(A)v(B)l¢sllal[BS — SA
forall S € L(X,Y). In particular, if X =Y,
1£(B) = fF(A) < 16v(A)v(B)| ¢fllallB = Al (5.35)

Corollary 5.42. There exists a universal constant C > 0 such that the following
holds. Let X and Y be finite dimensional Banach spaces and ||-|| a symmetric norm
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on L(X,Y). Let f € B, |(R), and let A € Lq(X) and B € Ly(Y) be such that
sp(A)Usp(B) C R. Then

IF(B)S ~ $(A)] < C(AW(B)fllgy  u|BS — SAI
forall S € L(X,Y). In particular, if X =Y,
1f(B) = f(A)]| < Cv(A)(B)Ifllg  w)llB —All

Remark 5.43. Let W1, W C C be finite sets. Then any ¢ : Wy x W, — C
belongs to 2A(W; x W,). Indeed, one can find a representation as in (2.19)
by letting () be finite and solving a system of linear equations. Therefore
Theorem 5.10 yields an estimate

£ (B)S = SF(A)| < 16v(A)(B) | 9llato(a)xoren 1B — SAI

asin (5.15) for all f € B(C). This might lead one to think that the assumption
in Theorem 5.41 that ¢ extends to an element of 2l is not really necessary.

However, for general f € B(C) the norm Hq)me(U(A)W(B)) may blow up as

the number of points in ¢(A) and ¢(B) grows to infinity. Indeed, for f €
B(C) the absolute value function and ||-|| the operator norm, a dimension-
independent estimate as in (5.35) does not hold for all selfadjoint operators
on all finite dimensional Hilbert spaces [14, (X.25)]. Hence ¢ does not extend
to an element of 2, and one cannot expect to obtain Theorem 5.41 for all
bounded Borel functions on C.

5.6.2 The absolute value function

We now apply our results for the absolute value function to finite dimen-
sional spaces. First note that Lemma 5.17 and Proposition 5.20 relate com-
mutator estimates for general symmetric norms to triangular truncation op-
erators.

Forn € N and p € [1,00) let £} denote C" with the p-norm

/p
1Cers o), = <Z|x]|p) ((x1,...,x2) €C"),
and let £ be C" with the norm
[(x1, -, %) [l oo = max x| ((x1,...,xp) €C).

1<j<n

Applying Theorem 5.28 with S : C" — C" the identity operator immediately
yields the following result. It shows that, although the operator Lipschitz
estimate
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1FB) = F(A)l e emy < CIB = Allgemem)

does not hold with a constant independent of the dimension # for f the ab-
solute value function, p = q = 2 and all selfadjoint operators on £, one can
nevertheless obtain such estimates for p < g, p =g =1orp = q = o by
considering diagonalizable operators A and B for which K4, Kp < M, for
some fixed M > 1. For A a diagonalizable operator, recall the definition of
K4 from (5.23).

Theorem 5.44. Let f(t) :=tfort € R, andlet p,q € [1, 0] withp < q,p =q =
1or p = q = co. Then there exists a constant C > 0 such that the following holds.
Letn € Nandlet A € L4q(¢}) and B € L4({])) have real spectrum. Then

1£(B)S = SF(A)ll ciep,eny < CKaKp |[BS = SAl £ em)
forall S € L(£5,£7). In particular,

1£(B) = f(A) cgemmy < CKaKB [|B = All (g gm) -

Theorem 5.29 shows that, for p = 1 or g4 = oo, Theorem 5.44 extends to
all Lipschitz functions f : C — C, with C = ||f{|;,. Corollaries 5.31 and 5.32
imply that for p = 2 or 4 = 2 and A or B selfadjoint, the estimate in Theorem
5.44 simplifies.

For p > g, Propositions 5.33 and 5.34 yield dimension-independent esti-
mates. We state the estimates which follow from Proposition 5.33, the analo-
gous estimates which follow from Proposition 5.34 should be obvious.

Proposition 5.45. Let p,q € (1,00] with p > q. For each s < q there exists a
constant C > 0 such that the following holds. Let n € IN, and let A € Ed(éz, AU)
and B € Lq(], 1, V') have real spectrum. Then

-1
1£(B)S = SF(A)lcqenemy < ClIUN g(omy IV M em IV (BS = SAYU| gn )

forall S € L(£5,£7). In particular,

1£(B) = fF(A)ll cgep,em) < C||U||,c(1zg)|\V_1||[:(zg)\|V(B — AUl zeep,em)-

In the case p = g = 2, Corollary 5.35 implies the following. Again we
only consider € € (0, 1], for simplicity, but the result extends in an obvious
manner to other € > 0. We write f(A) = |A| = v/ A*A for a normal operator
Aon /.

Corollary 5.46. For each € € (0,1] there exists a constant C > 0 such that the
following holds. Let n € IN. Then

I1BI=141lL¢(z) < Conin(IV(B = AU g - IV (B = AU gz )

forall A € Lq(02,\,U)and B € L4 (€%, u, V) selfadjoint, with U and V unitaries.
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Finally note that, under the assumptions of Corollary 5.46,

|| |B| - |A| Hﬁ(f%) < C”B - AHL(Z%) min(HVHqg%,gﬁ—e)/ ||u71||g(g,21+f,g%))-






Part IV

Applications to numerical approximation methods






6

Convergence of subdiagonal Padé approximations
of Cy-semigroups

In [66, Rem. 3] the question was raised, whether there are complex numbers
Anm and by, such that any uniformly bounded Co-semigroup (T(t)):eRr.
with generator — A on a Banach space X can be approximated in the strong
sense on the domain D(A) of A by sums of the form

b1 (A - -
2(ea) () oo

as n — oo, locally uniformly in ¢t € R4 (see also [91]). According to [91]
such a method is called rational approximation without scaling and squar-
ing, because of the absence of both the successive squaring of the resolvent
and the scaling of the generator by 1 that is common to other approximation
methods for the choice n = 2%, k € N, see e.g. [23]. Recently, the rational
approximation method above has been used to provide new powerful inver-
sion formulas for the vector-valued Laplace transform (see [66,91]).

Suppose (71)neN is a sequence of rational functions such that the degree
of the numerator of r;, is less than the degree of its denominator and such that
each r,, has pairwise distinct poles A, which all lie in the open right half-
plane C. Developing r, into partial fractions, there are complex numbers
by, m such that

b b
nl g (e C\ A, Ay })-

r(z) = ———+-
n() /\n,lfz /\n,mnfz

If —A generates a uniformly bounded Cy-semigroup, the open right half-
plane belongs to the resolvent set of —tA for any ¢ € R;.. By the Hille-Phillips
calculus,

byi (A -1 b A -1
rn(_tA):’;'l(Vtﬂ+A) +...+"'tm(n£w+A> _

Hence the stated problem is solved provided one can prove that there ex-
ists a sequence (7, ),eN of rational functions satisfying the properties above
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and such that, for any generator —A of a uniformly bounded semigroup
(T(t))ter, on a Banach space X,
ra(—tA)x =5 T(t)x (6.1)

for all x € D(A), locally uniformly in ¢ € R

For bounded generators —A this was shown in [124]. There, the author
takes r, to be the n-th subdiagonal Padé approximation to the exponential
function and uses a refinement of an error estimate shown in [91]. For this
choice of r, numerical experiments in [124] indicate that (6.1) holds with
rate O(ﬁ) for each (unbounded) generator —A of a uniformly bounded
Cp-semigroup.

The main result of this chapter is as follows. For n € IN, let r,, be the n-
th subdiagonal Padé approximation to the exponential function, defined in
Section 6.1.

Theorem 6.1. Let o > % Then there exists a constant C = C(a) > 0 such that
the following holds. Let (T(t))cr, be a Co-semigroup of type (M,0) on a Banach
space X, with generator — A, and let x € D(A"). Then

lrn(—tA)x — T(t)x|| < CMt"‘(n+1)_"‘+% || A%x||
forallt > 0and n € N withn 204—%.

For a proof of this result see Theorem 6.9. Theorem 6.1 shows that (6.1)

holds with rate O(n~*"2) for x € D(A®), locally uniformly in ¢t € R;. In
particular, the choice & = 1 yields the rate suggested by the numerical exper-
iments in [124]. In this case the approximation method without scaling and
squaring converges with the same rate as is known for the classical scaling
and squaring methods due to Brenner and Thomée [23].

Improvements on Theorem 6.1 are established in the following cases:

(i) The semigroup T is bounded analytic. In this case (6.1) holds on D(A*)
for each « > 0 with rate O(n~*), locally uniformly in t € R.. See
Theorem 6.12.

(ii) The semigroup T is exponentially 7y-stable, as defined in Section 2.6.
Then, by results from Chapter 3, for each & > 0, (6.1) holds with rate
N O(n~ ") on D(A%), locally uniformly in t € R.. This holds in partic-

a<o
ular for any exponentially stable Cy-semigroup on a Hilbert space. See

Theorem 6.14.

(iii) The operator A has a bounded R(C. )-calculus, where R(C;.) is the
space of bounded rational functions r € H*(C.) with no poles in C.
In this case (6.1) holds for each « > 0 with rate O(n~*) on D(A%), lo-
cally uniformly in f. In addition, one has local uniform convergence in
t on the whole space X. This applies in particular if T is (similar to) a
contraction semigroup on a Hilbert space. See Theorem 6.16.
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This chapter is organized as follows. Section 6.1 provides some of the ba-
sics on Padé approximation and states several lemmas that are crucial for
Section 6.2, where the results stated above are proved. To improve readabil-
ity, the technical lemmas from Section 6.1 are proved in Appendix B. Exten-
sions of the main results to intermediate spaces such as Favard spaces can be
found in Section 6.3. Finally, Section 6.4 discusses some applications of our
results to the inversion of the vector-valued Laplace transform.

6.1 Padé approximation

Letn € IN. Set

i 2n+1—j)in! i
2n+ 1) (n -’

o

s 2n+1—])(n—|—1)
; 2n+D)ljl(n+1—)!

—.

(6.2)

=
—_

i(—z))

for z € C, and define r,, := 5” Then r,, is said to be the n-th subdiagonal Padé

approximant to the exponential function. Cf. [63, Thm. 3.11], P, and Q, are
the unique polynomials of degree n and n + 1 such that P, (0 ) = Qn (0) =1
and

|rn(z) — €| < Clz|*"+2

for z € C in a neighborhood of 0. It was observed by Perron [98, Sect. 75] that

zZ _ (_1)n+2 1 2n+2 .z ! n n+1,—sz
rm(z) —e* = O (2n+1)!z e /0 s"(1—s)" e % ds (6.3)

forall z € C such that Q,(z) # 0. By [44, Cor. 3.2], r, is A-stable, which means
that r;; is holomorphic in a neighborhood of the closed left halfplane C \ C
and |r,(z)| < 1forall z € C\ C. The polynomial Q, has pairwise distinct
roots [63, Thm. 4.11] and, combining Corollaries 1.1 and 3.7 in [44], it follows
that these roots are contained in C..

The following proposition is proved in Appendix B, as Proposition B.2.

Proposition 6.2. Let n € N and z € C. Then

1 n! 2
) e < D 2n+2
rn(—2) e[ = 3 ((2n+1)!) &

and

I 274
') _ e % < n =1, 12n+2 2n+1
-2 e < (g ) (5P o+ DEP).
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Forn € N and a > 0, define f,, : C+ \ {0} — C by

—z

faa() = DT e o)), (6.4

Z&

Corollary 6.3. Let n € N and « € (0,2n + 2). Then

|fua(z)| <2 <(2n?il)')n“+1

forallz € Cy \ {0}.
Proof. Since ry, is A-stable,

2
[

rm(—z) —e *

<
z4 -

|fra(z)] =

forall z € C;+ \ {0}. Hence Proposition 6.2 yields

: 2 1 n! ? 2n+2—u

sup |fua(z)] < sup min {Iz“’ > ((Zn - 1)!> 2| . (65)
zeC4\{0} zeC\{0}

Note that |z| = is a strictly decreasing function and |z|?"*2~% a strictly in-

creasing function of |z| € (0,00). Hence, the supremum on the right-hand

side of (6.5) is actually a maximum that is attained at the value of |z| for

which

2 _ 1 n! 2 2n+2—u
AN ES /

that is, for

_20@n+ 1)\
|Z‘_ n! .

Inserting such a z in (6.5) concludes the proof. O

We collect the following two straightforward lemmas for later use.

_1

Lemma 6.4. Let u,v, U,V > 0and w € {O, (%) Hv} . Then

o d u\ e
/ min{urulvr—v} ar —v () u-+ov _ Ewu‘
w r 14 uv u
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Proof. Letrg > 0be such that Ury = Vr,y ? and note that 7 > w. Hence
) d ro d © d
/ min {Ur", Vr~"} & / ur < —l—/ vie &
w r w r 70 r

Calculating the integrals on the right-hand side and simplifying yields the
claim. O

Lemma 6.5. Let n € IN. Then

! ﬁ< 1
(2n+1)! —n+1

Proof. Simply note that

1

(i)™ o= ()" o

For the proof of the main result of this chapter, the following L?-estimates
for the restriction of f, 4 to the imaginary axis are crucial. This proposition is
proved in Appendix B as Proposition B.5.

Proposition 6.6. Let n € N and a € (3,1 + 1]. Then

, 4 —atl
||fn,a(1')||2§ﬁ("+1) .

and

Sa 1311 5204 360 !
. §  8a 13 1 —zx-‘r*_
H(fn,,x(l ) H2 < <(2¢x—|—1)3/2 + 108 \/6-132a + 1320 — 1)) (n+1)"%"2

6.2 Convergence of Padé approximations

In this section we prove the results stated in the introduction to this chapter.
In particular, we prove Theorem 6.1. Then we improve this theorem for ana-
lytic semigroups, exponentially y-stable semigroups, and semigroups whose
generator has a bounded calculus for the class of bounded rational functions
onC,.

6.2.1 Uniformly bounded semigroups

To prove Theorem 6.1 we require the following lemma.
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Lemma 6.7. Let f € H®(C..) be such that f(i-) € WY2(R). Then there exists a
¢ € LY(Ry) with f(z) = §(z) forall z € C, and

1
lslhoe. € <5 Gy G e,

Proof. The Paley-Wiener Theorem ( [104, Theorem 5.28]) yieldsa ¢ € L2(IR)
such that f(z) = ¢(z) forall z € C. Let h(s) = f(is) for s € R. Then F~'h
is the extension of ¢ to the whole real axis by setting ¢ equal to zero off R .
Plancherel’s Theorem implies that 7~k € L?(R) with

& —iE(FI)(E) = (F) (@) € L(R).
Therefore Carlson’s inequality [8, p.175] yields F~1h € L}(R) with
-1 —1p(2 —1,0(2
”]: hHLl(]R) < \/%H’F hHLZ(IR)H]: h ||L2(R)

Thus, by definition of & and by Plancherel’s Theorem,

1. 1 . 1
S\ﬁllf(l')Ilfz(]R)||(f(1'))’||ﬁ2(]R)- O
Remark 6.8. Lemma 6.7 is very similar to Lemmas 1 and 2 in [23]. However,
we use that supp(F 1) C R... This results in a constant smaller by a factor
of % in Carlson’s inequality and consequently also in the L!-estimate for g.

Iglrw,) = IF 1 FGED o)

We are now ready to prove Theorem 6.1, with an explicit estimate for the
constant involved.

Theorem 6.9. Let (T(t));er, be a Co-semigroup of type (M,0) on a Banach space
X, with generator —A. Let & > % and x € D(AY). Then

Ira(~tA)x — T(H)x]| < C@ME(n+1) 2 A% (66)

forallt € Ry andn € N withn > a — %.Here,

V2 8a 3¢ | 5 360
€)= e\ par 12 T\ 65 T Baa—y ©7

In particular, for each a > } the sequence (ry(—tA))neN converges strongly
on D(A") and locally uniformly in t € R to T(t) with rate O(n"1).

Proof. Fix t € Ry and n € N withn > «a — % Since r,, is A-stable and
Ty = % with deg(Q,) = n+1 > n = deg(Py), it follows from Lemma 6.7
that r,(—t-) is the Laplace transform of a bounded measure. Note also that
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e~! is the Laplace transform of the unit point mass at . Hence r,(—tA) =
ra(—t-)(A) and e " (A) = T(t) are well-defined in the Hille-Phillips calcu-
lus for A. Set

f(2) =t fua(tz) = (zeCy\{0})

with f,  as in (6.4). Then f € H*(C) N C(C), by Corollary 6.3, and f(z) €
O(|z|™®) as |z| — oo, since ry, is A-stable. Moreover, f(i-) € W'2(R) by
Proposition 6.6. Thus Lemma 6.7 yields a function ¢ € L!'(R.) such that
f=¢gand

rn(—tz) —e %
ZIX

1
Hg”Ll(]lLr \f Hf HLZ H )luﬁz R)

= ﬁ ||fnoc( HLZ(]R || fnuc ||Lz
By the definition of the Hille-Phillips calculus,

(rn(—tA) = T())x = f(A) A% = §(A) A% = /Ooog(s)T(s)A”‘xds. 6.8)
Hence, by taking norms,
Ira(—t4)x —T(t)x] < 2 f [ fua HLz ) [ HLz | A%x][ -

The conclusion follows by using Proposition 6.6 for the right-hand side of
this inequality. O

Remark 6.10. For applications to numerical analysis, one might inquire about
the size of C(a) for « = 1 and other small values. It is easily checked that
C(1) <410, C(2) <276, C(3) <241, C(4)<228.

Remark 6.11. Suppose that, in the setting of Theorem 6.9, T = (T(t))seRr, is
exponentially stable. Then, depending on the type of T, it may be possible to
provide a sharper upper bound for the approximation error. More precisely,
let T be of type (M, —w) for some w > 0. With f, f, , and g as in the proof of
Theorem 6.9, Lemma 6.7 and Plancherel’s Theorem yield

=3

1 .
I8l ) = = G lam) = T fna i) ey
Taking norms in (6.8) and applying Holder’s inequality yields
[rn(=tA)x = T(t)x| < M|ge—wllLi(r)

M 4 1 1
< — i (n+ 1) 2 || A%
= Vama a1l oA

for all « > %, n>ua— %, t € R4 and x € D(A"), which is a sharper estimate
than (6.6) for sufficiently large w > 0.
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6.2.2 Analytic semigroups

For A a sectorial operator of angle ¢ € (0,7r) on a Banach space X, and

P € (¢, 7], let

M(A, ) := sup [AR(AA)| < oo. (6.9)
AeC\Sy

Note that M4 := M(A, ) = sup,_, ||t(t + A)~!|| and that

M(A, )= inf M(A ), (6.10)
pe(e,m)
by [55, Remark 2.1.2].

For bounded analytic semigroups we deduce the following improvement
of Theorem 6.9.

Theorem 6.12. Let A be a densely defined sectorial operator of angle ¢ € (0, %)
on a Banach space X and let (T(t))ier, € L(X) be the bounded analytic Cp-
semigroup generated by —A. Let « > 0 and x € D(A%). Then

Irn(—tA)x — T()x] < 2744 (1) [ A%

forallt € Ry andn € N such thatn > o — 1.
In particular, for each o« > 0 the sequence (r,(—tA))ncN converges strongly on
D(A") and locally uniformly in t € Ry to T(t) with rate O(n™*).

Proof. Fix n > a — 1. Observe that for t = 0 the statement is trivial, while for
t > 0 the operator tA is also sectorial of angle ¢ with M4 = M;4. Hence it
suffices to consider t = 1.

Letv € (¢, 5) and let f; , be as in (6.4). Proposition 6.2 and the A-stability
of r,, yield

2
ﬁw@>Smm{§(QJiDJ M”“”gpﬁ? 611

for z € C4, so that f, . € HY(Sy). By the holomorphic functional calculus
for sectorial operators,

1

(ra(=4) = T)x = fua( M)A = 2 [

fua(z)R(z, A)Axdz
for ¢ € (v, 7). By taking operator norms and estimating the integrand on

the right-hand side by means of (6.9) and (6.11), ||(r,(—A) — T(1)) x|| is
bounded from above by

M(A'lrb) w © . 1 n! 2 2n+2—a - dr
ZE A x||/0 mint 5 ((ry) P T
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By Lemma 6.4,

o

I(ru(-4) - Ty < PAEAL AT ()

- % 2n+2—a 2n+1

AM(A, p) nt o \wTo
s ar ((Zn—i-l)!) 1A%

The last term can be estimated by means of Lemma 6.5. This leads to

AM(A, _
[ra(-4) T < AR ) gy g
Taking the infimum over all ¢ € (v, %) and using (6.10) yields the required
estimate for t = 1, and concludes the proof. O

Remark 6.13. In the situation of Theorem 6.12 the scaling and squaring meth-
ods associated to a fixed subdiagonal Padé approximant converge strongly
on X and even in £(X), see [77, Thm. 4.4]. Whether this is true for the method
without scaling and squaring as well is an open problem. In Section 6.2.4 we
prove strong convergence on X if A has a bounded calculus for the collection
of bounded rational functions on C..

6.2.3 Exponentially -stable semigroups

In this section we improve Theorem 6.9 for the exponentially y-stable Cy-
semigroups from Section 2.6. Recall the definition of y-type from Section 2.6.
Note that the following result applies in particular to exponentially stable
Co-semigroups on Hilbert spaces.

Theorem 6.14 (Convergence for exponentially y-stable semigroups). Let
—A generate a Co-semigroup T = (T(t))ier, of y-type (M, —w), for M > 1
and w > 0, on a Banach space X. Let « > 0, a € (0,&) and x € D(A") be given.
Then there is a constant C = C(M, w,« — a) such that

[ (—tA)x = T(t)x|| < Ct*(n+ 1)~ || A%x||

forallt € Ry and all n € N such thatn > 5 —1.
In particular, for each & > 0 the sequence (r,(—tA) )N converges strongly on
D(A%) and locally uniformly in t € R to T(t) with rate (., O(n™7).

Proof. The proof is very similar to that of Theorem 6.9, appealing to Corol-
lary 3.25 instead of Lemma 6.7. Fix t € Ry and n > 7 — 1, and let

(—tz) —e *

f(z) i= £ fraltz) = 2

Then Corollary 3.25 yields

(z € C+ \ {0}).
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1(ra(=A) = T()A™"|| = || f(A) A" ]| < C(M, w, & = a) ||l 1asc. ) -

Lemma 6.3 and Lemma 6.5 imply

_a_

4 n! n+1 a —a
<2t (ZES] <2t'(n+1)""

rn(—tz) —e 2

(£2)"

Combining these two estimates yields

1 fles(c,y = sup t*
zeCy

[(rn(—tA) = T(#))x|| = [|(ra(—tA) = T(t)) A" A%x|| < Ct*(n +1)~" || Ax||
for some constant C = C(M, w,a« —a) > 0. O

Remark 6.15. Theorem 6.14 yields convergence rate O(n~ %) on D(A*) for ar-
bitrary 4 < & but does not make any statement concerning the limit case
a = «. If, in addition to the hypotheses from Theorem 6.14, the operators
T(t), for t > 0, are invertible and that the collection {e~“°'T ()~ |t > 0}
is y-bounded for some wy € RR. Then Corollary 2.33 implies that A has a
bounded H*(C )-calculus. Hence, Theorem 6.16 from the next section im-
plies convergence of order O(n~*) on D(A%) and even strong convergence
on the whole space X. This remark applies in particular to exponentially sta-
ble semigroups T on a Hilbert space for which all the operators T(t), t € R,
are invertible.

6.2.4 Generators with a bounded R (C )-calculus

Let —A be the generator of a uniformly bounded semigroup T = (T(t))cRr,
on a Banach space X. Up until now, in the results of this chapter we have
obtained

ra(—tA)x =5 T(H)x
only for x belonging to some proper subspace of X, at least if A is un-
bounded. In this section we show that this convergence can be extended to
all x € X if A has a bounded R(C )-calculus, where R(C.) is the space of
all bounded rational functions on C . In other words, we assume that (2.7)
holds:

(M)l gx) < Clirllas(c,)

for all ¥ € R(C). We call the smallest constant C in this inequality the H*-
bound of A. For such A the following improvement of Theorem 6.9 holds. We
note that this result for instance applies to generators of contraction semi-
groups on Hilbert spaces (with C = 1), by Proposition 2.6, to generators
of bounded analytic semigroups which satisfy the square function estimates
in Theorem 1.1, and to the generators of symmetric contraction semigroups
from Theorem 1.2.
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Theorem 6.16. Let —A generate a uniformly bounded Co-semigroup (T(t))ier.
on a Banach space X and suppose that A has a bounded R (C ;. )-calculus with H®-
bound C. Let « > 0 and x € D(A*) be given. Then

|rn(—tA)x — T(t)x| <2Ct*(n+1)7% || A%x|| (6.12)

forallt € Ry and alln € N such thatn > 5 — 1.

In particular, for each & > 0 the sequence (ry(—tA)),en converges to T(t)
strongly on D(A") and locally uniformly in t € Ry to T(t) with rate O(n™").
Moreover, (1, (—tA))nen converges strongly on X and locally uniformly int € Ry
to T(t).

Proof. As noted in Section 2.2.1, under the present assumptions one can ex-
tend the functional calculus for A to all functions f € H®(C,) N C(C4) by
taking uniform limits of rational functions (see [55, Proposition F.3]) and then
regularizing. Then

1F (Al zxy < Cllfllae(c,) (6.13)

for all f € A(C4), where A(C) consists of all f € H®(C4) N C(Cy) for
which lim, .« f(z) exists.
Fixt € Ry andn > § — 1 and let
rn(—tz) —e 2 —
flay=EDZET e (o).
Then f € A(C4) by Lemma 6.2 and by A-stability of the r,,. Hence,
[ (=tA)x = T(£)x|| = [|f(A)A%x]| < Clfllgc, ) 1A,

and (6.12) follows by estimating || f{| (¢, ) using Lemma 6.3 and Lemma 6.5.

Finally, we prove that (r,(—tA)),eN converges strongly to T(t) on X,
locally uniformly in ¢ € IR, To this end note that, for K a bounded subset of
R4, the family

[ra(—tA) = T(t) | n € N,t € K} C £(X)

is bounded due to (6.13). Since r,(—tA) converges to T(t) strongly on D(A)
and uniformly in t € K as n — oo, the density of D(A) in X implies that this
convergence extends to all of X. O

6.3 Extension to other intermediate spaces

In this section the results from the previous sections are extended to other
classes of intermediate spaces. Throughout, let —A be the generator of a uni-
formly bounded Cp-semigroup T = (T(t))ier, on a Banach space X. For
k € N the k-th Favard space is
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Fe:= {x € D(AF) | L(A*x) = limsup }|T()) A" 'x — 4% < oo}
£10

Then D(A¥) C Fy and for non-reflexive Banach spaces this inclusion can be
strict, see e.g. Section 6.4 below. It is therefore noteworthy that the conver-
gence results from the previous sections immediately extend from D(AF) to
F; upon replacing || A¥x|| by L(A¥1x). This is due to the following lemma
from [73, Prop. 1].

Lemma 6.17. Let S € L(X) and suppose there exist k € N and C > 0 such that
|Sx|| < C||Akx|| for all x € D(AX). Then ||Sx|| < CL(A*1x) for all x € Fy.

Proof. Approximate x € Fy by elements
1t k
xp = ¥/ T(s)xds € D(AY) (£ >0)
0

and note that
IS < Cll A% = CIH(T(HA" x = A )| (> 0).
The conclusion follows by passing to the limit superior as ¢ | 0. O

Using (2.10) and (2.38) as well as [55, Proposition B.3.5], the convergence
results in this chapter carry over to the domains of certain complex fractional
powers, as well as to real interpolation spaces. This includes Favard spaces
of non-integer order, as discussed in [72, Section 3.3].

6.4 Application to the inversion of the Laplace transform

Following an idea from [91], we show how the results in this chapter can be
used to obtain inversion formulas for the vector-valued Laplace transform,
with precise error-estimates.

For X a Banach space and k € IN, denote by Cﬁg (R4; X) the space of all

functions f € C (Ry; X) for which f(¥) is Lipschitz. For f : R — X define
. 1
L(f) = hmfoup;llf(“r ) = flleo € [0, 00].
t

On Cy,(Ry; X) we consider the differential operator Af := —f’ with
maximal domain C! (Ry;X). Then —A generates the strongly continuous
left translation semigroup T; = (T;(t))er, , where (T;(t)f)(-) = f(t+ -). By
definition, the associated Favard spaces are given by

F = {f € CCH Ry X) | L(F*Y) < 0} = CE V(R X)) (ke N).
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Moreover, T is of type (1,0) and if f € Cy,(R4; X) and A € C, then

((A+A)7HO) = [T MmN = [TeM(Ede = FN),

0

with f : C4+ — X the (vector-valued) Laplace transform of f. Let

bnl bnn+1
rz)=—"—+-+ — zeC Api,.-, A
n() Ap1—2 Apnil —2 ( \{ n,1 n,n+1})

be the partial fraction decomposition of the n-th subdiagonal Padé approx-
imation. Applying Theorem 6.9 to T; and evaluating at zero yields the fol-
lowing result for all f € Ck (R4;X). Lemma 6.17 then extends it to all

feCh (R X).

Corollary 6.18. Let X be a Banach space and f € Cﬁ;l’l(]R+ ; X) for some k € IN.
Lett > 0and n € IN such thatn > k — % Then

n+lp

3 f(B) - ] < Coorn L),

j=1

where C(k) is as in (6.7). In particular, Z}’:H T]f(
formly in t to f(t) with rate O(n~*+2).

> converges locally uni-

Remark 6.19. The Laplace inversion formula from Corollary 6.18 actually con-
verges for any f € Cyp(Ry; X) that is a-Holder continuous for some & €
(%, 1) with rate depending on «. This follows again from Theorem 6.9, since
such an f is contained in the real interpolation space (Cyp(R+; X), D(A) ) 00,
which continuously embeds into D(A?) for any a < &, as follows from (2.36)
and (2.38).

Remark 6.20. It should be noted that Corollary 6.18 provides a Laplace inver-
sion formula that does not require any knowledge of derivatives of f and
only uses finite sums as approximants, compare with e.g. [66], [3]. Moreover,
C(k) can be computed explicitly (see Remark 6.10).






A

Growth estimates

In this appendix we examine the function 7 : (0, 00) x (0,00) x [1,00] — Ry
from (3.4) given by

n(a,t,q) = inf {9l lglly | 9 = e on [,e0)} .

We will need the following lemma. It is contained in the proof of [59,
Lemma A.1] and is due to T. Hytonen.

Lemma A.1. Let 6 € (0,1). Then there exist sequences (B;);, (‘B;)] C Ry such
that Bj = O((1+j) %) and ‘B; =0((1+/)% 1) asj — oo, and such that

Yo:= ) Bl and  go:= ) Bl
=0 =

satisfy

weme= {7 50

In this appendix we will use the notation f < g for real-valued functions
f,8:Z — R on some set Z to indicate that there exists a constant ¢ > 0 such
that f(z) < cg(z) forallz € Z.

Lemma A.2. For each q € (1,00) there exist constants cq,d; > 0 such that

dg[log(at)| < n(a,t,q) < cqllog(at)] (A1)

if at < min{%,%}.lf&t > min{%,%} then

e ™ <pyatq) <2e (A.2)
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Proof. First note that (a,t,q) = 17((xt 1,q) = n(1,at,q) for all «, t and q.
Indeed, for € LY(Ry), ¢ € L7 (R;) with p x ¢ = e_, on [1,0) define
Pe(s) = tl/ql[J(S/t) and cpt( )= tl}‘?, ¢(s/t) fors > 0. Then

poep) = [To () e () E=vro(§)

forall 7 > 0,50 1 * ¢t = e_, on [t, ). Moreover,

ol = [T wH1 % = [Clvts)ras = i,

and similarly ||¢;||, = [|¢]|,,- Hence n(a,t,q) <n(at,1,q). Considering i /4

and ¢y, yields n(a,t,q9) = 1(at,1,q). The other equality follows immedi-
ately. Hence, to prove any of the inequalities in (A.1) or (A.2), we can assume
either that « = 1 or that t = 1 (but not both).

For the left-hand inequalities, we assume that « = 1 and we first consider

the left-hand inequality of (A.1). Lett < 1and ¢ € L1(R), ¢ € L7 (Ry)
such that ¢ * ¢ = e_1 on [t,00). Then

llog(t)| = —log(t) /—<e/ efs%:e/tlhb*(p(s)—
<ef /|¢<s—r>|~| ()lar®
<o T [TleEnl ds|¢ )l dr

_ [w()llp(s)]
e/ / s+r rs (ﬂ/q) Hl/)H ||€0H Iy

where we used Hilbert’s absolute inequality [50, Theorem 5.10.1]. It follows
that

11, t0) = D g

For the left-hand inequality of (A.2), we assume that « = 1 and let ¢t > 0 be
arbitrary. Then

= (pxo)(t /wa—SH¢(HdS<H¢HH¢H

by Holder’s inequality, hence e ! < 77(1,¢,9).

For the right-hand inequalities in (A.1) and (A.2), we assume that t = 1
and first consider the right-hand inequality in (A.1) for & < min {%,ql}
Lemma A.1 (with § = 1/4) yields
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s ={y S0V,

where
0:=)_ Bty and o=} Bil(j
j=0 j=0

for sequences (B;); and ([3 )j of positive scalars such that 8; = O((1+ /)~ 1/q)
and ,B; = O((1+))7)asj — co. Let p := e_,1hp and ¢ := e_,¢o. Then
Ppx@=e_,on[l,o00)and

0 o—aqf
WWﬂka*Zﬁ/ ST
(<) —aqs [ee] e—S
<1+/ = —|—e"“7/ —ds.
B g(q S

The constant in the first inequality depends only on 4. Since ag < 1,

1 e s 0 =8 1 1 <)
@l <1+ —ds+ —ds) <1+ [ ~ds+e" e Sds
1 ag S 1 S ag S 1

=1—log(ag) + e ! < log (%) +2.

Moreover, 1 > g > 1 hence log (%) > log(gq) > 0 and

log( >+2 (1+10g2(q))10g(;).

Therefore

1/q
lll, Stog () " = log(a)[7,
for a constant depending only on 4. In a similar manner we deduce

lglly < [log(a)[*/
for a constant depending only on ¢’ (and thus on g). This yields (A.1).

For the right-hand side of (A.2) we assume that t = 1 and, without loss of
generality (since 77(a, t,q) = 1(a, t,q')), that a > % Let ¢ := 19 1j€4(4—1) and
P = %1]&6_“. Then

1
P (P(]’) _ alxli - A ezx(qfl)sefrx(rfs) ds = e

eq
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for r > 1. Hence

0o 1/q 1 1/q
14 _ _ /
10, 1,) < W9l lolly = g g ([ e meas) () et as)

/g /1 o
= (lxzchq 1) q (/ e"® ds) D= (e -1V <2 e < e
- 0

where we have used the assumption a0 > % in the penultimate inequality. O



B

Estimates for Padé approximants

In this appendix we prove several technical results from Section 6.1.

The following lemma, proved recently in [92], is essential for the results
in this appendix. For n € IN, recall the definitions of Q,, and r,, from Section
6.1.

Lemma B.1. Let n € N and t € R. Then

1Qn(it)] = 1, S%B‘SL and |r)(it)| < 2.

We use this lemma to prove Proposition 6.2 from the main text.

Proposition B.2. Let n € N and z € C. Then

1 n! 2
e < 2 2n+2
|rn( Z) € | ) ((2n+1)|) |Z|

and

I 2. /4
') — e~ 2| < n. 52142 2n+1
=2 e < (g ) (5P (e DIP).

Proof. By standard properties of Euler’s beta function,

(2n+2)!
Hence (6.3) yields
—z 1 1 2n+2 ! n n+1|,(s—1)z
In(—2) —e ¥ < oy A ) )" el ds
1 L peantOn 1)
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As Q) is a polynomial having all its roots in C4, Lemma B.1 and the maxi-
mum principle for holomorphic functions imply m < 1. Hence

-z (Tl—i—l) n _ 1 n! 2 n
ra(=2) =l = Gy 2 =3 <(2n+1)!) 2,

which is the first statement that was to be proved. Now differentiate (6.3)
with respect to z and write

T;Z(—Z) —e f= Tn,l (Z) + Tn,Z(Z) + Tn,?)(z)f (Bl)

Z)2n+2

_ ( )n+3Q/( ) (
Qn(—2)? (2n+1)!

B2 (g 2) - ),
_ _ZnZ—FZ(rn(_Z) _e—Z), and

(_1)n+2 (_Z)2n+2

Qu(—z) 2n+1)!

We estimate these three terms separately. As all roots of Q, lie in C4,

Lemma B.1 and the maximum principle for holomorphic functions yield
Qu(= H

‘ Qu(— H®(Cy) —

/ Sn(l o S)n+1e(s—1)z ds

1
Tus(z) = /0 §"(1—s)"H2els"1)z g,

< 1. The first part of this lemma then implies

' 2
T @1 < 5 Gy ) " (B2

and

2
T2 < 04 1) (g ) 2 53)

Finally, note that the only difference between T, 3(z) and r,(—z) —e 7 is

an additional factor (1 —s) under the respective integral sign. By the same
arguments as in the 3proof of the first assertion of this lemma, taking into

n—+2
account that 5 5 <z

nl(n+2)! o2 _ 3 n O\ onsa
|Tn,3(z)| < (21’1+1)'(21’1+3)'|Z| " < E m ‘Z| ne, (B4:)

The proof is concluded by combining (B.1) with (B.2), (B.3) and (B.4). a
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We now recall Lemmas 6.4 and 6.5.

1

Lemma B.3. Let u,v, U,V > 0and w € {0, (%) Hv] . Then

® _,y dr
/w min {Ur", Vr v}r:V<V

Lemma B.4. Let n € IN. Then

1
! i
n! +1 < 1 .
(2n +1)! ~n+1
We now prove Proposition 6.6. For n € IN and & € (0,00), recall the

function f, . : C1 \ {0} — C,

tn(—z) —e *?

faa(z) = —=————  (z€C\{0}),

ZLX
from (6.4).

Proposition B.5. Let n € N and a € (1,1 + }]. Then

. 4 —atl
[ fra(i-)lly < ﬁ(""‘l) ¢
and
8« 13”‘ 52« 360 Caal

Proof. First, we prove the estimate for || f;,4(i-)||2. By Proposition B.2 and the
A-stability of r,,

, 1 n! 2 ~ -
‘fn,a(lt” < II‘lll’l{2 <(2n+1)|) |t|2n+2 1x,2|t| rx}

forallt € R\ {0}. Hence

C o\ 2 © )1 n! ! 4n+5-2a —(2a—1) dt
. < m I — —
1 fra i)z < 2/0 n {4 <(2n+1)!) I Al t

By Lemma B.3,

2a0—1

1 32(n+1) n! w1
1 i )”2_21x 14n+5—2u (2(2n+1)!) '
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Now, LemmaB4and o« < n + % imply

201

2 16 n! nl 16 Coat1
IN? < < 1
fai)ll2 = 20 —1 \2(2n +1)! - 2a—1(”+ ) ’

which proves the first statement.
For the proof of the second statement we write

d ) rn(—it) —e Tt py(—it) —e )
afn,zx(lt) = —i-+ (it)" — (i) 1 =t —igna(t) — ithna(t)

(B.5)

for t # 0. Note that . (-) = fyu+1(i-). Since we have only used a < 1+ 3
to prove the first part of this lemma, we can apply the first part with « + 1 in
place of « to find

Nl—

il < (n+1)"%2 < (n+1)"*"2,  (B6)

8
(2a +1)3/2

4
V2a+1
where the second step is valid since & € (%, n+ %]

As for g,,,4, combining Lemma B.1 and Proposition B.2 yields

' 2
|gna(t)] < min { ((Znn—|—1)') <§t2ﬂ+2“ +(n+ 1)|t2ﬂ+1*),3|t|“} dt

fort #0.LetK := ((2n”7+'1),)2 and L :=n+ 2. As [#/21+27% < |¢|21F17% jf and
only if [t| <1,

1 oo
lgnall; <2 / K2L24m 2720 4t 4 2 / min { K2L2447520 ¢~ (-1} %.
0 1
(B.7)
9
Using Lemma B4, « < 7+ } and Zii < { in sequence yields
2
K212 n+3 2 1
o _(n+3) -

< .
B(n+1) ~ 3(n+ 1)+ = 3(n+ 1)+l = 3.2%F1 (4 1)2a-T

In particular, 9K 2712 > %(n + 1)4"‘ > 1, which in turn allows us to compute
the second integral in (B.7) by means of Lemma B.3. This yields

20—1
2 2K?12 18 (KL) w2 Ap+4 2K?1.2

< —_— — .
LZ(]R)_4n—|—3—2zx+20c—1 3 dn+5—20 4n+5-—2u

|81,

Simplifying this expression, using a € (%, n+ %] and (B.8), we can estimate
l|gn,a ||§ from above by
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20—1 20—1

K?12 36 (KL)% 1 —2a41 36 (KL%
+ - —N — | =

3(n+1) 2a—1\ 3 ~ 3.2+l 20 -1\ 3

For the second term in this inequality, Lemma B.4 and the inequality n + % <

13 2n+2 . . o . . .
(E) , which can easily be verified by induction, yield

1

KL\ %72 nl i 9 anﬁ<13 1
(3> _(\/§(Zn+1)!) ("+5> “10n+1

20—1
2 1 a1 36 (13 a1
< - o
2_3‘22%_1(11—!—1) +2{X_1 10 (n+1)

Hence

|7,

132« ( 52« 360

—20+1
10% \6.13%  13(2a — 1)) (n+ 1)~

The conclusion follows by combining the estimate above, (B.6) and (B.5). O
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Summary

Functional calculus via transference,

double operator integrals
and applications

This thesis is dedicated to the study of several aspects of the theory of func-
tional calculus. This theory considers the combination of an operator A and
a function f(z) of a variable z, resulting in an operator f(A). One then at-
tempts to study properties of the operator f(A) in terms of properties of the
operator A and the function f.

A classical example of a functional calculus is the calculus for diagonal-
izable matrices. This calculus is based on the idea that for a diagonal matrix
D = (djj)i;_, and a function f, f(D) should be defined by simply apply-
ing f to the entries of D. In other words, f(D) := (f(d,«j))z]-zl. Then, for a

matrix A and an invertible matrix U such that UAU~! = D has diagonal
form, one defines f(A) := U~!f(D)U. Despite its relatively straightforward
construction, many nontrivial questions arise when studying this calculus.
Recently, functional calculus theory has also proven useful when study-
ing partial differential equations from a functional analytic perspective. The
functional analytic viewpoint on a large class of partial differential equation
leads to an equation of the form
du
T Au, u(0) =x (1)
on an infinite-dimensional space X. Formally, (.1) has the solution u(t) =
e!Ax. Functional calculus theory allows one to make this formal intuition
precise and provides a convenient framework for studying the differential
operator A in (.1) as well as operators related to A.
In this thesis both the functional calculus for diagonalizable matrices and
the calculus for the operator A in (.1) are studied. Using transference princi-
ples and double operator integrals, we link the theory of functional calculus



166 Summary

to the area of harmonic analysis. Then we use theorems from harmonic anal-
ysis to deduce new results in functional calculus theory.

We also apply functional calculus theory to a problem in the theory of
the numerical approximation of the solutions of (.1). Since the solution ef4x
of (.1) is usually hard to deal with analytically, one tries to approximate it
by simpler expressions, for instance by r,,(A)x for (r,)5’_; a sequence of ra-
tional functions. One would then like to know whether this approximation
converges, and functional calculus theory is a useful tool with which one can
deal with this question.

A more detailed description of the contents of this thesis is as follows.

In Part I we treat some of the basic tools which will be used throughout
the thesis. These include: the basics of the theory of functional calculus, some
function space theory and preliminaries on vector-valued harmonic analysis,
as well as the transference principles which link these three topics together.

In Part II we study the functional calculus theory associated with (.1). We
obtain new links between harmonic analysis and the functional calculus for
the operator A in (.1). In Chapter 3 this allows us to deduce properties of
f(A) for a wide class of functions f. This class of functions depends heavily
on geometrical aspects of the underlying space, and therefore so do the re-
sults which we obtain. By contrast, in Chapter 4 we study f(A) for a class of
functions f which does not depend on geometrical properties of the under-
lying space. However, here the results are only valid when considering (.1)
for initial values in so-called interpolation spaces.

In Part III we study the functional calculus for diagonalizable matrices.
For diagonalizable matrices A and B we determine how properties of f(B) —
f(A) relate to properties of B — A. In particular, we study the inequality

1f(B) = f(A)[l < C[[B - A

for various norms ||-|| and functions f, where the constant C is independent
of A and B. Again we relate a question in functional calculus theory to har-
monic analysis, this time using the technique of double operator integration.

In Part IV we apply functional calculus theory to the study of numerical
approximation methods for the solutions to (.1). In particular, we consider a
recently proposed numerical approximation method for (.1). We show that
this approximation method converges for a large set of initial values and de-
termine the corresponding rates of convergence. Then, using the theory from
earlier chapters, we improve these rates of convergence for specific classes of
operators.

Finally, two appendices contain results which are used in Chapters 3 and
6. These results are of a technical nature and have been placed in appendices
to improve the readability of the main text.



Samenvatting

Functional calculus via transference,

double operator integrals
and applications

Dit proefschrift is gewijd aan de studie van verscheidene aspecten van de
theorie van functionaalcalculus. Deze theorie behandelt de combinatie van
een operator A en een functie f(z) van een variabele z, met als resultaat een
operator f(A). Men probeert dan eigenschappen van de operator f(A) te
bestuderen in termen van eigenschappen van de operator A en de functie f.

Een Kklassiek voorbeeld van een functionaalcalculus is de calculus voor
diagonalizeerbare matrices. Deze calculus is gebaseerd op het idee dat, voor
een diagonaalmatrix D = (di/’)?,]’:l en een functie f, f(D) gedefinieerd dient
te worden door simpelweg f toe te passen op de coéfficienten van D. Of-
tewel, f(D) := (f (di]'>);'1,]’=1‘ Voor een matrix A en een inverteerbare matrix

U zodanig dat UAU™! = D een diagonaalmatrix is, definieert men dan
f(A) := U~1f(D)U. Ondanks de relatieve eenvoud van deze constructie
komen er veel niet-triviale vragen naar voren bij het bestuderen van deze
calculus.

Recentelijk heeft functionaalcalculus zich ook bewezen als een nuttig
gereedschap bij het bestuderen van partiéle differentiaalvergelijkingen van-
uit een functionaalanalytisch perspectief. De functionaalanalytische aanpak
van een grote klasse partiéle differentiaalvergelijkingen leidt tot een ver-
gelijking van de vorm

du
i Au, u(0) =x (.2)

op een oneindig-dimensionale ruimte X. Formeel heeft (.2) als oplossing
u(t) = e!4x. De theorie van functionaalcalculus stelt ons in staat om deze
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formele intuitie precies te maken, en vormt ook een handig kader waarbin-
nen de operator A in (.2), alsmede operatoren gerelateerd aan A, bestudeerd
kan worden.

In dit proefschrift worden zowel de functionaalcalculus voor diagonali-
zeerbare matrices als de calculus voor de operator A in (.2) bestudeerd.
Met behulp van zogenaamde ‘transference principles’ en dubbele operator-
integralen koppelen we de theorie van functionaalcalculus aan de theorie
van harmonische analyse. Vervolgens gebruiken we stellingen uit de harmo-
nische analyse om nieuwe resultaten in de theorie van functionaalcalculus af
te leiden.

We passen functionaalcalculus ook toe op een probleem in de theorie van
de numerieke benadering van de oplossingen van (.2). Aangezien het over
het algemeen moeilijk is om de oplossing e x van (.2) analytisch te behan-
delen probeert men deze oplossing vaak te benaderen met simpelere groot-
heden, bijvoorbeeld met r,(A)x voor (r,)$’_; een rij van rationale functies.
Het is dan van belang om te weten of deze benadering convergeert, en de
theorie van functionaalcalculus is een nuttig gereedschap voor het beant-
woorden van deze vraag.

Een meer gedetailleerde beschrijving van de inhoud van dit proefschrift
is als volgt.

In Deel I behandelen we enkele van de basisbegrippen die in de rest van
het proefschrift voorkomen. Hieronder vallen: de basis van de theorie van
functionaalcalculus, aspecten van de theorie van functieruimtes en de begin-
selen van de theorie van vectorwaardige harmonische analyse, alsmede de
transference principles die deze drie gebieden met elkaar verbinden.

In Deel II bestuderen we de functionaalcalculus behorende bij (.2). We
leiden nieuwe connecties af tussen harmonische analyse en de functionaal-
calculus voor de operator A in (.2). In Hoofdstuk 3 stelt dit ons in staat om
eigenschappen van f(A) af te leiden voor een grote klasse functies f. Deze
klassie van functies is sterk afhankelijk van meetkundige aspecten van de on-
derliggende ruimte, en daarmee zijn de verkregen resultaten dat ook. Daar-
entegen bestuderen we in Hoofdstuk 4 f(A) voor een klasse functies f die
niet afhangt van de onderliggende ruimte. Maar de betreffende resultaten
zijn alleen van toepassing op beginwaarden van (.2) in zogenaamde interpo-
latieruimtes.

In Deel III bestuderen we de functionaalcalculus voor diagonalizeerbare
matrices. Voor diagonalizeerbare matrices A en B bepalen we hoe eigen-
schappen van f(B) — f(A) afhangen van eigenschappen van B — A. In het
bijzonder bestuderen we de ongelijkheid

1£(B) = f(A)[l < C[[B - A

voor verscheidene normen ||-|| en functies f, waarbij de constante C on-
afhankelijk is van A en B. Wederom brengen we een probleem in de functio-
naalcalculus in verband met de harmonische analyse, ditmaal met behulp
van de techniek van dubbele operatorintegratie.
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In Deel IV passen we de theorie van functionaalcalculus toe op de studie
van numerieke benaderingsmethoden voor de oplossingen van (.2). In het
bijzonder beschouwen we een recentelijk voorgestelde numerieke benader-
ingsmethode voor (.2). We laten zien dat deze benaderingsmethode con-
vergeert voor een grote klasse beginvoorwaarden, en we bepalen de bijbe-
horende convergentiesnelheden. Dan verbeteren we deze convergentiesnel-
heden voor specifieke klasses operatoren, gebruikmakend van de theorie uit
eerdere hoofdstukken.

Tenslotte bevatten twee appendices resultaten die gebruikt worden in
Hoofdstukken 3 en 6. Deze resultaten zijn van een technische aard en zijn in
appendices geplaatst om de leesbaarheid van de hoofdtekst te bevorderen.
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