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Channel Access Strategies for
Control–Communication Co-Designed Networks

Gourab Ghatak , Member, IEEE, Geethu Joseph , Senior Member, IEEE,
and Chen Quan, Member, IEEE

Abstract—In this article, we develop a communication–
control co-design framework in a wireless networked con-
trol system with multiple geographically separated con-
trollers and controlled systems, modeled via a Poisson
point process. Each controlled system consists of an actu-
ator, plant, and sensor. Controllers receive state estimates
from sensors and design control inputs, which are sent to
actuators over a shared wireless channel, causing interfer-
ence. Our co-design includes control strategies at the con-
troller based on sensor measurements and transmission
acknowledgments from the actuators for both rested and
restless systems—systems with and without state feed-
back, respectively. In the restless system, controllability
depends on consecutive successful transmissions, while in
the rested system, it depends on total successful transmis-
sions. We use both classical and block ALOHA protocols
for channel access, optimizing access based on sensor
data and acknowledgments. A statistical analysis of control
performance is followed by a Thompson sampling-based
algorithm to optimize the ALOHA parameter, achieving sub-
linear regret. We show how the ALOHA parameter influ-
ences control performance and transmission success.

Index Terms—ALOHA protocol, poisson point process
(PPP), shared wireless channel, Thompson sampling (TS).

I. INTRODUCTION

THE rapid evolution of wireless networks and the rising
demand for new applications, such as remote surgery in

advanced medical systems, robotics in industrial automation,
intelligent buildings, and autonomous driving [1], [2], demand
real-time control systems over wireless channels. These net-
worked control systems comprise multiple controllers, sensors,
actuators, and plants connected through a shared communication
medium. Using shared network resources introduces new design
challenges that affect the control performance in a networked
control system, including unreliable communication links [3],
transmission delays [4], time synchronization issues [5], and
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network access constraints and conflicts [6]. Furthermore, due
to the ad hoc deployment of wireless access points, especially
in the unlicensed bands, the interfering signals from co-channel
transmissions of different controllers may severely degrade the
performance of a wireless control system. These issues un-
derscore the need for a joint communication–control design
of a large-scale wireless networked control system, which we
address in this article.

Prior research has mainly focused on networked control sys-
tems with a single controller and plant with one or more actuators
and sensors communicating over wireless links. Current litera-
ture discusses two principal approaches to designing these sys-
tems: independent control–communication design, which treats
control and communication components separately [7], [8], [9],
and control–communication co-design, which integrates both
for improved performance [10], [11], [12], [13], [14], [15]. This
article focuses on the co-design approach, which is better suited
for real-time control applications in wireless networks [11].
Existing studies have explored several aspects of co-design
problems, such as stabilizing control systems and enhancing
network security with communication imperfections [10] and
maintaining system reachability and observability under limited
communication resources [16]. Other works look at handling
packet loss in cloud-controlled systems [11], missing state infor-
mation from sensors [12], and packet loss in sensor-to-controller
and controller-to-actuator channels. Another research direction
studies the age-of-information metric to assess the reliability and
freshness of information in wireless control systems, with [14]
exploring scheduling and power allocation, and [15] optimiz-
ing control costs and energy consumption. In short, co-design
methods typically involve two optimization types. The first type
optimizes control objectives, such as control costs or control
performance metrics, such as stabilization and tracking error, un-
der communication constraints, such as time delay, bandwidth,
packet loss probability, number of communication channels,
and sampling period [17], [18], [19], [20], and the second
designs communication protocols to meet control performance
goals [18], [21], [22]. While several efforts have been made
for joint communication–control designs, large-scale wireless
control systems with multiple interfering controllers have not
been well studied in the literature. This article addresses this
issue by considering interfering signals from the randomized
locations of control and actuator pairs.

Our model addresses a wireless networked control system
involving multiple geographically separated controllers and
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controlled systems. Controllers receive state estimates from
sensors and transmit control inputs to actuators over a shared,
interference-prone channel. A co-design framework integrates
control decisions and actuator acknowledgments with a block
ALOHA protocol for managing access. This requires accurate
interference characterization, combining control and commu-
nication theory. We use stochastic geometry, specifically, a
homogeneous Poisson point process (PPP), to model controller
locations and capture the effect of co-channel transmissions. Our
main contributions are as follows.

1) Communication–Control Co-Design: We study two
types of control systems: the restless model, where failed trans-
missions lead to zero control, and the rested model, which
uses a local state feedback. For both systems, we present
a communication–control co-design with a wireless chan-
nel acknowledgment-based control input design and a block
ALOHA protocol to ensure that the system state is driven to
the desired state. For this design, we define the metric of block
controllability: determined by burst length in restless systems
and by total successful transmissions in rested systems.

2) Statistical Analysis for the Restless System: For the
typical restless system, we derive the conditional success prob-
ability of a transmission, using which we analyze the conditional
distribution F̄RL,blk of the burst length. Since deriving the exact
meta distribution of the burst length is challenging, we charac-
terize the system’s performance based on the first moment of
F̄RL,blk weighted by the channel access probability.

3) Statistical Analysis for the Rested System: For the
rested control system, we derive the conditional transmission
success probability, compare it with the restless case, and use
this to analyze successful transmissions over a time horizon via
the meta distribution. We also reconstruct the approximate meta
distribution using a finite number of moments.

4) Learning-Based Channel Access: To optimize
ALOHA parameters online, we formulate an multiarmed
bandit (MAB) problem, solved using a Thompson sampling
(TS) variant. For both rested and restless systems, regret grows
sublinearly with respect to the number of blocks and the
number of slots per block. Simulations confirm that online
learning of the optimal ALOHA parameter can improve control
performance.

5) System Design Insights: Our work shows that for a
rested system, a high channel access probability is beneficial
despite increased interference, due to competition for transmis-
sion. In contrast, restless systems can reduce access probability
after a successful transmission to limit interference. We show
how controller density and required control inputs affect per-
formance, providing design guidelines. Finally, we show that
classical ALOHA yields higher block controllability in rested
systems, while block ALOHA does so in restless systems.
Notably, maximizing transmission success does not always op-
timize controllability, highlighting the need for co-design.

Overall, our work establishes new synergies among net-
worked control systems, stochastic geometry, and learning-
based channel access strategies, offering new theoretical and
algorithmic insights. Compared to the conference version [23],
we extend the restless system analysis, showing sublinear regret
of the TS algorithm. We also analyze the success probability

Fig. 1. In Poisson network of controller–controlled system pairs, the
actuators receive the control input from the corresponding controller
via a shared link, whereas the sensors send their observations to the
controller via a dedicated link.

of rested systems and show that frequent channel access helps
rested systems, while restless systems benefit from reduced
access to limit interference.

II. NETWORKED CONTROL SYSTEM MODEL

Fig. 1, Consider a large network comprising multiple pro-
cesses and systems, each with its own independent control
mechanisms. Each system in the network is represented by a
controller–controlled system pair, where the controlled system
consists of an actuator, plant, and sensor. We model our network
using a Poisson bipolar point process consisting of controller–
controlled system pairs in the 2-D Euclidean plane R

2 [24].
The locations of the controllers are modeled as a homogeneous
PPP Φ of intensity λ. Recall that PPP is a random collection
of points in the Euclidean plane, wherein the number of points
in a compact closed set is Poisson distributed with parameter λ

times the Lebesgue measure of the set. The controller–controlled
system pairs are indexed as i = 0, 1, 2, . . ., with ri denoting the
Euclidean distance between the ith controller and the typical
controlled system. The controller–controlled system pair index
i = 0 refers to the typical pair. Without loss of generality, we
assume a typical controlled system at the origin, and the typical
controller is at a distance of r0 away from the origin.

In this setup, the controllers periodically receive the state of
their respective controlled systems through a dedicated channel.
Based on these system states, each controller computes the con-
trol inputs and communicates them to the actuator via a shared
wireless link. Since all controller–actuator pairs utilize the same
communication resources (time and frequency), interference can
occur, resulting in control performance degradation. Our aim is
to design a probabilistic channel access protocol that learns and
optimizes the control performance.

We emphasize that the Poisson bipolar process assumption
stems from the one-to-one pairing between controllers and
controlled systems. Also, Slivnyak’s theorem [25] guarantees
that the process Φ conditioned on the location of the typical
pair is a PPP with the same statistics as Φ. In other words,
conditioning the PPP Φ on the location of this typical pair leaves
the rest of the process statistically unchanged. This allows us to
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analyze the network from the perspective of the typical pair while
treating the interfering controllers as an independent PPP with
the same intensity λ, simplifying the analysis without any loss
of generality. The following sections elaborate on our system
model.

A. Controller–Controlled System Model

Each controlled system in the network is modeled as a
discrete-time linear dynamical system with a controllability
index v. The typical system is

x(t+ 1) = Ax(t) +Bu(t) + v(t). (1)

Here, x(t) ∈ R
n is the state of the typical controlled system in

the network at discrete time t, and u(t) ∈ R
m and v(t) ∈ R

n

are its input and process noise, respectively, at time t ∈ Z+.
We assume that v(t) ∼ N (0,Q), where Q is the covariance
of v(t). Also, A ∈ R

n×n and B ∈ R
n×m denote the state and

input matrices of the system, respectively. The system aims to
drive and retain the system state at a desired state xdes with a
suitable choice of control inputs u(t). We emphasize that our
work assumes only that all systems share the same controllability
index v, not necessarily identical dynamics or desired states.

We assume the actuator computing capabilities are limited,
with all computations being offloaded to the controller. For this,
the sensors observe the system statex(t) periodically at time t =
kT for k ∈ Z+, where the block length T is the delay between
two consecutive observations. Here, k is referred to as the block
index, and the controller gets the state estimate at the beginning
of each block. For simplicity, we assume that the state x(t) is
communicated to the controller via a reliable link with dedicated
resources, ensuring a good system state estimate x̂(kT ) at the
controller at time kT for k ∈ Z+. Since this communication
occurs only once per block (i.e., sporadically), we assume that
the state x(t) is communicated to the controller via a reliable
link with dedicated resources, ensuring that the controller knows
x(t) at time kT for k ∈ Z+.

The controller estimates the control inputs needed to drive
the system to the desired state xdes, which are sequentially
communicated to the actuator via a shared link. The controller
transmissions are synchronized with the controlled system evo-
lution in (1). Therefore, the discrete-time index t also denotes
the transmission slot index. Due to noise and interference from
the other transmitting controllers, the controlled system may
not always correctly decode the received signal, leading to
an unsuccessful transmission. The success of the transmission
depends on the wireless channel, modeled next.

B. Channel Model and Transmission Success

Each wireless link experiences fast fading, assumed to be
Rayleigh distributed with parameter 1. The fast fading is inde-
pendent across time and spatially independent across all links.
Also, ρ and α denote the path-loss constant and the path-loss ex-
ponent of the channel, respectively [26]. We denote the channel
noise power as N0 and the transmit power as η.

A controller’s decision to transmit in a time slot t depends
on the channel access protocol. Let the channel access state

Ci(t) ∈ {0, 1} be the indicator variable representing whether
the ith controller transmits at time t, for i = 0, 1, . . .. Given that
the typical controller transmits, the signal-to-interference-plus-
noise ratio (SINR) at the typical actuator is

ξ(t) =
ηρ|h0(t)|2r−α0

N0 +
∑

i∈φ Ci(t)ηρ|hi(t)|2r−αi

(2)

where hi(t) is the channel fading between the ith controller and
the typical actuator [27], [28].

If the SINR at time t exceeds a threshold γ > 0, then the
actuator correctly decodes the received signal, thereby implying
a successful transmission. This threshold γ depends on the ap-
plication’s data rate requirements and the receiver’s sensitivity,
and is set by the network based on these factors rather than
being estimated [27]. The successful transmission by the typical
controller at time t is indicated by S(t) ∈ {0, 1}

S(t) =

{
1, if C0(t)ξ(t) > γ

0, otherwise.
(3)

Also, the controller receives an acknowledgment of transmission
S(t) from the actuator. Since the feedback is one bit in size,
we assume dedicated resources for the feedback channel for
each controller–controlled system pair. Furthermore, the small-
sized feedback data (low payload) also ensures the possibility
of packing a high fraction of redundant bits in the transmit
packets to take advantage of advanced forward error correct-
ing codes. Accordingly, we assume that the feedback channel
is interference-free and noiseless. The controller uses S(t) to
design and transmit the control inputs, discussed next.

III. COMMUNICATION–CONTROL CO-DESIGN

The co-design involves two key components: a control input
design based on periodic sensor measurements and transmis-
sion acknowledgments, and a random access data transmis-
sion scheme that operates independently, without centralized
scheduling. We present a co-design approach for two system
types: restless (without direct state feedback) and rested systems
(with direct state feedback).

A. Restless System

The restless system lacks a direct state-dependent feedback
loop, and its actuator applies only the control inputs that are
either sent by the controller or are predefined and stored. The
control input design at the controller is based on the sys-
tem state x(kT ) obtained at the beginning of block k. Since
v(t) ∼ N (0,Q), it follows from (1) that x(t) is a Gaussian
random variable, given x(kT ). Its mean x̂(t) depends on the
control inputs, but its covariance

∑t−1
τ=kT At−τ−1Q[At−τ−1]�

is independent of the control inputs, where

x̂(t) = At−kT x̂(kT ) +
t−1∑

τ=kT

At−τ−1S(τ)Bu(τ). (4)

Here, we note that x̂(kT ) = x(kT ). Since control inputs u(τ)
only affect the mean x̂(t), the controller designs v control inputs
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{û(t+ τ), τ = 0, 1, . . . , v − 1} at time t = kT such that the
mean is driven to xdes, i.e.,

xdes = Avx̂(t) +

v−1∑
τ=0

Av−1−τBû(t+ τ) (5)

where v is the controllability index of the linear dynamical
system in (1). So, the controller solves for control inputs using
the least squares solution to obtain[

û(t)� û(t+ 1)� . . . û(t+ v − 1)�
]�

= Ψ† [xdes −Avx̂(t)] (6)

with t = kT , and we define

Ψ =
[
Av−1B Av−2B . . . B

]
.

If the transmission of û(kT ) is successful, i.e., S(kT ) = 1,
then it continues to transmit the next control inputs û(kT +
1), û(kT + 2), . . . , û(kT + L− 1) until either S(kT + L−
1) = 0 or L = v. If S(kT + L− 1) = 0 for some L ≤ v, then
the controller recomputes the next set of v inputs using (6) with
t = kT + L and repeats the above steps. If S(kT + L− 1) = 1
for L = 1, . . . , v, then all the v control inputs designed by the
controller have reached the actuator. Here, the burst length L is
the number of consecutive successful transmissions.

Once all the v control inputs are applied, we get x̂(t) = xdes.
Then, the input required to retain x̂(t) at the desired state xdes

can be computed by solving

xdes = Av̄xdes +

v̄−1∑
τ=0

Av̄−τ−1Bū(τ).

Here, v̄ ≤ v is the smallest integer for which (I −Av̄)xdes ∈
Range[(Av̄−1B Av̄−2B . . . B)]. Thus, we derive[

ū(0)� ū(1)� . . . ū(v̄ − 1)�
]�

= Ψ̄
† [
I −Av̄

]
xdes (7)

where Ψ̄ = [Av̄−1B Av̄−2B . . . B]. The aforementioned
control inputs ensure that x̂(t) is driven to xdes. Further, the
control input in (7) is state-independent and can be computed
offline. Thus, it can be prestored at the actuator and reused after
receiving and applying v inputs from the controller, without
further computation. This continues till the end of the block
when the sensor sends the state information to the controller
at time (k + 1)T . Overall, in block k, the actuator applies the
following control inputs:

u(t) =

{
S(t)û(t), if

∑t
τ=kT S(τ) ≤ v

ū((t− t̄) mod v̄), otherwise

where t̄ is the smallest time t for which
∑t

τ=kT S(τ) > v. Note
that u(t) is the control input received by the actuator, while û(t)
is the control input sent by the controller. The algorithm for data
transmission is provided in Algorithm 1.

Along with the control input design in (6), the controller also
needs to devise a channel access policy. Within the Poisson
network model, we aim to optimize this policy based on actuator

Algorithm 1: Control Design and Data Transmission of
Typical Controller for the Restless System.

1: Parameters: Block k, system matrices A, B, desired
state xdes, channel access
{C0(kT + τ), τ = 0, 1, . . . , T − 1}

2: Initialization: Time t = kT , burst length L = 0
3: Define v as the controllability index of the system
4: Receive x̂(kT ) from the sensor
5: for t = kT, kT + 1, . . . , (k + 1)T − 1 do
6: if C0(t) = 1 then

// if the last tx fails, redesign inputs
7: if L = 0 then
8: Compute

û(t), û(t+ 1), . . . , û(t+ v − 1) via (6)
// if block controllable, transmit dummy data

9: else if L = v
10: Set û(t) = 1
11: end if
12: Transmit û(t) and receive S(t)

// if tx fails, reset burst length to 0; otherwise increment
13: if L < v then
14: L← S(t)(L+ 1)
15: end if
16: end if
17: else for

acknowledgments S(t) in (3) to maximize its probability of suc-
cessfully steering its state estimate in (4) to the desired statexdes.
For the restless system, the controller can drive its state estimate
to the desired state xdes only if v consecutive transmissions are
successful. This notation of control performance is captured by
the following event.

Definition 1: Consider the typical restless system (A,B)
with v being the controllability index of the system. The system
is said to block controllable in a given block k if there is a run of
at least v ones in the sequence S(kT ), S(kT + 1), . . . , S((k +
1)T − 1), where S(t) ∈ {0, 1} given by (3) denotes the success
of transmission from the typical controller to the typical actuator
at time t.

We note that the above notion assumes T ≥ v. If T < v, then
the controller can still compute inputs to steer the state close to
xdes, although controllability is not guaranteed; performance
can then be measured by achieving at least vmod successful
transmissions, for some vmod < T < v where our framework
still applies. Exploring other success metrics lies beyond this
article’s scope and is left for future co-design work.

Having presented the restless system, its control strategy, and
its controllability, we now describe the rested system before
presenting the channel access policy.

B. Rested System

The rested system uses a direct state-dependent feedback
loop to handle interruptions from missing control signals due
to unsuccessful transmission from the controller. It is a special
class of control system where we assume that the column space
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of I −A is contained within the column space of B. This
assumption holds, for example, when B has full row rank, as
in fully actuated or overactuated systems. The actuators switch
between controller inputs and the local feedback loop based on
the success of the transmission, as elaborated below.

At the start of each block k, the controller computes v control
inputs using x̂(kT ) = x(kT ), as in the restless system. These
inputs, {û(kT + τ)}v−1τ=0, are given by (6) with t = kT and
transmitted sequentially to the actuator. If the transmission
is successful, then the corresponding input is applied by the
actuator; otherwise, the actuator switches to a state-dependent
feedback loop instead of applying zero input. When transmission
fails, i.e., S(t) = 0, u(t) = B†(I −A)x(t). The above input
ensures that x̂(t+ 1) = x̂(t) when S(t) = 0, as the column
space ofI −A is contained within the column space ofB. Thus,
the control input design at the controller need not be recalculated
if the transmission fails. Consequently, the controller keeps
attempting to send the same control input until it succeeds.
Once all v control inputs from the controller are successfully
received by the actuator and applied, the actuator switches to
the feedback loop till the end of the block. To summarize, let
Λ(k, t) =

∑t−1
τ=kT S(τ) be the number of successful transmis-

sions up to time t− 1 in block k. Then, the control input at time
t in block k is given by

u(t) =

{
û(kT + Λ(k, t)), if S(t) = 1 and Λ(k, t) < v

B† (I −A)x(t), otherwise.

Thus, the effective model for x̂(t) resembles (4) for the restless
system, but it evolves only over Λ(k, t) steps, yielding

x̂(t) = AΛ(k,t)x̂(kT ) +

Λ(k,t)−1∑
τ=0

AΛ(k,t)−1−τBû(kT + τ).

We emphasize that while local feedback helps keep the state near
xdes over short durations, process noise can gradually push the
state away, making remote control essential for actively steering
it back with bounded error.

Furthermore, we reiterate that the key difference between
rested and restless systems is that the actuator in the rested
system does not use predefined stored inputs if the transmission
fails or once all v inputs are received; instead, it switches to
feedback-based control. In addition, the controller computes the
control inputs only once per block, with no recomputation after
transmission failures. This approach simplifies the control input
design process compared to the restless system. The algorithm
for data transmission is provided in Algorithm 2.

In the rested system, due to the feedback loop at the actuator,
the controller can drive its state estimate to the desired state xdes

if there are v successful (not necessarily consecutive) transmis-
sions in a block of T ≥ v slots. Consequently, the notation of
control performance is captured as follows.

Definition 2: Consider the typical rested system (A,B)
with v being the controllability index of the system. The
system is said to block controllable in a given block k if
the sequence S(kT ), S(kT + 1), . . . , S((k + 1)T − 1) satis-
fies
∑T−1

τ=0 S(kT + τ) ≥ v, where S(t) ∈ {0, 1} given by (3)

Algorithm 2: Control Design and Data Transmission of
Typical Controller for the Rested System.

1: Parameters: Block k, system matrices A, B, desired
state xdes, channel access
{C0(kT + τ), τ = 0, 1, . . . , T − 1}

2: Initialization: Time t = kT , Number of successes
Λ = 0

3: Define v as the controllability index of the system
4: Receive x̂(kT ) from the sensor
5: Compute

û(kT ), û(kT + 1), . . . , û(kT + v − 1) via (6)
6: for t = kT, kT + 1, . . . , (k + 1)T − 1 do

// if not block controllable, transmit the next control
input
7: if Λ < v and C0(t) = 1 then
8: Transmit û(kT + Λ) and receive S(t)
9: Update Λ← Λ + S(t)

// if block controllable, transmit dummy data
10: else if Λ = v and C0(t) = 1
11: Transmit û(t) = 1
12: end if
13: else for

denotes the success of transmission from the typical controller
to the typical actuator at time t.

C. ALOHA-Based Channel Access Policy

After designing the control inputs and transmission scheme,
the next crucial step is to develop the channel access state
Ci(t), without coordination among the controllers. We note
that the controllers lack knowledge of the spatial configuration
(density and locations) of interfering controller–system pairs
in the network, as well as their transmission states. Therefore,
we explore a random channel access strategy, specifically, the
ALOHA protocol—a widely used multiple-access method for
transmitting data over a shared network channel without cen-
tralized coordination [29].

We consider two versions of the protocol: classical ALOHA
and a modified variant known as block ALOHA. In classical
ALOHA, each controller independently accesses the channel in
every time slot with a fixed probability q ∈ P selected from a
finite set of D access probabilities P = {p1, p2, . . . , pD}. The
channel access probability q is called the ALOHA parameter.
As a result, the set of controllers transmitting simultaneously
may vary from slot to slot within a block. We refer the readers
to [30] for a detailed discussion on this. Clearly, this strategy
is not suitable for restless systems as it requires consecutive
successful transmission, motivating the alternative approach of
block ALOHA. In the block ALOHA channel access proto-
col, each controller is either active or idle during an entire
block k with a probability q ∈ P . Therefore, the channel access
state Ci(t) for i = 0, 1, . . . remains the same for all values of
t = kT, kT + 1, . . . , (k + 1)T − 1 within a given block k. This
reduces slot-to-slot interference variability and aligns better with
block controllability, suiting our block controllability notion.
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To the best of the authors’ knowledge, this is the first formal
treatment of block ALOHA, which arises naturally in control–
communication co-design but is not typically considered in
standard wireless networks.

Under these protocols, the controller continues to transmit
even after v successful transmissions, which are consecutive for
the restless system but not necessarily consecutive for the rested
system. Following these v transmissions, the controller sends
dummy data to the actuator. While the actuators do not use
these inputs from a controllability perspective, they continue
to send acknowledgments S(t) upon successfully receiving
data from the controller. From a control perspective, continued
transmissions after achieving block controllability result in re-
source inefficiency and increased interference. However, from
a communication-learning standpoint, they facilitate accurate
estimation of controller density, which is crucial for adaptive
tuning of the ALOHA parameter, and allow for a more tractable
analysis. While our framework can be extended to model the case
where controllers stop transmitting upon achieving controllabil-
ity (as discussed in the next section), continuous transmissions
provide ongoing feedback that helps each controller infer in-
terference levels and adapt accordingly. If transmissions cease
prematurely, then controllers may underestimate the network
density, leading to suboptimal ALOHA tuning. Moreover, as-
suming that all active controllers transmit throughout the block
yields a conservative lower bound on the probability of achieving
block controllability.

The rest of this article studies the optimal ALOHA parameter
that maximizes the success probability for a typical controller,
beginning with a statistical analysis of block controllability.
Before proceeding with our statistical analysis, we highlight
that a key assumption is that the controllability index of each
controlled system is the same, although individual control inputs
at each slot may differ. We focus on integrating controllability
into channel access, revealing that maximizing transmission
success alone may not optimize system performance.

IV. STATISTICAL ANALYSIS OF CONTROLLABILITY

This section first characterizes the probability of a successful
transmission at a given time for a typical pair under the two
ALOHA protocols. Building on the above success probabilities,
we then characterize the statistics of the controllability metrics:
the burst length for the restless system and the total number of
successful transmissions for the rested system.

A. Success Analysis of ALOHA Protocols

We first look at the block ALOHA protocol with a fixed
ALOHA parameter q for a given block, starting with the trans-
mission success probability at time t for a typical pair.

Proposition 1 (See [23, Prop. 1]): Consider a network
following a given PPP φ, whose ith controller is at a distance of
ri from the typical actuator, and Ci(k) ∈ {0, 1} indicates if it
transmits in block k of T slots. Given that the typical controller
transmits in block k, the conditional success probability Pblk of

the typical controller at time kT ≤ t ≤ (k + 1)T − 1 is

Pblk = e
− γN0

ηρr−α
0

∏
i∈φ: Ci(k)=1

r−α0

r−α0 + γr−αi

where the parameters η, ρ,N0, and α are defined in (2) and γ is
the SINR threshold for successful transmission in (3).

For the block ALOHA case, the set of interfering controllers
remains constant throughout the block, so successful transmis-
sions across slots within a block are conditionally independent
given the active transmitters. Thus, Proposition 1 accounts for
the channel access statesCi. For classical ALOHA, givenCi(t),
Proposition 1 holds as well. However, in classical ALOHA,
successful transmissions across slots within the same block
are independent and identically distributed for a given access
probability. Therefore, we average out the randomness in the set
of interfering controllers within a block, leading to the following
success probability.

Proposition 2: Consider a network following a given PPP
realization φ, whose ith controller is at a distance of ri from the
typical actuator, and q indicates the ALOHA parameter in a slot
of the given block k. Given that the typical controller transmits
in block k, the conditional success probability Pcls of the typical
controller at a given time t within the block is

Pcls = e
− γN0

ηρr−α
0

∏
i∈φ

[
q

r−α0

r−α0 + γr−αi

+ 1− q

]

where the parameters η, ρ,N0, and α are defined in (2) and γ is
the SINR threshold for successful transmission in (3).

Proof: From Proposition 1, the success probability is

Pcls = E

⎡
⎣e− γN0

ηρr−α
0

∏
i∈φ: Ci(t)=1

r−α0

r−α0 + γr−αi

⎤
⎦ .

Since each of the Ci(t) is one with probability q and zero with
probability 1− q, the result follows. �

B. Statistical Analysis of Restless System

We first look at the restless system with the block ALOHA
protocol, where conditioned on Φ, the success event in
Proposition 1 is independent across the time slots when the
typical controller transmits. Also, the probability Pblk changes
across blocks as Ci changes. We first compute the probability
of block controllability.

Proposition 3: Consider a network of restless systems
following a given realization φ of PPP Φ described in
Proposition 1. Given that the typical controller transmits in
block k, the probability that the system is block controllable
is F̄RL,blk(v) = P(L ≥ v | Φ)

F̄RL,blk(v) =

�T+1
v+1 	∑
l=1

(−1)l+1

[
Pblk +

T − lv + 1

l
(1− Pblk)

]

×
(
T − lv

l − 1

)
P lv
blk(1− Pblk)

l−1.
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Proof: The result follows from the de Moivre’s solution [31,
Sect. 22.6]. �

The above result establishes the probability of block control-
lability for a given realizationφ of PPPΦwith a given value ofCi

for the controllers. As mentioned in the previous section, in case
the controllers cease transmitting after achieving controllability,
the intensity of the interference process remains qλ until the first
v slots. For slots beyond v, the process further undergoes a sec-
ond level of thinning, wherein each active transmitter is removed
with a probability F̄RL,blk(v, t) on each slot∈ [v + 1, T ], where

F̄RL,blk(v, t) =

� t+1
v+1 	∑
l=1

(−1)l+1

[
Pblk +

t− lv + 1

l
(1−Pblk)

]

×
(
t− lv

l − 1

)
P lv
blk(1− Pblk)

l−1.

This formulation leads to a more complex analysis since the
conditional success probability changes in each slot.

Next, we look at the control performance averaged over
the network realization using the moments of the conditional
success probability.

Theorem 1 (See [23, Thm. 1]): Consider a network of
restless systems following a PPP Φ with density λ and block
ALOHA parameter q. The probability of block controllability
for the typical pair is

PRL,blk = qE
[
F̄RL,blk(v)

]
= q

�T+1
v+1 	∑
l=1

(−1)l+1

(
T − lv

l − 1

)

×
( l−1∑

�=0

(
l − 1

	

)
(−1)�ζ(lv + 1 + 	)

+
T − lv + 1

l

l∑
�=0

(
l

	

)
(−1)�ζ(lv + 	)

)
.

Here, with the parameters η, ρ,N0, and α in (2), and γ being
the SINR threshold for successful transmission in (3), we define

ζ(l) = e
− γN0l

ηρr−α
0 exp (2πλqI(l))

with the function I(l) given as

I(l) =

l∑
�=1

(
l

	

)∫ ∞
0

( −γz−α
r−α0 + γz−α

)�

dz.

Next, we look at the classical ALOHA protocol, where the
ALOHA parameter corresponds to the probability of transmit-
ting in each slot. We obtain a result similar to Proposition 3 by
replacing Pblk with qPcls, as follows.

Theorem 2: Consider a network of restless systems following
a PPP Φ with density λ and classical ALOHA parameter q. The
probability of block controllability for the typical pair is

PRL,cls =

�T+1
v+1 	∑
l=1

(−1)l+1

(
T − lv

l − 1

)

×
( l−1∑

�=0

(
l − 1

	

)
(−1)�ζ ′(lv + 1 + 	)

+
T − lv + 1

l

l∑
�=0

(
l

	

)
(−1)�ζ ′(lv + 	)

)
.

Here, with the parameters η, ρ,N0, and α in (2), and γ being
the SINR threshold for successful transmission in (3), we define

ζ ′(l) = E
[
(qPcls)

l
]
= qle

− γN0l

ηρr−α
0 exp (2πλqI(l))

I ′(l) =
l∑

�=1

(
l

	

)∫ ∞
0

( −qγz−α
r−α0 + γz−α

+ q − 1

)�

dz.

We skip the proof, as it is similar to that of Theorem 1. Further,
we can define the meta distribution of the burst length L as
the distribution of F̄RL,blk(v) = P(L ≥ v | Φ) defined in (3)
as MRL(v, β) = P(F̄RL,blk(v) ≥ β). To clarify, MRL(v, β)
represents the fraction of control systems in the network that
experience a burst length of at least v in a sequence of T
transmissions in at least β fraction of the network realization
(or equivalently, due to ergodicity, in at least β fraction of
transmissions episodes). Unlike the meta distribution of the
SINR in wireless networks, we observe that the meta distribution
of the burst length is challenging to derive even indirectly via its
moments. However, if all the controllers have the same desired
burst length v, then the first moment of the distribution is given
by PRL,blk(v) in Theorem 1.

C. Statistical Analysis of Rested System

For the rested system, the controllability metric is Λ, which is
the total number of successes within a blockk, which is relatively
easy to compute. The complementary cumulative distribution
functions (CCDFs) F̄RD,blk(v) and F̄RD,cls(v) of Λ for block
and classical ALOHA, respectively, are

F̄RD,blk(v)=P(Λ ≥ v|Φ) = q

T∑
l=v

(
T

l

)
(Pblk)

l(1− Pblk)
T−l

F̄RD,cls(v)=P(Λ ≥ v|Φ) =
T∑

l=v

(
T

l

)
(qPcls)

l(1− qPcls)
T−l.

Then, we can determine the probability that the typical rested
control system is block controllable in at least a specified fraction
of network realizations. This probability is denoted as the meta
distribution of the number of successes Λ, as discussed below.
We start with the block ALOHA protocol.

Theorem 3: Consider a network of rested systems following
a PPP Φ with density λ and block ALOHA parameter q. The
typical controlled system is block controllable in at least β
fraction of the network realizations with probability

MRD,blk(v, β) =
1

2
+

1

π

∫ ∞
0

� (e−js log(Pblk(q))ζI(s)
)

s
ds

where �(·) represents the imaginary part of the argument and

Pblk(q) = min

{
p ∈ [0, 1] : q

T∑
l=v

(
T

l

)
pl(1− p)T−l ≥ β

}

ζI(s) =e
− jsγN0

ηρr−α
0 exp

[
−2πqλ

∫ ∞
0

1−
(

r−α0

r−α0 + γz−α

)js

dz

]
.
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Proof: See Appendix A. �
The next theorem characterizes classical ALOHA.
Theorem 4: Consider a network of restless systems following

a PPP Φ with density λ and classical ALOHA parameter q. The
probability that the typical pair is block controllable in at least
β fraction of the network realizations is

MRD,cls(v, β) =
1

2
+

1

π

∫ ∞
0

� (e−js log(Pcls(q))ζ ′I(s)
)

s
ds

where we define

Pcls(q) = min

{
p ∈ [0, 1] :

T∑
l=v

(
T

l

)
(qp)l(1− qp)T−l ≥ β

}

ζ ′I(s) = e
− jsγN0

ηρr−α
0

× exp

[
−2πλ

∫ ∞
0

1−
(
q

r−α0

r−α0 + γz−α
+ 1− q

)js

dz

]
.

In the rested controlled system, unlike the restless case, the
meta distribution of the conditional success probability directly
characterizes controllability. However, analytically evaluating
the integrals in ζI(s) and ζ ′I(s) from the Gil–Pelaez inver-
sion theorem is generally intractable, and the numerical ap-
proximation is often computationally expensive. Recently, the
Chebyshev–Markov method was introduced to reconstruct the
meta distribution based on a finite sequence of moments [32].
Since the moments ofPblk andPcls have already been calculated
as an intermediate step in the proof of Theorems 3 and 4,
respectively, the Chebyshev–Markov method can be formulated
as an Hausdorff moment problem (HMP) [33]. This formulation
utilizes the property that if an infinite sequence of moments is
monotonic, then the distribution of a random variable exists and
is unique. While the exact distribution is based on infinite mo-
ments, using finite moments results in an HMP reconstruction.
For more details, we refer the reader to [32].

This concludes our statistical analysis averaged over PPP.
However, for a given realization, the optimal ALOHA parameter
depends on the locations of the controllers, which is impractical
for each controller to know globally. Therefore, the controllers
can only learn the optimum value of the ALOHA parameter
through the acknowledgments sent by the actuators. In the next
section, we discuss a TS-based learning algorithm to optimize
the ALOHA parameter selection.

V. TS-BASED ALOHA PARAMETER SELECTION

This section presents a centralized online channel access
learning policy based on statistical analysis. A central decision-
maker broadcasts the block parameter q(k) ∈ P to all the con-
trollers in the network at the beginning of the block k. Then,
the individual controllers set their channel access states Ci(t)
probabilistically based on this parameter. In block ALOHA,
Ci(t) remains constant, while in classical ALOHA, Ci(t) varies
across the slots. The central decision-maker receives the T
acknowledgments for each transmitting (active) controller and
updates the channel access probability centrally. The goal of
the decision-maker is to sequentially select channel access
probabilities q(K) = {q(1), q(2), . . . , q(K)} to maximize the

probability of block controllability of the typical pair, where
K is the number of blocks.

A. Multiarm Bandit Formulation for the Restless System

We formulate the decision-maker’s task of sequentially
selecting channel access probabilities across blocks as a
MAB problem. Here, the set of D access probabilities P :=
{p1, p2, . . . , pD} represents the arms or actions. We observe
the corresponding block controllability for every choice of arm,
and the probability of block controllability can be learned over
different blocks. Although the ALOHA parameter developed in
the previous section is theoretically continuous, in this section,
we select it from a discrete set for online implementation. This
choice reflects practical constraints as the implementation of
wireless parameters is governed by standardized protocols that
impose discrete selections [34].

We next define the reward of MAB to reflect block control-
lability. A naive approach is to assign a reward of one if the
typical pair is block controllable, and zero otherwise. However,
in block ALOHA, controllability depends on consecutive suc-
cessful transmissions, while in classical ALOHA, it depends on
the total number of successful transmissions. Since the proba-
bility of consecutive successes increases with the total number
of successes, and the rewards are independent and identically
distributed across slots givenφ and q(k), the reward for both pro-
tocols can be based on the number of successful transmissions
within a block. Consequently, an alternative reward formulation
can set the reward to one if the transmission is successful, i.e.,
S(t) = 1, and zero otherwise. As the formulation has multiple
rewards per block, it leads to faster learning than the naive
scheme.

To complete the MAB formulation, we need to define the
regret. For a given choice of ALOHA parameters q(K) and the
optimal ALOHA parameter q∗, we define the Bayesian regret
overK blocks averaged over the realizations ofΦ and the reward
sample path S(t) of the algorithm as

R(q(K)) = EΦ,S(t)

⎡
⎣K−1∑

k=0

(k+1)T−1∑
t=kT

S(t)

∣∣∣∣∣∣q(k) = q∗

⎤
⎦

− EΦ,S(t)

⎡
⎣K−1∑

k=0

(k+1)T−1∑
t=kT

S(t)

∣∣∣∣∣∣q(k) = qk

⎤
⎦

= EΦ

[
K−1∑
k=0

T (q∗S̄(q∗)− qkS̄(qk))

]
(8)

where S̄(q) = E(S(t)|q(k) = q), for t = kT, kT +
1, . . . , (k + 1)T − 1. Naturally, due to the randomness of
Φ (technically, the bandit environment), the optimal ALOHA
parameter q∗ is a random variable depending on Φ. We next
study a Bayesian approach for the MAB problem, based on TS.

B. Block TS for the Restless System

In the TS framework, the decision-maker chooses the
ALOHA parameter based on their belief for the expected reward
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Algorithm 3: TS for Block ALOHA Parameter Selection.

1: Parameters: Beta distribution parameters {ad, bd}Dd=1

2: Initialization: ad = bd = 1, foralld ∈ {1, 2, . . . D}
3: for k = 0, 1, 2, . . . ,K do
4: Sample θd ∼ B(ad, bd)foralld ∈ {1, 2, . . . D}
5: Set parameter q(k) = pd∗ , where d∗ = argmaxd θd
6: Observe acknowledgments S(kT + τ) for

τ = 0, 1, . . . , T − 1
7: Update ad∗ ← ad∗ +

∑T−1
τ=0 S(kT + τ)

8: Update bd∗ ← bd∗ + T −∑T−1
τ=0 S(kT + τ).

9: else for

with each access probability in P . Specifically, the decision-
maker starts with a prior probability θd of obtaining a reward
of one when the ALOHA parameter pd ∈ P is chosen, and
a reward of zero with probability 1− θd [35]. Each θk is an
action’s success probability or mean reward. In the Bayesian
model, θd is modeled as a Beta distribution (conjugate prior for
the Bernoulli rewards) with parameters ad and bd. We initialize
both parameters asad = bd = 1, which corresponds to a uniform
prior distribution, since we do not assume any prior knowledge
of the interference conditions at the typical transmitter. Then,
for a selected ALOHA parameter q(k) = pd in a block k, if
the typical controller is active, then it experiences a reward
of S(t) for a given t in the block k. Based on this reward,
the posterior distribution of the chosen access probability pd
is updated using the Bayes’ rule [35]. The Bernoulli rewards
facilitate a simple update rule: the parameter ad is incremented
by 1 if S(t) = 1, while the parameter bd is decreased by one if
S(t) = 0. Nonetheless, the ALOHA parameter does not change
until the next block begins. Therefore, we can do a batch update
of the parameters at the end of a block. Particularly, at the end of
block k, the parameter ad is incremented by

∑(k+1)T−1
t=kT S(t),

while the parameter bd is incremented by T −∑(k+1)T−1
t=kT S(t).

Since the typical pair is randomly selected from the distribution
of the pairs in the network, the central transmitter can either
randomize the pair’s selection for observation or consider the
average successes across all the pairs in the network. The overall
algorithm is summarized in Algorithm 3.

Proposition 4: The Bayesian regret of the block TS algorithm
in Algorithm 3 after K blocks, defined in (8), is bounded as
RTS(K) ≤ O(√TKD log(K)), where T is the number of
time slots per block and D is the number of choices for access
probabilities.

Proof: See Appendix B. �
The result aligns with the classical TS, highlighting the de-

pendence of regret on the parameters K, T , and D.

VI. NUMERICAL RESULTS AND DISCUSSION

In this section, we assume a transmit power of η = 24 dBm
and a path-loss exponent of α = 2 considering line-of-sight
propagation. The carrier frequency is assumed to be 3.2 GHz
with an operating bandwidth of 200 MHz. The distance between
the typical controller–controlled system pair is set as 10 m.

Fig. 2. Comparisons of different systems and success metrics. (a) v =
4, T = 20, and λ = 5e− 3m−2. (b) v = 6, T = 20, and λ = 1e− 3m−2.

We empirically study the effect of classical and block ALOHA
parameters on the probability of block controllability for the
rested and restless systems. Fig. 2(a) shows the probability
of block controllability for the rested and restless systems for
a single block (K = 1) averaged across 10 000 realizations
of PPP. With classical ALOHA, both the rested and restless
systems have a lower probability of controllability when the
ALOHA parameter q is low (q ≤ 0.3), as a lower channel access
frequency limits controllability performance. As q increases,
controllability improves but declines at high q due to interfer-
ence, reducing successful transmission probability. The block
ALOHA also has a similar trend. However, the increase in the
probability of block controllability here is sharper as compared
to the classical ALOHA, as a single successful access guarantees
channel access across all block slots. We note that although for
the selected values of the system parameters, the controllability
of the rested system with block ALOHA channel access shows a
monotonic increase, for a denser deployment of control systems
(higher λ), a high q may lead to a decrease in the probability
of block controllability. At q = 1, both protocols yield similar
performance.

For the restless system, block ALOHA outperforms classi-
cal ALOHA across all q values. This observation is intuitive,
as block ALOHA enables consecutive channel access, which
increases the likelihood of successive successful transmissions,
thereby leading to a higher probability of achieving block con-
trollability in the restless system. Conversely, for the rested
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system, the choice between block and classical ALOHA is
nontrivial. For example, in Fig. 2(a), we observe that for the
rested system with classical ALOHA (blue plot), the probability
of block controllability increases with q, reaching a peak above
0.8 at q ≈ 0.75 (shown with the blue circle). Then, it decreases
to 0.8 at q = 1, which is the maximum value of the proba-
bility of block controllability for the block ALOHA scheme.
Notably, classical ALOHA introduces randomness by varying
the set of transmitting controllers in each slot, whereas block
ALOHA fixes the set of transmitting controllers for the entire
block. So, for different values of q, the expectation of the block
controllability over the transmitting set may be greater or lower
than the block controllability for an expected transmission set.
Moreover, rested systems generally exhibit a higher probability
of block controllability at any given q value when using the same
ALOHA protocol, as they are more flexible and incorporate an
additional feedback loop.

In Fig. 2(b), we plot the transmission success metric, which
is the product of the transmission success probability in one slot
and the channel access probability, i.e., qPcls, and compare it
with the controllability metric, which is the probability of block
controllability in at least one block given that the controller
attempts to access in a sequence of K = 5 blocks, i.e., 1−
(1− qPblk)

5. With a low interferer density (λ = 10−4m−2), the
transmission success probability qPcls increases monotonically
with q, peaking at q = 1. This observation suggests that from a
communication-only perspective, full channel access (q = 1) is
optimal. However, from a control-co-design perspective, block
controllability is maximized at a lower q, revealing a tradeoff.

Further, recall that in the block ALOHA access scheme, once
a controller gets access in the block, it is allowed to transmit in
all the slots of that block without any further access contention.
This permits reduced channel access probability, particularly
advantageous for long blocks, because even a single access may
suffice over the entire time horizon. This decision, however, is
tightly linked to the number and length of control blocks, which
are functions of the controllability parameter v. In contrast,
classical (slot) ALOHA enforces per-slot competition, which
may enhance transmission success rates but is misaligned with
block-controllability goals. We next study the impact of the
block and classical ALOHA parameters on block controllability
for a large value of K = 5000. Here, unlike the empirical
study in Fig. 2(a), we use the theoretical expressions derived in
Theorems 1–4. Since the analysis of block and classical ALOHA
are similar, we focus on illustrating the impact of block ALOHA
parameter on the block controllability in the restless system and
the impact of classical ALOHA parameter on block control-
lability in the rested system. These results are summarized in
Figs. 3 and 4.

Fig. 3 shows the theoretical expression for block controlla-
bility probability PRL,blk of a restless system in Theorem 1
for two different network densities with λ = 10−4 m−2 and
λ = 5× 10−4 m−2. As in Fig. 2(a), low channel access prob-
ability q results in low PRL,blk despite low interference. Also,
PRL,blk increases with q until a threshold is reached, beyond
which higher q leads to increased interference, degrading suc-
cess probability despite more frequent channel access. Further,
higher density of the network λ leads to lower PRL,blk due to an

Fig. 3. Block controllability of restless system and parameter selection
by block TS with v = 5, T = 20, and K = 5000.

Fig. 4. Meta distribution of rested system with classical ALOHA and
the parameter selection by TS with K = 5000.

increase in interference and steep drop-off with q, as the intensity
of interfering controllers is qλ. Furthermore, the optimal q also
shifts with network density: a high value of approximately 0.35
for a low value of λ = 10−4 m−2 and a lower value of 0.25 when
λ = 5× 10−4 m−2.

The right panel of Fig. 3 shows TS performance with D =
10 and P = {0.1, 0.2, . . . , 1}. TS quickly identifies the opti-
mal ALOHA parameters, 0.4 and 0.3, for λ = 10−4 m−2 and
5× 10−4 m−2, respectively, as shown in the left panel of Fig. 3.
In particular, with λ = 5× 10−4 m−2, the optimum ALOHA
parameter is selected in more than 4000 blocks over K = 5000
blocks. On the contrary, for λ = 10−4 m−2, performance is
slightly lower due to smaller differences between rewards of
different choices.

Fig. 4 shows the meta distributionMRD,cls(v, β) of the rested
system with classical ALOHA in Theorem 4 for two different
controllability indices v = 4 and 6 with a reliability threshold
of β = 0.9. The higher value of v makes the system more
demanding, resulting in a lower meta distribution. For v = 6,
the optimal ALOHA parameter is 1, prioritizing channel access
over increased interference. The optimal parameter decreases as
q decreases, indicating that the rested system should reduce its
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Fig. 5. Regret for the restless system.

channel access probability for lower v to achieve the required
successful transmissions while minimizing interference. The
right panel of Fig. 4 shows the performance of the classical
TS algorithm in determining the optimal classical ALOHA
parameter with respect to different v. Here, we consider blocks
of 20 slots and observe the system over 250 blocks. Similar to the
restless case, we considerP = {0.1, 0.2, . . . , 1}. For v = 4, our
analytical framework predicts that the optimal access probability
is q = 0.7, while for v = 6, the optimum scheme is to transmit
in all slots. This is reflected in the frequency with which the TS
framework selects the channel access probability. However, the
performance of the rested system using classical TS is inferior to
that of block TS for the restless system, indicating that block TS
consistently outperforms classical TS for all systems and both
protocols.

Finally, we illustrate the regret of TS for the restless system,
defined in Fig. 5. Higher λ and v lead to higher regret due to
intensified interference and decreased controllability, respec-
tively. Nonetheless, the regret evolves sublinearly in both cases,
aligning with the bound in Proposition 4.

VII. CONCLUSION

In this article, we designed a control strategy and communica-
tion protocol for two Poisson networks, restless and rested, and
analyzed control performance under interference. To mitigate
interference, we introduced block and classical ALOHA proto-
cols for channel access. Our study identified optimal ALOHA
parameters based on system characteristics, such as controller
density. A TS-based algorithm was developed for online param-
eter tuning, achieving sublinear regret. Future directions include
decentralized parameter selection and its analysis.

APPENDIX A
PROOF OF THEOREM 3

From the definition ofMRD,blk(v, β), we have

MRD,blk(v, β) = P

(
q

T∑
l=v

(
T

l

)
P l
blk(1− Pblk)

T−l ≥ β

)

= P (Pblk ≥ Pblk(q))

which is the CCDF of Pblk. Using the Gil–Pelaez theorem [36]

MRD,blk(v, β) =
1

2
+

1

π

∫ ∞
0

�
(
e−js log(β)E

[
P js
blk

])
s

ds.

Now, using Proposition 1, the moments ζI(s) = E[P js
blk] =

e
− jsγN0

ηρr−α
0 E[

∏
i∈φ(

r−α0

r−α0 +γr−αi
)js], and the result follows as the

transmitting controllers form a PPP with density qλ.

APPENDIX B
PROOF OF PROPOSITION 4

The proof is based on the analysis of TS for finite-armed
bandits [37, Ch. 36]. We define μ∗ = q∗T S̄(q∗) as the average
reward in a block with the optimal channel access probability
q∗, andμ(pd) = pdT S̄(pd) as the average reward obtained when
the channel access probability is pd, for d = 1, 2, . . . , D. Then,
from (8), the reward is

R(K) = EΦ

[
K−1∑
k=0

E (μ∗ − μ(q(k)))

]

where q(k) is the channel access probability in block k. Now,
by the law of total expectation, for any random event E

R(K) = EΦ

[
P(E)E

[
K−1∑
k=0

E (μ∗ − μ(q(k))|E)
]]

+ EΦ

[
P(E�)E

[
K−1∑
k=0

E

(
μ∗ − μ(q(k))|E�

)]]

≤ R1(K) +KTP(E�) (9)

whereR1(K) = EΦ[
∑K−1

k=0 E(μ∗ − μ(q(k))|E)] and we use the
property that μ∗ − μ(q(k)) ≤ μ∗ ≤ T .

We next define the event E using the empirical estimate of
the reward computed by the TS algorithm. Let the empirical
estimate of the reward corresponding to the access probability
pd after the kth block be

μ̂d(k) =
1

Γ(k, d)

k−1∑
κ=0

1(q(k) = pd)pd

(κ+1)T−1∑
t=κT

S(t)

where Γ(k, d) denotes the number of blocks until block k in
which channel access probability is chosen as pd. If Γ(k, d) =
0, then we define μ̂d(k) = 0. Here, given the channel ac-
cess probability sequence q(K) = {q(1), q(2), . . . , q(K)}, the
Bernoulli random variable S(t) has mean Pblk(pd) defined in
Proposition 1 with q = pd. Hence, E(μ̂d(k)|q(K)) = μ(pd). We
define E = ∩K−1k=0 ∩Dd=1 E(k, d), where the event E(k, d) is that
for a given k = 0, 1, . . . ,K − 1 and d = 1, 2 . . . , D

|μ̂d(k − 1)− μ(pd)| < ε(k, d) =

√
2 log(1/δ)

max{1, TΓ(k, d)}
for some 0 < δ < 1. Now, to compute the bound in (9), we first
compute P(E�) using the union bound as follows:

P(E�) ≤
K−1∑
k=0

D∑
d=1

P

(
E(k, d)�

)
≤ 2KDδ
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where we also use Hoeffding’s inequality. So, (9) implies

R(K) ≤ R1(K) + 4K2TDδ. (10)

Now, we bound the term R1(K) in (10) by defining the
σ-algebra generated by the ALOHA parameters and the cor-
responding rewards by the end of the kth slot as Fk =
σ(q(k), S(0), S(1), . . . , S((k + 1)T − 1)). Then, we have

R1(K) = EΦ

[
K−1∑
k=0

E (μ∗ − μ(q(k))|Fk−1, E)
]
.

However, the TS algorithm implies that the conditional distri-
bution of q∗ is the same as q(k) [37], i.e., E[ν(μ∗)|Fk−1] =
E[ν(μ(q(k)))|Fk−1], for any function ν. Consequently

R1(K) = EΦ

[
K−1∑
k=0

μ∗ − ν(μ∗) + ν(μ(q(k)))− μ(q(k))|E
]

using the law of total expectation. Furthermore, we choose

ν(μ̂d(k − 1)) = min {1,max {0, μ̂d(k − 1) + ε(k, d)}} .
Therefore, under E , we have μ∗ < ν(μ∗), leading to

R1(K) ≤ EΦ

[
K−1∑
k=0

ν(μ(q(k)))− μ(q(k))|E
]

≤ EΦ

[
K−1∑
k=0

D∑
d=1

1(q(k) = pd)2ε(k, d)

]

= EΦ

[
D∑

d=1

∫ Γ(K−1,d)

0

2

√
2 log(1/δ)

z
dz

]

= EΦ

[
D∑

d=1

√
32Γ(K − 1, d) log(1/δ)

]
.

So, we get R1(K) ≤√32KD log(1/δ). Hence, with δ =

1/
√
K and using (10), we R(K) ≤√64KD log(K) + 4TD,

arriving at the desired result.
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