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 A B S T R A C T

Extremum seeking control (ESC) is a model-free and adaptive scheme for optimizing steady-state performance 
of dynamic systems in real time, particularly when system models are unavailable or uncertain. Classical ESC 
relies on exciting the system with a sinusoidal dithering signal, thereby ensuring convergence to the optimum, 
provided that the dither excitation frequency remains well below the dominant system dynamics. However, this 
time-scale separation constraint limits convergence speed and robustness, especially in systems whose dominant 
dynamics begin at low frequencies. Enhanced ESC methods, such as proportional-integral schemes, phasor-
based estimation techniques, and frequency-domain approaches, address the time-scale separation limitation. 
However, the understanding of how objective definitions with identical steady-state optima affect convergence 
remains limited. This paper analyzes ESC closed-loop convergence in dynamical systems for state-dependent 
and bilinear (state-input-dependent) objectives using a Wiener-type model framework. Although both objectives 
share equal steady-state optima, they exhibit fundamentally different convergence behavior when the dither 
frequency is chosen beyond the system’s dominant dynamics (fast time scale). New insights are obtained 
through sequential linearization combined with frequency-domain examinations and signal-based analyses. 
Furthermore, improvements to the classical ESC scheme for dynamical bilinear objectives are proposed to relax 
time-scale separation constraints, enabling higher dither frequencies and leading to consistent and accelerated 
convergence.

1. Introduction

Extremum seeking control (ESC) finds its origin in the 1950s when 
the first papers on the algorithm emerged [1,2]. Initially, ESC was pri-
marily used as a framework for optimizing the steady-state performance 
of slowly time-varying dynamical systems in uncertain environments. 
Over the decades, ESC has evolved as a powerful excitation-based 
optimization algorithm, capable of addressing nonlinear, time-varying, 
and multivariable systems, especially in applications where system 
models are either unavailable or highly uncertain [3,4]. After a period 
of reduced interest in the algorithm, ESC made a comeback in the 
early 2000s, when rigorous stability analyses and proofs were presented 
based on averaging and singular perturbation theory [5–7], formalizing 
and extending the early heuristic assessments. These theoretical ad-
vancements enabled ESC to be applied to complex real-world systems 
such as fuel cells [8], bioreactors [9], optical communication net-
works [10], and, more recently, for accelerating reinforcement learning 
policy optimization [11].

∗ Corresponding author.
E-mail address: s.p.mulders@tudelft.nl (S.P. Mulders).

Classical extremum seeking control is a model-free and adaptive 
control algorithm that dynamically searches for the input that (locally) 
optimizes an online measurable performance objective [6]. It assumes 
that the system under optimization exhibits an optimum in its static 
(i.e., steady-state) input–output mapping. The ESC algorithm treats the 
steady-state (or slowly time-varying) part of the system input as a 
decision variable and adjusts it in real-time to find the optimum of the 
considered objective [12]. ESC typically employs periodic excitation, 
filtering, and signal demodulation techniques to estimate gradients and 
facilitate gradient-descent-like adaptation without requiring an explicit 
dynamic system model.

Classical single-input single-output (SISO) ESC schemes rely on 
the principles of time-scale separation, which can be categorized into 
three time scales: fast, medium, and slow. The fast scale corresponds 
to the inherent system dynamics, and the slow scale is reserved for 
system variations [13]. The medium time scale in classical ESC imple-
mentations is where the dither frequency should be chosen to follow 
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slow system variations without interfering with the system dynam-
ics. This separation of time scales, however, limits the choice of the 
dither frequency. More specifically, the dither frequency should be 
chosen to ensure sufficient excitation for gradient estimation (satisfac-
tory high signal-to-noise ratio (SNR)) while not interfering with system 
dynamics [14].

Increasing the dither frequency without consideration of system 
dynamics can lead to stationary solutions that deviate from the true op-
timum, and multiple solutions may exist [15]. This behavior is exposed 
in [16], which demonstrated that the error between the true optimum 
and the steady state to which the system converges is proportional to 
the square of the excitation amplitude and frequency. The same work 
also showed, through linear analysis of the system under optimization, 
that a zero moves from the left half-plane to the right half-plane 
when crossing the optimum. This observation was further examined 
in [17], where this behavior was shown to be strongly dependent on 
the definition of the objective function, and may therefore not always 
be present.

Several advanced approaches have been proposed to provide a 
(partial) solution to the time-scale separation limitations in classi-
cal extremum seeking control. In various publications, a proportional 
term is added to the classical ESC scheme in addition to the integral 
term to improve convergence behavior [18,19]. Furthermore, a no-
table research line is phasor-based ESC, which estimates the amplitude 
and phase (phasor) of the system’s response to the periodic dither 
perturbation, rather than estimating the objective gradient as in the 
classical demodulation strategy [20]. The advantage of this method 
is its robustness to both large and variable system phase lags. The 
phasor-estimation scheme is further extended by adaptively adjust-
ing the perturbation amplitude in the neighborhood of the optimum, 
thereby improving convergence robustness and accuracy [21]. An alter-
native approach to addressing time-scale separation limitations is to use 
frequency-domain techniques, such as recursive Fourier analysis and 
online system identification, to estimate the local frequency response. 
This approach enables gradient estimation via complex curve fitting, 
allowing accurate optimization even when dither frequencies overlap 
with plant dynamics [22]. Finally, a semi-global stability result for 
Wiener–Hammerstein plants using high dither frequencies is presented 
in [23], leading to fast convergence in an arbitrarily small region of the 
optimum.

To enable the analysis of the time-scale separation limitations of 
classical ESC, a formal Wiener system analysis framework is provided 
in [24,25]. It is observed that ESC relies on good phase difference detec-
tion between the input and the output. In specific dynamical systems, 
such phase difference properties occur only at very low frequencies. 
Consequently, low dither frequencies lead to prohibitively slow conver-
gence, rendering classical ESC impractical for certain applications. To 
overcome this challenge, a pre-compensated ESC scheme uses a phase-
locked loop (PLL) to retrieve gain and phase (i.e., phasor) information 
at the excitation frequency, thereby improving gradient estimation. 
While the presented method demonstrably accelerates convergence, 
the authors focus on convergence speed, and no analysis is provided 
regarding the consistency of the steady-state solution with respect to 
the true optimum.

This paper investigates the convergence properties of ESC when 
applied to dynamical systems with particular emphasis on how the 
formulation of the performance objective influences the convergence 
behavior. Two types of objectives are considered: state-dependent and 
bilinear (state-input dependent) objectives, using a Wiener-type model 
structure to capture static output nonlinearities that follow linear dy-
namics. To analyze the convergence characteristics, two complemen-
tary analysis methods are employed: (i) sequential linearization com-
bined with frequency-domain examination [17] and (ii) a more formal 
signal-based analysis. These methods provide both intuitive insights 
and explanations, facilitating the development of enhanced ESC meth-
ods that improve convergence speed and consistency with the true 
optimum. The contributions of this paper are:

Fig. 1. Structure of the dynamical Wiener-type system , with linear-time 
invariant dynamics 𝐺 followed by a static nonlinearity ℎ. The scalar input 
𝑢 yields the state 𝑥 and a direct-feedthrough term as outputs. Both are used 
to compute the performance objectives 𝐽𝑥𝑥 and 𝐽𝑥𝑢. The static input–output 
mapping between 𝑢 and the objectives has equal maximizers. The convergence 
properties of extremum seeking control based on these objectives are of 
interest.

1. Formulating a Wiener-type model framework for analyzing ESC 
convergence properties in dynamical systems with
state-dependent and bilinear performance objectives.

2. Demonstrating that ESC convergence behavior can differ signifi-
cantly for performance objectives with identical steady-state op-
tima, particularly when bilinear objectives are used in dynamical 
systems.

3. Analyzing the convergence phenomena using sequential lin-
earization and frequency-domain examinations, and signal-based 
analyses.

4. Proposing enhanced ESC methods enabling faster and consistent 
convergence by overcoming time-scale separation constraints, 
allowing for higher dither frequencies. The efficacy of the pro-
posed methods is demonstrated in simulations.

The paper is organized as follows. Sections 2 and 3 formalize the 
model structure for system analysis and revisit the theory of dither-
demodulation-based extremum seeking control. Section 4 exposes the 
convergence phenomenon by contrasting a steady-state analysis with 
an illustrative example optimizing a dynamical system that reveals
unexpected ESC convergence behavior. Section 5 provides detailed anal-
yses of this behavior using frequency-domain methods and signal-based 
analyses. Based on the presented analyses, Section 6 proposes methods 
to improve ESC convergence properties, and showcases their efficacy 
in simulations. Finally, conclusions are drawn in Section 7.

Notation

Throughout the paper, scalars and vectors are denoted by lowercase 
letters, and matrices by uppercase letters. Operating points and mean 
values are indicated by an overbar ̄(⋅), and time-derivatives are denoted 
by ̇(⋅). The notation ̂(⋅) implies estimated quantities and optimal values 
are indicated by (⋅)∗.

2. System and model structure

This section defines the system and its model structure subject to 
the ESC scheme. Fig.  1 shows the closed-loop dynamical system under 
optimization of ESC. This work considers systems with a Wiener-type 
model structure denoted by , where, for analysis, the system model 
is assumed to be known. This model type is chosen for its ability to 
capture static nonlinearities following linear dynamics, which aligns 
with the structure of many practical systems optimized using the ESC 
scheme.
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The goal of ESC is to drive the input 𝑢 toward the optimizer 𝑢∗ that 
maximizes the objective 𝐽 . Maximization is considered here, but the 
results apply to minimization by sign reversal. The system, of which 
the input is subject to the ESC algorithm, is defined by the state space 
model: 
𝑥̇ = 𝑓 (𝑥, 𝑢) = 1

𝜏
(−𝛾(𝑥) + 𝑐𝛼(𝑢)) , (1)

and 

𝐽 = ℎ(𝑥, 𝑢) =

{

𝐽𝑥𝑥 = −𝛾(𝑥)𝑥, (2a)

𝐽𝑥𝑢 = −𝑐𝛼(𝑢)𝑥, (2b)

 with 𝑓 ∶ R𝑛 × R𝑝 → R𝑛 being the state equation, 𝛾 ∶ R𝑛 → R𝑛 and 
𝛼 ∶ R𝑝 → R𝑛 the state and input functions, ℎ ∶ R𝑛 × R𝑝 → R𝑞 the output 
function, with state 𝑥 ∈ R𝑛 and input 𝑢 ∈ R𝑝. The system order is 𝑛, and 
the number of inputs 𝑝 is set to 1; this assumption is made because SISO 
ESC is considered, and to facilitate a concise analysis. The time constant 
𝜏 ∈ R defines the system’s dynamic response speed, while 𝑐 ∈ R is an 
input scaling coefficient.

By the Wiener-type model structure, the system consists of a linear 
time-invariant (LTI) block 𝐺 representing (1), followed by a static 
output nonlinearity ℎ(⋅, ⋅). The input 𝑢 drives system 𝐺, whose state 𝑥
is assumed to be available through measurement or estimation. This 
state, along with a possible direct feedthrough of 𝑢, is passed to ℎ(𝑥, 𝑢), 
which generates the performance objective(s). Given the scope of this 
paper, restricted to Wiener-class systems, the functions 𝛾, 𝛼 are to be 
understood as linear (possibly affine) functions. Thus, the performance 
objectives in (2) are quadratic, for the case of 𝐽𝑥𝑥, or bilinear, 𝐽𝑥𝑢. 
For the latter, bilinear refers to objectives in which the nonlinearity 
arises from the product of the system state and control input, and is 
characterized by linear dependence on each variable when the other is 
held fixed. As shown in Fig.  1, either the state-dependent objective 𝐽𝑥𝑥
or the bilinear (state-input dependent) objective 𝐽𝑥𝑢 is selected as the 
performance objective output 𝐽 for maximization by the ESC algorithm. 
Respectively, the state function 𝛾(𝑥) in 𝐽𝑥𝑥 depends solely on the state, 
and the input function 𝛼(𝑢) in 𝐽𝑥𝑢 solely on the input. This work focuses 
on single-objective ESC schemes optimizing a single input variable.

While the modeling framework introduced in this section allows 
for general functional forms of 𝛾(𝑥) and 𝛼(𝑢), the convergence analysis 
presented in this paper explicitly focuses on affine definitions of these 
functions. This modeling choice enables transparent and tractable anal-
yses of extremum seeking control convergence properties, allowing the 
fundamental mechanisms associated with state-dependent and bilinear 
objectives to be exposed. Although more general smooth nonlinear 
mappings may be accommodated locally through linearization around 
operating points, all analytical results presented in this paper rely 
on affine 𝛾(𝑥) and 𝛼(𝑢). A systematic investigation of fully nonlinear 
mappings lies beyond the scope of the present work and constitutes an 
interesting direction for future research.

Throughout this paper, the term Wiener-type model is used to denote 
a generalized version of the classical Wiener model structure. In its 
strict definition, a Wiener model consists of linear time-invariant (LTI) 
dynamics followed by a static nonlinearity. The formulation adopted in 
this work allows for generally nonlinear mappings in the state equation 
through the functions 𝛾(𝑥) and 𝛼(𝑢), while the analysis relies on their 
affine approximations obtained via local linearization around steady-
state operating points. This generalized Wiener-type representation is 
employed to facilitate local linearization and frequency-domain analy-
sis of extremum seeking control convergence properties, which are the 
primary focus of the present study.

3. Extremum seeking control

Extremum seeking control is a model-free optimization technique 
that optimizes quasi-static inputs to drive systems toward the opti-
mum of their steady-state input–output mapping. This section outlines 

Fig. 2. Classical implementation of a dither-demodulation extremum seeking 
control scheme. The objective is fed to the ESC subsystem and is subsequently 
high-pass filtered, demodulated, and low-pass filtered to estimate the objective 
function gradient with respect to the system input. This gradient is numerically 
integrated until convergence. The dither excitation signal is added in the end.

the classical dither-demodulation ESC scheme used throughout this 
work [5], and adopts the notation in [26]. Fig.  2 illustrates its structure. 
The goal of the algorithm is to find a (local) optimum of the objective 
𝐽 by estimating its gradient with respect to the control input 𝑢.

To achieve this estimate, the input signal 𝑢 is composed of a quasi-
steady-state term 𝑢̃, which is perturbed by an appropriately defined pe-
riodic dither excitation signal. The objective of the ESC algorithm is for 
the time derivative of the quasi-steady-state input part to approximate 
̇̃𝑢 ≃ 𝜅 𝜕𝐽

𝜕𝑢
, (3)

where ̇̃𝑢 is the time derivative of the quasi-steady-state control input 
under optimization, and 𝜅 ∈ R is the integral (or convergence) gain of 
the algorithm.

The ESC scheme estimates the gradient 𝜕𝐽∕𝜕𝑢 via periodic excita-
tion, filtering, and demodulation operations, as illustrated in Fig.  2. 
The measured performance objective 𝐽 is high-pass filtered by (𝜔 )
to remove the DC-offset, resulting in 𝐽f , with 𝑠 the Laplace operator 
and 𝜔 the filter’s cut-in frequency. The resulting zero-mean signal is 
subsequently demodulated by multiplication with the signal 
𝑑2(𝑡, 𝜓) = sin (𝜔d𝑡 + 𝜓), (4)

with unity amplitude and dither frequency 𝜔d, the demodulation signal. 
The term 𝜓 is chosen for phase compensation, accounting for the 
combined phase loss due to the system dynamics and the high-pass 
filter, and improving the gradient estimation’s accuracy to enhance con-
vergence characteristics [27]. Under appropriate design, the result of 
this demodulation operation is a signal whose steady-state contribution 
contains gradient information, and a periodic contribution at twice the 
dither frequency.

The subsequent low-pass filtering operation by (𝜔) attenuates 
noise and the higher harmonic dither frequency, and 𝜔 is the filter’s 
cut-off frequency. This results in the signal ̇̃𝑢 of which the steady-state 
component represents the desired gradient 𝜕𝐽∕𝜕𝑢. Then, the signal ̇̃𝑢 is 
numerically integrated over time and scaled by 𝜅 as a scheme tuning 
variable balancing convergence speed and stability, resulting in the 
quasi-steady-state control input 𝑢̃. Finally, the dither signal 
𝑑1(𝑡) = 𝐴d sin (𝜔d𝑡), (5)

with amplitude 𝐴d is added to 𝑢̃ and forms the combined input 
𝑢 = 𝑑1 + 𝑢̃, (6)

to the system under optimization. The dither amplitude 𝐴d is calibrated 
as a trade-off between signal-to-noise ratio (SNR) and permissible 
system excitation levels. In classical ESC implementations, the dither 
frequency should be chosen on the slow-to-medium time scale to ensure 
desirable convergence properties – an aspect particularly relevant in 
this work.

The respective high-pass filter and low-pass filter, cut-in and cut-
off frequencies are related to the dither frequency by the empirical 
relations 
𝜔 = 𝜔d∕5, 𝜔 = 2𝜔d. (7)
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(a) Dither frequencies were selected in the slow-medium and fast time 
scales for both optimization objectives (demodulation phase constant 
𝜓 = 0 deg). While both objectives converge to the true optimum at the 
slower time scale, the bilinear objective exhibits a steady-state offset 
from the optimum at the faster time scale. Results indicate time-scale 
sensitivity and convergence consistency; furthermore, lower dither 
frequencies lead to larger residual oscillations around the optimum.

  
(b) Various demodulation phase offsets were employed for both opti-
mization objectives at a constant fast-time-scale dither frequency (𝜔d =
1.0 rad/s). For the bilinear objective, results show inconsistent conver-
gence to the true optimum across the phase offsets. In contrast, for 
the state-dependent objective, phase variation affects ESC convergence 
speed and stability [7], while maintaining consistent convergence.

 

Fig. 3. Extremum seeking control optimization trajectories based on the dynamical system objectives 𝐽𝑥𝑥 and 𝐽𝑥𝑢, with the true steady-state optimum indicated 
by the red dashed line. Two convergence analyses are presented: (a) choosing the dither frequency in the slow-mid and fast time scales, and (b) varying the 
demodulation phase in the fast time scale.

The described real-time process proceeds until the gradient dimin-
ishes and the control input converges to a neighborhood of the optimal 
control input 𝑢̃∗. More specifically, the ESC algorithm converges to a 
neighborhood of the optimal input [6], whenever the following three 
conditions are met 
𝜕𝐽
𝜕𝑢

(𝑢∗) = 0 (optimum exists), (8a)

𝜕2𝐽
𝜕𝑢2

(𝑢∗) < 0 (maximum), (8b)

𝜕𝐽
𝜕𝑢

(𝑢∗ + 𝜁 )𝜁 < 0 ∀ 𝜁 ∈ 𝑍, (8c)

where (8c) indicates that 𝑢∗ is a local maximizer in some region 𝑍. 
The conditions given in (8) are steady-state conditions; however, in 
dynamical systems, convergence properties are susceptible to input–
output dynamics and the frequency of the dither signal. The next 
section formalizes and illustrates the problem addressed in this paper.

4. Problem formalization

In Section 2, two objectives were introduced. This section formalizes 
the problem addressed in this paper. First, a steady-state analysis 
confirms that both objectives (state-dependent and bilinear) lead to 
the same optimal input. Then, ESC is applied to a dynamical system 
with such objectives that share identical static input–output character-
istics, to evaluate how each objective affects the algorithm’s ability to 
converge to the true optimum.

4.1. Steady-state analysis

To show that the two functions in (2) have the same steady-state 
optimizer, an example state function 𝛾(𝑥) = 𝑥 + 𝑟 is taken with 𝑟 ∈ R a 
constant scalar state offset, and the input function is taken as 𝛼(𝑢) = 𝑢. 
Evaluating the objectives in (2) results in
𝐽𝑥𝑥 = −𝛾(𝑥)𝑥 = −(𝑥 + 𝑟)(𝑐𝑢 − 𝜏𝑥̇ − 𝑟)

= (𝜏𝑥̇ − 𝑐𝑢)(𝑐𝑢 − 𝜏𝑥̇ − 𝑟),
(9)

𝐽𝑥𝑢 = −𝑐𝛼(𝑢)𝑥 = −𝑐𝑢(𝑐𝑢 − 𝜏𝑥̇ − 𝑟). (10)

For clarity, it is noted that the dynamical expressions containing the 
term 𝑥̇ are used in the presented derivation to show and maintain a 
direct link with the underlying continuous-time system dynamics. The 
resulting steady-state expressions are obtained by explicitly imposing 
𝑥̇ = 0.

Assuming steady-state conditions (i.e., 𝑥̇ = 0), it becomes apparent 
that both objectives are equal. This conclusion can also be directly 
drawn from (1) by taking the partial derivative with respect to the 
perturbing input: 
𝜕𝐽𝑥𝑥
𝜕𝑢

|

|

|

|𝑥̇=0
=
𝜕𝐽𝑥𝑢
𝜕𝑢

|

|

|

|𝑥̇=0
= 𝑐𝑟 − 2𝑐2𝑢 = 0 → 𝑢∗ = 𝑟

2𝑐
. (11)

The next section shows how implementing the ESC algorithm may have 
unintended consequences on convergence when the system dynamics 
interfere at the dither frequency.

4.2. Dynamical analysis using ESC

In this section, equal steady-state properties are now complemented 
with system dynamics, and extremum seeking control is employed to 
find the optimizer 𝑢∗𝑥𝑥 and 𝑢∗𝑥𝑢 for both the state-dependent and bilinear 
objectives, respectively, with results shown in Fig.  3. The system param-
eters are chosen as 𝑐 = 1, 𝑟 = 7, and 𝜏 = 1, and according to the result 
in (11), the steady-state optimum is expected to be at 𝑢∗𝑥𝑥 = 𝑢∗𝑥𝑢 = 3.5. 
The ESC algorithm is configured with a dither amplitude of 𝐴d = 4.0
and a convergence gain of 𝜅 = 0.01.

To demonstrate the effects of time-scale separation on the conver-
gence result using both objectives, two convergence analysis cases are 
presented. First, the dither frequency for the ESC algorithm is chosen 
as 𝜔d = 0.1 rad/s and 𝜔d = 1.0 rad/s. The former is in the slow-medium 
time scale, whereas the latter is in the fast time scale – the latter is 
deliberately chosen to violate the time-scale separation principle. The 
low-pass and high-pass filter parameterizations are selected according 
to (7). The second analysis is performed by varying the demodulation 
phase in the fast time scale. Demodulation phases of 𝜓 = −20 deg and 
𝜓 = −60 deg are chosen.

Fig.  3 presents ESC convergence results for both objectives sub-
ject to distinct dither frequencies. The red dotted line indicates the 
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true steady-state optimum. Fig.  3(a) illustrates how varying the dither 
frequency across the slow-medium and fast time scales affects conver-
gence. The state-dependent objective consistently converges near the 
true optimum, whereas the bilinear objective exhibits an offset to the 
true optimum when the dither frequency is in the system dynamic 
frequency range. Additionally, both objectives demonstrate that lower 
dither frequencies lead to increased residual oscillations around the 
optimum [16].

Fig.  3(b) shows that for a constant fast dither frequency of
𝜔d = 1.0 rad/s, the convergence inconsistency with respect to the true 
optimum in the bilinear objective also varies with the demodulation 
phase. For the state-dependent objective, the ESC algorithm converges 
consistently to similar neighborhoods around the true optimum. In 
this case, the demodulation phase influences the convergence rate by 
enhancing the correlation between the demodulation signal and the 
objective signal’s frequency content [28].

As both objectives share the same steady-state optimum, the ob-
served discrepancy – particularly in the bilinear case – defines the core 
problem addressed in this paper and motivates subsequent analysis 
and proposed resolution. While this study focuses on single-variable, 
single-objective ESC, the analytical and solution frameworks introduced 
here are readily extendable to multivariable systems according to the 
definitions in [7].

5. ESC convergence analysis

This section presents a series of analyses that explain the conver-
gence behavior of ESC for the considered state-dependent and bilinear 
objectives and introduces shared theoretical preliminaries. Throughout 
this section, the input scaling coefficient is taken as unity (𝑐 = 1). This 
normalization is adopted in this section for analytical convenience and 
to simplify the expressions used to study the qualitative convergence 
mechanisms.

Two analyses offer distinct perspectives on the problem under con-
sideration. First, a frequency-domain investigation based on successive 
linearizations provides intuitive insights into the system’s optimiza-
tion behavior under ESC. Building on these insights, a more formal 
signal-based derivation is presented to deepen the understanding of the 
observed convergence characteristics.

5.1. Preliminaries

This section outlines the theoretical foundations and notation used 
throughout this paper. It begins with a set of relevant trigonometric 
identities: 
sin2 (𝑥) = 1

2
(1 − cos (2𝑥)) , (12a)

sin (𝑥) sin (𝑥 + 𝑦) = cos (𝑦) sin2 (𝑥)
+ sin (𝑦) sin (𝑥) cos (𝑥),

(12b)

sin (𝑥) cos (𝑥) = 1
2
sin (2𝑥), (12c)

sin (𝑥) + sin (𝑥 + 𝑦) = sin (𝑥)
+cos (𝑦) sin (𝑥) + cos (𝑥) sin (𝑦),

(12d)

sin (𝑥 + 𝑦) + sin (𝑥 + 𝑧) =
1
2 (cos(𝑦 − 𝑧) − cos(2𝑥 + 𝑦 + 𝑧)) .

(12e)

Next, consider the linear dynamic system 𝐺, which forms part of the 
Wiener-type system defined in (1), subject to a periodic input signal 
defined in (6). The resulting steady-state response is given by: 
𝑥 =𝑀 sin (𝜔d𝑡 + 𝛹 ) +𝑀0𝑢̃ − 𝑟, (13)

and taking the time derivative yields: 
𝑥̇ = 𝜔d𝑀 cos (𝜔d𝑡 + 𝛹 ), (14)

where the quasi-static component 𝑢̃ is treated as time-invariant. The 
steady-state response consists of (i) a periodic component at the dither 

frequency, (ii) a constant contribution due to the quasi-steady control 
input 𝑢̃, and (iii) a constant offset induced by the chosen state mapping. 
This decomposition follows directly from the linearity of the dynamical 
system driven by the composite dither input defined earlier in (6). By 
linearity and superposition, the state response can be written as the sum 
of the corresponding individual responses. The first term represents 
the periodic steady-state response to the sinusoidal dither excitation 
𝜔d, with magnitude 𝑀 = 𝐴d|𝐺(j𝜔d)| and phase shift 𝛹 = ∠𝐺(j𝜔d) of 
the system frequency response, with j the imaginary unit. The second 
term arises from the quasi-steady-state control input 𝑢̃ and is scaled 
by the DC gain 𝑀0 = |𝐺(𝑗0)| of the linear dynamical system. The 
third constant offset term −𝑟 originates from the chosen state mapping, 
which deliberately shifts the equilibrium of the state dynamics.

For analysis purposes, theoretically ideal filters with perfect
frequency-selective properties indicated by (⋅)∗ are defined [29]. An 
ideal low-pass filter is expressed in the frequency domain as: 

∗(𝜔) =

{

1, |𝜔| ≤ 𝜔

0, otherwise,
(15)

and the corresponding ideal high-pass filter is: 

∗(𝜔 ) =

{

1, |𝜔| > 𝜔

0, otherwise.
(16)

These filters can be combined to form an ideal band-pass filter by 
appropriately selecting the lower and upper cut-off frequencies such 
that 𝜔,U > 𝜔,L: 

∗(𝜔,L, 𝜔,U) = ∗(𝜔,U)∗(𝜔,L), (17)

and in a similar manner, an ideal notch filter (or band-stop filter) can 
be constructed as the complement of the band-pass filter, rejecting 
frequencies within a specified band while passing all others: 
 ∗(𝜔 ,L, 𝜔 ,U) = 1 − ∗(𝜔 ,L, 𝜔 ,U)

= ∗(𝜔 ,L) +∗(𝜔 ,U),
(18)

The band-pass filter passes frequencies 𝜔⋅,L < |𝜔| ≤ 𝜔⋅,U, while the 
notch filter rejects this frequency band. The center frequencies of both 
filters are defined as 
𝜔 = 𝜔 = (𝜔⋅,L + 𝜔⋅,U)∕2. (19)

5.2. Frequency-domain analysis

This section presents a frequency-domain analysis of the dynamical 
system subject to the ESC scheme. To this end, successive linearizations 
of the nonlinear Wiener-type system  are derived at steady-state oper-
ating points around the optimal input for both objective outputs. Each 
linearized model is therefore valid locally around its corresponding 
operating point. By analyzing successive linearizations for ESC-driven 
inputs moving across the steady-state optimum, classical frequency-
domain control tools can be used to examine how the system dynamics, 
ESC scheme, and objective function definition jointly influence con-
vergence behavior near the optimum. This approach provides local 
mechanistic insights into ESC operation in the presence of system 
dynamics, rather than a global system characterization.

The state and output equations of  in (1) and (2) are analytically 
linearized, resulting in the linear state-space system: 

𝐴 =
𝜕𝑓 (𝑥, 𝑢)
𝜕𝑥

|

|

|

|𝑥̄,𝑢̄
= −1

𝜏
𝜕𝛾
𝜕𝑥
, (20a)

𝐵 =
𝜕𝑓 (𝑥, 𝑢)
𝜕𝑢

|

|

|

|𝑥̄,𝑢̄
= 1
𝜏
𝜕𝛼
𝜕𝑢
, (20b)

𝐶 =
𝜕ℎ(𝑥, 𝑢)
𝜕𝑥

|

|

|

|𝑥̄,𝑢̄
=

{

− 𝜕𝛾(𝑥̄)
𝜕𝑥 𝑥̄ − 𝛾(𝑥̄)

−𝛼(𝑢̄)
, (20c)

𝐷 =
𝜕ℎ(𝑥, 𝑢)
𝜕𝑢

|

|

|

|𝑥̄,𝑢̄
=

{

0
− 𝜕𝛼(𝑢̄)

𝜕𝑢 𝑥̄
, (20d)
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Fig. 4. For the bilinear objective, the system exhibits alternating minimum-
phase and nonminimum-phase behavior when the input crosses the optimal 
value. More specifically, a zero crosses the imaginary axis at 𝛼(𝑢̄) = −(𝜕𝛾∕𝜕𝑥)𝑥̄
for the considered system, shifting between the left half-plane and the right 
half-plane.

where 𝐴 ∈ R𝑛×𝑛 is the state matrix, 𝐵 ∈ R𝑛×𝑝 the input matrix, 𝐶 ∈
R𝑞×𝑛 the output matrix, and 𝐷 ∈ R𝑞×𝑝 the direct-feedthrough matrix. 
The input scaling coefficient is normalized to 𝑐 = 1. The operating 
points 𝑥̄, 𝑢̄ are computed using the analytic steady-state solution given 
in Section 4.1 for values above and below the optimum.

Using 𝐶(𝑠𝐼 − 𝐴)−1𝐵 +𝐷, unique transfer function realizations of the 
state-space system are computed: 

𝐇 =
[

𝐻𝑥𝑥
𝐻𝑥𝑢

]

=
[

𝑁𝑥𝑥∕
𝑁𝑥𝑢∕

]

, (21)

with

𝑁𝑥𝑥 = − 𝜕𝛼
𝜕𝑢

(

𝛾 +
𝜕𝛾
𝜕𝑥
𝑥̄
)

, 𝑁𝑥𝑢 = − 𝜕𝛼
𝜕𝑢

(

𝛼 + 𝜏𝑥̄𝑠 +
𝜕𝛾
𝜕𝑥
𝑥̄
)

,

 = 𝜏𝑠 +
𝜕𝛾
𝜕𝑥
,

where 𝑠 is the Laplace variable. Note that the transfer function de-
nominator (and thus the system poles) is identical for both objectives. 
However, the linear state-space system for the bilinear objective 𝐽𝑥𝑢
includes a nonzero direct-feedthrough term (see (20d)), resulting in a 
varying zero location depending on the linearization point, as shown 
in Fig.  4. Its implications will be discussed shortly.

For the frequency-domain analysis, the same system parameteriza-
tion from Section 4 is used. System frequency responses are evaluated 
near the steady-state operating point corresponding to the optimal 
input 𝑢̄∗ over the frequency range 𝛺 =

{

𝜔 ∈ R ∣ 10−3 ≤ 𝜔 ≤ 102
}

. Fig.  5 
presents the results, with the dither frequency from Section 4.2 marked 
by vertical dotted lines.

Fig.  5(a) shows the frequency responses of the state-dependent 
objective 𝐻𝑥𝑥(j𝜔), revealing two key characteristics that favor ESC con-
vergence. First, the magnitude of the response diminishes as the input 
approaches the optimum, effectively slowing down the convergence 
rate near the optimum. Second, the phase response exhibits a shift of 
180 deg across the entire frequency range when the input crosses 𝑢̄∗, 
indicating a sign change in the system response phase. This combined 
behavior ensures a reliable convergence mechanism.

In contrast, Fig.  5(b) presents the frequency responses for the bi-
linear objective 𝐻𝑥𝑢(j𝜔), showing more complex behavior across the 
frequency spectrum. At lower frequencies, in the region 10−3 ≤ 𝜔 ≤
10−2 rad/s, the system exhibits beneficial magnitude and phase behav-
ior similar to 𝐻𝑥𝑥, enabling convergence when the dither frequency 
is chosen within this range. However, in the higher frequency re-
gion 10◦ ≤ 𝜔 ≤ 102 rad/s, these favorable properties are absent. The 
previously described beneficial magnitude and phase properties no 
longer hold, complicating ESC convergence and resulting in inconsis-
tent convergence to the true optimizer. A more in-depth discussion with 
application to wind turbine torque controller optimization is provided 
in [17].

This deterioration at higher frequencies can be attributed to a zero 
in the bilinear transfer function, which is absent in the state-dependent 

transfer function. As shown in Fig.  4, these effects are induced by 
a varying zero-location that moves from the left-half plane (LHP) 
to the right-half plane (RHP) when crossing the optimum input. As 
a result, the system 𝐻𝑥𝑢 alternates between a minimum-phase and 
nonminimum-phase system for equilibrium points below and above 𝑢̄∗, 
introducing nontrivial phase distortions that hinder ESC performance. 
The analytical expression for when the zero is located at the origin, that 
is, on both the real (Re) and imaginary (Im) axis, is found by finding 
the zeros of the numerator 𝑁𝑥𝑢. For the considered system, this results 
in 𝛼(𝑢̄) = − (𝜕𝛾∕𝜕𝑥) 𝑥̄. This result has been described earlier by [16], 
and is further demonstrated in [17].

This qualitative frequency-domain analysis of state-dependent and 
bilinear objectives reveals convergence differences between the two. 
Convergence of bilinear objectives appears to be more challenging, 
even when their steady-state optimum coincides with the correspond-
ing state-dependent objective. For classical ESC schemes, the presented 
analysis for the bilinear objective motivates time-scale separation and 
the careful selection of low dither frequencies outside the fast time scale 
to ensure reliable convergence. Notably, state-dependent objectives 
exhibit inherently advantageous characteristics, such as diminishing 
gain and consistent phase difference behavior (sign change) near the 
optimum. These properties support convergence even at higher dither 
frequencies, thereby relaxing the need for strict time-scale separa-
tion. The next section provides a signal-based analysis to formally 
substantiate these observations.

5.3. Signal-based analysis

This section presents an open-loop, signal-based analysis of the 
combined system  in series with the ESC algorithm (without inte-
grator). Fig.  6 shows the schematic block diagram of this open-loop 
configuration, mapping the system input 𝑢 to the ESC-estimated cost 
function gradient ̇̃𝑢. Separate analyses are carried out for the two 
objective outputs 𝐽 = {𝐽𝑥𝑥, 𝐽𝑥𝑢}. The aim is to analytically derive the 
steady-state convergence value for both objectives, accounting for the 
dynamical properties, filtering, and signal operations in the open-loop 
configuration.

The ideal filters ∗ and ∗ used in this analysis serve as analytical 
tools that enable ideal separation of frequency components in the 
signal-based derivations. Their use allows for the derivation of closed-
form expressions for steady-state optimizing inputs. Since the analysis 
targets the steady-state input solution at zero frequency (DC), the 
resulting expressions remain valid for practical ESC implementations 
using implementable filters, provided they are tuned to approximate 
the frequency-selective properties in the analysis. In practice, non-ideal 
filtering may affect transient behavior or lead to small steady-state os-
cillations around the predicted optimum, for instance, due to aggressive 
ESC convergence gain tuning, but does not introduce a bias in the 
steady-state optimizing input under standard ESC assumptions.

The state and input functions are defined as in the previous section, 
with normalized input scaling: 𝛾(𝑥) = 𝑥 + 𝑟 and 𝛼(𝑢) = 𝑢, and with iden-
tical parameter values. A step-by-step analysis is provided for both the 
state-dependent and bilinear objectives.
State-Dependent Objective 𝐽𝑥𝑥: The ideal state-dependent objective 
function (from (2a)) is 
𝐽𝑥𝑥 = −𝛾(𝑥)𝑥 = − (𝑥 + 𝑟) 𝑥. (22)

Substituting the prerequisites from Section 5.1 gives 
𝐽𝑥𝑥 = −(𝑀 sin (𝜔d𝑡 + 𝛹 ) +𝑀0𝑢̃)

⋅ (𝑀 sin (𝜔d𝑡 + 𝛹 ) +𝑀0𝑢̃ − 𝑟),
(23)

which expands to 
𝐽𝑥𝑥 = −𝑀2 sin2 (𝜔d𝑡 + 𝛹 ) −𝑀2

0 𝑢̃
2 +𝑀0𝑢̃𝑟

− (2𝑀𝑀0𝑢̃ −𝑀𝑟) sin (𝜔d𝑡 + 𝛹 ).
(24)
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(a) State-dependent objective 𝐽𝑥𝑥

  
(b) Bilinear objective 𝐽𝑥𝑢

 

Fig. 5. Frequency responses of linearized models 𝐻𝑥𝑥 and 𝐻𝑥𝑢 near the optimal operating point input 𝑢̄∗. For 𝐽𝑥𝑥, favorable ESC convergence behavior is facilitated 
across all frequencies by both a diminishing magnitude transfer and a 180 deg phase shift when the input crosses 𝑢̄∗. The frequency response for the operating 
point at 𝑢̄∗ is not shown, as the transfer function equals zero at the optimum. In contrast, for 𝐽𝑥𝑢, the described properties appear only at low frequencies, 
emphasizing and explaining the importance of time-scale separation.

Fig. 6. Open-loop Wiener-type system and ESC scheme without integrator. 
This configuration facilitates steady-state convergence analysis by tracking 
signals from system input 𝑢 to ESC gradient estimate ̇̃𝑢.

Applying trigonometric identities in (12) yields 

𝐽𝑥𝑥 = 𝑀2

2
cos (2𝜔d𝑡 + 2𝛹 )

+ (𝑀𝑟 − 2𝑀𝑀0𝑢̃) sin (𝜔d𝑡 + 𝛹 )

− 𝑀2

2
−𝑀2

0 𝑢̃
2 +𝑀0𝑢̃𝑟.

(25)

The term in the first line is at two times the dither frequency, those in 
the second line are at the dither frequency, and the last line contains 
constants. The signal is filtered with a high-pass filter (𝜔 < 𝜔d) to 
remove the constant, and introduces a phase 𝜃 at 𝜔d. The subsequent 
demodulation with 𝑑2(𝑡, 𝜓) shifts the frequency content by (𝜔 ± 𝜔d). 
After demodulation, only the steady-state (DC) component of ̇̃𝑢 is used 
for gradient estimation. Therefore, only terms at the dither frequency 

before demodulation contribute to a steady-state contribution after 
demodulation. The signal before demodulation and after high-pass 
filtering is represented by 

𝐽 f
𝑥𝑥 = (𝑀𝑟 − 2𝑀𝑀0𝑢̃) sin (𝜔d𝑡 + 𝛹 + 𝜃) + (>𝜔d), (26)

where (> 𝜔) denotes higher-frequency components whose exact form 
is not relevant for the steady-state analysis. Next, the signal 𝐽 f

𝑥𝑥 is 
demodulated by multiplication with the unity-amplitude demodulation 
signal 𝑑2(𝑡, 𝜓), resulting in: 

̇̃𝑢 = 𝑀
2

(

𝑟 − 2𝑀0𝑢̃
)

cos (𝜓 − (𝛹 + 𝜃)) + (>𝜔d) (27)

and a low-pass filtering operation by ∗ is performed to eliminate 
periodic components, leading to elimination of the (>𝜔d) term, and 
further simplification results in: 
̇̃𝑢 = 𝑀

2
(𝑟 − 2𝑀0𝑢̃) cos (𝜓 − (𝛹 + 𝜃)). (28)

To determine the ESC convergence point, the expression is equated to 
zero, resulting in the optimal input to the system 

𝑢∗𝑥𝑥 = 𝑟
2𝑀0

. (29)

Thus, for a state-dependent objective function, the ESC final steady-
state convergence result is only dependent on the steady-state system 
gain and the state offset 𝑟 in 𝛾(𝑥), and is independent of dynamic system 
properties. This agrees with the frequency-domain analysis, and the 
steady-state optimal result in (11). As becomes clear from (27), and in 
contrast to the final convergence value, the convergence dynamics are 
influenced by dynamic system properties. In particular, the demodula-
tion introduces a multiplicative factor cos(𝜓−(𝛹+𝜃)), which affects both 
convergence rate and gradient sign, and may suppress adaptation when 
it vanishes. The steady-state convergence point remains unaffected, 
provided that cos(𝜓 − (𝛹 + 𝜃)) ≠ 0. The following section presents a 
similar analysis for the bilinear objective 𝐽𝑥𝑢.
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Bilinear objective 𝐽𝑥𝑢: The bilinear objective function (from (2b)) is 
𝐽𝑥𝑢 = −𝑢𝑥 = −(𝐴d sin (𝜔d𝑡) + 𝑢̃)

⋅ (𝑀 sin (𝜔d𝑡 + 𝛹 ) +𝑀0𝑢̃ − 𝑟).
(30)

Expanding and applying trigonometric identities gives: 

𝐽𝑥𝑢 = − 1
2
𝐴d𝑀 cos (2𝜔d𝑡 + 𝛹 )

+ 𝐴d𝑟 sin (𝜔d𝑡) − 𝐴d𝑀0𝑢̃ sin (𝜔d𝑡) −𝑀𝑢̃ sin (𝜔d𝑡 + 𝛹 )

− 1
2
𝐴d𝑀 cos (𝛹 ) + 𝑢̃𝑟 −𝑀0𝑢̃

2.

(31)

As before, only the components at frequency 𝜔d (second line) are 
retained. Incorporating the high-pass filter (𝜔 < 𝜔d) phase 𝜃 at 𝜔d
and demodulating with 𝑑2(𝑡, 𝜓), results in only the static terms: 

̇̃𝑢 = − 1
2
𝐴d𝑀0𝑢̃

(

cos (𝜓 − 𝜃) − (≥2𝜔d)
)

+ 1
2
𝐴d𝑟

(

cos (𝜓 − 𝜃) − (≥2𝜔d)
)

− 1
2
𝑀𝑢̃

(

cos (𝜓 − (𝛹 + 𝜃)) − (≥2𝜔d)
)

,

(32)

where higher harmonic components at frequencies equal to or exceed-
ing 2𝜔d, denoted by (≥2𝜔d), are disregarded. Equating the obtained 
expression to zero ( ̇̃𝑢 = 0) and rearranging gives

𝑢̃ =
𝐴d𝑟 cos (𝜓 − 𝜃)

𝐴d𝑀0 cos (𝜓 − 𝜃) +𝑀 cos(𝜓 − (𝛹 + 𝜃))
,

which simplifies to 

𝑢∗𝑥𝑢 =
𝑟 cos (𝜓 − 𝜃)

𝑀0 cos (𝜓 − 𝜃) +
(

𝑀∕𝐴d
)

cos(𝜓 − (𝛹 + 𝜃))
, (33)

where 𝑀 = 𝐴d|𝐺(j𝜔d)| and 𝛹 = ∠𝐺(j𝜔d) denote the magnitude 
and phase of the system frequency response evaluated at the dither 
excitation frequency 𝜔d. While both objectives 𝐽𝑥𝑥 and 𝐽𝑥𝑢 have equal 
steady-state optima in Section 4.1, it is remarkable that, in contrast 
to the result in (29), system dynamics in combination with the high-
pass filter and demodulation phase influence not only the convergence 
dynamics, but also the final convergence result. A discussion of the 
results follows.
Discussion: Comparing (33) with (29) highlights a key distinction: for 
bilinear objectives, convergence properties depend on system dynamic 
properties at the dither excitation frequency, captured by the system 
gain |

|

𝐺(j𝜔d)|| and phase 𝛹 , as well as by ESC-related phase shifts 
introduced through the high-pass filter phase 𝜃 and the demodulation 
phase 𝜓 . In contrast, the state-dependent objective is insensitive to 
system dynamics. Achieving consistent convergence in the bilinear case 
therefore requires compensating both the system-induced magnitude 
and phase effects at the dither frequency, for instance, by selecting the 
demodulation phase such that 𝜓 = 𝜃 and compensating the system gain 
accordingly.

This insight explains the common guideline of selecting the dither 
frequency in the slow-to-medium time scale, outside the system dy-
namic range (time-scale separation) [5]. In this regime, |

|

𝐺(j𝜔d)|| →

𝑀0 and 𝛹 → 0, such that the influence of system dynamics effec-
tively vanishes and (33) reduces to (29). Phase compensation using 
a phase-locked loop (PLL) has been proposed to correct the system 
phase [24,25]. However, the analysis presented in this section shows 
that compensating for the system gain at 𝜔d is also essential to ensure 
consistent convergence when operating beyond the slow time scale.

The presented analysis considers the open-loop mapping from the 
system input to the ESC gradient estimate, excluding the integrator dy-
namics. In the closed-loop ESC scheme, this gradient estimate, through 
the integrator, drives a slow adaptation of the quasi-steady input. Under 
the assumption of a sufficiently small convergence gain, the closed-loop 
dynamics can be interpreted via averaging arguments, whereby the 
integrator tracks the averaged gradient behavior. Consequently, local 

Fig. 7. Block diagram of the closed-loop Lyapunov amplitude demodulation 
filter (adapted from [30]). The estimation error 𝜖 is filtered by the transfer 
function 𝑊 (𝑠), followed by mixing (multiplication) with two orthogonal 
sinusoids and scaling by the gain 𝜂. Integration yields the estimates of the 
quadrature, and in-phase states {𝜉1, 𝜉2

}

, which are then fed back. The state 
estimates are then used to calculate the amplitude 𝑍(𝑡) and phase 𝜙(𝑡) of the 
original periodic input signal 𝜁 (𝑡).

convergence of the closed-loop ESC system occurs toward the steady-
state input at which the averaged gradient estimate vanishes, consistent 
with the expressions derived in the open-loop analysis.

The next section introduces approaches that remove the restrictive 
time-scale separation requirement, enabling reliable convergence at 
higher dither frequencies for bilinear objectives, thereby improving 
both consistency and convergence speed.

6. Solution paths

Previous analyses provided valuable insights into the convergence 
properties of state-dependent and bilinear objectives. Notably, un-
like state-dependent objectives, the convergence of bilinear objectives 
requires strict adherence to the time-scale separation principle. The 
optimizing input for state-dependent objectives is given by 𝑢∗𝑥𝑥 in (29), 
while the bilinear objective converges to 𝑢∗𝑥𝑢 in (33) which – due 
to system dynamics and time-scale separation constraints – does not 
necessarily lead to the objective’s steady-state optimum.

This section first provides preliminaries and then presents solu-
tion methods that achieve favorable convergence properties for bilin-
ear objectives, inspired by the behavior of state-dependent objectives. 
The first section presents a signal-based phase- and gain-compensation 
method, while the second section proposes a numerical derivative 
approach to reconstruct the state-dependent objective.

6.1. Preliminaries – Lyapunov filter

This section outlines the principles of amplitude demodulation, 
followed by an explanation of the Lyapunov filter technique using 
synchronous detection [30]. Demodulation techniques enable the es-
timation of a signal’s amplitude and phase for one or more frequency 
components. A generic amplitude-modulated signal is given by:
𝜁 (𝑡) = 𝑍(𝑡) sin (𝜔𝑡 + 𝜙(𝑡)),

where the amplitude 𝑍(𝑡) and phase 𝜙(𝑡) are to be estimated, and whose 
carrier frequency 𝜔 is known. Expanding the signal results in
𝜁 (𝑡) = 𝑍(𝑡) cos(𝜔𝑡) sin(𝜙(𝑡))

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
quadrature component

+𝑍(𝑡) sin(𝜔𝑡) cos(𝜙(𝑡))
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
in-phase component

,

which can be compactly written as

𝜁 (𝑡) = 𝜍(𝑡)⊤𝜉(𝑡) = [cos (𝜔𝑡) sin (𝜔𝑡)]
[

𝑍(𝑡) sin (𝜙(𝑡))
𝑍(𝑡) cos (𝜙(𝑡))

]

.
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Fig. 8. Construction of the objective 𝐽 PG
𝑥𝑥  to approximate the desired state-

dependent objective function 𝐽𝑥𝑥. The input signal 𝑢 remains unaffected, while 
the system state 𝑥 is decomposed in parallel using a notch and a band-pass 
filter. The band-pass filtered signal is phase-compensated by 𝛹̂ , estimated by 
a Lyapunov filter. The signal is then amplitude-scaled and recombined with 
the notched signal to form 𝑥̂PG. Finally, the signal is multiplied by the input 
signal, resulting in a new phase-gain-compensated objective.

The aim of a demodulation strategy is to estimate the state vector 
𝜉(𝑡) =

[

𝜉1, 𝜉2
]⊤, where the state elements are the quadrature and in-

phase components. From these, the amplitude and phase of the signal 
can be estimated as: 
𝑍(𝑡) =

√

𝜉21 (𝑡) + 𝜉
2
2 (𝑡), (34a)

𝜙(𝑡) = arg(𝜉2(𝑡) + j𝜉1(𝑡)). (34b)

The Lyapunov filter [30], illustrated in Fig.  7, is a closed-loop estimator 
that uses a Lyapunov-based approach to estimate the parameters of lin-
ear parametric systems. It estimates the state vector 𝑥(𝑡) with feedback 
correction. Its state-space representation is: 
̇̂𝜉(𝑡) = 𝜂𝜍(𝑡)⊤𝑊 (𝑠)(𝜁 (𝑡) − 𝜁 (𝑡)), (35a)

𝜁 (𝑡) = 𝜍(𝑡)𝜉(𝑡), (35b)

where 𝜉(𝑡) is the estimated state vector, 𝑊 (𝑠) is a strictly positive real 
(SPR) transfer ensuring closed-loop stability, and 𝜂 is a gain parameter 
that calibrates the tracking bandwidth of the demodulator. The transfer 
function 𝑊 (𝑠) is often chosen as unity for purely periodic signals, but 
may be chosen as a high-pass or a band-pass filter to remove the DC 
component in more general cases. Note that filtering the incoming 
signal affects the estimation bandwidth.

6.2. Phase-gain compensation

In earlier sections, steady-state optimizing inputs were derived for 
both state-dependent and bilinear objectives. This section introduces 
a method to reconstruct (29) from (33), ensuring convergence to the 
true steady-state optimum when using a bilinear objective. This is 
achieved through phase and gain compensation of the bilinear objective 
frequency content at the dither frequency, denoted by ̂(⋅)PG.

Examining (33) reveals that setting the demodulation phase 𝜓 equal 
to the high-pass filter phase 𝜃 at the dither frequency results in 

̂̃𝑢 =
𝐴d𝑟

𝐴d𝑀0 +𝑍 |

|

𝐺(j𝜔d)|| cos(−𝛹 )
, (36)

where a new gain compensation factor 𝑍 ∈ R is introduced. To 
match (29), the last term in the denominator must equal 𝑀0, leading 
to the definition: 

𝑍 =
𝐴d𝑀̂0

̂
|

|

𝐺(j𝜔d)|| cos(−𝛹̂ )
, (37)

where 𝑀̂0 is the estimated system DC gain, and ̂|
|

𝐺(j𝜔d)|| and 𝛹̂ are the 
estimated gain and phase at the dither frequency, respectively. Note 
that ̂|

|

𝐺(j𝜔d)|| = 𝑀̂∕𝐴d.

The three estimated elements described above are essential for 
the compensation method. The proposed method requires information 
about the system gain ̂|

|

𝐺(j𝜔d)|| and phase 𝛹 at the dither frequency. In 
this work, these estimates are obtained in a fully data-driven manner 
using a Lyapunov amplitude demodulation filter, which reconstructs 
the system response amplitude and phase at the dither frequency 
without requiring an explicit system model or parametric identification. 
As such, the proposed method remains consistent with the adaptive, 
model-free rationale of ESC. The only additional quantity assumed to 
be known or estimated independently is the DC system gain 𝑀0, which 
can be obtained using simple steady-state experiments or standard 
system identification techniques and does not require detailed dynamic 
modeling.

From the bilinear formulation in Section 5.3, it is discovered that the 
state 𝑥 only influences the last term in the denominator of (33). There-
fore, the objective function is redefined as a phase-gain compensated 
approximation of the ideal objective: 
𝐽PG
𝑥𝑥 = −𝛼(𝑢)𝑥̂PG, (38)

where only 𝑥̂ is modified from the original definition.
Fig.  8 illustrates the phase-gain compensation implementation. The 

state 𝑥 is subject to parallel filters at the dither frequency: a notch 
filter  (𝜔d) removes the dither-periodic component, and a band-pass 
filter (𝜔d) isolates the content at the dither frequency. In subsequent 
sections, filters centered around a given frequency are denoted using 
a single argument. That is, the filters defined above imply symmetric 
pass and rejection bands around 𝜔𝑑 with an appropriately chosen 
bandwidth. The band-pass filtered signal is phase compensated using a 
frequency-specific phase compensation method described in [31], with 
the phase estimate 𝛹̂ provided by the Lyapunov filter. This signal is 
amplitude-scaled by 𝑀̂0∕ ̂

|

|

𝐺(j𝜔d)|| and recombined with the notched sig-
nal, leading to a reconstructed state 𝑥̂PG that includes a phase-corrected 
and gain-scaled periodic component. These operations correspond to 
the definition of 𝑍 in (37). Note that, for an LTI system, the frequency 
response at a fixed dither frequency is time invariant for fixed model 
parameters.

Substituting the ESC input definition 𝑢 = 𝐴𝑑 sin(𝜔𝑑 𝑡) + 𝑢̃ and the 
reconstructed state 𝑥̂𝑃𝐺 into (38) yields: 
𝐽PG
𝑥𝑥 = −𝛼(𝑢)𝑥̂PG

= −(𝐴d sin (𝜔d𝑡) + 𝑢̃)

⋅ (𝑀̂0 sin (𝜔d𝑡 + (𝛹 − 𝛹̂ )) +𝑀0𝑢̃ − 𝑟).

(39)

Following the same quasi-static analysis as in Section 5.3, and assuming 
a consistent phase estimate 𝛹̂ = 𝛹 provided by the Lyapunov filter, the 
optimal input becomes: 

𝑢̂∗PG = 𝑟
𝑀0 + 𝑀̂0

, (40)

which closely resembles (29). The accuracy of convergence depends on 
the precision of the estimated quantities.

Fig.  9 shows ESC optimization results comparing the bilinear and 
phase-gain compensated objectives, 𝐽𝑥𝑢 and 𝐽PG

𝑥𝑥 , respectively. The 
simulations are conducted at dither frequencies in distinct time scales 
to show the effectiveness of the proposed method. The definition of 
the dynamical system 𝐺 and its parameters remains unchanged, with a 
steady-state gain of 𝑀0 = 1. The red dashed line indicates the optimal 
steady-state input (𝑢∗ = 3.5). The ESC algorithm uses a convergence 
gain 𝜅 = 0.02 and a dither amplitude of 𝐴d = 4.0 for all simulations, 
with a demodulation phase offset of 𝜓 = 𝜃.

Both objectives converge around the true optimum at 𝜔d = 0.1 rad/s 
(medium time scale). However, the bilinear objective shows inconsis-
tent convergence at 𝜔d = 1.0 rad/s (fast time scale), while the phase 
and gain-compensated objective maintains accurate convergence. As 
expected, higher dither frequencies yield faster convergence, demon-
strating the method’s ability to overcome time-scale separation limita-
tions.
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Fig. 9. ESC convergence using the bilinear objective 𝐽𝑥𝑢 and the phase-gain 
compensated objective 𝐽 PG

𝑥𝑥  at various dither frequencies. The dashed line 
indicates the true steady-state optimal input. At lower dither frequencies, both 
objectives converge near the optimum. At higher frequencies, the bilinear 
objective exhibits an offset with respect to the true optimum, whereas the PG-
objective reduces the steady-state offset and improves convergence consistency 
around the true optimum.

The phase-gain compensation method is intended to improve con-
vergence consistency when operating at dither frequencies in the fast 
time scale, while the accuracy of the compensated convergence value 
depends on the quality of the estimated gain and phase information. 
The method relies on estimates of the system DC gain and the system 
gain and phase at the dither excitation frequency. In practice, inaccu-
racies in these estimated quantities and parametric uncertainties will 
primarily result in a bias of the steady-state convergence value with 
respect to the true steady-state optimum. Such inaccuracies will likely 
not lead to unstable behavior; instead, the ESC scheme continues to 
converge in a well-behaved manner to a steady operating point. In 
addition, noise on the estimated quantities increases the variance of 
the ESC gradient estimate, leading to larger residual oscillations around 
the converged result. A quantitative analysis of the impact of estimation 
errors is beyond the scope of this paper and will be considered in future 
work.

6.3. Objective reconstruction using numerical differentiation

This section provides a method for reconstructing the ideal state-
dependent objective using filtered numerical differentiation. The
method was originally proposed in [17] for ESC wind turbine controller 
optimization and is generalized in this work within the Wiener-type 
system framework.

To motivate the method, the state equation from (1) is reformulated 
as: 
𝛾(𝑥) = 𝛼(𝑢) − 𝜏𝑥̇, (41)

with the input scaling coefficient taken as 𝑐 = 1. Redefining the state 
equation provides the insight that reconstructing the state function 𝛾(𝑥)
requires knowledge of the system time constant 𝜏 and an estimate of 
the state derivative 𝑥̇. Numerical derivative techniques obtain the latter 
component: 
𝛾̂ND(𝑥) = 𝛼(𝑢) − 𝜏 ̇̂𝑥ND. (42)

where the time constant is assumed to be known (𝜏 = 𝜏), and ̇̂𝑥ND
is estimated via filtered numerical differentiation. The subscript (⋅)ND
denotes numerical derivative-related variables.

The presented numerical-derivative-based reconstruction method 
assumes that the time constant 𝜏 of the dynamical system is known and 

Fig. 10. Bode plot of the extended system with a state-derivative estimator 
based on a filtered numerical differentiator. Frequency responses are shown 
for two steady-state inputs, 𝑢̄ = 0.9𝑢∗ and 𝑢̄ = 1.2𝑢∗. The anti-resonance location 
depends on the filter time constant, as indicated in the phase plot. The system 
follows the trajectory of the state-dependent objective to the left of the anti-
resonance and that of the bilinear objective to the right, enabling higher dither 
frequencies.

accurately captured by 𝜏. In practice, inaccuracies in the assumed time 
constant primarily result in a bias of the steady-state ESC convergence 
value with respect to the true steady-state optimum. It is also noted 
that a severe mismatch between the assumed time constant and the true 
system dynamics may adversely affect convergence behavior, including 
stability. Estimating or adapting 𝜏 using simple dynamic experiments or 
system identification techniques is feasible and constitutes a relevant 
direction for future work, but is beyond the scope of the present paper.

The filtered numerical differentiator, based on [32], is defined by 
the following first-order system with unity gain: 
̇̂𝑥ND = 𝑓ND(𝑥̂ND, 𝑢ND) = 1

𝑇
(𝑢ND − 𝑥̂ND), (43a)

𝑦 = ℎND(𝑥̂ND, 𝑢ND) = ̇̂𝑥ND, (43b)

 where 𝑇  is the filter time constant, 𝑥̂ND is the filter internal state, and 
𝑢ND = 𝑥 is the measured system state. The time constant determines 
the filter pole location and ensures the filter is proper. The filter 
time constant determines the trade-off between noise suppression and 
derivative accuracy: smaller values improve derivative accuracy but 
amplify high-frequency noise, while larger values reduce noise but 
degrade accuracy.

With the estimated state derivative, the ideal objective is approxi-
mated by substituting (42) and (43) into (2a): 
𝐽ND
𝑥𝑥 = −𝛾̂ND(𝑥)𝑥 = −(𝛼(𝑢) − 𝜏 ̇̂𝑥ND)𝑥. (44)

To facilitate a similar analysis as done in the previous section, an 
augmented system 𝐻̂ND

𝑥𝑥  is defined by the state vector [𝑥, 𝑥̂ND]⊤ and 
output 𝐽ND

𝑥𝑥 , with system matrices

𝐴̂ =
[

𝐴 0
1∕𝑇 −1∕𝑇

]

, 𝐵̂ =
[

𝐵
0

]

𝐶̂ =
[

𝜕𝐽ND
𝑥𝑥 ∕𝜕𝑥 𝜕𝐽ND

𝑥𝑥 ∕𝜕𝑥ND
]

, 𝐷̂ =
[

𝜕𝐽ND
𝑥𝑥 ∕𝜕𝑢

]

,
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Fig. 11. Behavior of ESC with the bilinear objective 𝐽𝑥𝑢 and the numerical-
derivative objective 𝐽ND

𝑥𝑥  for different dither frequencies. The dashed line marks 
the steady-state optimal input. At low dither frequency, both objectives con-
verge near the optimum. At the high dither frequency, the bilinear objective 
deviates, while the ND-based objective remains closely aligned.

with the partial derivatives defined as
𝜕𝐽ND

𝑥𝑥
𝜕𝑥

= 𝜏
𝑇

(

2𝑥̄ − ̄̂𝑥ND
)

− 𝛼̄,

𝜕𝐽ND
𝑥𝑥

𝜕𝑥̂ND
= − 𝜏

𝑇
𝑥̄,

𝜕𝐽ND
𝑥𝑥
𝜕𝑢

= − 𝜕𝛼
𝜕𝑢
𝑥̄.

Fig.  10 shows the Bode plot of 𝐻̂ND
𝑥𝑥  for operational conditions below 

and above the optimal input. The state and input function are chosen 
equal to the ones in Section 6.2, and the frequency responses are 
depicted for a filter time constant of 𝑇 = 10−3 s. When compared to the 
Bode plots in Figs.  5(a) and 5(b), the system now exhibits alternating 
phase behavior at 𝜔d = 1 rad/s, which was previously absent. At low 
frequencies, the response aligns with the state-dependent objective, 
while at high frequencies (beyond the anti-resonance), it resembles the 
bilinear objective.

The filter approximates a pure differentiator as 𝑇 → 0, yielding an 
exact representation of 𝐽𝑥𝑥. However, this increases sensitivity to noise. 
The choice of 𝑇  thus balances favorable phase characteristics with 
robustness, enabling higher dither frequencies and partially relaxing 
time-scale separation constraints.

Fig.  11 illustrates the effectiveness of the method in a simulation. 
With 𝑇 = 10−3 s, ESC parameters 𝜅 = 0.02 and 𝐴d = 4.0 are used. At 
a lower dither frequency, both objectives show similar performance 
and convergence near the true optimum. At high dither frequency, 
the bilinear objective deviates, while the ND-based objective maintains 
accurate convergence.

7. Conclusion

This paper investigated the convergence behavior of extremum 
seeking control (ESC) for dynamical systems with state-dependent and 
bilinear (state-input dependent) objectives. Although both formulations 
share the same steady-state optimum, the presented analyses demon-
strate that their dynamic convergence properties can differ funda-
mentally. Frequency-domain analysis revealed that bilinear objectives 
may introduce alternating minimum-phase and nonminimum-phase 
behavior around the steady-state optimum, leading to sensitivity of 
the chosen dither frequency and potential convergence offsets unless 
strict time-scale separation is enforced. In contrast, state-dependent 
objectives retain favorable magnitude and phase characteristics and 
show consistent convergence even at higher dither frequencies. These 
observations were further supported by a signal-based analysis, which 

demonstrated that convergence under bilinear objectives depends ex-
plicitly on the system frequency response at the dither frequency and 
the phase shifts introduced by filtering and demodulation, whereas the 
state-dependent formulation yields convergence that is robust to such 
dynamical properties.

An important analytical outcome of this work is the explicit steady-
state ESC convergence expression for bilinear objectives in the presence 
of system dynamics. This result shows that, unlike state-dependent 
objectives, the steady-state convergence point for bilinear formulations 
depends on the system frequency response at the dither excitation 
frequency, as well as on the dynamic characteristics introduced by 
the filtering and demodulation operations that are part of ESC. This 
analysis explains why bilinear objectives can exhibit inconsistent con-
vergence behavior when the dither frequency is in the fast time scale, 
even though the steady-state optima are identical.

To address the limitations of bilinear objectives, two solution meth-
ods in the form of phase-gain compensation and numerical-derivative 
reconstruction are proposed. The phase-gain method can be imple-
mented using input–output measurements and frequency-specific esti-
mates, and reconstructs the desired convergence properties of state-
dependent objectives. Second, a numerical-derivative-based method 
enables convergence at higher dither frequencies by approximating the 
ideal objective. It should be noted that this method requires access 
to the state or to a measured signal equivalent to the state used in 
the objective definition. Both methods were validated in simulation, 
showing improved convergence speed and more consistent behavior 
near the true optimum.

Overall, this work contributes to a deeper theoretical understand-
ing of ESC objective formulation and provides tools for faster and 
more reliable optimization in systems where high-frequency dithering 
is beneficial or necessary. While the present analysis is restricted to 
SISO systems, extending the convergence analysis and the proposed 
compensation and reconstruction methods to multivariable extremum 
seeking control settings constitutes an interesting direction for future 
research.
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