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Abstract— The state and output estimation accuracy depends
on both the observer and the sensor locations. This paper
focuses on this co-design problem in lithography applications.
A theoretical formulation of this co-design problem is presented
and solved for discrete-time linear stochastic models. We
compare the optimal solution of two variants of the estimation
problem. The first variant minimizes the transient estimation
error whereas the second one minimizes the steady-state esti-
mation error. In both cases, the Kalman filter is optimal. While
solving these problems for a lithography application formulated
as a 3D thermoelastic model, we observe a significant difference
between the optimal sensor placements. Our results highlight
the importance of designing a sensor layout in line with the
desired transient or steady-state estimation performance.

I. INTRODUCTION

Estimation and sensor placement problems arise in many
control applications, an important example is in the semicon-
ductor industry. The growing demand for performant elec-
tronic devices urges the semiconductor industry to include
more and more transistors on microchips. Today, a microchip
the size of a fingernail can contain tens of billions of transis-
tors, with some features measuring only a few nanometers.
The most significant limitation to further decrease the feature
size occurs in lithography machines. These machines use
ultraviolet (UV) light to print electronic patterns onto a
silicon wafer. A chip is typically composed of many of those
layers and proper alignment in between layers requires a
(sub)nanometer-level positioning accuracy as explained in
[1] and [2]. This accuracy is, among other, hindered by the
thermal deformation of the wafer stage that holds the wafer.
If known, this deformation could be compensated for in the
motion loop. However, this information cannot be measured
directly and thus needs to be estimated. This is achieved by
placing temperature sensors on the wafer stage. Naturally,
the following question arises: where to place sensors to best
estimate unmeasurable variables in the system, such as these
thermal-induced displacements? This is known as the sensor
placement problem.
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Many sensor placement methods have been proposed in
the literature to address a wide range of goals (see [3] or [4]
for an overview). Specifically for thermal and thermoelastic
processes, the authors in [5] solve an J73- and 7, optimiza-
tion problem to position sensors and actuators for advection-
diffusion equations. In [6], sensors are positioned to maxi-
mize a distinguishability measure of the error-compensation
model based on modal reduction. A comparison of differ-
ent model-order-reduction technics for sensor placement is
presented in [7]. Other researchers considered observability-
based metrics for positioning sensors [8].

In our work, we use sensor placement approaches that
maximize the estimation, typically using the estimation error
covariance matrix as an optimization metric. An early study
was realized by Bensoussan [9] where the optimal sensor
location is found by minimizing the trace of the state esti-
mation error covariance matrix at a specific time. The more
recent article [10] discusses the existence and convergence
of the optimal locations for time-varying systems minimizing
a similar cost. Other works such as [11] or [12] formulate
the criterion on an infinite-time horizon and show that the
problem is well-posed and possesses an optimal solution.
Whereas the co-design in [9] — [12] fall within the Kalman
filter framework (as in our paper), other researchers focused
on sensor placement design with alternative observers such
as functional observers [13] or reduced-order observers [14].

The specificities of our application require to answer the
following question: how does the optimal sensor placement
differ when optimizing the transient (finite-horizon) versus
steady-state (infinite-horizon) estimation performance? This
question is particularly relevant for the wafer stage system in
lithography technologies because of two key features: 1) as a
thermoelastic model, its thermal dynamics is slow compared
to its deformation dynamics and 2) after each exposure of
a wafer, which occurs every tens of seconds, the system is
recalibrated, resetting the position of the wafer stage. These
two elements indicate that the system never attains its steady
state and that a sensor layout based on transient estimation
accuracy might be more relevant than a steady-state one.

The main contribution of this paper is to clarify how the
optimal sensor placement differs when based on either a
transient or a steady-state estimation performance metric. To
do so, we maximize the estimation accuracy of (unmeasur-
able) outputs through the co-design of 1) the sensor layout
and 2) the observer for linear time invariant (LTI) stochastic
discrete-time models. The transient estimation performance
is quantified by the average variance of the error between
the output and its estimate over a given time-horizon. The
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steady-state estimation performance is given by the infinite-
time output estimation variance.

The outline is as follows. In Section II, we formulate
the general co-design problem which is later adapted for
discrete-time LTI stochastic models with a linear state ob-
server in Section III. To compare the transient and steady-
state estimation performance, two approaches are defined. In
both cases, the Kalman filter is used to simplify the co-design
problems. Finally, the two variants of sensor placement prob-
lems are solved for a 3D thermoelastic model representing
a wafer stage in lithography machines in Section IV.

Notations: A symmetric matrix A =AT € R is called
positive definite if x'Ax > 0 for all x e R" \ 0, and is written
as A > 0. Similarly, the matrix A is positive semi-definite if
x"Ax >0 for all x € R"\ 0, and is written as A = 0.

A Gaussian random variable X with mean u and variance
matrix o is written as X ~ .4’ (i, 0). The expected value of
the random variable X is denoted by E[X]. Two independent
random variables X and Y is denoted as X LY.

The signal Xs|t denotes an estimate of X; at time s using
measurements until time ¢.

The vector (spatial) differential operator is written V. The
Laplacian operator is denoted A=V -V.

II. GENERAL PROBLEM FORMULATION

To formulate the co-design problem, we consider the setup
illustrated in Figure 1. In this setup, ¥ represents a model
of the physical dynamics under study. The signal x denotes
the state, which is affected by the process noise w, whereas
the measurements y are influenced by the measurement noise
v. The sensor layout is characterized by C and the input u
is assumed to be known. The performance output z cannot
be directly measured. This unmeasurable output is to be
estimated via an observer O that is defined by the function
g taking as inputs the time ¢, the signals # and y, and the
known components of the model X;. The estimate Z of z is
represented by

)

The freedom in the design resides in the observer O and
in the measurement block C (in light gray in Fig. 1). The
goal of co-design is formulated as follows.

0: Z\Zg(tauay;EG)'

For the model X, co-design the sensor layout C
and the observer O such that the output estimation
accuracy is maximal.

' 2o
W z Gy
12 x Y
1
u :'
N +,
"""""""" vl R
Fig. 1. Block scheme of the estimation system. The model Xs is the

combination of £ and C. The estimation error signal e =z —2Z.
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The estimation accuracy is quantified by the estimation
error ¢ = z— 2. The function f(e) defines the optimality
metric. Depending on the application, the sensor design C
is limited by the type of sensors, the available locations,
etc. This constraint is expressed as C € Q¢. Similarly, the
observer design is restricted to a specific class of observers
denoted Q, i.e., g in (1) is an element of Q. Finally, the
goal is formulated as an optimization problem:

fle).

min
CeQc,geQy

2)

The formulation (2) is still very general. Three elements
have still to be chosen: the cost function f, and the sensor
class Q¢ and observer class Q. Specific choices of the
cost function and observer are typically guided by the
characteristics of the system and signals, such as whether
they are linear or nonlinear, stochastic or deterministic, as
well as the application under study. In the next section, we
choose f and Q, for a discrete-time LTI stochastic model.

III. PROBLEM FORMULATION FOR STOCHASTIC
MODELS

In this section, the co-design problem is formulated for
discrete-time LTT stochastic models by choosing the observer
class Q, and cost functions f. Two optimization problems are
defined to capture the difference between the minimization
of the transient and the steady state estimation error.

A. Discrete-time LTI stochastic model

The following class of discrete-time LTI systems is con-
sidered:

X,

Xkt 1 A B, B, 0]["
o= w |=lCc 0 0 1 Wk, (3)

% L 0 0 0 v"

k

with k the discrete time index. Note that we assume that
our sensor configuration can be represented by the matrix C.
The disturbance w and the measurement noise v in (3) are
zero-mean Gaussian white noises and the initial state xg is a
Gaussian random variable:

wi ~ A(0,0), v~ A(0,R), xo~ A (foj0,Popp) 4

with known symmetric covariance matrices Q > 0, R > 0,
Fyjo = 0 and known initial estimate £o|o. The initial state and
noises are assumed to be mutually independent

xolwo Ll ... Hwi vy dl... Ly &)

For simplicity, X5 in (3) is assumed to be asymptotically
stable. The definition of the constraint C € Q¢ relates to the
sensor type used for the application, see Section IV.

B. Finite- and infinite-horizon cost functions

After defining the class of system in the previous subsec-
tion, we define the cost function f in (2) using the expected
value of the squared norm of the output estimation error:

Eflesl?] =E |(z— 20 (@~ 2)] . (©)

Authorized licensed use limited to: TU Delft Library. Downloaded on October 14,2025 at 09:59:48 UTC from |IEEE Xplore. Restrictions apply.



Two distinct minimization problems are defined to capture
the difference between the transient and steady-state estima-
tion performance:

o The finite-horizon co-design problem

1
min min — ) E||le 7
%%%%f; [llewl?] ™)
where the cost function measures the average estima-
tion error on the interval [1,kf], i.e., transient output
estimation accuracy.
« The infinite-horizon co-design problem

lim E 8
[in min lim [llexll?] (8)

where the cost function measures the infinite-time or
steady-state output estimation accuracy.
Note that the global minimization in (2) has been written as
a nested minimization in (7) and (8). This follows from the
remark below.
Remark 3.1: Let a function f:X xY + [0,0); (x,y) —

f(x,y) then,

inf (yuelf flx, y)> = onf S (x,). )
Proof: Denote,

L:=inf f R:= f 1
inf (m fx, y)) it fy). 10
By definition of the infimum, it holds that
g(x) := inf f(x,y) > R (1)
yey

and Ve > 0,3 (x0,v0)
Then,

€ (X,Y) such that f(xp,y0) <R+€.

R< in}lig(x)ZL, L < f(x0,y0) <R+e. (12)
xXe
Therefore, since € can be chosen arbitrarily small, L=R. ®
Note that if the infima are attained, they can be written as
minima. This is actually the case with the observer structure

presented in the next subsection.

C. Observer
The estimator class Q, consists of all functions g of past
inputs and measurements,

- VK)- (13)

By Lemma 2.5 in [15] or Theorem 5.5 in [16], we have
that the estimator (13) which minimizes E[||z —Ek‘kHz] is
given by E [z¢|uo, ..., ug,y1,...,y]. From [17], it can also be
concluded that it minimizes

2/(‘/( :g(k7u03"'7uk7y17"

Z]E [ 2k — Zkjk) (Zk_2k|k)} . (14)
Since z; = Lxy in (3), we have that
Zujk = LE [xg|uo, - - g, y15 -5 yi] 2= L (15)

It is well known that the optimal £y, is given by the Kalman
filter [15]. Its dynamics is given, for k =0,1,..., by

(16)
a7

K1k = ARk + Buttes i1k = Clppip

g1k — 1)k = Kir 1 k1 = 1)

with K| the observer gain. Equation (16) is the prediction
step where the a priori state estimate £; , ; and measurement
estimate J 1 are computed using only measurements (and
inputs) until time k. These expressions are directly based on
the (known part of the) system dynamics. Equation (17) is
the update step where the a priori estimate is corrected using
the measurement y;| at time k+ 1 to find the a posteriori
state estimate £ ;1. The error covariance matrices of
the measurement, the a priori and a posteriori state error
covariance matrices are

Sk = B[k — Fe—1) 0% — Fug—1) ']

=CPy_iC +R, (18)

Py = E[ (1 —fk+1\k)(xk+l —fk+1|k)T]
=APyA" +B,0B,, 19)

Pertjert = BI0o1r = B t) (it = fener) ]

= (i1 —Per 1€ Sit 1Sk (Kiesr —Pop 1€ St (20)

— P14 C S CP e+ P
= —Pk+1\kCTS;4:1CPk+1\k+Pk+1\k 21

with the observer gain

Kiv1 = P C' S (22)

From (15) and (20), the error covariance matrix of the output
zis

P

e = Bl 2k — Zie) (26 — 2k\k)T] = LPk|kLT- (23)

From (6), (23) and the cyclic permutation property of the
trace, we observe that

E[|lel*] =E [( 2= Ze) | ( k_2k|k)}

e [2 s~ e~ ]
P

=1tr Zk‘k}

— [LPk‘kLT} : (24)

Since the Kalman filter (16) — (22) is the best observer
for the first minimization in (7) and (8), the problems are
rewritten using (24) and the Kalman filter design:

o The finite-horizon problem (7) becomes
ky
min —
CceQc kf k=1
Pie = —Pipe1C ' S CPpt + Prp1,
Ki =Py C' S

tr[LPy L],
(25)
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o The infinite-horizon problem (8) becomes

Cngglc Jim tr{LP L= ggglc tr[LPL],
P=P—KCP,
P=APA" —APCT(cPC" +R)"'cpAT  (20)
+B,0B,,,

K=PC"(CPCT +R)!,

with P the a priori steady-state error covariance matrix.
We observe that P is the solution of a discrete-time
algebraic Riccati equation. The a posteriori steady-state
error covariance matrix P is simply the update of P and
K is the steady-state gain.
Note that estimating the output via the state is a choice.
Another way to estimate directly the output could have been
chosen. In (25) and (26), only the sensor layout optimization
remains. In the following, we solve the two problems for the
lithography application and compare the results.

IV. SENSOR LAYOUT OPTIMIZATION FOR A
LITHOGRAPHY APPLICATION

In this section, the problem of placing optimally a unique
sensor for a 3D thermoelastic system is addressed.

A. Thermoelastic model of a wafer stage

The wafer stage is modeled as a rectangular block of
stainless steel of dimension 0.3 x 0.3 x 0.05 in meters. The
corresponding spatial domain is denoted as E. The material
is isotropic with the following parameters: density p =
7850 kg/m?, heat capacity ¢, =420 J/kgK, thermal conduc-
tivity k¥ =45 W/Km and coefficient of thermal expansion
a=11-10"% m/K. The basic heat conservation law is

7V'q:6'ﬁpaai?7 IZOa(éEE (27)
with 6(7,&) the temperature variation of the object from the
environment temperature 7o =295.15K, 0 =T —T.., ¢(1, &)
the heat flux and £ € E the spatial coordinate. Fourier’s law
of thermal conduction states that ¢ = —kV 0. Therefore, the
heat conduction equation is given by

KAO:CPP%—?, t>0,E ek (28)
The partial differential equation (28) is complete when
boundary conditions and initial conditions are given. The
boundary of E is split into two non-overlapping parts, i.e.
JdE = JdE,NJE;,. On JE,, boundary surface heat supply
conditions are taken:

n'qg=—qu, 1>0,E€cIE, (29)

with n the normal to the surface(s) and g, the heat load in
W/m? applied on dZ,. The boundary dZ, contains areas
where heat is induced by the UV exposure, by the actuators
used for positioning the stage and by the motion table below
the wafer stage, as illustrated in Figure 2. On d&;,, convective
heat transfer boundary conditions are assumed:

n'q=hn(T—T.)=ho, 1>0,E€dT,  (30)
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with the heat transfer coefficient between steel and air h =
7.9 W/Km?. A zero initial condition is taken. In this study,
the displacement is only caused by temperature variations.
Hence, the thermal strain is defined as

e=o(T—T.) = ab. 31

We consider to have a zero strain and displacement at
temperature T = T... The strain-displacement relation gives

e=Vy, t>0,E€E (32)

with y(r,€) the thermal-induced displacement field.

The continuous-time model composed by Equations (27) —
(32) is discretized in space using the finite element method
(Chapter 3 in [18], [19]) and in time via the zero-order-
hold method with time step Az = 0.1s in such a way that the
system remains stable with a well-chosen time step regarding
the time constant of the system. The spatial domain is divided
into 6 linear hexahedron elements for the x and y axis and
into 4 elements along the z axis resulting in 144 hexahedrons
and N = 245 nodes (see Figure 2). Adding the two stochastic
perturbations v and w, the resulting discrete-time state-space
representation is as in (3)

Xpt1 = Axy + Buy + Bwy

yi = Cxp + vk (33)

Zk:ka

with x; € RV the temperature variation field containing all
the nodal temperature variation 0(#,&;) at time # and at all
discretized positions & € E,i € {1,...,N}, u; the known heat
loads, wy the heat disturbances, v, the measurement noise,
7, the thermal-induced displacement at specific locations,
typically at the position sensors (encoders). Note that we
consider each heat load of dZE, to be composed of two
parts: a nominal known heat load # and an unknown heat
disturbance w. Thus, they are on top of one another, i.e.,
comparing to (3) we have B,, = B, = B. The signals wy, v,
xo are defined as in (4) with )?0|0 = 0. The heat load u; (as
well as the disturbance wy) has 6 components, one heat load
coming from the UV exposure, one from the motion table
below the wafer stage and four from actuators (Figure 2).

UV exposure
Actuators
Bottom
Sensor grid
Encoder

N

o, PSR It
B e
LSSttt s St
:‘.‘00000004’.0.0.0&";,00‘, U NS
: e T R e e e e e et
S T NN
e s e O N
’ﬁ-’o RS s e SR S0t R
e S i o e S oo 500
S e s s e )
‘\‘»’0 O s e ety
S S Q’d'o"’»‘&,»o’qp‘ﬁ.?.-

e e R e e S R
LS o o
g R G
Sk
e P
N2

Fig. 2. Setup of the discretized wafer stage model. The boundary J&,
contains the area of the UV exposure (purple), the actuators (orange) and
the bottom of the wafer stage (light blue).
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The C matrix represents a point sensor at one of the 124
available discretized positions (red dots in Figure 2 that form
the set Q¢). Those candidate locations are defined on the
surface of the wafer stage because placing sensors inside the
wafer stage or between components (actuators, wafer, ...) is
unfeasible. The sensor has an accuracy range of £0.001K,
which corresponds to a noise variance R = 10 °K?.

The heat power of the disturbances associated with the
exposure load, the bottom load and the four actuators (left,
front, right, back) are assumed with 68% confidence to lie
between £7W,£1W,£5W, respectively. Using the empiri-
cal rule of normal distributions and the disturbance areas, we
find the covariance matrix, Q = diag([0.054 0.0001 1 1 1 1]-
10%) (W/m?)2. The covariance matrix of the initial state Pojo
is assumed to be diagonal with zero entries at nodes part of
the actuator surfaces and 0.05K? elsewhere. This is because
the actuators are cooled down and, therefore, the temperature
at the actuators can initially be estimated accurately.

B. Results

The finite- (25) and infinite-horizon problems (26) are
solved using a brute force algorithm, i.e., the cost functions
are evaluated for all sensor configurations. Several horizon
lengths, k; € {2,20,100,500, 10000}, are used for the finite-
horizon problem. The Table I presents the evolution of the
optimal sensor location (column 2) with the horizon (column
1). The optimal cost is given in column 3 and is compared to
the one at o (column 4), which is the infinite-horizon optimal
location. Figure 3 shows the locations on the wafer stage.

The table and figure show that the optimal sensor location
changes with the considered horizon. Initially, the optimal
sensor is placed between the UV exposure and the actuator
at 4, x or L. For longer horizons, the optimal location tends
toward the one of the infinite-horizon, positioned near the
UV exposure load/disturbance at o. The two last columns
show the cost difference of the kg-horizon problems for the
optimal sensor and for the infinite-horizon optimal sensor o.

C. Discussion

The results presented in section IV-B show a clear change
in optimal sensor location with the horizon of the optimiza-
tion problem. In other words, depending on whether the tran-
sient estimation performance or the steady-state estimation
performance is optimized, the optimal sensor location shifts.
For instance, if the best estimation performance is desired
during the ten first seconds (ks = 100), the sensor should
be positioned at x and not at the infinite-horizon optimal
location o (line k¢ = 100 in Table I). By definition, the cost
is the sum of variances of the displacement estimation error.
In total there are 12 variances because of 3 displacement
directions for 4 encoders. Using the empirical rule of normal
distributions, the average estimation error per encoder is of
+185nm for x and +186.6nm for o. Thus, there is an
estimation gain of 1.6nm by positioning the sensor at x
instead of o for a ten-seconds horizon. At first sight, this
difference may seem small. However, in chip manufacturing,
the exposure needs to be accurate within sub-nanometer
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Fig. 3. Optimal sensor locations at {+,0,x,x,o} for horizons kf €
{2,20,100,500, 10000}, respectively (See Table I).

levels. A large estimation error of the displacement at each
encoder causes inaccurate positioning of the wafer stage re-
sulting in a lower exposure precision. Hence, this estimation
difference of 1.6nm is in that case significant.

Besides the time horizon kyf, the optimal sensor layout
depends on all the parameters of the system dynamics. We
discuss a few of them and their expected effect on the optimal
sensor layout. If the initial state uncertainty Fy|o is high, we
expect the optimal sensor, for short-time performance, to be
located where the initial uncertainty is maximal. For long and
infinite horizon, this optimal location will not depend on Fyo.
Therefore, determining the initial uncertainty is essential for
slow systems active on a short horizon. In industry, defining
this initial covariance is usually challenging and sometimes
impossible. This is one of the reasons why engineers mainly
use infinite-horizon techniques to place sensors.

Another parameter that will impact the optimal sensor
placement is the disturbance noise, characterized by Q. For
short-time estimation performance, it might be better to
position the sensor at a location that is affected by a dom-
inant disturbance. For long-time horizon, it can be that the
optimal location is a trade-off between all the disturbances to
obtain as much information on the uncertainties as possible.
However, this is not always the case. Similarly as for Fy,
determining the matrix Q can be challenging. Moreover, we
considered white noise disturbances whereas in the industry,
noise might not always be of this nature.

Other system characteristics can impact the optimal sensor

TABLE I
SOLUTIONS OF THE FINITE- AND INFINITE-HORIZON PROBLEMS WITH
THE SYMBOLS CORRESPONDING TO THOSE IN FIGURE 3

Horizon ks | Optimal sensor location | Optimal cost Cost of o

2 + 1.54-1000 | 1.55-10° 13

20 X 14210713 | 1.43-10°13

100 X 1.02-10713 | 1.04-10713

500 O 4441074 | 4.60-10714
10000 o 8.04-1071
53 o 2.19-10°1
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layout such as the location of the disturbances B,,, the output
parametrized by L, the sensor noise characterized by R, and
the number of sensors. In this work, the disturbance areas
were fixed to the ones of the inputs. It seems logical to do
s0, because there is still uncertainty regarding the input that
can be modeled as disturbances. However, those disturbance
areas could be slightly different. For instance, the disturbance
area of the exposure could be slightly more than the exposure
area itself because some fraction of light could still strike just
outside this area. Regarding the sensor, the noise covariance
is directly defined by the type of sensor used. A trade-off
between the precision and the number of the sensors used is
possible as shown in [11].

V. CONCLUSIONS AND FUTURE WORK
A. Conclusions

In this paper, the co-design problem of sensor place-
ment and observer for maximizing the output estimation
performance is studied for stable LTI stochastic discrete-
time models. Two optimization problems were formulated: a
finite-horizon and an infinite-horizon one (Section III-B). By
means of a 3D thermoelastic model for a lithography appli-
cation, we show that the optimal sensor location depends
on the time horizon on which we want to maximize the
estimation performance (Section IV). Our results highlight
the importance of designing a sensor layout in line with the
terminal time by which maximum estimation performance
is desired. For achieving the best transient estimation per-
formance, engineers should apply finite-horizon techniques
for sensor placement, as this can significantly improve the
performance of various technologies as illustrated here for
lithography in chip manufacturing.

B. Future Work

As discussed in Section IV-C, the optimal sensor place-
ment depends on many elements. A deeper study on their
impact on the sensor placement for lithography applications
should be done, especially regarding the number of sensors:
what is the estimation gain by adding one or more sensors?

On the algorithmic side, the sensor placement problem is
here solved by a brute force algorithm. The considered cost
functions have been shown to not have modularity properties
[20]. In other words, the contribution to the cost for adding
one sensor to the configuration is independent to the cost of
the current configuration. Therefore, optimization approaches
based on modularity properties are excluded whereas they
can be used for observability-based cost functions having
this property (see Chapter 3 in [21]). In addition, placing the
sensor by minimizing error covariance matrix is an NP-hard
problem [20]. For all these reasons, a study should focus on
improving the algorithm/approach for solving the multiple
sensor placement problem.
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