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Layman’s Summary

Researchers can be interested in certain characteristics of a group of people: a population. This population
can be divided into different subgroups based on, for instance, gender, age, religion, height or weight. Usu-
ally, a smaller sample of the population is created to examine all people. All subgroups are represented in
the sample and ideally, the relative size of every subgroup in the sample is equal to the share in which every
subgroup appears in the population. If, for instance, one has 70% men and 30% women in the population,
these percentages should be more or less the same in the sample to obtain a representative result for all peo-
ple together. Sometimes, this is not the case, but it can still be necessary to use the acquired data, because
it is costly to redo a survey. In this thesis, different ways to use the flawed data are explored, developed and
compared in the case of two subgroups. This leads to two suitable methods that take the share of the sub-
groups into account. However, if one does not know how many people in the population belong to a certain
subgroup, these methods become less valuable. Hence, information about a population is very important for
the statistical analysis of this population.
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Abstract

Dividing a population into subgroups and conducting research on this population including the subgroups
comes with a challenge. This stratified sampling relies on information about the share of the subgroups in the
population. Sometimes the proportions in the sample are not taken equal to the true proportions of the popu-
lation. This can be corrected through the use of particular estimators taking these proportions into account.
In this thesis, different estimators for the true population mean and variance are defined and examined in
terms of bias and variance in the case of two subgroups. Weighing the measurements according to the true
proportions creates unbiased estimators for both the mean and the variance. These unbiased estimators are
compared with other, biased, estimators, including naive ones in which the influence of different subgroups
is not taken into account. The naive estimators are not only biased, they also have a variance of the same
order as the unbiased ones. When the true proportions are not available, one can only take a guess. A guess
lying close to the true proportions leads to a smaller bias and therefore a better estimator. This underlines
the importance of obtaining sufficient knowledge about the population.
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Introduction

In social studies, many surveys are held to examine certain attributes of a population. For acquiring data
and information about people, a researcher may want to obtain an understanding of different characteris-
tics of the population. With these insights, it is possible to divide the population into different subgroups.
Subgroups could be based on, for instance, age, gender, religion, height or weight. This process of selecting a
sample is called stratified sampling and the subgroups are called strata. Examining the strata individually can
result in new knowledge about their own characteristics, but stratified sampling can also be used to study the
complete population. Through the use of stratified sampling, one can make sure every subgroup is correctly
represented in the sample, which ensures that the results are representing the complete population.

Acknowledging the existence of the subgroups is important if one wants to assemble a diverse and repre-
sentative sample of the complete population. A researcher may want to take the influence of these subgroups
into account when creating a sample in order to obtain results about the whole population. If, for instance,
the population consists of 70% men and 30% women, it is important to know this beforehand. Collecting data
from a sample consisting of 50% men and 50% women is then not the best approach to study the population,
despite it being a natural choice. This would result in having different group proportions in the sample than
in the population and might not give representative results for the population.

Similar to the example given above, there are cases in which the proportions in the sample are not equal
or even close to the true proportions of the population. This could be a result of not being able to obtain the
true proportions or simply because they were not taken into account. Sometimes the data has already been
acquired using the wrong proportions and it is costly to redo the survey. Can the data still be used to obtain
reliable results about the population?

When one still wants to draw conclusions from the data, it is important that this is done cautiously. To
start with, it must be realised that not necessarily the true proportions are used. This does not mean that
the true proportions are known, but the researcher should at least be aware of the fact that their proportions
can be inaccurate. A lack of awareness on this could lead to a naive approach to estimating, with major
consequences. Wrong conclusions could be drawn, because certain groups can be overrepresented while
others are underrepresented or even absent in the sample. Neglecting the inaccurate proportions will lead to
a conclusion in which the result of the overrepresented group has too much influence on the main result in
comparison with other subgroups. If the outcome of the conducted study determines new legislation, it can
even have the discrimination of minorities as a result. The goal of this thesis is to prevent such consequences
by developing estimators which can be used even if wrong proportions occur in the sample.

To further illustrate the importance of selecting a proper method to analyse the acquired data, an example
is given by Thangavelu and Brunner [4]. They show that a wrong way of sampling and not adjusting for this
can cause problems in medical research. In their studies, a new treatment is tested in four different medical
centers with all participants equally distributed among the centers. Various standard techniques used in
multiple clinical trials show an issue regarding their representativeness for the whole population. This could
ultimately lead to a wrong choice of which treatment is best. An advanced analysis of these estimators was
done and modifications were made. The techniques used are very different from the ones used in this thesis
and are therefore not very applicable here.



Research has already been done on how to select a sample properly in order to have great estimators.
For instance, Horvitz and Thompson assumed they could choose a probability for each individual of the
population to be part of the sample [2]. They have provided different sampling schemes in relation to the
optimal selection probabilities in order for their estimators to work as best as possible. Also Chaudhuri and
Stenger [1] and Pfeffermann and Rao [3] studied different sampling schemes. However, in this thesis, we are
not able to choose sampling schemes and selection probabilities, but are restricted to using the sample as
described before. Only the strata and their shares in the population can be of influence on the way a sample
is created.

In this thesis, multiple estimators for the mean and variance of a population with two subgroups are
developed. They are defined, modified and compared in terms of bias and variance. For both parameters, an
unbiased estimator has been found.

The thesis is structured as follows: Chapter 2 contains the estimation of the population mean for two
strata. Various estimators are defined and compared in terms of bias and variance. This is done for both fixed
group sizes in the sample and for random group sizes.

Chapter 3 is about estimating the true variance of a population with two subgroups. Different estimators
are defined and their biases are derived. The bias of one estimator inspires the creation of a new one, ulti-
mately resulting in an unbiased estimator. Comparing the estimators on their variance leads to a final verdict
on the best estimator choice. Because the variance involves quadratic terms, this chapter contains much
longer proofs and equations than Chapter 2. Therefore, the chapter is structured such that the definitions
and results are given in the beginning and all proofs of the stated theorems are at the end of the chapter. The
thesis ends with a conclusion in Chapter 4, followed by some recommendations for future work.



Estimating the mean

This chapter starts with setting the framework for this thesis in Section 2.1. In Section 2.2, multiple estimators
for the mean are defined and compared for fixed subgroup sizes. Section 2.3 contains a comparison of the
previously defined estimators with the case of random group sizes.

2.1. Preliminaries

Let us consider a certain population. This population can be divided into different subgroups based on dif-
ferent characteristics. This is called stratified sampling and the subgroups are called strata. Examples of these
characteristics could be gender, age or hair colour. Define an experiment done with this population divided
into two strata: 1 and 2. Originally, they have the true proportions p; and p;. Note that p; + p; = 1, because
the groups form a partition of the population. They are disjoint and their union is the complete set. The true
proportions might be available, but this is not necessarily the case.

Fix in advance the numbers of measurements per group: n; and n,. Although the group sizes are fixed,
individuals from both strata are still randomly selected as a measurement in the experiment. So n; measure-
ments are taken at random in group 1 of the population and rn; individuals are randomly selected in group 2.
Let n = n; + ny be the total number of measurements.

For unknown true group proportions, taking a guess of the proportions comes as a solution when these
weights are needed. By p; and p» the guessed proportions are denoted. These guesses could be based on any
available information on the group sizes in the population. Two particular guesses are p; := % and p := %
These are the proportions of measurements in each group in the sample. Because n; and n; are fixed, these
proportions p; and p;, are also fixed. All guesses are taken such that p; + p, = p1 + p2 = 1, because both groups
together cover the complete sample.

The measurements of group 1 are denoted by Xj 1,..., X;,;,1 and those of group 2 by Xj»,..., Xy, 2. Let
X1,1,..»Xp,,1 be independent and identically distributed from an unknown distribution with mean yj and
variance o} 2 and X1,2y+..» Xp,,2 from an unknown distribution with mean p; and variance o 2. The true mean
u* of the complete population is: u* = pyuj + p; ;. The true population mean can be of the interest of
a researcher or statistician. Multiple ways of estimation of this quantity will therefore be examined in this
chapter.

Besides the mean, one could also desire to know the true variance o*? of the population. Firstly, an
expression for this is derived below. Different ways of estimating are presented and compared in Chapter 3.

Let Z denote the group (1 or 2) of a measurement X out of the complete dataset.

Theorem 2.1. The true variance of the population is:

* * % * % ok ® ok " * %)\2
ot =pioit+ pioyt+piu + P’ ~ (i + piws) @1



2.2. Estimating the mean for fixed group sizes 5

Proof of Theorem 2.1. By definition,
o*?=E[(X-E[X)])?]
=B|(x-u")’]
=B [x2] - p*?
=piE (X2 Z=1]+pE[X}Z =2] - (p}u} + p3p3)°.

Now, by definition,
E[X)Z=1]=0]*+E[X|Z=11?=0}?+u}?, 2.2)
and similarly for Z = 2. O

The first two terms of Equation (2.1) represent the intra-group variance: the group variances averaged
according to the true proportions. The other terms represent the inter-group variance: the variance between
the different group means. Equation (2.1) could then also be written as:

o** = E [Var[X|Z]] + Var [E [X| Z]], 2.3)
where
E[Var[X|Z]] = piot? + pso3?,
Var[E[X|Z]] = pf i + ps p3® — u*2. 2.4)

New notation is introduced in the definition below, because multiple proofs and computations contain
similar expressions.

Definition 2.1. Define the following differences:

Ap:=p;-p1=P2-p;
Ap:=pi-p1=p2-p;
Api= iy — pg

Ay o= 3 — i

Ao? =03 —o}?

An:=ny—ny.

Remember that p} + p; = p1+ p2 = P1 + P2 = 1. Note the difference between (Aw)® = (15 —,uf)z and Ay? =
2 2
Gl

The true third and fourth moments of the first stratum are denoted by my , and my |, respectively. These

quantities are not estimated in this thesis, but they appear in the variances of some of the developed estima-

tors and are therefore defined here. The true third and fourth moments of the second subgroup are likewise
denoted by m} , and m; ,, respectively.

2.2, Estimating the mean for fixed group sizes
In this section and the next one, all expectations and variances are with respect to pu* and therefore this is
omitted.

Definition 2.2. Define the following three estimators for u*: X, ) prp2 And Ooracie:

_ 1 n ny
Xi=— () Xi1+ ). Xiz|, (2.5)
n\iz1 i=1

~ 1] 12
9171,122 = L Z Xi1+ Pz Z Xio, (2.6)
ni iz n2 =1
5 2R P3 A
Ooracle := n_i Z Xi1+ n_z Z Xi2. 2.7)
i=1 i=1



2.2. Estimating the mean for fixed group sizes 6

The estimator X is a naive one where all measurements are added together and then divided by the total
number of measurements. In a situation without stratified sampling, this would be a logical choice. As stated
in Theorem 2.2, X is biased in general. Therefore, one might consider adjusting the estimator such that the
group proportions are taken into account. This gives rise to the estimator §p1,p2. This estimator weighs the
measurements with the guessed proportions, when the true proportions are unavailable. However, if these
are known, a third estimator §orade can be used to estimate y*. This is a special case of 6 pLp2-

Theorem 2.2. The bias of the estimator X is
E [Y] —u* = ApAp.
The Mean Squared Error (MSE) is
P ﬁl * ﬁz * 2 2
MSE(,u ;X) = 7012 + 7022 +(Ap)” (Ap)".

Proof of Theorem 2.2. The bias of X is the following:

=T * 1 a & *
E[X]—p =E|—{Y X1+ Y Xia||-u
n\;=1 i=1
1 n ny .
=— | L E[Xi1]+ Y E[Xi2]|-p
n\iz1 i=1
1 * * * ok * ok
= (mp +napz) = (prut + p2uz)

=—Apuy +App;
= ApAp. 2.8)
By definition, the MSE is
2

MSE (y*;Y) = Var [Y] + (IE [Y] - u*) 2.9)

Computing the variance gives:

— 1
Var [X] =Var | —
n

n ny
Y Xin+ ), Xi,z)]
i=1 i=1

1
-2

ny np
Y Var[X;;]+ ) Var [Xi,z])
i=1 i=1

1 %2 *2
= m(}’ll(fl +n20, )

=Pz P22, (2.10)
n n
Note that the independence of measurements of different groups is used in the second step. Combining
Equation (2.8), Equation (2.9) and Equation (2.10) gives:
MSE(p*;Y) = &UTZ + &(752 +(Ap)* (Ap)®.
n n

O

It follows that X is unbiased if Ap = 0 or Ay = 0, so if p; = py or ui = p;. When p; = p7, the fixed
proportions are equal to the true proportions. This means that the group sizes in the sample exactly match
the true proportions. Therefore, all measurements can just be added together and then divided by the total
number of measurements, without taking the proportions into account. This is exactly what is done with X.
When pj = uj, the true means of both groups are equal. Although the true group variances can still be very
different, the groups are now quite similar and at least have the same expectation. Hence, it is a logical result
that X is unbiased, because the proportions do not have to be taken into account if the groups are already
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equally distributed in terms of mean. In all other cases, X is biased, because then ApApu # 0. This raises
the question whether it would be better to weigh the measurements according to their proportions. This is
done with the 8 p1.p, €stimator. Guesses of the true proportions are used to weigh the measurements of both
groups. The bias and MSE of this estimator are stated below.

Theorem 2.3. The bias of the estimator §p1, ps IS

E[0p,,p,] - 1" = ApAp.
The MSE ofgpb,[J2 is the following:
2
- p P ~
MSE ('30p,,p) = 107" + 203" + +(Bp)° (Ap)*. (2.11)
Proof of Theorem 2.3. The bias is the following:

A . p1 & p2 & .
E[0p, p,] -1 =E n—_ZXi,1+n—2_ZXi,2 -u

pIZE [Xi1] + ZIE Xio| = (PTui +pous)
m i n2 i3

=(p1=pi)ui +(p2-p3) 13-
With the differences defined in Definition 2.1, we can rewrite the bias as:

E [é\phpz] - =—Apu; +Apu; = ApAp.

The MSE again consists of the variance and the square of the bias. The variance is computed below.

Var [0, p,| = Var n Y Xia + P2 ZX,Z
nm =1 nz i=1
2 n ny

:—%; Var [X;1] + Z Var [ X; ]|

2 2
_h i &05‘2.
n nz
Adding the variance and the square of the bias together leads to the MSE:

. p} p? .
MSE (1*;0p,,p,) = n_i +n_2‘72 +(Bp)* (am)*.

O

From Theorem 2.3, it can be concluded that 6,,1, p, is biased in general. The bias, denoted by A pAp, is of
similar form as the bias of X. Only the guessed proportions are different. The consequence is that 9,,1 ps 18
unbiased in similar cases as X: when the guessed proportions match the true ones (p; = py) or when both
groups have equal means (u] = p3).

When the guesses p; and p» are taken equal to the fixed proportlons p1 and po, the coefficients of le P

RO

become equal to the ones of X: p1 =
1

=1, and similarly for £2. This means 9;,1 5 = X. So there is no
difference in X and é\m,pz as an Estlmator for u* when the guesses p1, p2 are taken as the fixed proportions
P1, P2. It can be concluded that 8, p, is only useful when one has a reason to take a different guess than the
fixed one for the proportions. Otherwise, the estimator X suffices, as it is more natural to interpret.

Itis possible that the true proportions are known to the researcher. Then it is natural to use them instead
of guesses. This is the estimator Horacle, given in Equation (2.7). The calculation of the MSE of Oorade is very
similar to the one of @ p1,p2» Only now all p1’s and p.’s are replaced by their true values p; and p;. This creates
an unbiased estimator, which makes the second term of Equation (2.11) vanish, leading to the corollary below.

Corollary 2.4. The estimator §0racle is unbiased and its MSE is

ri’ ot ’2052' 2.12)

MSE (/~L Horacle) n 1,

Because 0;4cle is always unbiased, it is preferable to use this estimator over X and 6 pLp2-
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2.3. Estimating the mean for random group sizes

In this section, the group sizes n; and n, are random variables. Still, n = n; + ny is of fixed size, so n, = n—n;.
Variable n; behaves like a binomial distribution with n datapoints and a probability of pj. Let Xrandom be the
same estimator as X, defined in Equation (2.5), but now for random group sizes ny, n,.

Theorem 2.5. The estimator X sandom is unbiased foru*. The MSE onrandom is
* %2 * %2 * %2 * %2 *2
— o +piosc+ + -
MSE (/J'*;Xrandom) = P1%1 P27, prllul P2ty s

(2.13)

Proof of Theorem 2.5. The expected value of this estimator X ;andom is: IE [Yrandom] =[E[X] = u*, with X some
measurement of the dataset. Therefore, X andom is an unbiased estimator for u*. The MSE of X andom is then
equal to its variance, which is just the true population variance ¢** divided by n. O

The case of fixed n1, n, with known true proportions pj, p; and estimator éoracle can be compared with
the case of random 7, n, with the estimator X andom to decide which estimator to use.

Theorem 2.6. The difference between the MSEs of X random and §oracle is

_ _ A
n (MSE (" Reandom) ~ MSE (u*;eorade)) = Var[E [X|Z]] - ﬁl_;z (P} P20o? + Apagz) . 2.14)

Proof of Theorem 2.6. The two first terms of Equation (2.12) and Equation (2.13), which look similar, are sub-
tracted and compared below:

2 2 * *
pik %2 p2 %2 P P pl Py pZ * %2
—0 =0y = (P10t P07 ) = - -1 pyoy T | == 1) pp0,

p2 p1 p2

s Pl .
=(P1—Pl)ﬁ—11012+(l’2—l92)7202

- Ap(li—lai‘z— @052)

p1 P2
= =L (i paoi® = s pr0?).
Rewriting proportions of group 2 into the ones of group 1 with the use of p; + p; =1, leads to:
*2 2
o+ P o= (07 +p3039) = =0 (pi (- poi” - 1= pi)pro’)
=S (-pipac +pioi- pro?)
= % (-piB180® + piot* - (p} - Ap)o?)

Ap RN 2 * 2 *2
=— |- Ao“+ Ao“ + Apo
Plpz( p1p1 p1 po; )

Ap BN 2 *2
= — Ao“+Apo,”].
P1Pa (P1 b2 po, )
Note that p} ui‘z + Py 2 _ u*? =Var[[E[X|Z]], as in Equation (2.4). The MSEs of both estimators can now
be compared:

n (MSE (/J*;Xrandom) - MSE (,U*;/Q\oracle)) =n (Var [?random] — Var [éoracle])
=Var[E [X|Z]] - AA—B (pf polo? + Apozz).
p1p2

O

When Ap is equal to zero, this difference will be non-negative, because Var [[E [X|Z]] is non-negative by
definition. Itis therefore better to choose Ooracle as an estimator. Also when the group means are very different
(so Var_[IE [X|Z]]islarge), the MSE of X;andom Will be greater than the MSE of 6,4cle. Only when Ap is relatively

large, X andom is the better choice to estimate u*. This means that it could be better to let go the stratified
sampling and instead sample completely at random when one can not take proper guesses of the proportions.



Estimating the variance

In this chapter, the true variance of the experiment discussed in Section 2.1 is estimated in different ways.
Firstly, various estimators are defined and the main results are stated in Section 3.1 and Section 3.2. In the
remainder of the chapter, the stated theorems about the biases and variances of these estimators are proved.
SVarious lemmas are derived in Section 3.3 to be used in the proofs.

Note that the group sizes n;, n, are fixed in this chapter. All expectations and variances in this chapter are
with respect to the true variance o*?.

3.1. Estimators and their bias

In order to estimate o*2 well with two subgroups, a natural first step might be estimating the variance as if
all measurements were coming from just one group. Then all squared differences of the measurements and
the mean are added together and afterwards divided by n — 1. This approach is done initially, resulting in the
somewhat naive estimator defined below.

Definition 3.1. A naive estimator fora*2 is the following one:
— 1 m —\2 2 —\2
VarlXl:= —|3 (Xia=%)"+ X (X2 -X)7|. 3.1)
—1\i=1 i=1

As stated in the theorem below, the estimator Var [X] is in general a biased estimator. The proof of this
theorem is given in Section 3.4.

Theorem 3.1. The bias of Var [X] is
E[Var[X]] -0** = Ap (Ac? + Ap?) +ey,
with
1
n—-1

€n:= (ﬁl#fz+ﬁ2#;2‘(ﬁlﬂf +ﬁ2#§)2+2ﬁ1ﬁ2A02)-

Remark that the €,-term is equal to zero in the asymptotic regime n — +oo. Therefore, multiple cases
exist for which the naive estimator becomes unbiased in under this asymptotic regime. This is similar to the
estimation of the mean studied in the previous chapter: we also studied several similar cases in which the
naive estimator X is unbiased. Firstly, when the fixed proportions py, p» are equal to the true proportions
p;,Pp5, the difference Ap becomes zero. Only the €, term remains, letting the bias tend to zero. This result
does not come as a surprise, because in this case both groups are perfectly represented in the sample. Sec-
ondly, when the groups have equal means and variances, the bias tends to zero. Indeed, Ac? + Au? becomes
zero, leaving €, as the only term of the bias. This is also a natural result, because having similar distributions
in both groups means weighing the groups with their proportions becomes unnecessary. Therefore, the naive
estimator performs well enough. Lastly, if 052 = ,ufz and afz = ,u;z, the bias also tends to zero. In this rare
case, Ac? + Au® becomes zero. Thus, using the naive estimator is acceptable. However, it can be hard to
predict in advance whether these equations hold as it is an odd case.
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3.1.1. Developing an unbiased estimator

One can be interested in a generally unbiased estimator. Because the naive estimator is generally biased,
other approaches must be tried. In search of such an improvement, an estimator looking like the expression
for the true variance can be examined. Consider an estimator where all unknown, true parameters in the
expression of the true variance (given in Equation (2.1)) are replaced by guessed or estimated parameters. It
is defined below.

Definition 3.2. The estimatoryy, ,, foro* 2 is defined as:

- ~2 ~2 ~2 ~2 _ 52
Yp1,ps i= P10 + p205 + p1fiy + p2fi; =0, 1), 3.2)
with plug-in estimators
~ 1 &
fri=—) X, 3.3)
m =1
5 1 ny 1 2 1 ny 9
1= | Xii-—> Xj1| = Y (Xin—m), 3.4)
m-1Z 1ot m-1i3

and [ip, Gy similarly. The estimator gpl,pz is as defined in Equation (2.6).

The plug-in estimators fi; and 6% are unbiased for u} and o} 2 respectively. This is proved in Lemma 3.15.
Studied in the previous chapter, & p1,p, is biased in general (Theorem 2.3). Only when the true proportions py
and p; are known (or both groups have equal means), p* is estimated without a bias. Then 5,,14,2 becomes
the estimator éorade, defined in Equation (2.7). Theorem 3.2 is the result of adding the biases of these plug-in
estimators, multiplied by their coefficients stated in Equation (3.2). It is proved in Section 3.5.

Theorem 3.2. The bias of the estimatory, p, for the true variance o* 2 s

P1P20*2+ Plng*z (3.5)
n

]Eh?phpz]_‘7*2:EP(AUZJFAﬂZ)*'#*Z—(Pl#T+P2ﬂ;)2+ 1 ny 02

Remark that the last two terms tend to zero for n — +oo. The other terms of Equation (3.5) are only zero
when the guessed proportions are exactly equal to the true proportions, except for some rare cases. Thus,
in general, ¥, p, is also not an unbiased estimator. Replacing the guessed proportions p1, p» by the true
proportions p7, p; could potentially solve this problem. Remember that this is not always possible, because
the true proportions could be unavailable. When it is possible, it results in the estimator ¥ yac1e defined below.

Definition 3.3. The estimator ¥ oracle fOr the true variance is defined as:
~ * A2 * ~2 * ~2 * ~2 N2
Yoracle := P10 + P2 0% + Py Hy + P2 05 = 04 (3.6)
The corollary below is a result of Theorem 3.2.

Corollary 3.3. The estimator Yoracie has the following bias for o*%:

*2 %2
> * — o
E [Yoracle] -0 2:p1P (n_11+n_22) 3.7)

Proof of Corollary 3.3. When the true proportions are used, Ap = 0. Furthermore, remember that p* = pyus+
p; ;. Therefore, Equation (3.21) becomes:

* % * % *2 *2
- 2_P1Py 42 P1P2 42 - 0,
E [¥oracle -0 = o) + Oy =pP1P + .
[ ] n 1 ny 2 P2\ o s

O

Having the opportunity to use the true proportions results in a bias that is usually smaller in absolute
value than before, except for some rare cases. The estimator Yoacle is asymptotically unbiased for n — +oc.
This is an improvement in comparison with the estimator ¥, ,,. Although ¥:ale is asymptotically unbiased,
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it is still biased for finite number of measurements. Remark that this estimator is the expression of the true
variance where the true parameters have been replaced with naive plug-estimators for the group means and
variances. Note that some of these plug-in estimators are biased for what they estimate in the current ex-
pression. Although the simple estimator fi; is unbiased for uj, the estimator ﬁ% is biased for ,ufz. Likewise,
é?)rade is a biased estimator for ,u*z, while Ogracle is unbiased for p*. These statements are results of Jensen’s
inequality.

A natural follow-up questions is how to construct unbiased estimators for these quantities. In the follow-
ing corollary, we present a debiased estimator for ufz, as a consequence of Lemma 3.15.

52
Corollary 3.4. The estimator ﬁ% - % is unbiased for u} 2,

=2
Proof of Corollary 3.4. Using Lemma 3.15, the expectation of the estimator ﬁf - % is:

~2 *2 *2
o 1 o o
2 1 2 ~2 1 2 1 2
E|f-—|=E[g]-—E[6]=——+p" ———=pui".
ni n n
Therefore, it is an unbiased estimator for pfz. O

Using similar techniques, we now present a debiased estimator for u*?, as a consequence of Lemma 3.22.

2 *2
A2 _Pi~2 P32 ; #2
04 acle ~ 01— T, 03 is unbiased for p* <.

Corollary 3.5. The estimator

Proof of Corollary 3.5. With the use of Lemma 3.15 and Lemma 3.22, the expectation of this new estimator is
the following:

%2 %2 *2 *2
A2 Py o P2 ol a2 b 21 P2 2
E Horacle_ 0y — ) _E[eoracle]_ E[Ul]_ E[”z]
ny no n nz
*2 %2 *2 *2
pl %2 p2 *2 * % % %\2 pl %2 pZ %2
=—0, " +——0, "+ (p{ui+P3ly) ——0o;" ———0
m 1 ny 2 ( 1M1 2 2) m 1 1y 2
_ %2
= p*Z p*Z P
Therefore, 6 — £L-52 — 2252 is an unbiased estimator for pu**. O
oracle n 1 ny <2

With these new plug-in estimators as results from Corollary 3.4 and Corollary 3.5, the estimator ¥ gacle Can
be modified such that it is also unbiased for a finite number of measurements. This leads to the estimator
Woracle as defined below.

Definition 3.4. The modified version of estimator Joracie for o is defined as:
5 01 , 9
. A2 ~2 2 -2
Yoracle := Pfffl + Pgaz + piklul + P;Ha _Horacle - pik p; (n_l + _) : (3.8)

Before examining the bias of ¥/, acle, @ more general case is considered. The true proportions p} and p;
are used in the estimator ¥yrace. However, these are not always known to a researcher. To be able to still
estimate the variance well, the guessed proportions p;, p» are used. These can be based on the available
information one has at their disposal. It leads to ¥/, , as defined in the definition below, which can be seen
as a modification of the estimator ¥, 5, .

Definition 3.5. A new estimator for o*? is introduced:

~2 ~2
N N N R R o g
Uprpa 1= D183 + 2B + p1id + pails — 05, ,, — p1p2 (n—i + n—i) : (3.9

Remark thaty ,, p, is equal to @ oracle, but with the guessed proportions instead of the true ones.

This estimator is biased in general, as stated in the theorem below. It is proved in Section 3.9.
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Theorem 3.6. The bias of ¥/ p, p, is

E[§p) p) — 0% =Ap(A0® + Ap?) + 1™ = (s} + paus3)”. (3.10)

It is clear that the terms depending on the number of measurements from Equation (3.5) vanished, which
was exactly the goal of the new estimator ¢/, ,,. However, it is still a biased estimator. Remark that these two
new estimators are asymptotically the same as the uncorrected ones. This is therefore only a finite-sample
correction.

Despite i/, p, still being biased, in many cases it does have a smaller squared bias than the previously de-
fined estimator ¥, p,, especially when the true group variances are big. Having enough information available
such that the true proportions are known, is an advantage and is used in the estimator . The guessed
proportions of Equation (3.10) are replaced by the true ones, resulting in the corollary below.

Corollary 3.7. The estimator i oracle is unbiased for o™ 2

Proof of Corollary 3.7. Substituting the true proportions for the guessed ones in Equation (3.10), results in Ap
being 0. Also, remark that u* = p} u} + p; p;. Hence, E [¥oracle| — o*?=0. O

The goal of finding an unbiased estimator for 0*? is reached. Note that Woracle €an only be used if the
true proportions are known to the researcher. Otherwise, the estimator i/, ,, is a possible option for esti-
mation, although it is not unbiased in general. The importance of acquiring data and information about the
population is emphasised by this result, because a better approximation of the proportions leads to a smaller
bias.

An unbiased estimator is not always the best one to use. Similar as before in Chapter 2, the variances of the
estimators are also computed. This is done in Section 3.2, where the estimator variances are also compared.
The next subsection is about a different approach to estimating the variance.

3.1.2. A different approach to estimating

Remember the decomposition of the variance that was given in Equation (2.3). In this formula, the total
variance of the random variable X is divided into two parts, an intra-group component and an inter-group
component. The intra-group component averages the variances according to the proportions of each group,
whereas the inter-group component accommodates for the difference in group means. A similar way of think-
ing can inspire a corresponding estimator for the variance. Such an estimator is presented in the definition
below.

Definition 3.6. The estimator 5. pp. foro® 2 is defined as:

S pups 1= P12+ 285 + pr(fh — D + p2 (i — B, (3.11)

where [i is a plug-in estimator from the previous chapter for the mean u* of the complete population. The other
plug-in estimators i, and 6% are defined in Equations (3.3) and (3.4), respectively. The used plug-in estimator
for u* can be denoted in the following way:

8y poipyy = P10T + D205+ PLEL = Bpy,p,) + P2z = Opy ), (3.12)

~

8 po X = P1OT + P20 + 1 ([ = X0? + pa(l2 = 0% (3.13)

The first two terms of Equation (3.11) are representing the intra-group variance and the last two terms the
inter-group variance. If i is chosen to be Gpl, e the estimator & p1,p. becomes equal to the previously defined
¥ p1,p.- However, if a different estimator for u* is taken, for example X, the estimator &, p1,p» 18 different from

¥p1,p.- The theorem below shows the bias of 5 . Note that it is indeed equal to the bias of ¥p, p,,

p1 'p2’9n1 2
given in Equation (3.5). The proof is given in Section 3.6.

Theorem 3.8. The bias 0f5 p1p2Bp, py IS

S *2 _ X *2 * 2, P1P2 2  P1P2 42
E[‘sm,mﬁpl,pz]“’ =Ap(A0® +Ap?) + 1 = (p1a] + pabsy) T Ot o
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-~

. . %2 . R
Estimating o *“ with 6 P1LP20ps s ;

fi of Equation (3.11) is chosen to be X, resulting in the estimator & pLpa X The bias is stated in the theorem
below, which is proved in Section 3.6.

is not a new concept, because it is the same estimator as ¥, , ,,. Therefore,

~

Theorem 3.9. The bias of 0 1o X is

B3, x| ~0""=Ap(a0®+Ap?)+ p*? + (P —2p1) i} + (P2 —2p2) 13) (Pr + Papss) + Pooi + P13,

~

This bias is of similar form as the bias of & il
P1P2.0p1py
more. Moreover, these are always postive, except when the group variances are zero. That is a rare, unusual
case, as it would mean that all measurements in a group are equal. Hence, it is unreasonable to estimate the
variance with 6 prpa, X 38 it will be biased in most cases.

. However, the last two terms do not tend to zero any-

BOth 6P1,P2,§p1 P2

portions p; and p; are available, it is natural to use them in the estimators. This leads to the estimator 5, oracles
in which 6;qace is taken as the plug-in estimator for p*.

and & pLps, X 1€ depending on the guessed proportions p; and p». When the true pro-

Definition 3.7. The estimator 6, oracle 1S defined as:

N * A * A * [~ o 2 % [~ ~ 2
Ooracle := P1 0‘% + Py U% +P (Hl - Horacle) +Po (ﬂZ - 60racle) . (3.14)

The estimator defined above is the same as ¥y gracle and thus has the same bias. Because the estimator
Woracle has a smaller bias than ¥opacle, USINg G oracle tO estimate the variance is not preferable.

3.2. Variance & Comparison of the estimators

In order to compare all the previously defined estimators, their performances can be measured with the Mean
Squared Error (MSE). The estimator with the smallest MSE generally has the best overall performance. The
MSE consists of the variance of an estimator plus the square of its bias. The biases have already been dis-
cussed in the previous section. In this section, the variances are stated in various theorems and compared.

The variance of Var [X] is stated in the theorem below. Section 3.7 contains the proof.

Theorem 3.10. The variance of the estimator Var [X] is
Var([Var[X]] = %(ﬁl(mil —0}?) + Pa(m}, —03%) + PEKi 1 +2P1 poKip + ﬁng,z) +0(1/n%, (3.15)
with
Kpoi= 2453 (2 + 072 ps + 2072 = m3, ) + 2 (@32 + 03D + 20032 - m )

+46° (u; — ) (us — @) +0/n),

where [i:= p1j} + oty and 5% = proi* + pros”.

Remark that Landau’s € (u,)-symbol denotes all terms of at least the order of some arbitrary sequence u;,.
Consequently, the variance of Var [X] is of the order @ (1/n). Theorem 3.11 and Theorem 3.12 show that also
both other examined estimators have a variance where all terms are depending on the number of measure-
ments. Therefore the variances of all variance estimators are asymptotically equal to zero for n — +oo.

The variance of the estimator ¥, p, is stated in the theorem below. Its proof can be found in Section 3.8.

Theorem 3.11. The variance of ¥ p, p, is

G G 1
=~ 2 U1 2 2
Var [Ypl,pz] :P1n_1+l92n—2 +@’(?), (3.16)
with
Gri=mj, —4m3, (pis] + poss3) + 407 (P3ui” = p2 (2p2 = 3) i 3 + Phpss”)

+u;* (3u] +4p20p) - o,

and Gz equal to Gy with all indices changed from 1 to 2 and vice versa.
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The following theorem is proved in Section 3.8.

Theorem 3.12. The variance of the estimator y , p, is:

. QA ,Q ( 1 )
V. =p?=4+pi=4i0|=]|, 3.17
ar [Wp,,p, | = pi w P, 7 (3.17)

where

Qui=mj, —4m;, (prp + papss) + 01 (P - 2p3) 1 = 4p2 (2p2 - 3) i 3 +4P33°)

%3 * *
+ 133 (3] +4paip) -t
and Q; is equal but with the indices changed from 1 to 2 and vice versa.

Remark that the estimators ¥, ,, and ¥, ,, and Var[X] all have a variance of the order @(1/n). Com-
paring the variance of the naive estimator and the modified estimators precisely is left for further research.
However, one can expect that there are cases in which the naive estimator has a smaller variance and cases in
which the modified estimators have a smaller variance. Possibly, this depends on the quality of the guesses
made for the proportions.

The variances of ¥p, ,, and ¥, p, are similar and compared in the corollary below. Subtracting Equa-
tion 3.17 from Equation 3.16 results directly in this corollary.

Corollary 3.13. The difference between the variances of the estimatorsy ,,p, and y/p, p, is

~ ~ 1 * * 1 * * 1
Va7 o =Var (B ] = - 00+ 23) o1 + -3 (20 +398) 0323 40 5] >0,

for a sufficiently large number of measurements n.

The corollary above shows that the variance of ¥, ,, is larger than the variance of ¢/, ,, for the number
of measurements sufficiently large. Because ¥/, ,, also has a smaller bias than ¥, p,, it has the smallest MSE.
Therefore, 7/, p, is the best estimator to use when the true proportions are unavailable.

However, when these true proportions are known, the oracle estimators Yoracle and ¥ oracle are available to
use. Recall from the previous section that the estimator ¥/ yracle is unbiased. The true proportions p; and p;
do not change the variances of the estimators, except changing the guessed proportions into true ones. This
leads to the corollary below.

Corollary 3.14. The difference between the variances of the estimators ¥ oracle And W oracle i

~ " 1 1 1
Var [Yoracle] —Var [Woracle] = n_lplz (Spfz + 2’7;2) UTZNTZ + n—2P§2 (ZPTZ +3P;2) 052“;2 +0 (ﬁ) >0,

for a sufficiently large number of measurements n.

Both the variance and the square of the bias of ¥,cle are smaller than those of Yoracle- This results in the
MSE of Woracle being smaller than the MSE of Foracie. Thus, the estimator ¥ racle is the best estimator to use
for o*2.

Because the estimator &, p1,p, Was not an improvement over the other estimators in terms of bias, the
variance of it is not computed. However, it can be computed with similar techniques as used for the variance
of the other estimators. The remainder of this chapter is dedicated to the proofs of all theorems stated in the
first two sections.

3.3. Lemmas

In this section, several lemmas are developed in order to compute estimator biases and variances. In the
calculations below, X; is a measurement X of group 1. Because the measurements are independent and
identically distributed, it does not matter which measurement one takes of a certain group.
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Lemma 3.15. Consider the simple estimators i, and 6%, defined in Equation (3.3) and Equation (3.4), respec-

tively. Their expected values, together with the expected value of ﬁ%, are the following:

B[] =p,

*2
E (g} ]—_"'Nl )
E[53]=0}%

Proof of Lemma 3.15. The proof of Equation (3.18) is very short:

n)
=—ZE[X11]—— =4
m D

With the use of Equation (2.2), the second result is derived:
2 1
E[MI]Z?ZZ [X11X]1
1i=1j=1
1
2 (mE[X2]+n (m - DE[X)?)
1

:%(m (01 + )+n1 (nl—l)yi‘z)

*2
_Ul *2
=——+pu.
n

(3.18)

(3.19)

(3.20)

Equation (3.20) is established using the result above as a known quantity. Firstly, the square is expanded:

~21 _
E[a}] = (n1 ZE[ 2X11,U1+u1]
1 n , 2 n ,
C(m-1 1:21 E[Xi'l] _I’l_l]E jZ:lXi,lXj,l +E[p7]
— ny 2 _i 2 _M ) o )
RN (]E[Xl] nlE[Xl] Ex 1% +E[#2]].

Secondly, the expectations of the equation above are filled in and simplified:
- m w2 w2 2 ( 42 42 ( 2 ) «2, 71 X2
E[6?] = +pc-— + -12-— +—+
7] 1 —1) (‘71 151 " (01 H ) m 151 P 151

-_m (1_i)0*2
m-D\ m) !

_ %2
=0, .

Lemma 3.16. The expectation of the third power of the simple estimator [i, of Equation (3.3) is:

E[f}] = + _1‘712N1 Py (m?)l 301%p} — )
1

Proof of Lemma 3.16. Starting with expanding the third power and the triple sum gives:

E(a) -

||M3

n
Z [Xi1 X1 Xk1]

»—;ml = »—‘:cul =

(mE [Xf] +3n (m - DE[XZ|EX]+n (n - 1) (m -2 E[X]%).
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All expected values of the expression above are known and can be filled in. Rewriting the equation leads to:

1
E[ﬁi’] = =3 (n1m§,1 +3n;(n;—-1) (0?2 +,uf2)/.tf +ny(n—-1)(n1-2) yi‘g)
1

1 m-1 2 3
——27’}’1;’1+—2(30’1< [J,T+(}'ll+1)/,t>1k )
m m
_ %3 3 *2 % 1 * *2 % *3
=H 0, u1+—2(m3,1—301 Hi— )
n nl

O

Lemma 3.17. Taking the expectation of the fourth power of the simple estimator [i,, given in Equation (3.3),
results in:
EA4_*4 6*2*2 14** 12*2*23*44*4
(1] = pi "‘n_llJl R R S R R T B
1

1 * I *x2 %2 x4 x4
+F(m4,1—4u1m3'1+6u1 01" 307 +31 )
1

Proof of Lemma 3.17. The fourth power results in a quadruple sum, which is expanded below:

4 1 n np np m
El@]=—=2 2 > 2 E[Xi i Xj1Xk1Xe1]

Ny i=1j=1k=1¢=1
1

= E(mE[Xf] +4m (m - DE[X;]E[Xi]+6n (m - 1) (m -2) E[X?] E[X11?)
1

+F(3n1(n1—1)1E[X12]2+n1 (m—l)(m—2)(n1—3)IE[X1]4).
1

Simplifying this expression leads to:

1 * * * * *
B(a] = (mmi, +am (n =D m3, ) +6m om 1) m -2) (07 + 7 u7?)

ny

1 *2 *2 2 x4
= [3m om0 (07 +41%) +mm =D m -2 m -3 1}

1

1, 4m-D , . u=DEm-2p°+3(072+u4%)) (o .
=Myt g, 1 L (01 +/,t1)

m m m

(m-1Dm-2)(m-3) ,
+ 3 :u14

m

1 * np—1 * % *2 %2 %2 %2 *2 x4
:$m4yl+T(4p1mgyl+(6(n1—2)ul #3(01%+ 7)) (017 + 1)+ -2 m =3 1Y),

1 1

To get a clear overview of the order of all terms, it is rewritten as:
n 1 * % *2 %2 x4 2 *4
—my+ — (4,u1 my,+6(n —1)ui o] +307" +(nf +ny-3) uj )
1 1

6 1
=it o (i - 120701 + 307" -4
1

1 % * % *2 %2 x4 x4
+$(m4,1—4p1m3'1+6y1 017307 +31 )
1

O

Lemma 3.18. Remark the two simple estimators 6% and [i1, given in Equation (3.4) and Equation (3.3), respec-
tively. The expected value of the product of these estimators is:

1
A2~ 2 *2 3
B(oim] =0iu] + - (5, -301 %] - 7).
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Proof of Lemma 3.18. Starting with the expansion of all terms and rewriting this to already known quantities,
leads to:

ni
E[aiﬁl]:nl—l [(Z Xi1— i) )ﬁl

1 m R L
T m-1 .ZIE Xﬁlul—zxiwﬁuﬂ
i=
RCR monom n ~3
S P LR A zzz (Xi1 X0 Xea] + S~ B[]
1 nyizij=1 i=1j=1k=1 =
! 2n
=m(n1E[xl]+n1(nl—1)E[x] (X1]) - ! ]+ IE[ 3)
1 m )
:m(mE[Xls]+n1(n1—1)IE[X12]IE[X1])_ _1E[#1]-

Filling in all terms (using Lemma 3.16) and simplifying the equation, results in the desired expression:

PPN 1 ny 1 ny — 2
E[6%0] = (m* +(m -1 (a*2+ *2) *)— —mi,+— (30* Y+ +1 )
(670 ] m—1 81 (m—=D\oy"+pu "1y m-1|2"t T 1B+ + D g
_ ! ms +(U*2+,u*2),u*—;m* ! (30*2u*+(n1+1)u )
o131 1 1 NN 317" " 1 M1 1
n -1 n -3 n—-m+1
TRt T L iCL RS
ny(ny—1) n n

%2 %

— 1 * *3
—n_l(m3,1+(”l 3oy .Ul)

%2 %

1 2 3
=0y Myt n (m§'1—30f py — py )

; ; =2 2 e
Lemma 3.19. The expectation of the product of the estimators 0 and [i is:

1 1

A2 ~2 *2 x2 *2 %2 *2 %2

E[a1m] =01 p +—1(2m31p1—601 pre -2yt + oy )+?(m41 4m,py +607y ui +3p7" - 307 )
1

Proof of Lemma 3.19. The squares of the estimators are expanded, resulting in multiple sums:

JOPR 1 4 . R
E[oia] _ﬁE[(Z(Xm—M)Z)N%

= i=1

2 -2 =3, 4
Xiil —2Xia[h +H1]

1 nm o np m nm onmomom

. (ZZZZMﬁ%ﬂM ZZZZZExmaum1;mm)

n -1 nlll]lkl nllljlklél

This can be rewritten as

1 (%i i [lelexkl] Z”IE[IH]+”1]E[N1])

Ny i=1j=1k=1
1 (1 ) , -
= ?(mIE[Xl]+2n1(n1—1)IE[X1]IE[X1]+n1(nl_l)E[Xl] )
1= 1

1
+?n1 (m -1 (m-2E[X|EX)*-mE [ﬁ‘{]).
1
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Replacing the expectations with their known quantities, using Lemma 3.17, leads to:

1 2, «2)? 2, x2), %2
m(mz,1+2(n1—1)m;1pf+(n1—1)(UT )+ =D -2 (07 4 %)

1 1 * (n;—1) * % *2 %2 %2 *2 %2 x4
_nl_l(n—%m4y1+n—%(4p1m3'1+(6(n1—2)u1 +3(01 + 1 ))(01 + 1 )+(n1—2)(n1—3)u1 )
_ nl_l * 1 * * %2 *2 %2 *2 *2
= nf(nl—l) m4'1+n1 (2m3,1p1+((n1 2) 1y +(al + 1y )) (al + 1 ))

1 * * *2 *2 %2 *2 *2 x4
—n—%(4m3'1,u1+(6(n1—2)u1 +3(a1 + 1 ))(al + 1 )+(n1—2)(n1—3),u1 )
Simplifying and collecting all terms with equal order results in the desired expression for IE [(ﬁﬁf :
1
?(mj;l+((n1—2)(n1—6)p1‘2+(n1—3)(a’f2+p;‘2)) (072 + 1) +20m =20 m3 o} = 0m =2 (1 - 3) )
1
1
:_z(mZ,l"'( 2-8my +12) 0%+ (n? —8m +12) upt +(n1—3)(01 +207 00+t )
m
+@2n -4 my pf - (nf—5m +6)pf4)
:—Z(mz,1+2(n1—2)m§’luf (n2 —6ny+6) 02U + (—2m +3) ui* + (my — 3)0?4)
m
1 1
%2 *2 * *2 %2 *2 %2 x4
=01 711 (st,lﬂl 607 u;? —2u1 + o} )"'F(mu 4mg py +607 "y +3p7" - 307 )
1
O

Lemma 3.20. Remember the estimator 6% from Equation (3.4). The expected value of its square is

~ * * * 2 *
E[a1] =01’ +n_l(m41 4m py +607 puy? + 3 _‘714)+m i
Proof of Lemma 3.20. We remark that IE 7}] can be rewritten as
L |($: -]
(n - 1)2 57 H
ny np 2
E|(Xi- Xj1—[
(n1_1)2 ZZIJZ, [ i1 ”1 ( ji ﬂl)]
n ni 2 n ni 2 2
12 ZZ [le ] ZZZE[XHX]U’“] ZZE[X 1/71]
(nl D= \i= 1j=1 i=1j=
ny ny n
-2 3 E [Xi,IXJZ',lﬁl] +4Z Z E[Xi 1 Xj i3] -2 Z E[X;10}]
i=1j=1 i=1j=1 i=1j=1

o3 S el 25 HM+zzEmJ

i=1j=1 i=1j= i=1j=1



3.3. Lemmas 19

Rewriting the terms above into known expectations leads to:

ny m ny
(, L E[x5, ] -om L B at]em L B[ 6] -2 3B [ )

1
(1 -1)2

vt (i) -2l +m 3 B 2,5 - 2n%E[ﬁ‘%]+n%E[ﬁ‘ﬂ)

T (-1 (i;ﬁE[xilxz ] anzE[X 1”1]+”1E[M1])

2
= (nIIE [X4] +n (m - DE[X2]* - — (mE[X{]+2nm (m - DE[X]E[X])
1= 1

2
- (m (n1 - DE[X2)* + 1y (m - 1) (m -2 E[X2] B [X;)2 )+n1E[p ])

1 2
— | -2E[X+m - -2)E[X?
(=B X+ on =D on -2 B[]
-2(m -1 E[X|EXi]+ (m -2 E[X?|E[X1)?) + i?E [a7]).
These expectations are known (using Lemma 3.17). Writing [E [6‘11] in terms of m;‘,l, m;l,af and pi‘ leads to:

1 N . «2)2 . . ) .
(g —1)2 ((n1—2)m4,1+(n1—1)(n1—2)(012+u12) —2(n-1) (2m3,1#1+(n1—2) (012+N12)N12)

+nilmj;,1 + nln—zl (4ufm§'1 + (6(n1 —Z)pfz +3(0f2 +pf2)) (afz +/.1f2) +(n—-2)(m —3)yf4))

_ 1 n%—2n1+1
(n1 —1)?

* 4(1’1 - 1) * * * * * *
My, +(m —1) (_—; Mgy +(m—2) (‘712 + #12) (012 - ﬂlz))
1

n
ny—1 * * * * * *
- ((6(n1—2)p12+3(012+p12))(012+p12)+(n1—2)(n1—3)u14))
1 (-1, _— o
T -2 ( n (miy —4m3 ui) + (m =1) (m -2) (‘714_#14)
+n1n (301 +6(n -Dotiu?+ (n%+n1—3)uf4)),
1

which is rewritten into:

~ 1 * * * 1 * *
E[U‘ll]:n—l(m4'1—4m3,1p1)+m(( ~2m +3)at 4 6(m - Dop ) +30m - D)

1 1
:—(m41 4m31ﬂ1+6‘7T2#72+3N1 ) —_((”1_1)2*'2)‘7;4
n ny(m—1)
1
:U*4+—(m —Ami uf +60 20 +3 —0*4)+—a*4.
LT T 31H1 1 H py 1 -1 1

O
The expected values of the squares of both main estimators of Chapter 2 are needed for other proofs about
estimators for the true variance and are therefore computed in the Lemmas below.
Lemma 3.21. The expectation of the square of the estimator X, which is defined in Equation (2.5), is:

2 * -~ * ~ *
E[X] u 12"'&‘72 +(Pruy + pan3)”

Proof of Lemma 3.21. Starting with expandlng the square and the double sums that appear,

T ]

E[X]-

:%(i ilE[XllX]1 +2(ZE[X”])(ZIE[X12])+Z Y E(Xi2Xj2]

i=1j=1 i=1 i=1j=

1
=— (ME[X2]+n1 (1 - DE[X1%) +2mnoE [ X1 | E[Xi 2] + (mE [X3] + 12 (n2 - D E[X2]?)).
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The expression above gets simplified to:

[ ] (nlal +npoy? + nut? + nduy? +2n1n2p1u2)
P p2 S 2
=01+ 2yt + (P + Patsz)
O
Lemma 3.22. The expectation of the square of the estimator 0 p1,p2» Which is defined in Equation (2.6), is:
p1 P * )2
E[epl Pz] n o] +_2‘72 +(p1f + paps3)”
Proof of Lemma 3.22. Expanding the square leads to the following equation:
2
B[] -F (Pl 5" x4 22 zx,z)
2 g
2 2 2
pl ZPIPZ 22 ps 22
e (B |- (£ (B e B
p?
——é(nl]E[XIZ]+n1(n1—1)IE)[X1]2) ’flpzZE[Xll]ZE X12
1 1n2 = i=1
2
+ =2 (mE[X3] + na2 (ny - DE[Xp]%).
2
Simplifying this expression results in:
52 pi 2 2 P,g_ 2
E[Gphpz] = ?( 1(0f + ] )+n1 (m -1 pj )+2p1p2p1u2 2 (ng(az + 1y )+n2(n2—1),u§ )
1 2
2 2
PY( « " p
=—1( g )+2P1P2#1ﬂ2 2(‘72 + a4y )
I’ll nz
P % % )
= Lo}’ + _2(72 +(p1ug + paps3)”
n np
O

Having stated the Lemmas above, the theorems stated in Section 3.1 and Section 3.2 can be proved. These
proofs are shown in the remainder of this chapter.

3.4. Bias of Var [X] — Proof

In this section, Theorem 3.1 is proved. This theorem states the bias of the estimator Var [X] from Equa-
tion (3.1).

Proof of Theorem 3.1. The bias is by definition equal to IE [\/kﬁ[X]] —0*2. To start with, the expectation is
computed in Subsection 3.4.1, followed by subtracting the true variance in Subsection 3.4.2.

3.4.1. Computing the expected value
The expectation of the estimator can be split up in the following way:

E[Var(X]] =E

ENTIRI IO D,

i=1
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with

ny

i=1

-
=) (B[x)]-2E [xi:X]|+E[X7])
:”;( 2 ]_%(j"Z;E[XMXjJ]+jn2:11E[Xi,1Xj,2])+]E[Y2]).

This can be further simplified to

2 _
Al=m (IE [X}] -~ (BXF]+ 0m - DB + mE X E LX) + [XZ])

:|=

L((n-2)B[X}]-2(m - DE X112 - 2mE X E[X]) + mE[ X |

pl * p2 ~ ko~ x)\2
_‘712+_‘72 + (P + Pauts)

=

((n=2) (7% + %) = 20m =D 1 = 2m0ps} p3 )+ ma

=p1 ((”—Z)UTZ + (2 = ) iy —anﬂfﬂﬁ) +proy + pLpeos” + m (Pui + Pam)’

The second term, Ay, is equal to A; with all indices switched from 1 to 2 and vice versa. Note that Lemma (3.21)
is used in the third line above. Dividing by n — 1 gives:

2 ~ o~ %2
Ay _(n-2 o, nmp—-ny . 2n ) piot’ + pLp2o; Nl s o a2
= o+ - + +
-1 Pl( 1% -1 Hy P 1:“1.“2 -1 n—l(pl'ul Dak3)
[(n—-1 -1 “2 n, m I’lz—l’ll) 2 (ng no ) . *)
= + o +|——-—+ 2| —+ —
pl((n 1 n- 1) 1 (n n nn-1) i n nn-1) Hikz

A2 %2
pio, "+ P1p20, nj n
+ # 2L

n-1 n nmn-1)

~ %~ %)2
) (Prpi + Paps3)”
All terms of the order G (1/n) are taken separately and are put into the term €,,; below:

Ay
n—l

O'2+

1 P2 — 1) 1y 2P2N1N2)+P1 (P1u] +P21J2) +€n,1

,_.

(P

(

oi?+(Ap+1-pi-p1)pp® —Zﬁzui‘ué‘) +p1 (Pruf + Pap3) +en
(

*2

all

(0 2+ (Ap+ps—pr)up’ Zﬁzui‘ui]wl(ﬁlui+ﬁz#§)2+€n,1
=pi (o]

(o +

1-2p1) —Zﬁzﬂfﬂz)ﬂLf’l (Prui +P2m3)’ +enn,

A2 %2
%2 np—m *x2 2ny * *) P10, +p1p202 n

~ * ~ £\2
+ +
3% T hmet T hmoptte -1 n(n—l)(pl'ul P213)

= (01 + (P o) i ~2paii s + D107 + 2o + (Pass + Passy)’)

= (P2 =P ui® ~2papiiis; ~ P20 + 5203 + (Puss + Panss)?)

= P (P2 =) i® ~2paiii b3 + p200® + (Brp; + Passy)).

Similarly, % contains a remainder term denoted by €,2. This one is equal to €,,;, but with the indices

changed from 1 to 2 and vice versa. When the number of measurements is large enough, €,,; and €, » become
negligible.
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3.4.2. Subtracting the true variance
Adding both % and % together and subtracting the true variance leads to the desired expression for the
bias:
A A
1, A
n-1 n-1

~(piot+ psos® + piuy? + pius® - (piwi + p3us)’)

E[Var[X]] -0** =

= (Pr=pi) o7 + (2= p3) o3+ (P (1=2p1) = pi) iy + (B2 (1~ 2P2) - p3) 3
—4p1 P23 + (P + P2+ 1) (Prasf + Pans3)” +en
= -Apoi?+Apo® + (-Ap-2p}) ui® + (Ap—2p3) u3°
—4pipopip +2(Piui’ + PR + 2P Patii 13 ) +en
=Ap(Ao? + Ap?) +ep.
Note the previously defined differences of Definition 2.1. The remainder term €, is defined as the sum of €, ;
and €2 and can be rewritten as:

€pi=€p1t+E€p2

= L (P2 = Pr) i —2B2mi 3 + P20® + (Puss} + Pass3 )’

+ (B - Po)w3” — 2P s + Prsc? + (Pt +anty))

(1 (1= 1) - 1) i~ 4 o 5 + P2 (1 - P2) - o) 3

+2P1P2A0” + (P + P2) (Pru] + ﬁzug)z)

Eo * Elio * * Eo * Eo * P * o~ s Eo * E 3k 2
= ——(-2p%ui® ~ 4P ot s —253m3° + Prusi” + oty + 21 o000 + (Puss; + Pops3)’)

—

(—2 (Prp] + ﬁzHZ)z + P12+ Pats? +2P1 PoAG? + (P + ﬁz#;)z

= (Prat® + Pows” = (Prasy + Poss3) + 251 aro?).

Remark that €, goes to zero when the number of measurements becomes large enough. O

3.5.Biasofy,, ,, and v, ,, — Proof
In this section, Theorem 3.2 and Theorem 3.6 are proved. These theorems are about the biases of the estima-
tors ¥p, p, and ¥p, »,, respectively. The estimators are defined in Equation (3.2) and Equation (3.9).

3.5.1. Proving Theorem 3.2
Let us recall Theorem 3.2. The proof of this theorem is given in the current subsection. Corollary 3.3, which
follows from this theorem, has already been proved in Section 3.1.

Proof of Theorem 3.2. By definition, the bias of the estimator is equal to its expectation minus the true vari-
ance. Using Lemmas 3.15 and 3.22, the expectation of ¥, p, is:

E(Tpips] = iE[53] + poE[63] + pi B[] + po B8] - E[ 62, ,, |

*2 *2 2 2
_ %2 *2 g, *2 ) %2 P1 w2 P2 .2 * %12
=p107 + P20y A p1 | —— | 2 [ == T | = 01T = =0 (P + p2is)
ny ny ni ny

by the linearity of the expectation. This can be further simplified to:

~ I’l1+1—p1 * n2+1_p2 * * * * *\2

E[Tpup] = === P107" + == p20i” + puai” + pagsz” = (pasef + p2u)
n +p2 * np + p1 * * * * 12
=—Zpioii+ p2037 + prut’ + paps® = (P + paiy)”.

n nz
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Subtracting the true variance o*? gives:

-~ * n1+P2 «2 N2+ p1 * * * * %12
E [Fpyp,) -0 = pioi’+ " p203> + pipt® + pas® = (prui + pais)

* K * k)2
=pioy +pyost pis +paiy” (P1N1+P2N2))

o
( ”1+P2 1) %2

n + * * * * * *
o} +(pz znzpl—nz)022+(m—nl)u12+(pz—pz)u22

~(prpi + pzuz) +(pius +piws)’.

This expression can be simplified with the differences of Defintion 2.1, resulting in:

~ * pip2  ~ * p1p2 ~ * ~ * * * %12
E[7pip.] -0 = (n—1 —AP)012 +( +Ap|os® - Apuy® + Bppy® + 4" — (p1ug + p2us3)
=Ap(Ac?+Ap?) + P = (prp +p2,u§)2+—p’1jfz UT2+—p’1j:2 o3, 3.21)
giving the desired expression for the bias of the estimator ¥, p,. O

3.5.2. Proving Theorem 3.6

In order to obtain an unbiased estimator for ¢*2, Corollary 3.4 and Corollary 3.5 were used. These have
already been proved in Section 3.1. The current subsection contains the proof of Theorem 3.6 about the bias
of the estimator ¢/, ,,,, defined in Equation (3.9).

Proof of Theorem 3.6. We can rewrite ¥/, p, as

p1(1-p1) o b2 (1-p2) 2

= _ =2 ~2 ~2 =2 A2
Ypips = P101 + P205 + p1li] + p2li; =0, ), — " 01— s 03
~2 ~2 2 2
o o p p
_ =2 -2 1 =2 93] & 12, P22
=Pp107+ P20+ p1 #1—n—1 +Pz(ﬂz——)—le,pﬁ—lgﬁn—zaz-

Using Corollary 3.4 and Corollary 3.5, the expectation of §/,, , is:

N _ ~ ., 0% ., 05 oy D5
E[#pp] = B [01]+ p2B (53] + i |- 2 +sz[u§—n—2 B8}, |+ IE[ i+ B3]
w2 P oo P pi .. P,
= P10} + P20y’ + priit + pap® - 2ot = 2oyt~ (puf + pey)’ + 2ot + “2oy”
n I’lg n ny

* * * * * *\2
=p1072+ poos? + prui? + papss® = (prf + pais)”.

Subtracting the true variance leads to a bias of:

IE[lem,pz]—0*2=pwi‘z+p20§2+p1uiz+pzu§2—(muf+pzu5)2
~(prot+psos®+ piui® + pius® - (pipi + p3uss)’).

Applying the differences from Definition 2.1 results in:

E [@py,p,] -0*% = -Apot® + Rpos? - Rpui? + Rpus® + (piul + psuss)’ = (piud + panss )
=Rp(Ac? + Ap?) + 1™ = (pr; + paps3)”,

which is the desired expression for the bias. O

3.6. Bias of 5 p1,p2 — Proof

In this section, the bias of 8, p1.ps 18 computed for two different plug-in estimators, proving Theorem 3.8 and

Theorem 3.9. Firstly, the estimator 0 p1.p2 18 used as a plug-in estimator, resulting in the estimator 5 PP 0o
1:P2

as defined in Equation (3.12). Secondly, the estimator X is applied as plug-in estimator, such that the estima-
tor for o*? is denoted by 6p1'p2’§ as in Equation (3.13).
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3.6.1. Proving Theorem 3.8

In this subsection, the bias of § 1s derived, thereby proving Theorem 3.8.

p1.P2.0p,

Proof of Theorem 3.8. The bias is by definition equal to the expected value of the estimator minus the true
variance o *2. The expectation of § p1,p> €an be split up in the following way:

2 2
E[6p1 p2.0p1,5 ] =p10]" +p20;" + p1Bi+p2By,

where B; is the following:

B :=E [(ﬁl - §p1vp2)2]

it

nm s n 51 nz i=1

-]

1

~B (7] - +E[0),,]

2192
ning

+ [0,

S

i=1

27 2 2
=E[a1] - :1 (ME[X{]+nm (m -DEX,]?) - lpz ZE[XH]ZI]E Xio| + B[}, 5,
1 i

Using Equation (3.19) and Lemma 3.22, the previous equation can be written as:

UTZ %2 2]91 %2 * p2 ps
Bi=——+1 __(‘71 tmp ) 2papi iy + (‘71 + )+2P1P2H1#2 (‘72 + N2ty )
n n n o
2 2
pi—2pm+1l. | P
== ( 1y )"'2(/91_1)172#1#2 (Uz +nopy )
ni no

This expression can be factorised and simplified to:

2
Bl:%(ofzﬂmﬁ ) 2P§#T#Z+p—z(02 + naply )
:Z—%(UTZ+H1NT) Zpgﬂfﬂz pz (02 +”2N2)

n no
2 *2
201 2 2
= + +(A
(e % )

By symmetry, B, is equal, but with all indices 1 and 2 switched.

Subtracting the true variance leads to the bias of 5 il
P1,P2,.0py,py

(8, pip | =0 = (pr=p1)o1* + (p2=p3) o3+ piBi+ paBo—piai” - pips’ + (pipi + pis)’

2
% % * * p —2P1+1 %
=(p-p))oi* +(pa-p3) oy’ + P ——— ( 2 )
2 2
«, o« P1P * * p;—2p2+1, |
+2p1 (pl_l)PZMﬂz : (022+”2M22)+P22n—2(022+nzug )

* * * % * % * ok *  %)2
o+ mui®) - piui® = psus® + (piui + pius)’.

2
« o« P1P2
+2pa (p2=1) prysiiss + == (

We remark that the bias can be rewritten as:

2 2
pi+pip2—2)+1 o« ps+p2(p1—2)+1
p PL (n ) +p1—p1)012+(p2 2 (n )
1 2

+p2—p§)a 2

+(p}+ Pt (p2=2)+ pr—p})ui® + (P2 + P53 (P —2) + p2 - p3) 3
+2p1p2 (p1+p2—2) i + (Pl + pams)’.
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Remember the differences defined in Definition 2.1. With these, the bias can be simplified to:

+Ap|os?

2 2
pi+pi(-p1—-1)+1 . ps+p2(-p2-1)+1
(Pl L P ~Ap|oi?+|pa—2 P,
+(p}+ P (=p1=1)+pr—p})ui®+(p3+ P3 (-p2—1) + poa— p3) 13°
—2p1papi s + (P us + p3us)’

—p1+1 ~ % —p2+1 ~ % ~ %
=(p1 . —AP)012+(P2 . +Ap)022+(—p%—ﬁp)mz

+(—p3+Ap) st —2pipat s + (piut + piuws)’.

Further simplifying this equation leads to the desired expression for the bias of the estimator 5 1020
1 2

5 _ o x2_(P1P2 1 ) s2  [P1P2 2w an
E[épl’p%epmz] g ‘( n AP)"l +( +AP)02 —Appy” +Appu,

~(ps + pa3)* + (P +p§u§)2
Pi1P2 42  P1P2 42

=8p(80® + 8) + % = (pupgi +papy)’ + = =077+ == 03",
n 12

3.6.2. Proving Theorem 3.9

Let us recall Theorem 3.9. It states the bias of § Lo X This estimator is defined in Equation (3.13) and uses

X as a plug-in estimator. The proof of this theorem is given below.

Proof of Theorem 3.9. The bias of an estimator is defined by its expectation minus the true parameter o*>
We remark that the expectation can be split up in the following way:

E [gm,pz,f] =p107%+ P03’ + p1Cr+ p2Coa,

with C; given below:

ClzzE[(ﬁl—Y)z]

=E[p?]-2E ( lel)n(ZX,1+lez) E[X|
=E (@ ]——IE (Zx,l) +(:211Xi,1)(:221XL2) +E[X]

I 2 ) , o 12 —
=E[ff] -~ mE[ X2, |+ m n-DE[X])*+ Y B[Xi1] Y B[X;o] |+ B[X|.
i=1 i=1

Recall Equation 3.19 and Lemma 3.21. Hence, we can rewrite the equation above as:

*2 ~
0, 2 2 2 2mnp P Pz
Cr=-—*m (7% + mui?) - uTu%; 1 2+ (Piuf + Pamsz)”

*2
no—ny |0 p1 Pz
S T )i + Bt s Bt (st +

n
i p1 Pz
=(ﬁz—ﬁ1)(n—ll+u1) 2oty + 0"+ 24 (i + ponss)”
*2 *2
— o o
= (P2 — 1) ;2 = 2Dop 15 + (Pr g + Paps)” +(p2 2 P)—1+P2%

By symmetry, C; is equal to C;, but with the indices 1 and 2 swapped.



3.7. Variance of Var [X] - Proof 26

~

Subtracting the true value of the variance leads to the bias of & pLpa X

B3, 5] ~0"= (p1=p)oi” + (P2 p3)03” + prC1 + PaCo— pi i = p3ass® + (pi i + pip3)”
2

=(p1-p}) o+ (p2—p3)03% +p1 (P2 1) puy° —2p1 Pt 15 + D1 (P14 +ﬁ2ﬂ§)2

—~ ~ *2 *2
p2—p1 |0 Y —~ —~ * —~ k% ~ % ~  %\2
+p1( — ""Pl)#+P1P2%+p2(pl_pZ):uzz_zplPZﬂlﬂz+P2(P1l~ll+p2/~‘2)
ﬁl_ﬁz —~ 0-32 AUTZ x %2 x %2 * % * %)2
+Pz( ) +P2)7+P2P17—P1N1 =P+ (prus + pips)

= (P=p})oi +(p2=p3)o3” + (P2 = (1-P2) + (1= P2)°) 01" + P 20}’

+ (ﬁl -(1-p)+(1- ﬁl)z)USZ +P1P205° + p1 (P2 = Pr) i = 2(prP2+ Prp2) i 3

+ 2 (Pr—P2) ks + (Pupy + Pauss) = pi i - p3us® + (pi s + piws)’.
Remember that p; + P2 = 1. This is used to rewrite the bias as the desired expression:

~

B[3,, x| -0t = -Bpoi*+ Bpoy® + phoi’ + pipaoi® + prog” + prpacs’
+(p1(P2= 1) - i) i =2(p1 P2+ Prp2) wi s + (2 (P - P2) — p3) 13
+(Pui + Parsz)” + (pi i +psps)”
=ApAad® +pz (P1+ P2) oy + P (Pr+ P2) o3 + (p1 (1-2p1) - pf) i
—2(p1p2+ Prp2) ui s + (p2 (1-2p2) - p3) 3® + (Pas + Pams3 ) + (pi i + p3 )
=(p2-Ap)ai? +(p1+Ap)as? - (2p1p1+Ap) ui® —2(p1P2 + Prp2) i 145
—(2p2p2—Ap)p3? + p? + (Prp} + Papss)
= ApAc® + ApAp’ + Paoy” + proy” —2p1 Priay” —2(p1 Pz + P1p2) i 3
—2papapy’ + % + (Pl + Panss)’
=Ap(Ac® + Ap?) + oo + proy? + w2 (pi + pais) (B + Do) + (P + Pais)”
=Ap(ac® +Ap?) + 2 + ((Pr—2p1) i + (P2 —2p2) 13) (i + Paps3) + Doy’ + Proy?,

which concludes the proof. O

3.7. Variance of Var [ X] - Proof

Let us recall Theorem 3.10 about the variance of the naive estimator Var [X]. Itis proved in this section.

3.7.1. Main idea of the proof
Proof of Theorem 3.10. Let [i:= Py} + Pops. Let 672 := ﬁlofz + ﬁgO’;z. Note that

Var(Var(X]] = ——var| 3. (X-—Y)Z - Yo,
ar|var = (n—1)2 ar = i - (n—1)2 52 i,jr
where
Cij:= COV((X,‘ —Y)Z , (Xj —2)2) .
Note that
. 1 2 1 rnonon
Var[X']=Var | — > Y XiXj|=—> 3 > Y Cov(X;X;,X;X;)=0(/n),
niz1j=1 N iS1j=1k=10=1
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since covariances are zero by independence whenever all i, j, k, ¢ are distinct. If i = j, then
—\2
Cii = Var ((Xi -X) )

= Var (X2) - 2Cov(X;, X) + Var(X ]
1 n

=Var(X?) -2~ Y Cov(X;, Xy) +G(1/n)
s
1

=Var (X7) —2—=Var(X;) + ©(1/n) = Var(X?) + G (1/n).
n

By summing up the previous equation over all i = 1,..., n, and dividing by n, we obtain

1 —~ * * ~ * *
- Y Cii=pilmyg, -o}% + Pa(my, —a35)+00/n).

Il
—

So

~ * *2 ~ * *2
p1(my, —01%) + pa(my, —0,%) 1

Var([Var[X]] = - t T

Y Cij+00In?).
i#]

The behavior of C;,; is given in the following lemma, which is proved afterwards.

Lemma 3.23. Fori # j, we have
Cij= %(IE[X]-](IE}[XZ-Z]IE[X,-] +2ivar(X;] - E(X?]) + BIX) [BIXCIELX;) + 2iVar(X;] - BIX]))

+26%(EX;] - B) (ELX;] - ﬁ)) +0(1/n?).

As a consequence, when individual i is in subgroup r € {1,2} and individual j is in subgroup s € {1, 2}, we
have

nx Cyj=Kps:=2u} (2 + o7y + 20072 = m3, ) +2p; (s + 032} + 20032 - 3 )

+45° (uy — 1) (us —B) + 01/ n)

Therefore,

X7 1 ~ ~ * -~ ~ ]
Var[Var[X]] = ;(pl(m;;1 —0}?) + Pa(m}, —03%) + PEKi g +2P1 oK + pﬁKz,Z) +01/n?). (3.22)

3.7.2. Lemmas and their proofs
In order for Equation (3.22) to hold, we must prove Lemma 3.23. This leads to two other lemmas, which are
also proved in this subsection.

Proof of Lemma 3.23.



3.7. Variance of Var [X] - Proof 28

where
Cijr1:= Cov((X; —*, (X; - ?),
Cij21:= 2COV((Xi -2, Xj- ﬁ)(ﬁ—f)) ,
Ci,js 1= Cov((X; = %, (- X0?),
Cij2 = 2Cov((X; - (-0, (X; - 7))
Ci 22 1= 4Cov((Xi - D @-0, (X - D(E-D)),
Cija.z =2Cov((X; - D@E-X0, (F-X0?),
Cija3 1= Cov(([@-X02, (X; - 12,
Cij23:= ZCOV((ﬁ—X)Z, Xj—-m (ﬁ—X)) )
Cij33= COV((ﬁ—Y)Z, (ﬁ—Y)z).

By independence, C; ;1,1 = 0. We know that ji — X =@ (1/n). This means that the terms Cij31,Cij32 Ci j1,3
Ci,j2,3 and C;,j 33 are of the order G (1/n%). Note that Cij1,2 = Cjiz21. Itremains to study C; j 21 and Cj,j 22.

The expression of C; ;2,1 and of C; ;2 » are respectively given by the following lemmas, which conclude
the proof. O

Lemma 3.24. We have

2
Cijo1 = —BEIXj] (EIXAE[X;] +2fVar[X;] - E[X?])

Lemma 3.25. We have

4
Cij22= ZGZ(IE[XL-] -B)(EIX;]1- ) +6(1/n?).

Proof of Lemma 3.24.
Cija,1 = 2Cov((X; = D%, (X; - D (E- X))
= 2Cov ((X; — %, (X; - D) - chv((X,- —?, (X - ﬁﬁ)
= —2Cov((X; - %, (X; - DX,
by independence between X; and X;. Therefore,

n
Cov ((X; — ), (X; — ) Xk)

1
—Cij21=2~
n =1

-2 0 ~
Cov ((X; — )%, (Xj— ) X).

1 2 _ 1 2 - n
:2;Cov((xi—p) ,(Xj—p)X,')-i-Z;COV((Xi—p) ,(Xj-mXj)+2 -

Note that the second and third terms cancel by independence, so that
—(n/2) x Cy,j 21 = Cov ((X; - 0%, (X; - B X;)
= Cov (X7 —2X;fi+ %, X; Xj — X;fi)
= Cov(X? —2X;fi, X; Xj — Xj[i)
=Cov(X? -2X;i, X;X;),
by independence. Therefore

—(n/2) x C j o1 = Cov(X?, X; X;) — 2fiCov (X;, X; X;).
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Note that
Cov(X?, X;X;) = EIX? X; X;] - EIX/IE[X; X;]
= EX}E[X;] - EIXIE(X]E[X]]
= E[X;1(EIX]] - EIX]IE[X;]),
and
Cov(X;, X; Xj) = BIX; X; X;] - E[X; | E[X; X]]
= EIX{1E[X;] - EIX;E[XELX]]
= E[X;1(EIX?] - EIX/ELX;]).
So that
—(n/2) x Cy,j 2,1 = EIX;1(EIX]] - EIXAE[X;] - 2fA(E(X7] - EIX;]E[X;])).
O

Proof of Lemma 3.25. We have
Ciyj.2 = 4Cov ((X; = (=X, (X; —~ (- X
:4Cov(xiﬁ—xif—ﬁ2 + X[, Xjﬁ—XjY—ﬁerYﬁ)
=4COV(Xiﬁ—XiY+Yﬁ, Xjﬁ—XjX+Yﬁ),
)

1

3
ZCi,j,zz: Y Ak
=

k,¢=1

where

A1 =Cov(Xifi, Xjfi),
Az = ~Cov(Xifi, X;X),
Ay =Cov(Xifi, X7,
Az = ~Cov(X;X, X;f),
A2 =Cov(X/X, X;X),
4o =—Cov(X:X, XTi),
As 1 = Cov(X7, X;7),
A3 =~Cov(XF, X;X),

Az 3 =Cov (Y[Z , Yﬁ) .

Note that A;; = 0 by independence. We have

_ — 1
Ajp = —COV(XiN, XjX) = —;ﬁVaI[Xi]E[Xj],

== 1
Ay 3 =Cov (Xiu, X,U) = ;qu&r[Xi]r
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— 5 1 _
Ay = —Cov(XiX, Xju) = —— [ELX;VarlX;),

1 n n
Aaz = Cov(X;X, X,;X) = = Z Z v(Xi Xk, X;X7).

ThisisOunless ¢ =kor k= jor¢=i.So

L 1 (x n n
Aaz = Cov(X;X, X,;X) = — (Z Cov(X; Xi, XjXi)+ Y. Cov(Xi X}, X; X;) + Y. Cov(X; Xi, X; X;) + 61 |.
k=1 =1 k=1

Note that

— Z Cov (X Xk, XjXi) =

n
Z [X: X7 X1 - BIX; X E[X X
s =

:IH :IH

n

Z [(XIEXAEX;] - E(X)E* (X ] EX;]+ 01/ n)
= E[X;]E[X]] ZE[Xk]—IEZ[Xk] +0(1/n)

ni=1

= E[Xi]E[Xj]% Z Var[X;]+0(1/n)
k=1

= EIXEIX1(P10}° + P2o3®) + 61/ n)
=E[X;]E[X;16% +0(1/n).

Moreover,

Z Z Cov(X;Xj, XjX¢) = Z E[X; X7 X1 - EIX; X;1E[X; X/]
=1

= ;ZIIE[Xg]IE[X,-]Var[Xj] +0(1/n)
= fE[X;]Var[X;] +O(1/n).
Combining the previous computations, we obtain
Ao = % (E(X]E[X;16? + FE[X;]Var[X;] + BE[X;]Var[X;]) + O(1/n?).

Similarly,

n n
Y Cov(X; Xk, Xi) + Y, Cov(X; X, Xp) | +O(1/n?)
k=1 k=1

= —% (@Var[X;] + IE[X;167) + O (1/n?).

Similarly as for A, 3, we find that

1,
Az = Zy Var[X;].

Similarly as for A, 3, we find that

1
Agp=—— (#*Var[X;] + EE[X;16%) + O(1/n*).
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Lastly, we find:
1 53§ 1 2.n 2
Azz=—[ Y ) Cov(Xg, Xp) = —[i°G° +O(1/n?).
L | n
Combining all results together, we obtain
4 ~, o~
Cije2= o ( — pVar[X;]E[X;] + ,uZVar[Xi] - fE[X;]Var[X;]
+E[X;]E[X;16% + GE[X;]Var[X;] + ZE[X;]Var[X;]
- @PVar[X;] - IIE[X;16% + [i*Var[X] - i*Var[X] - BE(X;15° + % 52) +0(1/n%
4 o - _
= Eaz(]E[Xi]IE[Xj] + [ - IE[X;] - FE[X;]) + 6 (1/n?)

4
= ;&Z(E[xi] -0)(EX;] - i) +01/n?).

With all lemmas now proved, the theorem is proved. O

3.8. Variance of ¥, ,,— Proof
The variance of the estimator ¥, p,, is computed in this section, proving Theorem 3.11 from Section 3.2. This
theorem states the variance of the estimator ¥, p, . It is proved below.

Proof of Theorem 3.11. The variance of a sum is in general equal to the sum of the variances plus two times
the sum of the covariance. This principle is used two times to break the variance of ¥, ,, down. Before doing
this, all estimators of the parameters of equal groups are collected when possible:

Var [Fpu,p,| = Var | 153 + pags + pi i+ pofiy — 0%, |
= Var [Pﬁ% + P2y + prfit + p2fi; — (1 + P2ﬁ2)2]
=Var[(p167] + (p1 = p}) B1) + (p205 + (P2 — P3) 5) = 2p1 p2 i iz
=Var [(p157 + p1p20) + (P28 + p1p20;) — 2p1 P2 fiz ]
Now the three terms from the expression above are split up below:
Var [V p, p, | = Var[p15% + p1 p2iy] + Var [p25 + p1pafiy| + Var [~2p1 p2fir iz ]

+2Cov (P17 + p1p2fif, p205 + p1pafls) + 2Cov (P17 + 1 p2fif, —2p1 pafla 2)

+2Cov (p205 + p1 p21i5, —2p1 P fi2)

= piVar[G7 + pfit| + p3Var [G5 + p1 fi3) + 4pi p3 Var [fi1 iz

—4pip2Cov (63 + pofis, fir fiz) — 4p1 p3Cov (65 + p1 a5, i1 fiz), (3.23)

by independence of terms of different groups. All terms of the equation above are examined separately, start-
ing with the first three terms in the next subsection.

3.8.1. Computing the variance terms -7, ,,
In this subsection, expressions for the first three terms of Equation (3.23) are derived. By definition, the
variance is:

Var 67 + p2fif] = E [(3% + Pzﬁ%)z] ~B[a} + poid]”. (3.24)

The second term is computed below, using Lemma 3.15:

E[67+pafii] = E[67] + poIE [77]

*2 %2 P2 *2. (3.25)
n
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The first term of Equation (3.24) can be written as the sum of multiple expectations:

~ ~2\2 ~ PPN
B((0%+poi})’| = (o1 + phit + 2253 2]
=E[61] + p3E[i] +2pE [o707].

With Lemma 3.17, Lemma 3.19 and Lemma 3.20, the expression for IE [(6% +p2 ﬁ%)z] is rewritten as:

1 * * * %2 %2 x4 np—1 4 2 %4
—|my,—4m +60 +3 )+ o, + o
( 4,1 31K 1 M H m L T -t

nm

+p5 (n%mff,l - ("ln—%l) (4ui‘m§,1 + (6(n1 ~2)pp? +3("T2 +NT2)) ("Tz +#T2) +(m—2)(m ‘3)“T4))

1 * % * % * * *
+2pr— (i +20m =20 m3 i} + (nf = 6m1 +6) 0770 + (—2m +3) 7 + (m - 3) 07

1

We can further simplify this to

1
o1"+ phui +2pe0 i 4 - (i — A} + 6077} 43 - o)
1
o (13 (6172 (017 + 1) — 617" ) + 22 [2m3 i} — 6072y ~ 201 + 01

_ x4 2 x4 *2 %2
=0y TPy +2p2017 1y

1 * * * * * * * 1
+ m (m4,1 +4(p2—1) m3 5 +6(ps —2p2+ 1) 01 0 * + (3—4p2) uit +(2p2 - 1)‘714)"'@)(?)

1
x4 x4 *2 %2 * * * *2 %2 x4 *4
=01 +pouy” +2p20 p +n—1(m4,1—4p1m3,1u1+6pf01 Wi+ (3=apo)uit+ (p2-pr)ott)+0

1
)
(3.26)

Assembling Equation (3.24), Equation (3.25) and Equation (3.26) leads to:

2
~2 ~2 *4 2 x4 *2 %2 *2 *2 P2 _x2
Var[67 + p2fii] = 07" + papy +2p207 1 _((01 + P2y )+n_101 )

1 * * * 2 %2 %2 x4 x4 1
+n—1(m4,1—4p1m3’1u1+6p101 pio+(3=4p2)py” +(p2—p1)oi )"‘@ 2
2 2 p>
x4 2 x4 %2 %2 *2 *2 P2 42 *2 *2 2 %2
=01 tpafy +2p20yT iy _(01 +pajh ) T O (‘71 +path )_n_lal

1 * * * * * * *
o (mi = apim3, i +6p30i’i® + (3-4p2) i+ (p2 - 1) o) + 0

1
ﬁ .
All terms of the order of (1) cancel, meaning only second order terms or higher are remaining. This results
in:

~2 ~2 x4 2 x4 *2 %2 *4 *2 %2 2 x4
Var[3 + pofit] = ot + phui + 2pa0 iy - (o1 + 2pa0i e + Pt

1 * * ok *2 k2 * * 1
+n_l(m4,1‘4plm3,1ﬂ1+4l7%‘71 I +(3‘4P2)H14+(—P2—P1)U14)"‘@(;)

]' * * * * * * * ]'
= (m4,1 —dpim3 p; +4piortut + (3-4p2) pyt _014) +0 (?) (3.27)

By symmetry, Var [63 +p1 ﬁg] is equal to Equation (3.27) with all indices changed from 1 to 2 and vice versa.
The next term of Equation (3.23) is computed below, using the independence of measurements of differ-
ent groups:
PO PPN 2
Var [finfiz] = E @1 3) - E [ fi]
~ ~ ~ 12 12
=E[@]E (5] -B[m] B[]
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Replacing the expected value with true parameters leads to:

0.*2 0,*2
~ o~ 1 %2 2 %2 %2 %2
Var[muz]—(—wl )(_+/~‘2 )—ul [0
n ny
*2 _x2 *2 %2 *2 %2
_ 010, +‘71 Hy +02 Hy

ninz n nz

1 *2 %2 1 *2 %2 ( 1 )
=—0 +—0 +0|—|. 3.28
n 1 Ko 1 2 2 ( )

3.8.2. Computing the covariance terms -7, ,,

The first three terms of Equation (3.23) have already been derived in the previous subsection. The other two
terms, involving a covariance, are worked out in this subsection. They are similar and therefore, computing
one directly gives the other term. We firstly rewrite Cov ((f% + plﬁg, fi1[i2) using its definition. The indepen-
dence of measurements of different groups is used thereafter. This leads to

Cov (G5 + 1y, i1 fiz) = E [(65 + p1i) i fiz] — E (65 + p1 5] IE [ 2]
= (E[a3me] + pE[mA)]) - (E[53] + pE [#3]) E A ]
=BG35 E[m] + pE[m]E (5] - (B3] + pE([B])E ] B[]

With Lemma 3.15, Lemma 3.16 and Lemma 3.18, we can rewrite the previous equation as

1 1 ny—1
— (50 + (2 =3)05°45 = 13®) i} + prigi | —5 o+ g (303705 + (o + V3
ny nz n2

=Wy 03"+ Ly~ p 0 = P g
1 * * ko k % * ok * k% * k% 1
+ T2 (’”3,2#1 —3pips0s” - pius’ +3piut uy ot - Pllilliz(fzz) +@)(ﬁ)
1 * * * %3 * % k2 1
= n—z(ms,zul —HiH3" + (2p1=3) pi 0 )+@(ﬁ),
from which we can conclude that only terms of the order &(1/n) or higher are remaining. The other term,

Cov (62 + p2[i3, fi1 fI2), is similar, but with the indices switched from 1 to 2 and vice versa.

All terms of Equation (3.23) are now known. Adding the terms leads to the desired expression for the
variance of ¥, ,:

= 1 2 3 2 4 2 %2 2.2 2 %2 2 2
Var[m,pz]=n—l(mmil—‘lplmé‘,lui‘—4p1pzm§,1u§+4moi" BT +ApIPy0 T = 4P p2 (2p2 = 3) Hi 3 0]

+p (3= 4p2) " +4pd popi s - plot?)

1 2 3 2 4 2 %2 2.2 2 2 2 2
+n—2(pzmi,z—4PZMS,zuZ—4P1PZME,zuT+4p203 1y~ +4pip20s 1" —4p1p; (21 - 3) uipz 05

1
n?

+3(3-ap) w3’ +apiphui i’ - pios’) + 0

2

p * * * * * * * % *
= n—i (m4,1 —4m3, (piuf + pap3) +407? (Pfulz —p2(2p2—3) pip; + Pﬁuzz)
1y (3} +4ponp) - ot
Pg 2 %2

o (2 —am3, (pass + possz) + 4037 (P2 = pr (2p1 = 3) i3 + p3uss”)
* * % 1
+13° (33 —4p1Ap) —‘724) +@(ﬁ)’

which concludes the proof. O
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3.9. Variance of {,, ,, - Proof
Let us recall Theorem 3.12. The proof of this theorem, stating the variance of the estimator ¢/, p,, is given
below. The proof has the same structure as the proof of Theorem 3.11 given in the previous section.

Proof of Theorem 3.12. All terms inside the variance of ¢/, ,, can be collected as in the expression below:

~2 ~2 2
_ S ., G ., G . Lp Iz
Var [ p, p,| = Var | p167 + p265 + p1 (u? - —1) + P2 (uﬁ - —2) — (11 + pofia)” + =63 + 2263
n ny ny np

=Var | p1 (7 +(1-p1) i} + ‘7%)—2191)92!71!72]

-1 ~ . -1
Pl U§)+P2(U§+(1—P2)N§+p2
m n
_ p2 . p1 .
=Var | p1 |67 + ol — =07 | + P2 02+p1u2—n—02 —2p1p2fiifiz |-
n 2

Breaking the variance down into different parts leads to:

+ Var

var [, ,p, | = Var p2 (Gz+p1uz—z—;02 +Var [-2p) pafis fiz]

p2
P1(01+P2H1__01

+2C0V(P1 ‘71+P2N1__‘71)»P2 (02+P1ﬂ2_ﬂ‘72))
np
+2C0V(P1 U1+P2ﬂ1——‘71) Zplpzﬁlﬁz)
+2COV(P2 02+P1#2—Z—Uz Zplpzﬂlﬂz)
2
_ 2 p2 2 p1 2 PO
= pyVar 01+pzu1——101 + p3Var Uz+p1u2——202 +4pip;Var [ fiz]

~ ~] 2 N2 o~ ~ ~] 12 ~ ~
a7 paCov (0% + poft - 2258 i) ~api picov( o3+ - Lot ), 329
1 2

because of the independence of different groups.

The terms containing a variance are computed in the first subsection, whereas the terms containing a
covariance are computed in the second subsection.

3.9.1. Computing the variance terms -/, ,,
The first term of Equation 3.29 is by definition equal to:

2
Var 01 + pgyl - n—al , (3.30)

01+p2y1—&6%] E (01+p2,u1—&6f)] -E
with

E

01+pzu1—&6?] E[g ]+szE[u]— E[AZ]

0,*2 p
2 *2
=0] +P2(_+N1 ) 0,
ni

m
_ %2 *2
=01 +paply .

The first term of Equation 3.30 is equal to:

2
pz 2.2 P24 P2 oo pz 4

2

p2 22 P2 2
]E[ ‘71+P2N%—_U%) ]—E U1+P2N%U% ‘71+I7ZN%‘7%+I92FA‘£11 — W01 —0—— M0+ 50,

n n n n m ns

b5 —2n1p2+n1A PZAA
:E[T teop P2 p2gt s pipt
1
p5—2n ps+ng - P2

E[620%] + p>E
2 n [ 1l~‘1] Pa [#]
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Remark that this expression only exists of known terms. Using Lemma 3.17, Lemma 3.19 and Lemma 3.20,
we can simplify it as:

2 2

p2_2n1p2+n1(1 ( * * * *2 %2 *4 nl_l x4 2 x4

————|—|my —4mq 4y +60, ;" +3u )+ o, + g
}ﬁ ny Ul 3,1 1 B 1 PR PR TR

+2p2

ny—p2 1 * * * 2 %2 %2 x4 x4
- (?(m4’1+2(n1—2)m3y1u1+(n1—6n1+6)01 Wl (—2m +3) it (m—-3) 08 ))

1

2 (ni%m;l + (’“n—%” (amims, +(60m -2 p1* +3(07? + 41%)) (077 + 41%) + (1 -2 (m —-3) ui“‘))

2p2 *4 1 * * * *2 %2 x4 x4
:(l_n_l)(al +n—1(m4,1—4m3’1u1+601 M”31 _‘71)

1
v2pa(1-22) (072014 o (o 6072w -2+ o)

(nl_l) * * * * 1
5( 3 (6711#12(012+ﬂ12)+(”%—5”1)ﬂ14))+@>;

1
x4 %2 %2 2 x4 * * % %2 %2 x4 x4
=0y +2p201" 1"+ oy +n_1(m4,1‘4m3,1ﬂl+6‘71 pro+3u;" — (2p2+1) 0y )

2
2p2 * * %2 %2 x4 x4 12 %2 %2 1
+n_1(2m3,1l‘1_(l92+6)‘71 M —20 oy )+n_1(601 M )+@ W2
=i +2pauitoi?+ piutt
1 * * * *2 %2 * * 1
+n—1(m4'1+4(p2—1)m3'1u1+2(2p§—6p2+3)01 H "‘(3_4172):“14_‘714)"‘@(;)

Now Equation 3.30 becomes:

Var

~2 ~2 P2
01+ p2liy — _‘71]
m

2
=01t +2papi’ot? + phuit = (07 + panii?)

1 * * * * * * * 1
+n—1(m4’1+4(p2—1)m3,1,u1+2(2p§—6p2+3)012,u12+(3—4p2)u14—014)+@(ﬁ)

1 * * * 2 2 *2 %2 x4 x4 1
=n—1(m4,1—4l11m3,1,u1+((P2—1) _2P2)‘71 pit+(B-4p2)pi o] )"‘@(ﬁ)

1 1

= (i apums i + (9} -20) o720+ (3-apa) i - 1) +0 5.

The computation of Var [6§ +pifis - Z—;&%] is similar, leading to:

~ ~ P1 . 1 * * * %2 %2 x4 *4 1
Var ‘7§+P1ﬂ§—n_2‘7§] :n_z(m4,2—4l72m3,2ﬂz+(P§—2P%)‘72 B+ (3-4p1)py” o3 )+@(ﬁ)
By Equation (3.28),

PN I w242, 1 .2 02 1
Var [ifie] = -~ 017"+ -0 "4 0| 5 ).
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3.9.2. Computing the covariance terms -/, ,,
The first three terms of Equation 3.29 are now known. Computing one of the two covariance terms of this
equation leads to:
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Using all known quantities from Lemma 3.15, Lemma 3.16 and Lemma 3.18, this can be rewritten as:
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Putting all terms together leads to the following expression for the variance of the estimator ¢/, p,:
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which is as desired. O



Conclusion

In this thesis, estimators for the mean and variance of a population are developed in the case of stratified
sampling with two subgroups. These estimators are especially important when the sample is not represen-
tative for the population. Therefore, the estimators are modified such that the results are representing the
complete population. These estimators are compared with original, naive ones on their bias and variance. It
is preferable to obtain an unbiased estimator with a small variance. For both the population mean and the
variance, this is achieved.

Estimating the true mean of the population can be done with the naive estimator X, which adds all mea-
surements and divides it by the total number of measurements. The group proportions are not taken into
account with this estimator and it is generally biased. Weighing the measurements according to their pro-
portions in the population results in two other estimators for u*. When these true proportions are unknown,
they have to be guessed based on the available information, resulting in the estimator ) p1.p2- When the true
proportions can be used, the estimator is called §orade. The former of these is also biased, while the latter is
unbiased.

The estimation of the true variance of the population is a more complicated task. Originally, it can be
done with an estimator not taking the subgroups into account: Var [X]. This is in general a biased estimator.
In search of an unbiased estimator with a smaller variance, the estimator ¥, ,, is developed. It represents
the true variance of the population where all true parameters are replaced by estimated ones. It is still bi-
ased, because some of the used plug-in estimators are biased. Therefore, also when the true proportions are
available and used such that the estimator yoacle appears, the estimator is biased. In search of an unbiased
estimator, ¥, p, is improved by using unbiased plug-in estimators for u 2 and p*? instead of the biased ones
of before. The new estimator is denoted by 9/, p,,. Its bias is smaller, but still not equal to zero. Only when the
true proportions are used in the estimator ¥grace, @ truly unbiased estimator for the variance is found. This
estimator even has a smaller variance than ¥,racle, Which makes it a better estimator. Likewise, ¥/, », has a
smaller variance than ¥, ,,. Therefore, the estimator ¢/, ,, should be used to estimate the true population
variance if the true proportions are unavailable.

All estimators perform better when the number of measurements is increased. Having information about
the population at one’s disposal is also of major importance for estimating the population parameters. This
creates the opportunity to take a better guess of the proportions, or even use the true ones, which results in
an estimate closer to the real value. Using wrong proportions, however, can even lead to a very bad estimate.
In some of those cases, the naive estimators will perform better than the newly developed estimators. One
must therefore be really careful in choosing how to estimate and in guessing the proportions.

For both the population mean and variance, an unbiased estimator has been found. Both estimators
make use of the true proportions, which are not always available. When there is not enough information, it
is still important to perform a good estimation, but this might be biased. An interesting question for future
research would be whether it is possible to prove that there does not exist an unbiased estimator if the true
proportions are not available.
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The techniques used in this thesis can also be extended on the matter of linear regression. This possible
future work would extend the knowledge on the mean and variance with the estimation of more parameters:
the regression coefficients. Another possible extension is the generalisation of the developed estimators for
a greater number of subgroups. All proofs are executed for two strata, but one can imagine the existence of
multiple subgroups. The computations and proofs are likely to remain similar for k strata, but the expressions
will have to be generalised.
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