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SUMMARY

When the mean free path becomes a significant fraction of
a characteristic dimension of a pressure probe, the usual continuum
formulae relating the measured pressure to the free-stream pressure
and Mach number are ne longer valid. The present paper treats the
case where the mean free path is so large compared with the probe
diameter that intermolecular collisions may be neglected. This is the

condition for free molecule flow.

Theoretical expressions are given for the pressure meas-
ured in a flowing gas with an orifice prebe and a long-tube pressure
probe. Experimental investigations have been conducted using a low-

density wind tunnel and a rotating-arm apparatus.
theory and experiment was quite satisfactory.

A greement between
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NOTATION

coefficients of slightly non-Maxwellian distribution
function

tan €

components of random molecular velocity
{i=1,2,73)

most probable random molecular speed ( = ,/2RT)

CifB

ar / (
velocity distribution function
function of 5
function of S and b
= %\; Knudsen number based on probe diameter
tube length

2/ 1+

Mach number

]l

number of molecules per unit volume
pressure
free-stream static pressure

orifice~probe pressure when @ = OO, 90° and
1800, respectively

tube radius

surface outgassing mass flow rate per unit area
gas constant in p= §RT

molecular speed ratio ( =E M)

temperature

temperature of gas in the free stream and gauge
volume, respectively
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components of mass velocity

function of S and D

Cartesian coordinates

Clausing's factor, a function of D
ratio of specific heats

angle specifying position of orifice probe relative
to plate leading edge

angle befween flow direction and norm al to orifice
viscosity

components of molecular velocity,

density

time constant

mean free path



! A INTRODUCTION

The interpretation of pressure measurements in a flowing
gas under extremely rarefied conditions has been the subject of a
number of theoretical and experimental investigations at the Institute
of Aerophysics. This paper summarizes the work of several pub-
lished reports (see list of references).

The emphasis has been on pressure measurements when
the characteristic dimension of the measuring device was considerably
smaller than one mean free path. This is the condition for free
molecule flow; intermolecular collisions may be neglected and only
molecule-surface interactions need be considered. The parameter
specifying the condition for free molecule flow is the Knudsen number
(see notation) and a large value of Ky implies a large mean free path
and/or small physical dimensions. It has been found experimentally
that when the Knudsen number is greater than approximately 5, the
concepts of the kinetic theory of free molecule flow may be used to
relate the measured pressure to the macroscopic quantities in the
flowing gas.

The mean free path for air is approximately 10-5 inches
at N.T.P. but varies inversely as the density (Ref. 1). Consequently
it is convenient to do experimental investigations in the free-molecule-
flow region in an extremely rarefied gas. The experimental measure -
ments described here were performed in a bell jar, a low-density
wind tunnel and a rotating-arm apparatus.

Two aspects of the work described here are evident. The
results have an important practical application to the measurement of
flow speed in a rarefied gas. Also the work provides a verification of
the concepts of the kinetic theory of gases in the particular region of
fluid mechanics under investigation.

1%, PRESSURE PROBES

A typical system for measuring pressures in a rarefied
gas consists of a sensing element enclosed in a gauge volume which is
connected by a length of tubing to a probe. The two types of pressure
probe which will be considered are shown schematically in Fig. 1.

The orifice probe consists of a tube with a hole in its
side; the axis of the tube is normal to the flow direction. The diameter
of the hole must be large compared with the thickness of the tube wall.
In free molecule flow the measured pressure is influenced by the
geometry of the probe only through the angle @ between the outward
normal to the orifice and the flow direction; @ = 0 corresponds to
the orifice facing into the flow. (See Fig. 2J.
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8 The long-tube type of pressure probe consists of a tube of
length { and internal radius r which points into the flow. For this
type of probe the measured pressure depends on the ratio 2r/{

A typical orifice probe was constructed by drilling a small
hole 0.008 inches in diameter in aluminum foil 0.00035 inches thick,
and then gluing the foil over a larger hole in the wall of a No. 18 gauge 3
stainless steel hypodermic tube. The tube hafl an inside diameter of
0.033 inches and an outside diameter of 0.049 inches. The long-tube
probe was made from tube of similar size, externally chamfered at the
open end. Construction details are given in Refs. 2 and 3.

1I. THEORY

3.1 Velocity Distribution Functions

The expressions given below relate the measured pressures
(P and Pt ) in the gauge volume to the quantities existing in the flow.
The equilibrium pressure in the gauge depends on a balance between
the number of molecules entering and leaving the probe. According to
the kinetic theory of gases the computation involves the mean velocity
in the external flow and the densities and distributions of random
molecular velocities both inside and outside the probe. The velocity
distribution function f is defined in the following way. If n is the
number of molecules per unit volume, and E; (i=1, 2, 3) the components
of molecular velocity, then the quantity nfd§ dy 3‘53 is the number of
molecules per unit volume which have velocities in the range §; to
Ea"'d?; . Both a Maxwellian and a slightly non-Maxwellian distribution
function will be used (Ref. 1). The Maxwellian f has the form

2 » 2
: PNl e O
A ( war ) e (1)
which describes the distribution of random molecular velocities when

the flow is isentropic. The slightly non-Maxwellian distribution function -
may be written

J(= }o[;+Aidi('—2§C‘d'cﬁ>+AiJ‘CiC}7 (2)

where the summation convention for repeated indices is used, and
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Equation (2) describes the distribution of random molecular velocities

in a viscous, heat conducting flow.

The expressions given below for the gauge volume pres-
sure refer to steady-state conditions. Intermolecular collisions are
neglected in the calculations, that is, free molecule flow exists.
Molecules which enter the orifice are assumed to lose their mass
motion after striking the internal wall of the tube and to take up a
Maxwellian distribution function corresponding to the wall temperature.
The effects introduced by the time response of the probe, outgassing
from the internal walls of the gauge, and thermal transpiration will
be treated in Sec. 3.8. , ?

3.2 Orifice Probe, Maxwellian Distribution Function

When the molecules in the free stream have a Maxwellian
velocity distribution function (see Eq. 1), theoretical calculations
show that the pressure in the gauge volume is related to the free-
stream pressure, temperature and velocity by the relation (Ref. 4)

b=
T’?_“/—% ;:-T(SCOSG) (6)

-y
where zCY) PP yr‘"(,+eyfy) (7)
y 1 '

and 2 / -x (8)

f (9 \/-T;'o €  dx
The flow direction is along the xl-axis, that is

¥ :

g = c:,, > U =u =0 (9)

Measured values of the orifice probe pressure when 6 = OO, 90° and
180° are given the symbols, p,, pg and p” , respectively. Then
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3.3 Orifice Probe, Slightly Non-Maxwellian Distribution F unction

The corresponding expressions for the pressyre indicated
by an orifice probe when the fluid possesses a distribution function as
in Eq. 2 is given by (Ref. 4)
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—
IR (H’ Al Scose - A2 S sinocest + Av cos’e + A2 %
P VT & 51 2 2
-Seos’e
2 A,2 Sinf cosé ) 2 o+ n' Scose(-f» €Y{5C059>:] (18)

With the orifice orientated in the three directions of principal
interest, Eq. 13 gives,

J: (HSA. An>e’ + slr (‘*C’fs) (14) 1
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3.4 Orifice Probe, Any Given Distribution Function

An expression may be derived for the pressure indicated
by an orifice probe for any given distribution function which exists in
the neighbourhood of the probe if n, the number density, is also given.
An example of this is described in Sec. 4.2 where a comparison is
made of experimental and theoretical values of impact pressure
indicated by an orifice probe less than one mean free path from the
leading edge of a flat plate.

3.5 Long-Tube Pressure Probe

Theoretical calculations for the pressure indicated by a
long-tube probe as shown in Fig. 1(b) are based on the assumption
that the distribution of random molecular velocities in the free stream
is Maxwellian. Molecules which enter the probe and strike the walls
are agsumed to reflect diffusely. That is, the direction at which it
strikes and the proba‘hﬂ;ty of emission in a particular direction is pro-
portional to the cosine of the angle between the normal to the surface
and the direction of emission. The calculated value of p is as 4
t
follows, (Ref. 5)
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X= a function of D only, evaluated by Clausing in Ref. 6.

(19)

3.6 Short-Tube Pressure Probe

The formula given in Sec. 3.5 is valid for any S and D but
the calculation is difficult except for small S and D (that is, low speeds
and long tubes). Hence an approximate formula valid for short tubes
( % £ 0.1) is given here {Refs. 3 and 7).

%E - “"%‘Qw”f 5) (20

e
D
3.7 Application of Formulae to Determination of Molecular Speed

Ratio

The molecular speed ratio S may be found from the ratio
of two measured orifice probe pressures when the distribution function
is Maxwellian. Division of Eq. 10 by Eq. 11 gives

;Eom-; r(s) (21)

s
Thus a graph of 9('(5) vs S gives S from the ratio of the two measured
pressures, p, and pg.

If the distribution function is slightly non-Maxwellien then
Eqs. 12 and 13 should be replaced by Eqs. 14 and 15. It is found that
in a nozzle flow: the A-coefficients are sufficiently small to enable
Eq. 21 to be used for speed ratio determination (Refs. 2 and 3).
Anywhere that f is far removed from Maxwellian it may be necessary
to use the more general Eqs. 14 and 15.
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3.8 Outgassing, Time Rasponse and Thermal Transpiration

Fig. 1 illustrates a typical system for measuring pressures
in a rarefied gas. When the pressure of the external gas changes to
a new value, there is a time lag before the gas in the gauge volume
reaches a new equilibrium. For a gas sufficiently rarefied so that
the internal flow in the probe is in the free molecule regime, it may
be shown that in response to an instantaneous change in external
pressure, the pressure in the gauge reaches its new equilibrium value
exponentially. If we define a time constant as the time required for
the pressure to reach (1 - 1/€) or 63.3% of the total change, then in
the free molecule flow regime this time constant is independent of
pressure, and depends only on the dimensions of the tube and orifice
and on the associated volume (Ref. 8). At low pressures the rate at
which adsorbed gas is given off from the walls of the gauge becomes
important in determining the pressure distribution in the gauge (Refs.
8 and 9). The gas, which is evolved at a mass flow rate q per unit
area flows from the gauge out the probe and produces a pressure
drop along the probe which subjects the gauge to a higher pressure
than that which would exist without outgassing. This pressure dif-
ference is a function of q and the geometry of the gauge. The out-
gassing rate depends strongly on the temperature and pressure history
of the surface and its cleanliness; for this reason it is impossible to
specify a number or graph for q except under very limited conditions.
Hence, for accurate pressure readings the gauge is designed so that
the pressure error due to outgassing is small.

Under steady-state conditions the pressure in the gauge
volume due to outgassing exceeds the pressure which would exist
without outgassing by an amount (Ref. 8)

P=94Y=r 3r? Tt?' 3t ‘,‘,;2' Tk
When the connecting line between gauge volume and probe consists of
tubing of a different diameter than the probe, then for a given probe
and gauge geometry there is an optimum size of connecting line
which will result in a minimum outgassing pressure drop. The ex-

pression for the optimum line size has been verified experimentally,
(Ref. 9).

The time constant, T~ , for the pressure measuring
system in Fig. 1(a), is found to be (Ref. 8)

fa s {8y oLl ¢
,’32 MRT r‘t3 3{;’- 3 3,22-

In the case of a probe without an orifice, such as the long tube (Fig.
1 (b)) the two terms involving rgy in Eqgs. 22 and 23, which arise
from the pressure drop across the orifice, are omitted.
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It is found that in most practical applications the last two
terms of Eqgs. 22 and 23 may be neglected. ThenAP becomes pro-
portional to ¥ . That is,

Ap:gRT_é_r (24)

In the measurément of pressure it is necessary to be able
to correct for the effects ofApand T . By waiting a time of at least
5T following a pressure change,the influence of a finite time constant
on the pressure reading may be eliminated. It may be expected that in
the region of free molecule flow where all intermolecular collisions are
neglected that a correction for the pressure error in the gauge volume
due to outgassing may be applied by subtracting an amount which
depends only on the outgassing rate and gauge geometry (see Fig. 1).
This is so since for free molecule flow molecular movement depends
only on molecule '~surface interactions and it is not influenced by the
presence of other molecules. Experiments have shown this to be the
case - that is, the pressure error due to outgassing is independent of
the measured pressure. Hence the method used to correct for out-
gassing is to find ap when the system external to the gauge is at high
vacuum. This amount &P is subtracted from the pressure which is
measured later (Refs. 2, 3 and 7). The time interval between these
two measurements should be small enough to prevent a significant
change in q, the outgassing rate.

Another effect which must be considered is thermal trans-
piration which occurs between the gauge volume and probe. With an
orifice probe, for example, as in Sec. 3.2, theoretical calculations
actually give the relation

P / = L (5 cese) (25)

where Pe and T are the pressure and temperature of the gas just
inside the orifice opening. However, along the connecting tube between
the orifice and gauge volume, the thermal transpiration formula (Ref.
1) holds relating the measured quantities P and T, to the primed
quantities in Eq. 25. That is,

_rfe_ I.f.:: (26)
Py Te

Multiplication of Eqs. 25 and 26 gives

%w/% = X (sces) iR

which is the form given in Eq. 6. The expression for P{. in Eq. 17 may
be handled similarly. Thus the only temperatures which influence the
measured pressures are T; and T,. This has been verified experi-
mentally.



(8)

IV. EXPERIMENTAL VERIFICATICN

4.1 Rotation of Orifice Probes

From Eq. 6 at a given value of S the pressure indicated by
an orifice probe is a function of the angle@® . The pressure varies from
a maximum at @ = 0° to a minimum at @ = 180°. Figure 3 gives a
polar plot of theoretical and experimental P’/P, vs. & at a Mach
number of 1.99 in air (S = 1.67). The Knudsen numbers based on the
outside diameter of the orifice probe (Kd) varied from 0.119 to 1.44.
The dashed lines show the theoretical pressure ratios for both con-
tinuum and free molecule flow. The flow through the nozzle was
isentropic and the static pressure (pj) and temperature (T ) were
known from the nozzle calibration. As may be seen from Fig. 3, the
Knudsen numbers were not large enough to achieve fully developed
free molecule flow. However, the experimental curves approach the
theoretical free molecule flow curve as K4q increases.

Figure 4 shows another comparison of theoretical and
experimental curves of orifice pressure vs. angle of rotation
performed at a Knudsen number of 6.8 and a Mach number of 0.86
(S =0.72). These measurements were made at a higher K4 than those
of Fig. 3 and the agreement between theory and experiment is seen to
be entirely satisfactory.

4.2 Crifice Probe Near the Leading Edge of a Flat Plate

The molecules in the region less than one mean free path
from the leading edge of a thin flat plate m ay be included in two
groups. The first type are those which have come from the region
upstream of the plate and possess the distribution function of this flow.
The other molecules are those which have struck the plate and are
emitted after a diffuse reflection from it. Thus for an orifice probe
with the outward normal to the hole pointing into the flow the distri-
bution function may be assumed to be known and theoretical orifice
probe pressures can be calculated as a function of the position of the
orifice relative to the plate leading edge.

In Ref. 3 the calculated impact pressure less than one
mean free path downstream of the plate leading edge under the above
assumptions is shown to be

TR T (28)
B Sl il BEEY
G(b) = I—ﬁ—f’g (29)

b= tan¢ (30)

2

and H (s.b) = jx/\ e—(A_S) evf bA . A (31)

where
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S is the molecular speed ratio upstream of the plate leading edge.

Experimental measurements were made to verify Eqs. 28
in a subsonic nozzle in the low density wind tunnel. Figure 5 shows a
comparison of measured and theoretical orifice probe pressures.
The difference between theory and experiment may be attributed to
longitudinal and transverse gradients in the flow. The point of best
agreement is the slope of the curves near the wall. These results
demonstrate experimentally the existence of a free-molecule-flow -
region less than one mean free path from the leading edge of a flat
plate and also illustrate the usefulness of orifice probes in regions
where the velocity distribution function is thought to be known.

4.3 Long-Tube Impact Probe

The results of experimental studies on the pressure in-
dicated by a long impact probe in free molecule flow are plotted in
Fig. 6. Air was used in all experiments. Two of the studies were
performed in the low-density wind tunnel (Ref. 2 and 3) while another
set of results was obtained using a rotating-arm apparatus (Ref. 7).

The Knudsen nunbers (ratio of mean free path to outside
diameter of the tube) used in the rotating-arm experiments were
approximately 20, and the value of D was 0.2. S was found from the
rotational speed of the drive motor. The theoretical curve in Fig. 6
is for D = 0.04, but calculations showed a negligible shift in the
curve due to changes in D from 0 to 0.2 for values of the speed ratio
less than one. It is seen that the experimental values of the pressure
obtained using the rotating-arm apparatus agree very well with those
predicted by theory.

In the low-density wind tunnel tests (Ref. 3), a free
molecule static probe was used to measure the quantity P'ﬁ‘-/—ﬁ
This was essentially an orifice probe with @ = 90°. Thus the results
taken from Ref. 3 are the ratio of two measured pressures. The
value of D was 0.04. S was found by using an orifice type impact
probe and the Knudsen numbers based on tube outside diameter were
between 9 and 20. Agreement between theory and experiment is
quite good.

The points taken from Table 10 of Ref. 2 where D was 0,04

were calculated assuming that the flow from the stagnation chamber
was adiabatic. The Knudsen number was approximately 8.

4.4 Short-Tube Impact Probe

A few experimental measurements were made in Ref. 3
with short tubes to check the validity of Eq. 20. The probes were
constructed by drilling a 0.008 inch diameter hole in the wall of No.
18 gauge tube and honing the tube until the desired thickness was
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reached. These probes had a D of 4 and 2. A large uncertainty existed
in these values of D because of the small dimensions involved. The
results are presented in Fig. 7. The abscissa is m while the ordinate
is the ratio of the impact pressure obtained with the tube of diameter to
length D to the impact pressure obtained with an orifice probe. Five
different speed ratios were used and the short straight lines on the left
of the graph give theoretical values of HJD.O / B - Also on the graph
are given the theoretical slopes at m = 1 for the five speed ratios. For
clarity these slopes have been displaced from the point m = 1. These
slopes may be found from the relation (see Eq. 20)

Lim ;_3__[ X - 5‘-{'+erf5‘)] % (H—ev/S)_ Q’(s)

(32)

| = =

om 5 X

The experimental point for the orifice has been plotted at a value of D

of 22.8 or m = 0,957 since it was not a true orifice (2r = 0,008 inches,
= 0.00035 inches). It is seen that reasonable agreement was obtained

between experimental and theoretical slopes atm = 1.0 (i.e., D = o0 )

thus justifying the use of Eq. 19 for short tubes.

D = 0o

V. CONCLUSIONS

Theoretical expressions have been derived for the pressure
measured by orifice probes and long-tube type probes in free molecule
flow. The probes may be used to determine the flow speed in a rarefied
gas stream. Good agreement was obtained between theory and experi-
ment in tests conducted in a low-density wind tunnel and a rotating-arm
apparatus when the conditions for free molecule flow were fulfilled. The
measured time response, outgassing and thermal transpiration effects
were found to follow theoretical predictions.

A probe placed in a stream under free-molecule-flow con-
ditions (i.e., with the molecular mean free path greatly exceeding the
probe diameter) is affected by factors which have no influence in con-
tinuum flow. First, thermal transpiration causes the ratio of free
stream static temperature to gauge volume temperature to enter the
expression for the measured pressure. Second, the reading of a long-
tube type probe becomes dependent on probe geometry, namely, the
diameter to length ratio. Geometrical effects may be eliminated by
using the orifice-type impact probe. Furthermore, by taking the ratio
of pressure readings with the orifice facing into the stream and at
right angles to it, the molecular speed ratio may be computed without
further measurements.
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