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Unprotected Left-Turn Behavior Model Capturing
Path Variations at Intersections

Jing Zhao , Victor L. Knoop , Jian Sun , Zian Ma, and Meng Wang , Member, IEEE

Abstract— Path dispersion (the spatial distribution of vehicular
paths) is an important feature of traffic flow inside intersections
and differs from traffic flow running along traffic lanes at
road segment, especially under conflicting movements. The path
dispersion reflects the operational features of traffic flow and is
related to driving behaviour, arrival flow patterns, layout design,
and the traffic control and management scheme. This study aims
to improve the understanding of the overall path dispersion
of unprotected left-turns and the opposing through movement.
A behavioural simulation model was established to represent the
overall path dispersion. Human behaviours regarding vehicle
trajectory planning with and without conflicting vehicles were
modelled based on optimal control and integrated into the
proposed discrete event simulation framework. The descriptive
power and accuracy of the proposed simulation model were
validated using empirical data. The effects of the spatial size
of the intersection, crossing angle, and traffic volume on the
path dispersion of the left-turn and through movement were
explored based on numerical experiments. The results show that
the proposed simulation model can represent the path dispersion
of left-turn and opposing through movement well for both the
calibrated intersections and newly added intersections without
model parameter recalibration with an average error of 8.92%.

Index Terms— Path dispersion, driving behaviors, conflicting
movements, intersections.

I. INTRODUCTION

CONFLICTS between left-turn and through movements
are critical for traffic operations inside intersections,

especially for intersections without a protected left-turn phase.
Although the traffic rules of many countries require that
left-turn vehicles yield for through vehicles, the yielding
decision is subjective, and drivers must decide according to
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the dynamic states of interacting vehicles. Moreover, vehicles
in the intersection follow a two-dimensional (2D) path. Vehicle
control has two degrees of freedom: the speed and steer-
ing angle. Drivers choose their (preferred) trajectory among
infinite possibilities. Even under the same yielding decision,
various control strategies can be operated, including slowing
down, stopping, and/or detouring. These phenomena constitute
the complex path dispersion of left-turn and opposing through
movements at intersections.

Existing studies on conflicting movements at intersections
mainly focus on discrete interaction (yielding or crossing)
decisions. The critical influencing factors of the interaction
decisions, such as time gap, time-to-arrival, and conflict-
ing distance, are mainly determined based on the restrictive
assumption of a fixed conflict point [1], [2]. Microscopic
vehicle movements are modelled based on lane-based models
that originate in road segments, even though there are no
lanes inside the intersection area. Vehicles in the microscopic
simulation have to move along the (non-existing) traffic lane
or move from one lane to another. Consequently, the existing
commercial microscopic simulation tools assume the paths
inside the intersections are fixed because the traffic lanes
should be pre-determined before simulation. Some models,
such as the cellular automata model [3], [4], [5], can make a
more detailed description with a smaller cell size, but vehicles
must still run along the cells.

In practice, simulation models are helpful for evaluating the
performance of intersection designs. However, vehicles will
always run exactly along the path set by modellers, and hence
there is no path dispersion. This situation is unrealistic because
no matter how poor the intersection design is, vehicles always
run smoothly, and the conflicting movement flow pairs always
have fixed conflict points.

This study establishes a simulation model that describes the
paths of left-turning vehicles under the unprotected left-turn
phase inside intersections. The proposed model is based
on driver behavioural analysis. Contrary to the widely-used
simulation models, such as Vissim, Paramics, and Aimsun,
the proposed simulation model can endogenously describe
the paths of interacting vehicles rather than setting them as
simulation inputs. The overall path dispersion thereof is an
output, which is a more realistic description of the traffic
flow inside intersections. The model, in turn, can be used to
assess designs. Indeed, the designs should give the drivers
reasonable guidance at intersections. For different designs,
we can obtain their path dispersion indicators based on the
simulation model. Then, the effectiveness of guiding traffic
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flow can be compared. Therefore, the proposed simulation
model can assess the effectiveness of a particular design. The
path dispersion description is useful for conditions of highly
heterogeneous traffic with weak lane discipline, especially in
developing countries, such as China and India [6], [7], [8],
[9]. We also realise the complexity of the path dispersion,
which may be affected by geometric conditions, signal control
conditions, traffic conditions, and driver characteristics. The
proposed model can be a starting point and extended with
more real-world considerations in future studies.

The paper is organised as follows. Section II reviews
the relevant studies and motivates the contribution of our
proposal. Section III conducts an empirical analysis on the
path dispersions of the unprotected left-turn and opposing
through movement. Two indicators that can analyse the path
dispersion quantitatively are introduced. Section IV describes
the formulation of the trajectory planning model, parameter
calibration, and simulation framework. Section V validates the
accuracy of the proposed model based on comparative analysis
using empirical data. Section VI discusses the sensitivity of
influencing factors, and the study is concluded in Section VII.

II. LITERATURE REVIEW OF CONFLICTING MOVEMENTS
AT INTERSECTIONS

The relevant studies on the path dispersion of conflicting
movements at intersections mainly contain three aspects: gap
acceptance, microscopic traffic flow models, and vehicle tra-
jectory models and analysis inside intersections.

Studies of gap acceptance focus on whether a gap will be
accepted and mechanisms influencing the acceptance based
on discrete decision models. Numerous empirical and driv-
ing simulator-based studies show that the vehicular yielding/
crossing behaviour is an inherently complex process affected
by various factors, including geometric design, traffic con-
ditions, vehicle features, and driver characteristics. (1) For
geometric designs, Yan and Radwan [10] used field data to
show that drivers’ restricted sight distance increases the critical
gap and follow-up time. Devarasetty et al. [11] developed a
binary logit model to predict the gap acceptance probability
considering the gap duration, total wait time, time to turn,
distance to the next downstream signal, and median type.
(2) For traffic conditions, Liu et al. used empirical data to iden-
tify the decisive moment for crossing and merging behaviour
based on classification tree analysis [12], [13]. The influencing
factors related to the speed and distance were investigated.
Patil and Pawar [14] used field data to analyse the critical
temporal and spatial gap without explicit priority. Hutton et al.
[15] modelled the critical gap as a function of the left-turn
lane offset based on comprehensive naturalistic driving data.
(3) For vehicle features, Robbins et al. [16] compared the
reaction of drivers when facing the conflict with cars and
motorcycles based on driving simulator experiments. The
results show that significantly smaller (riskier) gaps in front
of motorcycles were accepted than in front of cars. (4) For
driver characteristics. Yan et al. [17] explored the effects of
traffic speed and driver age and gender based on driving
simulator experiments. Bärgman et al. [18] proposed that

two boundaries, namely comfort- and dread-zone boundaries,
are needed to predict the behaviour of the left-turn crossing.
Drivers do not cross without extra motives for the comfort-
zone boundary, while drivers do not cross even with extra
motives for the dread-zone boundary. Tang et al. [19] pro-
posed a gap acceptance model for left-turn considering the
trade-off between the perceived risk and time-saving benefit.
Liu et al. [20] established a crossing behaviour model based
on an analysis of the interaction among the drivers’ risk per-
ception, acceptable risk level perception, and vehicle motion
state. Mao et al. [21] used the logistic regression model to
obtain critical gaps considering the cognitive behaviour of
drivers, and estimated the safety of the gap. Paschalidis et al.
[22] used driving simulator data to investigate the effect of
driver stress levels on their gap acceptance at an intersection.
Gao et al. considered driver aggressiveness and analysed
illegal permissive left-turning movement conditions [23], [24].
Li et al. [25] analysed the effect of mobile phone use on the
gap acceptance manoeuvre at intersections. These yielding/
crossing prediction models are discrete decision models.
In these studies, to calculate the gap and influencing factors,
the researchers assumed the trajectories of the conflicting
movements to be pre-determined and neglected path disper-
sion. The shortcomings of this assumption have been pointed
out, especially in the non-lane-based traffic environment [26].

For microscopic traffic flow, numerous studies explored
the interaction between vehicles and their effects on traffic
flow. Traffic management and signal control are the influenc-
ing factors considered in the existing studies. Based on the
Newell [27] car-following model, Ahn et al. [28] analysed the
temporal and spatial characteristics of trajectories under signal
timing. Considering various signal control scenarios, Sasaki
and Nagatani [29] analysed the traffic flow variation under the
simple synchronised, green wave, and random switching signal
strategies. The traffic phenomena caused by the signal control,
including clustering, dissipating, and wave propagation, were
explored by Tang et al. [30]. The effect of the green signal
countdown device, which is widely used in China, on these
phenomena was further discussed [31], [32]. To achieve a
more realistic representation of driving behaviour, human-
factors were also considered in modelling [33]. The effects
of many advanced traffic managements on the microscopic
traffic flow were also explored based on the microscopic
traffic flow model, including the speed guidance system [34],
[35] and the automation and communication technology [36],
[37], [38]. Although much is known on the vehicle behaviour
and its corresponding effects on traffic flow at intersections,
the traditional microscopic traffic flow is lane-based. Based
on these traditional car-following and lane-changing models,
the existing commercial microscopic simulation models are
also lane-based. Some microscopic traffic models were gen-
eralised to consider vehicles’ 2D movement under the weak
discipline of lane-based driving conditions. At road segments,
Gunay [39] developed a car-following model with the con-
sidering the discomfort caused by lateral friction between
vehicles, which is formulated as a function of the off-centre
effects. Jin et al. [40] extended the full velocity difference
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car following model by considering the effects of the lane
width and lateral separation between vehicles. Kanagaraj and
Treiber [41] developed a 2D multi-particle model for mixed
motorised and non-motorised traffic flow, where longitudinal
and lateral dynamics are connected.

Inside intersections, vehicle movements become more
complex. Previous studies focused on vehicular trajectory
modelling and influencing factor analysis of conflicting move-
ments. The methods mainly include the following four groups:

(1) Extending the car-following model. Delpiano et al. [42]
proposed a 2D microscopic traffic model by modelling the
multi-directional collision avoidance behaviour of drivers as a
2D repulsive force between vehicles. Xie et al. [43] proposed
a 2D car-following model to describe the mixed traffic flow at
unsignalized intersections. The interactions between a vehicle
and other motorised/non-motorised vehicles were considered.

(2) Statistic and machine learning-based model. Zhang et al.
[44] developed a probability prediction model based on
binary logistic analysis to explore various factors affecting
the probability of left-turn paths. Azadani and Boukerche [45]
introduced a novel deep learning-based methodology to antici-
pate vehicle paths at unsignalized intersections. Choi et al. [46]
explored the relationship between crashes and turning paths
at intersections. It found that ageing drivers exhibit greater
and more inconsistent offsets during turning movements than
younger drivers. Zhang et al. [47] proposed a long short-
term memory-based (LSTM-based) vehicle motion prediction
model that combines intention and trajectory predictions.

(3) Social force model. Ma et al. [48] used the social
force model to generate 2D vehicle movements. The trajectory
is obtained by the integrated effect of forces, such as the
self-driven, repulsive, and attractive forces [49], [50], [51].
They further proposed a three-layered plan-decision-action
framework to obtain acceleration and angular velocity in the
turning process [52].

(4) Optimal control model. At the beginning, researchers
modelled the paths inside intersections [53], [54], [55] and
roundabouts [56] using a combination of straight lines and
parametric curves considering the intersection geometry, vehi-
cle type, and speed. Recently, Bichiou and Rakha [57] devel-
oped a 2D trajectory planning model for autonomous vehicles
considering the collision avoidance constraints and detailed
vehicle motion. The algorithm was further simplified for
real-time control [58]. For human drivers, Zhao et al. [59]
proposed a 2D vehicle movement model with the consideration
of drivers’ efficiency and comfort preferences. Dias et al. [60]
explored the applicability of the minimum-jerk principle to
model and simulated free-flow trajectories of turning vehicles.
Ziegler et al. [61] modelled the human-driven trajectories of
vehicles by using a time-discrete kinematic bicycle model with
the vehicle’s acceleration and steering rate as inputs.

The existing trajectory models for intersections mainly
focus on controlling individual vehicles. The overall path
dispersion is neglected in the existing traffic flow analysis.

In summary, the overall path variation analysis is ignored
in current gap acceptance behaviour models, traditional traffic
flow models, and vehicle trajectory planning studies. The

contribution of this study lies in the development of a
behaviour-based simulation model that describes the overall
path dispersion for the unprotected left-turn and opposing
through movements at intersections. The proposed model
integrates tactical-level decisions and operational-level vehi-
cle trajectories and can endogenously describe the paths of
interacting vehicles rather than setting them as simulation
inputs. Empirical data are used to verify the plausibility and
effectiveness of the proposed model. The proposed simulation
model provides insights on the overall operating condition of
the conflicting movements inside intersections.

III. EMPIRICS

In this section, the real-world path dispersions of the unpro-
tected left-turn and opposing through movement are illustrated.

A. Data Collection
The real vehicle trajectories in nine intersections with

the permitted left-turn phase are collected by drones. The
coordinates of left-turn and through vehicles are collected
in 24 frames per second. The selected intersections should
contain directions with the unprotected left-turn phase. More-
over, various types of intersection and traffic lane numbers
of approach should be covered. The basic information of sur-
veyed intersections and recording view are shown in Table I.
The nine surveyed intersections contain six cross intersections,
two T-shaped intersections, and a Y-shaped intersection. The
traffic lane number of the approach contains one, two, and
three lanes.

B. Path Dispersion Analyses Method

To analyse the path dispersion quantitatively, we used the
following indicators: (1) the frequency of path coverage (FPC)
at each lattice, and (2) the standard deviation (SD) of the paths.
The former can be regarded as an overall description of the
path dispersion in space, while the latter can quantitatively
describe the statistical dispersion of the paths.

The FPC can intuitively show the path dispersion. As illus-
trated in Fig. 1, we generate a mesh inside the intersection.
In this study, the mesh is generated with a resolution of 1 m in
the longitudinal and lateral directions. The FPC at each lattice
can be calculated by Eq. (1).

F PC l = Nl/N , ∀l ∈ L (1)

where, F PC l is the frequency of path coverage at lattice l; Nl
is the number of vehicles traversing at lattice l, veh; N is the
total number of vehicles in the specific movement direction,
veh; L is the set of lattices.

The SD is a measure of dispersion in statistics and is
the extent to which a distribution is stretched or squeezed.
In this study, the SD of the paths represents the outcome of
the path dispersion, which can be calculated using Eq. (2).
For a set movement paths, we can fit and get a standard
path in the middle of the path set. Then, we can calculate
the Euclideandistance between the points on a path and the
standard path, dmp. Each Euclidean distance is then squared,
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TABLE I
SURVEYED INTERSECTIONS

and the results are summed. The result is then divided by the
number of path points of the left-turn and opposing through
movements; this is the variance. The SD can then be calculated

Fig. 1. Mesh inside the intersection.

Fig. 2. Concept of dmp .

Fig. 3. Creation of the standard trajectory.

as the square root of variance.

SD =

√
1∑2

m=1 Pm

∑2

m=1

∑Pm

p=1
d2

mp (2)

where, SD is the standard deviation of paths, m, which indi-
cates the overall path dispersion; m represents the movement,
m = 1 and 2 for left-turn and through movement, respectively;
dmp is the Euclidean distance between the point p on a path
and the standard path for movement m, m, as shown in Fig. 2;
Pm is the number of path points for movement m.

We use the following method to create the standard move-
ment trajectory. For any movement, we have real paths from
empirical data. For left-turn, first, the middle of start and
terminal points can be obtained, as points A and B shown
in Fig. 3. The average heading angle of start points and
terminal points can also be obtained. Second, point O in
Fig. 3 can be obtained, which is the cross point of the two
lines perpendicular to points A and B. Third, the rays, which
divide the angle into N equal parts, can be drawn. In this
paper, N is set to be 50. Fourth, the median point of each
cross-section is found. Finally, we get the standard trajectory
by connecting these median points (A, A1, A2, A3, . . . , B). For
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through movement, since the heading angles of the start and
terminal points are similar, the parallel lines are used instead.

C. Path Dispersion Results

The FPC and SD values of the empirical data are illustrated
in Table IV in Appendix A and Table VI in Appendix B,
respectively. The data intuitively shows that the paths are
dispersed, which is related to the driving behaviour, arrival
flow pattern, layout design, and traffic control and management
scheme. The mean of the SD is 1.25 m. To represent the path
dispersion, we establish a simulation model in the next section.

IV. MODEL ESTABLISHMENT

This section establishes a simulation model to estimate the
path dispersion of two conflicting movements at signalised
intersections. Model formulations in different traffic situations
are first introduced. Then, the parameters that reflect driving
behaviour are calibrated. They are integrated into a simulation
framework to represent the path dispersion of two conflicting
movements.

A. Model Formulations in Different Traffic Situations

The movement decisions of vehicles in the simula-
tion model contain two levels: tactical-level decisions and
operational-level vehicle trajectories. At the tactical level,
we decide whether the trajectory of a vehicle must be re-
planned, while the trajectories are planned at the operational
level.

Two types of trajectories are defined for tactical-level deci-
sions, namely the temporary trajectory and fixed trajectory.
The temporary trajectory means that vehicle’s trajectory may
need to be re-planned, for example, the arrival of a new con-
flicting vehicle. The fixed trajectory means that the trajectory
of the vehicle will not be re-planned. At the tactical level,
a vehicle can be given a fixed trajectory when it is the first
vehicle crossing the conflict point. This situation based on
the understanding that even when a new conflicting vehicle
arrives, it also should yield as the front vehicle. Moreover,
as time goes by, the temporary trajectory is fixed if no new
conflicting vehicles arrive.

At the operational level, a new vehicle can have three possi-
ble conditions when it arrives at the analysis area: (1) there are
no other vehicles in the analysis area, (2) there are vehicles at
the analysis area but no vehicles of conflicting movement with
temporary trajectories, and (3) there are vehicles of conflicting
movement with temporary trajectories.

1) Condition 1: No Other Vehicles in the Analysis Area:
When there are no other vehicles in the analysis area, the
newly arriving vehicle becomes the only vehicle that should
be considered. We can use the 2D vehicular movement model
to describe the trajectory of one vehicle.

The original model proposed by Zhao et al. [59] used the
travelled distance as the main independent variable. However,
we need to update the states of the vehicles according to the
simulation time. A time-domain model is more convenient
than a distance-domain model to synchronise all the vehicles in

the simulation. Therefore, the one vehicle trajectory planning
problem from the initial state to the terminal state can be for-
mulated as following equations using Eq. (3) as the objection
function and Eqs. (4) – (6) as constraints. The constraints of
Eq. (4) – (6) restrict the vehicle’s running speed, curvature,
and acceleration. The vehicle motion dynamics and model’s
control variables are specified in Eqs. (7) and (8), respectively.
The two control variables, the acceleration and curvature, can
be regarded as the control of the throttle/brake pedals and
the steering wheel of a human driver. The running cost L i
in the objection function (1) reflects the different cost aspects
considered by the drivers during driving, including the travel
time, turning, and acceleration costs, as shown in Eq. (9).

min
Ui

C (X i , Ui ) = min
Ui

∫ t f i

0
L i (t, Xi , Ui ) dt (3)

where, Xi (t) is the state vector of vehicle i at time t ; Ui (t)
is the control vector of vehicle i at time t , which is defined in
Eq. (8); t f i is the time spent from the initial to the terminal
state of vehicle i , in s; L i is the running cost of vehicle i at
the time t .

0 ≤ vi ≤ vmax (4)
−1/rmin ≤ κi ≤ 1/rmin (5)

aimin ≤ ai ≤ aimax (6)

where, vmax is the maximum velocity, m/s. Since the design
speed of urban streets is normally no more than 16.67 m/s
(60 km/h) [62], the maximum velocity limitation is set to be
20 m/s [63] considering the temporal speeding of vehicles.
rmin is the minimum turning radius, m, which is set to be
5 m according to the specification of urban road design engi-
neering [62]. amin and amax are the minimum and maximum
acceleration, respectively, m/s2. The minimum acceleration is
set to be -5 m/s2 as in many studies [57], [64]. The maximum
acceleration is more complex. A possible value of 5 m/s2 is
assumed according to previous studies [57].

d
dt

Xi (t) =
d
dt


xi (t)
yi (t)
θi (t)
vi (t)

 =


vi (t) cos θi (t)
vi (t) sin θi (t)
vi (t) κi (t)
ai (t)

 ,

with Xi (0) = X0i and Xi
(
t f i

)
= X f i (7)

where, xi (t) and yi (t) are the plane coordinate of vehicle i at
time t , s; θi (t) is the heading angle of vehicle i at time t , rad;
vi (t) is the velocity of vehicle i at time t , m/s; κi (t) is the
curvature (reciprocal of the turning radius) of the trajectory of
vehicle i at time t , rad/m; ai (t) is the longitudinal acceleration
of vehicle i at time t , m/s2; X0i is the initial state of vehicle
i ; X f i is the terminal state of vehicle i .

Ui (t) =

[
κi (t)
ai (t)

]
(8)

L i =

∑
j
β j i L j i = β1i +

β2i

2
a2

ci +
β3i

2
a2

i (9)

where, L j i is the running cost j of vehicle i ; β j i is the weight
of the running cost j of vehicle i , which reflects the driving
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TABLE II
DESCRIPTIVE STATISTICS OF THE CALIBRATED PARAMETERS

behaviour of human drivers; aci is the lateral acceleration,
in m/s2, which can be determined by Eq. (10).

aci = κiv
2
i (10)

2) Condition 2: Other Vehicles Present but No Vehicles
of Conflicting Movement With Temporary Trajectories: In
this condition, since there are no conflicting vehicles or the
conflicting vehicles have fixed trajectories, we can use the
one-vehicle trajectory planning model mentioned above by
considering the effect of all other vehicles. Therefore, Eq. (9)
should be replaced by Eq. (11), while keeping Eqs. (3) – (8)
and (10) the same. The added v2

ribe−Dib term is a function of
the radial velocity and distance, which can reflect the effect
from all other vehicles for safety considerations.

L i =

∑
j

β j i L j i = β1i +
β2i

2
a2

ci +
β3i

2
a2

i + β4iv
2
ribe−Dib

(11)

where, vrib is the radial velocity of the interacting vehicle
b with respect to the target vehicle i , m/s, which can be
calculated using Eq. (12); Dib is the distance between two
vehicles, m, as shown in Eq. (13).

vrib =

{
vi cosϕib + vbcosγib, vi cosϕib + vbcosγib ≥ 0
0, vi cosϕib + vbcosγib < 0

(12)

where, vb are the velocities of the interacting vehicle b, in m/s;
ϕib is the angle between the direction from the target vehicle
i to the interacting vehicle b and direction of the target
vehicle’s velocity, in rad; γib is the angle between the direction
from the interacting vehicle b to the target vehicle i and
direction of the interacting vehicle’s velocity, in rad.

Dib =

√
(xi − xb)

2
+ (yi − yb)

2 (13)

3) Condition 3: Existing Vehicles of Conflicting Movement
With Temporary Trajectories: With vehicles of conflicting
movement with temporary trajectories, the trajectories of the
target (newly arrived) vehicle and the vehicles of conflict-
ing movement with temporary trajectories should be jointly
planned. Thus, the objective function (3) of the trajectory
planning should be replaced by Eq. (14) to contain the
costs of all these vehicles while keeping Eqs. (4) – (8) and

TABLE III
SIGNIFICANCE TEST OF LEFT-TURN AND THROUGH VEHICLES

Fig. 4. Box-plot of the calibrated parameters.

(10) – (13) the same. Then, the crossing order and trajectories
of the conflicting vehicles can be obtained simultaneously. The
vehicle that crosses first can get a fixed trajectory, which is
used in tactical-level decisions.

min
U

(∑
i

∫ t f i

0
L i dt, ∀i ∈ I

)
(14)

where, U is the set of Ui ; I is the set of considered vehicles,
including the target (newly arrived) vehicle and vehicles of
conflicting movement with temporary trajectories.

Therefore, in the proposed model, the crossing order of
conflicting movement is used to distinguish temporary and
fixed trajectories. Then, the vehicle crossing the conflict point
first is given the fixed trajectory. However, the positions
of conflict points are not fixed nor determined as a priori.
Each conflict point is endogenously generated by our model
and the position varies depending on the interaction between
conflicting vehicle pairs.

B. Model Calibration to Reflect Various Driving Behaviour

The driving behaviour can be reflected by the parameters
(β1, β2, β3, and β4) in the model. The four parameters, β1,
β2, β3, and β4, reflect the drivers’ concerns on the travel
time, lateral acceleration, longitudinal acceleration, and safety,
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Fig. 5. Simulation procedure.

Fig. 6. FPC comparison (No. 8 intersection).

respectively. Since the degree of importance is relative, we can
set β1 to 1 for convenience. In this section, we use the
empirical data to calibrate the other parameters (β2, β3, and
β4) to ensure the model’s reality.

In the nine surveyed intersections shown in Table I, the data
from the first five intersections (No. 1-5) are used for param-
eter calibration. The data from the other four intersections

(No. 6-9) are used only for model validation in Section V
to check the performance of the model in new intersections
(i.e., not being used in the calibration).

1) Parameter Calibration: The sequential quadratic pro-
gramming (SQP) method [65] was used to obtain the optimal
parameters for each conflicting vehicle pair that minimise the
root-mean-square error (RMSE) of the discrepancy between
the modelled and collected trajectories, as shown in Eq. (15).

RM SE =

√∑n

t=1

[(
xm

t − xc
t
)2

+
(
ym

t − yc
t
)2

]
/n (15)

where,
(
xm

t , ym
t

)
and

(
xc

t , yc
t
)

are the coordinates of the
modelled and collected trajectories at time t , respectively m.

The descriptive statistics of the calibrated parameters are
shown in Table II. The result of the independent-samples
T-test (Table III) shows that the differences in β2 and β3
between left-turn and through vehicles are not significant (p >

0.05), while the difference of β4 between left-turn and through
vehicles is significant (p < 0.05). Therefore, for β2 and β3,
we merge the data from left-turn and through vehicles. For β4,
they are divided into two data sets.

2) Parameter Sampling: The box-plot of the calibrated
parameters is shown in Fig. 4. Compared to the through
vehicles, the left-turn vehicles care more about safety and most
(25% – 75% percentiles) of the β2 and β3 values for left-turn
and through vehicles are in the range of [0.07, 0.28] and [0.08,
0.30], respectively. For β4, most (25% - 75% percentiles)
values for left-turn vehicles and through movement are [0.40,
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Fig. 7. Impact of the intersection’s spatial size.

0.77] and [0.18, 0.40], respectively. Therefore, parameters are
selected randomly from these ranges in the hereafter analysis,
reflecting the heterogeneity of driving behaviour.

C. Simulation Procedure

A discrete event simulation framework is used, as shown in
Fig. 5. When a new vehicle arrives, the process of the contains
six steps. At the end of the analysis period, the path dispersion
can be estimated.

Step 1: Initialise the newly arriving vehicle. When a new
vehicle arrives, the parameters related to the vehicle are
initialised. They include the arrival time (Ti ), movement (Mi ),
initial state (X0i ), terminal state (X f i ), maximum velocity
(vmax), minimum turning radius (rmin), and minimum and
maximum accelerations (amin, amax).

Step 2: Update the states of all the vehicles in the analysis
area. The current vehicular states are updated according to
the planned trajectories, which contain four aspects. First,
the temporary trajectories from the arrival time of the last
vehicle to the current time should be fixed. Second, if a vehicle
i ′ has arrived at the terminal state, it should be removed
from the analysis system, as shown in Eq. (16). Third, the
number of vehicles and vehicles with the temporary trajectory
in the system can be updated by Eqs. (17) – (19). Fourth, the
position, heading angle, and velocity of each vehicle in the
system should be updated, as shown in Eq. (20).

Si = 0, ∀Ti + t f i ≤ T (16)

Fig. 8. Impact of the crossing angle.

where, Si is a binary parameter indicating whether vehicle i is
in the system, 1-yes and 0-no; Ti is the arrival time of vehicle
i ; T is the current time.

N =

∑
i

Si (17)

where, N is the number of vehicles in the system.

N1 =

∑
i

Si (1 − Fi ) (2 − Mi ) (18)

N2 =

∑
i

Si (1 − Fi ) (Mi − 1) (19)

where, N1 and N2 are the number of left-turn and through
vehicles with temporary trajectories in the system, respec-
tively; Fi is a binary parameter indicating whether vehicle
i has fixed trajectory, 1-yes and 0-no; Mi indicates the
movement of vehicle i , 1-left-turn and 2-through movement.

xi (T ) =
∫ T

Ti
vi (t) cos θi (t)dt

yi (T ) =
∫ T

Ti
vi (t) sin θi (t)dt

θi (T ) =
∫ T

Ti
vi (t) κi (t) dt

vi (T ) =
∫ T

Ti
ai (t) dt

 , ∀Si = 1 (20)

Step 3: Judge the condition the newly arriving vehicle meets.
The aforementioned three conditions can be judged by Eq. (21)

ci =


1, N = 0
2, N ̸= 0, N(3−Mi ) = 0
3, others

(21)
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Fig. 9. Impact of the traffic volume.

where, ci is the condition the newly arriving vehicle i
encounters.

Step 4: Plan trajectories. The trajectory of the newly arriving
vehicle and trajectories of vehicles with temporary trajectories
can be planned or re-planned according to Eqs. (3) – (14)
based on the Minimum Principle of Pontryagin [64], [66], [67].

Step 5: Update the fixed and temporary trajectories. Under
conditions 1 and 2, only the trajectory of the newly arriving
vehicle is planned. Then, the newly arriving vehicle gets the
temporary trajectory. Under condition 3, the trajectories of the
newly arriving vehicle and vehicles with temporary trajectories
are planned. The vehicle crossing the conflict point first is
given the fixed trajectory. Others get temporary trajectories.

Step 6: Stopping criteria. The iteration will be stopped if the
time step reaches the end of the analysis period (Tend), and
output the trajectories of all the vehicles. Otherwise, return to
step 1. According to the trajectories, the path dispersion can
be estimated.

Our modelling principle is parsimonious. The complex
condition can be reflected by properly setting the proposed
model’s input parameters. (1) The impacts of the intersection
type on the vehicular path mainly depend on the vehicle’s
heading angles on approach and exit lanes, while the impacts
of the intersection size mainly lie in the positions of the
approach and exit lanes. These reality factors related to the
geometric layout can be reflected by the initial (the plane
coordinate, the heading angle, and the velocity) and terminal

states (the plane coordinate and the heading angle) of vehicles.
(2) For various vehicle types, the impact on the vehicular
path mainly depends on vehicle performance and driver’s
path preference. These factors relating to the vehicle can be
reflected by the vehicle performance parameters (maximum
velocity, minimum turning radius, and minimum and maxi-
mum acceleration) and driving behaviour parameters (β1, β2,
β3, and β4). (3) For various traffic conditions, such as the
traffic volume, the proportion of turning movements, and the
vehicle type ratio, can be reflected by the setting of the vehicle
generation rate for each movement and each vehicle type.

Please note that the optimal control theory is used to
establish the simulation model. Its advantage lies in the inter-
pretability of the vehicle trajectory. By setting the acceleration
and curvature as control variables, we assume human drivers
are optimal controllers to control the steering wheel and the
brake/throttle pedals to minimize future costs. We used optimal
control to model human driver behaviour. By keeping the
model close to a natural form of control, the model can
reproduce human behaviour in previously unseen cases. This
is verified with the validation of the model on the intersections
outside the test set in the next section.

V. MODEL VALIDATION

This section validates the proposed model’s descriptive
power and accuracy using empirical data. The overall path
dispersion of movements instead of a specific vehicular tra-
jectory is compared between the simulation results and empir-
ical data. Besides the five intersections used for parameter
calibration, four new intersections (i.e., not being used in the
calibration, No. 6 – 9 in Table I) are added to validate the
proposed model’s performance when the distribution of model
parameters is unknown. They include a four-leg intersec-
tion, two T-shaped intersections and a Y-shaped intersection.
We only explore the conflict movement pair between the
unprotected left-turn and opposing through movements at
intersections. Moreover, movements whose volumes are too
small (smaller than 1 veh/min) are also removed to support
the analysis. The validation methodology and results of the
validation are presented as follows, in which the simulation
results are the average values of 10 runs in each tested case.
For comparison, we also compared the proposed model with
a social force-based simulation model proposed by Ma [48].

The FPC results of four data sources/models are illustrated
in Fig. 6, including (1) empirical data, (2) proposed model,
(3) Ma’s model, and (4) Vissim simulation (using the move-
ment pair of westbound left-turn and eastbound through move-
ment at intersection No. 8 as an example, see Table IV in
Appendix A for the 12 pairs). We can find that the path
dispersions of the empirical data and proposed model are
visually comparable.

The comparison results of the paired-samples T-test (see
Table V in Appendix A) show that there is no significant
difference between the simulation result and empirical data
(p > 0.05) under the meter-level FPC analysis. Ma’s model
can also reflect the path dispersions. However, the accuracy
of the description is lower than that of the proposed model.
The paired-samples T-test shows that 3 of 12 pairs (pairs 5, 9,
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TABLE IV
FPC OF THE EMPIRICAL DATA AND SIMULATION RESULT
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TABLE IV
(Continued.) FPC OF THE EMPIRICAL DATA AND SIMULATION RESULT

and 12) significantly differ between the simulation result and
empirical data. The Vissim simulation results in all vehicles
passing along the same path, and there is no path dispersion.

The proposed model also performs well in SD analysis
(see Appendix B). Comparing the SD values between the
simulation result of the proposed model and empirical data, the
minimum, maximum, and average relative errors are 0.15%,
16.93%, and 8.55%, respectively. The significance test of the
difference (paired-samples T-test) shows that the difference
in SD between the two is not significant (p > 0.05). The
validation does not show a significantly different performance
than the calibration. Moreover, the validation shows that the
model produces results of sufficient quality to represent the
overall path dispersion of the left-turn and through movement
interactions. This indicates that the model is applicable to
practical problems. For Ma’s model, the minimum, maximum,
and average relative errors of the SD values are 14.52%,
207.36%, and 104.66%, respectively, which are much higher
than those of the proposed model. The difference in SD
between the simulation result of Ma’s model and the empirical
data is significant (p < 0.05). We also find that the SD values
of Ma’s model are larger than those of the empirical data and
proposed model in all the tested cases. It may be because the
trajectories of Ma’s model are not directly obtained by driver

manoeuvres. The comparison shows that the proposed model
outperforms Ma’s model in capturing path variations in tested
cases.

In turn, the simulation results of the proposed model can
be used to assess designs. For intersection No. 8, the potential
conflicting area is shown as the blue box in Fig. 6(b). The
variability of the conflicting point location is high, which
compromises traffic safety. Therefore, the guidance measures,
such as guideline markings, stop and yield lines, channelizing
islands, reflective road studs, and various guide signs, can be
used to standardize the path of the left-turn traffic flow.

VI. APPLICATION: EFFECTS OF ROAD LAYOUTS AND
TRAFFIC CONDITIONS

Based on the proposed model, we explore the effect of
the road layouts and traffic conditions on the path dispersion
of the left-turn and through movement. The basic inputs
of the numerical experiment are as follows. There are two
conflicting movements: eastbound left-turn and westbound
through movement. The left-turn moves from (0, 0) m to (20,
20) m. The initial heading angle, initial velocity, and terminal
heading angle of left-turn are 0 rad, 8 m/s, and π /2 rad,
respectively. The through movement moves from (37.5, 7.5)
m to (0, 7.5) m. The initial heading angle, initial velocity, and
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TABLE V
SIGNIFICANCE TEST OF THE DIFFERENCE IN FPC

terminal heading angle for through movement are −π rad,
8 m/s, and −π rad, respectively. The traffic volumes for both
movements are 360 veh/h. For each case, the simulation time
is one hour.

A. Impact of the Intersection’s Spatial Size

Drivers have more path options when the spatial size of the
intersection increases. The intersection spatial size is changed
from 0.5 to 2 times the basic input size to explore its effect on
the path dispersion. The FPC under each intersection size and
changes in the SD are shown in Fig. 7. Fig. 7(a) shows that
path dispersion becomes increasingly discrete with increasing
intersection spatial size. The changes in the SD shown in
Fig. 7(b) also illustrate this. It is because when the intersection
spatial size is small, drivers do not have many options to
choose from due to the turning radius limit (5 m in this
experiment). With the increase in the intersection spatial size,
the trajectory is not restricted too much by the minimum
turning radius. Drivers can choose to pre-empt the conflict
point with a sharp turning or yield with smooth turning.

B. Impact of the Crossing Angle

A large crossing angle may cause left-turn difficulties. The
crossing angle is changed from π /4 to 3π /4 at π /8 intervals
to explore its effect on the path dispersion. The changes
in FPC and SD against the crossing angle are shown in
Fig. 8. The results show that with the increase of the crossing
angle, the path distribution is less dispersive. It is also related
to possible options. When the crossing angle is small, the
left-turn vehicles do not need to turn too much indicating that
there are multiple possibilities. Fig. 8(a) shows two classes
of paths when the crossing angle is small. One is a direct
turning path, while another is a detour turning where drivers
try to avoid the conflict while saving time. However, when
the crossing angle is large, this phenomenon is not observed
because there is no detour option for a limited space and
turning radius.

C. Impact of the Traffic Volume

High traffic volume increases the probability of conflict,
which may make the traffic condition more complex. The
traffic volume is changed from 180 veh/h to 450 veh/h at
90 veh/h intervals to explore its effect on the path dispersion.
The FPC under each case and the changes in the SD are shown
in Fig. 9. The SD values increase with the increase in traffic
volume. Drivers can encounter more conflicts under high
traffic volumes, which increases path dispersion. However, the
changes are slight compared to changes in the intersection
spatial size and the crossing angle analysis. The difference in
FPC is also not visually significant.

VII. CONCLUSION

This study explored the overall path dispersion of unpro-
tected left-turn and opposing through movement at inter-
sections. A simulation model considering the behaviour of
drivers was established, and the parameters were calibrated.
The proposed model was validated using empirical data,
demonstrating the effectiveness of the model in describing
and qualitatively analysing the path dispersion. The effects
of road layouts and traffic conditions on the path dispersion
of left-turn and through movement were discussed based on
sensitivity analysis. The following findings are drawn from the
study:

(1) The simulation model describes the overall path dis-
persion by generating both tactical decisions and operational
trajectories in a single mathematical framework. The proposed
simulation model can endogenously describe the paths of inter-
acting vehicles by planning 2D trajectories based on optimal
control It solves the problem of state-of-the-art simulation
tools in which the paths of interacting vehicles were set as
inputs for simulating 1D traffic flow.

(2) The proposed simulation model performs well for both
the calibrated intersections and newly added intersections
without model parameter recalibration. This is achieved by
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randomly selecting parameters from the calibrated ranges
for individual vehicles. The model can represent the path
dispersion of left-turn and opposing through movement with
an average error of 8.92%.

(3) The path dispersion of the left-turn and through move-
ment increases with the growth of the intersection spatial
size and traffic volume, while decreasing with the growth
of the crossing angle. Compared with the traffic condition
(traffic volume), the road layouts (intersection spatial size
and crossing angle) have a more significant effect on path
dispersion.

In practice, modelling the path dispersion at intersections
can help engineers recommend the design of intersections
configuration and management. For example, the result is
drawn from the sensitivity analysis of the model that the
degree of the path dispersion is restricted by the possible
trajectories the drivers can choose. Under stronger space
and turning radius constraints, e.g., small intersections, the
traffic flow operates more orderly than in larger intersections.
It can verify the predictive power and rationality of the model
because the result is consistent with intuition. The sensitivity
analysis result indicates the direction to normalise the vehicle
path inside the intersection. Different methods, such as traffic
channelisation, traffic islands, and radius design of curbs,
can be used to strengthen the constraint on the vehicle path.
Our simulation model provides a scientifically sound and
empirically underpinned tool to evaluate intersection design
alternatives, and can be used to determine where to place these
traffic management facilities.

This study is the first step to exploring the overall path
dispersion, which has the potential to explain chaos at inter-
sections. The direction of future studies can be the analysis of
the effects of the complex geometric, traffic, and control con-
ditions on the path dispersion based on more empirical data.
These studies will lead to the design of new measures to guide
drivers to cross the intersection orderly, which is valuable for
the meticulous geometric design and traffic management of
intersections. For the connection of the discrete paths inside
the intersection and the paths on the road segments, we think
there are two ways to deal with the problem in the next
step. One way (a simple and convenient way) is to fix the
start and end points of the movements inside intersections,
such as the middle of each approach and exit traffic lanes.
Then we can simulate the microscopic traffic flow at segments
and intersections using the existing tools and the proposed
model, respectively. Another way (a more complex way) is
that the 2D trajectory planning model can also describe the
microscopic traffic flow at segments by extending the proposed
model considering the constraints caused by lane markings.
Then we can simulate the microscopic traffic flow at seg-
ments and intersections using a unified 2D trajectory planning
model.

APPENDIX A
COMPARISON OF THE DIFFERENCE IN FPC

The FPC of the empirical data and simulation results are
shown in Table IV. The paired-sample T-test of FPCs between
the simulation result and empirical data is shown in Table V.

TABLE VI
COMPARISON OF SD BETWEEN EMPIRICAL DATA

AND SIMULATION RESULTS

TABLE VII
SIGNIFICANCE TEST OF THE DIFFERENCE IN SD

APPENDIX B
COMPARISON OF THE DIFFERENCE IN SD VALUES

The comparison of the SD values between the simulation
result and empirical data is shown in Table VI. The signifi-
cance test of the difference in SD is shown in Table VII.
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