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Abstract In this paper, we investigate an initial-
boundary value problem for a linear Euler-Bernoulli
beam equation governing the dynamics of pipes con-
veying fluid. The fluid flow velocity inside the pipe
is assumed to have a small amplitude and to be time-
varying, that is, V (t) = ε(V0 + V1 sin(�t)), where
a two time-scales perturbation method is applied to
construct approximations of the solutions. We explore
fluid velocity pulsation frequencies � that lead to res-
onance in the pipe system. Depending on the order
of bending stiffness, we study beam, stretched-beam
and string models, each displaying distinct resonance
behaviour. For special values of the frequency� and the
bending stiffness, resonance frequencies can coincide,
leading to internal resonances that exhibit more com-
plex dynamical behaviour. We investigate both pure
and detuned internal resonance scenarios, highlighting
howearly truncation in the number of oscillationmodes
leads to erroneous approximations and incorrect stabil-
ity conclusions.
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1 Introduction

In numerous industries and infrastructures, pipe struc-
tures are essential for operations requiring the trans-
portation of fluid. Including urban water distribu-
tion, the extraction and transportation of oil and gas
in refineries and offshore platforms, and fuel supply
mechanisms in engine systems, pipes play a crucial
role in many industrial applications. However, due to
the type of pump being used, such as reciprocating
pumps, or due to the instabilities of the fluid flow,
velocity inside the pipe may demonstrate periodic time
variations. The fluctuations of the fluid velocity can
lead to oscillations in the pipe structures, which may
present potential challenges to the integrity, safety and
longevity of the pipe structure.

The first known written study in the field of pipes
conveying fluid belongs to Bourrières [1], who exam-
ined in 1939 both string-like and beam-like cases. The
studies on this subject were re-initiated by Ashley and
Haviland [2], being unaware of the previous works.
They modelled the pipe as a beam-like structure and
studied the dynamics of a simply supported pipe and
travelling waves in an infinite pipe. The model for sim-
ply supported pipes was later improved by Housner
[3]. Benjamin [4] was the first to apply Hamilton’s
principle, in his study of articulated cantilevered pipes.
The first complete derivation for the linear equation
of motion for time-dependent fluid velocity was devel-
oped in 1974 by Païdoussis and Issid [5], employing
both Newtonian and Lagrangian mechanics. Two years
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later, by considering the shear deformations, Païdoussis
and Laithier [6] were the first ones to obtain a Timo-
shenko beam model for pipes conveying fluid. Semler
et al. [7] derived the nonlinear system of partial dif-
ferential equations governing the dynamics of pipes
conveying fluid, considering the effects of longitudinal
deflections and higher-order curvature terms for strain
expression.

The first known research on pipes conveying pulsat-
ing fluid belongs to Chen [8], where he considered the
fluid velocity inside a simply supported pipe to exhibit
a periodic time variation around amean value. Employ-
ing the Galerkin truncation method, a set of Mathieu-
Hill-type equations were obtained, and the paramet-
ric and combination resonances were investigated. Paï-
doussis and Issid [5] improved the derivation of lin-
ear equations of motion considering axial deflections
and studied these equations using a two-term trunca-
tion. Studies of parametric and combination resonances
have covered various pipe configurations, including
articulated (Bohn and Herrmann [9]), cantilevered and
clamped-clamped (Païdoussis and Sundararajan [10]),
as well as simply supported and clamped-clamped
arrangements (Ariaratnam and Sri Namachchivaya
[11]). In terms of nonlinear equations of motions, Sri
Namachchivaya [12], Sri Namachchivaya and Tien
[13], Semler and Païdoussis [14], Öz and Boyaci [15]
made significant contributions to the literature of non-
linear equations of motion governing pipes conveying
pulsatile fluids, investigating various parametric res-
onances. Jin and Song [16] observed overlap of dif-
ferent resonances, and Panda and Kar [17,18] stud-
ied cases of resonance overlap in nonlinear equations
of motion. External flow-induced vibrations have been
studied for strings by Luongo et al. [19], Di Nino and
Luongo [20], while Wang et al. [21] focused on pipes
modelled as beams. These studies commonly assumed
that a small number of vibration modes are responsible
for the dynamics of the infinite-dimensional pipe sys-
tems. Therefore, the predominant “analytical” method
of solution in this field has been the Galerkin trunca-
tion method, which remains the most popular method.
It has also been used extensively for studying paramet-
ric and internal resonances in pipes conveying fluids
and is employed in most recent papers [22–29].

The problems of pipes conveying fluid are closely
related to the problems of axially moving continua,
such as conveyor belts. Equations of both problems
have significant mathematical similarities. In their

study of conveyor belts with negligible bending stiff-
ness, using a multiple time scales method, Suweken
and van Horssen [30] have shown that for string-like
conveyor belt problems, infinitely manymodes interact
with each other for certain velocity fluctuation frequen-
cies. Hence, it was shown that the truncation method
was inapplicable. In their further study, Suweken and
van Horssen [31] investigated the beam-like equations
for conveyor belt problems assuming that the bending
stiffness is non-negligible. They studied combination
resonances and internal resonances assuming that the
belt velocity has a periodic time variation with a small
average amplitude. They discovered that three-mode
of sum and difference type resonances may overlap for
certain parameter values, leading up to three-mode or
four-mode interactions, and they studied three-mode
interactions in detail. In their next paper, Suweken and
van Horssen [32] considered cubic nonlinearities in
their beam-like model and studied these internal res-
onances and changes in the stability of the nonlinear
system. Pakdemirli and Öz [33] studied a linear prob-
lem using infinite dimensional eigenfunction expan-
sion and reported matching resonance frequencies as
in the study [31] for vanishing average fluid velocity.
General expressions for eigenfunctions are obtained for
infinite dimensional systems in [33]. For extending the
natural frequencies to vanishing average fluid velocity,
non-existing principle resonances, combination reso-
nances and � = 0 resonances are reported. This is
due to the fact that the general form of eigenfunctions
obtained does not explicitly provide orthogonality con-
ditions that give restrictions on resonant mode num-
bers.

In 2003, while working on an axially moving con-
tinuum with small bending stiffness, van Horssen [34]
introduced a new solution using the Laplace transform,
providing an exact solution of the non-self-adjoint
problem for the string-like problem. Van Horssen and
Ponomareva [35], presented the superiority of this
Laplace transform approach to the more popular finite
dimensional eigenfunction expansion. A further study
from Ponomareva and van Horssen [36] on axially
moving strings with periodically time-varying veloc-
ity, employing the Laplace transform andmultiple time
scales methods, showed the inapplicability of the trun-
cation method due to the interaction of infinitely many
modes. This interaction leads to the neglect of energy
contributions from higher modes when the system is
truncated.Malookani andvanHorssen [37,38], Sandilo
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and van Horssen [39] have shown that the trunca-
tion method leads to incorrect stability conclusions for
the infinite dimensional systems. Malookani and van
Horssen [40,41] solved the infinite-dimensional prob-
lem for special initial conditions using the method of
characteristic coordinates.

Andrianov and van Horssen [42], and Ponomareva
and van Horssen [43] studied the transition from string
to beam behaviour for an axially moving continuum
with harmonic time variations and small average veloc-
ity. Their studies revealed for lower vibration modes
that the terms associated with bending stiffness can
be neglected, resulting in a string-like equation. Con-
versely, at higher frequencies, the contribution of the
bending stiffness terms becomes significant, leading to
a string-beam or even a beam model.

In this paper, we aim to link advancements in the
study of accelerating continua to pipes conveying pul-
sating fluid.We study the dynamics of pipes with small
average fluid velocity, using multiple-time scales per-
turbation approximations for the infinite-dimensional
problem. With this approach, beam-like, stretched
beam-like and string-like models occurring as a result
of varying orders of bending stiffness are studied. We
provide a detailed study of potential resonant cases and
internal resonances for each model. Several analytical
findings are validated through numerical studies using
finite difference methods (FDM). Additionally, we dis-
cuss the possible complications that may arise from
using the truncation method. For certain fluid pulsa-
tion frequencies, we show that applying the Galerkin
truncation method results in incorrect approximations
of the solutions for the infinite-dimensional system.

The structure of this paper is as follows. In Sect. 2,
the derivation of the equation ofmotion is briefly given.
The non-dimensional equations of motion are derived,
and the problem is defined. In Sect. 3, the two-time-
scale perturbation method is applied to the problem. In
Sect. 4, the fluid velocity pulsation frequencies leading
to resonance are determined. In Sect. 5, the concept of
transition across models is presented with respect to
varying orders of bending stiffness. In Sect. 6, reso-
nance coincidence scenarios are investigated for each
model. In Sect. 7, numerical investigations are pre-
sented. In Sect. 8, conclusions are drawn, and remarks
are made.

Fig. 1 Schematic diagram of the simply supported pipe system

2 Model

2.1 Derivation of equation of motions

A horizontally placed pipe of length L is assumed to be
simply supported at both ends. The transverse displace-
ment of the pipe’s natural axis (in y−direction) at axial
coordinate x and at time t is denoted by v(x, t). The
fluid flow velocity inside the pipe is denoted by V (t).
The pipe is assumed to have uniform material proper-
ties and cross-section S. The mass per unit length of
the pipe and the fluid are given as m and M , respec-
tively, with gravitational acceleration g, axial tension
P , Young’s modulus E , viscoelastic damping coeffi-
cient η, and area moment of inertia I . The schematic
diagram of the pipe structure is shown in Fig. 1.

In this study, Hamilton’s principle will be used to
derive the linear equations ofmotion.Thepipe structure
is modeled as an Euler-Bernoulli beam, thus the shear
deformations are neglected. Hamilton’s principle for
deformable bodies is expressed as:

δ

∫ t2

t1
Ldt +

∫ t2

t1
δWdt = 0, (1)

where L is the Lagrangian, defined as L = T − V;
T and V represent the kinetic an potential energies,
respectively, and W is the virtual work done by non-
conservative forces. δ is the variation of a function.

The total kinetic energy of the pipe system, denoted
by T , consists of contributions from both the pipe Tp

and fluid T f , expressed as T = Tp + T f . These com-
ponents are defined as:

Tp = 1

2
m
∫ L

0
v2t dx,

T f = 1

2
M
∫ L

0

(
V 2 + v2t + 2V vxvt+V 2v2x

)
dx,

(2)
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where vt and vx are time and space derivatives of v,
respectively. The derivation of T f is well described in
[5].

Similarly, the potential energy of the system,V , con-
sists of the contributions from both the pipe Vp and
fluid V f , and is given by V = Vp + V f . Due to the
effects of bending resistance, axial tension and gravity,
the potential energy of pipe and fluid can be expressed
as:

Vp =
∫ L

0

(
1

2
E I (vxx )

2 + 1

2
Pv2x + mgv

)
dx,

V f = Mg
∫ L

0
vdx .

(3)

In this study, we assume that the pipe structure
exhibits Kelvin-Voigt viscoelastic damping character-
istics. This assumption corresponds to the σ = Eε +
η dε
dt stress-strain relation, where σ and ε denote strain

and stress respectively. The energy contribution of the
linear elastic component of this expression is treated
in (3). The contribution of Kelvin-Voigt viscoelastic
damping on stress is given by σKV := η dε

dt = ηyvt xx .
Considering the cross-section of the pipe, denoted

by S, the variation of virtual work of non-conservative
forces is expressed as:

δWKV = −
∫ L

0

∫
S
(σKVδε)dSdx

= −
∫ L

0

∫
S
(ηyvt xxδ(yvxx ))dSdx

= −
∫ L

0
(ηIvt xxδvxx )dx .

(4)

Applying δ to the Lagrangian in (1) and considering the
virtual work, the non-autonomous equation of motion
can be derived as:

ηIvt xxxx + E Ivxxxx + (MV 2 − P)vxx + 2MV vxt

+ (m + M)vt t + MVtvx + (m + M)g = 0,
(5)

with the natural boundary conditions

at x = 0{
MV (vt + V vx ) + Pvx + E Ivxxx + ηvt xxx = 0,

E Ivxx + ηIvt xx = 0,

and at x = 1{
MV (vt + V vx ) + Pvx + E Ivxxx + ηvt xxx = 0,

E Ivxx + ηIvt xx = 0.

(6)

2.2 Non-dimensionalization

To apply non-dimensionalization, we chose the char-
acteristic values for the variables: xc = vc = L and

tc =
√

m+M
P L . We then introduce the dimensionless

parameters as follows:

x∗ = x

L
, v∗ = v

L
, t∗ =

√
P

m + M

t

L
,

α = ηI

εL3
√

(m + M)P
, V ∗ =

√
M

P
V,

μ = E I

PL2 , β = M

m + M
, γ = m + M

P
Lg.

(7)

Here, the dimensionless parameter ε indicates that the
viscoelastic damping coefficient η is small. By substi-
tuting the dimensionless parameters as defined above
into the governing Eq. (5), we obtain the dimensionless
form:

εαvt xxxx + μvxxxx + (V 2 − 1)vxx

+ 2
√

βV vxt + vt t +√
βVtvx + γ = 0.

(8)

2.3 Problem definition

In this study, the fluid velocity inside the pipe is
assumed to have a small amplitude with harmonic time
variation, expressed as V (t) = ε(V0 + V1 sin(�t)),
whereV0 > |V1| and 0 < ε � 1.With this choice, both
the viscoelastic damping and fluid velocity are ofO(ε).
However, this choice does not exclude the possibility
that η may be much smaller than V (t). The dimension-
less non-autonomous partial differential equation that
governs the transversal motion of a simply supported
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horizontal pipe is given by:

εαvt xxxx + μvxxxx

+ (ε2(V0 + V1 sin(�t))2 − 1)vxx

+ 2ε
√

β(V0 + V1 sin(�t))vxt + vt t

+ ε
√

βV1� cos(�t)vx + γ = 0,

(9)

for 0 < x < 1 and t > 0,with the boundary conditions:

v(0, t) = vxx (0, t) = 0,

v(1, t) = vxx (1, t) = 0,
(10)

for t > 0, and the initial conditions:

v(x, 0) = φ(x),

vt (x, 0) = ψ(x),
(11)

for 0 < x < 1. The initial conditions v(x, 0) = φ(x)
and vt (x, 0) = ψ(x) are necessary for the well-
posedness of the problem. Although this study does
not focus on the existence and uniqueness of solutions,
these initial conditions are crucial for setting the initial
energy distribution across modes, which is essential for
the stability analysis.

3 Methods

3.1 Formal asymptotic approximations

It can be observed that Eq. (9) contains a constant non-
homogeneous term, γ . Hence we propose a solution in
the form:

v(x, t) = vs(x) + v0(x, t) + εv1(x, t) + O(ε2), (12)

where vs(x) is the static solution, and solves the bound-
ary value problem

μv′′′′
s − v′′

s + γ = 0,

vs(0) = vs(1) = v′′
s (0) = v′′

s (1) = 0,
(13)

for 0 < x < 1, and ε is a small parameter. The homo-
geneous O(1) problem is:

μ
∂4v0

∂x4
− ∂2v0

∂x2
+ ∂2v0

∂t2
= 0,

BC’s: v0(0, t) = ∂2v0
∂x2

(0, t) = 0,

v0(1, t) = ∂2v0
∂x2

(1, t) = 0,
IC’s: v0(x, 0) = φ(x) − vs(x),

∂v0
∂t (x, 0) = ψ(x),

(14)

and the O(ε) problem is:

μ
∂4v1

∂x4
− ∂2v1

∂x2
+ ∂2v1

∂t2

= −α
∂5v0

∂x4∂t
−√

βV1� cos(�t0)
∂v0

∂x

− 2
√

β(V0 + V1 sin(�t0))
∂2v0

∂x∂t
,

BC’s: v1(0, t) = ∂2v1

∂x2
(0, t) = 0,

v1(1, t) = ∂2v1

∂x2
(1, t) = 0,

IC’s: v1(x, 0) = 0,
∂v1

∂t
(x, 0) = 0.

(15)

By solving problem (13), as detailed in Appendix A,
we obtain the static solution given by:

vs(x) = −γμsech

(
1

2
√

μ

)
cosh

(
1 − 2x

2
√

μ

)

+ γ

2
(x2 − x + 2μ).

(16)

Assuming that a solution of Eq. (14) is in the form
u0(t)φ0(x), time and space components of the solution
can be separated as follows:

μφ′′′′
0 u0 − φ′′

0u0 + φ0ü0 = 0

⇒ 1

μ

ü0
u0

= 1

μ

φ′′
0

φ0
− φ′′′′

0

φ0
= λ.

(17)

This results in an eigenvalue problem where λ is the
separation constant. The characteristic polynomial of
the spatial problem is given by

r4 − 1

μ
r2 + λ = 0. (18)
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The discriminant of this quartic polynomial is calcu-
lated as � = 16λ(4λ − 1

μ2 )
2. The function φ0(x)

is nontrivial only if � < 0, which implies λ < 0.
Consequently, the general form of the solution can be
expressed as:

φ0(x) = c1e
−r1x + c2e

r1x

+ c3 sin(r2x) + c4 cos(r2x),
(19)

where r1 and r2 are the roots of the characteristic

polynomial (18), given by r1 =
√

1+
√

1−4μ2λ

2μ and

r2 = i

√
−1+

√
1−4μ2λ

2μ , with the remaining roots being

−r1 and −r2. Applying the simply supported bound-
ary conditions gives c1 = c2 = c4 = 0. Furthermore,
for nontrivial solutions of φ0(x), r2 must take the val-
ues r2 = nπ , for n ∈ N. This condition implies that
λ = −(n4π4 + n2π2/μ), which results in the corre-
sponding eigenfunctions, up to an arbitrary multiplica-
tive constant:

φ0n(x) = sin(nπx). (20)

Defining ω2
n := −μλ, we obtain an expression for the

natural frequency as

ωn = nπ
√
1 + μn2π2. (21)

Therefore, the temporal component of the solution is

u0n(t) = Ãn sin(ωnt) + B̃n cos(ωnt), (22)

where Ãn and B̃n are constants. Combining (20) and
(22), the O(1) problem’s solution can be obtained as:

vs(x) +
∞∑
n=1

[ Ãn sin(ωnt) + B̃n cos(ωnt)] sin(nπx).

(23)

Where a P-periodic function is defined as f (x + P) =
f (x) for a given period P , the eigenfunctions (20) are
2-periodic and odd in our spatial domain. However,

(15) contains terms that are not odd (i.e. ∂2v0
∂x∂t and

∂v0
∂x ).

Multiplying these terms by the in x , 2-periodic function
H(x) (see [32]), an equivalent expression that contains
only odd terms can be obtained. The function H(x) is
defined as:

H(x) =
∞∑
j=0

4 sin((2 j + 1)πx)

(2 j + 1)π

=
{

−1 for − 1 < x < 0,

1 for 0 < x < 1.

(24)

Substituting (23) into (15) and using the orthogonality
of the Fourier sine series in our spatial domain leads to
secular terms in v1(x, t).

3.2 Multiple time scales method

For the proposed solution (12) to be qualified as an
asymptotic approximation of the given problem, on a
time-scale of order ε−1, the secular terms in v1 must
be avoided. To achieve this, a two time-scales pertur-
bation method will be applied. We introduce the time
variables: t0 = t and t1 = εt leading to:

vi (x, t) = vi (x, t0, t1), for i = {0, 1}
∂

∂t
= ∂

∂t0
+ ε

∂

∂t1
,

∂2

∂t2
= ∂2

∂t20
+ 2ε

∂2

∂t0∂t1
+ ε2

∂2

∂t21
.

(25)

The function v0(x, t0, t1) is now given by

v0(x, t0, t1)

=
∞∑
n=1

[
An(t1) sin(ωnt0) + Bn(t1) cos(ωnt0)

]

× sin(nπx).

(26)

Consequently, Eq. (15) becomes

μ
∂4v1

∂x4
− ∂2v1

∂x2
+ ∂2v1

∂t20

= −α
∂5v0

∂x4∂t0
− 2

∂2v0

∂t0∂t1

−√
βV1� cos(�t0)H(x)

∂v0

∂x

− 2
√

β(V0 + V1 sin(�t0))H(x)
∂2v0

∂x∂t0
.

(27)

We assume that v1(x, t0, t1) = ∑∞
n=1 u1n(t0, t1)φ1n(x)

with φ1n(x) = sin(nπx). For visual simplicity,
we will employ the notation un(t0, t1) instead of

123



On internal resonances in pipes conveying pulsating fluid for beam, stretched-beam, and string models

u1n(t0, t1). Substituting v0(x, t0, t1) into (27), and
using the orthogonality of the Fourier sine series, the
O(ε) equation can be derived as:

∂2uk
∂t20

+ ω2
kuk =

− απ4k4ωk[Ak cos(ωk t0) − Bk sin(ωk t0)]
− 2ωk[ Ȧk cos(ωk t0) − Ḃk sin(ωk t0)]

+
⎛
⎝ ∑

2 j+1+n=k

+
∑

2 j+1−n=k

−
∑

2 j+1−n=−k

⎞
⎠ 2

√
βV1kn

n2 − k2

×
{
(� + 2ωn)

[
An sin((ωn + �)t0)

+ Bn cos((ωn + �)t0)
]

+ (� − 2ωn)
[
An sin((ωn − �)t0)

+ Bn cos((ωn − �)t0)
]}

− 8

π

√
βV1� cos(�t0)

×
∞∑
j=0

1

2 j + 1

∫ 1

0
v′
s(x) sin((2 j + 1)πx) sin(kπx)dx,

(28)

To provide a more compact notation, we define
∑∗

n :=∑
2 j+1+n=k +∑2 j+1−n=k −∑2 j+1−n=−k which indi-

cates summation over indices satisfying n ± k is odd.
For the same purpose, we also define the last term of
Eq. (28)

Ck :=
∞∑
j=0

1

2 j + 1

∫ 1

0
v′
s(x) sin((2 j + 1)πx) sin(kπx)dx,

(29)

where

∫ 1

0
v′
s(x) sin((2 j + 1)πx) sin(kπx)dx

=

⎧⎪⎪⎨
⎪⎪⎩

4γ k(2 j+1)μ2π2

(1+(2 j+1−k)2μπ2)(1+(2 j+1+k)2μπ2)

− 4γ k(2 j+1)
π2(2 j+1−k)2(2 j+1+k)2

, k is even,

0, k is odd.

(30)

Notice that (30), and therefore Ck , depends linearly
on γ = m+M

P Lg, the dimensionless gravitational con-
stant. Thus, the presence ofCk results from accounting
for the gravitational effect. Finding the exact values
of Ck is not in the scope of this research, although, the
proof of the convergence of the seriesCk is presented in
Appendix B. Thus, we refer toCk as a nonzero constant
for k is even and zero for k is odd. With this simplifi-
cation, the O(ε) equation can be written as follows:

∂2uk
∂t20

+ ω2
kuk

= −απ4k4ωk[Ak cos(ωk t0) − Bk sin(ωk t0)]
− 2ωk[ Ȧk cos(ωk t0) − Ḃk sin(ωk t0)]

+
∞∑∗

n=1

√
βV1

2kn

n2 − k2

×
{
(� + 2ωn)[An sin((ωn + �)t0)

+ Bn cos((ωn + �)t0)]
+ (� − 2ωn)[An sin((ωn − �)t0)

+ Bn cos((ωn − �)t0)]
}

− 8

π

√
βV1�Ck cos(�t0).

(31)

For k = 1, 2, . . . , Eq. (31) can be solved for each indi-
vidual mode k. Depending on the value of �, the terms
on the right-hand side (RHS) of Eq. (31) may align
with the solutions of the homogeneous problem asso-
ciated with Eq. (31), resulting in secular or unbounded
solutions. These scenarios trivially occur for all k for
first two terms on the RHS, and can also occur if
ωn ± � = ωK or if � = ωK .

In Sect. 4, we investigate the individual occurrence
of these secular terms.Moreover, in Sect. 6, we explore
the more complex cases where multiple secular terms
arise simultaneously, which can lead to complicated
resonance behaviour.

4 Resonance frequencies

4.1 Determining resonance frequencies

In this section, we identify the fluid pulsation frequen-
cies, �, that lead to secular terms in the solution. Since
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sin(ωk t0) and cos(ωk t0) are in the kernel of Eq. (31),
the occurrence of these terms in the RHS of (31) leads
to secular terms in uk . The excitation frequencies �

that lead to secular terms in the solution are presented
below:

• � = ωK , where K is even and fixed. These fre-
quencies correspond to primary resonances. This
frequency follows from the last term in Eq. (31).

• � = ωL ± ωM , where L ± M is odd and L and M
are fixed. These frequencies are referred to as com-
bination resonances. This frequency follows from
the indexing of

∑∗ in Eq. (31).

In this study, we also explore frequencies in the O(ε)

neighbourhood of these resonances, which are usually
referred to as the detuned frequencies.

Contrary to the studies in [31–33], we observe a
resonant frequency� 	 ωK . Following from Eq. (31),
the occurrence of this term is due to the inclusion of
the potential energy contribution from gravity in our
model.

Secondly, the eigenfunction choicemade by [33] led
to overlooking the orthogonality relations. This results
in a failure to observe the rule that combination reso-
nances must satisfy K ± N is odd. As a result, many
nonexistent cases were reported (i.e. K ± N is even).
Furthermore, in their study, the authors erroneously
focused on so-called “principle parametric resonances
� = 2ωK ”, and “� = 0 resonances” by consider-
ing K = N , which is shown in this paper and in
[30,31,36,44] to be non-existent.

In the literature of pipes conveying pulsatile fluids,
it is a common practice to consider only the first few
modes, typically 2 or 4 (see the classical works in the
field: [8–13,16–18], andmore recent studies: [22–29]).
After truncating the system to these lower modes, para-
metric and internal resonances are examined. However,
as previously demonstrated in [31,32], and later in [33],
higher-order modes that are neglected can be excited
due to internal resonances for certain bending stiffness
values μ. These cases are studied in detail in Sect. 6.

4.2 Non-resonant �

In situationswhere the fluid pulsation frequency�does
not fall in the O(ε) neighbourhood of a resonance fre-

quency, Eq. (31) becomes

∂2uk
∂t20

+ ω2
kuk

= −απ4k4ωk[Ak cos(ωk t0) − Bk sin(ωk t0)]
− 2ωk[ Ȧk cos(ωk t0) − Ḃk sin(ωk t0)] + n.r.t.

(32)

Here “n.r.t.” stands for the non-resonant terms. The
secular terms in uk(t0, t1) can be avoided if Ak(t1) and
Bk(t1) satisfies:

Ȧk + απ4k4

2
Ak = 0 and Ḃk + απ4k4

2
Bk = 0.

(33)

Therefore, the solutions forAk(t1) and Bk(t1) are:

Ak(t1) = Ak(0)e
− απ4k4

2 t1,

Bk(t1) = Bk(0)e
− απ4k4

2 t1 .

(34)

These solutions exponentially converge to zero as t →
∞ for all k, hence, v0 converges to vs(x) as t → ∞.

As it is introduced in this section 4, this section fur-
ther explores the dynamics of the system under the res-
onant frequencies ωK , ωK ±ωN , and their ε neighbor-
hoods.

4.3 Resonant �

4.3.1 The case � 	 ωK

We assume� 	 ωK is an isolated resonance case, thus
� is not O(ε) close to ωK ± ωN for any K , N .

Pure Resonance: � = ωK

Initially, we investigate the scenario where the fluid
pulsation frequency precisely matches a resonance fre-
quency. Hence, substituting � = ωK for K is an even
and fixed integer, and the equation with the terms that
are leading to secular terms in uK (t0, t1) becomes:
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∂2uK
∂t20

+ ω2
K uK

= −απ4K 4ωK [AK cos(ωK t0) − BK sin(ωK t0)]
− 2ωK [ ȦK cos(ωK t0) − ḂK sin(ωK t0)]
− 8

π

√
βV1ωKCK cos(ωK t0) + n.r.t.

(35)

Secular terms can be avoided in (35) if the following
conditions are met:

ȦK + απ4K 4

2
AK + 4

π

√
βV1CK = 0,

ḂK + απ4K 4

2
BK = 0.

(36)

Therefore, AK (t1) and BK (t1) must satisfy:

AK (t1) = (AK (0) + 8
√

βV1CK

απ5K 4
)e− απ4K4

2 t1

− 8
√

βV1CK

απ5K 4
,

BK (t1) = BK (0)e− απ4K4
2 t1 .

(37)

For all other k �= K , Ak(t1) and Bk(t1) satisfy (34).

As t0 → ∞, AK → − 8
√

βV1CK
απ5K 4 and BK → 0. Con-

sequently, v0 evolves towards a solution that exhibits
oscillations around vs(x), with a fixed frequency ωK .

Detuned Resonance: � = ωK + εϕ

We now consider the excitation to be frequencies in the
neighbourhood of the resonance frequencyωK , defined
as � = ωK + εϕ, where ϕ is anO(1) detuning param-
eter and ε indicates that the detuning isO(ε). Then Eq.
(31) can be obtained as

∂2uK
∂t20

+ ω2
K uK

= −απ4K 4ωK [AK cos(ωK t0) − BK sin(ωK t0)]
− 2ωK [ ȦK cos(ωK t0) − ḂK sin(ωK t0)]
− 8

π

√
βV1ωKCK cos(ωK t0 + ϕt1) + n.r.t.

(38)

Using trigonometric identities, Eq. (38) can be rewrit-
ten as

∂2uK
∂t20

+ ω2
K uK

= cos(ωK t0)
{−απ4K 4ωK AK − 2ωK ȦK

− 8

π

√
βV1ωCK cos(ϕt1)

}

+ sin(ωK t0)
{
απ4K 4ωK BK + 2ωK ḂK

+ 8

π

√
βV1ωCK sin(ϕt1)

}

+ n.r.t.

(39)

For the sake of simplicity, let us introduce the parame-
ters:

a := απ4K 4

2
, c := 4

π

√
βV1CK . (40)

Using this notation, we obtain

ȦK = −aAK − c cos(ϕt1),

ḂK = −aBK − c sin(ϕt1).
(41)

By using the method of integrating factors, one can
solve the Eq. (41) as

AK (t1) = − c

a2 + ϕ2 (a cos(ϕt1) + ϕ sin(ϕt1))

+
(
AK (0) + ac

a2 + ϕ2

)
e−at1 ,

BK (t1) = − c

a2 + ϕ2 (a sin(ϕt1) − ϕ cos(ϕt1))

+
(
BK (0) − ϕc

a2 + ϕ2

)
e−at1 .

(42)

The solution (42) indicates that the solution of (9)-(11)
evolves into an oscillatory solution in the vicinity of
the static solution vs(x).

4.3.2 The case � 	 ωK − ωN

We consider the combination resonance of difference
type under the condition K ±N is odd. It is assumed in
this section that � 	 ωK − ωN represents an isolated
resonance case. Therefore, all other possible resonance
interactions are excluded.
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Pure Resonance: � = ωK − ωN

We first consider the pure resonance case. Substituting
� = ωK − ωN into the Eq. (31), we obtain the system
that AK , BK , AN and BN have to satisfy in order to
avoid secular terms:

ȦK = −απ4K 4

2
AK +√

βV1
K N (ωK + ωN )

(N 2 − K 2)ωK
BN ,

ḂK = −απ4K 4

2
BK −√

βV1
K N (ωK + ωN )

(N 2 − K 2)ωK
AN ,

ȦN = −απ4N 4

2
AN +√

βV1
K N (ωK + ωN )

(N 2 − K 2)ωN
BK ,

ḂN = −απ4N 4

2
BN −√

βV1
K N (ωK + ωN )

(N 2 − K 2)ωN
AK .

(43)

Defining the following constants for simplicity:

a := απ4K 4

2
, b := απ4N 4

2
,

p := √
βV1

K N (ωK + ωN )

(N 2 − K 2)ωK
,

q := √
βV1

K N (ωK + ωN )

(N 2 − K 2)ωN

(44)

we rewrite the Eq. (43) as:

⎛
⎜⎜⎝

ȦK

ḂK

ȦN

ḂN

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

−a 0 0 p
0 −a −p 0
0 q −b 0

−q 0 0 −b

⎞
⎟⎟⎠

⎛
⎜⎜⎝

AK

BK

AN

BN

⎞
⎟⎟⎠ . (45)

This system can be written as two, two-dimensional
systems:

(
ȦK

ḂN

)
=

(−a p
−q −b

)(
AK

BN

)
, (46a)

(
ḂK

ȦN

)
=
(−a −p

q −b

)(
BK

AN

)
. (46b)

The given systems share the same characteristic poly-
nomial, implying that the two systems have the same
eigenvalues, and so, the same stability properties. The
eigenvalues of the given system are given by

λ1,2 = −a + b

2
±
√

(a − b)2 − 4pq

2
. (47)

The exact solutions of (46) can be obtained by the given
eigenvalues. Alternatively, since the systems are two
dimensional, the stability condition can be given as

tr

(−a p
−q −b

)
= −(a + b)

= −απ4(K 4 + N 4)

2
< 0,

(48a)

det

(−a p
−q −b

)
= ab + pq

= βV 2
1

K 2N 2

(N 2 − K 2)2

(ωK + ωN )2

ωKωN

+ α4π8K 4N 4

4
> 0.

(48b)

Since α, β > 0, both inequalities are satisfied for all
modes.Hence, the� = ωK −ωN scenario always leads
to stable solutions. Therefore, the solution of (9)-(11)
leads to the static solution for t0 → ∞ (where α > 0).

Detuned Resonance: � = ωK − ωN + εϕ

Introducing a small detuning parameter, εϕ, alters the
dynamics of the system. Using the previously defined
coefficients (see (44)), the system that has to be satisfied
to prevent secular terms is given by:

ȦK = −aAK + p sin(ϕt1)AN + p cos(ϕt1)BN ,

ḂK = −aBK − p cos(ϕt1)AN + p sin(ϕt1)BN ,

ȦN = −bAN − q sin(ϕt1)AK + q cos(ϕt1)BK ,

ḂN = −bBN − q cos(ϕt1)AK − q sin(ϕt1)BK .

(49)

Notice that compared to system (47), system (52) is
fully coupled. By differentiating the first two equations
in (49), one obtains after applying some manipulations
(see Appendix C), the following autonomous system:

ÄK + (a + b) ȦK + (ab + pq)AK

+ ϕ(ḂK + aBK ) = 0,

B̈K + (a + b)ḂK + (ab + pq)BK

− ϕ( ȦK + aAK ) = 0.

(50)
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The characteristic polynomial of the given system is

λ4 + 2(a + b)λ3

+ (ϕ2 + (a + b)2 + 2(ab + pq))λ2

+ (2aϕ2 + 2(a + b)(ab + pq))λ

+ (ϕ2a2 + (ab + pq)2) = 0.

(51)

The roots of the quartic characteristic polynomial (51)
are given by:

λ1 = − (a + b)

2
+ ϕ

2
i

− 1

2

√
2ϕ(a − b)i + (a − b)2 − 4pq − ϕ2,

λ2 = − (a + b)

2
+ ϕ

2
i

+ 1

2

√
2ϕ(a − b)i + (a − b)2 − 4pq − ϕ2,

λ3 = − (a + b)

2
− ϕ

2
i

− 1

2

√
−2ϕ(a − b)i + (a − b)2 − 4pq − ϕ2,

λ4 = − (a + b)

2
− ϕ

2
i

+ 1

2

√
−2ϕ(a − b)i + (a − b)2 − 4pq − ϕ2.

(52)

For known parameter values, one can determine the
roots (52) and the solutions of Eq. (50). Knowing AK

and BK , one can obtain AN and BN from the expres-
sions

AN = − 1

p

[
sin(ϕt1)( ȦK + aAK )

− cos(ϕt1)(ḂK + aBK )

]
,

BN = − 1

p

[
cos(ϕt1)( ȦK + aAK )

+ sin(ϕt1)(ḂK + aBK )

]
.

(53)

In order to define the stability of Eq. (50) and conse-
quently of (49) for arbitrary parameter values, we study
the real part of the eigenvalues obtained in (52), where
the square root of a complex number is:

√
A + Bi =

±
(√√

A2 + B2 + A

2
+ i

B

|B|

√√
A2 + B2 − A

2

)
,

The eigenvalue with the largest real part has to satisfy
the following condition in order to have stability:

− (a + b)

2

+ 1

2
√
2

(√
[(a − b)2 − ϕ2 − 4pq]2 + 4ϕ2(a − b)2

+ (a − b)2 − 4pq − ϕ2
) 1

2

< 0. (54)

This leads to the inequality

ϕ2 > −(1 + pq

ab
)(a + b)2. (55)

Where a, b, (pq) > 0, it is clear that the given inequal-
ity (55) holds for all parameter and detuning val-
ues. Therefore, we can conclude that the case � =
ωK − ωN + εϕ is stable for all O(ε) detuned frequen-
cies. This implies that the solution of (9)-(11) tends to
the static solution for t0 → ∞.

4.3.3 The case � 	 ωK + ωN

Now we shall study the combination resonance of sum
type under the condition K ± N is odd. We assume in
this section that � 	 ωK + ωN represents an isolated
resonance case. Consequently, we exclude all other
possible resonance interactions.

Pure Resonance: � = ωK + ωN

Initially, we study the pure resonance case, where the
excitation frequency is exactly equal to the sum of
two natural frequencies. Substituting � = ωK + ωN

into (31), we obtain a system of equations for AK (t1),
BK (t1), AN (t1) and BN (t1) that has to be satisfied to
avoid the occurrence of secular terms in uK (t0, t1) and
uN (t0, t1):
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ȦK = −απ4K 4

2
AK +√

βV1
K N (ωK − ωN )

(N 2 − K 2)ωK
BN ,

ḂK = −απ4K 4

2
BK +√

βV1
K N (ωK − ωN )

(N 2 − K 2)ωK
AN ,

ȦN = −απ4N 4

2
AN +√

βV1
K N (ωK − ωN )

(N 2 − K 2)ωN
BK ,

ḂN = −απ4N 4

2
BN +√

βV1
K N (ωK − ωN )

(N 2 − K 2)ωN
AK .

(56)

For simplicity, we introduce the coefficients:

a := απ4K 4

2
, b := απ4N 4

2
,

p := √
βV1

K N (ωK − ωN )

(N 2 − K 2)ωK
,

q := √
βV1

K N (ωK − ωN )

(N 2 − K 2)ωN
.

(57)

Using these coefficients, Eq. (56) can be written as:

(
ȦK

ḂN

)
=
(−a p

q −b

)(
AK

BN

)
, (58a)

(
ȦN

ḂK

)
=
(−b q

p −a

)(
AN

BK

)
. (58b)

The systems in Eq. (58) have the same characteristic
polynomials, and so they have identical eigenvalues:

λ1,2 = −a + b

2
±
√

(a − b)2 + 4pq

2
. (59)

The stability of each system can be determined by the
trace and the determinant of the matrices:

tr

(−a p
q −b

)
= −(a + b)

= −απ4(K 4 + N 4)

2
< 0, (60a)

det

(−a p
q −b

)
= ab − pq

= −βV 2
1

K 2N 2

(N 2 − K 2)2

(ωK − ωN )2

ωKωN

+ α2π8K 4N 4

4
> 0. (60b)

Thus, the stability of the system for AK , BK , AN and
BN is determined by

α2π8K 2N 2(N 2 − K 2)2ωKωN

4βV 2
1 (ωK − ωN )2

> 1. (61)

If the condition (61) is satisfied, then theO(1) solution
of (9)-(11) converges to the static solution. However,
for pipes with small viscoelastic damping α, (61) is not
satisfied. As a result, the amplitude of the vibrations in
(26) for modes K and N becomes unbounded.

Detuned Resonance: � = ωK + ωN + εϕ

We now study the case where fluid velocity pulsation
frequency is in the order ε neighbourhood of the sum
of two natural frequencies. Substituting � = ωK +
ωN+εϕ intoEq. (31), andusing the notation introduced
in (57), we obtain the fully coupled time-dependent
system as

ȦK = −aAK − p sin(ϕt1)AN + p cos(ϕt1)BN ,

ḂK = −aBK + p cos(ϕt1)AN + p sin(ϕt1)BN ,

ȦN = −bAN − q sin(ϕt1)AK + q cos(ϕt1)BK ,

ḂN = −bBN + q cos(ϕt1)AK + q sin(ϕt1)BK .

(62)

Following the same approach as in Appendix C, we
obtain the following autonomous system of equations
for AK and BK :

ÄK + (a + b)AK + (ab − pq)AK

+ ϕ(ḂK + aBK ) = 0,

B̈K + (a + b)ḂK + (ab − pq)BK

− ϕ( ȦK + aAK ) = 0.

(63)

The corresponding characteristic equation is:

λ4 + 2(a + b)λ3

+ (ϕ2 + (a + b)2 + 2(ab − pq))λ2

+ (2aϕ2 + 2(a + b)(ab − pq))λ

+ (ϕ2a2 + (ab − pq)2) = 0,

(64)
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and the eigenvalues can be found as:

λ1 = − (a + b)

2
+ ϕ

2
i

− 1

2

√
2ϕ(a − b)i + (a − b)2 + 4pq − ϕ2,

λ2 = − (a + b)

2
+ ϕ

2
i

+ 1

2

√
2ϕ(a − b)i + (a − b)2 + 4pq − ϕ2,

λ3 = − (a + b)

2
− ϕ

2
i

− 1

2

√
−2ϕ(a − b)i + (a − b)2 + 4pq − ϕ2,

λ4 = − (a + b)

2
− ϕ

2
i

+ 1

2

√
−2ϕ(a − b)i + (a − b)2 + 4pq − ϕ2.

(65)

Knowing AK and BK , one can also obtain AN and BN

by substituting AK and BK into the expression

AN = 1

p

[
sin(ϕt1)

(
ȦK + aAK

)

− cos(ϕt1)
(
ḂK + aBK

)]
,

BN = − 1

p

[
cos(ϕt1)

(
ȦK + aAK

)

+ sin(ϕt1)
(
ḂK + aBK

)]
.

(66)

In order to define the stability of Eq. (60), we study the
real part of the eigenvalues of (64) and we obtain the
following condition for stability:

ϕ2 > (a + b)2(
pq

ab
− 1), (67)

which can be written explicitly as

ϕ2 > (K 4 + N 4)2

×
(

βV 2
1 (ωK − ωN )2

K 2N 2(N 2 − K 2)2ωKωN
− α2π8

4

)
.

(68)

Solutions satisfying (68) converge to the static solution.
However, if (68) is not satisfied, the amplitude of the

vibrations of the modes K and N grows over time,
implying that the system becomes unstable.

5 Transition across models

Following the examination of resonant frequencies,
we investigate the influence of the bending stiffness
μ = E I

PL2 on the characteristics of the solution of the
governing partial differential equation. The order of
the bending stiffness determines the transition between
string, string-beam (or stretched beam) and beammod-
els. In this section, we study the transition of mod-
els based on the natural frequency approximations,
influenced by μ and the vibration mode number n.
The concept of transition among bending stiffness and
modes when studying parametric resonances relies on
the studies of [42,43].

Large Bending Stiffness
For the case where the bending stiffness coefficient is
large, μ � 1, the expression for the natural frequency
ωn can be approximated by ω

(b)
n in the following way:

ωn = nπ
√
1 + μn2π2

= n2π2√μ + 1

2
√

μ
− 1

8π2n2μ
3
2

+ h.o.t.,

and ω(b)
n = n2π2√μ. (69)

Small Bending Stiffness
For a small bending stiffness coefficient, μ � 1, the
expression for the natural frequency ωn can be approx-
imated (for not too large n values) by ω

(s)
n in the fol-

lowing way:

ωn = nπ + n3π3

2
μ − n5π5

8
μ2 + h.o.t.,

ω(s)
n = nπ. (70)

In this study, we consider only a one-term approxima-
tion for the natural frequencies of the beam-like and
string-like models. This choice is motivated by the fact
that these single-term expansions correspond exactly
to the natural frequency expressions of the pure beam
or string models, making the physical interpretation
of these frequencies straightforward. While including
additional termswould extend the applicability of these
models across a wider range of bending stiffnessμ and
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Fig. 2 The Figures a and b display the % relative error intervals
for the natural frequency approximations for the beam like case
and the string like case, respectively, for bending stiffness μ and
mode number n

mode numbers n, it would also complicate the analyt-
ical expressions for special resonance conditions sig-
nificantly.

In Fig. 2, the relative error intervals for the (69) and
(70) choices for the exact natural frequencies are dis-
played.

At low μ values, the system behaves like a string
for lower vibration modes. The accuracy of the string
frequencies decreases as the mode number increases.

Asμ or the mode number increases, a system transi-
tion from a string model to a stretch-beam model and a
beam model occurs. For very large μ values, the beam
model becomes valid for all vibration modes.

In Fig. 3, regions of string, stretch-beam and beam
models are presented for 1% relative error bounds in
the (μ, n) plane.

Note that the choice of 1% is arbitrary and serves
as an illustrative example to demonstrate the transition
amongmodels. Different error bounds could be consid-
ered depending on specific application requirements,
accuracy needs, or convenience.

Fig. 3 1% relative error bounds in (μ, n) plane for string, string-
beam and beam models

It can be observed in Fig. 3 that for small μ val-
ues, up to a certain mode number, the system can be
considered as a string-like problem. Upon this certain
mode number, the string-like natural frequency approx-
imations are no longer within the error bound concern-
ing the exact natural frequency expression (21). Thus
the stretched-beam modes are used. For even higher
mode numbers, beam-like natural frequency approxi-
mations fall in the appropriate error bound. It can also
be observed in Fig. 3 that, for μ > 0.0203, the natural
frequency of the system can no longer be approximated
as string-like. Similarly, for μ > 49.8611, the system
can be approximated as beam-like for all mode num-
bers within the 1% relative error.

In the following section, we will analyze a simply
supported pipe system using these three models. For
small bending stiffness and up to a certain number of
modes, the string model will be assumed valid. For
large bending stiffness or higher mode numbers, the
beam model will be assumed valid. For cases falling in
between these limits, the stretched-beammodel will be
used.

6 Coinciding types of resonance frequencies

The resonant frequencies are found to be � =
ωK , ωK − ωN , ωK + ωN . However, for certain mode
numbers and bending stiffness values, the fluid pulsa-
tion frequency � may align with multiple types of res-
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Table 1 Special cases where different resonant frequencies
coincide

� ωK ωK − ωN ωK + ωN

ωL Case-1 Case-2

ωM − ωL Case-3 Case-5

ωM + ωL Case-4

onance frequencies. In this section, these coincidences
of resonance frequencies are investigated. Table 1 out-
lines possible coincidence scenarios.

The three models, namely the string, the string-
beam and the beam models, exhibit distinct coinci-
dence conditions. Therefore, in the following subsec-
tions, we investigate these coincidence cases for each
pipe model.

6.1 The beam model (μ � 1)

For the case where the bending stiffness coefficient
μ � 1, the expression for the natural frequency can
be approximated by Eq. (69). It can be observed that
the second term in the RHS of (69) is independent of
the mode number. And so, very stiff pipes, the error
compared to the exact natural frequency is O(1/

√
μ).

In the case that ωn = n2π2√μ, we shall study poten-
tial coincidences for different resonance frequencies
described in table 1.

6.1.1 Coincidence case � 	 ωK − ωN = ωL

We assume that� does not lead to any other resonance
interactions. The case � = ωK − ωN = ωL implies
that

ω
(b)
K − ω

(b)
N = ω

(b)
L

⇔ K 2π2√μ − N 2π2√μ = L2π2√μ

⇔ K 2 − N 2 = L2

(71)

where L is even and K ±N is odd. Since K ±N is odd,
K 2−N 2 is odd. Conversely, since L is even, L2 is even.
The mismatch in parity leads to a contradiction. Thus,
weconclude that the resonant case� = ωK−ωN = ωL

cannot occur.

6.1.2 Coincidence case � 	 ωK + ωN = ωL

It is assumed that � is notO(ε)-close to any other res-
onant frequencies, other than ωK + ωN and ωL . Simi-
larly, the case � = ωK + ωN = ωL implies that

ω
(b)
K + ω

(b)
N = ω

(b)
L ⇔ K 2 + N 2 = L2. (72)

Using the same approach, it is clear that the condition
K ± N is odd implies that K 2 + N 2 is odd, which
contradicts with the fact that L2 is even. Therefore, the
resonant case � = ωK + ωN = ωL cannot occur.

6.1.3 Coincidence case � 	 ωK − ωN = ωM − ωL

In this subsection, all other possible resonance interac-
tions are excluded. This coincidence case can be gener-
alized to the case of a coincidence of an arbitrary num-
ber of difference type combination resonances. Thus,
consider

� = ω
(b)
ξ1

− ω(b)
η1

= · · · = ω
(b)
ξn

− ω(b)
ηn

, (73)

ξ1, . . . , ξn, η1, . . . , ηn ∈ N. Rewriting � = kπ2√μ

for k ∈ N, implies

k = ξ21 − η21 = · · · = ξ2n − η2n . (74)

Given that ξi ± ηi is odd, it follows that k must also be
an odd integer. Writing the problem in the form

k = (ξ1 − η1)(ξ1 + η1)

...

= (ξn − ηn)(ξn + ηn)

(75)

and defining the new variables ri , si ∈ N as

ξi = ri + si
2

, ηi = ri − si
2

(76)

it follows that (74) can be rewritten as

k = r1s1 = · · · = rnsn . (77)

Since ri = si yields to ηi = 0, it then follows that the
number of modes excited corresponds to the number
of non repeating divisors. Using the prime factorization
k = pν1

1 pν2
2 . . . pνm

m , the number of divisors of k is given
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Table 2 Coincidences of the form ω
(b)
K −ω

(b)
N = ω

(b)
M −ω

(b)
L for

μ � 1

k � = kπ2√μ

15 ω8 − ω7 = ω4 − ω1

21 ω11 − ω10 = ω5 − ω2

27 ω14 − ω13 = ω6 − ω3

33 ω17 − ω16 = ω7 − ω4

35 ω18 − ω17 = ω6 − ω1

39 ω20 − ω19 = ω8 − ω5

45 ω23 − ω22 = ω9 − ω6 = ω7 − ω2

51 ω26 − ω25 = ω10 − ω7

55 ω28 − ω27 = ω8 − ω3

57 ω29 − ω28 = ω11 − ω8

63 ω32 − ω31 = ω12 − ω9 = ω8 − ω1

65 ω33 − ω32 = ω9 − ω4

.

.

.
.
.
.

by d#(k) = (ν1+1)(ν2 +1) . . . (νm +1). Accordingly,
the number of coincidence, n in (73), is:

n =
⌊d#(k)

2

⌋
. (78)

In table 2, some of the coincidence cases are given.
Additionally, from the asymptotic expression (69)

for the natural frequency, it can be observed that assum-
ing that K 2−N 2 = M2−L2, the given approximation
for the resonance coincidence case � = ω

(b)
K − ω

(b)
N =

ω
(b)
M − ω

(b)
L leads that

|(ωK − ωN ) − (ωM − ωL)| = O
(

1

μ
3
2

)
. (79)

Notice that the coinciding frequencies have a higher
order of accuracy, since

|ωn − ω(b)
n | = O

(
1√
μ

)
.

Special Case � 	 ωK − ωN = ωN − ωL

We have shown that multiple differences in natural fre-
quencies can coincide. We shall study whether two dif-
ferences in natural frequencies can share a common
frequency. It is clear that, for � = ω

(b)
K − ω

(b)
N =

ω
(b)
L − ω

(b)
M , K = M ⇐⇒ N = L , which does

not lead to any distinct combination resonance. Hence,
the only possible coincidence case is when M = N ,
thus � = ω

(b)
K − ω

(b)
N = ω

(b)
N − ω

(b)
M . This leads to the

expression

K 2 + L2 = 2N 2 (80)

with the conditions; either K and L are odd and N is
even, or K and L are even and N is odd.

• If K and L are odd, K 2+ L2 becomes congruent to
2 modulo 4, while 2N 2, with N even, is 0 modulo
4, which is a contradiction.

• If K and L are even, K 2 + L2 becomes congruent
to 0 modulo 4, while 2N 2, with N odd, is 2 modulo
4, which is again a contradiction.

Hence, we conclude that coinciding differences in nat-
ural frequencies can not share a common mode.

The Dynamics for � 	 ωK − ωN = ωM − ωL

It has been shown that for this case the only possi-
bility is that all the indices are distinct from each other.
The dynamics for the given systems can be determined
by using the solution approach given in section 4.3.2.
Since, ω

(b)
K − ω

(b)
N and ω

(b)
M − ω

(b)
L do not share any

common modes, the dynamics of the given system can
be determined for the modes K , N , M, L by solving
pairs of the modes K , N and M, L separately. Hence,
we will not observe any distinct and unique dynamics
of the system for the given internal resonances in this
case.

6.1.4 The case � 	 ωK + ωN = ωM + ωL

Now we study the coincidence of combination res-
onances of sum type. This case includes only all
other resonance interactions of same type. The binary
quadratic form for as indefinite number of sum type
combination resonances can be written as

� = ω
(b)
ξ1

+ ω(b)
η1

= · · · = ω
(b)
ξn

+ ω(b)
ηn

. (81)

Considering � = kπ2√μ with k ∈ N implies that

k = ξ21 + η21 = · · · = ξ2n + η2n . (82)

Notice that ξ ±η being odd implies that k is odd. Defin-
ing z j := ξ j + iη j ∈ C, we can write the problem in
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Table 3 Coincidences of the form ω
(b)
K +ω

(b)
N = ω

(b)
M +ω

(b)
L for

μ � 1

k � = kπ2√μ

65 ω8 + ω1 = ω7 + ω4

85 ω9 + ω2 = ω7 + ω6

125 ω11 + ω2 = ω10 + ω5

145 ω12 + ω1 = ω9 + ω8

185 ω13 + ω4 = ω11 + ω8

205 ω14 + ω3 = ω13 + ω6

221 ω14 + ω5 = ω11 + ω10

265 ω16 + ω3 = ω14 + ω8

305 ω17 + ω4 = ω16 + ω7

325 ω18 + ω1 = ω17 + ω6 = ω15 + ω10

.

.

.
.
.
.

the form

k = z1 z̄1 = · · · = zn z̄n . (83)

The pairs of zi can be obtained by the Gaussian integer
factorization of k, leading to the result that the integer
k must be congruent 1 modulo 4. Thus, the number of
distinct pairs is related to the number of prime divisors
that are congruent to 1 modulo 4. A short list of indices
giving rise to coincidences of sum type is presented in
table 3 below:

Similarly to (79), for K 2 + N 2 = M2 + L2, we
obtain the resonance coincidence approximation as

|(ωK + ωN ) − (ωM + ωL)| = O
(

1

μ
3
2

)
, (84)

which represents a higher-order approximation for the
coincidence compared to the order of accuracy for the
beam frequency (69).

The Special Case � 	 ωK + ωN = ωN + ωL

Wehavedemonstrated thatmultiple sumsof natural fre-
quencies can coincide. However, without loss of gen-
erality, the special case where M = N is only possible
if K = L in � = ω

(b)
K + ω

(b)
N = ω

(b)
M + ω

(b)
L . This

equivalence implies that the condition does not corre-
spond to a distinct pair of sums. Consequently, we can
conclude that any two pairs of sums cannot share a
common mode.

Table 4 Coincidences of the form ω
(b)
K −ω

(b)
N = ω

(b)
M +ω

(b)
L for

μ � 1

k � = kπ2√μ

5 ω3 − ω2 = ω2 + ω1

13 ω7 − ω6 = ω3 + ω2

17 ω9 − ω8 = ω4 + ω1

25 ω13 − ω12 = ω4 + ω3

29 ω15 − ω14 = ω5 + ω2

37 ω19 − ω18 = ω6 + ω1

41 ω21 − ω20 = ω5 + ω4

45 ω23 − ω22 = ω9 − ω6 = ω7 − ω2 = ω6 + ω3

53 ω27 − ω26 = ω7 + ω2

61 ω31 − ω30 = ω6 + ω5

65 ω33 − ω32 = ω9 − ω4 = ω8 + ω1 = ω7 + ω4

73 ω37 − ω36 = ω8 + ω3

.

.

.
.
.
.

The Dynamics for � 	 ωK + ωN = ωM + ωL

Similar to 6.1.3, the dynamics for this case can be
obtained individually for the pairs of modes K , N and
M, L using the solutions and stability conditions pre-
sented in section 4.3.3.

6.1.5 The case � 	 ωK − ωN = ωM + ωL

In this subsection, we will study the case where the
fluid pulsation frequency � is equal to the coincidence
of a difference of two natural frequencies ωK − ωN

and a sum of two natural frequencies ωM + ωL . Let
� = kπ2√μ, suppose k is an odd integer without any
odd-powered prime factors congruent to 3 modulo 4.
Consequently, k can be expressed as the sum of the
squares of two integers. Since any odd number has at
least one pair of factors (trivially, k has the divisors 1
and itself), following from Eq. (77) and (76), it can be
written as the difference of two squares. This means
that if the fluid pulsation frequency � is expressible
as the sum of two natural frequencies, it can also be
expressed as the difference of two natural frequencies.
In table 4, some coincidence cases of sum and differ-
ence resonances are presented.

For the case K 2 + N 2 = M2 − L2 the resonance
coincidence approximation is

|(ωK + ωN ) − (ωM − ωL)| = O
(

1√
μ

)
. (85)
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Special Case: � = ωK − ωN = ωN + ωL

Note that in the given expression ω
(b)
K − ω

(b)
N = ω

(b)
M +

ω
(b)
L , for positively definedωn , both sides of the equality

can share a common mode only if N = M or equiva-
lently N = L . Without loss of generality, we assume
N = M . This choice leads to the expression

K 2 = 2N 2 + L2 (86)

which is a well-known variation of the Pythagorean
triples and can be solved using a modified version of
Euclid’s formula: K = p2 + 2m2, N = 2mp and
L = |p2 − 2m2|, where p,m ∈ N. It can be seen that
for odd integer values of p, the condition on the indices
defined in

∑∗ is satisfied. Thus, we can conclude that
this case leads to a special scenario, where the coin-
ciding sum and difference combinations can share a
common vibration mode.

It is straightforward to show that the coincidence
of resonance frequencies cannot coincide with a third
sumor difference type frequencywith a commonmode.
Specifically, there are no P and Q such thatωK −ωN =
ωN + ωL = ωP ± ωQ , where P or Q are elements of
{K , N , L}.
The Dynamics for � 	 ωK − ωN = ωM + ωL

The dynamics in the case for which all indices are
distinct, follows from sections 4.3.3 and 4.3.2. How-
ever, when both systems share a common mode, we no
longer can use these results. And so, a further analysis
is required.

Pure Resonance: � = ωK − ωN = ωN + ωL

First, the scenario where the fluid pulsation frequency
� is exactly equal to ω

(b)
K −ω

(b)
N = ω

(b)
N +ω

(b)
L is inves-

tigated. Substituting the excitation frequency into Eq.
(31), we obtain that the following system of equations
has to be satisfied in order to avoid the occurrence of
secular terms in uK , uN and uL :

ȦK = −απ4K 4

2
AK +√

βV1
K N (ω

(b)
K + ω

(b)
N )

(N 2 − K 2)ω
(b)
K

BN ,

ḂK = −απ4K 4

2
BK −√

βV1
K N (ω

(b)
K + ω

(b)
N )

(N 2 − K 2)ω
(b)
K

AN ,

ȦN = −απ4N 4

2
AN +√

βV1
K N (ω

(b)
K + ω

(b)
N )

(N 2 − K 2)ω
(b)
N

BK

+√
βV1

NL(ω
(b)
L − ω

(b)
N )

(N 2 − L2)ω
(b)
N

BL ,

ḂN = −απ4N 4

2
BN −√

βV1
K N (ω

(b)
K + ω

(b)
N )

(N 2 − K 2)ω
(b)
N

AK

+√
βV1

NL(ω
(b)
L − ω

(b)
N )

(N 2 − L2)ω
(b)
N

AL ,

ȦL = −απ4L4

2
AL +√

βV1
NL(ω

(b)
L − ω

(b)
N )

(N 2 − L2)ω
(b)
L

BN ,

ḂL = −απ4L4

2
BL +√

βV1
NL(ω

(b)
L − ω

(b)
N )

(N 2 − L2)ω
(b)
L

AN .

(87)

Introducing the coefficients,

a := απ4K 4

2
, b := απ4N 4

2
, c := απ4L4

2

r := √
βV1

K N (ω
(b)
K + ω

(b)
N )

(N 2 − K 2)ω
(b)
K

,

s := √
βV1

K N (ω
(b)
K + ω

(b)
N )

(N 2 − K 2)ω
(b)
N

,

q := √
βV1

LN (ω
(b)
L − ω

(b)
N )

(N 2 − L2)ω
(b)
L

,

p := √
βV1

LN (ω
(b)
L − ω

(b)
N )

(N 2 − L2)ω
(b)
N

,

(88)

Eq. (87) can be rewritten as two decoupled three dimen-
sional systems

⎛
⎝ ȦK

ḂN

ȦL

⎞
⎠ =

⎛
⎝−a r 0

−s −b p
0 q −c

⎞
⎠
⎛
⎝ AK

BN

AL

⎞
⎠ , (89a)

⎛
⎝ ḂK

ȦN

ḂL

⎞
⎠ =

⎛
⎝−a −r 0

s −b p
0 q −c

⎞
⎠
⎛
⎝ BK

AN

BL

⎞
⎠ . (89b)

The two given systems lead to the same characteristic
polynomial, which is

λ3 + (a + b + c)λ2

+ (ab + ac + bc − pq + rs)λ

+ (abc − apq + crs) = 0.

(90)
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In order to obtain an explicit expression for stability of
system (87), we apply the Routh-Hurwitz criterion to
the characteristic polynomial (90). For a general, cubic
polynomial d3λ3 + d2λ2 + d1λ1 + d0 = 0, the Routh-
Hurwitz stability criterion is satisfied if Ti > 0, for
i = 0, 1, 2, 3, where

T0 = d3, T1 = d2,

T2 = det

(
d2 d3
d0 d1

)
, T3 = det

⎛
⎝ d2 d3 0
d0 d1 d2
0 0 d0

⎞
⎠ .

(91)

Using (91), we obtain for (90):

T0 = 1, T1 = a + b + c,

T2 = (a + b)(b + c)(a + c)

+ (a + b)rs − (b + c)pq,

T3 = (abc − apq + crs)

× [(a + b)(b + c)(a + c)

+ (a + b)rs − (b + c)pq]
= (abc − apq + crs)T2.

(92)

Assuming that the viscoelastic damping is not negligi-
ble, we have a, b, c > 0. Thus, we obtain as stability
conditions T2 > 0 and (abc − apq + crs) > 0.

Detuned Resonance: � = ωK − ωN + εϕ = ωN +
ωL + εϕ

Now we introduce an O(ε) deviation from the res-
onant frequency with the detuning εϕ. Substituting
� = ωK − ωN + εϕ = ωN + ωL + εϕ into Eq. (31),
we obtain the following system of equations that has to
be satisfied:

ȦK = −aAK + r [sin(ϕt1)AN + cos(ϕt1)BN ],
ḂK = −aBK − r [cos(ϕt1)AN − sin(ϕt1)BN ],
ȦN = −bAN − s[sin(ϕt1)AK − cos(ϕt1)BK ]

− p[sin(ϕt1)AL − cos(ϕt1)BL ],
ḂN = −bBN − s[cos(ϕt1)AK + sin(ϕt1)BK ]

+ p[cos(ϕt1)AL + sin(ϕt1)BL ],
ȦL = −cAL − q[sin(ϕt1)AK − cos(ϕt1)BK ],
ḂL = −cBL + q[cos(ϕt1)AK + sin(ϕt1)BK ],

(93)

where the parameters, a, b, c, r, s, p, q are defined in
(88). Observe that system (89) is obtained for ϕ = 0.
After somemanipulations (seeAppendix D), we obtain

an autonomous system of two third order equations:

...
AN = −(a + b + c) ÄN

− (ab + ac + bc + rs − pq) ȦN

− (abc − apq + crs)AN − ϕ2( ȦN + BAN )

− ϕ[(a − c)ḂN + (ab − bc + rs + pq)BN ],
...
BN = −(a + b + c)B̈N

− (ab + ac + bc + rs − pq)ḂN

− (abc − apq + crs)BN − ϕ2(ḂN + bBN )

+ ϕ[(a − c) ȦN + (ab − bc + rs + pq)AN ].
(94)

Notice that the characteristic polynomial of Eq. (94)
is of degree 6. Hence, for arbitrary parameter values,
it is not feasible to determine the roots of the charac-
teristic polynomial. Additionally, the Routh-Hurwitz
stability conditions obtained for arbitrary parameters
are too lengthy and complex for clear conclusions and
comparisons. Therefore, the stability criterion will be
studied through a specific example.

Example Case: � = ω3 − ω2 + εϕ = ω2 + ω1 + εϕ

Considering the case where � = ωK − ωN + εϕ =
ωN + ωM + εϕ where, K = 3, N = 2 and M = 1,
we obtain the natural frequencies of these modes and
coefficients defined in (88) as below:

ω3 = 9π2√μ, ω2 = 4π2√μ, ω1 = π2√μ,

a = 81π2α

2
, b = 8π2α, c = π2α

2
,

p = −
√

βV1
2

, q = −2
√

βV1,

r = −26
√

βV1
15

, s = −39
√

βV1
10

.

(95)

If we substitute these into Eq. (94), we obtain the char-
acteristic equation in the form

d6λ
6 + d5λ

5 + · · · + d1λ + d0 = 0, (96)

where the coefficients di , i = 1, . . . , 6 are given in
AppendixE.The region of stability for the given system
in the parameters α and

√
βV1 for various detuning

values ϕ are presented in Fig. 4. The region below the
curve indicates the stable region of the full system
with� = ω3−ω2+εϕ = ω2+ω1+εϕ and the region
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Fig. 4 Stability bounds for the system in modes {3, 2, 1}
and the truncated system in modes {2, 1} . The stability
region in the (α,

√
βV1) plane is below each curve

below the curve indicates the stability region for
the system truncated to the first two modes.

It can be observed from Fig. 4 that the trunca-
tion of the system influences the systems dynamics. In
Sect. 6.2.5, a similar example for the same coincidence
type of frequencies is presented, showing an even more
clear influence on the stability regions (see Fig. 9).

6.2 The stretched-beam model (μ ∼ 1)

For the case where the amplitude of the bending stiff-
ness coefficient μ is moderate, the natural frequency
approximations used in Eq. (69) or Eq. (70) do not
qualify to be asymptotic approximations. Hence, for
this case, the natural frequency term is considered as
the exact expression defined by (21). In the following
subsections, resonant frequencies and the dynamics of
the pipe structure under these resonance frequencies
are investigated.

6.2.1 Coincidence case � 	 ωK − ωN = ωL

Any other potential resonance interactions, other than
� 	 ωK − ωN = ωL , are disregarded.

We shall first examine, whether the coincidence
under consideration is possible, or not. It is clear
that the coincidence ωK − ωN = ωL , where ωn =
πn
√
1 + μπ2n2, is possible only if ωK > ωN and

ωK > ωL (or equivalentlyK > N and K > L). In
order to find cases satisfying this coincidence, we aim
to get rid of the square root. Thus, we write

ωK − ωN = ωL

⇒ ωK = ωN + ωL

⇒ ω2
K = ω2

N + ω2
L + 2ωNωL

⇒ (ω2
K − ω2

N − ω2
L)2 = 4ω2

Nω2
L

⇒ ω4
K + ω4

N + ω4
L

− 2(ω2
Kω2

N + ω2
Kω2

L + ω2
Nω2

L) = 0,

(97)

which can be rewritten explicitly as

c2μ
2 + c1μ + c0 = 0, (98)

where μ = E I
PL2 is a real, positive, dimensionless con-

stant, and

c0 = π4(K − N − L)(K − N + L)

× (K + N − L)(K + N + L),

c1 = 2π6(K 6 + N 6 + L6 − K 4L2 − K 4N 2

− K 2L4 − K 2N 4 − L4N 2 − L2N 4),
c2 = π8(K 2 − N 2 − L2)(K 2 − N 2 + L2)

× (K 2 + N 2 − L2)(K 2 + N 2 + L2).

(99)

Notice that this expression is equivalent to

(ωK − ωN − ωL)(ωK + ωN − ωL)

× (ωK − ωN + ωL)(ωK + ωN + ωL) = 0.
(100)

This means that the expression (100) is also satisfied
for other types of coincidences. However, the condi-
tion ωK > ωN and ωK > ωL implies that Eq. (97)
is satisfied if and only if ωK − ωN = ωL . Hence, for
each K , N , L , such that K > N , L , the μ value(s) that
satisfy (98) can be calculated.
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Fig. 5 Contributing modes of the first 100 coincidences: ω –ω =ω , with corresponding μ and � values

One observation is that a given resonance coinci-
dence cannot contain the first mode. Since L is even,
the only possibility is that N = 1 and K is even. If
both K and L are even and K > L , it follows that
K ≥ L + 2. Using this relation, it is easy to see that
c0 > 0 and c2 > 0. To prove that c1 > 0, it is sufficient
to write K = L + 2+m in (99), where m ∈ N. Conse-
quently, the roots of polynomial (98) are negative. This
contradicts the fact that μ > 0, and so the first mode
cannot occur for the given resonance coincidence.

The Dynamics for � 	 ωK − ωN = ωL

As discussed earlier, when the index values K , N and L
are all different, we obtain six ODEs. A system of four
of these equations arises from� 	 ωK −ωN , while the
remaining two form a two-dimensional system based
on � 	 ωL . Consequently, the dynamics for each sys-
tem can be solved using the corresponding individual
equations, as explained earlier (see Sects. 4.3.1 and
4.3.2).

When N = L , it is clear that we no longer have a
six-dimensional system that can be decoupled to a four-
dimensional and to a two-dimensional system. Thus,
when N = L we cannot determine the dynamics of this
system using the results from Sects. 4.3.1 and 4.3.2.

Special Case: � 	 ωK − ωN = ωN

Now we consider the special resonance case, where

N = L , thus ωK = 2ωN . We can write

ωK = 2ωN

⇒ πK
√
1 + μπ2K 2 = 2πN

√
1 + μπ2N 2

⇒ K 2(1 + μπ2K 2) = 4N 2(1 + μπ2N 2),

(101)

thus we obtain

μ = π2 4N
2 − K 2

K 4 − 4N 4 . (102)

Eq. (102) leads to a physicallymeaningful solution only
if μ > 0. This condition is satisfied when 2N > K >√
2N .
Thefirst 100 coincidence caseswith indices K , N , L ,

and μ and � values for which the coincidence occurs
are presented in Fig. 5. As an example, the 5th case
occurs for indices K = 6, N = 3 and L = 4, and μ 	
1.9917 and� 	 14.408. Cases where ωK −ωN = ωN

are indicated by the nested markers . For instance, the
first coincidence case occurs for the indices K = 3,
N = L = 2, μ 	 0.0417 and � 	 10.223. Similarly,
for the indices K = 15, N = L = 8 (the 80th case) we
see that μ 	 9.173 · 10−5 and � 	 25.851.

For the more interesting case, we now focus on the
case ωK − ωN = ωN .
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Pure Resonance: � = ωK − ωN = ωN

Considering that� = ωK −ωN = ωN , the coefficients
AK (t1), BK (t1), AN (t1) and BN (t1) have to satisfy the
following system of ODEs in order to avoid secular
terms in uK (t0, t1) and uN (t0, t1):

ȦK = −απ4K 4

2
AK +√

βV1
K N (ωK + ωN )

(N 2 − K 2)ωK
BN ,

ḂK = −απ4K 4

2
BK −√

βV1
K N (ωK + ωN )

(N 2 − K 2)ωK
AN ,

ȦN = −απ4N 4

2
AN +√

βV1
K N (ωK + ωN )

(N 2 − K 2)ωN
BK

− 4

π

√
βV1CN ,

ḂN = −απ4N 4

2
BN −√

βV1
K N (ωK + ωN )

(N 2 − K 2)ωN
AK .

(103)

From the intermediate parameters defined in (40) and
(44), we rewrite Eq. (103) as

(
ȦK

ḂN

)
=
(−a p

−q −b

)(
AK

BN

)
,

(
ḂK

ȦN

)
=
(−a −p

q −b

)(
BK

AN

)
−
(
0
c

)
.

(104)

The equilibrium of Eq. (104) is given by AK = BN =
0, AN = − ac

ab+pq , BK = − pc
ab+pq . The stability of this

system is identical to that of the system described by
Eq. (48b), indicating that it is stable.

Detuned Resonance: � 	 ωK − ωN + εϕ = ωN + εϕ

If the fluid velocity fluctuation frequency is detuned by
� = ωK −ωN+εϕ = ωN+εϕ withϕ = O(1), secular
terms in uK (t0, t1) and uN (t0, t1) can be prevented if:

ȦK = −aAK + p sin(ϕt1)AN + p cos(ϕt1)BN ,

ḂK = −aBK − p cos(ϕt1)AN + p sin(ϕt1)BN ,

ȦN = −bAN − q sin(ϕt1)AK + q cos(ϕt1)BK

− c cos(ϕt1),

ḂN = −bAN − q cos(ϕt1)AK − q sin(ϕt1)BK

− c sin(ϕt1). (105)

Following the steps in Appendix C, the following sys-
tem of two coupled second order ordinary differential

equations for AK and BK can be obtained:

ÄK + (a + b) ȦK + (ab + pq)AK

+ ϕ(ḂK + aBK ) = −cp sin(2ϕt1),

B̈K + (a + b)ḂK + (ab + pq)BK

− ϕ( ȦK + aAK ) = cp cos(2ϕt1),

(106)

Writing the above systems of ODEs in the form
L1(AK , BK ) = −cp sin(2ϕt1) and L2(AK , BK ) =
cp cos(2ϕt1), and differentiating each system once, we
find:

L ′
1 = −2ϕL2 and L ′

2 = 2ϕL1. (107)

Note that the characteristic polynomial P(λ) of the sys-
tem L1 = 0 and L2 = 0 is equivalent to Eq. (51), with
roots given by Eq. (52). And it has been proved in (55)
that α > 0 implies �(λ) < 0, where λ ∈ C such that
P(λ) = 0. The characteristic polynomial P̃(λ) of (107)
can be found to be:

P̃(λ) = (λ2 + 4ϕ2)P(λ), (108)

leading to the additional eigenvalues λ5,6 = ±2ϕi .
Since Eq. (107) is a linear system, the solution of the
system has the same stability properties as system (49).

6.2.2 The case � 	 ωK + ωN = ωL

We exclude potential resonance interactions, other than
� 	 ωK + ωN = ωL .

The resonance coincidence case, for which the sum
of two natural frequencies is equal to a natural fre-
quency is only possible if ωL > ωK and ωL > ωN ,
thus for L > K and L > N . And one observes that
following the same steps, we obtain the expressions
(97),(100) and (98). Hence, knowing K , N , L , one can
obtain the μ value(s) that give rise to this type of reso-
nance coincidence.

Similarly as in Sect. 6.2.1, the first mode cannot
contribute to this given type of resonance coincidence.
This statement can be proved by following the same
approach as in Sect. 6.2.1.

Due to the conditions ωL > ωK and ωL > ωN , thus
L > K and L > N , the given resonance coincidence
can not lead to the special coincidence cases: ωK +
ωN = ωK or ωK + ωN = ωN .
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Fig. 6 Contributing modes to the first 100 coincidences: ω +ω =ω , with corresponding μ and � values

Thefirst 100 coincidence caseswith indices K , N , L ,
andμ and� values forwhich these coincidences occur,
are presented in Fig. 6.

6.2.3 The case � 	 ωK − ωN = ωM − ωL

For this case, all other possible resonance interactions,
other than � 	 ωK − ωN = ωM − ωL , are excluded.

Following a similar approach as in Sect. 6.2.1, the
existence of a scenario where two differences of two
natural frequencies are equal, requires solving a cubic
polynomial in μ. Hence, in this section, the μ values
giving rise to ωK −ωN = ωM −ωL , with K , N , M, L
all different, are obtained numerically.

Given a resonance coincidence sharing a common
mode is still to be figured out. As it has been shown in
Sect. 6.1.3 that K = M ⇐⇒ N = L , which does
not provide a distinct system. Thus, the only scenario
for which ωK − ωN and ωM − ωL share a common
mode is that N = M . This choice leads to ωK −ωN =
ωN − ωL , so ωK + ωL = 2ωN . The condition on the
mode numbers is ωK > ωN > ωL or equivalently
K > N > L . Similarly as in Sect. 6.1.3, we obtain that
the polynomial in μ is:

c2μ
2 + c1μ + c0 = 0, (109)

where

c0 = π4(K − 2N − L)(K − 2N + L)

× (K + 2N − L)(K + 2N + L),
(110a)

c1 = 2π6(K 2 + L2 − 2N 2)
(
K 4 + L4 − 8N 4

− 2K 2L2 − 2K 2N 2 − 2L2N 2), (110b)

c2 = π8(K 2 − 2N 2 − L2)(K 2 − 2N 2 + L2)

× (K 2 + 2N 2 − L2)(K 2 + 2N 2 + L2).
(110c)

The given polynomial is equivalent to the expression

(ωK − 2ωN − ωL)(ωK + 2ωN − ωL)

× (ωK − 2ωN + ωL)(ωK + 2ωN + ωL) = 0.
(111)

Using the condition ωK > ωN > ωL , Eq. (111) indi-
cates that Eq. (109) is satisfied either if ωK + ωL −
2ωN = 0 or ifωK −ωL −2ωN = 0. Thus, for K , N , L
and μ satisfying Eq. (109), one has to check what type
of coincidence occurs. In Fig. 7, the first 100 coin-
cidence cases with indices K , N , M, L , and μ and �

values for which the coincidences occur, are presented.
Cases where N = M are indicated by the nested mark-
ers .

The Dynamics for � 	 ωK − ωN = ωM − ωL

In Sect. 4.3.2 it is observed thatwhen the fluid pulsation
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Fig. 7 Contributing modes to the first 100 coincidences: ω –ω =ω – , with corresponding μ and � values

frequency� is equal to the difference of twonatural fre-
quencies, the pipe system exhibits a stable behaviour
for all parameter values. The dynamics for the cases
where K , N , M, L are all different leads to two decou-
pled systems, studied in Sect. 4.3.2, and can be solved
individually. Thus,we focus on the casewhere N = M ,
so� 	 ωK −ωN = ωN −ωM , which leads to a unique
scenario.

Pure Resonance: � = ωK − ωN = ωN − ωL

It is first assumed that the fluid pulsation frequency �

is exactly equal toωK −ωN = ωN −ωL . This assump-
tion leads to the following system of ODEs that ensures
that secular terms do not occur in uK (t0, t1),uN (t0, t1)
and uL(t0, t1):

ȦK = −απ4K 4

2
AK +√

βV1
K N (ωK + ωN )

(N 2 − K 2)ωK
BN ,

ḂK = −απ4K 4

2
BK −√

βV1
K N (ωK + ωN )

(N 2 − K 2)ωK
AN ,

ȦN = −απ4N 4

2
AN +√

βV1
K N (ωK + ωN )

(N 2 − K 2)ωN
BK

−√
βV1

NL(ωN + ωL)

(N 2 − L2)ωN
BL ,

ḂN = −απ4N 4

2
BN −√

βV1
K N (ωK + ωN )

(N 2 − K 2)ωN
AK

+√
βV1

NL(ωN + ωL)

(N 2 − L2)ωN
AL ,

ȦL = −απ4L4

2
AL +√

βV1
NL(ωN + ωL)

(N 2 − L2)ωL
BN ,

ḂL = −απ4L4

2
BL −√

βV1
NL(ωN + ωL)

(N 2 − L2)ωL
AN .

(112)

Introducing the parameters:

a := απ4K 4

2
, b := απ4N 4

2
, c := απ4L4

2
,

r := √
βV1

K N (ωK + ωN )

(N 2 − K 2)ωK
,

s := √
βV1

K N (ωK + ωN )

(N 2 − K 2)ωN
,

p := √
βV1

NL(ωN + ωL)

(N 2 − L2)ωN
,

q := √
βV1

NL(ωN + ωL)

(N 2 − L2)ωL

(113)
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System (112) becomes

⎛
⎝ ȦK

ḂK

ȦL

⎞
⎠ =

⎛
⎝−a r 0

−s −b p
0 −q −c

⎞
⎠
⎛
⎝ AK

BK

AL

⎞
⎠ , (114a)

⎛
⎝ ḂK

ȦK

ḂL

⎞
⎠ =

⎛
⎝−a −r 0

s −b −p
0 q −c

⎞
⎠
⎛
⎝ BN

AK

BL

⎞
⎠ . (114b)

The characteristic polynomial of both of these subsys-
tems in (114) are identical, and are given by

r3 + (a + b + c)r2

+ (ab + ac + bc + pq + rs)r

+ (abc + apq + crs) = 0.

(115)

One can define the roots of the characteristic polyno-
mial by using Cardano’s formula for the given param-
eter values. In order to obtain a manageable explicit
expression for the stability of system (112), we apply
the Routh-Hurwitz criterion to the characteristic poly-
nomial (115). For a general, cubic polynomial d3r3 +
d2r2 + d1r1 + d0 = 0, the Routh-Hurwitz stability cri-
terion is satisfied if Ti > 0, for i = 0, 1, 2, 3, where Ti
are defined in (91), and are given by:

T0 = 1, T1 = a + b + c,

T2 = (a + b)(b + c)(a + c)

+ (b + c)pq + (a + b)rs,

T3 = (abc + apq + crs)

× [(a + b)(b + c)(a + c)

+ (b + c)pq + (a + b)rs]. (116)

Knowing that, a, b, c, (pq), (rs) are all positive, real
numbers, it follows that Ti > 0 for i = 0, 1, 2, 3, and
so the system is stable.

Detuned Resonance: � = ωK − ωN + εϕ = ωN −
ωL + εϕ

Introducing a detuning of order ε, by εϕ, secular terms
in uK (t0, t1),uN (t0, t1) and uL(t0, t1) are prevented if

ȦK = −aAK + r [sin(ϕt1)AN + cos(ϕt1)BN ],
ḂK = −aBK − r [cos(ϕt1)AN − sin(ϕt1)BN ],
ȦN = −bAN − s[sin(ϕt1)AK − cos(ϕt1)BK ]

− p[sin(ϕt1)AL + cos(ϕt1)BL ],

ḂN = −bBN − s[cos(ϕt1)AK + sin(ϕt1)BK ]
+ p[cos(ϕt1)AL − sin(ϕt1)BL ],

ȦL = −cAL + q[sin(ϕt1)AN − cos(ϕt1)BN ],
ḂL = −cBL + q[cos(ϕt1)AN + sin(ϕt1)BN ], (117)

where the parameters a, b, c, r, s, p, q are given by
(113). Following a similar approach as in Appendix
D, we obtain the following autonomous system for AN

and BN :
...
AN = −(a + b + c) ÄN

− (ab + ac + bc + pq + rs) ȦN

− (abc + apq + crs)AN − ϕ2( ȦN + bAN )

− ϕ[(a − c)ḂN + (ab − bc + rs − pq)BN ],
...
BN = −(a + b + c)B̈N

− (ab + ac + bc + pq + rs)ḂN

− (abc + apq + crs)BN − ϕ2(ḂN + aBN )

+ ϕ[(a − c) ȦN + (ab − bc + rs − pq)AN ].
(118)

Similarly as for system (94), the characteristic poly-
nomial obtained from system (118) is of degree 6.
Therefore, an analytical study for arbitrary parameters
is challenging. Hence, an example will be examined.

Example Case: � = ω9 − ω6 + εϕ = ω6 − ω1 + εϕ

Taking K = 9, N = 6 and L = 1, the bending stiffness
for which the coincidence occurs is:

μ = 1

44π2 	 0.002303,

� = 21π
√
55

22
=	 22.2396,

ω9 = 45π
√
55

22
, ω6 = 12π

√
55

11
, ω1 = 3π

√
55

22
,

a = απ46561

2
, b = απ4648, c = απ4

2
,

p = 27
√

βV1
140

, q = 54
√

βV1
35

,

r = −46
√

βV1
25

, s = −69
√

βV1
20

.

(119)

And by applying the Routh-Hurwitz criterion, we
obtain that the detuned system is stable for all α,

√
βV1

and ϕ.
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Fig. 8 Contributing modes of the first 100 coincidences: ω +ω =ω + , with corresponding μ and � values

6.2.4 The case � 	 ωK + ωN = ωM + ωL

In this subsection, the coincidences of two sums of two
natural frequencies for moderate bending stiffness μ

are investigated. We exclude the potential resonance
interactions other than � 	 ωK + ωN = ωM + ωL .
It is numerically obtained that (see Fig 8), the given
coincidence type is possible. However, as it can be
observed from section 6.1.4, for the given coincidence
type, N = M ⇐⇒ K = L . Therefore, the given
frequency sums cannot share a common natural fre-
quency.

Figure 8displays thefirst 100 coincidence caseswith
indices K , N , M, L , and μ and � values for which the
coincidences occur.

The Dynamics for � 	 ωK + ωN = ωM + ωL

Identical to Sect. 6.1.4, the dynamics for this case can
be obtained individually for the pairs of modes K , N ,
and M, L using the solutions and stability conditions
presented in section 4.3.3.

6.2.5 The case � 	 ωK − ωN = ωM + ωL

For a given resonance frequency, � 	 ωK − ωN =
ωM + ωL , all other possible resonance interactions are
disregarded. The coincidence for this type can be calcu-
lated numerically (see Fig. 10). The coincidence with

a common mode, N = M , thus � 	 ωK − ωN =
ωN + ωL can be calculated analytically following Eq.
(109), (110) and (111) from Sect. 6.2.3. In Fig. 10, the
first 100 coincidence cases with indices K , N , M, L ,
and μ and � values for which the coincidences occur,
are presented. Cases where N = M and N = L are
indicated by the nested markers and , respectively.

The Dynamics for � 	 ωK − ωN = ωN + ωL

The dynamics when� 	 ωK −ωN = ωN +ωL and for
μ ∼ 1 can be obtained similarly as for the case μ � 1
in Sect. 6.1.5. Hence, no further analysis will be made.
However, an example case will be given.

Example Case: � = ω5 − ω2 + εϕ = ω2 + ω3 + εϕ

Following the same approach as in Sect. 6.1.5, it fol-
lows that the Routh-Hurwitz stability criterion (see
appendix E) that the domain of stability can be com-
puted, and is given in Fig. 9.

The stability region of the full system is indicated by
the region below the curve , and the stability region
of the truncated system is indicated by the region below
the curve . For pure resonance (ϕ = 0), ϕ = 20
and ϕ = 50, the stability boundaries are illustrated. It
can be observed that by truncating the system to amode
number, less than five, a different stability boundary is
obtained for α > 0.
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Fig. 9 Stability bounds for the full system of three modes
{5, 3, 2} and the truncated systemof twomodes {3, 2} .
Stability region in (α,

√
βV1) plane is below each curve

6.3 The string model (μ � 1)

When the bending stiffness coefficient μ � 1, the nat-
ural frequency can be approximated by Eq. (70). From
this approximation, ω

(s)
n is an O(n3μ) approximation

of ωn for small bending stiffness. This approximation
is valid for all modes if μ = 0, or for a limited number
of modes if μ �= 0.

For ωn 	 ω
(s)
n = nπ , we will examine potential

resonances as shown in Table 1.

6.3.1 The case � 	 ωK

This scenario occurs only if K is even. It can be shown
that there are no coinciding sum or difference-type
combination resonances.

Given ω
(s)
a ± ω

(s)
b = ω

(s)
a±b for all a, b ∈ N, assume

ω
(s)
K = ω

(s)
N ± ω

(s)
L for K even and N ± L is odd. This

implies:

ω
(s)
K = ω

(s)
N ± ω

(s)
L ⇔ K = N ± L (120)

which is a contradiction. Therefore, this resonance
coincidence cannot occur.

Dynamics for � 	 ωK

The dynamics for this resonance frequency are iden-
tical to those in Sect. 4.3.1, and will not be further
investigated here.

Fig. 10 Contributing modes of the first 100 coincidences:ω -ω =ω + , with corresponding μ and � values
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6.3.2 The case � 	 ωK ± ωN

Assuming the fluid pulsation frequency equals a sum
or difference type combination resonance, and since
ωK ± ωN is only possible if K ± N is odd, we assume
� 	 mπ for an odd integer m. Using ω

(s)
a ± ω

(s)
b =

ω
(s)
a±b, we conclude that all pairs (Ki , Ni ) such that

Ki ± Ni = m lead to resonance. Therefore:

� = mπ = ω
(s)
m−1 + ω

(s)
1

= ω
(s)
m−2 + ω

(s)
2

...

= ω
(s)
m+1
2

+ ω
(s)
m−1
2

= ω
(s)
m+1 − ω

(s)
1

= ω
(s)
m+2 − ω

(s)
2

...

(121)

The first m−1
2 coincidences in (121) are of the sum

type and the rest are difference-type combination res-
onances. This results in a fully coupled system of
infinitely many ODEs. Two scenarios arise based on
the bending stiffness: negligible (μ = 0) and non-
negligible (μ �= 0).

The Case μ = 0
When μ = 0, we have ωn = ω

(s)
n = nπ for all n ∈ N.

This leads to an infinite-dimensional dynamical sys-
tem. Suweken and van Horssen [30] studied a special
case where viscoelastic damping is neglected (α = 0)
and m = 1 thus � = π . They obtained the first inte-
gral of the infinite-dimensional system and found that
truncated solutions fail to capture its dynamics accu-
rately. While truncated systems exhibit bounded solu-
tions regardless of the number of modes considered,
the first integral of the complete system indicates that
the energy of the system grows. Malookani and van
Horssen later solved the infinite-dimensional problem
employing the method of characteristic coordinates
[40,41], verifying the results in [30]. The scenarios
� = mπ for m > 1 and α > 0 remain as open prob-
lems.

The Case μ �= 0
Andrianov and van Horssen [42] and Ponomareva and
van Horssen [43] observed that for 0 < μ � 1, the
string-like natural frequency approximation is valid up

to a certain mode number. Beyond this, modes fol-
low a string-beam model, as discussed in Sect. 5. For
small but nonzero bending stiffness, the coincidences
in (121) hold only whenω

(s)
n is an adequate approxima-

tion of ωn , resulting in a large but finite dynamical sys-
tem for Ak(t1) and Bk(t1). Stability properties without
viscoelastic damping have been investigated for vari-
ous number of modes [43]. However, a comprehensive
study on the stability of large systems considering vis-
coelastic damping remains open.

7 Numerical investigation

To support the analytical results, we performed numer-
ical simulations using the Crank-Nicolson-like finite
difference (FD) scheme. The scheme was selected for
its stability and minimal dissipation characteristics.
Alternative schemes, such as forward and backwards
in time, were tested but discarded due to observed sta-
bility issues and excessive dissipation, making them
unsuitable for the investigation. Further details on the
numerical implementation are provided in Appendix F.

This section examines the resonance scenarios under
various conditions and evaluates their stability prop-
erties. We first discuss the initial conditions and
the steady-state solutions. Subsequently, the analysis
focuses on the evolution of energy across different
modes and their contributions to the system’s overall
stability.

7.1 Energy

The energy of each mode is assumed to be computed
using the expressions in (2) and (3). Using the dimen-
sionless coefficients, the total energy of the system at
any time t is given by E = T + V as:

E(t) =
∫ 1

0

(
μ

2
v2xx + 1 + V 2

2
v2x + 1

2
v2t

+√
βV vxvt + V 2

2

)
dx .

(122)

In this section, the primary focus is on modal interac-
tions; therefore, the contribution of the potential energy
due to gravity is omitted.
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Fig. 11 Comparison of numerical and analytical
static solutions

7.2 Initial conditions

ThePDEunder investigation (Eq. (9)) is non-homogeneous,
leading to a non-zero stationary solution. The O(1)
approximation of the static solution Eq.(16) can be
replaced by the exact solution

vs(x) = − γμ

1 − ε2V 2
0

sech(

√
1 − ε2V 2

0

2
√

μ
)

× cosh(
(1 − 2x)

√
1 − ε2V 2

0

2
√

μ
)

+ γ

2(1 − ε2V 2
0 )

(x2 − x + 2μ),

(123)

due to the presence of O(ε2) term as the coefficient of
vxx in Eq. (9). The consideration of the static solution
is crucial for determining the initial conditions since it
directly influences the initial energy of each vibration
mode.

Figure 11 compares the analytically derived solution
from Eq. (123) with the numerically calculated static
solution. The two results match up to the fifth deci-
mal place, demonstrating the accuracy of the numerical
method.

To account for the energy contribution of the static
solution, we define the initial conditions based on Eq.
(11), as follows:

v(x, 0) = vs(x) + v0(x, t) + εv1(x, t) + . . .

⇒ v0(x, t) + εv1(x, t) + · · · = v(x, 0) − vs(x)

= φ(x) − vs(x),

vt (x, 0) = ψ(x), (124)

where φ(x) is the initial position of the pipe, and ψ(x)
is its initial velocity. Each mode contribution is then

expressed as:

v(x, t) − vs(x) =
N∑
j=1

A j (t) sin( jπx), (125)

where A j (t) is the amplitude of mode j at time t and
N is half the number of spatial grid points, based on
the Nyquist criterion.

7.3 Numerical results

To support our analytical findings and validate the com-
ments regarding [33] in Sect. 4, we numerically investi-
gate the frequencies � = ω2, � = ω2 +ω1, � = 2ω1,
� = ω3 + ω1 and a string-like resonance case � = π .
The first two cases demonstrate the results described
in Sects. 4.3.1 and 4.3.3, respectively. The third and
fourth cases are chosen to illustrate combination reso-
nances of the form � = ωK ± ωN where K ± N is
even, aligning with the findings of [33]. The final case
serves to confirm our conclusions for string-beam or
stretched-beam systems.
The following parameters are used for the numerical
simulations:

ε = 0.01, γ = 10,
√

β = 0.5,

V0 = 20, V1 = 10
(126)

with numerical discretization parameters �x = 0.01,
�t = 0.001. Given that the analytical studies are valid
up to O( 1

ε
), the temporal limit for the numerical inte-

grations is set to t = 100.

The Case � = ω2 + ω1

In this numerical example, we study the sum-type
combination resonance of the first and second vibra-
tion modes. The bending stiffness is set large enough
(μ = 1) to ensure isolated resonance. Based on the
analytical stability condition in Eq. (61), the required
viscoelastic damping for stability is calculated to be
α 	 0.0249. Thus, we select two cases: α = 0.026
and α = 0.023, to demonstrate stable and unstable
responses, respectively. In order to observe the modal
interactions, the initial energy is allocated entirely to
the first mode, with E1(0) = 1.

The numerical results of cases α = 0.026 and
α = 0.023 are presented in Fig. 12 and 13 respec-
tively. For the stable case (α = 0.026), the system’s
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Fig. 12 Time evolution of E1(t) , E2(t) , total energy
Etotal(t) and the energy of the remaining modes Etotal(t) −
E1(t) − E2(t)

Fig. 13 Time evolution of E1(t) , E2(t) , total energy
Etotal(t) and the energy of the remaining modes Etotal(t) −
E1(t) − E2(t)

total energy decays over time, as expected. In contrast,
in an unstable case (α = 0.023) the total energy grows.
Furthermore, it is observed that energy is transferred
from the first mode to the second mode, with these two
modes accounting for most of the system’s energy.

The Case � = ω2

This resonance case tests the predictions in Sect. 4.3.1,
namely � = ωK for K is even. According to the anal-
ysis, when the fluid pulsation frequency matches an
even-numbered natural frequency, an oscillatory solu-
tion should occur near the static equilibrium. To test
this, we assume zero initial energy (E(0) = 0), mean-
ing that v(x, 0) = vs(x), and expect the solution to

Fig. 14 Time evolution of E2(t) , total energy Etotal(t) ,
and the energy of the remaining modes Etotal(t) − E2(t)

converge to the shifted equilibrium as described by Eq.
(37).

The numerical results are shown in Fig. 14. Initially,
all modes are set to zero. Over time, the energy of the
second mode converges to a nonzero constant, while
the energy of the remaining modes remains negligible.
This confirms the predicted behaviour in Sect. 4.3.1.

The Case � = 2ω1

In this example, we investigate the principal paramet-
ric resonance � = 2ω1. Although this scenario is not
observed in our analytical investigations, it was pre-
dicted by [33], which allows K ± N to be even for
� = ωK ± ωN (see Sect. 4.1 for details).

To observe the frequency response for the given pul-
sation frequency, we initiate the systemwith the energy
of all modes set to zero (Ei = 0 for all i at t = 0), as
previously done. A small damping coefficient is cho-
sen, α = 10−4. It is expected that, if � = 2ω1 is a
resonant frequency, the energy of the first mode to turn
up.

Figure 15 presents the results of the numerical inte-
gration. As shown, the first mode is not excited at the
given fluid pulsation frequency. The energies across all
modes remain below the order of 10−3.

Figure 16 presents the results of the numerical inte-
gration with only the third mode excited to test whether
the first mode could be excited due to other modes. It
shows that while the energy of the third mode decays
over time, the first mode remains unexcited.

Thus, Fig. 15 and 16 confirm that the given fluid pul-
sation frequency is not a resonant frequency, consistent
with the analytical predictions from Sect. 4.1.
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Fig. 15 Time evolution of E1(t) , total energy Etotal(t) ,
and the energy of the remaining modes Etotal(t) − E1(t)

Fig. 16 Time evolution of E1(t) , E3(t) , total energy
Etotal(t) , and the energy of the remaining modes Etotal(t) −
E3(t)

The Case � = ω3 + ω1

In this example, we investigate another resonant fre-
quency that is not observed in our analysis but was pre-
dicted by [33], for reasons similar to those discussed in
the previous example and Sect. 4.1.

As in first numerical example (� = ω2 + ω1),
the initial energy is given only to the first mode, with
E1(0) = 1 and Ei (0) = 0 for i > 1. Again, a small
damping coefficient, α = 10−4 is used.

The results of the numerical integration are shown
in Fig. 17. The energy of the first mode, E1, steadily
increases over time. However, there is no significant
increase in the energy of the third mode, E3. As seen,
E1 contributes the most to the total energy of the sys-
tem. This indicates that there is no interaction between
modes 1 and 3, as predicted by our analysis in Sect. 4.1,

Fig. 17 Time evolution of E1(t) , E3(t) , total energy
Etotal(t) , and the energy of the remaining modes Etotal(t) −
E1(t)

Fig. 18 a Time evolution of the energies of the first six modes:
E1(t) , E2(t) , E3(t) , E4(t) , E5(t) , E6(t)

. b Percentage contribution of each mode to the total energy
over time

and the energy remains concentrated primarily in the
first mode.

The String-like Case � = π

In this example, we conduct a numerical investigation
for a systemwith small bending stiffness. As discussed
in Sect. 6.3 and illustrated in Figs. 5, 7, and 10, it is
analytically predicted that for small bending stiffness,
multiple modes will be excited at specific fluid pulsa-
tion frequencies.

For this setup, we use the parameters α = 10−3,
μ = 10−4 and � = π with the initial energy set to
zero for all modes (Ei (0) = 0 for all i).

Figure 18 shows the numerical results, displaying
the energy evolution of the first six modes. It is impor-
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tant to note that while the remaining modes are also
excited, their amplitudes are less than 1% of the total
energy, and therefore are not shown here. As expected,
all sixmodes are excited, confirming the analytical pre-
dictions in Sects. 6.2 and 6.3 for systems with small
bending stiffness under this resonance condition.

8 Conclusions

In this paper, we investigated an initial-boundary value
problem governing the dynamics of a simply supported
pipe conveying fluid, modeled as an Euler-Bernoulli
beam. The fluid flow velocity inside the pipe, V (t),
was assumed to be small and harmonically varying
with frequency �: V (t) = ε(V0 + V1 sin(�t)), where
V0 > |V1| and 0 < ε � 1. Although this study primar-
ily focuses on the linear analysis of resonance condi-
tions, the time-varying nature of the fluid velocity intro-
duces parametric excitation into the system. This small
harmonic variation introduces effects similar to non-
linear effects, such as complex resonance behaviour.

We examined potential resonance frequencies and
studied modal interactions. When the fluid pulsation
frequency � is not O(ε) close to any resonance fre-
quency, the pipe system converges to its steady-state
solution.

It was found that, with ωK being the K -th natural
frequency, the fluid pulsation frequencies � = ωK for
K even, or � = ωK ± ωN for K ± N odd, lead to res-
onances in the system. Excluding any additional reso-
nance interactions, these three main resonances result
in the following system dynamics:

• � = ωK : A single mode is excited with no inter-
action between modes, resulting in an oscillatory
state around a static solution.

• � = ωK − ωN : Two modes are excited, with
interaction between modes K and N . The system
remains stable for all parameter values.

• � = ωK + ωN : Two modes are excited, with
interaction between modes K and N . The system
is conditionally stable depending on parameter val-
ues.

Depending on the order of bending stiffness μ, spe-
cial resonance coincidence cases were investigated for
beam (μ � 1), string-beam (μ ∼ 1), and string
(μ � 1) models, each displaying unique resonance
behaviour. The transitions between these models were

discussed: for lower μ values and mode numbers,
the system behaves like a string; if the mode number
increases or higher bending stiffness values are consid-
ered, then the vibration modes change into string-beam
and beam-like behaviour.

• µ � 1 : The beam model can excite up to three
coupled modes and an indefinite number of decou-
pledmodes by interactions among combination res-
onances.

• µ ∼ 1 :The stretched-beammodel exhibits a richer
spectrum of resonance coincidences, occurring
from all possible pairwise combinations of reso-
nance frequencies, with up to three coupled modes
or four modes in a 2-2 coupled form.

• µ � 1 : The string model can lead to various res-
onance scenarios, exciting a single mode via � =
ωK or through any combination resonance. The lat-
ter type can involve infinitely many (μ = 0) or a
large number of interactions (μ �= 0).

For beam and stretched-beam models, all resonance
scenarios, inducing detuned resonances are investi-
gated. Example cases of three-mode interactions were
provided with truncated solutions for comparison. For
the string model, potential resonance scenarios were
presented, and existing solutions in the literature were
discussed. It was observed in this study that early
truncation can result in neglecting higher-order modal
interactions, leading to incorrect solutions or stability
results. These findings highlight the limitations of the
Galerkin truncation method in parametric resonance
studies, as it fails to capture higher-order mode inter-
actions that are critical for the system’s dynamics.

Future studies could extend this approach to the
string model for pipes, which presents more chal-
lenges. The approach could be extended for the
fluid flow velocity with a moderate amplitude, for
instance, V (t) = V0 + εV1 sin(�t). Additionally, dif-
ferent boundary conditions and nonlinear equations of
motion could be explored. Finally, coincidence scenar-
ios where resonance frequencies are not exactly equal
but within each other’sO(ε) neighbourhoods, such that
� = ωK1 ± ωN1 = ωK2 ± ωN2 + εϕ1 = · · · =
ωKn+1 ± ωNn+1 + εϕn , can be studied.
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Appendix A

In this appendix, the intermediate steps between Eq.
(13) and Eq. (16) are presented. (13) being μv′′′′

s (x) −
v′′
s (x) + γ = 0, defining a new function as ξ(x) :=

v′′
s (x)−γ , we obtain a second order homogeneous ode
for ξ(x) as

μξ ′′(x) − ξ(x) = 0. (A1)

Eq. (A1) can be solved as

ξ(x) = c1e
− x√

μ + c2e
x√
μ , (A2)

and thus

vs(x) = μc1e
− x√

μ + μc2e
x√
μ + γ

2
x2 + c3x + c4.

(A3)

Using simply supported boundary conditions and
applying simplifications, the static solution can be
obtained as

vs(x) = − γμsech

(
1

2
√

μ

)
cosh

(
1 − 2x

2
√

μ

)

+ γ

2
(x2 − x + 2μ).

(A4)

Appendix B

In this appendix, we present the proof of the conver-
gence of the series for Ck (see (29)), where k is a fixed,
even integer. Consider the series sum:

Ck =
∞∑
j=0

1

2 j + 1

∫ 1

0
U ′ sin((2 j + 1)πx) sin(kπx)dx

= S1 − S2, (B5)

where

S1 :=
∞∑
j=0

4γ kμπ2

(1 + (2 j + 1 − k)2μπ2)(1 + (2 j + 1 + k)2μπ2)

S2 :=
∞∑
j=0

4γ k

μπ2(2 j + 1 − k)2(2 j + 1 + k)2
.

(B6)

Convergence of S1
To prove the convergence of S1, we start by proving
the convergence of the series sum over the index set
N \ {k}:

S̃1 :=
k−1∑
i=0

ai +
∞∑

i=k+1

ai , (B7)

where

ai = 4γ kμπ2

(1 + (i − k)2μπ2)(1 + (i + k)2μπ2)
. (B8)

The series
∑k−1

i=0 ai is finite and hence bounded. For
i ≥ k + 1, let n = i + k. Then:

∞∑
i=k+1

ai =
∞∑
n=1

4γ kμπ2

(1 + n2μπ2)(1 + (n + 2k)2μπ2)
.

(B9)
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Bounding the series:

|
∞∑

i=k+1

ai | ≤
∞∑

i=k+1

|ai | <

∞∑
n=1

4γ kμπ2

(1 + n2μπ2)2

<

∞∑
n=1

4γ k

μπ2n4
= 4γ k

μπ2

∞∑
n=1

1

n4
= 2γ kπ2

45μ
.

(B10)

This concludes that S̃1 is absolutely convergent, imply-
ing S1 is also convergent.
Convergence of S2
To prove the convergence of S2, we define a series sum
S̃2, on the index set of natural numbers with i �= k:

S̃2 =
k−1∑
i=0

bi +
∞∑

i=k+1

bi , (B11)

where

bi = 4γ k

μπ2(i − k)2(i + k)2
. (B12)

The series
∑k−1

i=0 ai is finite and hence bounded. For
i ≥ k + 1, let n = i + k. Then:

∞∑
i=k+1

bi =
∞∑
n=1

4γ k

μπ2n2(n + 2k)2
. (B13)

Bounding the series:

|
∞∑

i=k+1

bn| ≤
∞∑

i=k+1

|bn| <

∞∑
n=1

4γ k

μπ2n4

<

∞∑
n=1

4γ k

μπ2n4
= 4γ k

μπ2

∞∑
n=1

1

n4
= 2γ kπ2

45μ
.

(B14)

This shows that S̃2 is absolutely convergent, implying
that S2 is convergent.

Since both S1 and S2 are convergent, their difference
Ck = S1−S2 is also convergent, henceCk is a constant.

Appendix C

In this appendix, the intermediate steps of simplifica-
tions between system (49) and system (50) are given.

System (49) is given by

ȦK = −aAK + p sin(ϕt1)AN + p cos(ϕt1)BN ,

ḂK = −aBK − p cos(ϕt1)AN + p sin(ϕt1)BN ,

ȦN = −bAN − q sin(ϕt1)AK + q cos(ϕt1)BK ,

ḂN = −bBN − q cos(ϕt1)AK − q sin(ϕt1)BK .

(C15)

By differentiating the first equation in (C15), it follows
that

ÄK = −a ȦK + p sin(ϕt1) ȦN + p cos(ϕt1)ḂN

+ pϕ[cos(ϕt1)AN − sin(ϕt1)BN ]
= −a ȦK − bp sin(ϕt1)AN − bp cos(ϕt1)BN

− pq AK − ϕ(ḂK + aBK )

= −(a + b) ȦK − (ab + pq)AK

− ϕ(ḂK + aBK ).

(C16)

Using the same approach, we can also find

B̈K = − (a + b)ḂK − (ab + pq)BK

+ ϕ( ȦK + aAK ).
(C17)

Appendix D

In this appendix, the intermediate steps to derive of
system (94) from system (93) are presented. Consider
system (93): a

ȦK = −aAK + r [sin(ϕt1)AN + cos(ϕt1)BN ],
ḂK = −aBK − r [cos(ϕt1)AN − sin(ϕt1)BN ],
ȦN = −bAN − s[sin(ϕt1)AK − cos(ϕt1)BK ]

− p[sin(ϕt1)AL − cos(ϕt1)BL ],
(D18a)

ḂN = −bBN − s[cos(ϕt1)AK + sin(ϕt1)BK ]
+ p[cos(ϕt1)AL + sin(ϕt1)BL ],

ȦL = −cAL − q[sin(ϕt1)AK − cos(ϕt1)BK ],
ḂL = −cBL + q[cos(ϕt1)AK + sin(ϕt1)BK ].

(D18b)
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By differentiating the third equation in system (D18),
it follows that

ÄN = −bȦN − s[sin(ϕt1) ȦK − cos(ϕt1)ḂK ]
− p[sin(ϕt1) ȦL − cos(ϕt1)ḂL ]
− ϕ

{
s[cos(ϕt1)AK + sin(ϕt1)BK ]

+ p[cos(ϕt1)AL + sin(ϕt1)BL ]}
(D19)

= −bȦN − (rs − pq)AN

+ as[sin(ϕt1)AK − cos(ϕt1)BK ]
+ cp[sin(ϕt1)AL − cos(ϕt1)BL ]
− ϕ

{
s[cos(ϕt1)AK + sin(ϕt1)BK ]

+ p[cos(ϕt1)AL + sin(ϕt1)BL ]},

(D20)

and by differentiating Eq. (D20) once again it follows
that

...
AN = −bÄN − (rs − pq) ȦN

− a2s[sin(ϕt1)AK − cos(ϕt1)BK ]
− c2 p[sin(ϕt1)AL − cos(ϕt1)BL ]
+ ϕ2[ ȦN + bAN ] + ϕ

{
(rs + pq)BN

− 2as[cos(ϕt1)AK + sin(ϕt1)BK ]
− 2cp[cos(ϕt1)AL + sin(ϕt1)BL ]

}
.

(D21)

We know that, for ϕ = 0, the detuned system has to be
equivalent with the pure resonance system (90). There-
fore, we can infer the necessary further manipulations
by comparing the characteristic polynomial (90) with
the characteristic polynomials of the equations (D21)
and its analogous equation for

...
BN when ϕ = 0. By

doing so, we can observe that the missing terms are:

− (a + c)[ ÄN + bAN + (rs − pq)AN ]
− ac[ ȦN + bAN ]
= −(a + c)

{
as[sin(ϕt1)AK − cos(ϕt1)BK ]

+ cp[sin(ϕt1)AL − cos(ϕt1)BL ]
− ϕs[cos(ϕt1)AK + sin(ϕt1)BK ]
− ϕp[cos(ϕt1)AL + sin(ϕt1)BL ]

}

+ ac

{
s[sin(ϕt1)AK − cos(ϕt1)BK ]

+ p[sin(ϕt1)AL − cos(ϕt1)BL ]
}
. (D22)

Knowing

− a2s[sin(ϕt1)AK − cos(ϕt1)BK ]
− c2 p[sin(ϕt1)AL − cos(ϕt1)BL ]

= −(a + c)[ ÄN + bAN + (rs − pq)AN ]
− ac[ ȦN + bAN ]
−
{
as[cos(ϕt1)AK + sin(ϕt1)BK ]

+ ap[sin(ϕt1)AL + cos(ϕt1)BL ]
+ cs[cos(ϕt1)AK + sin(ϕt1)BK ]
+ cp[cos(ϕt1)AL + sin(ϕt1)BL ]

}
, (D23)

we can obtain

...
AN = −(a + b + c) ÄN

− (ab + bc + ac + rs − pq) ȦN

− (abc − apq + crs)AN

− ϕ[(ab − bc + rs + pq)BN + (a − c)ḂN ]
− ϕ2[ ȦN + bAN ]. (D24)

The same steps can be followed for the fourth equation
in (D18) to find

...
BN = −(a + b + c)B̈N

− (ab + bc + ac + rs − pq)ḂN

− (abc − apq + crs)BN

+ ϕ[(ab − bc + rs + pq)AN + (a − c) ȦN ]
− ϕ2[ḂN + bBN ]. (D25)

Appendix E

In this appendix, the coefficients of the characteristic
polynomial (96) and the determinants in the Routh-
Hurwitz criterion are provided. Considering the case
� = ω3 − ω2 + εϕ = ω2 + ω1 + εϕ for μ � 1,
the coefficients of the characteristic polynomial (96)
corresponding to Eq. (94) with the parameter values
(95) are a

d6 = 1, d5 = 98απ4,
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d4 = 6195α2π8

2
+ 288(

√
βV1)2

25
+ 2ϕ2

d3 = 68905

2
α3π12 + 12256

25
απ4(

√
βV1)

2

+ 114απ4ϕ2

d2 = ϕ4 +
(
288(

√
βV1)2

25
+ 6161α2π8

2

)
ϕ2

+ 2194465α4π16

16
+ 20736(

√
βV1)4

625

+ 9352α2(
√

βV1)2π8

25
d1 = 16αϕ4π4

+
(
15968

25
απ4(

√
βV1)

2 + 31496α3π12
)

ϕ2

+ 112833α5π20 − 599696α3(
√

βV1)2π12

25

− 267264α(
√

βV1)4π4

625

d0 = 64α2ϕ4π8 +
[
104992α4π16

+ 37636

625
(
√

βV1)
4

+ 109312

25
α2(

√
βV1)

2π8
]
ϕ2

− 300672α4(
√

βV1)2π16

25

+ 861184α2(
√

βV1)4π8

625
+ 26244α6π24 (E26)

The Routh-Hurwitz stability criterion is satisfied for a
sixth order system by Ti > 0, i = 0, 1, . . . , 6 where Ti
are defined as

T0 = d6, T1 = d5, T2 = det

(
d5 d6
d3 d4

)
,

T3 = det

⎛
⎝d5 d6 0
d3 d4 d5
d1 d2 d3

⎞
⎠ , (E27a)

T4 = det

⎛
⎜⎜⎝
d5 d6 0 0
d3 d4 d5 d6
d1 d2 d3 d4
0 d0 d1 d2

⎞
⎟⎟⎠ ,

T5 = det

⎛
⎜⎜⎜⎜⎝

d5 d6 0 0 0
d3 d4 d5 d6 0
d1 d2 d3 d4 d5
0 d0 d1 d2 d3
0 0 0 d0 d1

⎞
⎟⎟⎟⎟⎠ ,

T6 = det

⎛
⎜⎜⎜⎜⎜⎜⎝

d5 d6 0 0 0 0
d3 d4 d5 d6 0 0
d1 d2 d3 d4 d5 d6
0 d0 d1 d2 d3 d4
0 0 0 d0 d1 d2
0 0 0 0 0 d0

⎞
⎟⎟⎟⎟⎟⎟⎠

. (E27b)

Substituting the coefficients d0, . . . , d6 obtained in
(E26) into (E27), leads to seven algebraic equations in
(ϕ, α,

√
βV1). The stability domain for the fixed detun-

ing parameter ϕ is defined as S := {(α,
√

βV1)| ∩6
i=0

(T ϕ
i (α,

√
βV1) > 0)}.

Appendix F

In this appendix, we outline the Crank-Nicolson type
scheme used to solve the PDE in Eq. (9), with boundary
conditions in Eq. (10) and initial conditions in Eq. (11).
The following finite difference operators approximate
the partial derivatives, where �t and �x are the time
and space step sizes, and δ

(p)
t and δ

(q)
x are the p-th and

q-th order partial difference operators, respectively:

[δ4xu]nk = unk+2 − 4unk+1 + 6unk − 4unk−1 + unk−2

(�x)4
,

[δ2xu]nk = unk+1 − 2unk + unk−1

(�x)2
,

[δxu]nk = unk+1 − unk−1

2�x
,

[δ2t u]nk = un+1
k − 2unk + un−1

k

(�t)2
,

[δt u]nk = un+1
k − un−1

k

2�t
,

(F28)

All of the operators used here are second-order accu-
rate.

Also knowing that tn = n�t , we can write
fluid velocity and its derivative, V (n) = ε(V0 +
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V1 sin(�n�t)) and V (n)
t = ε�V1 cos(�n�t)

A : = I + �t2
(

μ

3
[δ4x ]n+1

k + εα

2�t
[δ4x ]n+1

k − 1

3
[δ2x ]n+1

k

+ 2
√

βV (n+1)

2�t
[δxu]n+1

k + (V (n+1))2[δ2x ]n+1
k

+√
βV (n)

t [δxu]n+1
k

)

B : = 2I + �t2(−μ

3
[δ4x ]nk + 1

3
[δ2x ]nk )

C : = −I + �t2
(

− μ

3
[δ4x ]n−1

k + εα[δ4x ]n−1
k

+ 1

3
[δ2x ]n−1

k + 2
√

βV (n+1)

2�t
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k

)
(F29)

and knowing un and un−1, un+1 can be solved from

Aun+1 = Bun + Cun−1 − γ (F30)

using a preferred linear solver method.
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