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Turbomachinery design is increasingly carried out by means of automated workflows based on high-
fidelity physical models and optimization algorithms. The parametrization of the blade geometry is an
essential aspect of such workflows because it defines the design space in which an optimal solution
can be found. Currently, parametrization methods used for this purpose are often tailored to one

Keywords: particular type of turbomachinery blade, do not provide shape derivatives required for gradient-
Turbine based optimization, or are not suited to re-parametrize a baseline blade geometry defined by a
Compressor set of scattered point coordinates in a systematic way. This paper thus presents a general blade
Shape optimization parametrization method for axial, radial, and mixed flow blades based on typical turbomachinery
Gradient design variables and NURBS curves and surfaces. The shape derivatives are computed by means of
E‘L\J[]){BS the complex-step method, allowing the integration of the parametrization into gradient-based shape

optimization workflows. In addition, the method enables the re-parametrization of a blade geometry
defined by a cloud of points by solving a two-step optimization problem. The capabilities of the method
are demonstrated by replicating eight blade geometries in two and three dimensions with an accuracy

comparable to the tolerances of current manufacturing technologies.
© 2020 The Author(s). Published by Elsevier Ltd. This is an open access article under the CCBY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction 4. Use conventional engineering parameters with an intuitive
geometrical meaning.

Driven by the ever-increasing requirements in performance, 5. Produce smooth geometries with continuous curvature (G2
environmental impact, and life-time cost, turbomachinery design continuity) and continuous rate of change of curvature to
is increasingly carried out by means of automated workflows [1]. avoid velocity spikes that may lead to flow separation [4].
These workflows integrate geometry parametrization tools, high- 6. Retain compatibility with Computer-Aided Design (CAD)
fidelity physical models, and optimization algorithms to system- software for further analysis, geometry manipulation, and
atically explore the design space. The parametrization of the manufacturing,
geometry is an essential aspect of the design chain because it 7. Be computationally cheap in terms of execution time and
defines the design space within which the optimization algo- memory usage.
rithm can find the optimal solution [2]. Ideally, a parametrization
method for turbomachinery blades should: Shape parametrization methods can be classified into defor-
mation and constructive methods. Deformation methods can be
used to modify an existing geometry (a mesh or a CAD model) and
are widely used in the context of turbomachinery shape optimiza-

tion. These methods include mesh point displacement [5,6], CAD

1. Support any type of blade configuration and contain the
shapes that achieve the required design objectives.
2. Allow the designer to impose geometric constraints due to

mechanical or manufacturing requirements.

3. Provide the sensitivity of the shape with respect to the
design variables to enable gradient-based shape optimiza-
tion [3].

* This paper has been recommended for acceptance by Xiaoping Qian.
* Corresponding author.
E-mail address: roberto.agromayor@ntnu.no (R. Agromayor).

https://doi.org/10.1016/j.cad.2020.102987

model control point displacement [7,8], superposition of shape
functions such as Hicks-Henne bumps [9,10], and space mor-
phing methods based on Free-Form Deformation (FFD) [11,12]
or on Radial Basis Function (RBF) interpolation [13,14]. Although
these methods enable the exploration of rich design spaces, they
are not suited for an effective handling of geometric constraints,
making it difficult to obtain feasible shapes out of the opti-
mization process. As a notable exception, the NSPCC method [8]

0010-4485/© 2020 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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Nomenclature

Latin symbols

Greek symbols

Subscripts and superscripts

b Blade

c Camber

in, out Inlet and outlet

Lu Lower and upper sides

m Meridional

u, v u and v parametric directions
1,2,3,4 Meridional channel edges

c Chord length (m)

Cax Axial chord length (m)

C(u) NURBS curve values (m)

d Tangent proportion (-)

f. g NURBS endpoint curvature functions (m)
h Step size (-)

J Objective function (m?)

L Arc length (m)

Ny Number of blades (-)

Nq Number of prescribed points (-)

Nip, Nig B-spline basis polynomials (-)

n Unitary normal vector (-)

n, m NURBS highest indices (-)

D, q NURBS degree (-)

P;, P;; NURBS control point coordinates (m)
Q: Prescribed point coordinates (m)

r Radius of curvature or radial direction (m)
S(u, v) NURBS surface values (m)

S Blade spacing, also known as pitch (m)
t Thickness distribution (m)

u, v NURBS parametric coordinates (-)

i, v NURBS sample points (-)

u,v NURBS knot vectors (-)

Wi, Wij NURBS control point weights (-)

X, ¥,z Cartesian coordinates (m)

o Set of design variables (-)

0 Metal angle or circumferential angle (°)

K Curvature (m~1)

& Stagger angle, also known as setting angle (°)

T Unitary tangent vector (-)

Abbreviations

AD Algorithmic Differentiation

B-spline Basis Spline

BFGS Broyden-Fletcher-Goldfarb-Shanno

C-FD Central Finite Differences

CAD Computed-Aided Design

CS Complex-Step

F-FD Forward Finite Differences

FD Finite Differences

FFD Free Form Deformation

NSPCC NURBS-based Parametrization with
Complex Constraints

NURBS Non Uniform Rational Basis Spline

RBF Radial Basis Functions
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allows the designer to impose geometric and continuity con-
straints by evaluating these constraints at a finite number of
test-points and using a projected gradient optimization algorithm
to maintain feasibility. In contrast, constructive methods can be
used to generate the geometry of a new blade from scratch,
or possibly using design variable values obtained from prelim-
inary design models such as mean-line [15,16] or throughflow
models [17,18]. In addition, they allow one to impose geometric
constraints such as minimum blade thickness in a natural and
non-intrusive way. Due to these strengths, constructive methods
are widely used for turbomachinery blade parametrization and
a large number of such methods have been developed over the
years. Table 1 provides a comprehensive review of constructive
blade parametrizations up to the present day.

The early constructive parametrization methods used circu-
lar arcs and polynomials in monomial-basis form (that is, poly-
nomials in the form Z?:O a;x') to define the geometry of the
blades [19-24]. This type of parametrization gained significant
popularity among industry practitioners, but it has severe lim-
itations arising from the use of a monomial basis. Specifically:
(1) the polynomial coefficients convey little insight about the
shape of the blade, (2) ensuring geometric continuity at the
connecting points between segments requires the solution of
a linear system that may not have a unique solution, (3) the
surface of the blade is prone to undesirable inflection points, and
(4) the resulting shapes are not compatible with the geometric
representation used by modern CAD systems.

To overcome these shortcomings, several authors proposed
new constructive parametrizations based on Bézier [25-31], B-
spline [32-37], and NURBS [38-42] curves and surfaces. These
mathematical functions have become the standard to represent
geometric objects in modern CAD packages due to their favorable
mathematical properties and the availability of a wide range of
algorithms to define and manipulate curves and surfaces [43,44].
Currently, most of the constructive CAD-based parametrizations
for turbomachinery blades described in the open literature are
not suitable for automated design workflows. This is because they
do not offer a robust way to handle trimming and intersection
operations [45,46] or do not provide sensitivity information re-
quired by gradient-based optimization algorithms [3]. In addition,
to optimize an existing blade, it is essential to find a parametric
representation of the baseline geometry, available, for instance,
in the form of a large set of points in the Cartesian space. Solving
this reverse engineering problem by trial and error is doable
for simple cases [36,42], but it becomes impractical for complex
blade geometries. Despite the practical relevance of this problem,
a robust and automatic method to re-parametrize the geometry
of a blade defined by a scattered set of points is still lacking.

In response to the limitations of the existing methods, this
paper presents a general constructive parametrization method
for axial, radial, and mixed-flow turbomachinery blades. The
method exploits conventional engineering design variables (lead-
ing/trailing edge radius, metal angles, blade thickness, etc.) and
NURBS curves and surfaces to represent the blade geometry. The
method is formulated in an explicit way that avoids the use of
intersection and trimming operations to define the geometry of
the blade and flow domain and produces blades satisfying G2
continuity by construction. The sensitivity of the geometry with
respect to the design variables is computed with machine accu-
racy by means of the complex-step method [47-49]. In addition,
the method is also adapted to re-parametrize the geometry of an
existing blade defined by a scattered set of point coordinates. This
problem, often referred to as blade matching, is formulated as a
two-step optimization problem and it allows one to find the set
of design variable values that best approximates the prescribed
geometry in a systematic way. The flexibility and accuracy of the
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Table 1

Review of constructive blade parametrization methods documented in the open literature.

Reference Basis function Configuration Cont.? Grad.
Dunham (1974) [19] Monomial 2D profile G! na.
Crouse (1981) [20] Monomial 3D axial G! na
Ye (1984) [21] Monomial 2D profile G? na.
Pritchard (1985) [22] Monomial 2D profile G! n.a.
Korakianitis (1993) [23] Monomial 2D profile G? n.a.
Aungier (2006) [24] Monomial 2D profile G? n.a.
Engeli et al. (1974) [25] Bézier 3D axial G? na.
Casey (1983) [26] Bézier 3D general G? n.a.
Goel et al. (1996) [27] Bézier 3D axial G? n.a.
Giannakoglou (1999) [28] Bézier 2D profile G! na.
Trigg et al. (1999) [29] Bézier 2D profile G! na.
Pierret et al. (1999) [30] Bézier 2D profile G** n.a.
Pierret et al. (2000) [31] Bézier 3D axial G** n.a
Oyama et al. (2004) [32] B-spline 3D axial G' n.a.
Huppertz et al. (2007) [33] B-spline 2D profile G! n.a
Verstraete (2010) [34] B-spline 3D axial G*¢ n.a.
Verstraete (2010) [34] B-spline 3D general G* n.a.
Siddappaji et al. (2012) [35] B-spline 3D general G? n.a.
Torreguitart et al. (2018) [36] B-spline 2D profile G*© AD
Mykhaskiv et al. (2018) [37] B-spline 3D axial G? AD
Miller et al. (1996) [38] NURBS 3D general G? na.
Grdsel et al. (2004) [39] NURBS 3D general G? n.a.
Koini et al. (2009) [40] NURBS 3D general G? n.a.
Miiller et al. (2017) [41] NURBS 3D general G*¢ cS
Anand et al. (2018) [42] NURBS 2D profile G? FD
Present work NURBS 2D/3D general G? cs

3Slope continuity (G') or curvature continuity (G2).

PMethod used for gradient computation: not available (n.a.), Finite Differences (FD), Complex-Step (CS), or

Algorithmic Differentiation (AD).

“The parametrization satisfies curvature continuity everywhere except at the trailing edge.

proposed method is demonstrated by replicating the geometry of
eight turbomachinery blades in two and three dimensions.

The rest of the paper is organized as follows. Section 2 docu-
ments the definition and properties of NURBS curves and surfaces.
The blade parametrization in two and three dimensions is de-
scribed in Sections 3 and 4, respectively, and the computation
of the geometry sensitivity using the complex-step method is
introduced and verified in Section 5. The blade matching method
is presented and applied to replicate a wide range of blade
geometries in Section 6. Finally, the software implementation
of the method is described in Section 7 and the conclusions are
summarized in Section 8.

2. Background on NURBS curves and surfaces

The origin of Non-Uniform Rational Basis Spline (NURBS)
curves and surfaces can be traced back to the research efforts in
computer-aided geometric design in the late 60s and early 70s
[50]. Since then, NURBS curves and surfaces have been universally
used for geometrical modeling thanks to their intuitive geo-
metrical interpretation, favorable mathematical properties, and
efficient computational algorithms. A NURBS curve, see Fig. 1(a),
is a parametric curve defined by
Cu) = Z?:n() N p(u) wi Pi7

> izo Nip(u) wi
where p is the degree of the curve, the coefficients P; and w;
are the coordinates and weights of the n 4+ 1 control points, and
N;p are B-spline basis functions defined on the non-decreasing,
clamped knot vector

with 0<u <1, @)

U=10,..., 0, tp1, ..
——

p+1 n—p p+1

U, 1, ..., 11erR™! (2)
N —’

with r = n+ p + 1. The B-spline basis functions are given by the
recursive relation

1, if uj<u<u
Nio(u) = - 3
io(u) {O, otherwise 3)
u—u Uippr1 — U
Nip(u) = ————Nip_1(u) + —2——Nipq p1(u). (4)
Uiyp — Ui Uitp+1 — Uit

Similarly, a NURBS surface, see Fig. 1(b), is a parametric surface
defined by

Yiso Xm0 Nip(WNj g(v) wi Py
Yico erio Nip(WN; p(v) wij (5)
with 0<u, v <1,

S(u, v) =

where p and q are the degrees of the surface in the u- and
v-directions, the coefficients P;; and w;; are bidirectional nets
containing the coordinates and weights of the (n+ 1) x (m+ 1)
control points, and N; ,(u)Nj 4(v) are the product of univariate B-
spline basis functions defined on the non-decreasing, clamped
knot vectors

U=10, ..., 0, Upr1, ..o, Up, 1, ..., 1] € RT! (6)
p+1 n—p p+1

V=I0,...,0, vgs1, ..., Un, 1, ..., 1] € R®, (7)
q+1 m—q q+1

withr = n+4+p+ 1and s = m 4 q + 1. The u-direction basis
functions N;,(u) are given by Egs. (3) and (4), whereas the v-
direction basis functions N; 4(v) are defined in an analogous way
replacing the variable u by v and the indices i and p by j and q,
respectively.

NURBS curves and surfaces have the following mathemati-
cal properties that make them particularly suited for geometric
modeling [43, pp. 117-139]:
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C(u)

Control polygon

PFI,

T

(a) NURBS curve construction
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u direction
T axis

(b) NURBS surface construction

Fig. 1. Construction of a NURBS curve (left) and surface (right). Note that the NURBS curve interpolates its endpoints and it is tangent to the control polygon at its
ends. The control net of the NURBS surface interpolates its four corner points and it was represented at an offset distance in the x-direction for clarity.

Table 2

Two-dimensional design variables. Each design variable is provided as a scalar
value, except for the upper and lower thickness that are given as sets of control
points.

Variable name Symbol
Spacing N
Leading edge abscissa and ordinate Xin» Yin
Axial chord length Cax
Stagger angle 3

Inlet and exit metal angles Bins Oout
Inlet and exit tangent proportions din, dout
Inlet and exit radii of curvature Tin, Tout
Upper and lower thickness distributions et ¢!

Affine invariance. It is possible to apply affine transforma-
tions such as rotations, displacements, and scalings to
NURBS curves and surfaces by applying the transformation
to their control points.

e Convex hull. NURBS curves and surfaces are within the con-
vex hull of their control points. When the control points are
contained in a certain region of space, this property guaran-
tees that the curve or surface will not blow up arbitrarily far
away from this region.

e Endpoint interpolation NURBS curves and surfaces coincide
with the polytope formed by the control points at the end-
points.

e Endpoint tangency. NURBS curves and surfaces are tangent to
the polytope formed by the control points at the endpoints.

e Generalization. Bézier curves and surfaces are a special case

of NURBS when p = n and ¢ = m. In addition, B-spline

curves and surfaces are an special case of NURBS when all
the weights have the same value.

Most of the curves and surfaces used in the proposed blade
parametrization method are B-splines. However, the parametriza-
tion is formulated in a general way using NURBS so that the user
can include the control point weights as design variables to gain
more control over the resulting geometry.

3. Blade parametrization in two dimensions

The proposed two-dimensional blade parametrization is based
on typical blade design variables which are listed in Table 2.
The geometry of the blade is generated by defining a camber
line and subsequently imposing on it two independent thickness
distributions in a way that ensures G? continuity at the junction
between the upper and the lower sides.

The camber line C°(u) is a cubic B-spline curve defined by four
control points as shown in Fig. 2(a). The coordinates of the control
points are given by

i =[] .
P =P + diy [i Z?rf((z))} ’ i
P = PS — dou [i E?If((gou:))} ' )
rr s [0, .

where & is the stagger angle, c;x = c cos(&) is the axial chord
length, 6, and 6, are the inlet and outlet metal angles, and
din and doy are the inlet and outlet tangent proportions. This
construction of the camber line ensures that the blade has the
specified axial chord length and that the slope at the leading and
trailing edges agrees with the input metal angles thanks to the
endpoint tangency property of B-spline curves [43, p. 97].

The upper and lower sides of the blade, C!(u) and C!(u), are
defined as B-spline curves of degree four as it is the lowest degree
that guarantees continuous rate of change of curvature at the
spline knots. The coordinates of the control points {Pf.} and {P}},
see Fig. 2(b), are computed according to

C(1y), fori=0
C(ti) — n(i) - f(rin),  fori=1
Pl = { C(@y) — (i) - t(@y;), fori=2:n—2 (12)
C(t) — n(l) - g(rouw), fori=n-—1
C(ip), fori=n
and
C(1y), fori=0
C(t) + n(ly) - f(rin),  fori=1
P =  C(ly) + n(iy) - t*(f;), fori=2:n—-2 (13)
C(i) + n(ly) - g(rou), fori=n-—1
C(1y), fori=n.
The sampling values ii; are given by
0, fori=0
ij=q=, fori=1:n-1 (14)
1, fori =n.

The upper and lower thickness distributions, t“(u) and t!(u), are
given by B-spline polynomials of degree three with an arbitrary
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(a) Camber line construction.

A Upper thickness distribution
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Py Upper and lower
thickness distributions

Upper side
C!l <7l>

Cl(u)

Camber line
C(u)

z P,

u parameter
(chordwise direction)

%

Lower thickness distribution

(¢) Thickness distribution.

Y

(d) Leading edge construction.

Fig. 2. Construction of the blade geometry in two dimensions. The upper and lower thickness distributions (bottom-left) are imposed in the direction normal to the
camber line (top-left) to compute the location of the blade control points (top-right). The second and second-to-last control points are computed in a special way
to impose the radii of curvature at the leading and trailing edges and to ensure that the blade profile is G continuous (bottom-right).

number of control points, {t{'} and {t}}, specified by the user, see
Fig. 2(c). The unitary vectors normal to the camber line n(u) are
computed from the unitary tangent vector t(u) according to

I -5 . ()
"(")_[”y]_[fx]’ with T = s

where Cc(u) is computed using analytical derivative formulas for
B-spline curves [43, pp. 91-100]. The functions f(r) and g(r)
appearing in Eqgs. (12) and (13) are used to impose the radii of
curvature rj, and ro, at the leading and trailing edges, ensuring
that the parametrization satisfies G2 continuity by construction,
see Fig. 2(d). This feature is important for the aerodynamic design
of turbomachinery blades because a sudden change in curvature
could cause a spike in the surface pressure distribution or even
a local separation bubble [4]. The functions f(r) and g(r) are

(15)

based on the end point curvature formulas for NURBS curves and
their derivation is detailed in the Appendix. Once that the upper
and lower sides are defined, they can be combined into a single
B-spline curve C°(u) = C' U C¥ that represents the entire blade
profile.

When performing the assessment of the fluid-dynamic per-
formance of the blades via computational fluid dynamics, it is
necessary to define the geometry of the flow domain around the
blade. For the majority of turbomachinery flow problems one
can resort to the periodicity of the flow to reduce the size of
the computational domain. In this case, it is therefore sufficient
to describe the flow domain around a single blade, which is
characterized by the inflow, outflow, and periodic boundaries, as
illustrated in Fig. 3. The periodic boundaries are given by two
cubic B-spline curves defined by extending the camber line while
keeping zero slope at the inlet and outlet. The periodic boundaries
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Extended camberline

R )f control points

Upper periodic

/ boundary

Inlet
boundary

Lower periodic

boundary

Outlet
boundary

Fig. 3. Construction of the blade flow domain in two dimensions. The fluid-
dynamic performance of the blade cascade (left) can be evaluated analyzing the
flow around a single blade. The flow domain is defined by four boundaries:
inflow, outflow, lower periodic, and upper periodic (right).

are located at an offset distance of half of the blade spacing, s,
with respect to the blade camber line. Finally, the inflow and
outflow boundaries are defined as two straight lines connecting
the upper and lower periodic boundaries.

The proposed parametrization produces blade profiles that
have continuous curvature and rate of change of curvature, there-
fore reducing the possibility of flow separation [4]. This con-
trasts with most of the two-dimensional methods available in
the open literature, which produce blades with discontinuous
curvature [19,22,28,29,33], or rate of change of curvature [21,23,
24,30]. As a notable exception, the second and third methods pro-
posed by Korakianitis [23], see also [51,52], produce blade profiles
with continuous curvature and slope-of-curvature. However, the
methods proposed by Korakianitis involve the solution of systems
of equations, are not compatible with CAD representations, and
are not easily extended from two to three dimensions. In addition,
to the knowledge of the authors, it is the first time that the
endpoint curvature formulas for NURBS curves are used to impose
the curvature of turbomachinery blades at the leading and trailing
edges. This is different than what is documented in previous
publications [34,37,42], where all the reported methods used
the endpoint curvature formulas for Bézier curves to ensure G2
continuity, with the limitation that the curvature is not imposed
exactly when the blades are described by B-spline or NURBS
curves.

Application

The flexibility of the proposed two-dimensional blade param-
etrization method is demonstrated by reconstructing the four
blade profiles illustrated in Fig. 4. Each blade profile was defined
using 6 control points for each thickness distribution, resulting in
a total of 22 design variables. The LS89 [53,54] and T106A [55]
are representative of high-pressure and low-pressure axial gas
turbine blade rows, respectively. In addition, the SIRT profile is
typical of a supersonic impulse turbine rotor [56] and the STD10
profile is representative of an axial compressor blade derived
from a NACA 0006 airfoil profile [57]. It can be observed that the
parametrization method produces blades with smooth curvature
variations, which is essential to avoid spikes and dips in the
surface-pressure distribution. The numerical values of the design
variables used to produce the blade profiles were computed from
a set of scattered point coordinates using the method described
in Section 6.
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LS89

Upper side

Curvature (1/m)
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[S)
L

If
I
1]
[
[

Curvature (1/m)
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(=] o
! 1
-
-
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H
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(=]
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\

Curvature (1/m)
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L

Upper side

~/ /
104

o
L

Curvature (1/m)

Lower side ~-

STD10

T T T

T
0.00 0.25 0.50 0.75 1.00

Fig. 4. Geometry and curvature distribution of the two-dimensional test cases.
From top to bottom: LS89 [53,54], T106A [55], SIRT [56], and STD10 [57]. The
abscissa of the curvature distribution is the normalized axial length.

Table 3

Three-dimensional design variables. Each design variable is provided as a set
of control points that defines a continuous variation, except for the number of
blades that is a single integer value.

Variable name Symbol
Number of blades Ny
Leading edge control points X1, Z1
Hub edge control points X2, 7o
Trailing edge control points X3, 23
Shroud edge control points Xa, Z4
Leading edge abscissa® Yin
Stagger angle® &

Inlet and exit metal angles® Oin, Oout
Inlet and exit tangent proportions® din, dout
Inlet and exit radii of curvature® Tins Tin
Upper and lower thickness distributions tv, ¢!

2Law of evolution in the spanwise direction.

4. Blade parametrization in three dimensions

The proposed three-dimensional parametrization is formu-
lated as an extension of the two-dimensional parametrization and
uses the design variables listed in Table 3. Similar to the two-
dimensional case, the parametrization starts by defining a camber
surface and subsequently imposing two independent thickness
distributions perpendicular to the camber surface in a way that
ensures G continuity.

The camber surface is determined by the shape of the blade
in the meridional plane and the spanwise variation of the design
variables. The shape of the blade in the meridional plane is
described by four curves, namely, leading edge, trailing edge,
hub, and shroud, as illustrated in Fig. 5. In contrast with other



R. Agromayor, N. Anand, J.-D. Miiller et al.
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Shroud surface

Trailing
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Fig. 5. Geometry of the blade in the meridional plane.

parametrization methods that are limited to axial turbomachines
[20,25,27,31,32], the proposed method is suited to describe any
kind of turbomachinery configuration, including axial, radial, and
mixed-flow machines. The number of control points required to
describe the shape of the blade in the meridional plane depends
on the complexity of the geometry. For instance, it is possible to
define a purely axial turbine using only four control points, but
it may be necessary to use 10-20 control points to describe the
shape of a mixed-flow machine such as a centrifugal compressor.

The spanwise variation of the some design variables «a(v), see
Table 3 footnote, is defined as law of evolution through a B-spline
of, at most, degree three with an arbitrary number of control
points as illustrated in Fig. 7. The number of control points used
for each design variable is specified by the user, and its selection
is based on the complexity of the blade geometry. As an example,
it is sufficient to use a single constant value to define a prismatic
blade, but it might be necessary to use 3-6 control points to
describe the geometry of a blade with large twist from the root
to the tip.

As illustrated in Fig. 9(a), the camber surface S°(u, v) is de-
fined as a bi-quartic B-spline surface with control points Pﬁj =
[fo, inJ, zﬁj]. The coordinates of the control points are computed
using the shape of the blade in the meridional plane and the
spanwise evolution of the design variables. More specifically,
the (x, z) coordinates of the camber surface control points are
computed by transfinite interpolation [58] of the four curves that

Shroud surface

< B-Spline

| Trailing edge
"‘,‘\—/ B-Spline

Leading edge |
B-Spline ~—7]

Hub surface
B-Spline
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define the meridional plane, see Fig. 6, and are given by

[ﬁﬁﬁj Z;] — (- W € + - ")
(1= 0)- 6w + v €GP
— (= v)(1—u)-Q", —vu-QY,

—v(1—u)-Qy —(1-v)u-QJ;,

(16)

In addition, the y coordinates of the camber surface control
points at each spanwise location v are given by a third order
B-spline curve y“(u, v) with control points {yg, ¥, ¥5, ¥5} that
are computed according to

Yo(v) = Yin (17)
¥5(v) = y5 + din - Ltan Oy, (18)
¥5(v) = ¥§ — dout - Ltan oy (19)
¥5(v) = yin + Ltan& (20)

This formulation ensures that the metal angles at the leading
and trailing edges, 0;, and 0., are respected, as illustrated in
Fig. 8. The arc length of the blade meridional plane at each span
location L(v) is defined as

= [y() + () e

and it is computed using 8th order Gaussian quadrature [59],
which provides a satisfactory trade-off between computational
speed and accuracy.

The upper and lower sides of the blade, S'(u, v) and S%(u, v),
are defined as B-spline surfaces of degree four as it is the lowest
degree that guarantees continuous rate of change of curvature at

the spline knots. The coordinates of the control points {Pf.’j} and
{P,Pfj}, see Fig. 9(b), are computed according to

(21)

S, vy), fori=0
SC(ti, o) — n(ly, Oy) - f(rin(Dy)),  fori=1
P, = 1Sl &) — n(dy, ) - '(f;, 9),  fori=2:n—2 (22)
S(i;, 05) — (i, ) - g(roue(?y)), fori=n-—1
SC(iy, y), fori=n
Shroud  C}'(u) Q3
surface
Qi
Ci'(v)
Leading
edge

Hub
surface

Fig. 6. Construction of the four B-splines that define the shape of the blade in the meridional plane (left) and point evaluation by transfinite interpolation (right).

Note that the corner control points of the B-splines are shared.
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Fig. 7. Spanwise variation of a design variable.
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Fig. 8. Tangential camber line coordinate.

and
Sc(ﬁi, i)j), fori=0
SC(ly, 07) + n(l, Oy) - f(rin(Dy)),  fori=1

i
Plu] = Sc(ﬁi, f)j) + n(ﬁi, Aj) . fu(fli, v]-), fori=2:n—-2 (23)
S(1y, O5) + n(ily, 5) - g(roue(Dy)), fori=n-—1

S°(i;, ¥y), fori=n

where the sampling values (i;, 9;) are given by

0, fori=0

ij={=L, fori=1:n—1 and (24)
1, fori=n

b=2, forj=0:m. (25)
m

The upper and lower thickness distributions, t“(u, v) and
t!(u, v), are given by bi-variate B-spline polynomials of degree
three with an arbitrary number of control points {tl?fj} and {tf}j},
specified by the user. The unitary vectors normal to the camber
surface n(u, v) are computed according to

X
n=_—4*%_ (26)
lTu x ol
where the tangent vectors 7, and 7, are given by
aS°¢ aS°¢
Ty, =— and 7,=—. (27)
u av

The partial derivatives of the camber surface with respect to u
and v are computed analytically using B-spline surface derivative
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Fig. 9(a). Control points defining the camber surface.
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Fig. 9(b). Control points defining the blade surface.

formulas [43, pp. 110-115]. In addition, the functions f(r) and
g(r) appearing in Egs. (22) and (23) are used to impose the radius
of curvature at the leading and trailing edges, ensuring that the
upper and lower surfaces of the blade are smoothly joined with
G? continuity. The derivation of the functions f(r) and g(r) is
detailed in the Appendix. Once that the upper and lower sides
are defined, they can combined into a single B-spline surface
SP(u, v) = S' U S¥ that represents the entire blade.

The parametrization just described is suitable to model lin-
ear cascades, which are commonly used for wind tunnel tests.
However, in actual turbomachines, the blades are arranged in
an axisymmetric way forming an annular cascade. In order to
achieve this, the linear blade configuration is transformed into an
annular one with the mapping # : R*> — R? given by

Plajnnular = H{P:)inear} = H{[x, y, z]}
=[x, z-sin(y/z), z - cos(y/z)].

The rationale behind this transformation is to associate the Carte-
sian coordinates (x, y, z) of a linear cascade with the cylindrical
coordinates (x, r6, r) of an annular cascade and then convert from
cylindrical to Cartesian coordinates.

The flow domain around a blade is characterized by the hub,
shroud, inlet, outlet, and periodic boundaries as illustrated in
Fig. 10. The hub boundary consists of two surfaces that conform
with the blade at its root, see Fig. 10(a). Each of these surfaces is
defined as a Coons patch [43, pp. 456-507] that is characterized
by four edges. The blade edge is given by a B-spline curve formed
by extending the lower side of the blade into the upstream and
downstream directions following the slope of the camber line at

(28)
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(a) Hub surface as a Coons patch
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(c¢) Inlet and outlet boundaries.
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(d) Periodic boundaries.

Fig. 10. Construction of the blade flow domain in three dimensions.

the leading and trailing edges, respectively. The periodic edge
is formed by extending the camber line in a similar way and
rotating the resulting B-spline about the x-axis through an angle
6,/2, where 6, = 2m/Ny. Finally, the inlet and outlet edges
are defined as NURBS circular arcs that connect the periodic
edge with the blade edge. The shroud surface, see Fig. 10(b), is
defined in an analogous way and, for the case of rotor blades, it
is possible specify a clearance between the tip of the blade and
the shroud. Once that the hub and shroud surfaces are defined,
it is straightforward to construct the inlet, outlet and periodic
surfaces as ruled surfaces [43, pp. 337-340] that connect the
limits of the hub and shroud surfaces as illustrated in Figs. 10(c)
and 10(d). Note that the parametrization of the blade and flow
domain is watertight by construction and it does not rely on
intersection and trimming operations. This contrasts with other
blade parametrization methods [34,35,37-41] that rely on inter-
section operations between the blade surface and the hub/shroud
surfaces and produce trimmed NURBS patches that have to be
specially treated during a shape optimization workflow [45,46].

Application

The flexibility of the proposed three-dimensional blade
parametrization method is demonstrated by reconstructing the
four blade geometries shown in Fig. 11. The first example, the
AACHEN case, is a prismatic axial turbine stator blade [60]. The
meridional plane is defined by 4 control points and the design
variables are constant in the spanwise direction (1 control point),
resulting in a total of 26 design variables. The second case,
NASA R67, is an axial compressor rotor blade [61,62]. The blade
is highly twisted due to the change in blade speed from root
to tip and it was necessary to use 4 control points to describe
the spanwise variation of the design variables, resulting in a

total of 111 design variables. Similarly the XPROP case illus-
trates the geometry of an aircraft propeller blade [63]. In this
case it was necessary to use 5 control points to describe the
twist of the blades, resulting in 113 design variables. Finally, the
APU blade is the rotor of a mixed-flow turbine (radial-inflow,
axial-outflow) [64,65]. The complex shape of the blade in the
meridional plane was described using 14 control points and the
spanwise variation of the blade sections was described using
3 control points per design variable, giving rise to 86 design
variables. The numerical values of the design variables used to
produce the blades were computed from a set of scattered point
coordinates using the method described in Section 6.

5. Sensitivity computation and verification

One simple way to approximate partial derivatives of a func-

tion is by using a finite difference approximation such as forward
finite differences given as
OF _ F(a+h)—F(a)
da h
or central finite differences given as
oF F(a+h)—F(a —h) )
— = + O(h?), 30
5 oh (h?) (30)
where F(a) can be identified with C°(u, ) in two dimensions or
SP(u, v, @) in three dimensions and h is the step size used for
finite difference computation. Finite difference approximations
are susceptible to cancellation error when the step size is small
because of the subtraction of very similar numbers in the numer-
ator [66, pp 229-232]. As a result, one is faced with the dilemma
of selecting a small step size that minimizes the truncation error
but does not lead to a large cancellation error.

+ o(h), (29)
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Fig. 11. Geometry of the three-dimensional test cases. From top to bottom:
AACHEN stator [60], NASA R67 [61,62], XPROP propeller [63], APU rotor [64,65].

An alternative method that avoids the occurrence of cancella-
tion error is the complex-step method [47-49]. This method uses
a complex argument to compute the first derivative of a real-
valued function. Indeed, the Taylor series expansion of F(a) in
the imaginary axis gives

2 92
+ih oF I o°F + O(ih?).

F(a + ih) = F(a) 59 21 322

(31)

10
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Fig. 12. Sensitivity of the blade geometry with respect to a thickness distribution
control point. The sensitivity of the 2D case (left) is represented as a quiver plot.
The sensitivity of the 3D case (right) is represented as a colormap of the scalar
field given by the dot product of the sensitivity and the unitary vector normal
to the blade surface.

Re-arranging the imaginary part of the equation leads to
oF Im(F(a +1ih))
da h

which is the complex-step method formula. In contrast to finite
difference approximations, this method is not susceptible to sub-
traction error, allowing one to compute first derivatives accurate
to the round-off precision of floating point arithmetic by using an
arbitrarily small step size.

Algorithmic Differentiation (AD) provides yet another alter-
native to compute the derivatives of a function with machine
precision [67]. AD is a set of techniques to numerically evaluate
the derivatives of a function specified as a computer program
by applying the chain rule of differentiation to each arithmetic
operation of the program. This method offers more functionality
and computational efficiency (first and higher order derivatives,
forward and reverse modes) than the complex-step method (first
derivatives and forward mode only), but it is also more difficult
to implement [49].

In this work, the complex-step method was adopted to com-
pute the sensitivity of the surface coordinates with respect to
the design variables due to its accuracy, simplicity, and ease of
implementation. Fig. 12 illustrates the sensitivity of the blade
surface with respect to one thickness distribution control point
in two and three dimensions. It can be observed that the sen-
sitivity of the blade changes from point to point and that there
may be regions where the sensitivity is zero as a result of the
compact-support property of NURBS basis functions [43, p.118].

To verify the correctness of the sensitivity computation the
authors performed a convergence study comparing the sensi-
tivities computed using forward finite differences, central finite
differences, and the complex-step method for the NASA R67 test
case [61,62]. The geometry of the NASA R67 rotor, see Fig. 11,
was sampled with 10000 uniformly spaced points within the box
(u,v) € [0,1] x [0, 1] and the sensitivity was computed with
respect to one design variable (the stagger angle at the hub) for
different step sizes in the interval h € [10~!, 10~'°]. The error
of the sensitivity computation was defined as the mean-square-
root deviation between the exact and the estimated sensitivities.
The exact sensitivity was assumed to be that computed with
the complex-step method using an step size h = 2.22 - 10716,
which corresponds to the machine epsilon of double-precision
arithmetic [66, pp 8-11].

The results of the convergence study are shown in Fig. 13. For
the case of the complex-step method (CS), reducing the step size
decreases the error until the trend flattens to a value close to
the machine precision. In contrast, the forward finite difference
(F-FD) and central finite difference (C-FD) errors decrease as the
step size decreases down to a minimum value and then increase
because the cancellation error becomes more prominent than the

+ o(h?), (32)
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Table 4
Summary of the test cases and matching results.
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Name and reference Description Dim DVs Error abs.” (mm) Error rel.” (%)
LS89 [53,54] High-stagger reaction turbine profile 2D 22 0.047 0.067
T106A [55] High-deflection reaction turbine profile 2D 22 0.057 0.046
SITR [56] Supersonic impulse turbine profile 2D 22 0.067 0.087
STD10 [57] Slender compressor profile 2D 22 0.020 0.020
AACHEN [60] Axial flow turbine stator blade 3D 26 0.060 0.084
NASA R67 [61,62] High-twist turbo fan blade 3D 99 0.107 0.107
XPROP [63] High-twist propeller blade 3D 113 0.127 0.377
APU [64,65] Mixed-flow turbine rotor blade 3D 86 0.057 0.080

2Defined as the arithmetic mean deviation between the prescribed and the matched blades.
bDefined as the quotient of the mean error and the arc length of blade camber line (three-dimensional cases use the camber line at the hub).

102 1
10 1
-
g 10°10 4
=
104
10-18 4
10° 107 1078 10712 1016
h - Step size

Fig. 13. Sensitivity error at different step sizes for the complex-step method
(CS), forward finite differences (F-FD), and central finite differences (C-FD).

truncation error. In addition, it can be observed that the complex-
step method and the central finite differences agree in interval
when the truncation error dominates (h < 107%). This verifies
that the implementation of the complex-step method is correct.
Although not shown here for brevity, the authors performed
similar convergence studies for all the design variables of each of
the test cases summarized in Table 4 and obtained similar results.

6. Blade matching methodology

In order to optimize the performance of an existing turboma-
chinery blade, it is essential to find a parametric representation of
its geometry, which is usually available as a set of scattered points
coordinates Q;, with i 1, 2, ..., No obtained from a mesh,
from sampling a CAD model, or from laser scan measurements.
This section proposes a systematic method to find the set of
design variables that best approximates the shape of a prescribed
blade geometry. The method can be divided in two phases: (1) the
point projection phase and (2) the geometry update phase. It is
assumed that the designer starts from an initial guess for the de-
sign variables that roughly approximates the existing geometry,
see Fig. 14(a).

In the point projection phase, the goal is to find the parametric
values u;, in two dimensions, or (u;, v;) in three dimensions, that
minimize the distance with respect to each prescribed point Q;.
The two-dimensional point projection problem can be formulated
as

minimize J(u) = 5 1¢°w) ~ Q. (33)

subjectto 0 <u<1,

where | is the distance between the prescribed and the param-
etrized point. The gradient of the objective function J can be
computed analytically as

dJ

V] = — =
J ou

e
u

(Cw)-Q)- (34)

11

Similarly, in three dimensions, the point projection problem is
given by

minimize J(u, v) = % 1IS°(u, v) — Qi12, (35)

(u,v)eR2
subjectto 0<u,v <1

and the gradient of the objective function can be computed
according to

9 as®
a (S°(u,v) - Q) - —
V= Ul = oy, (36)
q (S°(u,v) - Q) - o
D) ’ D)

Note that the geometry of the parametrized blade does not change
during the point projection phase. One common pitfall when
solving the point projection problem is that the optimization
may converge to a local minimum as illustrated in Fig. 14(b).
This limitation can be addressed by solving the point projection
problem from different starting points and then selecting the
global minimum among the various solutions or by sampling
the parametrized blade at several locations and then starting
the optimization from the test point that is closest to Q; [43,
pp. 229-234].

In the geometry update phase, the goal is to find the set of
design variables « that minimizes the deviation between the
parametrized and the prescribed blades. This can be formulated
as an unconstrained minimization problem where the objective
function is the sum of the distances between each projected
point and the corresponding prescribed point. This optimization
problem is given by

No
minimize J(@) =) [IC°(u;, o) ~ QI” (37)
a€R¥ 1
in two dimensions and by
No
minimize J(@) = IS°(u;, vi. @) — Q| (38)
a€eRY =

in three dimensions, where « are the design variables listed
in Tables 2 and 3, respectively. The gradient of these objective
functions is computed using the complex-step method as de-
scribed in Section 5. In contrast to the point projection phase,
the geometry of the parametrized blade is updated until the
deviation with respect to the prescribed geometry is minimized,
see Fig. 14(c). In order to improve the matching of (u, v) and «,
the point projection and geometry update problems are solved
alternatively until the relative deviation between the prescribed
and the parametrized blades does not change more than a small
tolerance, e.g. 1078,

To demonstrate its flexibility and accuracy, the blade matching
method was applied to replicate the geometry of eight exemplary
blades. The set of test cases is summarized in Table 4 and it
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Fig. 14. Illustration of the blade matching problem in two dimensions. The deviation between the prescribed and parametrized blades after the geometry update

phase was exaggerated to improve visibility.
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Fig. 15. Matching error as a function of the number of thickness distribution
control points for the T106A test case.

was conceived to cover a wide range of turbomachinery blade
geometries in two (Fig. 4) and three dimensions (Fig. 11). The
results of the blade matching in terms of absolute and relative
error are summarized in Table 4.

The relative matching error is below 0.38% for all cases and
the highest absolute error is 0.127 mm for the XPROP test case,
which is of the same order of magnitude as the tolerances used
to manufacture axial gas turbine blades (= 0.05 mm) [68]. In
addition, the deviation could be further reduced by increasing
the number of control points used to parametrize the blade. This
is illustrated in the convergence study shown in Fig. 15, where
the number of control points used to describe the thickness
distribution of the T106A case is increased from 3 to 10 points.
Specifically, the mean deviation is reduced from 0.057 mm to
0.031 mm when the number of control points is increased from
6 to 10. In addition, Fig. 16 shows the curvature distribution for
the T106A blade described using 6 and 10 thickness distribution
control points. It can be observed that the curvature variation is
smooth for both cases and that increasing the number of control
points does not introduce high-frequency undulations that would
deteriorate the fluid dynamic performance of the blade. These
results indicate that the parametrization and matching method-
ologies proposed in this work enable the replication of a wide
range of geometries with an accuracy comparable to the typical
tolerances of modern manufacturing techniques and that the re-
parametrization accuracy can be increased by refining the design
space.
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Fig. 16. Curvature distribution of the T106A profile when the matching is
performed using 6 and 10 control points.

7. Software structure

The blade parametrization method proposed in this work
was implemented in the Python programming language [69] and
released under a permissive open source license as the Para-
Blade software package [70]. The code was written using object-
oriented programming principles and the structure of the package
is subdivided in the classes shown in Fig. 17. The implementa-
tion integrates the in-house NurbsPy package [71] to define and
manipulate NURBS curves and surfaces. In addition, ParaBlade
relies on the NumPy library [72] for array operations and on the
Pagmo/Pygmo optimization library [73] to solve the blade match-
ing optimization problems by means of the limited-memory BFGS
algorithm [74,75].

8. Conclusions

This paper presented a general constructive parametrization
method for turbomachinery blades. The method uses typical tur-
bomachinery design variables and NURBS curves and surfaces to
produce blade geometries with continuous curvature and rate of
change of curvature. In contrast with existing methods, the flow
domain parametrization was formulated in an explicit way that
avoids intersection and trimming operations and the sensitivity of
the geometry is computed by means of the complex-step method,
allowing the integration of the parametrization into automated,
gradient-based shape optimization workflows.

In addition, the method enables the re-parametrization of a
baseline blade geometry defined by a set of scattered point coor-
dinates in a systematic way by solving a two-step optimization
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BladeMatch2D
Q; 2D array of float
U 1D array of float
CP(u;) 2D array of float

- Create interactive plot (initial guess)
- Solve blade matching problem in 2D
i) Point inversion phase
ii) Geometry update phase
¢

BladeGeom2D
n :  integer
@ : 1D array of float

C*(u)

dictionary of NurbsCurve

- Create blade geometry

- Create flow domain geometry
- Compute coordinates of C*(u)
- Compute sensitivity of C*(u)

NurbsPy

BladeMatch3D
Q; 2D array of float
Ui, Vs 1D array of float
SP(u;, v;) 2D array of float

- Create interactive plot (initial guess)
- Solve blade matching problem in 3D
i) Point inversion phase
ii) Geometry update phase

]
BladeGeom3D
m,n integer
@ : 1D array of float
S*(u,v) dictionary of NurbsSurface

)

- Create blade geometry

- Create flow domain geometry

- Compute coordinates of S*(u,v)
- Compute sensitivity of S¥(u,v)

NurbsCurve
P; 2D array of float
w; 1D array of float
U 1D array of float
p @ integer

NurbsSurface
P, 3D array of float
Wy j 2D array of float
UV 1D array of float
D,q integer

- Evaluate coordinates

- Evaluate derivatives

- Evaluate normal vector
- Evaluate curvature

- Evaluate arc-length

- Evaluate coordinates

- Evaluate partial derivatives
- Evaluate normal vector

- Evaluate curvature

- Get (u,v) isocurves

Fig. 17. Class diagram of the ParaBlade and NurbsPy packages. Each class is represented by a box with three compartments containing its name and main
attributes/methods. The diamond-ended arrows (#) represent a composition relation between two classes. This means that the class next to the diamond symbol
contains one or more instances of the class at the other end of the line. For instance, the BladeMatch3D contains one instance of the BladeGeom3D class, which

in turn contains several NurbsCurve and NurbsSurface objects.

problem. To demonstrate its capabilities, the re-parametrization
method was applied to replicate the geometry of eight exemplary
blades, showing that the proposed parametrization can replicate
the geometry of a wide range of turbomachinery blades with an
accuracy comparable to the tolerances of current manufacturing
techniques for axial gas turbine profiles.
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Appendix. Derivation of the endpoint curvature formulas

This appendix contains the derivation of the functions f(rj,)
and g(roy) that are used to impose the radii of curvature ry, and
Tout at the leading and trailing edges. According to Goldman [76],
the curvature of a parametric curve C(u) is given by

||c u) x C(u )|
| €’

In addition, it can be shown [43, pp. 125-127], that the first
and second derivatives of a NURBS curve at its start point are

given by
w
(2
Wo

(A1)

Cu=0)= (up : (A2)
P+
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and

p(p
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Upt1 Upi2 Wo
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(Y ()
Upt1 Upr1  Upt2 Wo

2
L (““) (1 - ”“) (P, —Py),
Wo Wo
(A3)

respectively, where p is the degree of the curve, u; are the knot
values, Py are the control point coordinates, and wy are the con-
trol point weights. Inserting these expressions into the curvature
definition and using the fact that the vector cross product of two
parallel vectors is zero we find

() () ()
p Up+2 w}
(P, — Pg) x (P1 —Po)||

P — Po?

Noting that unitary vector perpendicular to the camber line at the
leading edge (n) points from Py to Py, see Fig. 2(d), the previous
equation simplifies to

(5 G ()
Kin = — = >
Tin p Up+2 wi

Solving for ||P; — Py||, the location of the control point P; that
guarantees that the radius of curvature at the leading edge is ri,
is given by

Py =Py £ [Py — Pgll - n =P £ f(rin) - m, (A6)

where the plus and minus signs correspond to the upper and
lower sides of the blade, respectively, and the function f(ri,) is
given by

frn)l = Fin (E> (@) (“"’ '2”2> (P, — Po) x nf| . (A7)
p Upi2 wy

The derivation for the trailing edge is analogous. The first and
second derivatives of a NURBS curve at its end point are given by

Cu=0)=+

2
Upiq

0)

(A4)

I(P2 — Pg) x m|
[Py — Pol|?

(A.5)

Cu=1)= ( P ) (b) (P, — Py 1) (A8)
1—u, Wp
and
Cu=1)
=+p(p— 1)( 1 )(wnfz>(Pn72_Pn)+
1-— Uy 1-— Up—q Wn
p(p—1) 1 1 Wn_1
C o1-u, (1—un + 1—un1)< W >(P”71_Pn)+
2p? Wn—1 Wn_1
+ 7(1—1,[")2 < Wwn ) (1_ Wn )(Pn—l _Pn),
(A.9)

respectively. Inserting these expressions into the curvature defi-
nition we find

_(p-1 1—u, Wn Wp_2
_( p >(1_un—1> wﬁq
[(Po_z — Py) x (Pr_q — Py
[Pt — Pyl '

(A.10)

14

Computer-Aided Design 133 (2021) 102987

Noting that unitary vector perpendicular to the camber line at the
trailing edge (n) points from P, to P,_;, the previous equation
simplifies to

1

Kout "
out

<p—l)< 1—u, > Wy Wy
p 1_un—l wﬁ,]

Solving for ||P,_; — Py,||, the location of the control point P,_;
that guarantees that the radius of curvature at the trailing edge
iS oyt 1S given by

Pr1 =Py £|Pyoq —Pyll -n=P, g(rou) - n,

|(Pr—2 —Py) x nf
”Pn—l - Pn||2
(A.11)

(A.12)

where the plus and minus signs correspond to the upper and
lower sides of the blade, respectively, and the function g(rqy) is
given by

g(rout)z
<p—l)<1—un> Wn Wn_2
= Tout P
p 1—up wi_y

Note that this construction guarantees that the blade is G2
continuous at the leading and trailing edges since the radius of
curvature is the same at the points connecting the upper and
lower sides of the blade.

l(Pp—z — Py) x n .

(A.13)
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