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Braiding Majoranas in a linear quantum dot–superconductor array:
Mitigating the errors from Coulomb repulsion and residual tunneling
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Exchanging the positions of two non-Abelian anyons transforms between many-body wave functions within
a degenerate ground-state manifold. This behavior is fundamentally distinct from fermions, bosons and Abelian
anyons. Recently, quantum dot-superconductor arrays have emerged as a promising platform for creating
topological Kitaev chains that can host non-Abelian Majorana zero modes. In this work, we propose a minimal
braiding setup in a linear array of quantum dots consisting of two minimal Kitaev chains coupled through an
ancillary, normal quantum dot. We focus on the physical effects that are peculiar to quantum dot devices, such
as interdot Coulomb repulsion and residual single electron tunneling. We find that the errors caused by either
of these effects can be efficiently mitigated by optimal control of the ancillary quantum dot that mediates the
exchange of the non-Abelian anyons. Moreover, we propose experimentally accessible methods to find this
optimal operating regime and predict signatures of a successful Majorana braiding experiment.

DOI: 10.1103/7h8p-kcwg

I. INTRODUCTION

The exchange statistics of identical particles is a central
concept in quantum mechanics. It allows for classifying ele-
mentary particles (e.g., electrons and photons) into fermions
and bosons. In two-dimensional spaces, there exist more ex-
otic particles, e.g., non-Abelian anyons [1,2]. By exchanging
the positions of two such anyons, referred to as a braid
operation, the many-body wave function transforms into a
different one in the degenerate ground-state manifold. Thus,
applying the same set of braid operations in a different or-
der results in different unitary evolutions of the system. In
addition, non-Abelian anyons are regarded as the building
blocks of topological quantum computation, where qubit in-
formation is encoded in a pair of anyons, and quantum gates
are implemented by anyonic braiding [2,3]. Ideally, this pro-
tocol is intrinsically fault-tolerant, because both storage and
processing of the quantum information are immune to local
perturbations due to the topological protection. Therefore,
demonstrating non-Abelian exchange statistics is of great im-
portance to fundamental physics as well as to topological
quantum computation.

Majorana zero modes, which are Ising anyons, are the sim-
plest example of non-Abelian anyons [3–14]. They can appear
at the defects of a topological superconductor in the form of a
mid-gap quasiparticle excitation [15–18]. In particular, it was
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proposed that topological Kitaev chains and Majorana zero
modes can be engineered in a quantum-dot-superconductor
array using a bottom-up approach [19]. An advantage of
this proposal is the intrinsic robustness against the effect of
disorder that is ubiquitous in mesoscopic systems [20–22].
Moreover, by controlling the relative strengths of normal
and superconducting couplings between neighboring quan-
tum dots [23,24], it is even possible to create Majoranas
in the short-chain limit [25], albeit lacking true topological
protection in this case. Based on these proposals, significant
experimental progress has been achieved recently in realizing
short Kitaev chains in two- [26–28] and three-quantum-dot
chains [29–31], supported by tunnel spectroscopy evidence
of Majorana zero modes at finely tuned sweet spots. This
opened up a new research field for Majorana physics and
topological superconductivity [23,32–55]. It also provides a
new and promising platform to demonstrate the non-Abelian
character of the exchange statistics [56–59], which has been
elusive for decades.

In quasi-one-dimensional systems, braid operations can
also be implemented by cyclic tuning of the pairwise Majo-
rana couplings in a trijunction [60–63], or by a sequence of
measurement on the fermion parity in Majorana pairs [64–66],
both of which are mathematically equivalent to physically
moving Majoranas in a T junction [67]. Furthermore, it was
shown that the setup of trijunction braiding can be further sim-
plified, where the role of a vertical topological superconductor
branch can be replaced by a quantum dot [68–70]. However, it
is a critical open question whether a braid protocol proposed
for Majorana nanowires remains valid in the quantum dot se-
tups with strong interactions. For example, it has been recently
shown that strong interdot Coulomb interaction can prevent
the extraction of Majorana quality measures [34], and that
Coulomb interaction within a Kitaev chain can be detrimental
to the protection of Majorana zero modes or qubits [25,47,50].
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FIG. 1. (a) Schematic of the minimal setup required for braiding
in a linear array of quantum dots. Yellow squares are normal quantum
dots, blue regions are superconducting leads mediating normal and
Andreev tunneling. Purples lines are electrostatic gates to control
the parameters. (b) Majorana representation of the Hamiltonian: The
grey ovals with filled circles represent the Majorana operators γa,A/B

for dot a, lines represent effective couplings. By tuning its chemical
potential, the ancillary dot D supplies two Majoranas forming a
virtual trijunction together with dots L2 and R1. (c) Schematic of
the single Majorana exchange protocol. A full braid is implemented
by varying μD, �L , and �R in sequence twice. μD, �L , and �R can be
experimentally controlled via three electrostatic gates (dark purple).
(d) Occupation probability of the |oo〉 state depending on t over a full
braiding operation. At times 3T and 6T the protocol implements ex-
change and full braid of the two Majoranas neighboring the ancillary
dot, respectively. The line highlights the change in parity the system
undergoes during the protocol.

In the current work, we generalize the minimal braid pro-
tocol to engineered Kitaev chains, focusing on the physical
effects that are peculiar to quantum dot devices, e.g., strong
interdot Coulomb repulsion and residual single-electron tun-
neling. Surprisingly, we find that the detrimental errors caused
by both effects can be efficiently mitigated by optimal control
of the ancillary quantum dot. Moreover, we propose exper-
imentally accessible methods to find this optimal operating
regime and predict signatures of a successful Majorana braid-
ing experiment.

II. SETUP AND MODEL HAMILTONIAN

The minimal braiding setup in a linear array of quan-
tum dots consists of two copies of a two-site Kitaev chain
connected by an ancillary quantum dot in the middle. A
schematic of this setup is shown in Fig. 1(a). The model

Hamiltonian is

H = HL + HR + HD + Htunnel + HCoulomb,

Ha =
∑
i=1,2

μainai + tac†
a2ca1 + �aca2ca1 + H.c.,

HD = μDnD,

Htunnel = �Lc†
DcL2 + �Reiϕ/2c†

DcR1 + H.c.,

HCoulomb = ULnDnL2 + URnDnR1. (1)

Here Ha with a = L/R are the Kitaev chain Hamiltonians, cai

and nai = c†
aicai are the annihilation and number operators of

the dot orbitals, μai is the orbital energy, and ta and �a are
the normal and Andreev tunnelings. HD is the Hamiltonian
for the ancillary quantum dot. Here we assume that both the
magnetic-field-induced Zeeman energy and the level spac-
ing are large, such that all quantum dots are in the spinless
regime. The effect of on-site Coulomb interaction can thus
be safely neglected. We note that our spinless model is a
very good approximation of the more microscopic quantum
dot-superconductor system in the strong Zeeman regime (EZ

in dots being much larger than ta,�a), thus capturing all
the key features of Majorana braiding. On the other hand,
including the spin degrees of freedom can cause minor overlap
of Majorana zero modes that may cause decoherence, the
effect of which will be partially studied in Sec. VII. Htunnel

describes single electron transfer between the end of the
Kitaev chain and the ancillary quantum dot, with �L/R being
the tunneling amplitudes. ϕ is the phase difference between
the two superconducting leads, which can be controlled
by the magnetic flux � through the loop. Here we choose a
gauge such that ta,�a > 0. HCoulomb describes the interdot
Coulomb interaction between the inner dots of the Kitaev
chains and the ancillary dot. We neglect Coulomb interaction
between two dots of the same chain due to the strong screen-
ing effect of the grounded superconductor.

III. MINIMAL MAJORANA BRAIDING
IN A QUANTUM DOT CHAIN

A. Effective trijunction in the Majorana representation

One of the key results of Refs. [68,69] was that a quantum
dot forming a junction between two Majorana bound states
behaves as an effective trijunction at a phase difference of
π . Here, we briefly show how this argument applies to the
quantum dot chain.

To this end, we rewrite the Hamiltonian (1) in the Majorana
basis. For each dot, we transform the fermionic operators into
Majorana operators as

ca = (γaA + iγaB)/2, c†
a = (γaA − iγaB)/2. (2)

At the sweet spot of the Kitaev chain we have

HL + HR = i�LγL2AγL1B + i�RγR2AγR1B, (3)

with unpaired Majoranas γL1A, γL2B, γR1A, γR2B. On the other
hand, the Hamiltonian for the ancillary dot reads

HD = i
μD

2
γDAγDB. (4)
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The left tunneling Hamiltonian can be rewritten as

Htunn,L = i
�L

2
(γL2AγDB − γL2BγDA) ≈ −i

�L

2
γL2BγDA, (5)

where the approximation is to project away the coupling to the
high-energy Majorana when �L � �L. For the right tunneling
Hamiltonian, at ϕ = π , we have equally

Htunn,R = i
�R

2
(γR1AγDA + γR1BγDB) ≈ i

�R

2
γR1AγDA. (6)

Thus the effective Hamiltonian is

Heff = i
μD

2
γDAγDB − i

�L

2
γL2BγDA − i

�R

2
γR1AγDA, (7)

and thus equivalent to a Majorana trijunction [61], and
schematically shown in Fig. 1(b). Here, the dot energy μD

plays effectively the role of a Majorana coupling.

B. Braiding in the ideal case

We first consider an ideal scenario for Majorana braiding.
Assuming no interdot Coulomb interaction (UL = UR = 0),
two finely tuned Kitaev chains (μai = 0 and ta = �a) can host
four zero-energy Majoranas

γ1 = γL1A, γ2 = γL2B, γ3 = γR1A, γ4 = γR2B, (8)

localized on four different quantum dots. They form the de-
generate ground-state manifold. As shown above, when the
phase condition ϕ = π is satisfied, Majoranas γ2 and γ3

together with the ancillary quantum dot, form an effective
trijunction, with the coupling strengths being �L, �R and μD,
respectively. Starting from uncoupled Majoranas with �L =
�R = 0 and μD > 0, we perform a sequence of three opera-
tions, adapting the protocol of Ref. [61]:

(1) turn off μD while turn on �L, 0 < t � T
(2) turn off �L while turn on �R, T < t � 2T
(3) turn off �R while turn on μD to its original value, 2T <

t � 3T .
The effect is to exchange the positions of γ2 and γ3 as

shown in Fig. 1(c). The action of the braid protocol is de-
scribed by the operator

B = U (3T ) = exp
{π

4
γ2γ3

}
. (9)

Here we assume that all the operations are performed with
perfect precision in the adiabatic limit and without any noise
from the environment. The effect of the braiding operation
becomes apparent when tracking the time evolution of some
initial state in the ground-state manifold through the time
evolution. Due to fermion parity conservation in Eq. (1), we
can focus on the subspace with total even parity without losing
generality. When �L = �R = 0 and μD > 0, the ground states
are doubly degenerate with

|ee〉 ≡ 1
2 (|00〉L − |11〉L ) ⊗ (|00〉R − |11〉R) ⊗ |0〉D,

|oo〉 ≡ 1
2 (|10〉L − |01〉L ) ⊗ (|10〉R − |01〉R) ⊗ |0〉D, (10)

where the basis states are defined as |nL1, nL2〉 ⊗ |nR1, nR2〉 ⊗
|nD〉. If the system is initialized as an even-even state

|ψ (0)〉 = |ee〉, (11)

it will evolve into

|ψ (3T )〉 = B|ψ (0)〉 = (|ee〉 − i|oo〉)/
√

2, (12)

after performing the braid operation once. By repeating the
same braid operation, although Majoranas γ2 and γ3 return to
their original positions, the system becomes

|ψ (6T )〉 = B2|ψ (0)〉 = |oo〉, (13)

which is orthorgonal to the inital state. Equations (12) and (13)
are regarded as the signatures of non-Abelian statistics of
Majorana anyons. However, an experimental demonstration
of Eq. (12) would be challenging. What can be measured
are probabilities P|ee〉(3T ) = |〈ee|ψ (3T )〉|2 and P|oo〉(3T ) =
|〈oo|ψ (3T )〉|2, which do not contain the crucial informa-
tion of the relative phase (−i) between the two basis states.
Moreover, even a detection of P|ee〉(3T ) = P|oo〉(3T ) = 1/2,
which is consistent with Eq. (12), cannot exclude the pos-
sibility of a completely decohered state with an uniform
probability distribution. In contrast, measuring the outcome
of a double braid operation in Eq. (13), which yields
P|ee〉(6T ) = 0 and P|oo〉(6T ) = 1, will be transparent to in-
terpret and thus more convincing. Therefore, in the rest
of the work, we will focus on the double-braid proto-
col, which takes six steps of operations and a total time
of 6T , unless stated otherwise. A complete overview of
the time-dependence of P|oo〉(t ) is schematically shown in
Fig. 1(d).

C. Braiding in the imperfect case

A real system will deviate from this ideal case. For ex-
ample, interdot Coulomb repulsion may lead to additional
splittings, or some residual couplings between quantum dots
may remain. Additionally, the “leg” of the effective trijunction
formed by the middle quantum dot is not protected. Hence,
noise in μD can be expected to have a significant impact.
Moreover, the phase-difference may deviate from the ideal
value of π .

In the remainder of the paper, we will study the effects of
these imperfections, and how to mitigate them. To this end, we
will use the full Hamiltonian (1) with time-dependent param-
eters �L/R(t ) and μD(t ). In particular, their time dependence
profiles are chosen to be a sufficiently smooth hypertangent
function, in order to minimize the additional diabatic errors
caused [71]. We then compute ψ (6T ) by solving the time-
dependent Schrödinger equation. For more details on the
simulations, we refer the reader to Appendix A.

To characterize the faithfulness of the protocol, we calcu-
late the infidelity

1 − F ≡ 1 − |〈oo|ψ (6T )〉|2 = 1 − P|oo〉(6T ), (14)

where |ψ (6T )〉 is the final state after time evolution through
a double braid protocol and |oo〉 is the analytical target
state, respectively. Note that the infidelity can be obtained
experimentally from readout measurement on P|ee〉(6T ) and
P|oo〉(6T ).

In our simulations, unless stated otherwise, we choose
the system parameters to be tL = �L = tR = �R = � =
5�0, μL1 = μL2 = μR1 = μR2 = 0 to satisfy the sweet-spot
condition, and ϕ = π for the phase condition. Here, �0 is
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FIG. 2. Effects of interdot Coulomb interaction between ancillary dot and adjacent Kitaev chain dots. (a) and (d) show the infidelity in
dependence of symmetric and asymmetric Coulomb energy respectively. (b) and (e) show local conductance spectroscopy through the ancillary
dot. Due to the interaction, the excitation minimum shifts in chemical potential to a lower value corresponding to Eq. (18). Retuning μD,min

to this value corrects the adverse effect of the Coulomb interaction. This is supported by (c) and (f) showing the infidelity in dependence of
μD,min. In line with the excitation minimum, the infidelity reduces to zero when μD,min = μ∗

D. The discontinuity at μ∗
D − �0 is due to our choice

of μD,max − μD,min = �0 where the occupied state on the dot becomes resonant with the states in the Kitaev chains. Measuring the traces as
those presented in c) and f) experimentally can be considered a signature of Majorana braiding.

the maximal strength of single electron tunneling setting the
energy and time scale of the braiding process. We make sure
that the time evolution satisfies the adiabatic limit, i.e., T �
h/�0, and assume no environmental noise or quasiparticle
poisoning.

IV. INTERDOT COULOMB REPULSION

We now consider the effect of interdot Coulomb repulsion
on Majorana braiding. Coulomb interaction is ubiquitous for
quantum-dot-based devices, with the strength varying in a
wide range of tens of μeV to as large as one meV [72,73]. As
described by HC in Eq. (1), it is present among electrons on
dots L2, D, and R1 due to the long-range nature of Coulomb
interaction, while the interaction between dots within a Kitaev
chain is strongly suppressed by the screening effect of the
grounded superconductor.

We begin by assuming that Coulomb interaction is present,
but that the three time-varying parameters have equal variation
magnitude and can be tuned perfectly to zero,

0 � �L(t ), �R(t ), μD(t ) � �0, (15)

before relaxing this assumption in later discussions. As shown
in Fig. 2(a) (UL = UR) and 2(d) (UL 
= UR), interdot Coulomb
energy has a very detrimental effect on braiding, with the
infidelity quickly approaching one as U � �0.

To understand the physics behind this behavior, we focus
on the first step of the braiding operation (0 � t � T ). Since
the right Kitaev chain is decoupled in this process, we can
work on a simpler Hamiltonian of HLD = HK,L + Htunn,L +
HC,L + HD. Within the subspace of total even parity, it can

be written as

H (even)
LD =

⎛
⎜⎜⎜⎜⎝

0 −�L
2 0 �L

2

−�L
2 μD + UL

2
�L
2 −UL

2

0 �L
2 2�L

�L
2

�L
2 −UL

2
�L
2 2�L + μD + UL

2

⎞
⎟⎟⎟⎟⎠,

(16)

where the basis is |eL, 0D〉, |oL, 1D〉, |e′
L, 0D〉, |o′

L, 1D〉 and
primes indicate excited states. Here we shift all states by
�L for simplicity of discussion, and the prime denotes the
excited states in the Kitaev chain. In the tunneling regime of
�L � �L, the low-energy effective Hamiltonian is

H (even)
LD,eff =

(
0 −�L

2 (a + b)

−�L
2 (a + b) μD + UL

2 + �L − λ

)
(17)

for arbitrary strength of UL, and valid up to second order
in �L. Here λ =

√
�2

L + (UL/2)2, and a, b are positive num-
bers with a2 = 1 − b2 = 1

2 + �L
2λ

. The low-energy basis states
are |ψ1〉 = |eL, 0D〉, and |ψ2〉 = a|oL, 1D〉 + b|o′

L, 1D〉. There
are two major effects from the interdot Coulomb repulsion.
First, the instantaneous ground state of the total system now
includes a component of the excited states |o′

L〉 in |ψ2〉, com-
pared to the idealized |ψ2〉 = |oL, 1D〉 for the case with UL =
0. However, this change only takes place for intermediate
states, not affecting the form of the final wave function. Thus
no correction is needed for this effect. Second, as shown
in Eq. (17), the effective energy of the ancillary quantum
dot is shifted: μD → μD + UL

2 + �L − λ, which enhances the
energy of |ψ2〉. In the strong Coulomb regime, U � 1, re-
stricting 0 � μD � �0 does not effectively take the dot down
to resonance. As a result, the state |ψ (t )〉 would stay close to

085302-4



BRAIDING MAJORANAS IN A LINEAR QUANTUM … PHYSICAL REVIEW B 113, 085302 (2026)

|ee〉 without moving any Majoranas, which explains the high
infidelity in Fig. 2(a). Based on Eq. (17), one way to mitigate
this detrimental error is to shift the dot energy as below

μD,min � μD(t ) � μD,min + �0,

μD,min = μ∗
D =

∑
a=L,R

(
−Ua

2
− �a +

√
�2

a + (Ua/2)2

)
.

(18)

Note that the dot energy shift now includes contributions from
both Kitaev chains because the Coulomb potential is additive
and we assume no coupling between the two Kitaev chains
directly. Applying Eq. (18) to the braid protocol and with-
out changing any other conditions, we obtain the blue curve
in Fig. 2(a) for UL = UR and (d) for UL 
= UR. It shows an
excellent correction of the errors with 1 − F � 10−3, validat-
ing our analysis and proposal. Notably, since our treatment
of Coulomb repulsion is nonperturbative in the interaction
strength, the error mitigation applies to strong Coulomb case
(U > �) as well, provided the system stays in the tunneling
regime �L � �L. Figures 2(a) and 2(d) are the first main
findings of this work, which positively indicates that it is
possible to mitigate the detrimental effect of interdot Coulomb
repulsion in Majorana braiding.

To find the value of μ∗
D in an actual device, we propose two

experiments. The first one is a local tunnel spectroscopy on
the ancillary dot in the (eV, μD) plane, as shown in Figs. 2(b)
and 2(e). Here a normal lead is coupled to the ancillary dot,
and a local conductance of GDD is obtained using the rate-
equation approach [32,33]. Although the Majorana-induced
zero-bias peak stays robust, the subgap peak from the first
excited state varies with μD, and reaches a minimum along
the bias-voltage axis at μD = μ∗

D [see Figs. 2(b) and 2(e)],
thus providing a way to find μ∗

D for the braid protocol. Note
that this does not add to the device complexity, when transport
measurements are needed to fine-tune the Kitaev chains into
their sweet spots. Our second proposal is to measure the
infidelity as a function of μD,min. As shown in Figs. 2(c)
and 2(f), the infidelity drops to nearly zero at the optimal
value μD,min = μ∗

D, and then increases to one when μD,min is
tuned away by ∼�0. The numerical simulations are consistent
with our analytical results in Eqs. (17) and (18). Moreover,
a measurement of Figs. 2(c) or 2(f) can be regarded as a
signature of successful Majorana braiding. We note that the
apparent discontinuity visible in Figs. 2(c) and 2(f) are a
consequence of our initial choice max(μD(t )) = �0. When
μD,min → μ∗

D − �0 the occupied state of the ancillary dot is
on resonance with the states on the Kitaev chain, interfering
with the braiding. As this happens only for μD,min < μ∗

D and
can be controlled by changing max(μD(t )) > �0, this feature
can be disregarded for the effectiveness of the central result
at μ∗

D.

V. RESIDUAL SINGLE ELECTRON TUNNELING

In semiconducting quantum dot devices, the single elec-
tron tunneling strength is controlled by electrostatic gates.
Although the strength can be varied deterministically, it is
challenging to turn off the coupling completely, causing un-

wanted errors in qubit control [74,75]. To study the effect of
residual coupling we assume

�min � �L(t ), �R(t ) � �0, (19)

D,min � μD(t ) � μD,min + �μD, (20)

where �min > 0 is the residual tunneling strength, and �μD =
μD,max − μD,min is the variation magnitude of the ancillary
dot energy. For the analytic considerations we set the inter-
dot Coulomb energy at first to zero, unless stated otherwise
[we relax this assumption in Figs. 4(c) and 4(d)]. Fig-
ure 3(a) shows the numerically calculated infidelities in the
(�μD, �min) plane. The infidelity increases with the resid-
ual tunneling strength �min while it decreases with the dot
variation magnitude �μD, see Figs. 3(b) and 3(c). As it will
be shown below, the infidelity is a joint consequence of two
distinct error mechanisms, which we call leakage and geo-
metrical leakage error. The leakage error, on one hand, can
be understood from a heuristic perturbation theory analysis:
At the initial time, treating the residual tunnelings �a,min as
a perturbative effect, the state |ee〉 can leak into the excited
states

|oe〉 = 1
2 (|10〉L − |01〉L ) ⊗ (|00〉R − |11〉R) ⊗ |1〉D, (21)

|eo〉 = 1
2 (|00〉L − |11〉L ) ⊗ (|10〉R − |01〉R) ⊗ |1〉D (22)

with a characteristic amplitude of �min/�μD. Thus the leak-
age probability is

Pleak ∝
(

�min

�μD

)2

(23)

to leading order in residual tunneling strength. We emphasize
that such a leakage effect is time-independent, thus having a
different physical origin as the dynamical effect of Landau-
Zener transition. The same argument can be made for any
specific state expected at an intermediate step of the time
evolution. In light of Eq. (14), for a perfect double braid
besides residual couplings of the Majoranas, it is therefore
to expect that 1 − F = 1 − P|oo〉 ∝ Pleak × const., with a con-
stant proportional to T . Indeed, as shown in Fig. 3(c), the
numerically calculated infidelity decays with a larger variation
magnitude, consistent with Eq. (23). As indicated by Eq. (23),
leakage errors can be mitigated by an increase of the chemical
potential variation on the ancillary dot, i.e.,

�μD � �0. (24)

We note that an increase of �μD comes at the expense of
diabatic errors due to faster changes of μD(t ). We do however
expect the existence of a window in protocol time where the
leakage error is strongly suppressed before the diabatic error
becomes prominent.

The geometrical error, on the other hand, can be understood
by calculating the unitary evolution operator, Eq. (9), in the
presence of residual couplings between the Majoranas. This
amounts to calculating the non-Abelian Berry phase of the
cyclic variation of the Hamiltonian, which has a geometrical
origin. Performing a similar calculation to that of Ref. [61]
generalized to asymmetric couplings (see Appendix C), the
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FIG. 3. (a) Infidelity, 1 − F , in the (�μD, �min)plane. (b) Infidelity as a function of �μD for different cuts of �min in (a). (c) Infidelity as a
function of �min for different cuts of �μD in (a).

unitary operator in Eq. (9) becomes

Ures(3T ) = exp
{(π

4
− ε

)
γ2γ3

}
, (25)

where ε denotes the deviation from perfect braiding. The
corresponding infidelity is

1 − F = sin2(2ε) ≈ 4ε2, (26)

when ε � 1. Calculating ε in Eq. (25) explicitly, we find for
�L,max = �R,max = μD,max = �0

ε ≈ 1√
2�0

(�L,min + �R,min + μD,min) (27)

in leading order of the residual coupling of the Majoranas
(see Appendix C). We note that Eq. (27) coincides with the
result in Ref. [61] when �L,min = �R,min = μD,min. Assuming
no residual coupling of the Majoranas on the ancillary dot,
i.e., μD,min ≡ 0 in the absence of Coulomb repulsion, we find

FIG. 4. (a) and (c) Infidelity, 1 − F , in the (μD,min, �min) plane
for Ua = 0 and Ua = 10�0, respectively. For both, we choose �μD =
10�0. The dotted lines show the numerical minimum of the infidelity,
solid lines correspond to the expectation of Eqs. (30) and (18).
(b) and (d) Infidelity as a function of μD,min for different cuts in �min

through (a) and (c) showing that for increasingly negative values of
μD,min the infidelity vanishes regardless of residual tunnel coupling.
Note that (a) and (b) share the same label for x axes, and so do
(c) and (d).

through Eq. (26) that the infidelity scales quadratically with
the residual tunnel coupling,

1 − F ∝
(

�min

�0

)2

. (28)

We can find an analytical correction to the geometrical
error when excluding the presence of leakage errors, that is
in the limit �L,max = �R,max = �0 � μD,max. We then obtain

ε ≈ 1√
2�0

(�L,min + �R,min +
√

2μD,min), (29)

to leading order in residual tunnelings and in �0/μD,max. The
key observation now is that, despite �a,min/�a,max > 0 for any
applied voltage to the tunnel gates, one can change the sign
of μD,min with respect to μD,max by tuning the dot to chemical
potentials below the resonance of dot with the Kitaev chains.
In particular, the geometrical error vanishes up to the leading
(quadratic) order in �min/�0 when one chooses

μD,min = −
√

2�min < 0. (30)

Figure 4(a) shows the infidelity of the double braid proto-
col in the (μD.min, �min) plane for �μD = 10�0. The dotted
red line indicates the numerical minimum of the infidelity,
1 − F , for fixed �min in dependence of μD,min while the solid
red line shows Eq. (30). Indeed, the optimized μD,min take
negative values as predicted. Moreover, the analytic result
in Eq. (30) matches well with the numerical result in the
weak residual tunneling regime. We furthermore find that our
analysis remains well valid even in the presence of Coulomb
repulsion when additionally applying the correction suggested
in Sec. IV, i.e., μD → μD + μ∗

D as visible in Figs. 4(c)
and 4(d).

VI. SUPERCONDUCTING PHASE DIFFERENCE

Satisfying the phase condition ϕ = π is crucial for a suc-
cessful braiding experiment. The phase is controlled via the
magnetic flux through the superconducting loop, i.e., ϕ =
2πe�/h + const., see Fig. 1(a). Here we propose two experi-
ments to find where ϕ = π , which are similar in spirit to those
discussed in Sec. IV. The first one is a transport measurement.
Figure 5(a) shows the tunnel spectroscopy of GDD in the
(eV, ϕ) plane. The signature of ϕ = π is a zero-bias conduc-
tance peak, which is induced by the Majorana zero modes
formed at the trijunction and splits linearly when the phase is
away from π . Our second proposed experiment is to measure
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FIG. 5. (a) Tunnel spectroscopy, GDD, over the ancillary dot in
the (V, ϕ) plane. Only at odd integer multiples of π the conduc-
tance indicates the necessary degeneracy at V = 0. Additionally, the
linear splitting of that degeneracy with phase indicates the lack of
protection of the protocol against phase noise. (b) Infidelity, 1 − F ,
as a function of ϕ for a single T . The oscillations indicate Rabi
oscillations between the states in the ground-state manifold. (c) Infi-
delity of the double braid protocol averaged over multiple T . Since
the outcome of the non-Abelian exchange does not depend on any
specific choice of T , the perfect fidelities at odd interger multiples of
π persist while the Rabi oscillations present in (b) average away.

the double-braid infidelity 1 − F as a function of ϕ, as shown
in Fig. 5(b). Interestingly, in addition to ϕ = π , there are
multiple other values of ϕ also giving zeros of 1 − F . These
zeros are due to Rabi oscillations induced by the undesired
ground-state degeneracy splitting, similar to the observations
in Refs. [68,76]. However, a fundamental distinction between
them is that the outcome of non-Abelian braiding does not
depend on the precise control of the protocol time as the
dynamical effects such as Rabi oscillations. Therefore, after
averaging over different lengths of protocol time T , while
keeping the adiabaticity constraint still satisfied, only the in-
fidelity at ϕ = π remains zero [see Fig. 7(c)], indicating the
robustness of a geometrical braid operation.

In addition, we notice that both the conductance spec-
troscopy and the infidelities in Fig. 5 are 2π periodic in ϕ,
or equivalently h/2eperiodic in magnetic flux �. However,
the tunneling �R in Eq. (1) at ϕ = 3π acquires a minus sign
relative to ϕ = π , giving

B3π = B−1
π , (31)

where Bπ is defined in Eq. (9). This is a consequence of the 4π

Josephson effect due to fractionalized Majorana zero modes.
In particular, single braids Bπ and B3π give (|ee〉 ± i|oo〉)/

√
2,

respectively. However, it is challenging to distinguish the dif-
ferent phases ±i here from a measurement of P|ee〉 and P|oo〉
only. Thus we propose the following three-step experiment:

(a)

(b)

(c)

FIG. 6. Time and dot chemical potential traces demonstrating
the 4π -Josephson effect of the system for the system specified in
Sec. III C up to phase. We choose �μD = 1 and neglect interdot
Coulomb repulsion. (a) Superconducting phase ϕ in dependence
of time. To implement Bπ Bπ and B3π B3π we keep the phase fixed
while for B3π Bπ we adiabatically change the phase from π → 3π

around t = 3T . (b) occupation probability of the |oo〉 state. Only
for B3π Bπ , the initialized |ee〉 state returns into itself over the time
evolution. (c) Infidelity, 1 − F , depdending on μD,min. Only the
Bπ Bπ and B3π B3π show the transition from |ee〉 → |oo〉 predicted
for non-Abelian exchange. For B3π Bπ the initial state returns to itself
identically.

(1) apply Bπ on |ee〉 twice to obtain |oo〉
(2) apply B3π on |ee〉 twice to obtain |oo〉
(3) apply Bπ on |ee〉 once followed by another B3π to

obtain |ee〉.
Here in each step the system should be initialized at |ee〉.

A successful implementation of the above experiments would
manifest 4πperiodicity in a fractional Josephson junction. We
demonstrate our proposal in Fig. 6 for the system described
in Sec. III C for �μD = 1 and without Coulomb repulsion.
We see that, if the phase stays constant over the double braid,
the Majoranas exchange as expected and the quantum state
of the system changes. If, however, the phase is adiabatically
changed for the second exchange the state returns to the initial
state due to the 4π -Josephson effect.

VII. DIABATIC AND DEPHASING EFFECTS

We now consider the impact of diabatic and dephasing
errors when executing the braid protocol. Figure 7 shows the
infidelity as a function of the protocol step time T at time
t = 6T for different values of �μD and U . The infidelity
decreases exponentially with the protocol time, consistent
with the behavior of diabatic error in holonomy or anyonic
braiding [71]. Interestingly, by comparing the blue and orange
lines in Fig. 7(a), we find that increasing �μD decreases the
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FIG. 7. (a) Logarithm of the infidelity, log 1 − F , in dependence of protocol step time T showing oscillations due to leakage into excited
states. The reduced fidelity at finite U is due to perturbative corrections to μ∗

D �a not taken into account in Eq. (18). (b) Ensemble averaged
infidelity of the double braid in dependence of μD,min for different variances of quasistatic noise on μD averaged over 100 realizations.
(c) Ensemble averaged infidelity in dependence of μD,min at fixed residual tunneling �min = 0 over 100 noise values. Solid and dashed lines
correspond to noise with a variance of 0 and 0.35�0 on the tunnel coupling �a, respectively.

diabatic error. Physically, although the change of μD(t ) be-
comes faster, the energy gap of the effective trijunction
increases, which compensates the former effect as long no
Landau-Zener transitions into the excited manifold are in-
duced. This means that we can suppress the leakage in
Eq. (23) without increasing the diabatic error. Additionally,
with finite Coulomb, the infidelity saturates at 1 − F ≈ 10−3

for T → ∞, which is due to the higher-order corrections to
μ∗

D from �a that are not included in leading-order result shown
in Eq. (18).

In semiconducting quantum dot devices, charge noise is
the primary source of noise, which can be caused by charge
impurities or gate voltage fluctuations [77–84]. Since it is 1/ f
noise, which is dominated by the low-frequency component,
we can model the noises using the quasistatic disorder ap-
proximation [85,86]. In particular, we focus on the effect of
noise in the ancillary dot that does not exhibit any protection,
whereas noise in the short Kitaev chains could be mitigated by
extending the chain length. Moreover, the dephasing effects of
noise within the Kitaev chains were studied in previous work
in the context of imperfect Majorana polarizations [59].

We assume the noise on the ancillary dot chemical poten-
tial can be modeled as

μD(t ) → μD(t ) + δμD, (32)

where δμD is a constant shift drawn from a normal distribution
with width σμD and centered around zero for each execution
of the protocol(see Appendix A). To quantify the effect of
the noise we perform an ensemble average over 100 differ-
ent noise values. As shown in Fig. 7(b), the main effect of
μDnoise is to deteriorate the fidelity around μD,min = μ∗

D (= 0
when Ua = 0). Since the width of the 1 − F dip is of the order
of �0, a necessary condition for observing this signature is
a characteristic disorder strength μD,dis � �0 to indicate the
success of the braid.

In contrast to chemical potential noise, the modeling of the
tunneling noise, �, differs due to its distinct dependence on
the electrostatic potential. In particular, the quantum dot en-
ergy has a linear dependence because it is capacitively coupled
to the electrostatic potential nearby, while the electron transfer

rate has an exponential dependence since it is determined by
the transmission probability through a tunnel barrier. There-
fore, noise in �a is proportional to �a itself, i.e.,

�a(t ) → (1 + α)�a(t ). (33)

Here α is a dimensionless coefficient which we draw from
a normal distribution of width σ� and mean zero. We use
this simple model of noise on tunneling, as it avoids taking
into account details of the tunnel barrier, but we expect it is
sufficient to demonstrate the principal effect of noise in the
tunnel barriers when ensuring σ� � 1. As shown in Fig. 7(c),
although the 1 − F dip is again lifted by the noise, its effect
is much weaker to the effect of chemical potential noise as
shown in Fig. 7(b). This feature can be well understood using
Eq. (33). When the tunneling �a is in the off-state, the fluctua-
tion is strongly suppressed due to the small residual tunneling
amplitude. On the other hand, the deviation of �a strength
in the on-state predominantly changes the energy gap of the
effective trijunction, without greatly affecting the outcome
braiding operation. Thus, tunneling noise is less detrimental
than noise on μD in this braid setup.

Finally, we allow for noise induced detuning on the
Kitaev chains themself. When detuned off the sweet spot, the
ground-state degeneracy of a Kitaev chain splits. This leads to
oscillations between nearly degenerate ground states on a time
scale h̄/δE , where δE is the ground-state energy splitting.
These oscillations deteriorate the fidelity of the final braid out-
come via phase accumulation ∼eiδET/h̄ We demonstrate this
behavior in Fig. 8. On both Kitaev chains we allow for qua-
sistatic noise on the indicated parameters, i.e., μi in Fig. 8(a),
ti − �i in Fig. 8(b). In Fig. 8(a), we let μi → μi + δμ, where
δμ is drawn from a normal distribution with mean zero and
variance σ . Similarly, in Fig. 8(b), we let ti → ti + δt , and
draw the noise analogously. Additionally, we vary the time
T to change the execution time of the protocol. Figure 8
implies a compromise between the protocol time and adia-
baticity condition, and also shows the differing susceptibility
to each error mechanism. Given recent experimental results,
we expect noises can be reduced by both enhancing the energy
gap of the Kitaev chain, and reducing the chemical potential
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FIG. 8. The dependence of infidelity on noises in chemical po-
tential, (a), and coupling strengths, (b), in both Kitaev chains. The
infidelity 1 − F increases faster with the noise amplitude σ for
longer protocol time T .

fluctuations by charge screening due to superconductor prox-
imity effect [28].

VIII. DISCUSSION

It has been shown that braiding of non-Abelian anyons
can take place only in two-dimensional space, which seem-
ingly contradicts with the conclusions of the current work.
However, we emphasize that although the quantum dot-
superconductor array has a linear structure at the first glance, it
is quasi-one-dimensional in nature. In particular, since ϕ = π

is a crucial requirement for a successful Majorana braid, a
superconducting loop [see Fig. 1(a)] has to be formed along
with a controllable magnetic flux �, which extends the setup
geometry to the second dimension. Moreover, we emphasize
that the proposed braiding setup allows a “minimal braiding”
experiment in the sense that the outcome is not topologically
protected, but depends on fine-tuning of parameters, in partic-
ular μD and φ. In addition, both charge noises on the ancillary
normal dot and noises within the Kitaev chains can cause
decoherence in the final outcome.

We here discuss several relevant time scales of the braiding
protocol. First, the protocol time should be sufficiently long in
order to satisfy the adiabatic condition. Although there is no
common standard, here we choose a threshold diabatic error
to be 10−2 for concrete discussions. According to Fig. 7(a),
the protocol time needs to be larger than ∼300h̄/�0, which
correponds to a time scale of ∼20 ns for a typical single
electron tunneling strength of �0 ∼ 10 µeV.

Second, as discussed in Sec. VII, the dephasing effect
from noises in μD and those within Kitaev chains should be
sufficiently mitigated. In particular, in order to experimentally
observe Figs. 2(c) or 2(f), which is regarded as one of the

signatures of a successful Majorana braiding, the amplitude
of the μD noise must be smaller than the characteristic single
electron tunneling strength, i.e.,

μD,dis � �0, (34)

as shown in Fig. 7(b). Additionally, the energy splitting be-
tween the instantaneous ground states should also be much
weaker than �0 to avoid decoherence. This can be achieved by
either enhancing the excitation energy gap �L/R of a Kitaev
chain defined in Eq. (1) [27,28,33] or extending the chain
length [30,31,40,43]. By contrast, based on our simulations
and arguments, the noises in �L/R are less detrimental.

The third time scale is the quasiparticle poisoning effect.
For example, a random incoming electron from outside the
system can flip the total fermion parity, causing leakage er-
rors that cannot be corrected. The poisoning time is reported
to be around ∼1 ms in devices of InSb/InAs semiconductor
nanowires proximitized by Al superconductors [87], which
has a very similar nanostructure to the Kitaev chain de-
vices [26–31]. As long as the adiabatic condition is satisfied
(e.g., ∼20 ns for diabatic error <10−2) within that time scale,
the quasiparticle poisoning effect should not be a major con-
cern in this braid experiment. Finally we want to discuss some
design aspects beyond our requirement of a minimal design.
Based on ideas presented in Ref. [88], one extension is to in-
troduce additional dots between chains and the auxilliary dot.
Tuning these buffer dots to be empty, away from resonance,
one would change the direct coupling to a cotunneling. While
this would not fully remove the presence of residual tunneling,
its strength might reduce.

Although the current work focuses on the even-parity sub-
space of the Hamiltonian, we expect that a similar analysis
and correction scheme also applies to the odd-parity one, be-
cause the low-energy effective Hamiltonian has an analogous
form as derived in Appendix B. On the other hand, system
initialization and final outcome readout are also crucial for a
successful braid experiment. Here we propose to make use
of the technique of quantum capacitance measurement which
has been recently implemented in a single minimal Kitaev
chain [89]. When generalizing to the double Kitaev chain
system as in this work, such a measurement on the even-parity
subspace shows a much larger signal-noise-ratio [56], and
thus a braiding in the even-parity subspace would be much
preferred.

IX. SUMMARY

In summary, we have investigated a minimal Majorana
braiding protocol in quantum-dot-based Kitaev chains, focus-
ing on the physical phenomena that are peculiar to quantum
dot devices, e.g., interdot Coulomb repulsion and residual
single electron tunneling. We find that the detrimental errors
from them can be efficiently mitigated by optimal control of
the ancillary quantum dot via μD,min and μD,max. Furthermore,
we propose a series of experiments to find this optimal oper-
ating regime and predict signatures of a successful braiding.
We also analyze the diabatic errors and dephasing effect from
various types of noises.
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APPENDIX A: DETAILS OF THE NUMERICAL
CALCULATION

In this Appendix we expand on the numerical tools used
to generate the figures of this work. The associated reposi-
tory containing all codes used for this work can be found in
Ref. [90].

To simulate braiding in the setup described in Sec. II, we
use the QUTIP [91] Python package to calculate the time
evolution. The perturbation theory results of Sec. IV and
Appendix B are generated with Pymablock [92].

To model the time dependent coupling between the differ-
ent Majoranas [cf. Fig. 1(c)] we have to specify the profiles
for μD, �L, and �R. We model each parameter by the time
dependent function

p(t, pmin, pmax, σp)

= (pmax − pmin)

(
1

2
+ tanh

(
t̃ − T

2

tramp

)
− tanh

(
t̃ − 3T

2

tramp

)

+ tanh

(
t̃ − 7T

2

tramp

))
, (A1)

t̃ = (t + t0) mod 3T . (A2)

Choosing t0 = T generates the profile of μD, t0 = 0 �L,
and t0 = 2T yields �R. The resulting profiles can be found in
Fig. 9.

The parameters for the time evolution need to obey the
adiabaticity constraint T ∼ h/�0 of the protocol. To find
parameters for the time evolution that both, obey the adi-
abaticity constraint and deliver unit fidelities, we construct
the full Hamiltonian as given in Eq. (1). We fix all the
parameters at their optimal point (tL = �L = tR = �R =
5�0, and ϕ = π ). We choose the stepsize of the time dis-
cretization to �t = 0.2h/� corresponding to ∼0.1 ns given
typical coupling strengths of �0 ∼ 10 µeV . We then optimize
numerically for T and the ramping time tramp by demand-
ing that P|oo〉(3T ) = 1/2 and P|oo〉(6T )=1. This results in
(Topt, tramp,opt ) = (200.54, 21.21)h̄/�0, which is our default
parameter choice unless specified otherwise. When changing

FIG. 9. Parameters of the double braid protocol depending on
time. (a) chemical potential μD(t ) of the ancillary dot. (c) and (d),
tunnel coupling of the ancillary dot to the left and right Kitaev chain,
respectively.

T away from the optimized value, we have to adjust the
ramping time accordingly. This we do by letting tramp →
T tramp,opt/Topt such as to coincide with the optimal choice
when T = Topt .

APPENDIX B: EFFECTIVE ODD PARITY HAMILTONIAN
AND EXCITATION MINIMUM

1. Effective Hamiltonian in odd and even parity sectors

As discussed in the main text, it suffices to only consider
a single PMM coupled to the ancillary dot to understand the
physics relevant for the Coulomb repulsion. The Hamiltonian
of this system reads

HLD = HK,L + Htunn,L + HC,L + HD,

HK,L = μL1nL1 + μL2nL2 + tc†
L2cL1 + �cL2cL1 + H.c.,

HD = μDnD,

Htunn,L = �L
(
c†

DcL2 + c†
L2cD

)
,

HC,L = ULnDnL2. (B1)

Since the system preserves the total fermionic parity we
can separate the Hilbert space into the even and odd total par-
ity subspaces. In the even parity sector consisting of the basis
|eL, 0D〉, |oL, 1D〉, |e′

L, 0D〉, |o′
L, 1D〉 we find Eq. (16), i.e.,

H (even)
LD =

⎛
⎜⎜⎜⎜⎝

0 �L
2 0 �L

2
�L
2 μD + UL

2
�L
2 −UL

2

0 �L
2 2�L

�L
2

�L
2 −UL

2
�L
2 2�L + μD + UL

2

⎞
⎟⎟⎟⎟⎠.

(B2)

In the odd parity basis, consisting of |eL, 1D〉,
|oL, 0D〉, |e′

L, 1D〉, |o′
L, 0D〉, we find through an analogous
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calculation the Hamiltonian

H (odd)
LD =

⎛
⎜⎜⎜⎜⎝

UL
2 + μD

�L
2

UL
2 −�L

2
�L
2 0 −�L

2 0
UL
2 −�L

2
UL
2 + 2�L + μD

�L
2

−�L
2 0 �L

2 2�L

⎞
⎟⎟⎟⎟⎠.

(B3)

Due to the aforementioned parity conservation the spectrum
will be strongly degenerate between parity sectors.

2. Excitation gap minimum

The excitation gap can be found through Eq. (17) from
the main text. We find the eigenvalues of the effective
Hamiltonian to be

ε± = 1

2

(
μD + UL

2
+ �L − λ

)
±

√
�2

L

4
(a + b)2 + 1

4

(
μD + UL

2
+ �L − λ

)2

. (B4)

The excitation gap is the difference of these two eigenval-
ues given as

�ε =
√

�2
L(a + b)2 +

(
μD + UL

2
+ �L − λ

)2

. (B5)

Inspecting Eq. (B5), it becomes apparent that the excitation
gap becomes minimal exactly for the predicted value of μD =
μ∗

D as given in Eq. (18). We find the value of the excitation
gap to be

�εmin = �L

√√
4�2

L + U 2
L + 2�L +

√√
4�2

L + U 2
L − 2�L

√
2
(
4�2

L + U 2
L

)1/4

(B6)

for a single Kitaev chain attached to the ancillary dot.

APPENDIX C: CALCULATION OF THE NON-ABELIAN
BERRY PHASE

In this section, we show the details for calculating the
non-Abelian Berry’s phase in the presence of residual cou-
plings. The calculation is similar in spirit to Ref. [61], but
we generalize it to asymmetric couplings. The Hamiltonian
is given by

H =
3∑

k=1

�kiγ0γk, (C1)

which involves four Majoranas in total. We thus define
fermionic operators as below

f1 = (γ1 + iγ2)/2, f2 = (γ0 + iγ3)/2, (C2)

so that we can further define the four-dimensional Fock
space as

|00〉,
|10〉 = f †

1 |00〉,
|01〉 = f †

2 |00〉,
|11〉 = f †

1 f †
2 |00〉. (C3)

As such, the Hamiltonian can now be written as

H =

⎛
⎜⎜⎝

|00〉
|11〉
|10〉
|01〉

⎞
⎟⎟⎠

T

×

⎛
⎜⎜⎝

−�3 i�1 + �2 0 0
−i�1 + �2 �3 0 0

0 0 −�3 −i�1 + �2

0 0 i�1 + �2 �3

⎞
⎟⎟⎠

×

⎛
⎜⎜⎝

〈00|
〈11|
〈10|
〈01|

⎞
⎟⎟⎠. (C4)

We note that here the even- and odd-parity subspaces are
block diagonalized due to fermion parity conservation. The
dimension of each subspace is two.

We first focus on the even-parity subspace, where the
ground-state energy is

Ee,gs = −ε = −
√

�2
1 + �2

2 + �2
3, (C5)

and the wave function is

|e〉 =
√

ε − �3

2ε

(−i �3+ε
�1+i�2

1

)
. (C6)

Using SymPy, we obtain that

Ae,1 = 〈e| d

d�1
|e〉 = �2

�2
1 + �2

2

i(ε + �3)

2ε
,

Ae,2 = 〈e| d

d�2
|e〉 = −�1

�2
1 + �2

2

i(ε + �3)

2ε
,

Ae,3 = 0. (C7)

Using the same calculation method, we find that

Eo,gs = −ε = −
√

�2
1 + �2

2 + �2
3, (C8)

and the wave function is

|o〉 =
√

ε − �3

2ε

(
i �3+ε
�1−i�2

1

)
. (C9)

Note that the odd-parity wave function is different from the
even one by i → −i. Thus the signs of the Berry connections
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are simply reversed, i.e.,

�Ao = − �Ae. (C10)

Due to parity conservation, the matrix elements between even-
and odd-parity states are zero.

The unitary evolution for the Majorana braiding is
defined as

U = exp

(
−

∮
c

∑
k

Akd�k

)
. (C11)

Here the Berry connection shown in Eq. (C7) is singular when
�1 = �2 = 0 because of the presence of a term �1/(�2

1 +
�2

2). To avoid the singular points, we assume that the cou-
plings have some residual amplitudes even when they are
“switched off”, i.e., ηk � �k � �. Here we first assume that
the maximal strengths of all �k’s are assumed to be the same
and equal to � to simplify the calculation. In particular, in
the three-step braid operation, we assume six contours in the
parameter path as below

C1 : (η1, η2, �) → (�, η2, �),

C2 : (�, η2, �) → (�, η2, η3),

C3 : (�, η2, η3) → (�,�, η3),

C4 : (�,�, η3) → (η1, �, η3),

C5 : (η1, �, η3) → (η1, �, �),

C6 : (η1, �, �) → (η1, η2, �), (C12)

where each bracket denotes (�1,�2,�3). We note that only
four out of the six contours contribute to the Berry’s phase.
We name them as C1 → I1,C4 → I2,C3 → I3,C6 → I4:

−
∮

c

∑
k

Akd�k =
(−i

2

)
I =

(−i

2

)
(I1 + I2 + I3 + I4).

(C13)

In particular

I1 =
∫ �

η1

A1(�1, η2, �)d�1

=
∫ �

η1

d�1
η2

�2
1 + η2

2

⎛
⎜⎝1 + �√

�2
1 + �2

⎞
⎟⎠. (C14)

Here the first integral is

I11 =
∫ �

η1

d�1
η2

�2
1 + η2

2

=
∫ b

a
dx

1

x2 + 1
= atan(b) − atan(a), (C15)

where b = �/η2 and a = η1/η2. The second part is

I12 =
∫ �

η1

d�1
η2

�2
1 + η2

2

�√
�2

1 + �2

=
∫ b

a
dx

1

x2 + 1

b√
x2 + b2

. (C16)

We obtain the result for the indefinite integral as given below∫
dx

1

x2 + 1

b√
x2 + b2

= b√
1 − b2

tanh−1

( √
1 − b2

√
b2 + x2

x

)

≈ atan

(
bx√

b2 + x2

)
, (C17)

where we assume b � 1 and use the relation of tanh−1(ib) =
iatan(b). Therefore we have

I12 = atan(
b√
2

) − atan(a) ≈ π

2
−

√
2

b
− atan(a), (C18)

where we consider a ∼ O(1) � b and use the identity of
atan(x) = π/2 − atan(1/x). We thus have

I1 = atan(�/η2) − 2atan(η1/η2) + π

2
−

√
2η2

�
. (C19)

Next, the second integral is

I2 =
∫ η1

�

A1(�1, �, η3)d�1

= −
∫ �

η1

d�1
�

�2
1 + �2

⎛
⎜⎝1 + η3√

�2
1 + �2

⎞
⎟⎠

= −
[

atan(1) − atan(η1/�) + η3√
2�

]
. (C20)

And the third integral is

I3 =
∫ �

η2

A2(�,�2, η3)d�2

=
∫ �

η2

d�2
−�

�2
2 + �2

⎛
⎜⎝1 + η3√

�2
2 + �2

⎞
⎟⎠

= −
[

atan(1) − atan(η2/�) + η3√
2�

]
. (C21)

Lastly, the fourth integral is

I4 =
∫ η2

�

A2(η1,�2, �)d�2

= atan(�/η1) + π

2
−

√
2η1

�
− 2atan(η2/η1). (C22)

After summing them up, we obtain

I =
4∑

i=1

Ii = π

2
−

√
2

�
(η1 + η2 + η3), (C23)

giving the unitary evolution matrix as below

U = exp

(−i

2
Iσz

)
= exp

(
−i

(π

4
− ε

)
σz

)
, (C24)

where

ε = (η1 + η2 + η3)√
2�

+ O(ηi/�)2. (C25)
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In the notation for braiding Majoranas in Kitaev chains, it
becomes

Ubraid = exp
(
−i

(π

2
− ε

)
γ2γ3

)
, (C26)

where

ε = (�L,min + �R,min + μD,min)√
2�

+ O(ηi/�)2. (C27)

A similar calculation can be performed assuming �1,max =
�2,max � �3,max. It yields

ε = 1√
2

(
�L,min

�
+ �R,min

�
+

√
2μD,min

�

)

+ O(ηi/�, �/μD,max ). (C28)
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