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a b s t r a c t 

A cohesive zone-based constitutive model, originally developed to model fracture, is extended to include 

a healing variable to simulate crack healing processes and thus recovery of mechanical properties. The 

proposed cohesive relation is a composite-type material model that accounts for the properties of both 

the original and the healing material, which are typically different. The constitutive model is designed 

to capture multiple healing events, which is relevant for self-healing materials that are capable of gen- 

erating repeated healing. The model can be implemented in a finite element framework through the use 

of cohesive elements or the extended finite element method (XFEM). The resulting numerical framework 

is capable of modeling both extrinsic and intrinsic self-healing materials. Salient features of the model 

are demonstrated through various homogeneous deformations and healing processes followed by appli- 

cations of the model to a self-healing material system based on embedded healing particles under non- 

homogeneous deformations. It is shown that the model is suitable for analyzing and optimizing existing 

self-healing materials or for designing new self-healing materials with improved lifetime characteristics 

based on multiple healing events. 

© 2017 Elsevier Ltd. All rights reserved. 
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. Introduction 

The concept of self-healing is a promising path to enhance

he damage tolerance and extend the lifetime of structural and

unctional materials. Research in the last decade has shown that

elf-healing mechanisms can be incorporated in various mate-

ial classes ranging from polymers to high temperature ceram-

cs ( van der Zwaag, 2008 ). A classical example of an extrinsic self-

ealing mechanism is based on healing capsules (particles) dis-

ersed within the base (or matrix) material as shown in Fig. 1 a.

n an extrinsic system, the healing process is typically activated by

racks that interact with the capsules ( White et al., 2001; Kessler

t al., 2003; Carabat et al., 2015 ). Such capsule-based self-healing

echanism finds its application in materials that otherwise do not

ossess the capacity to repair damage. Other extrinsic self-healing

aterials involve hollow fibers filled with healing agents ( Pang

nd Bond, 2005a; Dry, 1994 ) and microvascular networks with
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istributed healing agents ( Toohey et al., 2007 ). Among the ex-

rinsic self-healing mechanisms, the encapsulated particle-based

ystem has been widely investigated ( Blaiszik et al., 2010; Wik-

or and Jonkers, 2011; Van Tittelboom and De Belie, 2013 ). The

ncapsulation-based healing concept may lead to a desirable au-

onomous self-healing behavior for the system (base material plus

ealing agent), but it is typically limited by the finite amount of

he healing agent which often precludes multiple healing, at least

n the location where the healing agent has been consumed. Mi-

rovascular network-based self-healing systems offer the possibil-

ty of multiple healing after repeated damage events by enhanc-

ng the supply of the healing agent. In contrast with extrinsic

elf-healing material systems, in intrinsic self-healing materials the

ealing action is due to the physio-chemical nature of the mate-

ial itself, as illustrated in Fig. 1 b ( Bergman and Wudl, 2008 ). Such

aterials have the natural capability of repairing the damage more

han once ( Sloof et al., 2016 ). 

Though extensive research has been conducted in realizing such

aterial systems experimentally, efforts to develop computational

odels that could simulate fracture and healing have been scarce.

imulation-based design guidelines can be used to optimize self-

ealing systems. Consequently, the goal of the present work is to

evelop a computational framework to model the effect of crack

ealing behavior on the mechanical performance of the material

r the structure under consideration. The modeling and computa-

https://doi.org/10.1016/j.ijsolstr.2017.11.004
http://www.ScienceDirect.com
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Fig. 1. Schematic of (a) a capsule-based extrinsic self-healing material: a matrix crack is attracted towards the healing capsule, which upon fracture releases the healing 

agent into the crack, resulting in crack healing and (b) an intrinsic self-healing material: the healing agent is available directly from the material chemical composition. The 

material that fills the crack is typically different than the matrix material for both the extrinsic and intrinsic cases. 
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m  
tional framework is kept sufficiently general such that it is capable

of analyzing both extrinsic and intrinsic self-healing materials. 

In the context of a capsule (or fiber)-based extrinsic self-healing

system, there are two critical aspects that need to be addressed in

order to achieve a robust self-healing system. Firstly, a crack initi-

ated in the host (or matrix) material should be attracted towards

the healing particle (or fiber) and further should break the parti-

cle for healing to occur. A schematic of such self-healing material

and the associated healing mechanism is shown in Fig. 1 . Crack-

particle interaction, which is a crucial aspect to successfully trig-

ger the healing mechanism, has been analyzed parametrically in

Ponnusami et al. (2015a , 2015b) to generate design guidelines for

the selection of the healing particles in terms of their mechan-

ical properties. Other studies in the literature have utilized ana-

lytical and numerical techniques to investigate the interaction be-

tween the crack and the healing particles or capsules ( Zemskov

et al., 2011; Gilabert et al., 2017; Šavija et al., 2016 ). The second

critical aspect in a self-healing system, relevant for both extrinsic

and intrinsic mechanisms, is centered on how the material recov-

ers its mechanical properties once the healing mechanism is acti-

vated in or near the fracture surfaces. In particular, the recovery of

load-carrying capability as a function of healing parameters, crack

length and capsule properties is a subject of importance but has

not received adequate attention in the literature yet. Consequently,

one main focus of the current research is to simulate the recovery

of mechanical properties of the self-healing system. 

Research effort s have been made in the literature to model the

mechanical behavior of materials taking both fracture and heal-

ing into account. Most of the existing models adopt a continuum

damage mechanics-based approach whereby cracking and healing

are interpreted as a degradation or recovery of material stiffness

and strength ( Barbero et al., 2005; Voyiadjis et al., 2011; 2012;

Mergheim and Steinmann, 2013; Darabi et al., 2012; Xu et al., 2014;

Ozaki et al., 2016 ). The common feature of these models is that the

internal variables describing the continuum degradation and heal-

ing of the material refer to the effective behavior of (unresolved)

cracking and healing events. Correspondingly, details at the level of

individual cracks are not explicitly taken into account. However, a

direct description at the level of individual cracks and healing par-

ticles is desirable in view of designing or fine-tuning a self-healing

material. 

Cohesive zone-based approaches have also been proposed for

modeling crack healing. Unlike continuum damage models, the ad-

vantage of the above cohesive zone approaches is that the material

damage is treated in a discrete manner as cohesive cracks, which

allows for explicit modeling of crack evolution and its healing. In

Maiti and Geubelle (2006) , crack healing is simulated through an

artificial crack closure technique by introducing a wedge into the

crack. The methodology is implemented in a finite element frame-
ork using cohesive elements for simulating fracture and a contact

aw that enforces the conditions for crack healing or retardation.

n Schimmel and Remmers (2006) a Mode I exponential cohesive

one model is proposed to simulate crack healing by introducing a

ump in crack opening displacement. After model verification, they

pplied the framework to simulate delamination crack healing in

 slender beam specimen to show the capability of the model.

ome limitations of the model are with regard to the multiple

ealing events and their one-dimensionality. In Ural et al. (2009) ,

 cohesive zone model for fatigue crack growth is developed,

hich also considers crack retardation during unloading regimes.

n Alsheghri and Al-Rub (2015) a thermodynamics-based cohesive

one methodology is used to model crack healing behavior by

xtending previous work on continuum damage-healing mechan-

cs ( Darabi et al., 2012 ). The model takes into account the effect

f various parameters such as temperature, resting time and crack

losure on the healing behavior. However, the fracture properties

f the healed zone, upon complete healing, assume the values of

he original material, which is often not the case even for intrin-

ic self-healing materials. Furthermore, the capability of simulating

ultiple healing events is not demonstrated in many of the above-

entioned studies, which is of direct relevance for intrinsic self-

ealing materials or extrinsic systems with a continuous supply of

ealing agent. Other modeling approaches explored in the litera-

ure to simulate crack healing behavior are based on the theory of

orous media ( Bluhm et al., 2015 ) or the discrete element method

 Luding and Suiker, 2008; Herbst and Luding, 2008 ). 

To overcome the limitations in the existing models in the litera-

ure, a generalized cohesive-zone based crack healing model is de-

eloped here, which can be applied to both extrinsic and intrinsic

elf-healing materials. The model is capable of simulating property

ecovery after multiple healing events and is also able to handle

ifferent fracture properties for the healing material as compared

o that of the original material. An additional feature of the model

s that the properties of the healing material may be specified sep-

rately for different healing instances. This is particularly impor-

ant as the recovery of the fracture properties in the healed zone

s not always complete, resulting in varying fracture properties for

ach healing instance that depend, among others, on healing time,

iffusion-reaction characteristics and temperature. It is noted that

he model developed here does not explicitly aim to capture the

ctual healing kinetics, but to simulate the recovery of the over-

ll load bearing capacity as a function of crack filling and fracture

roperties of the filling material. Nonetheless, detailed healing ki-

etics of a material can be coupled to the present model through

racture properties and crack filling behavior to simulate specific

aterials. 

The paper is organized as follows: the proposed crack healing

odel based on a cohesive zone approach and its finite element
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mplementation are described in detail in Section 2 . Verification of

he model is done through basic tests in Section 3 , from which

alient features of the model are demonstrated. Section 4 is de-

oted to the application of the model to a particle-based extrinsic

elf-healing system under mechanical loading. Parametric studies

re conducted to showcase the applicability of the model consid-

ring some realistic scenarios and the results are reported. Con-

luding remarks and further work are highlighted in Section 5 . 

. Modeling of fracture and healing 

A cohesive zone-based fracture mechanics model is extended

o model both the fracture and the healing in a unified consti-

utive relation. In the current fracture-healing framework, the fol-

owing modeling considerations are made. Firstly, the crack healing

odel does not include healing kinetics explicitly, rather the focus

s to develop a methodology to simulate cracking and the recovery

f mechanical integrity upon healing. Consequently, whenever the

ealing process is activated at a location within the cohesive crack,

he resting period is assumed to be sufficiently long such that

omplete healing occurs. This assumption is not necessary per se ,

ut enforced in order to have a specific focus on recovery of me-

hanical properties using a modified cohesive constitutive relation.

onetheless, depending upon the type of healing process involved

n a specific healing material system, appropriate healing kinetics

an be treated separately and coupled with the present framework.

his, in turn, can govern the effect of parameters such as resting

ime and temperature on the degree of healing, which can then

e fed as an input to the present framework through appropriately

efined fracture properties of the healed material phases. This as-

ect of healing kinetics is the subject of companion work by the

uthors and their collaborators. 

In the following subsection, the cohesive crack model without

ealing is discussed first, which is then followed by a discussion on

he cohesive crack healing model. The numerical implementation is

ddressed in the last sub-section. 

.1. Cohesive crack model without healing 

The cohesive zone model employed in this work corresponds

o a bilinear relation given by T , which is a scalar measure of the

raction t transmitted across the cohesive surface, as a function of

, which is a scalar measure of the cohesive surface opening dis-

lacement vector δ. Though several other cohesive relations have

een proposed in the literature, a bilinear relation captures the es-

ential ingredients of most cohesive relations, namely the cohesive

trength σ c and the fracture energy G c , which are viewed as vari-

ble material properties in the present healing model. The traction

 increases with increasing cohesive surface opening displacement

up to a maximum value given by the strength, σ c , and eventu-

lly decreases to zero, at which point the cohesive zone is fully-

eparated in the sense that no (positive) traction can be transmit-

ed across the surface. The initial (increasing) part of the cohesive

esponse is useful in conjunction with cohesive elements but may

e omitted for XFEM implementations where the cohesive rela-

ion is only activated when the critical value σ c is reached. The

rea under the traction–separation curve, which represents the to-

al work per unit area expended in creating a fully-separated crack,

orresponds to the fracture energy G c of the material. 

An effective crack opening displacement variable is introduced

s follows: 

:= 

√ 

〈 δn 〉 2 + γ 2 ( δs ) 2 , (1) 

here δn and δs are, respectively, the normal and tangential com-

onents of the crack opening displacement vector δ resolved in a
oordinate system aligned with the local normal and tangential di-

ections of a crack surface. In (1) , 〈 ·〉 := ( · + | · | ) / 2 refers to the

acaulay bracket and γ is a non-dimensional weighting factor for

he normal and tangential contributions given by 

:= 

δn , 0 

δs , 0 

, 

here δn, 0 and δs, 0 denote, respectively, the crack opening at the

nset of failure for a pure normal and a pure tangential opening

ith respect to the crack surface. 

In order to determine whether the crack opening is increasing

r decreasing due to the external loading process, the following

oading function f is used: 

f = 

ˆ f (�, κ) := � − κ , (2)

here κ is a damage history variable that, at a given time t , cor-

esponds to the maximum value attained by the equivalent crack

pening during a process up to that time, i.e., 

(t) := max 
t̄ ∈ [0 ,t] 

�
(
t̄ 
)

. 

he Karush–Kuhn–Tucker relations for the loading and unloading

onditions can be expressed as follows: 

f ˙ κ = 0 , f ≤ 0 , ˙ κ ≥ 0 , (3)

here ˙ κ indicates the (time) rate of change of the damage history

ariable with ˙ κ > 0 corresponding to an active damage step and

˙ = 0 to an “elastic” step. 

The equivalent crack opening is used to compute the equivalent

raction T as 

 = 

ˆ T (�, κ) = 

⎧ ⎨ 

⎩ 

ˆ g (�) if f = 0 and ˙ κ > 0 , 

ˆ g (κ) 
�

κ
otherwise , 

(4) 

here ˆ g is the effective traction–separation law. The upper and

ower expressions in (4) provide the equivalent traction during, re-

pectively, crack growth and unloading/reloading. 

The specific form of the effective traction–separation law used

n the present work is a linear softening relation, which corre-

ponds to 

 = 

ˆ g (�) = σc 
〈 �f − �〉 
�f − �i 

. (5) 

In the above expression, the parameters �i and �f are, respec-

ively, the equivalent crack opening at the onset of softening and

he maximum equivalent crack opening. These parameters may be

hosen such that, for a given fracture strength σ c , fracture tough-

ess G c and an initial cohesive stiffness K , 

i = 

σc 

K 

, �f = 

2 G c 

σc 
, 

here the initially linearly “elastic” loading up to the fracture

trength in a bi-linear law can be reproduced in (4) by assigning

n initial damage κ(0) = κ0 = �i . The parameters �i and �f are

hosen such that the maximum of the function 

ˆ T in (4) equals the

racture strength σ c and the integral of ˆ T from � = 0 to � = �f 

quals the material fracture energy (toughness) G c . 

After evaluating (4) , the normal and shear tractions can be

omputed as 

 n = 

⎧ ⎨ 

⎩ 

δn 

�
T if δn > 0 , 

K δn if δn < 0 , 

 s = γ 2 δs 

�
T , 

(6) 

.e., for δn ≥ 0, one has that t · δ = T �. 
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2.2. Crack healing model 

The cohesive relation summarized in the previous section can

be extended to formulate a cohesive crack-healing model. The sin-

gle healing case is discussed first, which is then followed by a gen-

eralized model capable of multiple healing events. 

2.2.1. Single healing event 

The proposed crack healing model is a composite-based con-

stitutive model for simulating the recovery of fracture properties

upon activation of crack healing. The traction components of the

composite response, ˜ t n and 

˜ t s , are expressed as a weighted sum of

the traction contributions from the original material, t (0) 
n and t (0) 

s ,

and the healing material t (1) 
n and t (1) 

s , as follows: 

˜ 
 n = w 

(0) t (0) 
n + w 

(1) t (1) 
n ˜ t s = w 

(0) t (0) 
s + w 

(1) t (1) 
s (7)

where the superscripts (0) and (1) represent the original and heal-

ing materials, respectively. The weighting factors w 

(0) and w 

(1) in-

troduced in (7) , which can take values between 0 and 1, are the

primary parameters in the model and can be interpreted as the

surface-based volume fractions of the original and healing mate-

rial respectively at the instance of healing activation. The meaning

of “volume fraction” in this context refers to the fraction of the

crack area occupied by a material per unit crack opening displace-

ment. In a two-dimensional setting, the crack area fraction refers

to the crack length fraction per unit depth. As indicated in (7) , it is

assumed that a partially damaged area that has been healed con-

tains contributions from both the original material and the healing

material. Correspondingly, the weighting factors w 

(0) and w 

(1) are

related to fractions of a partially damaged surface where the orig-

inal material is still capable of transmitting a force (in the sense

of a cohesive relation) while the healing material has occupied

the complementary region. Observe that this assumption implies

that the model is essentially based on an “equal strain” distribu-

tion among the phases (Voigt model), in this case with the crack

opening playing the role of a strain-like variable. Consequently,

the tractions in each phase may be overpredicted compared to a

model based on an “equal stress” assumption (Reuss model), how-

ever the current Voigt-like model preserves kinematic compatibil-

ity whereas a Reuss-like model does not. 

In order to develop the constitutive model, define an energy-

based damage parameter D 

(0) as follows: 

D 

(0) (t) := 

G 

(0) 
d 

(t) 

G 

(0) 
c 

(8)

which represents the ratio between the energy dissipated G 

(0) 
d 

(t)

during decohesion of the original material up to time t and the

fracture energy G 

(0) 
c (work required for complete decohesion of the

original material). In a bilinear cohesive relation, as presented in

Section 2.1 , this parameter may be approximated as 

D 

(0) (t) ≈ κ(0) (t) 

�(0) 
f 

where the initial, undamaged “elastic” response has been neglected

(namely it is assumed in (5) that �(0) 
f 

	 �(0) 
i 

). 

Prior to healing, the cohesive response is characterized by the

cohesive relation of the original material, i.e., with w 

(1) = 0 in (7) .

If a single healing event occurs at a time t = t ∗, the proposed con-

stitutive model assumes that the factor w 

(1) is given by the value

of the energy-based damage parameter at the instance of healing

activation, D 

(0) ∗, i.e., 

w 

(1) = D 

(0) ∗ := 

G 

(0) ∗

d 

G 

(0) 
. (9)
c 
orrespondingly, a value w 

(1) = 0 upon healing activation repre-

ents zero equivalent damaged area fraction of the original mate-

ial at a given material point (i.e., the original material is fully in-

act) while w 

(1) = 1 represents a fully-damaged original material

t a given material point (i.e., the healing material would occupy

he fully damaged material point upon healing). The interpretation

f (9) is that the volume fraction w 

(1) available for the healing ma-

erial in order to fill and heal can be determined from the value of

he energy-based damage parameter of the original material, de-

ned in (8) at the instance of the healing activation. Upon healing

f the available volume fraction w 

(1) , the volume fraction of the

riginal material, w 

(0) , assumes a value equal to 1 − w 

(1) , which

s equal to the equivalent undamaged area of the original material.

onversely, the energy-based damage parameter can be interpreted

s an equivalent damaged area fraction at a given material point

n the context of the cohesive zone framework. A schematic of

he traction–separation relations for a material point under dam-

ge and healing is shown in Fig. 2 depicting the features of the

odel. 

In accordance with (7) and (9) , the effective fracture energy ˜ G c 

f the composite material after healing becomes the weighted sum

f the fracture energies of the original and healing materials, given

s 

˜ 
 c = w 

(0) G 

(0) 
c + w 

(1) G 

(1) 
c . (10)

.2.2. Traction-crack opening relations: original material 

The traction–separation relation corresponding to the origi-

al material after healing is governed by a modified effective

isplacement-based cohesive crack model explained as follows: the

ffective displacement for the original material defined in the con-

entional cohesive zone model is modified by introducing shifts in

ormal and tangential crack opening displacements to take into ac-

ount the effect of healing. These shifts in the crack opening dis-

lacements lead to a modified effective displacement for the orig-

nal material, �(0) , given as 

(0) := 

√ 〈 
δn − δ

(0)* 
n 

〉 2 
+ γ 2 ( δs − δ

(0)* 
s ) 2 , t ≥ t ∗ . (11)

The reason for introducing the shift is as follows: on activation

f a healing process, the healing agent diffuses/flows through the

rack and crack filling occurs thereby (fully or partially) reducing

he crack opening. As a result, the crack opening displacements af-

er complete healing should be considered nominally zero. To sim-

late this process, displacement shifts are introduced into the crack

pening displacements, which make the nominal opening displace-

ent zero upon complete healing. Further, a shift is also applied

n the crack opening history variable, κ , which is reset to its ini-

ial value. This is done to simulate the intact portion of the origi-

al material point, whereas the damaged portion of the considered

aterial point is assumed to be healed by the healing material. 

In a cohesive-zone model, a partially-damaged material has a

on-zero crack opening displacement but it may still be capable of

ransmitting a force. In the present model, if healing is activated

n a partially damaged surface, it is assumed that the process oc-

urs at constant stress provided there is no change in the external

oading. 

The shifts introduced in the normal and the tangential crack

pening displacements for the original material are given as fol-

ows: 

(0) ∗
n = δ∗

n − t ∗n / (w 

(0) K) , 
(0) ∗
s = δ∗

s − t ∗s / (w 

(0) K) . 
(12)

In the above expressions, δ∗
n and δ∗

s are the actual crack open-

ng displacements in the original material at the instant of crack
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Fig. 2. Traction–separation laws of original and healing material, which upon weighted addition, results in a composite cohesive relation for the crack-healing model. 
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ealing activation. As shifts in crack opening displacements are in-

roduced along with restoration of the crack opening history vari-

ble κ , the shifts in crack opening displacements are constructed in

uch a way that the tractions across the cohesive surface maintain

heir continuity. Consequently, the traction components t ∗n and t ∗s 
cross the partially damaged surface remain the same before and

fter healing activation. 

The normal and shear tractions corresponding to the origi-

al material during subsequent loading after healing are then

btained from the corresponding traction–separation relations

4) and (6) using the aforementioned equivalent opening �(0) , i.e., 

 

(0) 
n = 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

( δn − δ
(0)* 
n ) 

�(0) 
T (0) if δn > δ(0) ∗

n , 

K( δn − δ
(0)* 
n ) if δn < δ(0) ∗

n , 

 

(0) 
s = γ 2 ( δs − δ

(0)* 
s ) 

�(0) 
T (0) . 

(13) 

.2.3. Traction-crack opening relations: healing material 

Similar to the original material, the traction–separation rela-

ions corresponding to the healing material are governed by a

odified equivalent displacement variable, �(1) defined as 

(1) := 

√ 〈 
δn − δ

(1)* 
n 

〉 2 
+ γ 2 ( δs − δ

(1)* 
s ) 2 , (14) 

here δ
(1)* 
n and δ

(1)* 
s are shifts applied to the traction–separation

elation of the healing material. The shifts are introduced into the
rack opening displacements of the healing material following the

ame approach as for the original material. The main difference is

hat the healing material is assumed to transmit zero load at the

nstant of healing activation. Thus, the shifts in crack opening dis-

lacements for the healing material are the actual crack opening

isplacements at the instant of healing activation, i.e., 

(1) ∗
n = δ∗

n 
(1) ∗
s = δ∗

s . 
(15) 

imilar to the approach adopted for the original material after

ealing, the normal and tangential traction components corre-

ponding to the healing material are obtained from an equiva-

ent traction T (1) of the corresponding traction–separation relations

4) and (6) using the equivalent opening �(1) , i.e., 

 

(1) 
n = 

⎧ ⎪ ⎨ 

⎪ ⎩ 

( δn − δ
(1)* 
n ) 

�(1) 
T (1) if δn > δ(1) ∗

n , 

K(δn − δ(1) ∗
n ) if δn < δ(1) ∗

n , 

 

(1) 
s = γ 2 ( δs − δ(1) ∗

s ) 

�(1) 
T (1) . 

(16) 

t is worth noticing that, in both the original and healing mate-

ial phases, the shifts in the crack opening displacements are ap-

lied at the component level, i.e., individually on the normal and

angential components. The composite tractions ˜ t n and 

˜ t s , given in

7) , are obtained through a rule-of-mixtures approach analogous to

n equal strain assumption used for composite materials (in this

ase an equal crack opening assumption) with material-specific re-

ponses given by (13) and (16) . This approach provides sufficient
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flexibility to specify separate material properties and fracture be-

havior for the original and healing materials. 

2.2.4. Multiple healing events 

The approach presented in the previous section can be ex-

tended to account for multiple healing events. This generalization

is capable of dealing with a complex history of (partial) crack-

ings and healings. In the sequel, the index p refers to the number

of healing events, ranging from 0 to m , with the convention that

p = 0 represents the undamaged original state. The index p may

also be used to represent the healing material phase that is formed

during the p th healing event, again with the convention that p = 0

corresponds to the original material. At the end of the m th healing

event, the composite-like traction components ˜ t 
[ m ] 
n and 

˜ t 
[ m ] 
s of the

multiply-healed material are given by 

˜ 
 

[ m ] 
n = 

m ∑ 

p=0 

w 

[ m ](p) t (p) 
n ˜ t [ m ] 

s = 

m ∑ 

p=0 

w 

[ m ](p) t (p) 
s (17)

where t 
(p) 
n and t 

(p) 
s are the normal and tangential traction compo-

nents of the p th material phase and w 

[ m ]( p ) is the volume fraction

of the p th material phase (index in parentheses) present or created

at the m th healing event (index in square brackets). The relation

given in (17) is a generalization of (7) for the case m > 1. For mod-

eling purposes, a separate index is assigned to each new healing

material created at the p th healing event even though the actual

materials (chemical composition) may be physically the same. The

purpose is to keep track of their individual evolutions throughout a

complex loading and healing process starting at possibly different

states (i.e., every healing instance is recorded separately). In accor-

dance with the proposed constitutive model for the single healing

event, it is assumed that the volume fraction w 

[ m ]( p ) of the p th ma-

terial phase is related to the energy-based damage parameter of

that phase prior to the m th healing event, which can be expressed

recursively as 

w 

[ m ](p) = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 

1 for p = m = 0 , 

w 

[ m −1](p) (1 − D 

[ m ](p) ) for 1 ≤ p < m , 

m −1 ∑ 

p=0 

w 

[ m −1](p) D 

[ m ](p) for 1 ≤ p = m . 

(18)

In the above expression, D 

[ m ]( p ) is the value of energy-based dam-

age parameter D 

( p ) corresponding to the p th healing phase at the

m th healing event. With this notation, the term D 

(0) ∗ in (9) can

alternatively be expressed as D 

[1](0) to indicate the value of the

energy-based damage parameter evaluated at the instant at which

the first healing event is activated. It is also to be noted that the

sum of all w 

[ m ]( p ) is equal to 1, where p ranges from 0 to m . 

The fracture energy ˜ G 

[ m ] 
c of a multiply-healed composite-like

crack, which is a generalization of (10) for m > 1, corresponds

to the weighted sum of the fracture energies of the phases p =
0 , . . . , m − 1 available before healing activation and the fracture en-

ergy of the latest formed healing material p = m, i.e., 

˜ G 

[ m ] 
c = 

m ∑ 

p=0 

w 

[ m ](p) G 

(p) 
c . (19)

At the m th healing event, there are m + 1 material phases at a

material point within the cohesive zone for which the tractions

in each phase are governed by the corresponding cohesive rela-

tions. The shifts in the crack opening displacements are obtained

for each phase such that the continuity of the tractions is main-

tained within each phase, similar to the equations for the shifts

given by (12) and (15) . 
For subsequent use, the expressions for the volume fractions

 

[ m ]( p ) in the case of two healing events are obtained explicitly

rom (18) with m = 2 , i.e., 

w 

[2](0) = w 

[1](0) (1 − D 

[2](0) ) = (1 − D 

[1](0) )(1 − D 

[2](0) ) , 

 

[2](1) = w 

[1](1) (1 − D 

[2](1) ) = D 

[1](0) (1 − D 

[2](1) ) , 

 

[2](2) = w 

[1](0) D 

[2](0) + w 

[1](1) D 

[2](1) 

= (1 − D 

[1](0) ) D 

[2](0) + D 

[1](0) D 

[2](1) . (20)

he damage in the original material up to the first healing event

s reflected in the value D 

[1](0) whereas the subsequent damage in

he original material and the first healing material is accounted for,

espectively, through the values D 

[2](0) and D 

[2](1) . The correspond-

ng composite traction and fracture energy after the second healing

vent can be computed from (17) and (19) . 

.3. Numerical implementation 

The cohesive crack healing model described above can be im-

lemented in a finite element framework using cohesive elements

or using an XFEM approach). In the context of a finite element

olution procedure performed using a Newton–Raphson iterative

pproach, the contribution of the cohesive elements to the global

tiffness matrix is provided by their element-wise consistent tan-

ent matrix, which corresponds to the derivative of the traction

ector with respect to the crack opening displacement. With re-

pect to a local coordinate system normal (n) and tangential (s)

o the crack, the components of the tangent matrix are, in view of

17) , given by the weighted constitutive (material) tangents of each

hase p , i.e., 

∂ ̃  t [ m ] 
i 

∂δ j 

= 

m ∑ 

p=0 

w 

[ m ](p) 
∂t (p) 

i 

∂δ j 

, i = n, s , j = n, s . (21)

orrespondingly, the tangent matrix of the composite-like model

equires the individual contributions from the phases. The expres-

ions for the constitutive stiffness tangents depend on the loading–

nloading conditions, as indicated in (3) , applied separately for

ach phase p . 

nder softening condition: 

For f (p) = 0 and ˙ κ(p) > 0 , the components of the consistent

angent matrix for the phase p are obtained, assuming that �(p) 
i 



(p) 
f 

, from (4), (5), (11) and (13) , as follows: 

∂t (p) 
n 

∂δn 
= σ (p) 

c 

[ 

1 

�(p) 
− 1 

�(p) 
f 

−
〈
δn − δ(p) ∗

n 

〉2 
(�(p) ) 3 

] 

, 

∂t (p) 
s 

∂δs 
= γ 2 σ (p) 

c 

[ 

1 

�(p) 
− 1 

�(p) 
f 

−
γ 2 

(
δs − δ(p) ∗

s 

)2 

(�(p) ) 3 

] 

, 

∂t (p) 
n 

∂δs 
= 

∂t (p) 
s 

∂δn 
= −

γ 2 σ (p) 
c 

〈
δn − δ(p) ∗

n 

〉(
δs − δ(p) ∗

s 

)
(�(p) ) 3 

. 

nder unloading/reloading conditions: 

For f ( p ) < 0 and ˙ κ(p) = 0 , the components of the consistent tan-

ent matrix are, assuming that �(p) 
i 


 �(p) 
f 

, given as 

∂t (p) 
n 

∂δn 
= σ (p) 

c 

[ 

1 

κ(p) 
− 1 

�(p) 
f 

] 

, 

∂t (p) 
s 

∂δs 
= γ 2 σ (p) 

c 

[ 

1 

κ(p) 
− 1 

�(p) 
f 

] 

, 

∂t (p) 
n 

∂δs 
= 

∂t (p) 
s 

∂δn 
= 0 . 
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Fig. 3. Three element model: an initially zero thickness cohesive element placed in 

between two continuum two dimensional plane strain elements. 
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he case of the initial “elastic” behavior can in principle be treated

ormally as a reloading case by assigning an initial damage κ(p) 
0 

=
(p) 
i 

. However, since in the previous formulas the term �(p) 
i 

has

een neglected, the tangent matrix can be separately specified as 

∂t (p) 
n 

∂δn 
= 

1 

γ 2 

∂t (p) 
s 

∂δs 
= K , 

∂t (p) 
n 

∂δs 
= 

∂t (p) 
s 

∂δn 
= 0 , 

here K is the cohesive stiffness, assumed in this case to be the

ame for all phases. 

. Model evaluation and testing 

In this section, the model is tested using a simple three-

lement mesh as shown in Fig. 3 , in which a single zero-thickness

ohesive element is placed between two continuum elements of

ize 20 μm × 20 μm each. Several aspects are considered to study

he behavior of the model, which include different loading condi-

ions, number of healing events, properties of the healing material

nd the degree of damage. 

.1. Fracture and healing in monotonic straining 

In the first set of test simulations, the three-element system is

ubjected to various monotonic straining conditions to study the

ehavior of the cohesive element under damage and healing. The

oading conditions are prescribed through applied displacements

s shown in Fig. 3 . The time history of the specified displacement

s shown in Fig. 4 a, which corresponds to a three-stage deforma-

ion, namely (i) a nominally mode-I opening stage involving a lin-

ar increase in applied deformation, (ii) a rest period with heal-

ng at the maximum deformation reached in the first stage and

iii) a resumption of the mode-I deformation. In all the simula-

ions, it is assumed that complete healing occurs at the end of the

ero loading-rate time period (rest period). The post-healing be-

avior of the cohesive element corresponds to the third stage. For

he present model, the actual duration of the rest period has no

irect effect on the simulations since the healing kinetics are not

odeled explicitly; only the state of the healing material upon re-

umption of the loading is relevant. However, the healing period

s indicated in the time history for clarity and to emphasize that

ealing is, in general, a process with time scales comparable to

and sometimes larger than) the time scales associated to mechan-

cal loading. 

For the conditions assumed in the simulation, the evolution of

he stress in the cohesive zone in a three-element system only de-

ends on the fracture properties but not on the elastic properties
f the bulk material. The fracture properties of the original and

ealing materials are given as 

(0) 
c = 100 MPa , σ (1) 

c = 75 , 100 MPa , �(0) 
f 

= �(1) 
f 

= 2 μm . 

s indicated above, two values are considered regarding the frac-

ure strength σ (1) 
c of the healing material, namely a lower strength

ompared to the original material (chosen as 75% of σ (0) 
c ) and an

qual strength (100%). The healing materials and the original ma-

erial have the same final crack opening �f . In principle, it is pos-

ible to consider the case of a healing material that has a higher

trength, but in order to study that situation, it is more relevant to

arry out an analysis with more than one cohesive element where

 secondary crack is allowed to initiate elsewhere. 

The effective traction as a function of time is shown in Fig. 4 b

or both values of the fracture strength of the healing material.

s shown in the figure, the traction in the cohesive element ini-

ially increases up to the value equal to cohesive strength σ (0) 
c 

f the original material and then decreases as a result of dam-

ge evolution. Complete failure occurs when the crack opening

eaches the critical crack opening for failure �(0) 
f 

of the original

hase. Afterwards, the crack opening continues to grow due to the

xternally-imposed deformation at essentially zero stress. As indi-

ated in Fig. 4 a, healing is activated at t = 100 s (and is assumed

o be completed at t = 300 s). Correspondingly, a shift in the crack

pening of δ(1) ∗
n = 3 μm and δ(1) ∗

s = 0 is taken into account and

he loading is resumed. The maximum load is reached at the corre-

ponding value of the fracture strength of the healing material σ (1) 
c 

or both cases considered (75% and 100%). The loading continues in

he softening (degradation) regime until the healing material com-

letely fails, which occurs when the shifted crack opening is such

hat �(1) = �(1) 
f 

. 

The effect of the damage due to loading and the recovery due

o healing can be seen in Fig. 4 c in terms of the relevant damage

ariables as a function of time. During the first stage of loading, the

amage variable D 

(0) of the original material increases from 0 to 1,

hich indicates that the original material undergoes full damage.

he healing process in the second stage is not modeled explicitly

ut rather provided as input for the cohesive model to analyze the

ecovery of strength. During that process, the damage variable D 

(0) 

f the original material remains at 1 while the damage variable

 

(1) of the healing material becomes active with an initial value

qual to zero (no damage). During the third stage of the process,

he damage variable D 

(1) of the healing material increases from 0

o 1, hence at the end of the loading process the healing material

s also fully damaged. 

The results of the simulation can also be reported in terms of

he traction across the cohesive interface as a function of the crack

pening displacement as shown in Fig. 4 d. Although the loading

rocess in this example is relatively simple, it illustrates the im-

ortance of using the shift in the crack opening variable to prop-

rly simulate the evolution of stress during healing. Indeed, as may

e observed in Fig. 4 d, the material follows the expected cohesive

esponse starting from the value �(1) = 3 μm as a new origin after

ealing. 

.2. Multiple healing of a partially-damaged material 

The next example to illustrate the features of the model per-

ains to multiple healing of a partially-damaged material. In this

ase, the material is loaded and healed according to the applied

eformation shown in Fig. 5 a. As indicated in the figure, the ma-

erial is initially extended and undergoes partial damage. Subse-

uently, the material is healed and the loading is resumed, which

enerates partial damage of the original and the healing mate-

ial. The material then experiences a second healing event before
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Fig. 4. Case 1: Illustration of response of cohesive element under monotonic straining, healing and further straining. The response includes the cases of healing materials 

with fracture strengths equal 75% and 100% of the strength of the original material. 
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loading is resumed until final failure. In this simulation, the frac-

ture strength of the healing materials are chosen as σ (1) 
c = σ (2) 

c =
0 . 75 σ (0) 

c with the actual values as indicated in the previous sub-

section. 

The evolution of the effective (com posite) normal traction 

˜ t 
[ m ] 
n 

and the phase-weighted tractions w 

[ m ](p) t 
(p) 
n are shown in Fig. 5 b

as a function of time. The effect of healing on the fracture strength

is reflected in the distinct peak values of the response. The first

peak corresponds to the fracture strength σ (0) 
c of the original ma-

terial. The second peak lies between the one of the original ma-

terial and the healed material since the original material was not

fully damaged before healing was activated, hence it partly con-

tributes to the effective (composite) fracture strength. In that case

the strength is w 

[1](0) t (0) 
n + w 

[1](1) σ (1) 
c , with t (0) 

n being the stress

on the original material at the instant that the stress on the first

healing material reaches its critical value. Similarly, the third peak

contains contributions from the three phases that are active at that

instant, namely it is given by w 

[2](0) t (0) 
n + w 

[2](1) t (1) 
n + w 

[2](2) σ (2) 
c ,

with t (0) 
n and t (1) 

n being the stresses on the original and first heal-

ing material at the instant that the stress on the second healing

material reaches its critical value. 
a  
The evolution of the damage parameter for each phase is shown

n Fig. 5 c, where it can be seen that the rate of damage per phase

ecreases as the number of active phases increases (i.e., the dam-

ge gets distributed among the different phases, with the largest

ate corresponding to the most recently created phase). The effec-

ive traction–separation relation for multiple healing of a partially-

amaged material is shown in Fig. 5 d. The effective fracture energy,

s given by (19) , depends on the number of healing events and the

olume fractions w 

[ m ]( p ) . As may be inferred from Fig. 5 d, the to-

al fracture energy of the material, measured as the area under the

urve, increases as a result of the healing process compared to the

riginal material. 

.3. Unloading after healing of partially-damaged material 

In order to validate the unloading features of the cohesive

odel, the three-element system is subjected to a loading and

ealing process as indicated in Fig. 6 a. In this case the material

s extended, undergoes partial damage followed by healing, after

hich extension is resumed and finally the material is unloaded.

he unloading is specified in terms of displacement, which ends

t the displacement for which the stress vanishes. The fracture
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Fig. 5. Case 2: Illustration of response of cohesive element considering partial damage and healing. The fracture strength of the healing material is assumed to be equal to 

75% of that of the original material. 

Fig. 6. Case 3: Partial damage, healing, partial damage and unloading. The fracture strength of the healing material is assumed to be equal to 75% of that of the original 

material. 
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Fig. 7. Geometry and finite element model of a unit cell of an extrinsic self-healing material. The unit cell is subjected to a nominal mode I loading. A small precrack is used 

to guide a matrix crack towards the particle. A layer of cohesive elements is placed to allow for crack propagation in a predefined direction given by the initial precrack. 
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strength of the healing material is taken as σ (1) 
c = 0 . 75 σ (0) 

c . The ef-

fective traction as a function of crack opening is shown in Fig. 6 b.

As may be observed in the figure, upon unloading, the stress re-

turns elastically to zero along the corresponding unloading curve

of each phase, which depends on the damage parameter of the

specific phase. The stress is zero at the crack opening displacement

at which healing occurred according to the shift parameters given

in (12) and (15) . 

Other loading cases, not shown here for conciseness, indicate

that the model is able to predict the behavior under complex se-

quences of mixed-mode loading, unloading and healing. The ap-

plication of the healing cohesive model under non-homogeneous

conditions is analyzed in the following section. 

4. Application to particle-based extrinsic self-healing material 

In this section, the cohesive healing model is applied to a unit

cell of an extrinsic self-healing material in which a single heal-

ing particle is embedded within a matrix material as shown in

Fig. 7 . In extrinsic systems, the particle contains a healing agent

(i.e., the material contained inside the particle) that is normally

protected by an encapsulation system to prevent premature acti-

vation of the healing process. The working principle of this sys-

tem is that the healing mechanism is activated when a crack that

propagates through the matrix interacts with the particle, usually

breaking the encapsulation and allowing transport of the healing

agent through the crack. Some self-healing system may involve

auxiliary materials that are necessary for triggering and/or partic-

ipating in a subsequent chemical reaction to create the final form

of the healing material. The present simulation assumes that any

additional substance required for the process is readily available in

the matrix material (e.g., free oxygen transported by diffusion re-

quired for oxidation as found in self-healing thermal barrier coat-

ings Sloof et al., 2015 ). Distinct cohesive relations can be used at

different spatial locations (matrix, particle, matrix–particle inter-

face), hence phase-specific fracture properties can be specified for

the healing agent inside the particle and the healing material that

appears in the cracks after activation of the healing mechanism. 

As shown in Fig. 7 , the unit cell used in the simulations is

an L × L domain with a circular particle of a diameter d = 2 r. For

simplicity a two-dimensional computational domain under plane

strain conditions is chosen, meaning that the particle should be in-

terpreted as prismatic (fiber in the out-of-plane direction). Despite

this interpretation, the model is assumed to be qualitatively repre-

sentative of a spherical particle albeit with a different volume frac-

tion. In the simulations, the length is chosen as L = 75 μm and the
iameter as d = 10 μm, which corresponds to a nominal (in-plane)

article volume fraction of 14%. In the finite element mesh, cohe-

ive elements are inserted along a horizontal plane in the mid-

eight of the model, by which the crack is allowed to propagate

long the pre-defined path. In principle, arbitrary crack growth can

e modeled by inserting cohesive elements along all bulk elements

n mesh, although that approach is not required for purposes of the

resent study ( Ponnusami et al., 2015b ). The finite element mesh

s sufficiently resolved so that proper discretization of the cohesive

one is ensured. Displacement-driven nominal mode I load is ap-

lied by specifying vertical displacements at the corner nodes on

he right side of the domain while the corner nodes at the left are

xed as shown in the figure. Both the matrix and the healing par-

icle are assumed to be isotropic and linearly elastic up to fracture.

or the sake of simplicity, the material properties (both elastic and

racture) of the matrix and the healing particle are kept the same

nd the values are given as follows: 

E m = E p = 150 GPa , νm = νp = 0 . 25 , 

σ m 

c = σ p 
c = σ (0) 

c = 400 MPa , G 

m 

c = G 

p 
c = G 

(0) 
c = 100 J/m 

2 
, 

here E and ν refer to Young’s modulus and Poisson’s ratio, re-

pectively, and the superscripts m and p refer to the matrix and

he particle, respectively. Since the properties of the particle and

he matrix are assumed to be equal, the original material, as indi-

ated by the superscript 0, refers to either the particle or the ma-

rix depending on location. The interface between the particle and

he matrix is assumed to be perfectly bonded and interface frac-

ure is taken not to occur. It is worth pointing out that in general

he elastic and fracture properties of the healing particle and the

atrix are different, which in fact decide whether a matrix crack

ould break the healing particle or not. This aspect of a matrix

rack interacting with healing particles of different properties com-

ared to the matrix is dealt in detail in Ponnusami et al. (2015b )

ut is not relevant for the simulations presented in this section.

nstead, emphasis is placed here on how the crack healing behav-

or affects the recovery of mechanical properties of the material

ystem. Further, as indicated above, the fracture properties of the

ealing particle in its initial state are in general different than the

roperties of the healing material that fills the cracks, which are

pecified separately as explained in the sequel. 

Several parametric studies are conducted to evaluate the be-

avior of the unit cell and the results in terms of global load-

isplacement response are reported in the following subsections.

n the first subsection, simulations are conducted to study the ef-

ect of variations in the fracture properties of the healing mate-

ial. In the second subsection, a parametric study is performed to
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Fig. 8. Healing under unloaded condition: applied loading to unit cell and reaction force as a function of applied displacement for various values of the fracture properties 

of the healed material. 
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nderstand how does the available amount of healing agent affect

he crack healing behavior. In the third subsection, multiple heal-

ng events are simulated and the resulting load-displacement re-

ponse is reported. 

.1. Effect of properties of healing material and healing conditions 

The fracture properties of the healing material, formed as the

esult of the healing process, are often different from the surround-

ng host material. The fracture properties of the healed zone de-

end on the time available for healing and the properties of the

ealing product. A second aspect that is relevant for the healing

rocess is the loading conditions during healing. Healing is a pro-

ess that typically requires time to occur, and the efficiency of the

rocess is often connected to providing a sufficiently long “rest

ime” in which the loading rate is zero and chemical reactions have

ufficient time to be completed. However, even if a sufficient “rest

ime” is provided, the (constant) loading state influences the sub-

equent material response of the healed material. In this section,

wo representative loading states during healing are considered,

amely healing under zero-stress (unloaded) conditions and heal-

ng under fixed applied displacement (constant load during heal-

ng). Different properties for the healing material are considered

or each loading state during healing. 

.1.1. Healing under unloaded condition 

In the literature, most experimental studies deal with test pro-

ocols in which the sample is unloaded and allowed to return to

ts unstrained state, hence healing occurs under unloaded condi-

ions ( Kessler et al., 2003; Brown et al., 2002; Williams et al.,

0 07; Pang and Bond, 20 05b; Song et al., 20 08 ). In order to an-

lyze the predictions of the model under similar conditions, the

nit cell shown in Fig. 7 is subjected to a loading and healing se-

uence as indicated in Fig. 8 a. Under this loading, the specimen

s partially fractured and then unloaded. Healing is allowed to oc-

ur in the unloaded condition, which is then followed by reload-

ng of the healed specimen. The response of the unit cell in terms

f the applied vertical displacement and the corresponding reac-

ion force is shown in Fig. 8 b for various fracture properties of the

ealing material, namely σ (1) 
c /σ (0) 

c , G 

(1) 
c /G 

(0) 
c = 0.25, 0.5, 0.75 and

, where the superscript 1 refers to the healing material. As shown

n Fig. 8 b, the curve corresponding to equal properties of the heal-

ng and original material predicts a recovery of the response af-

er healing similar to that of the original material. The next three
urves correspond to lower values of the fracture properties of the

ealing material and hence the load-displacement curves fall be-

ow that of the original material after healing. 

It is to be mentioned that, after healing, recracking occurs along

he same path as the initial crack. This is due to the fact the frac-

ure properties of the healing material are lower than or at least

qual to that of the original material properties. Nonetheless, if

he properties of the healing material are higher than that of the

riginal material, the crack would propagate along a different path

hich is weaker than the healed zone. However, the recovered

oad-displacement response would be similar to the one with the

ame fracture properties, as the crack is traversing along the origi-

al material. 

.1.2. Healing under constant load condition 

In situations of practical interest, healing may occur under a

on-zero load, which implies that the crack opening is non-zero

s the healing material fills the crack gap. To study the effect of

he loading state during healing on the post-healing response of

he material, simulations are carried out according to the load-

ng sequence shown in Fig. 9 a. In this case, the specimen is (par-

ially) fractured, allowed to heal at a constant applied displace-

ent and subsequently reloaded. As in the previous case (healing

t unloaded conditions), four different fracture properties of the

ealing material are considered, given by the strength and fracture

nergy ratios σ (1) 
c /σ (0) 

c , G 

(1) 
c /G 

(0) 
c = 0.25, 0.5, 0.75 and 1. The load

arrying capability of the healed specimens is shown in Fig. 9 b,

hich indicates the reaction force of the unit cell as a function of

he applied vertical displacement. 

For each set of material properties of the healing material, the

tate of the specimen is the same prior to healing. After healing at

 constant crack opening profile, the specimen recovers its load-

arrying capability as shown in Fig. 9 a. It can be observed that the

ost-healing force peak is higher than the force peak of the origi-

al material for the case when the healing material has the same

racture properties of the original material. This result is partly due

o the equal strain kinematic assumption of the Voigt-like compos-

te model, as indicated in Section 2.2.1 , which tends to overpredict

he force response. It is anticipated that a more complex compos-

te model, which preserves both linear momentum and kinematic

ompatibility, would predict a lower post-healing peak. Although

he present model provides an upper estimate of the post-healed

ehavior, it allows to compare the effect of the state of the mate-

ial during healing on the post-healing behavior. In particular, the
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Fig. 9. Healing under constant loading condition: applied loading to unit cell and reaction force as a function of applied displacement for various values of the fracture 

properties of the healed material. 

Fig. 10. Unit cell specimen at the final state of the applied loading given in Fig. 9 a. Representative local response curves illustrate how the introduction of a shift in the 

(local) crack opening displacement accounts for the proper origin upon resumption of the load after healing. 
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post-healing failure in the case of healing under loaded conditions

is more sudden (i.e., qualitatively more brittle, see Fig. 9 b) com-

pared to the case of healing at an unloaded state (see Fig. 9 b), ex-

cept when the properties of the healing material are relatively low.

To gain more insight in the healing process under constant

crack opening profile, the local response curves at selected loca-

tions are shown in Fig. 10 for the case when the properties of

the healing material are σ (1) 
c /σ (0) 

c = G 

(1) 
c /G 

(0) 
c = 0 . 5 . As can be

observed in the figure, the crack openings at the instant of heal-

ing depend on location, with increasing values towards the side

where the opening load is applied. Observe that some points un-

dergo healing from a fully-failed state, some from a partially-failed
tate and some points that are cracked at the end of the loading

rocess experienced no healing since they had not failed at the in-

tant at which healing was activated. 

After healing, the effective crack opening displacements become

ero in the healed zone due to the displacement shifts introduced

n the model to account for crack filling. However, modeling of the

rack gap filling and healing is only done implicitly through the

hift in crack opening displacements, whereby the new material is

ot explicitly modeled as an additional material (or mass) entering

he system. 
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Fig. 11. Effect of filling efficiency: applied loading to unit cell and reaction force as a function of applied displacement for various values of healed areas. 
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.2. Degree of crack filling and healing 

In the previous subsection, it was assumed that the healing par-

icle, upon fracture, releases an amount of healing agent (denoted

s V h ) that is sufficient for complete filling of the crack opening

olume (or crack opening area in two dimension, denoted as V c ).

owever, depending on the amount of available healing material,

he geometrical characteristics of the crack and the mode of trans-

ort, it may occur that the crack is only partially filled, which is

 key factor affecting the healing characteristics and hence the re-

overy of mechanical properties. In this section, the effect of the

atio V h / V c of healing agent available to the required healing agent

or complete filling is studied. Here, the volume of required healing

gent for complete crack filling refers to the total crack volume at

he instance of healing activation. The ratio considered is generic

nd its interpretation in a specific self-healing material system re-

uires understanding of its healing characteristics. For instance, the

mount of healing material produced as the result of the healing

rocess is directly related not only to the volume of the healing

article, but also the reaction kinetics of the healing process. For

xample, in one of the extrinsic self-healing systems reported in

he literature, the healing agent within the particle produces heal-

ng material through increase in volume by oxidation under high

emperature conditions ( Sloof et al., 2015; Ponnusami et al., 2015a ).

ence, the term V h means here the volume of the healing product

ormed as the result of the healing process, which is used for heal-

ng the crack. The notion of complete or partial filling, measured

y the ration V h / V c , refers to the amount of crack gap filled with

ealing material regardless of the fracture properties of the healing

aterial. 

Simulations are conducted for four different healing processes

ith filling efficiencies of V h /V c = 1, 0.75, 0.5 and 0.25. In all

ases the properties of the healing material are taken as σ (1) 
c /σ (0) 

c ,

 

(1) 
c /G 

(0) 
c = 0.75. The specimens are loaded according to the

equence indicated in Fig. 11 a and the corresponding force–

isplacement curves are shown in Fig. 11 b. To interpret the results

or partial filling, it is useful to indicate the spatial location where

ealing occurs, which is shown in Fig. 12 . As indicated in the fig-

re, filling is assumed to take place in the zone adjacent to the

ealing particle. 

The curve shown in Fig. 11 b corresponding to a complete fill-

ng (filling ratio V h /V c = 1 ) represents the highest possible recov-

ry of the load-carrying capability for the given fracture proper-

ies of the healing material. As expected, the recovery of the load-

t  
arrying capability decreases with decreasing filling ratios V h /V c =
 . 75 , 0 . 5 , 0 . 25 . One relevant difference between the effect of a de-

rease in filling efficiency and a decrease in the fracture properties

f the healing material for a fixed filling efficiency is that in the

atter case the initial slope of the post-healed behavior remains the

ame for distinct fracture properties whereas in the former case

he initial slope decreases with decreasing filling efficiency (com-

are Figs. 9 b and 11 b). In the simulations shown in Fig. 11 b, the

nitial post-healing slope reflects the increase in compliance due to

urely geometrical effects. The un-healed portion of the crack fa-

ilitates the (elastic) deformation of the specimen. This effect may

otentially be used in the interpretation of experimental curves as

n indication of partial filling of a crack. 

.3. Multiple healing events 

Some materials with intrinsic self-healing capacity (such as

AX phases), may undergo multiple healing events whereby a

rack is healed on multiple occasions ( Li et al., 2012; Sloof et al.,

016 ). In extrinsic systems, multiple healing may occur in cases

here there is an external supply of healing material, but also in

article-based systems when inactivated particles (or portions of

artially activated particles) can still supply healing material for

n additional healing event. In this section, it is assumed that the

article in the unit cell shown in Fig. 7 is capable of providing suf-

cient healing material for two healing events. The specimen is

ubjected to a loading and healing process as shown in Fig. 13 a.

he ratio of crack opening volume (or area) to the available heal-

ng material volume is assumed to be 1 for both healing events,

esulting in complete filling of the crack. The fracture properties

f the healing material after the first healing event are taken as

5% of those of the original material, while for the second healing

vent, the properties are taken as 50% of that of the original mate-

ial, hence σ (1) 
c /σ (0) 

c , G 

(1) 
c /G 

(0) 
c = 0.75 and σ (2) 

c /σ (0) 
c , G 

(2) 
c /G 

(0) 
c =

.5. This assumption is meant to implicitly represent a degradation

n the quality of the healing material after the first healing event. 

The reaction force on the unit cell is shown in Fig. 13 b as a

unction of the applied vertical displacement. As can be observed

n the figure, the load carrying capacity may be (partially) recov-

red multiple times provided that the self-healing mechanism sup-

lies sufficient healing material for multiple healing events. Al-

hough a single healing event can naturally extend the lifetime of

 material, a more significant extension can be achieved in a ma-

erial capable of multiple self-healing repairs, even if the quality of

he healing material degrades during subsequent healing events.
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Fig. 12. Specimen showing the healed cohesive cracks for various degrees of crack filling. For the purpose of clarity, the deformed specimen has a scaling factor of 3. 

Fig. 13. Effect of multiple healing: applied loading to unit cell and reaction force as a function of applied displacement for two healing events. 
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The model developed here may be used for design purposes to op-

timize the characteristics of a healing particle and/or a cluster of

healing particles by further investigating convenient particle char-

acteristics or particle arrangements that provide the capacity of

multiple healing events. This may be achieved by, for example, em-

bedding particles large enough to serve as a reservoir for multiple

healing events or by placing a cluster of particles that may be ac-

tivated sequentially as cracks re-appear in a material at adjacent

locations. Although those studies are beyond the scope of the cur-

rent work, the present model may be employed to simulate the

recovery of strength and fracture energy under complex loading

histories. 

5. Summary and outlook 

A cohesive zone-based computational framework for analyzing

self-healing materials is presented to model the recovery of me-

chanical properties. Salient features of the composite model are

demonstrated through several test simulations. In particular, the

capability of the model to simulate multiple healing events and

handling different fracture properties of the healing material for

each healing event is relevant for analyzing several realistic self-

healing materials. The model can be applied for either extrinsic

or intrinsic self-healing material systems with an appropriate cou-

pling to healing kinetics in each case. 
For a unit cell of an extrinsic self-healing material, the simu-

ations show that the recovery of the load carrying capacity upon

ealing depends both on the fracture properties of the healing ma-

erial that fills the cracks as well as the filling efficiency, which

ay be seen as a geometrical characteristic. Further, it is found

hat the post-healed behavior of a material healed under loaded

onditions appears to be more brittle than for a material healed

nder unloaded conditions, although this conclusion is based on

he assumption that the healing material has the same fracture

roperties in both cases, which may not be necessarily the case

n some self-healing materials. The simulations also indicate that

he characteristics of the initial post-healing response in a force-

isplacement diagram may be used as an indicator of the filling

fficiency of a healing event whereby an initial response similar to

hat of the original material corresponds to maximum crack fill-

ng efficiency regardless of the fracture properties of the healing

aterial. A decrease in the initial post-healing force-displacement

lope compared to the initial slope of the original material is an

ndication of an incomplete filling process, again regardless of the

racture properties of the healing material. 

The developed framework does not explicitly model the crack

ealing kinetics, rather the results of the healing process are pro-

ided as input parameters to the model. Nonetheless, the coupling

f crack healing kinetics into the model is in principle straightfor-

ard in the form of the amount of healing material produced as

he result of the healing process, which is then geometrically re-
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ated to the crack volume healed. For modeling purposes, it is also

ossible to treat the properties of the healing material as a variable

uring multiple healing events to implicitly account for a continu-

us degradation in the healing quality. In general, the model may

e used for designing new self-healing material systems with the

apacity of undergoing multiple healing events and, correspond-

ngly, extending significantly the lifetime of a material with mini-

al external intervention. 
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