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1 | INTRODUCTION

In the theory of applied fractional calculus, boundary value problems for periodic!~® and anti-periodic’-'° boundary con-
ditions play an important role. They often occur in mathematical models of the real-world problems, for example, in
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2 Wl LEY FECKAN ET AL.

epidemiology, ecology, physics, and material sciences (see Kilbas et al'' and Podbulny!?). This motivates the in-depth
study of these types of problems aiming to prove existence and/or uniqueness of their solutions.

Among the already known results in study of the periodic FBVPs including the construction of an explicit solution are
those obtained in previous studies.>= For instance, Fe¢kan and Marynets* study the BVP

SDPx(t) = f (£, x(1)), p € (0, 1), 1)
x(0) = x(T), )

where ng is the generalized Caputo fractional derivative with lower limit at 0 (see Podbulny'? and Zhou'?),t € [0, T], x :
[0,T] — D, f : G —» R" are continuous functions, G := [0,T] X D and D C R" is a closed and bounded domain.
Under assumptions that function f in the system (1) is bounded by a constant vector M = (M, M,, ... ,M,)T € R" and
it satisfies the Lipschitz condition with a non-negative real matrix K = (k; j)f,jzl, they construct a sequence of functions
{xm(t,%0)} given by

t

Xon(£, %0) —x0+r—(p) / (t = P £ (5. X1 (5, X0))ds — (%)P / (T = $P~L£(5,Xon1 (5. %0))ds | 3)
0

that satisfies both the differential equation (1) and the boundary conditions (2). Moreover, they prove that the sequence (3)
converges uniformly to the exact solution of (1), (2).
This approach was extended in Fe¢kan and Marynets® to the study of a mixed order FDS

CDPx = £(t,x(0), W(1),

(S (0, 1], 4)
D1y = g(t,x(b), y(1)), (

subjected to periodic boundary conditions
x(0) = x(T), y(0) = ¥(T), (5)

with its further application to the fractional-order Duffing equation.*
The most general case of the periodic FBVP was studied in Fe¢kan et al,> where the authors looked at the differential
system
sDPx(t) = f(t,x(t)), p € (m,m+1), m €N, (6)

with periodic boundary conditions
x(0) = x(T),
X' (0) = x'(T),
(7
x(m)(o) x(m)(T)

wheret € [0, T], T > 0, x € C"™([0, T], D), D c R"is open, f € C(G,R"), G := [0, T] X D. They did not only construct an
iterative scheme for approximation of solutions to (6), (7) in the form

o Ti-1 t _
X1 (D) = &o + J; T [Bj (;) _Bj] m / (T — $)P™ f(s,xx(5))ds

T
(p _ m)Tm—j+1

—-m-1
To-7+2) / (T — sy~ f (s, %c(s))ds @®)

-

1
F( )/(t—S)p 1, xk(S))dS——p e+ 1)

/(T P f (8, Xk (s))ds,

k=o0,1, ...,
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FECKAN ET AL. Wl LEY 3

for B; being Bernoulli numbers (see Sebah and Gourdon'®) but also proved some asymptotic results, based on the
Landesman-Lazer-type conditions.

Even though these results provide us with solutions to the periodic FBVPs, but the conditions we put on the right-hand
side of the studied FDEs and on the domain itself are very restrictive.

Motivated by Wang et al,” in this paper, we prove existence and uniqueness of solutions to a higher order FDE in all
R, using techniques of the topological degree (for details, see Gaines and Mawhin'®). The outline of the paper is the
following. In Section 2, we formulate the problem setting and prove some auxiliary existence and uniqueness result for a
simplified FDE, where the right-hand side does not depend on the unknown function. Section 3 contains the main result
that shows existence and uniqueness of solutions of the studied problem.

2 | HIGHER ORDER PERIODIC FBVP

2.1 | Problem setting

Consider the Caputo-type fractional differential equation
SDIx(t) = f(t,x(), g € (m—1,m), m € N, 9)
subjected to periodic boundary conditions of the form
x®0) =x®(T), ke 0,m -1, (10)
where t € [0,T], with T > 1,x € C™ ([0, T],R), f € C([0, T],R) and ng being the generalized Caputo fractional

derivative with lower limit at 0 (see Podbulny'2).
Assume that X = C([0, T]) is a Banach space with a maximum norm

x|| = max {|x(®)|, |X )], ..., |x" D@},
[1xI| te[O,T]{| ®1, X' @I | oI}

and let us define operators
L£:domL - X and N : X - X,

with
dom( = {x e ([0, T]) : SDx(t) € X, x¥(0) = x¥(T), k € 0, m = 1} ,
as follows:

£x := {Dlx and N (x)(t) 1= f(t,x(1)).
Then, periodic FBVP (9), (10) can be rewritten in an operator form

Lx = N(x),x € domL.

2.2 | Auxiliary results and explicit solution

Consider now an auxiliary periodic FBVP:
cDix(t) = 2(t), g € (m = 1,m), m € N, €8]

x®0) = x®(T),k € 0,m — 1, (10)

with the right-hand side being independent of x(t).
For the problem (11), (10), the following result holds.
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4 Wl LEY FECKAN ET AL.
Theorem 1. The mapping L : domL C X is a Fredholm operator of index zero. Furthermore,
T
ImL =4z€X : / (T —5)1"Mz(s)ds =0,
; (12)
ker £ = {constant functions}.
So if a function z € ImL, that is, it satisfies a relation:
T
/ (T —$)T™z(s)ds = 0, (13)
0
then a unique solution x : [0, T] — X of the FBVP (11), (10) with (13) is given by
m—1
x(t) = I92(t) = ) bit*, (14)
k=0
where
-1
Ng-m+2) ,,_ N
bo = leq mHA(T) — q@-m+1) kz Blg-m+1,k+ 1)kak, (15)
=1
1 m—1 k!
bjy1 = ————— |I977%(T) - — b T |, j=0,m -3, 16
j+1 (j+1)!Tl (T) k§2<k—f>’ k ] j (16)
1
bp_1 = ———I1T""2xT), 17
m—1 m—1'T z(T) 17)

withBg-m+1,k+1) = Ng(—;f;—m

operator of order p, defined by'?

t
1
Pyt) 1= — / (t = )P y(s)ds.
L'(p)
0
Proof. By Lemma 2.2 in Zhang® for ¢ > 0, the general solution of the homogeneous FDE

Du(t) = 0

is given by
ut) =by+bit+ ... +bpit™, m=[q]+1,

where b;, 0, m — 1 are real constants.

being the Beta function'? and IPy(t) is a Riemann-Liouville fractional integral

Moreover, using the result of Lemma 2.3 from Zhang,” we deduce that the general solution of the perturbed

equation (11) has the form (14), where coefficients by, k = 0, m — 1 to be defined.
From the (m — 1)th derivative of solution (14), we obtain

xmD() = 177 g(1) — (m = 1) by
Thus, in order for the boundary condition

x"=D(0) —x"(T) = 0

85UB017 SUOWIWOD BAITeaID 8|gedl(dde au Ag peusenob ae sejoiie WO ‘8sn J0 Se|n Joy Aelq i auluQ 481N UO (SUOIIPUOD-pUe-SWLB)W0o" A8 | 1M AfeIq 1 PU1|UO//SANY) SUONIPUCD PUe SWe | 8yl 8es *[£202/20/ST] Lo ARigi7auliuo Ae|IM ‘Yied N Aq 2606 BWL/Z00T OT/I0p/W0d" A8 1M Akelq1puljuoy//:sdny wouy pepeojumod ‘0 ‘9/7T660T



FECKAN ET AL.

to hold, function z(¢) in the right-hand side of the FDS (11) should satisfy the relation:

/ (T —)T"z(s)ds =0
0

On the other hand, assume z € X satisfying (18), and let

m—1

x(f) = I%(t) — Z btk

k=0

(18)

Itis easy to prove that x(t), defined by (14), satisfies the rest of the periodic boundary conditions (10), or thatx € domCZL.

Indeed, substitution of (14) into the first boundary condition in (10) (for k = 0) gives:

m-1

x(0) — x(T) = —by — I92(T) + by + b, T + 2 b T* =

k=2
1 m-1
b, = o llqz(T) - 2 kak] .
k=2
For k = 1, we get
m—1
X'(0) =X/ (T) = =by = I"'2(T) + by + 2b,T + ) kb T =0
k=3
m—1
b 17T kb T*!
2= 5z l «T) - k}_} K ]
For 2 < j < m — 3, we have
m-1 '
x(J)(O) X(J)(T) 117D+ (j + D!Thj41 + Z (kk )'b Tk—j =0,
k=j+2
1 & k!
bjy1 = —— (97T b TF/
"= T l T) - _212 T ]

Fork=m -2,
X"72(0) = x"(T) = 19" DT + (m — 1)!byp T = 0,
1

by = ————
YT m=-D'T

[17Mm=27(T),

19)

(20)

(21

(22)

Thus, we conclude that function x(¢), defined by the relation (14), satisfies periodic boundary conditions (10), where

parameters by, k = 1,m — 1 are in the form (16), (17). In addition, it follows that
ImL =4z X : / (T —5)1"z(s)ds =0

Consider now two linear operators P : X — X and Q : X — X defined by

Px(t)=(@q—-—m+ 1)/ (T — )T ™x(s)ds, t € [0, T],

(23)

4
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6 Wl LEY FECKAN ET AL.

and
T

Qz(H)=(@q-m+1) / (T — )T ™z(s)ds, t € [0, T1. (25)
0

For x € X, we get
T T
PPx)=Pl(@—m+1) / (T-5)1"x(s)ds|=(@q—-m+1) / (T — 5)T™"x(s)ds = Px.
0 0

Thus, P? = P. Similarly, we obtain that Q> = Q. Note that ImP = ker £ and ker Q = ImL.
From the relation

indC = dimker £ — codimker £ =0,

it follows that L is the Fredhold operator of index zero.
Since x € ker P, that is,

T
g—-m+1) / (T —5)T"™x(s)ds = 0, (26)
0
we deduce that
T
m—1
/ (T —s)0™ llqz(s) —bo— ) bkskl ds = 0, (27)
0 k=1
and thus,
m—1
I'g—-m+2
by = (qTq_':n”‘H ) pamely 7y _ (g —m +1) > Bg—m+1k+ b T, (28)
k=1

where by, k = 1,m — 1 are defined by (16), (17).
Substituting by into (14), we obtain the unique solution to the FBVP (11), (10). O

Example. To verify the result of Theorem 1, consider a periodic FBVP of the form:

ED25x(t) = =3t +2 (:=z(1), t € [0,1], (29)

x(0) = x(1), X'(0) = x'(1), x"(0) = x" (1), (30)

where m = 3.
It is easy to check that function z(t) satisfies condition (13), and thus, solution x(t) of (29), (30) can be written in the
form:

x(t) = I*%z(t) — by — b1t — byt?,

where parameters b;, i = 0, 2 to be calculated following the process presented in the proof of Theorem 1.
Using mathematical software Maple 2022, we find that

352
+

n 8
b() = = TA? 1= ’ bz = s
2105 105+/7 15v/x

and thus, solution x(t) of the periodic FBVP (29), (30) can be written as

_QR435 25 _ 2 _ _ 0.5 _ 15
X(t) = 961> + 224t 112t — 16t — 704rn 1057« ' (1)

210+/7
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FECKAN ET AL. Wl LEY 7

Direct substitution of (31) into (29), (30) shows that x(t) indeed satisfies both. As an additional verification, we use the
fact that integration of the FDE (29) leads to a solution of the form:

x(t) = x(0) + tx'(0) + gx”(o) + I%37(1). (32)

Substituting (31) into (32) and comparing its left- and right-hand sides, we conclude that they coincide.
Thus, we have demonstrated on a concrete example of a periodic FBVP that under conditions of Theorem 1, solution to
the problem indeed has the form (14) with coefficients b;, i = 0, m — 1 being calculated according to formulas (15)—(17).

3 | EXISTENCE RESULT
Consider now a projection P : X — X defined by

T

Px(t)y=(@—-m+1) / (T — )T ™x(s)ds, t € [0, T]. (33)
0

Let us set Q = I — P and note that kerQ = ker £ and ker P = Im£L. Additionally, we denote by £L™! : kerP —
ker P ndom£L C X an inverse operator given by (14).
The following existence result holds.

Theorem 2. Assume that there exist positive constants M, and kg such that | f(t,x)| < My, fort € [0,T], x € R, and

either
T T

/ (T —$)T™f(s,x)ds > 0, Vx > ko, / (T —$)T™f(s,x)ds < 0, Vx < —ky,
0 0

(34)
or

T T
/ (T -5)T"f(s,x)ds < 0, Vx > ko, / (T —s)T™™f(s,x)ds > 0, Vx < —ky.
0 0

Then, the problem (9), (10) has at least one solution.

Proof. From Theorem 1, it follows that function x(t) is a solution of the periodic FBVP (9), (10) if and only if PN (x) = 0
and then Qx = L7'Q N (x), which is equivalent to an equation

Tx)=PN @) +0x— LTTON(x) = 0. (35)

Note that Ox — £L'QN(x) € ker P.
Next, we will show that the operator 7 : X — X is completely continuous.
Let B C X be a bounded set. By the assumption that | f (¢, x(t))| < My, for x € B, we deduce

t m—1
7301 < i [ =911 xo)lds + ool + 3 bl
0 k=1 (36)
m—1
. 1 I'(g—m+2) I'(q—m+2) 1 o
<MT ll“(q+1)+l“(2q—m+2)+k§ F(q—m+k+2)F(q—k)+k!F(q—k) H= My
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8 Wl LEY FECKAN ET AL.

Indeed, calculations show that the following estimates hold:

t t
1 NS ﬂ/ -l Myt M, T?
I {(t )T f(s,x(s)|ds < ) 0 (t—9)1"ds= Tq+ D < Tq+D

™
(m—DIT(g

b | T <

T
2
_ —-m+1
_m+2)/(T T £ (5,x(9))lds
0

T
m—2

< Wl / (T — )1+ ds = M, T ,

m-1DT(q—m+2) (m-DII(g—m+3)

0

and thus,
|bm—1| < Ml Tq_m+1 . 1 < Mqu_m+1
T m-DI@-m+1) (@-m+2(g-m+1) m-DIT(g-m+1)
|bmz| < M, T [ 1 + 1 < M, T :
T (m=-2)I'(g-m+2) |(q-m+3)(g-m+2) 2(g-m+2) m-2)I'(g—m+2)
[bm—s| < M, T [ 1 + 1 {—1 + l} + l] < M T )
m-=-3)T'(gq—m+3) |[(q—-m+3)(g—m+4) 2! | (g—m+3) 2! 3! (m-=3)T'(q—m+3)

Continuing computations further, we obtain that

Mqu—j L —
bjl < ————,j=1lm-1,
T I - )
|b|<F(q—m+2)M1T‘1 ’E T'(q — m+ 2)M; T4
="T2q-m+2) Tg-m+k+2(q-k)

k=1

Furthermore, calculations show that the inequality holds:

t
m—1
(001 < gy [ €= 1 xonlds + 3 bl
0 37)
1w 1
q-1 | _* I —
=Mt lnq) * 2 G- k)] =M
Hence, for t1, t; € [0, T], we conclude that
b
[(Tx)(t) — (Tx)(t)] < / [(TX) (s)|ds < Ms(t; — ty). (38)
L

This proves that 7 is equicontinuous on [0, T]. Hence, by Arzela-Ascoli theorem, the operator 7 : X — X is
completely continuous.

Now, we need to show that there exists at least one solution x € C[0, T'] satisfying (35). For this purpose, we take a
homotopy

T,0) = PN (x) + Qx — ALT'QN (%), 4 €[0,1], (39)

and consider the set
Q={xeX: ||Px|l <k, [19x]| <k},

for
ki =ko+ ks, k= ||£_1||||Q||M1 +1
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FECKAN ET AL. Wl LEY 9

Then, we claim
T,(x) # 0, Vx € 0Q. (40)

Indeed, if 7;(x) = 0 for ||Qx|| = ks, then
I£7HIQNM +1 = ky = [|Qx]| = |ALT'QN )|l < 171 Q1I1My,
which is a contradiction. If 7;(x) = 0 for ||Px|| = k1, then
|x(O)] = |Px| — ||Qx|| > k1 — k2 = ko,

and

T

0= / (T = )T f(s,x(s))ds # O,
0

by (34), which is again a contradiction.
Thus, we have

deg(7,Q,0) = deg(7p, 2, 0) = deg(PN + Q,Q,0)

T
=deg(PN,Qnker N,0) = deg / (T — $)I~™ f (s, x)ds, (=ko, ky),0 | = +1 # 0.
0

This means that the operator 7 has at least one zero point in Q, which implies that (9), (10) has at least
one solution. O

We present an example. Consider the Caputo-type fractional differential equation
SDIx(t) = p tanhx(t) + vcost, g € (m—1,m), m € N, (41)
for u,v € R\{0} and subjected to periodic boundary conditions
x®0) =xP2r),k € 0,m—1. (42)

Weseta =q—m € (0,1). Then, T = 27, f(x,t) = utanhx + vcost, and hence,

2 2 27 2z
/ Qr —9)*f(s,x)ds = / 2z —s)*(utanhx + vcoss)ds = u tanhx/ Qr—s)*ds+v / 2z — s)* cos s)ds
0 0 0 0

2r 2z

2 a+1 2 a+l
= /4( ) tanhx+v [ s*cossds—y_i00 = /4( ) +v [ s%cossds.

o+ a+1

0 0

Thus, condition (34) is satisfied if it holds
2z 2
) (2”)2(a+1)

+1v2| [ s*cossds| <O,
(a4 1)? /
0

which is equivalent to
2

(;x -')_a}rl / s* cossds| =
Vs

< M (43)
[v|

a a 3
F (1;—+1,—+—;— 2)
by Thy Ty

0
where 1 F; is a generalized hypergeometric function. By applying Theorem 2, we arrive at the following result.
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FIGURE1 Graph of (43). [Colour figure can be viewed at wileyonlinelibrary.com]|

Theorem 3. If condition (43) holds, then (41) with (42) has a solution.

Using the expansion

2r
(o9

(27[)2k+a+1
a ds = -1 k ,
/OS coS 545 kz::;( Gkt atl)

we can approximately compute (43) with the graph on Figure 1.

4 | SYSTEMS OF FDE

The result of Theorem 2 can be generalized to the case of systems of FDEs. So we consider the case f € C([0, T], R") for
n > 2. Then, conditions (34) need to be modified by evaluating the quantity |x| instead of x itself. To be more concrete,
we have the following results.

Theorem 4. Assume that there exist positive constants My and ko such that | f(t,x)| < My, fort € [0, T], x € R" such
that

T
/ (T =5)T"f(s,x)ds # 0, V|x| > ko, (44)
0
and
T
deg / (T — )™ f(s,x)ds, B(ky),0| # 0, (45)
0
forthe ball B(ko) = {x € R" : |x| < ko}. Then, the problem (9), (10) has at least one solution.

Proof. The result follows directly from the proof of Theorem 2. O
Theorem 5. Assume there is a scalar product (-,-) : R" x R" — R and a positive constant kg such that

T
/(T =)™ f(s,x)ds,x) # 0, V|x| > ko. (46)
0

Then, the problem (9), (10) has at least one solution.

Proof. We apply Theorem 4. Clearly, (46) implies (44). Since the set {x € R" : |x| > ko} is connecting, we have the
following two possibilities:
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1. foT (T — s)T™™( f(s,x)ds,x) > 0, V|x| > ko. Then, we derive

T T
A / (T=5)T"f(s,x)ds+ (1 - Ax|= /l/ (T =)™ f(s,x)ds,x) + (1 — A)(x,x) > 0,
0 0

for 4 € [0,1] and |x| > ko. This implies

T
deg / (T — )T f(s,x)ds, B(ko),0 | = deg (I, B(ko),0) =1 # 0.
0

Hence, (45) holds.
2. [T (T = )9( f(s,%)ds,x) < 0, ¥|x| > ko. Then, we derive

T T
A / (T—9)T"f(s,x)ds—(1— x| = /1/ (T — )T f(s,x)ds,x) — (1 — D)(x,x) <0,
0 0

for A € [0,1] and |x| > ko. This implies

T
deg / (T — s)™ f (s, x)ds, B(ko), 0 | = deg (—I, B(ko),0) = (=1)" # 0.
0

Hence, (45) holds. The proof is finished.
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