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Abstract. In recent years, industrial controllers for modern wind turbines have been designed as a combined
wind speed estimator and tip-speed ratio (WSE-TSR) tracking control scheme. In contrast to the conventional
and widely used Kω2 torque control strategy, the WSE-TSR scheme provides flexibility in terms of controller
responsiveness and potentially improves power extraction performance. However, both control schemes heavily
rely on prior information about the aerodynamic properties of the turbine rotor. Using a control-oriented linear
analysis framework, this paper shows that the WSE-TSR scheme is inherently ill-conditioned. The ill-conditioning
is defined as the inability of the scheme to uniquely determine the wind speed from the product with other
model parameters in the power balance equation. Uncertainty of the power coefficient contribution in the latter
mentioned product inevitably leads to a biased effective wind speed estimate. As a consequence, in the presence of
uncertainty, the real-world wind turbine deviates from the intended optimal operating point, while the controller
believes that the turbine operates at the desired set-point. Simulation results confirm that inaccurate model
parameters lead to biased estimates of the actual turbine operating point, causing sub-optimal power extraction
efficiency.

1. Introduction
Wind energy plays a crucial role in the global energy mix as its installed power capacity continues
to increase [1]. After the Glasgow climate summit, the net-zero emissions targets set for the
middle of the century pose ambitious goals for the wind industry [2]. To efficiently achieve these
goals, the sizes of wind turbines increase dramatically. Larger turbines together with a more
flexible rotor assembly and support structure result in a rising demand for optimization of wind
turbine controllers [3].

Modern wind turbines usually employ a variable-speed variable-pitch (VS-VP) operating
strategy, and thereby use generator torque control to maximize energy capture in below-rated
operating conditions [4, 5]. Until recently, the most common partial load wind turbine torque
control strategy is the so-called Kω2 controller, being a fixed mapping as a function of the
generator speed [6]. This control scheme has a predefined control responsiveness and relies
heavily on modeled aerodynamic rotor characteristics. As a partial solution, current practice
in industrial controllers for modern turbines is to use a combined wind-speed estimator and
tip-speed ratio (WSE-TSR) tracking control scheme.

The TSR tracker aims to maximize and improve on power extraction by employing a
dynamical controller implementation, allowing for an adaptable control responsiveness compared
to the conventional Kω2 controller [7, 4]. The WSE-TSR tracking control scheme typically
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includes a wind speed estimator, that, like the Kω2 controller, relies on information about
aerodynamic rotor characteristics and other (environmental) properties. Inaccuracy in this
information inevitably leads to biased wind speed estimates, resulting in sub-optimal turbine
operation by the TSR tracking controller.

This paper shows that the WSE-TSR tracking control scheme is still highly dependent on
prior information about the wind turbine. More specific, the TSR tracker lacks information when
coupled with a wind speed estimator giving rise to the so-called ill-conditioning described in this
paper. This ill-conditioning prevents a unique estimation of the wind speed from the product
with other model parameters in the power balance equation, and hinders the determination of
the true turbine operating point. For the case under study, uncertainty in the power coefficient
mapping results in a biased wind speed estimate from the actual effective wind speed. Because
the estimated wind speed is subsequently used in the calculation of the feedback signal to the
TSR tracker, this difference results in sub-optimal operational performance of the real-world
turbine. In contrast, the controller believes to satisfy the desired optimal operating condition.

To the authors’ knowledge, no detailed study of the WSE-TSR tracking control scheme is
available in the literature. To this end, the current research outlines how the framework is
generally implemented and thereby presents the following contributions:

• Formalizing the problem of ill-conditioning, showing that this leads to steady-state biased
wind speed (and thus tip-speed ratio) estimates and thus sub-optimal power tracking.

• Providing an analytical frequency-domain framework which gives an in-depth analysis of
the working mechanisms of the controller, and which is used to analyze the problem of
ill-conditioning.

The paper is structured as follows: Section 2 gives a mathematical overview of the WSE-TSR
tracking control scheme together with the assumptions made when analysing the scheme. The
problem of ill-conditioning is formalized in Section 3. Section 4 presents the frequency-domain
framework used to analyze the WSE-TSR scheme and the problem of ill-conditioning by deriving
the most relevant transfer functions. Both a time-domain and a frequency-domain analysis of
the framework is performed in Section 5 for different uncertainty in the modeled parameters.
Finally, Section 6 summarizes the main findings and recommendations for future work.

2. Methodology
While the exact implementation might differ between turbines, the general framework of the
WSE-TSR control scheme is outlined in this section and is used for analysis throughout the
paper. As illustrated in Figure 1, the framework consists of the wind turbine, the rotor-effective
wind speed estimator and the controller. The red box highlights the real wind turbine system
with two inputs (the generator torque Tg, and the wind speed V ), and with two outputs (the
rotational speed ωr, and the TSR λ). The measured Tg and ωr are used to estimate the rotor-

effective wind speed V̂ and to calculate an estimate of the TSR λ̂, in the estimator block. The
estimated TSR is then fed back to the controller block to close the loop. By applying the
TSR tracking control scheme, the turbine is ideally forced to operate at the optimal TSR λ∗,
which corresponds to the rotor operating point for maximum power extraction efficiency C∗

p.
In the following subsections, the wind turbine, the wind speed estimator and the controller are
presented in detail together with the assumptions made when analysing the framework.

2.1. Assumptions
The first step in analysing the framework is the formulation of the assumptions, under which
the WSE-TSR tracking control scheme is operated.



The Science of Making Torque from Wind (TORQUE 2022)
Journal of Physics: Conference Series 2265 (2022) 032085

IOP Publishing
doi:10.1088/1742-6596/2265/3/032085

3

Assumption 1. The WSE-TSR tracking scheme is analysed in the below-rated region with a
constant (fine-)pitch angle β, where the power coefficient Cp(·) is solely a function of the tip-
speed ratio λ := ωrR/V , with R being the rotor radius, ωr the measured rotor speed, and V the
rotor-effective wind speed.

Assumption 2. The generator torque Tg, and the rotational speed ωr, are measured signals and
the wind speed V , is an unknown positive signal.

Assumption 3. The equivalent inertia of the low-speed generator shaft J , the air density ρ,
and the rotor swept area Arot, are equal for the real wind turbine and for the estimator.

Assumption 4. The drive-train efficiency η, which is defined as the ratio between the generator
power and the rotor power, is set to 1.

+Turbine

Real system 

-
+

Estimator

PI
-+

PI

Controller

-

Figure 1: Block diagram of the WSE-TSR control framework: the wind turbine (i.e. the real
system), the tip-speed ratio (TSR) tracker (i.e. the controller) and the wind speed estimator.

The wind speed estimate V̂ , is used to calculate an estimation of tip-speed ratio λ̂, which in
turn is employed as a feedback signal to close the loop by the TSR tracking controller.

2.2. Wind turbine
The dynamics of the wind turbine are given by

Jω̇r = Tr − TgN , (1)

where J is obtained from the relation J = JgN
2 + Jr. The inertias of the generator and rotor

are Jg and Jr, respectively, and N := ωg/ωr represents the gearbox ratio of the transmission
with ωg being the generator speed. According to Assumption 1, the aerodynamic rotor torque
is given by

Tr :=
1

2
ρArot

V 3

ωr
Cp(λ) . (2)

2.3. Estimator
The rotor-effective wind speed is estimated based on the extended Immersion and Invariance
(I&I) estimator with a Proportional and Integral (PI) correction term [8, 9], which is illustrated

in Figure 2. Note that V̂ indicates the estimated wind speed, while V̄ corresponds to the
steady-state wind speed. Given Assumption 2, the wind speed estimator can be formulated as
follows  J ˆ̇ωr = T̂r − TgN

ϵωr = ωr − ω̂r

V̂ = Kp,wϵωr +Ki,w

∫ t
0 ϵωr(τ)dτ

, (3)

with t being the present time, τ the variable of integration, Kp,w the proportional gain and Ki,w

the integral gain of the estimator. By adding the integrator, the extended formula given by
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Equation (3) forces the error ϵωr to converge to zero, providing consistent estimates of not only
the wind speed, but also of the rotor speed ω̂r [8]. The estimated aerodynamic torque is defined
as

T̂r :=
1

2
ρArot

V̂ 3

ωr
Ĉp(λ̂) . (4)

In this case, Ĉp is the estimated power coefficient and the nonlinear mapping Ĉp(·) is a function

of the estimated TSR λ̂ := ωrR/V̂ .

+

-
+

Estimator

PI
-

Figure 2: Block diagram of the extended I&I estimator with a Proportional and Integral (PI)
correction term [8, 9]. The measured generator torque Tg, and rotational speed ωr, are used to

estimate the rotor-effective wind speed V̂ , and to calculate an estimate of TSR λ̂.

2.4. Control strategy
A simple PI controller, acting on the TSR error, ϵλ := λ∗ − λ̂, is used to calculate a generator
torque demand to track λ∗ as

Tg = Kp,cϵλ +Ki,c

∫ t

0
ϵλ(τ)dτ , (5)

where Kp,c and Ki,c are the proportional and integral gains of the TSR tracking controller,
respectively [4].

3. Formulation of the ill-conditioning
Upon closer inspection, the framework is found to be ill-conditioned. This section reveals the
cause of the ill-conditioning, and thus formulates the problem.

Ideally, in steady-state conditions and under Assumption 4, when the TSR tracker is applied,
the actual aerodynamic rotor power Pr, equals the desired power Pd, that results as a set-point
from the control scheme. This observation is mathematically formalized by:

Pr = Pd → 1

2
ρArotV

3Cp(λ) =
1

2
ρArotV̂

3Ĉp(λ̂) . (6)

With Assumption 3, Equation (6) is simplified as:

V 3Cp(λ) = V̂ 3Ĉp(λ̂) . (7)

Subject to a WSE-TSR tracking control scheme and in steady-state, Equation (7) should
always be satisfied. Whilst the wind-speed-power-coefficient product is uniquely estimated,
the individual values of the power coefficient and the wind speed cannot be uniquely estimated
due to a lack of information in the framework, giving rise to the so-called ill-conditioning.
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To further illustrate the effect of the ill-conditioning in the definition of the estimated
quantities, the uncertainty in the model parameters is represented by:

V̂ :=
V

γ1/3
, and Ĉp(λ̂) := γCp(λ) , (8)

with γ being a constant uncertainty factor. When Ĉp(λ̂) differs from Cp(λ) then V̂ will be
biased to satisfy Equation (7). This is what defines the ill-conditioning problem when a WSE-
TSR tracking control scheme is implemented. As will be shown in Sections 4 and 5, such
ill-conditioning may introduce significant effects on the WSE-TSR tracking control scheme.

4. Frequency-domain framework
This section provides the analytical frequency-domain framework used to describe the working
mechanisms of the WSE-TSR tracking control scheme, and to evaluate the problem of the ill-
conditioning. To analyze the control scheme in the frequency domain, the dynamics of the
nonlinear system are linearized at a specific operating point, defined by (ω̄r, V̄ ). The relevant
transfer functions are then derived and provided for the individual and combined subsystems in
the subsequent sections. The resulting frequency-domain framework takes into account model
uncertainty (Equation (8)) to study the problem of the ill-conditioning.

4.1. Wind turbine rotor dynamics
By applying Equation (1) at the linearization point and in terms of the Laplace variable s, an
expression for the dynamic response of the turbine rotor can be obtained

ωr(s)s = Dωr(s) + E Tg(s) +B V (s) , (9)

where

D =
1

J

∂Tr

∂ωr

∣∣∣∣
(ω̄r,V̄ )

=
1

2J
ρArot

(
− V̄ 3

ω̄2
r

Cp(ω̄r, V̄ ) +
V̄ 2R

ω̄r

∂Cp(ωr, V )

∂λ

∣∣∣∣
(ω̄r,V̄ )

)
, (10)

E = − 1

J
N , (11)

B =
1

J

∂Tr

∂V

∣∣∣∣
(ω̄r,V̄ )

=
1

2J
ρArot

(
3V̄ 2

ω̄r
Cp(ω̄r, V̄ )− V̄ R

∂Cp(ωr, V )

∂λ

∣∣∣∣
(ω̄r,V̄ )

)
. (12)

4.2. Estimator dynamics
Similarly, the estimated rotor speed dynamics are formulated as

ω̂r(s)s = D̂ ωr(s) + E Tg(s) + B̂ V̂ (s) , (13)

where

D̂ =
1

J

∂T̂r

∂ωr

∣∣∣∣
(ω̄r,V̄ )

=
1

2J
ρArot

(
− V̄ 3

ω̄2
r

Ĉp(ω̄r, V̄ ) +
V̄ 2R

ω̄r

∂Ĉp(ωr, V )

∂λ

∣∣∣∣
(ω̄r,V̄ )

)
, (14)

E = − 1

J
N , (15)

B̂ =
1

J

∂T̂r

∂V̂

∣∣∣∣
(ω̄r,V̄ )

=
1

2J
ρArot

(
3V̄ 2

ω̄r
Ĉp(ω̄r, V̄ )− V̄ R

∂Ĉp(ωr, V )

∂λ

∣∣∣∣
(ω̄r,V̄ )

)
. (16)

Given Equation (3), the expression for V̂ can also be written in the frequency domain as

V̂ (s) =

(
Kp,w +

Ki,w

s

)
(ωr(s)− ω̂r(s)) . (17)
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4.3. Coupled wind turbine and estimator dynamics
The next step in the analysis is to derive the transfer function of the coupled wind turbine and
estimator dynamics, as sketched in Figure 3. By combining Equations (9), (13) and (17), it is
possible to express the estimated TSR as a function of Tg and V

λ̂(s) =
R

V̄
ωr(s)−

Rω̄r

V̄ 2
V̂ (s) (18)

= L1(s)Tg(s) + L2(s)V (s) (19)

= λ̂Tg(s) + λ̂V (s) . (20)

where L1(s) is the transfer function of λ̂ to Tg

L1(s) =
λ̂Tg(s)

Tg(s)
(21)

=
RE

[
s2 +

(
B̂ − ω̄r

V̄
(D − D̂)

)
Kp,ws+

(
B̂ − ω̄r

V̄
(D − D̂)

)
Ki,w

]
V̄ (s−D)(s2 + B̂Kp,ws+ B̂Ki,w)

, (22)

and L2(s) is the transfer function of λ̂ to V

L2(s) =
λ̂V (s)

V (s)
(23)

=
RB

(
F1s

2 + F2 s+ F3

)
V̄ (s−D)(s2 + B̂Kp,ws+ B̂Ki,w)

. (24)

The terms F1 =
(
1−

(
ω̄r/V̄

)
Kp,w

)
, F2 =

(
B̂Kp,w +

(
ω̄r/V̄

)
D̂Kp,w −

(
ω̄r/V̄

)
Ki,w

)
and F3 =(

B̂ −
(
ω̄r/V̄

)
D̂
)
Ki,w are used to make Equation (24) more compact.

By considering the effect of model uncertainty (Equation (8)), the wind speed estimator

dynamics can be expressed as a function of the wind turbine dynamics as D̂ = γD. According
to the definition of ill-conditioning in Equation (7), the absence of model mismatch results in

γ = 1, and D̂ = D. Thus, the transfer function L1(s) can be simplified as

L1(s)

∣∣∣∣
γ=1

=
RE

V̄ (s−D)
. (25)

On the other hand, if γ ̸= 1, then D − D̂ = D(1− γ). It follows that

L1(s)

∣∣∣∣
γ ̸=1

=
RE

[
s2 +

(
B̂ − ω̄r

V̄
D(1− γ)

)
Kp,ws+

(
B̂ − ω̄r

V̄
D(1− γ)

)
Ki,w

]
V̄ (s−D)(s2 + B̂Kp,ws+ B̂Ki,w)

. (26)

The following analysis employs the γ parameter to evaluate the effect of model uncertainty.

4.4. Coupled wind turbine and combined estimator-controller scheme dynamics
The closed-loop dynamics of the overall framework, illustrated in Figure 1, is obtained by
coupling the wind turbine with the combined estimator-controller dynamics.
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+Turbine

Real system 

-
+

Estimator

PI
-

Figure 3: Block diagram of the coupled real system and the wind speed estimator. The
measured generator torque Tg, and rotational speed ωr, from the wind turbine are used to

compute an estimate of the wind speed V̂ , and of the TSR λ̂, in the estimator block.

By applying both the definition of ϵλ and Equation (5), the estimated TSR can be expressed
as a function of λ∗ and V to obtain the closed-loop dynamics of the system

λ̂(s) = L3(s)λ
∗(s) + L4(s)V (s) (27)

= λ̂λ∗(s) + λ̂V (s) , (28)

where L3(s) is the transfer function from λ̂ to λ∗

L3(s) =
λ̂λ∗(s)

λ∗(s)
=

F4

V̄ s(s−D)(s2 + B̂Kp,ws+ B̂Ki,w) + F4

, (29)

and L4(s) is the transfer function from λ̂ to V

L4(s) =
λ̂V (s)

V (s)
=

RB
(
F1s

2 + F2s+ F3

)
s

V̄ s(s−D)(s2 + B̂Kp,ws+ B̂Ki,w) + F4

, (30)

with F4 = RE
[
s2 +

(
B̂ −

(
ω̄r/V̄

)
D(1− γ)

)
Kp,ws+

(
B̂ −

(
ω̄r/V̄

)
D(1− γ)

)
Ki,w

]
(Kp,cs+Ki,c).

In the absence of model uncertainty, γ = 1, L3(s) can be simplified as

L3(s)

∣∣∣∣
γ=1

=
RE(Kp,cs+Ki,c)

V̄ s2 + (REKp,c − V̄ D)s+REKi,c
. (31)

To analyze the ill-conditioning problem, it is also important to express the actual tip-speed
ratio of the wind turbine λ, as a function of λ∗ and V . By following the same derivation of
Equations (18) and (27), this results in

λ(s) = L5(s)λ
∗(s) + L6(s)V (s) (32)

= λλ∗(s) + λV(s), (33)

where L5(s) is the transfer function from λ to λ∗

L5(s) =
λλ∗(s)

λ∗(s)
=

RE
(
s2 + B̂Kp,ws+ B̂Ki,w

)
(Kp,cs+Ki,c)

V̄ s(s−D)(s2 + B̂Kp,ws+ B̂Ki,w) + F4

, (34)
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and L6(s) is the transfer function from λ to V

L6(s) =
λV(s)

V (s)
=

R
[
F5 + F6

(
V̄ s(s−D)(s2 + B̂Kp,ws+ B̂Ki,w) + F4

)]
V̄ (s−D)

(
V̄ s(s−D)(s2 + B̂Kp,ws+ B̂Ki,w) + F4

) . (35)

with F5 = −REB (Kp,cs+Ki,c)
(
F1s

2 + F2s+ F3

)
and F6 =

(
ω̄r/V̄

)
s+

(
ω̄r/V̄

)
D +B.

If there is no model mismatch, γ = 1, L5(s) can be simplified and results in the same
expression as L3(s)

L5(s)

∣∣∣∣
γ=1

=
RE(Kp,cs+Ki,c)

V̄ s2 + (REKp,c − V̄ D)s+REKi,c
. (36)

4.5. Framework dynamics
In summary, the transfer functions L3(s) and L5(s), characterize the closed-loop dynamics of
the WSE-TSR tracking control scheme and will be used in the rest of the paper to assess the
ill-conditioning problem

L3(s) =
λ̂λ∗(s)

λ∗(s)
=

RE
[
s2+

(
B̂− ω̄r

V̄
D(1−γ)

)
Kp,ws+

(
B̂− ω̄r

V̄
D(1−γ)

)
Ki,w

]
(Kp,cs+Ki,c)

V̄ s(s−D)(s2+B̂Kp,ws+B̂Ki,w)+F4

,

(37)

L5(s) =
λλ∗(s)

λ∗(s)
=

RE
(
s2 + B̂Kp,ws+ B̂Ki,w

)
(Kp,cs+Ki,c)

V̄ s(s−D)(s2 + B̂Kp,ws+ B̂Ki,w) + F4

. (38)

5. Results
In this section, the WSE-TSR tracking control scheme is analyzed both in the time-domain
and in the frequency-domain. The effect of the ill-conditioning on the scheme is studied by
simulating different uncertainty levels in the modeled parameters.

5.1. Case study
In this paper, it is of interest to study a 1.5m two-bladed H-Darrieus vertical-axis wind turbine
(VAWT) [10] but the analysis can also be performed for a horizontal-axis wind turbine (HAWT).
The Cp(λ) curve of the studied VAWT is depicted in Figure 4 for β = 0°. The optimal TSR
λ∗ = 4 corresponds to C∗

p = 0.47.
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Figure 4: Power coefficient for the H-Darrieus VAWT for a pitch angle of 0° [10].
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Figure 5: Torque-versus-speed response of the WSE-TSR tracking control scheme.

5.2. Effect of model uncertainty
The effect of the uncertainty in the model parameters is investigated by simulating two extreme
cases: γ = 0.8 and γ = 1.2. The I&I gains, Kp,w = 20 and Ki,w = 50, are selected and result in
satisfactory estimator performance. The TSR tracker gains, Kp,c = −10 and Ki,c = −0.5, are
tuned to achieve a balance between performance and robustness of the PI controller [4].

Figure 5 summarizes the steady-state results for two different wind speeds, i.e. V = 4m/s
and V = 5m/s. When there is no model mismatch, Tg matches the optimal operating condition
(i.e. the cross-point of the aerodynamic torque and the optimal steady-state trajectory). With
an uncertainty in the modeled parameters, the system moves away from the optimal condition.
According to Equation (8), when the magnitude of Ĉp is decreased (γ = 0.8) the wind speed
is overestimated, resulting in a lower steady-state Tg from the TSR tracking controller. On the

other hand, when Ĉp used by the wind speed estimator is increased (γ = 1.2), the wind speed
is underestimated and the wind turbine operates at a lower λ in reality.

Figures 6 and 7 show how these trends propagate to the other variables in the framework.
In this case, the wind turbine operates under a realistic turbulent wind field with a mean wind
speed of 4m/s and a turbulence intensity of 5% for 600 s. As can be observed, V̂ is overestimated
for γ = 0.8 while it is underestimated for γ = 1.2. Thus, the controller framework tracks λ∗

using the estimated feedback quantity λ̂, but in reality, the turbine’s actual tip-speed ratio λ has
a bias to the reference value. Since the wind turbine is not operating at its optimal operating
point, the aerodynamic power extraction efficiency is suboptimal. Specifically, for γ = 0.8, a
reduction in power of 1 % is obtained.

These observations are further supported by inspection of the frequency response of the
system closed-loop transfer functions, L3(s) and L5(s) in Figure 8. The tuning of the wind
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Figure 6: Simulation results showing the wind speed and the tip-speed ratio for an
underestimation of Cp under a realistic turbulent wind profile.
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Figure 7: Simulation results showing the wind speed and the tip-speed ratio for an overestimation
of Cp under a realistic turbulent wind profile.

speed estimator gains is adapted to emphasize the effect of model uncertainty. Upon closer
inspection, the frequency responses show differences in the static gains. Even with the presence
of model uncertainty, the static gain of L3(s) will always be zero proving that the controller

presumes to track the optimal condition (i.e. λ̂ = λ∗). However, in reality, the wind turbine
will not operate at the point of maximum power extraction (i.e. λ ̸= λ∗) as confirmed by the
static gains of L5(s), which differ from zero in the presence of a model mismatch.
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Figure 8: Frequency response of the system under different model uncertainty and with an
incorrect tuning of the wind speed estimator gains.

6. Conclusions
In this study, the WSE-TSR tracking controller scheme is studied in detail. Due to a lack of
information in the scheme, the wind speed cannot be uniquely estimated from the product
with other model parameters in the power balance equation. This results in the so-called
ill-conditioning, leading to biased wind speed estimates and reduced energy capture under
model uncertainty. A linear frequency-domain analysis has been performed, by deriving transfer
functions characterizing the WSE-TSR tracking scheme, and are used to evaluate the problem
of ill-conditioning. It is shown that uncertainty in modeled turbine parameters can lead to
erroneous tracking of the optimal aerodynamic performance.
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