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 A B S T R A C T

This manuscript presents a formulation for mooring line dynamics using Tangential Differential Calculus (TDC) 
framework to handle geometric non-linearities in catenary and taut systems. Based on finite-strain theory, the 
model accounts for large deformations, self-weight, buoyancy, seabed interaction, and hydrodynamic drag. 
The study presents two solution procedures, GNL-FEM, a high-fidelity finite element model implemented in 
Julia, and GNL-ANA, a reduced-order semi-analytical model for efficient preliminary analysis.

For GNL-FEM, mesh and element order convergence studies demonstrate optimal performance, followed by 
validation against MoorDyn for catenary lines. In cases involving swell waves, GNL-FEM is shown to minimise 
the spurious oscillations typically observed in lumped-mass models during slack-line events. A primary focus of 
this manuscript is the dynamic behaviour of taut mooring lines under harmonic transverse excitation. GNL-FEM 
results demonstrate progressive geometric hardening, as the system’s natural frequency increases with higher 
excitation amplitude. Furthermore, strain spectra exhibit distinct super-harmonics and sub-harmonics. GNL-
ANA is shown to be accurate up to the second natural frequency, even under high pre-tension and excitation, 
providing a valuable tool for identifying energy hotspots and optimising material properties in synthetic lines. 
Overall, the framework provides a consistent and versatile basis for modelling complexities in mooring systems.

1. Introduction

As offshore renewable energy, e.g. offshore wind, wave or photo-
voltaic energy technologies, continues to grow (Soares-Ramos et al., 
2020; Guo and Ringwood, 2021; Li et al., 2022; Bilgili and Alphan, 
2022), water depth becomes one of the main challenges for their 
deployment at scale. Floating technologies can overcome this critical 
challenge, as demonstrated in several feasibility studies worldwide, see 
for example Bhuiyan et al. (2022), Castro-Santos et al. (2016) and 
Maienza et al. (2022).

With this expansion into floating structures, mooring systems be-
come essential components for the viability of such technologies, as 
they are required for maintaining stability under variable ocean con-
ditions, see Campanile et al. (2018), Xu et al. (2021), Harris et al. 
(2004), Kanotra and Shankar (2022) and references therein. It should 
be noted that for floating systems, the dynamic and non-linear be-
haviour of mooring lines is crucial for assessing the loads not only 
in extreme conditions, but also for peak loads during operating condi-
tions (Harnois et al., 2016). Test campaigns such as DeepCWind have 
further emphasised the importance of dynamic analysis of mooring 

I This article is part of a Special issue entitled: ‘OE_Mooring and cable system’ published in Ocean Engineering.
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lines, demonstrating that the quasi-static approach systematically un-
derestimates line tension and fails to account for key phenomena such 
as hydrodynamic drag, internal damping, line–line interactions, and 
dynamic contact with the seabed (Wendt et al., 2016).

For conventional systems, the dynamic effects are especially rel-
evant during slack-line events (Hennessey et al., 2005; Qiao et al., 
2020) and at the touch-down point while interacting with the sea-bed 
(Mavrakos et al., 1996; Chatjigeorgiou and Mavrakos, 2016). However, 
the new generation of floating renewable energy systems introduces 
additional challenges. The substructures of most offshore renewable 
platforms are relatively lightweight, both to reduce costs and because 
the superstructures they support do not require heavy foundations. 
Moreover, while these platforms are increasingly being deployed in 
deeper waters compared to early installations, the overall depths are 
still relatively shallow, typically within 200 m (Li et al., 2022; Cam-
panile et al., 2018). Furthermore, the bathymetry across the farm 
scale can vary significantly, thus requiring a mooring system design 
for variable bathymetry (Mahfouz et al., 2024). These trends render 
traditional chain-based mooring systems less suitable, as such systems 
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are heavy, and, in shallower depths these may result in excessively 
long segments of line lying on the seabed. Consequently, there has been 
a growing shift towards using lightweight synthetic mooring lines for 
these applications. Unlike chain-based systems that rely primarily on 
the weight of the chain for their restoring force, synthetic lines depend 
on their material elasticity for providing the restoring force. However, 
the challenge is that the synthetic lines have non-linear and dynamic 
viscoelastic properties, i.e., their stiffness depends on the instantaneous 
load and loading history, Weller et al. (2015).

For offshore renewable farms, the use of mooring systems with 
shared mooring lines is an emerging trend. In shared mooring systems, 
multiple floating units are interconnected without each unit being 
directly anchored to the seabed. These configurations are gaining at-
tention as cost-effective and environmentally friendly alternatives (Xie 
et al., 2024; Lozon and Hall, 2023; Zhang and Liu, 2023). However, 
they introduce an additional layer of complexity due to the dynamic 
interactions between the interconnected mooring lines and the floaters 
(Pham et al., 2021).

Another emerging trend in station-keeping of offshore renewables is 
the increasing use of taut mooring lines in intermediate water depths. 
Taut mooring systems offer several advantages, including a reduced 
seabed footprint, shorter and more cost-effective lines, higher stiffness, 
and improved load distribution (Bach-Gansmo et al., 2020). However, 
two key challenges in their implementation are anchor design and 
ensuring appropriate line stiffness. A critical nonlinear phenomenon 
often overlooked in the design of taut mooring systems is the variation 
in effective stiffness with excitation frequency and amplitude, primarily 
due to geometric nonlinearity. As highlighted in Niosi et al. (2025), 
there remains a significant gap in both experimental and numerical 
studies of taut mooring systems in the context of offshore renewables, 
particularly regarding the investigation of non-linear dynamic effects 
such as stiffness hardening under periodic excitation.

Therefore, alongside the growing demand for floating structures, 
there is an increasing need for accurate and efficient predictive tools 
capable of capturing the dynamic and non-linear behaviour of mooring 
lines under time-varying loads. This is especially critical in applications 
involving monitoring (Chen et al., 2023), control, and hybrid model 
testing (Vilsen et al., 2019), where simulations must often be performed 
in (or close to) real-time (Qiao et al., 2021; Cao et al., 2024).

In this context, the use of numerical or computational tools is 
preferred due to their capability of solving non-linear and dynamic 
problems. It is evident that in contemporary practice, the lumped-mass 
approach is the most widely adopted, primarily due to its computa-
tional efficiency (Masciola et al., 2014). Beginning with the early con-
tributions of Walton and Polachek (1959), the lumped mass approach 
has been widely adopted in commercial software such as Orcaflex 
(Orcina, 2014) and Ansys Aqwa (Inc, 2024) to study the influence of 
mooring dynamics on floater response (Niosi et al., 2023; Zhao et al., 
2023; Qin et al., 2025). ProteusDS (Ocean, 2018) employs a lumped-
mass cable formulation, using a cubic-spline representation between 
nodes to additionally resolve bending and torsional stiffness (Buckham 
et al., 2004), and has been applied and evaluated for mooring load 
analysis of tidal current converters with taut mooring configurations 
(Jeffcoate et al., 2016; Bivol et al., 2017).  Open-source tools like 
MoorDyn (Hall and Goupee, 2015), developed by NREL, have also 
been extensively used in conjunction with OpenFAST (Hall, 2020), 
as well as with high-fidelity time-domain solvers such as OpenFOAM 
(Aliyar et al., 2022; Yu et al., 2023) and DualSPHysics (Domínguez 
et al., 2019). As a result, this approach has become well-established and 
has played a key role in advancing mooring analysis from quasi-static 
models to fully dynamic simulations. The versatility of the lumped 
mass approach has been demonstrated across a range of applications, 
including the dynamic response of ships, offshore renewable systems 
such as wave energy converters and offshore wind farms, aquaculture 
installations, and oil and gas platforms.

The treatment of geometric nonlinearity in mooring lines has also 
been pursued through other approaches. A reduced order model of a 
cable was developed in Escalante et al. (2011) by applying proper or-
thogonal decomposition to the cubic spline finite element formulation 
of Buckham et al. (2004), which resolves both bending and torsional 
stiffness. Snap loads, which may be induced by sea-bed contact, or cable 
slack conditions (Vassalos and Kourouklis, 1998), are a particularly 
demanding test of these geometric nonlinearity treatments, since a 
lumped mass model resolves only a constant strain value per segment 
and tends to smear the resulting stress wave. To address this, a local 
discontinuous Galerkin finite element formulation was developed in 
Palm et al. (2017), which retains only extensional stiffness, but uses an 
hp-adaptive scheme and a Riemann solver to resolve the stress wave 
propagation associated with snap loads. A finite difference formulation 
in a Frenet frame was developed in Chen et al. (2018), includes bending 
and torsional stiffness in addition to the axial one (Chen et al., 2018). 
More recently, a torsion and shear-free Kirchhoff rod formulation for 
mooring lines was proposed by Roccia et al. (2025), with a penalty-
based barrier function for the seabed contact, and verified against 
the elastic catenary solution and against OpenFAST. Several of these 
formulations were directly compared in Zhong et al. (2024) to assess 
their suitability for floating offshore wind turbine (FOWT) analysis. The 
local discontinuous Galerkin finite element and lumped mass formula-
tions were found to be best suited for coupled FOWT analysis, while 
the accuracy of the lumped mass and finite difference formulations 
was shown to be lower for high frequency excitation and snap-load 
conditions. While these studies demonstrate that geometric nonlinear-
ity arising from large displacement and rotation has been considered 
extensively in the mooring literature, the treatment of geometric non-
linearity arising from the finite-strain kinematics of the cable, i.e., the 
nonlinear coupling between strain and displacement gradients, remains 
comparatively unaddressed.

We briefly touch upon the treatment of material nonlinearity in 
mooring lines. Existing lumped-mass formulations are typically devel-
oped under the assumption that the contribution of strain acceleration 
is negligible (Buckham et al., 2004). While this assumption has proven 
effective for linear elastic materials, it may not be valid for viscoelastic 
materials, where the time-dependent nature of the response could 
render strain acceleration significant (Haj-Ali and Muliana, 2004; Banks 
et al., 2011). A few approaches have since addressed material nonlin-
earity in mooring lines directly. This can be as simple as an empirical, 
load-history dependent stiffness expression (Depalo et al., 2022), where 
a dynamic axial stiffness model for synthetic fibre ropes is shown 
to predict mooring tensions 30%–40% higher than those obtained 
from a quasi-static nonlinear stiffness curve. Within the lumped mass 
framework, Li and Choung (2021) extended the formulation to include 
strain and strain-rate dependent stiffness, and found that this nonlinear 
stiffness has a measurable effect on the motion of taut-leg, but not 
catenary, floating platforms. Nguyen and Thiagarajan (2022) instead 
proposed a numerical inversion scheme to recover a Schapery non-
linear viscoelastic constitutive model from strain-based experimental 
data, and incorporated it within the MoorDyn lumped mass model. 
They assess line tensions under gusts and snap loads, finding that 
neglecting the time-dependent effects can overestimate mean mooring 
loads by up to 16%. There has been little development on incorporating 
material nonlinearity within the discontinuous Galerkin finite element 
or Kirchhoff rod formulations discussed earlier. Hence, a formulation 
that captures both the geometric nonlinearity of the cable and the 
dynamic, history-dependent stiffness of synthetic materials, within a 
single continuous and displacement-based framework, is still missing 
from the literature.

The aim of this paper therefore is to define a mooring dynamics 
model which can be applied to a variety of mooring systems, including 
catenary lines of conventional floating systems and taut lines of tension 
leg platforms or spar platforms. The model should be conducive to the 
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geometric nonlinearity arising from the shape of the line and finite-
strain kinematics of the line. Additionally, the model should be capable 
of accommodating the dynamic non-linear stiffness of viscoelastic ma-
terials employed in synthetic mooring lines. With these goals in mind, 
the primary contribution of this manuscript is the formulation of the 
boundary value problem of mooring line dynamics using Tangential 
Differential Calculus (TDC).

A TDC-based formulation offers several advantages. First, it is inher-
ently defines the partial differential equations along curved manifolds, 
which simplifies the definition of the physical problem and associ-
ated boundary conditions. Second, it provides numerical versatility, 
allowing the problem to be solved using various approaches, including 
parametrisation and embedded methods. Third, it enables the definition 
of differential and geometric quantities at a continuous level using 
tangents, in contrast to the piecewise definitions found in many con-
ventional computational techniques. This can be especially convenient 
for defining the viscoelastic terms for synthetic mooring systems. The 
versatility of the TDC has been shown for ropes and membranes in Fries 
and Schöllhammer (2020), linear Kirchhoff beams on curved manifolds 
in Kaiser and Fries (2023) and shells, plates and beams in Sky et al. 
(2024). Therefore this approach is ideal not only for the axial response 
of the mooring lines, but also for bending and torsional effects.

Building on this TDC-based formulation, the manuscript is struc-
tured around three contributions. First, we develop a finite-element 
solution procedure, GNL-FEM, based on finite-strain theory, accounting 
for self-weight, buoyancy, seabed interaction, and hydrodynamic drag, 
applicable to both catenary and taut mooring lines. The robustness 
of GNL-FEM is established through mesh size (ℎ) and element order 
(𝑝) convergence studies, and its accuracy is validated against Moor-
Dyn for catenary lines and against an established benchmark for the 
static finite-strain problem. Second, we use GNL-FEM to investigate 
the nonlinear dynamic response of taut mooring lines under harmonic 
transverse excitation. We examine how increasing pre-tension, excita-
tion frequency, and amplitude drive geometric hardening behaviour 
and the resulting super- and sub-harmonics in the strain response. 
Third, we develop a reduced-order semi-analytical alternative, GNL-
ANA, for the taut mooring line, and investigate its scope of validity. 
This provides a useful tool for low-fidelity analyses, such as property 
optimisation and conceptual design. 

Since the focus of this manuscript is the development of the mooring 
analysis model, the manuscript presents results with a single mooring 
line exposed to periodic excitation. The present manuscript focuses 
specifically on demonstrating the geometric nonlinearity arising from 
the finite-strain kinematics of the mooring line, and the material prop-
erties considered are restricted to a linear elastic model. Material 
nonlinearity is discussed only as motivation for the formulation’s design 
and is not demonstrated in the present results. It is instead addressed 
in our work (Agarwal and Colomés, 2025).

The manuscript is organised as follows. Section 2 defines the geo-
metric and structural problem, including the equilibrium and external 
forcing. Section 3 presents the solution procedures, with Section 3.1 
focusing on the finite-element model and Section 3.2 presenting the 
reduced-order analytical model. Section 4 presents validation and case 
studies, examining the convergence and accuracy of GNL-FEM, the dy-
namic response of taut and catenary lines, and the range of applicability 
of GNL-ANA.

2. Problem setting

2.1. Definition of the geometric problem

The numerical formulation is developed for a flexible rope with 
large displacements. For these structures, it is essential to distinguish 
between the un-deformed and deformed configurations. In such cases, 
physical equilibrium is satisfied in the deformed configuration. Such 
analysis is often referred to as geometrically nonlinear analysis, or 

finite-strain analysis. We utilise the approach of Tangential Differential 
Calculus (TDC) (Fries and Schöllhammer, 2020) to compute the differ-
ential and geometric quantities required for evaluating the field vari-
ables along the deforming cable. This framework allows for a consistent 
and robust formulation of the kinematics and mechanics on curved 
geometries such as mooring lines undergoing large deformations.

We denote the un-deformed and deformed configurations as 𝛤𝑿 (un-
deformed) and 𝛤𝒙 (deformed), respectively, following the convention of 
upper case letter for undeformed configuration and lowercase letters 
for deformed configuration, consistent with Fries and Schöllhammer 
(2020). In this manuscript we restrict our analysis to a 2D problem. 
Therefore, 𝛤𝑿 and 𝛤𝒙 are 1-dimensional manifolds, immersed in 2-
dimensional space, R2. The difference between the two configurations 
is the displacement field 𝒖(𝑿), i.e 
𝒙(𝑿, 𝑡) = 𝑿 + 𝒖(𝑿, 𝑡) where𝑿 ∈ 𝛤𝑿 ⊂ R2 and 𝒙 ∈ 𝛤𝒙 ⊂ R2 (1)

The definition of strain on 𝛤𝑿 and 𝛤𝒙 first requires definition of 
certain geometric and differential quantities. We briefly present the 
necessary quantities for parameterised formulation of 1D manifolds in 
2D space in this section. We refer the readers to Fries and Schöll-
hammer (2020) for the derivation of these quantities for cables and 
membranes in 2D and 3D domains.

For cables and ropes, the 𝛤𝑿 and 𝛤𝒙 manifolds can be parameterised 
using a 1-dimensional reference domain, 𝛺𝑟 ⊂ R1. Hence, there exists 
a map 𝑿(𝒓) ∶ R1 → R2 from 1-dimensional reference domain to 2 
dimensional space, as indicated in Fig.  1. We define the components 
as 𝑿 = [𝑋,𝑍]𝑇  and 𝒓 = [𝑟]𝑇 . Subsequently the Jacobian matrix is given 
by the following (2 × 1) matrix. 

𝐉(𝒓) = 𝜕𝑿(𝒓)
𝜕𝒓

= ∇𝑟𝑿(𝒓) =
[

𝜕𝑋
𝜕𝑟

𝜕𝑍
𝜕𝑟

]𝑇
(2)

Here, the Jacobi also represents the tangent to the manifold 𝛤𝑿 at point 
𝑿. In the 2D scenario, the manifold 𝛤𝑿 will only have a single tangent, 
denoted as 𝑻 ∗ = 𝐉(𝒓), with the unit tangent vector given by 𝑻 = 𝑻 ∗

‖𝑻 ∗
‖

. 
The Jacobi matrix is further used to compute the following geometric 
quantities, which are required for calculating the surface gradient. 
𝐆 = 𝐉𝑇 ⋅ 𝐉 (1 × 1) matrix 𝐐 = 𝐉 ⋅𝐆−1 (2 × 1) matrix (3)

The displacement vector field, denoted as 𝒖 = [𝑢,𝑤]𝑇 , is parame-
terised using the same reference domain 𝛺𝑟. However, this displace-
ment field is only defined on the surface 𝛤𝑿 . As a result, the standard 
gradient of 𝒖 with respect to the 2D space cannot be applied. Instead, 
the gradient of 𝒖 is defined along the manifold 𝛤𝑿 , which is referred 
to as the directional surface gradient. For the vector field 𝒖, the surface 
gradient is given by 

∇𝛤 ,dir𝑿 𝒖(𝒓) =

[

(∇𝛤𝑿𝑢)
𝑇

(∇𝛤𝑿𝑤)
𝑇

]

=

[

∇𝛤𝑋𝑢 ∇𝛤𝑍𝑢

∇𝛤𝑋𝑤 ∇𝛤𝑍𝑤

]

= ∇𝒓 𝒖(𝒓) ⋅𝐐𝑇 (4)

We next define these geometric and differential quantities on the 
deformed manifold 𝛤𝒙. By utilising the map from 𝛤𝑿 to 𝛤𝒙 defined in 
Eq.  (1), we define a Jacobian called the surface deformation gradient 𝐅𝛤 , 
given by 
𝐅𝛤 = ∇𝛤 ,dir𝑿 𝒙(𝑿) = 𝐈 + ∇𝛤 ,dir𝑿 𝒖(𝑿) (5)

Here 𝐈 is a (2 × 2) identity matrix. The surface deformation gradient 𝐅𝛤
is a geometric quantity that maps tangent vectors from the undeformed 
configuration 𝛤𝑿 to the deformed configuration 𝛤𝒙. Using 𝐅𝛤 , we can 
calculate the Jacobi matrix and the corresponding tangent and unit 
tangent to 𝛤𝒙 as 𝐣 = 𝐅𝛤 ⋅ 𝐉, 𝒕∗ = 𝐅𝛤 ⋅ 𝑻 ∗ and 𝒕 = 𝒕∗

‖𝒕∗‖ .
The final set of geometric quantities are the projectors 𝐏 and 𝐩 for 

𝛤𝑿 and 𝛤𝒙, respectively, the curvature unit normal 𝑵 and 𝒏 for 𝛤𝑿
and 𝛤𝒙, respectively, and the stretch 𝛬 of a differential element, given 
as follows.
𝐏 = 𝑻 ⊗ 𝑻 (6)

𝐩 = 𝒕⊗ 𝒕 (7)
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Fig. 1. A schematic of a 1-dimensional reference domain 𝛺𝑟 for the cable, which is mapped to an un-deformed configuration 𝛤𝑿 via the map 𝑿(𝑟), and a dynamic 
deformed configuration 𝛤𝒙 using the map 𝒙(𝑟).

𝑵 =

[

0 −1

1 0

]

⋅ 𝑻 (8)

𝒏 =

[

0 −1

1 0

]

⋅ 𝒕 (9)

𝛬 =
‖𝒕∗‖
‖𝑻 ∗

‖

(10)

2.2. Definition of the structural problem

With the geometric quantities defined, we can now express the 
finite-strain theory strain and stress tensor for the cable. The strain ten-
sors on the un-deformed 𝛤𝑿 are given by the directional and tangential 
Cauchy–Green tensor as follows

𝐄dir =
1
2
⋅
(

𝐅𝑇𝛤 ⋅ 𝐅𝛤 − 𝐈
)

(11)

𝐄tang = 𝐏 ⋅ 𝐄dir ⋅ 𝐏 (12)

Similarly, the directional and tangential Euler–Almansi strain tensors 
on 𝛤𝒙 are given by,

𝐞dir =
1
2
⋅
(

𝐈 − (𝐅𝛤 ⋅ 𝐅𝑇𝛤 )
−1) (13)

𝐞tang = 𝐩 ⋅ 𝐞dir ⋅ 𝐩 (14)

In this manuscript we restrict the analysis to Saint Venant–Kirchhoff 
solids. For cables made of material with Young’s modulus 𝐸 and 
Poisson’s ratio 𝜈, the corresponding Lamé constants are 𝜆 = 0 and 
𝜇 = 𝐸

2(1+𝜈) . Consequently, the first and second Piola–Kirchhoff stress 
tensors 𝐊, 𝐒 on 𝛤𝑿 and the Cauchy stress tensor 𝝈 on 𝛤𝒙 are expressed 
as follows,
𝐒 = 2𝜇 ⋅ 𝐄tang (15)

𝐊 = 𝐅𝛤 ⋅ 𝐒 (16)

𝝈 = 1
𝛬

⋅ 𝐅𝛤 ⋅ 𝐒 ⋅ 𝐅𝛤 (17)

2.3. Equilibrium

The equilibrium of the problem is defined in the deformed configu-
ration 𝛤𝒙. For the cable, the equilibrium per unit volume is defined as 

𝜌 𝒖̈ − div𝛤 𝝈(𝒖) − 𝒃(𝒙) = 0 ∀𝒙 ∈ 𝛤𝒙 (18)

where, 𝜌 is the density, 𝒃(𝒙) are the external body forces on the cable 
in the deformed configuration.

Fig.  2 shows a schematic of the mooring line problem, highlighting 
the external forces acting on the line, including the action due to grav-
ity, buoyancy, parameterised wave drag, current drag, and interactions 
with the sea-bed. As these forces vary along the length of the line, they 

are described per unit length. The self-weight of the line is expressed 
as 

𝒃weight(𝒙) = −𝜌𝐴 𝑔 𝑘̂, (19)

where 𝑔 is the gravitational acceleration and 𝑘̂ is the vertical unit 
vector. The buoyancy force corresponds to the weight of the displaced 
water and is given by 

𝒃buoyancy(𝒙) = 𝜌water 𝐴disp 𝑔 𝑘̂, (20)

where 𝜌water is the density of water and 𝐴disp represents the displaced 
volume per unit length. The sea-bed interaction is modelled via a 
damped spring force that is activated only when the line comes into 
contact with the sea-bed: 

𝒃bed(𝒙) =

{

−𝑘𝑏
(

𝑧 − 𝑧bed
)

𝑘̂ − 𝑐𝑏𝑧̇ 𝑘̂ if 𝑧 ≤ 𝑧bed,
0 if 𝑧 > 𝑧bed.

(21)

Numerically, the sea-bed contact is enabled using a Heaviside step 
function.

The drag force on the line comprises contributions from (1) self-
drag, (2) action of currents, and (3) wave action. If 𝒗wave(𝒙) and 
𝒗current(𝒙) denote the local wave and current velocities, respectively, 
the drag force is computed as:

𝒃drag,𝑛(𝒙) =
1
2
𝜌water 𝐶𝑑,𝑛 𝒗𝑟,𝑛(𝒙) ||𝒗𝑟,𝑛(𝒙)|| , (22)

𝒃drag,𝑡(𝒙) =
1
2
𝜌water 𝐶𝑑,𝑡 𝒗𝑟,𝑡(𝒙) ||𝒗𝑟,𝑡(𝒙)|| , (23)

where 𝒗𝑟(𝒙) = 𝒗wave(𝒙) + 𝒗current(𝒙) − 𝒖̇(𝒙), (24)

𝒗𝑟,𝑡(𝒙) =
(

𝒗𝑟(𝒙) ⋅ 𝑡(𝒙)
)

𝑡(𝒙), (25)

𝒗𝑟,𝑛(𝒙) = 𝒗𝑟(𝒙) − 𝒗𝑟,𝑡(𝒙). (26)

In the current analysis, the influence of added mass and added damping 
of the mooring line is neglected, consistent with the findings of Hall and 
Goupee (2015), which suggest that their effect on the overall system 
response is minimal. The equivalent strong form of the equilibrium 
transformed to the un-deformed configuration 𝛤𝑿 , per unit volume is 
defined as

𝜌0 𝒖̈(𝑿) − Div𝛤 𝐊(𝒖) − 𝑩(𝑿) = 0 ∀𝑿 ∈ 𝛤𝑿 , (27)

where, Div𝛤 𝐊(𝒖) =

[

∇𝑟 𝐾11 ∇𝑟 𝐾12

∇𝑟 𝐾21 ∇𝑟 𝐾22

]

⋅𝐐. (28)

where, 𝜌0 is the density, Div𝛤 𝐊 = ∇𝛤 ,dir𝑿 ⋅ 𝐊 is the divergence of the 
first Piola–Kirchhoff stress tensor, 𝑩(𝑿) = [𝐵1, 𝐵2]𝑇  are the external 
body forces on the cable in the un-deformed configuration. We can 
now utilise the strong form Eq.  (27) for defining the analytical and 
numerical solution to the dynamics of a flexible cable.
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Fig. 2. Schematic of the catenary mooring line problem, with the external body forces and spring-dashpot implementation of the sea-bed.

2.4. Boundary conditions

The cable boundaries of the cable are denoted as 𝜕𝛤𝑿 for the 
undeformed configuration 𝛤𝑿 and 𝜕𝛤𝒙 for the deformed configuration 
𝛤𝒙. The boundary condition can be prescribed either by specifying the 
displacement field on Dirichlet boundaries 𝜕𝛤𝑿,𝐷, or through the forces 
at Neumann boundaries 𝜕𝛤𝑿,𝑁 .

𝒖(𝑿) = 𝒖̂(𝑿) on 𝜕𝛤𝑿,𝐷 (29)

𝐊(𝑿) ⋅ 𝐍𝜕𝛤𝑿 = 𝐇(𝑿) on 𝜕𝛤𝑿,𝑁 (30)

2.5. Energy quantities and Lagrangian formalism

The mechanical energy density in an elastic cable as the one given 
in the problem at hand can be formulated as follows, 

𝑒m = 𝑘kinetic + 𝑢strain = 1
2
𝜌 |𝒖|2 + 1

2
𝐞tang ∶𝝈 (31)

where the kinetic 𝑘kinetic and potential 𝑢strain energy densities are 
defined in Eq.  (31). By using the procedure described in Appendix, the 
equation of motion of a 1-dimensional continuous system is formulated, 

𝜕𝜆
𝜕𝑢𝑖

+ 𝜕
𝜕𝑡
𝜕𝜆
𝜕𝑢̇𝑖

+ 𝜕
𝜕𝑥𝑗

𝜕𝜆
𝜕𝑢𝑖,𝑗

+
𝜕Ddiss
𝜕𝑢̇𝑖

= 0 (32)

where 𝑢𝑖 are the components of the displacement field 𝒖(𝑿, 𝑡), and 𝜆 is 
the Lagrangian function defined as, 

𝜆 = ∫𝐴

(

𝑘kinetic − 𝑢strain
)

𝑑𝐴 (33)

By substituting Eqs. (31) to (33) and (32), the equations of motion 
described in Eq.  (39) for the displacements in the longitudinal 𝑤(𝑋, 𝑡)
and transverse 𝑢(𝑋, 𝑡) directions are formulated, with the boundary 
conditions described by Eq.  (34).

2.6. Particular case: 𝛤𝑿 is a taut vertical line

The presented formulation defines the geometrically nonlinear prob-
lem for cables with arbitrary 2D conjurations. In this section, we 
present the problem for a taut vertical cable to illustrate the formu-
lation for a simplified scenario.

Consider a line of length 𝐿0 with the undeformed configuration 
denoted by 𝑿 = [0, 𝑟]𝑇 , where the parameter 𝑟 ∈ [0, 𝐿0]. A schematic of 
this setup is shown in Fig.  3. The boundaries of this cable are identified 

as the anchor at 𝑿AN = 𝑿(𝑟 = 0) = [0, 0]𝑇  and the fairlead at 𝑿FL =
𝑿(𝑟 = 𝐿0) = [0, 𝐿0]𝑇 . We initially pre-stretch the cable by applying axial 
elongation. Subsequently, we introduce harmonic excitation by moving 
the fairlead sinusoidally in the transverse direction. The corresponding 
boundary conditions at the anchor and fairlead are as follows, 
𝒖AN = [0, 0]𝑇 (34a)

𝒖FL = [𝑎𝑝 sin(2𝜋𝑓𝑝𝑡), 𝜖0𝐿0]𝑇 (34b)

 where, 𝜖0 is the initial axial stretch, while 𝑎𝑝 and 𝑓𝑝 are the amplitude 
and the frequency of the transverse excitation at the fairlead.

The geometric and differential quantities for this scenario are as 
follows. 

𝐉 = [0, 1]𝑇 , 𝐐 = [0, 1]𝑇 , 𝑻 = [0, 1]𝑇 , 𝐏 =
[

0 0
0 1

]

(35)

If the displacement field 𝒖(𝒓) = [ 𝑢(𝑟), 𝑤(𝑟) ]𝑇 , then the surface deforma-
tion gradient 𝐅𝛤  is 

𝐅𝛤 =
[

1 𝑢′

0 1 +𝑤′

]

(36)

Then corresponding strain and stress tensors are given by 

𝐄tang =
[

0 0
0 𝑤′ + 1

2

(

𝑢′2 +𝑤′2)

]

(37)

𝐊 =
⎡

⎢

⎢

⎣

0 𝜇 𝑢′
(

𝑢′2 +
(

1 +𝑤′)2 − 1
)

0 𝜇
(

1 +𝑤′)
(

𝑢′2 +
(

1 +𝑤′)2 − 1
)

⎤

⎥

⎥

⎦

=

[

0 𝜇
(

𝑢′3 + 𝑢′𝑤′2 + 2𝑢′𝑤′)

0 𝜇
(

𝑤′3 + 𝑢′2𝑤′ + 𝑢′2 + 3𝑤′2 + 2𝑤′)

]

(38)

The equilibrium from Eq.  (27) is given by

𝜌0

[

𝑢̈

𝑤̈

]

− 𝜇

[

𝑢′′𝑤′ (𝑤′ + 2
)

+ 2𝑢′
(

𝑤′ + 1
)

𝑤′′ + 3𝑢′2𝑢′′

𝑢′2𝑤′′ + 2𝑢′𝑢′′
(

1 +𝑤′) +
(

3𝑤′2𝑤′′ + 6𝑤′𝑤′′ + 2𝑤′′)

]

−

[

𝐵1

𝐵2

]

=

[

0

0

]

(39)

We analyse this simplified scenario to explain the underlying physics 
using both numerical and analytical solution approaches. However, 
beyond serving as a conceptual tool, this scenario also has practical 
relevance. A vertical taut mooring line is analogous to the tendons 
of a tension leg platform (TLP), which is increasingly considered for 
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Fig. 3. Schematic of Scenario 1: 𝛤𝑿 is a vertical line.

deep-water wind turbines due to its lightweight substructure, minimal 
drift motion, smaller seabed footprint, and lower material costs. As 
TLPs are deployed in deeper waters, their linear natural frequency 
decreases, making them more susceptible to transverse excitation from 
cyclic wave loads, potentially leading to responses beyond the first 
mode. This study, therefore, provides valuable insights into both the 
solution methodology and the dynamic response characteristics of TLP 
tendons.

3. Solution procedure

3.1. Numerical model

We formulate a numerical problem for the defined problem defi-
nition using the finite-element method. In order to define the weak 
form, we establish the following functional spaces in the undeformed 
configuration 𝛤𝑿 and the reference domain 𝛺𝑟.

 =
{

𝐯 ∈ 𝐻1(𝛤𝑿 )
}

(40)

𝑟 =
{

𝐯 ∈ 𝐻1(𝛺𝑟)
}

(41)

With 𝐻1(𝛺) being the space of functions whose distributional first order 
derivatives have a bounded 𝐿2-norm. The displacement field 𝒖 ∈  and 
the corresponding test function 𝒘 ∈  . Therefore, the weak form of the 
equilibrium, defined on 𝛤𝑿 is given by 

𝐴∫𝛤𝑿
𝜌0 𝒘 ⋅ 𝒖̈ 𝑑𝛤 −𝐴∫𝛤𝑿

𝒘 ⋅Div𝛤 𝐊(𝒖) 𝑑𝛤 −𝐴∫𝛤𝑿
𝒘 ⋅𝑩(𝑿) 𝑑𝛤 = 0 (42)

where 𝐴 is the cross-sectional area of the cable. The integration by parts 
of manifolds is given by (Delfour and Zolésio, 1996)

∫𝛤𝑿
𝒘 ⋅ Div𝛤 𝐊(𝒖) 𝑑𝛤 = −∫𝛤𝑿

∇𝛤 ,dir𝑿 𝒘 ∶ 𝐊(𝒖) 𝑑𝛤

+ ∫𝜕𝛤𝑿
𝒘 ⋅𝐊 ⋅ 𝐍𝜕𝛤𝑿 𝑑𝜕𝛤 + ∫𝛤𝑿

𝜒 𝒘 ⋅𝐊 ⋅ 𝐍 𝑑𝛤

(43)

where, 𝜒 denotes the mean curvature. As highlighted in Fries and 
Schöllhammer (2020), for in plane tensors such as 𝐊, the term involv-
ing 𝜒 vanishes. On substituting Eq.  (43) in Eq.  (42) and applying the 
Neumann boundary condition from Eq.  (30), we get the final weak form

𝐴∫𝛤𝑿
𝜌0 𝒘 ⋅ 𝒖̈ 𝑑𝛤 + 𝐴∫𝛤𝑿

∇𝛤 ,dir𝑿 𝒘 ∶ 𝐊(𝒖) 𝑑𝛤 − 𝐴∫𝛤𝑿
𝒘 ⋅ 𝑩 𝑑𝛤

− ∫𝜕𝛤𝑿
𝒘 ⋅𝐇 𝑑𝜕𝛤 = 0 (44)

The equivalent weak form in the reference configuration is written as 

𝐴∫𝛺𝑟
𝜌0 𝒘 ⋅ 𝒖̈ ‖𝐉‖ 𝑑𝛺 + 𝐴∫𝛺𝑟

(

∇𝒓 𝒘 ⋅𝐐𝑇 ) ∶ 𝐊(𝒖) ‖𝐉‖ 𝑑𝛺

− 𝐴∫𝛺𝑟
𝒘 ⋅ 𝑩 ‖𝐉‖ 𝑑𝛺 − ∫𝜕𝛺𝑟

𝒘 ⋅𝐇 𝑑𝜕𝛺 = 0
(45)

3.1.1. Spatial and temporal discretisation
The discretised problem is formulated on a triangulation 𝛺𝑟,ℎ of 

the reference domain 𝛺𝑟. In order to get the discretised undeformed 
configuration, we map the discretised elements from the reference 
domain 𝛺𝑟,ℎ via the mapping function 𝑿(𝒓).

𝑟,ℎ =
{

𝐯𝐡 ∈ 𝐶0(𝛺𝑟) ∶ 𝑣ℎ|𝐾 ∈ (P𝑠(𝐾))𝑑 ,∀𝐾 ∈ 𝛺𝑟,ℎ
}

(46)

ℎ =
{

𝐯𝐡 = 𝑿(𝒓)𝐾 ,∀𝐾 ∈ 𝛺𝑟,ℎ
}

(47)

Here P𝑠(𝐾) is the space of Lagrange polynomials of degree 𝑟 for an 
element 𝐾 in 𝛺𝑟,ℎ. The discretised displacement 𝒖ℎ ∈ ℎ and test 
function 𝒘ℎ ∈ ℎ, resulting in the following discretised weak form. 

𝐴∫𝛺𝑟,ℎ
𝜌0 𝒘ℎ ⋅ 𝒖̈ℎ ‖𝐉‖ 𝑑𝛺 + 𝐴∫𝛺𝑟,ℎ

(

∇𝒓 𝒘ℎ ⋅𝐐𝑇 ) ∶ 𝐊(𝒖ℎ) ‖𝐉‖ 𝑑𝛺

− 𝐴∫𝛺𝑟,ℎ
𝒘ℎ ⋅ 𝑩(𝑿) ‖𝐉‖ 𝑑𝛺

− ∫𝜕𝛺𝑟
𝒘ℎ ⋅𝐇(𝑿) 𝑑𝜕𝛺 = 0

(48)

The time discretisation of the second-order ODE is carried out using 
the Generalised-𝛼 method (Gobat and Grosenbaugh, 2001), with the 
asymptotic annihilation condition set as 𝜌∞ = 0. This method enables 
the control of dissipation of high-frequency oscillations in the simula-
tion. A constant time step 𝛥𝑡 is employed throughout the simulation. 
With this setup, the response with frequency higher than 𝑓 > 1∕(10𝛥𝑡)
will be dissipated out of the simulation (Chung and Hulbert, 1993).

3.1.2. Implementation in Gridap Julia
The implementation of this FE formulation is done in Julia pro-

gramming language using a open-source finite-element library Gridap.jl
(Badia and Verdugo, 2020). This library facilitates a simple yet power-
ful implementation of a finite-element problem, with the flexibility of 
choosing various continuous and discontinuous finite-element spaces, a 
convenient method of implementing the weak form similar to writing 
the equation on paper, freedom of choosing solvers and time-stepping 
algorithms and also enables low-level optimisation the implementation.

As mentioned in Section 3.1.1, the domain is discretised in the 
reference domain 𝛺𝑟. Since the reference domain for the cable is simply 
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Fig. 4. Flowchart summarising the algorithm of the numerical model GNL-FEM.

a straight line, the meshing process for each line is straightforward 
regular grid along 1-dimensional line.

The next step is to define the un-deformed configuration 𝛤𝑿 . In this 
manuscript, this is defined either as a straight line or as a parabola of 
length 𝐿0, with the end-point at the initial position of anchor 𝑿𝐴𝑁  and 
the fairlead 𝑿𝐹𝐿.

Following this, we first solve for the static problem of initialising the 
line. This means calculating the initial displacement field 𝒖(𝑡 = 0) such 
that the line satisfies the initial equilibrium, including the impact of 
self-weight, buoyancy and sea-bed. This is achieved by assembling the 
weak form Eq.  (48) and setting all dynamic terms to zero. The resulting 
non-linear system is solved iteratively using a Newton–Raphson solver.

After obtaining the initial displacement field 𝒖(𝑡 = 0), the dynamic 
problem can be solved. In this manuscript, dynamic excitation is intro-
duced through the motion of the fairlead 𝒖𝐹𝐿, while also accounting for 
non-linear and dynamic forces from the sea-bed, self-drag, and wave 
action. Alternatively, dynamic excitation can also be applied using 
boundary forces via a Neumann-type boundary condition, as described 
in Eq.  (30). The dynamic excitation disturbs the equilibrium of the 
line, necessitating the computation of a new displacement field that 
satisfies the updated equilibrium. This is achieved by assembling the 
weak form Eq.  (48), including the dynamic terms, and solving the 
resulting nonlinear system iteratively using a Newton–Raphson solver. 
The obtained displacement field is then used to post-process the strain 
and stress fields using the geometric and differential quantities obtained 
from TDC. A summary of the solution procedure is presented in the 
flowchart Fig.  4. We refer to the numerical model described in this 
manuscript as GNL-FEM.

3.2. Analytical model

A fast computing analytical model is developed by means of the 
Lagrangian formalism Eq. (32) to solve the taut vertical line problem. 
This approach gives the possibility to examine multiple scenarios in 
short computational time, allowing for a statistical approach analysis in 
the design phase in floating offshore. Additionally, the analytical model 
can be used to validate the proposed numerical model in the ranges 
where the analytical model is applicable. To derive the equations of 
motion of an elastic cable from first principles, the kinematic Eq. (37) 
and constitutive relations Eq. (38) are first established. To this end, 
a cable of length 𝐿0, and cross-section 𝐴 is considered. To solve the 
EoM Eq.  (27), the method of the Galerkin decomposition is used. The 
solution is sought in the following form

𝑢(𝑿, 𝑡) =
𝑀
∑

𝑚=1
𝑈𝑚(𝑿)𝜙𝑚(𝑡) + 𝑈0(𝑿)sin(𝜔𝑡), (49)

𝑤(𝑿, 𝑡) =
𝑁
∑

𝑛=1
𝑊𝑛(𝑿)𝜓𝑛(𝑡) +𝑊0(𝑿), (50)

Table 1
Properties of the vertical taut mooring line.
 Property Value  
 Mass per unit length 𝜌0𝐴 14.145 kgm−1  
 Axial Stiffness 𝐸𝐴 10MN  
 Unstretched length 𝐿0 100m  
 Cross-section Area 𝐴 0.01m2  
 Anchor position 𝒙𝐴𝑁 (0.0, 0.0)m  
 Fairlead position 𝒙𝐹𝐿 (0, 𝐿0 + 𝜖𝐿0)m 

where 𝜓𝑛(𝑡) and 𝜙𝑚(𝑡) are the time-dependent generalised coordinates, 
and 𝑈𝑚(𝑿) and 𝑊𝑛(𝑿) are admissible functions in the Galerkin method, 
that satisfy the linear equation 

𝑊 ′′
𝑛 + 𝛼2𝑛𝑊𝑛 = 0, (51)

and the boundary conditions. Furthermore, 𝑈0(𝑿) and 𝑊0(𝑿) must sat-
isfy the initial condition and the time-dependent boundary conditions 
on the domain boundaries.

For the vertical taut line case described in Section 2.6, these func-
tions are defined as 𝑈𝑚(𝑿) = sin(𝑚𝜋 𝑋

𝐿0
) and 𝑊𝑛(𝑿) = sin(𝑛𝜋 𝑍

𝐿0
), 

thereby representing 𝑀 modes in the transverse and 𝑁 modes in the in-
line direction. The initial displacement is prescribed via 𝑈0(𝑿) = 𝑎𝑝

𝑍
𝐿0

and 𝑊0 = 𝜖0𝑍.
By substituting Eqs. (49) and (50) into Eq.  (39), multiplying both 

sides of the equation by 𝑈𝑗 (𝑿) and 𝑊𝑗 (𝑿) and integrating the resultant 
over 𝛤𝑿 the following equations are obtained,

∫𝛤𝑿

⎛

⎜

⎜

⎝

[

𝑈𝑗
𝑊𝑗

]𝑇 (

𝜌0

[

𝑢̈

𝑤̈

]

− 𝜇

[

𝑢′′𝑤′ (𝑤′ + 2
)

+ 2𝑢′
(

𝑤′ + 1
)

𝑤′′ + 3𝑢′2𝑢′′

𝑢′2𝑤′′ + 2𝑢′𝑢′′
(

1 +𝑤′) +
(

3𝑤′2𝑤′′ + 6𝑤′𝑤′′ + 2𝑤′′)

]

−

[

𝐵1

𝐵2

]))

𝑑𝛤 (52)

= ∫𝛤𝑿

([

0

0

])

𝑑𝛤

Eq.  (52) are the equations corresponding to a reduced order model 
of longitudinal and transverse vibration of initially deformed cable 
with Dirichlet boundary conditions. The reduced order model includes 
a set of non-linear ordinary differential equations (𝑚 = 1, 2, 3,… ,𝑀
and 𝑛 = 1, 2, 3,… , 𝑁) including the time functions 𝜙𝑚(𝑡) and 𝜓𝑛(𝑡), 
which are solved via numerical time integration by means of the fourth 
order Runge–Kutta integration scheme. We refer to the analytical model 
presented here as GNL-ANA.
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Fig. 5. Plots showing the computed 𝐿2 error as a function of the number of 
degrees of freedom.

4. Results and discussions

4.1. GNL-FEM convergence analysis

The convergence characteristics of the numerical model are demon-
strated using the simplified problem of taut vertical mooring line as 
defined in Fig.  3 in Section 2.6. We consider a line of undeformed 
length 𝐿0 = 100m, cross-section area 𝐴 = 0.01m2, with hypothetical 
material properties 𝐸𝐴 = 10MN and 𝜌0𝐴 = 14.145 kgm−1, as listed in 
Table  1. This gives a reference domain 𝑟 ∈ [0, 100]m, resulting in the 
undeformed configuration 𝑿, where the anchor is at 𝑿AN = 𝑿(𝑟 = 0) =
[0, 0]𝑇  and the fairlead is at 𝑿FL = 𝑿(𝑟 = 𝐿0) = [0, 100]𝑇 .

We first study the spatial convergence of the model by initialising 
the line with a initial displacement field 𝒖0(𝑟) = [𝑎𝑝 sin(𝜋𝑟∕𝐿0), 𝜖0𝑟]𝑇 , 
where 𝑎𝑝 = 0.1m and 𝜖0 = 0.01. The boundary conditions at the anchor 
and the fairlead are maintained as 𝒖𝐴𝑁 = 𝒖𝐹𝐿 = [0, 0]𝑇 . This initial 
condition corresponds to axially stretching the line followed by apply-
ing a transverse displacement at its midpoint. Upon release, the line 
undergoes oscillations. We simulate the dynamic problem with a time-
step of 10−6 s to minimise the impact of the time-step on the numerical 
error. Through this simplified setup we aim to study the ℎ-refinement 
(mesh size) and 𝑝-refinement (order of basis function) for the numerical 
model. We investigate the setup with number of elements 𝑁 = 2 while 
varying 𝑝 ∈ [1, 10]; linear element 𝑝 = 1 with 𝑁 ∈ {2, 4, 8, 16, 32, 64}; 
quadratic element 𝑝 = 2 with 𝑁 ∈ {2, 4, 8, 16, 32}; and cubic element 
𝑝 = 3 with 𝑁 ∈ {2, 4, 8, 16}. The error is reported after 1000 time-steps 
using the 𝐿2 norm error= ‖𝒖 − 𝒖ref‖𝐿2 =

√

∫𝛺𝑟 |𝒖 − 𝒖ref|2, where 𝒖ref is 
the numerical solution obtained using 𝑁 = 320 and cubic polynomial 
basis function. The result in Fig.  5 showcases an expect 𝑝 + 1 rate of 
convergence for a given 𝑝 order polynomial basis function.

We further study the ℎ-refinement characteristics by simulating 
a dynamic problem with an accelerating fairlead boundary. For this 
analysis, the dynamic displacement at the fairlead is defined as 𝒖FL =
[𝑎𝑝 sin(2𝜋𝑓𝑝𝑡), 𝜖0𝐿0]𝑇 , where 𝑎𝑝 = 0.1m, 𝑓𝑝 = 0.8Hz and the initial 
axial stretch of the line is 𝜖0 = 0.01. For the convergence analysis, 
we will excite the line via the fairlead and compare the results after 
two excitation cycles 𝑇end = 2∕𝑓𝑝. Analytically, the linear 𝑛th natural 
frequencies of a stretched string is given by 

𝑓𝑛 =
𝑛

2𝐿0

√

𝐸𝐴𝜖0
𝜌0𝐴

(53)

Therefore, for this particular line configuration having 𝜖0 = 0.01, the 
first two linear natural frequencies are 𝑓1 = 0.42Hz and 𝑓2 = 0.84Hz. 
Consequently, an excitation at 𝑓𝑝 = 0.8Hz should induce significant 
response in the string.

A small time-step of 𝛥𝑡 = 1∕(500𝑓𝑝) is maintained for all spatial 
convergence tests to minimise the influence of the time-step on the 
analysis. The spatial convergence is examined by varying both the num-
ber of mesh elements and the order of the polynomial basis function. 
The number of elements varies in the range 𝑁ele ∈ {10, 20, 40, 80, 160}. 
We study the convergence for linear 𝑝 = 1, quadratic 𝑝 = 2 and 
cubic 𝑝 = 3 polynomial basis functions. The error is reported after 
two excitation cycles 𝑇end = 2∕𝑓𝑝 using the 𝐿2 norm error, where 
𝒖ref is the numerical solution obtained using 𝑁ele = 320 and cubic 
polynomial basis function. Fig.  6a reports the computed error obtained 
using the different number of elements and the different polynomial 
basis functions. The plot also overlays the analytical polynomial func-
tions of order 𝑝 + 1, thereby demonstrating an order 𝑂(𝑝 + 1) rate 
of convergence when using a polynomial basis function of order 𝑝. 
Fig.  6b presents the plot of the horizontal displacement 𝑢(𝑟) obtained 
using linear polynomial basis function and four different mesh sizes, 
further qualitatively demonstrating the convergence of We also study 
time-step convergence by repeating the analysis using 𝑁ele = 2000, 
𝑝 = 1 to minimise the influence of the mesh on the results. The time-
step is varied as 𝑇 ∕𝛥𝑡 ∈ {10, 20, 40, 80, 160} and the 𝐿2 norm error is 
computed using 𝑇 ∕𝛥𝑡 = 320 as the reference. Fig.  7a demonstrates 
a 2nd order rate of convergence as expected from the Generalised-𝛼
time-stepping scheme. Fig.  7b overlays the solution obtained using the 
different time-steps.

4.2. GNL-FEM verification: Parabolic hanging line static

We move on to a more complex test case, involving the combined 
effects of an external body force and a more comprehensive 2D config-
uration. We examine an elastic rope in a 2D space, suspended between 
two fixed points and subject to gravitational sagging. This test case 
serves as a validation benchmark for the formulation of the static 
problem.

The rope is suspended between points 𝑿1 = (0, 0.5)m and 𝑿2 =
(1.0, 0)m. The rope has a cross-sectional area of 𝐴 = 0.01m2, Young’s 
modulus 𝐸 = 104 Pa, Poisson’s ratio 𝜈 = 0, and hence the corresponding 
Lamé constants 𝜆 = 0 and 𝜇 = 𝐸∕2. The initial undeformed configura-
tion of the rope is defined in a reference domain 𝑟 ∈ [0, 1] as follows 
and is shown in Fig.  8 as 𝛤𝑿 . 

𝑿(𝑟) =

[

𝑟
1
2 (1 − 𝑟) −

1
7 sin(𝜋𝑟)

]

(54)

The external body force per unit volume of the rope due to the 
action of the gravity is taken as 𝑩(𝑿) = [0, 2000 ]𝑇 Nm−3. We for-
mulate the finite-element problem using 500 elements with second 
order polynomial basis function. The initial length of the undeformed 
𝛤𝑿 curve is 𝐿0(𝛤𝑿 ) = 1.1540019835742m. Under the action of the 
external force, the line undergoes sagging and deforms to 𝛤𝒙 with a 
length of 𝐿(𝛤𝒙) = 1.2755932022498m. The elongation of the line is 
𝐿(𝛤𝒙)∕𝐿0(𝛤𝑿 ) = 1.1053648264096 and has a stored potential energy 
of = 0.7528302282958Nm. Fig.  8 shows the plot of the deformed 
configuration 𝛤𝒙, along with the contour plots of the principal Cauchy 
stress in the line. For validation, we benchmark our results against 
previous numerical results from Fries and Schöllhammer (2020), which 
reported an elongation of 1.1053648264108 and the stored potential 
energy = 0.7528302283000Nm. The difference in the results is smaller 
that 10−9%. Additionally Fig.  8 also shows the deformed configuration 
reported by Fries and Schöllhammer (2020), which overlaps closely 
with 𝛤𝒙 obtained from our model.

4.3. Case study: Hardening behaviour of taut vertical line

In this section, we continue the investigation of the harmonic trans-
verse excitation of a taut vertical line, as outlined in Fig.  3 in Sec-
tion 2.6. We employ the numerical and the analytical solution ap-
proaches. In this particular case study, we neglect body forces. To 
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Fig. 6. (a) Plots showing the computed numerical error with the increasing number of elements, using elements of polynomial degree 𝑝 = 1, 2, 3. (b) Plots showing 
the horizontal displacement field 𝑢(𝑟) at the end of two excitation cycles, obtained using different number of mesh elements and linear polynomial basis function 
𝑝 = 1.

Fig. 7. (a) Plots showing the computed numerical error with the increasing time-step resolution. (b) Plots showing the horizontal displacement field 𝑢(𝑟) at the 
end of two excitation cycles, obtained using different time-step resolution.

Fig. 8. Plot showing the initial un-deformed configuration 𝛤𝑿 and the deformed shape 𝛤𝒙 of the line under the action of gravity. The green points are the 
deformed shape of the line as reported in Fries and Schöllhammer (2020). The deformed shape 𝛤𝒙 is also coloured with the value of the local principal stress.

facilitate the parametric study, we focus on a hypothetical mooring line 
with properties specified in Table  1. The key findings in this section are 
presented in terms of normalised frequency 𝑓𝑝∕𝑓1, and are therefore 
relevant to a broader range of taut mooring systems.

4.3.1. Results from GNL-FEM
Following the convergence analysis, we use a mesh with 𝑁ele =

𝐿0∕𝛥𝑟 = 100 and quadratic polynomial basis function. The time-step 
for each test case is set to 𝛥𝑡 = 1∕(100𝑓𝑝). Each simulation runs for 200 
excitation cycles, ensuring that the signal is long enough to produce 
an accurate spectrum for analysis. Finally, in order to minimise noise 
induced by a sudden onset of the fairlead excitation, the amplitude of 

the excitation is ramped up over ten wave periods 𝑇ramp = 10∕𝑓𝑝. For 
this setup, the model takes about 70ms per time-step, which translates 
into about 24min for simulation 200 excitation cycles, using a serial 
run on system with 11th Gen Intel(R) Core(TM) i5-11320H @ 3.20 GHz 
processor and 16 GB RAM.

Let us consider a small axial strain 𝜖0 = 0.01, small oscillation 
amplitude 𝑎𝑝 = 0.1m. This is a small displacement scenario, with first 
four linear natural frequencies 𝑓1,2,3,4 = {0.42, 0.84, 1.26, 1.68}Hz as per 
Eq.  (53). We monitor the principal strain 𝐸1 at the fairlead over time. 
For the vertical taut line, this is given by 

𝐸1 = 𝑤′ + 1
2
(

𝑢′2 +𝑤′2) (55)
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Fig. 9. Plot of principal strain 𝐸1 time-series and its peak envelope, at the fairlead for 𝜖0 = 0.01, 𝑎𝑝 = 0.10m, 𝑓𝑝 = 0.40Hz. 

Fig. 10. Plots of GNL-FEM results for displacement 𝑢(𝑟) and principal strain 𝐸1 at a point (𝑟 = 0.9𝐿0), for 𝜖0 = 0.01, 𝑎𝑝 = 0.10m, 𝑓𝑝 = 0.60Hz. (a) Displacement 
𝑢(𝑟) time-series. (b) Principal strain 𝐸1 time series. (c) Displacement 𝑢(𝑟) spectrum. (d) Principal strain 𝐸1 spectrum.

given the strain tensor Eq.  (37). We introduce a small amount of 
dissipation in the system using drag forcing with 𝐶𝑑 = 0.01. For 
frequencies away from the natural frequencies, this small dissipation 
has negligible impact on the results. However, for excitation near the 
natural frequency, this dissipation helps to filter out the presence of 
spurious frequencies and achieve a steady-state in the response.

Fig.  9 presents the time-series of the principal strain at the fairlead 
(𝑟 = 𝐿0) for the scenario 𝜖0 = 0.01, 𝑎𝑝 = 0.10m, 𝑓𝑝 = 0.40Hz. 
The signal starts with the principal strain 𝐸1 = 0.01005 as a result 
of the static equilibrium. Following this the amplitude of the fairlead 
excitation is gradually ramped up for 10 excitation cycles, as indicated 
by the vertical line in Fig.  9. Since the excitation frequency 𝑓𝑝 is 
close to the first linear natural frequency 𝑓1, we observe a signifi-
cant transient response due to the excitation of the system’s natural 
modes. This transient response is gradually damped out by the small 
amount of damping introduced via drag forcing. Once this damping 
effect stabilises the system, a steady-state response is achieved. Our 
analysis focuses primarily on this steady-state behaviour. For excitation 
frequencies further from the natural frequency, the transient response 
would be less pronounced and would damp out more quickly. We 
conduct the frequency analysis for the last 100 excitation cycles. A 
zoomed in view of the 𝐸1 time series for the final two excitation cycles 
is also shown in Fig.  9.

Let us consider a scenario where the excitation frequency is not near 
the linear natural frequencies. We analyse the case with parameters 

𝜖0 = 0.01, 𝑎𝑝 = 0.10m, and 𝑓𝑝 = 0.60Hz, which corresponds to a 
ratio of 𝑓𝑝∕𝑓1 = 1.43. This prescribed frequency lies between the first 
and second linear natural frequencies, 𝑓1 and 𝑓2. We study a point 
𝑟 = 0.9𝐿0, located near the fairlead. The steady-state time-series and 
corresponding spectrum of the displacement 𝑢(𝑟) at this location are 
shown in Fig.  10a,c, while the principal strain 𝐸1 is presented in Fig. 
10b,d. The spectrum of the displacement field shows the presence of 
the prescribed frequency 𝑓𝑝, along with contributions from the natural 
frequencies 𝑓1 and 𝑓2. We also see a strong presence of 3𝑓𝑝, which 
arises from the non-linear term 𝑢′2𝑢′′ in Eq.  (39). Since the principal 
strain, as described by Eq.  (55) contains quadratic terms with respect 
to the displacement field, the strain spectrum in Fig.  10d clearly shows 
the presence of corresponding sub and super harmonics, including the 
difference frequencies 𝑓𝑝 − 𝑓1, 𝑓2 − 𝑓𝑝 and the sum frequencies 𝑓𝑝 + 𝑓1, 
𝑓𝑝 + 𝑓2 and 2𝑓𝑝.

We repeat the analysis for four frequencies 𝑓𝑝∕𝑓1 = {0.48., 0.95,
1.43, 1.90}, and now monitor the principal strain at the fairlead 𝑟 = 𝐿0. 
Fig.  11 shows the steady state time-series of 𝐸1 at fairlead (𝑟 = 𝐿0), 
along with its spectrum for these excitation frequencies. From Fig.  11 
we draw a few observations. Firstly, for low excitation frequencies 
𝑓𝑝∕𝑓1 < 1, the response of the cable is predominantly quasi-static. This 
is evident from the strain spectrum, where we observe a sharp peak 
at 2𝑓𝑝∕𝑓1 while the other harmonics have very low amplitudes. The 
response for 𝑓𝑝∕𝑓1 = 1.43 shows clear peaks at 2𝑓𝑝∕𝑓1, the neighbouring 
natural frequencies 𝑓1 and 𝑓2, and the corresponding sub and super 
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Fig. 11. Plots of GNL-FEM results on principal strain 𝐸1 at the fairlead (𝑟 = 𝐿0) for 𝜖0 = 0.01, 𝑎𝑝 = 0.10m, 𝑓1 = 0.42Hz, 𝑓𝑝 = {0.2, 0.4, 0.6, 0.8}Hz (a) 𝐸1 time-series. 
(b) 𝐸1 spectrum.

Fig. 12. Plots of GNL-FEM and GNL-ANA results for displacement 𝑢(𝑟) and principal strain 𝐸1 at a point (𝑟 = 0.9𝐿0), for 𝜖0 = 0.01, 𝑎𝑝 = 0.10m, 𝑓𝑝 = 0.60Hz. (a) 
Displacement 𝑢(𝑟) time-series. (b) Principal strain 𝐸1 time series. (c) Displacement 𝑢(𝑟) spectrum. (d) Principal strain 𝐸1 spectrum.

harmonics. As the excitation frequency approaches the linear natural 
frequencies, such as 𝑓𝑝∕𝑓1 = {0.95, 1.90}, we observe a high-magnitude 
peak at 2𝑓𝑝∕𝑓1, along with significant response also at the nearest 
sub-harmonic 𝑓𝑛 − 𝑓𝑝 and the super-harmonics 𝑓𝑝 + 𝑓𝑛 and 2𝑓𝑝. This 
behaviour aligns with the expected amplification of the response in the 
vicinity of the system’s natural frequency.

4.3.2. Results from GNL-ANA
We now employ the analytical approach to solve the taut vertical 

line problem for two main reasons. First, we aim to determine the 
number of modes or parameters necessary to obtain a solution using 

this method. Second, we assess the feasibility of using the analytical 
approach as a reduced-order alternative. This would allow GNL-ANA 
to be utilised for conceptual design and optimisation, while GNL-FEM 
would be reserved for comprehensive dynamic analysis.

As outlined in Section 3.2, the analytical solution is constructed 
using 𝑀 sinusoidal modes in the transverse direction and 𝑁 sinusoidal 
modes in the in-line direction. Traditionally, analytical solutions for 
such problems are sought in the vicinity of the first mode. However, 
in this study, we examine the impact of incorporating varying numbers 
of modes.
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Fig. 13. Plots of GNL-ANA results on principal strain 𝐸1 at the fairlead (𝑟 = 𝐿0) for 𝜖0 = 0.01, 𝑎𝑝 = 0.10m, 𝑓1 = 0.42Hz, 𝑓𝑝 = {0.2, 0.4, 0.6, 0.8}Hz (a) 𝐸1 time-series. 
(b) 𝐸1 spectrum.

We consider cases with one mode 𝑀,𝑁 = 1, two modes 𝑀,𝑁 = 2, 
three modes 𝑀,𝑁 = 3 and five modes 𝑀,𝑁 = 5. We add a small 
amount of quadratic damping in the analytical solution for achieving 
the steady state quicker, similar to the numerical model. The test is 
conducted for 𝜖0 = 0.01 and 𝑎𝑝 = 0.10m, with an excitation frequency 
of 𝑓𝑝∕𝑓1 = 1.43. Fig.  12 presents the displacement and principal strain 
𝐸1 at 𝑟 = 0.9𝐿0, located near the fairlead. The figure compares the 
time-series and their spectra, obtained from GNL-FEM with those from 
GNL-ANA, considering 𝑀,𝑁 = 1, 𝑀,𝑁 = 2, 𝑀,𝑁 = 3 in the transverse 
direction. The time-step for RK4 scheme used in the analytical solution 
procedure is 𝛥𝑡GNL-ANA = 10−3 s.

From Fig.  12, several observations can be made regarding the ana-
lytical and numerical solutions for the line’s response at an excitation 
frequency between the first and second modes (𝑓𝑝∕𝑓1 = 1.43). GNL-ANA 
with a single mode (𝑀,𝑁 = 1) underestimates the peak displacement 
while overestimating the peak strain compared to GNL-FEM. As the 
number of modes increases to 𝑀,𝑁 = 5, the analytical solution from 
GNL-ANA gradually converges to the GNL-FEM solution in the time 
domain for both displacement and principal strain 𝐸1. Additionally, the 
displacement and strain spectra show that GNL-ANA approaches the 
GNL-FEM amplitude at the excitation frequency 𝑓𝑝 and at 3𝑓𝑝(which 
arises from the 𝑢′2𝑢′′ nonlinearity).

Similar to the tests from GNL-FEM in the previous section, we repeat 
the study for four discrete frequencies 𝑓𝑝∕𝑓1 = {0.48., 0.95, 1.43, 1.90}
and monitor the principal strain 𝐸1 time-series and its spectra at the 
fairlead 𝑟 = 𝐿0, as reported in Fig.  13. For these tests we consider 5 
modes, i.e., 𝑀,𝑁 = 5 for minimising the errors the amplitude of the 
excitation frequency response for high frequency scenarios.

In general, the analytical solution captures the main features at all 
frequencies, as reported in Section 4.3.1. However, we see a number 
of extra peaks in the analytical response, corresponding to the 5 modes 
considered in the analysis. Furthermore, when compared to the GNL-
FEM results in Fig.  11, the analytical solution exhibits greater noise, 
as indicated by the higher amplitude at non-peak frequencies. These 
discrepancies in the GNL-ANA results are due to the fewer degrees 
of freedom in GNL-ANA (dofs = 10 for 𝑀,𝑁 = 5) compared to 
GNL-FEM (dofs = 200 for 100 quadratic elements), and the difference 
in numerical damping resulting from the Generalised-𝛼 time-stepping 
scheme for GNL-FEM and the Runge–Kutta 4th-order time-stepping 
scheme for GNL-ANA.

The peak values at 2𝑓𝑝 obtained from GNL-ANA and GNL-FEM in 
Figs.  11 and 13 are presented in Table  2. The results indicate a rea-
sonable agreement between GNL-ANA with (𝑀,𝑁 = 5) and GNL-FEM, 
with the error increasing as the excitation frequency rises. Increasing 
the number of modes in GNL-ANA would further reduce this error.

4.3.3. Frequency sweep results from GNL-FEM and GNL-ANA
The first test is done for low pre-tension low excitation amplitude 

case 𝜖0 = 0.01, 𝑎𝑝 = 0.10m having first linear natural frequency at 

𝑓𝑝 = 0.42Hz. The principal strain 𝐸1 amplitude at 2𝑓𝑝 obtained from 
GNL-FEM and GNL-ANA for 𝑓𝑝∕𝑓1 ∈ (0, 7) are plotted in Fig.  14a
and c, respectively. Additionally, the results from both methods are 
overlaid in Fig.  15a for comparison. The GNL-FEM results reveal several 
key observations. At frequencies 𝑓𝑝∕𝑓1 < 0.5, the response is nearly 
quasi-static, where the response amplitude is nearly independent of 
the excitation frequency. As the excitation frequency approaches the 
system’s natural frequencies, there is a noticeable amplification in 
response amplitude. The response peaks occur at 𝑓𝑝∕𝑓1 = 1.01 for the 
first mode, 𝑓𝑝∕𝑓1 = 2.02 for the second mode, 𝑓𝑝∕𝑓1 = 3.09 near the 
third mode, and 𝑓𝑝∕𝑓1 = 4.16 near the fourth mode. Notably, as the 
frequency increases, the response peak shifts further from the nearest 
linear natural frequency. This shift indicates non-linear hardening, 
where the natural frequency of the line increases with rising excitation 
frequency.

In order to investigate the influence of the excitation amplitude, 
we study the cases with 𝜖0 = 0.01 and 𝑎𝑝 ∈ {0.10, 0.20, 0.40, 0.80}m. 
The results from GNL-FEM and GNL-ANA for these cases are presented 
in Fig.  14a and c, respectively. Additionally, for 𝑎𝑝 = 0.80m, the 
results from both methods are overlaid in Fig.  15a for comparison. 
From the GNL-FEM results, we draw a few observations. The increase 
in amplitude leads to a quadratic increase in the quasi-static response 
for low frequencies 𝑓𝑝∕𝑓1 < 0.5. Furthermore, there is a pronounced 
hardening or right shift of the natural frequency with the increase in 
the excitation amplitude.

Finally, we examine the effect of pre-tension or pre-stretch in the 
line by considering the case with 𝜖0 = 0.04, where the first linear natural 
frequency is 𝑓1 = 0.84Hz, as given by Eq.  (53). A frequency sweep 
is performed for 𝑓𝑝∕𝑓1 ∈ (0, 7). The results obtained from GNL-FEM 
and GNL-ANA for excitation amplitudes 𝑎𝑝 ∈ {0.10, 0.20, 0.40, 0.80}m
are presented in Fig.  14b and d, respectively. Additionally, Fig.  15b 
overlays the results from both methods for 𝑎𝑝 = 0.8m. With increased 
pre-tensioning, the quasi-static response for 𝑓𝑝∕𝑓1 < 0.5 remains largely 
unaffected. Moreover, the rightward shift in the natural frequency 
due to increasing excitation amplitude and frequency becomes less 
pronounced as pre-tensioning increases. In the high pre-tensioning 
scenario, the GNL-FEM solution exhibits a peak in response at 𝑓𝑝∕𝑓1 =
2.62, which is observed across all excitation amplitudes. The underlying 
physical reason for this peak remains unclear at present. However, 
it is likely associated with the nonlinear terms proportional to 𝑤′ in 
Eq.  (39). Infact, the GNL-ANA results indicate the presence of a peak 
around 𝑓𝑝∕𝑓1 = 2.62, as seen in Fig.  14d.

Overall, the GNL-ANA results exhibit a response similar to that of 
GNL-FEM, with the response magnitude and peak frequencies aligning 
well up to the second mode across all tests. Beyond this point, devi-
ations between the GNL-ANA and GNL-FEM results become apparent. 
However, we still observe the right shift of the natural frequency of 
the system with increase in excitation frequency and the excitation 
amplitude. These results highlight that for low excitation frequencies 
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Table 2
Amplitude of principal strain at frequency 2𝑓𝑝 at the fairlead (𝑟 = 𝐿0).
 Excitation frequency 𝑓𝑝∕𝑓1 Amplitude of 𝐸1 at 2𝑓𝑝 Amplitude of 𝐸1 at 2𝑓𝑝 Comparison  
 𝑓𝑝( Hz) GNL-FEM GNL-ANA |

|

|

GNL-ANA
GNL-FEM − 1||

|

 
 0.20 0.48 2.94 × 10−7 3.04 × 10−7 0.034  
 0.40 0.95 3.66 × 10−5 3.90 × 10−5 0.066  
 0.60 1.43 2.75 × 10−6 2.51 × 10−6 0.087  
 0.80 1.90 4.09 × 10−5 3.57 × 10−5 0.127  

Fig. 14. Frequency sweep results showing the amplitude of the principal strain 𝐸1 at frequency 2𝑓𝑝 as a function of the excitation frequency 𝑓𝑝 over the range 
𝑓𝑝∕𝑓1 ∈ (0, 7). (a) GNL-FEM results for 𝜖0 = 0.01. (b) GNL-FEM results for 𝜖0 = 0.04. (c) GNL-ANA results for 𝜖0 = 0.01. (d) GNL-ANA results for 𝜖0 = 0.04.

Fig. 15. Frequency sweep results showing the amplitude of the principal strain 𝐸1 at frequency 2𝑓𝑝 as a function of the excitation frequency 𝑓𝑝 over the range 
𝑓𝑝∕𝑓1 ∈ (0, 7). (a) GNL-FEM and GNL-ANA results for 𝜖0 = 0.01. (b) GNL-FEM and GNL-ANA results for 𝜖0 = 0.04.

(up-to the 2nd mode in the tested scenarios), the analytical approach 
can provide a sufficient estimation of the strains for the specific case of 
the vertical taut line.

The geometric hardening behaviour and harmonics observed in the 
present results are consistent with phenomena reported for taut bridge 
cable systems in the literature (Macdonald, 2016). It is also known from 
this literature that under purely planar harmonic excitation, the planar 
response can become unstable above a certain amplitude threshold, 
beyond which non-planar whirling motion develops (Nayfeh and Mook, 

1995; Macdonald, 2016). The present 2D analysis is therefore valid 
within the planar response regime.

4.3.4. Potential and kinetic energy, evaluated using GNL-ANA
The GNL-ANA model serves as an effective preliminary tool for 

analysing the response of taut mooring systems. As demonstrated in 
Section 4.3, the GNL-ANA model with five modes provides reasonable 
accuracy up to the second natural frequency of the line. This makes it 
a valuable tool for rapidly assessing various advanced characteristics of 
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Fig. 16. Contour plots showing the variation of kinetic and potential energy rate along the line over time.

the system. For instance, it can be utilised to evaluate the local rate of 
change in potential and kinetic energy along the line. The contour plot 
in Fig.  16 illustrates the spatial and temporal distribution of potential 
and kinetic energy rates at different time instances. Although the GNL-
ANA model does not currently include thermo-elastic coupling effects, 
the proposed energy-based visualisation provides valuable insight into 
regions that may act as potential temperature hotspots along the moor-
ing line. This sets a basis for possibly exploring thermo-mechanical 
coupling for quantifying the temperature hotspots based on this en-
ergy distribution. This aspect is particularly important, as synthetic 
mooring lines subjected to dynamic loading can experience significant 
localised temperature increases. Such temperature elevations may alter 

the material properties of the line and accelerate degradation processes, 
ultimately increasing the risk of mechanical failure.

In Fig.  16, we present the kinetic and potential energy rates for the 
case 𝜖0 = 0.01, 𝑎𝑝 = 0.8m, considering three excitation frequencies 
𝑓𝑝∕𝑓1 ∈ {1.0, 2.0, 3.0}. Since these frequencies are in the vicinity of 
the first, second, and third natural modes, the response is significantly 
amplified. The figures reveal two distinct peaks in the kinetic and 
potential energy rates per excitation cycle. Thermal energy dissipation 
within the line is expected to be proportional to these energy rate 
variations, and consequently, local temperature fluctuations will also 
correlate with these changes. From Fig.  16, we can observe that the 
peak in kinetic an potential energy rates are out of phase. However, 
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Fig. 17. Plots showing the tension at the fairlead and anchor, showing the simulation ramp-up until 𝑡𝑓𝑝 = 5. The results are obtained from GNL-FEM and MoorDyn 
for the catenary line described in Table  3, under an excitation of 𝑓𝑝 = 1∕7.50Hz and 𝑎𝑝 = 0.5m.

Table 3
Properties of chain mooring line and sea-bed from DeepCWind semi-
submersible tests.
 Property Value  
 Nominal diameter 0.0766m  
 Mass per unit length 113.35 kgm−1  
 Axial stiffness 𝐸𝐴 753.6MN  
 Un-stretched length 835.35m  
 Anchor position 𝑥𝐴𝑁 (0.0, 0.0)m  
 Fairlead position 𝑥𝐹𝐿 (796.7, 186.0)m 
 Normal drag coefficient 𝐶𝑑,𝑛 2.0  
 Axial drag coefficient 𝐶𝑑,𝑡 0.4  
 Sea-bed stiffness 𝑘𝑏 3 × 106 Pam−1  
 Sea-bed damping 𝑐𝑏 3 × 105 Pa sm−1 

when analysing the variation along the line, there are specific regions 
where both kinetic and potential energy rates peak simultaneously. 
These locations may serve as potential hotspots for thermal build-up. 
For 𝑓𝑝∕𝑓1 = 1.0, the hotspot is located within 𝑋∕𝐿0 ∈ (0.25, 0.75). For 
𝑓𝑝∕𝑓1 = 2.0, it shifts to 𝑋∕𝐿0 ∈ (0.25, 0.50), while for 𝑓𝑝∕𝑓1 = 3.0, 
it is observed within 𝑋∕𝐿0 ∈ (0.50, 0.75). These findings highlight the 
capability of the analytical model to provide quantitative insights into 
the dynamic behaviour of the mooring line, facilitating a proactive and 
pre-emptive approach in the design process.

4.4. Case study: Catenary mooring line dynamic

As a final study, we study the numerical model GNL-FEM for 
dynamic excitation of catenary type mooring line, as sketched in Fig.  2. 
We compare the results obtained from GNL-FEM against MoorDyn (Hall 
and Goupee, 2015), which is a common used lumped-mass mooring line 
model.

We consider a mooring line from the DeepCWind semi-submersible 
tests, with the properties of the line indicated in Table  3, based on 
the MoorDyn input file found at OpenFAST/r-test. The line is placed 
in water-depth 𝑑0 = 200m, with the anchor at the sea-bed at 𝑥𝐴𝑁 =
(0.0, 0.0)m and the fairlead at 𝑥𝐹𝐿 = (796.7, 186.0)m. We include the 
influence of gravity and buoyancy body forces. The sea bed is modelled 
as a damped spring bed, with the stiffness and the damping coefficients 
mentioned in Table  3. We also consider the impact of the self drag of 
the line, with the axial and normal drag coefficients also mentioned 
in Table  3. Simulations in both GNL-FEM and Moordyn have been 
executed with the same properties as mentioned in Table  3.

The line is meshed uniformly, with 𝑁ele = 𝐿0∕𝛥𝑟 = 100 quadratic 
elements. We expose the line to dynamic excitation via the fairlead, 
by moving the fairlead sinusoidally along the surge (X) axis, with 
a prescribed frequency 𝑓𝑝 and amplitude 𝑎𝑝. For each test case, the 
MooDyn and GNL-FEM simulations are executed at a time-step of 𝛥𝑡 =
1∕100𝑓𝑝. We monitor the tension at the anchor (𝑟 = 0) and the fairlead 
(𝑟 = 𝐿0). To prevent abrupt excitation, the amplitude is gradually in-
creased from zero to 𝑎𝑝 over five excitation cycles, as shown in Fig.  17,

which presents the time series results for the excitation case 𝑓𝑝 =
1∕7.5Hz, 𝑎𝑝 = 0.5m. The simulations take about 5 s to run in MoorDyn, 
but about 460 s in GNL-FEM, owing to the Generalised-𝛼 time stepping 
and iterative Newton–Raphson solver as mentioned in Section 3.1.2

Fig.  18 presents the steady-state time series of tension at both 
the anchor and the fairlead for various excitation frequencies and 
amplitudes. The figure also provides a comparison between the results 
obtained from GNL-FEM and MoorDyn. To quantify the difference 
between the GNL-FEM and MoorDyn time series, we use the parameter 
𝑃𝑑 =

∑
(

𝑇GNL-FEM − 𝑇MoorDyn
)2 ∕

∑
(

𝑇MoorDyn
)2, following the approach 

in Crespo et al. (2007). The computed values for 𝑃𝑑 are provided in 
Table  4.

From the figures and the error table, several key observations can 
be made. The cases with 𝑓𝑝 = 1∕7.5Hz and 𝑓𝑝 = 1∕12.1Hz correspond 
to the typical peak frequency range for sea-state conditions. For these 
cases, the solutions obtained from GNL-FEM and MoorDyn demon-
strate strong agreement, with the maximum discrepancy being less 
than 2.5%. Both models effectively capture the dynamic and nonlinear 
characteristics of the system.

The excitation frequency 𝑓𝑝 = 1∕20.0Hz corresponds to the scenario 
of swell waves, which can induce significant surge motion in a floating 
structure. The comparison between GNL-FEM and MoorDyn results for 
this case shows good agreement. However, during the return cycle, 
the line becomes slack, and upon regaining tension, the MoorDyn 
simulation exhibits pronounced oscillations in the time series, which 
are not observed in the GNL-FEM results.

To further examine the slacking behaviour of the line in this sce-
nario, we visualise the line shape at four different time instances in 
Fig.  19, along with the corresponding local principal stress distribution. 
Additionally, we present the tension along the line at 10 different time 
instances in Fig.  20a, and the simultaneous time-series plot of tension 
at the fairlead and anchor in Fig.  20b.

We focus on monitoring the 14th excitation cycle to analyse the 
dynamic behaviour of the line. Between 𝑡𝑓𝑝 = 13.75 and 𝑡𝑓𝑝 = 14.25, the 
fairlead moves to the right (+X), causing the line to undergo tensioning, 
as observed in Fig.  20b. Subsequently, from 𝑡𝑓𝑝 = 14.25 to 𝑡𝑓𝑝 = 14.75, 
the fairlead moves towards the left (−X), reaching peak velocity at 𝑡𝑓𝑝 =
14.5. Due to this rapid return motion, a transverse wave propagates 
from the fairlead towards the anchor. As the transverse wave reaches 
the seabed, it interacts with the contact point, leading to localised peak 
stresses, as evident in Figs.  19c, d, and 20a at 𝑡𝑓𝑝 ∈ {14.5, 14.6, 14.7}. 
During this period, the anchor has zero tension. Once the fairlead starts 
moving rightward again, the line regains tension, thereby repeating the 
cycle. This example thus highlights the interplay between line dynamics 
and seabed interaction.

To examine the other extreme of the frequency spectrum, we con-
sider an excitation frequency of 𝑓𝑝 = 1∕0.2 = 5Hz. While this is 
unusually high for wind-generated waves, it serves as a test case for 
scenarios where a floater may be excited by an eccentric rotating mass, 
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Fig. 18. Plots of tension at the fairlead and the anchor, comparing GNL-FEM and MoorDyn results for the catenary line Table  3, exposed to harmonic excitation 
at the fairlead. (a–b) 𝑓𝑝 = 1∕7.50Hz, 𝑎𝑝 = 0.5m, (c–d) 𝑓𝑝 = 1∕12.10Hz, 𝑎𝑝 = 3.0m, (e–f) 𝑓𝑝 = 1∕20.0Hz, 𝑎𝑝 = 10.0m, (g–h) 𝑓𝑝 = 1∕0.2Hz, 𝑎𝑝 = 0.5m.

Table 4
Comparison of the GNL-FEM and MoorDyn results at the anchor and the fairlead.
 Excitation frequency Excitation amplitude Difference at anchor Difference at fairlead 
 𝑓𝑝 𝑎𝑝 𝑃𝑑 Anchor 𝑃𝑑 Fairlead  
 1∕7.5Hz 0.5m 0.0035 0.0043  
 1∕12.1Hz 3.0m 0.0054 0.0247  
 1∕20.0Hz 10.0m 0.0353 0.0589  
 1∕0.2Hz 0.5m 0.4764 0.8731  

such as an imbalanced wind turbine. Under these conditions, the line 
exhibits highly dynamic behaviour, preventing the system from reach-
ing a steady state. The differences between GNL-FEM and MoorDyn are 
particularly pronounced at the fairlead, where the effects of dynamic 

excitation are strongest. However, as the line approaches the anchor, 
the combined effects of non-linearities and seabed interaction shift 
the energy towards lower frequencies. Consequently, the discrepancy 
between GNL-FEM and MoorDyn is less significant at the anchor.
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Fig. 19. Snapshots of the catenary mooring line at four instances in a excitation cycle for 𝑓𝑝 = 1∕20Hz, 𝑎𝑝 = 10.0m. The colour of the line represents local 
principal stress.

Fig. 20. (a) Plots showing the tension distribution along the line at 10 different time instances within an excitation cycle for the case 𝑓𝑝 = 1∕20.0Hz, 𝑎𝑝 = 10m. 
(b) Time-series plots of the tension at the fairlead and anchor, with markers indicating the specific time instances at which the tension distribution along the line 
is plotted in Fig.  20a.

The differences observed between GNL-FEM and MoorDyn in the 
slack-taut and high-frequency excitation cases are due to two com-
pounding factors. First, in the lumped mass approach the strain is 
computed as a constant value per segment, whereas in GNL-FEM the 
strain field is derived from the surface deformation gradient 𝐅𝛤  and 
varies continuously along the line through the polynomial basis func-
tions. This continuous strain representation allows GNL-FEM to cap-
ture the propagation of stress waves during sharp dynamic events, 
which the segment-level strain in MoorDyn cannot resolve resulting 
in spurious oscillations. Second, the explicit RK4 time-stepping scheme 
employed in MoorDyn lacks high-frequency numerical dissipation, un-
like the Generalised-𝛼 scheme in GNL-FEM, which suppresses spu-
rious high-frequency oscillations while preserving the low-frequency 
response.

5. Conclusions

This manuscript presents a formulation of the finite-strain, large-
deformation mooring dynamics boundary value problem using the 
principles of Tangential Differential Calculus (TDC). The motivation for 
adopting the TDC framework lies in its natural suitability for curved 
manifolds and its versatility in numerical implementation, accommo-
dating both embedded and parametric approaches. The manuscript 
presents a finite element-based solution procedure, referred to as GNL-
FEM, to model the boundary value problem for general mooring dy-
namics scenarios, ranging from catenary to taut mooring lines. The 

implementation of GNL-FEM is described briefly, highlighting its devel-
opment in the Julia programming language using the Gridap.jl finite el-
ement library, which enables an efficient and easily reproducible com-
putational framework. Additionally, based on the same TDC-based for-
mulation, the manuscript introduces a reduced-order analytical model, 
termed GNL-ANA, specifically designed for taut mooring systems.

The manuscript demonstrates the robustness of GNL-FEM, via a 
mesh (ℎ), element order (𝑝) and time-step 𝛥𝑡 refinement study, where 
the model is demonstrated to exhibit optimal convergence rate. GNL-
FEM implementation is further verified through a study of the geomet-
rically nonlinear problem of elongation of flexible parabolic line under 
the action of its own weight. The accuracy of the implementation is 
presented through displacement field and the resulting elastic potential 
energy.

A major focus of the manuscript is to investigate the geometric 
nonlinearity in the dynamic response of taut mooring lines. The line 
is pre-tensioned to a specified level and subjected to dynamic exci-
tation through periodic motion of the fairlead. The GNL-FEM model 
is employed to analyse this system, revealing that second-order non-
linearities dominate the response, as indicated by the presence of 
super-harmonics and sub-harmonics in the displacement field. Addi-
tionally, third-order non-linear effects are also observed. The strain 
field, derived from the displacement, exhibits localised peaks at the 
natural frequencies of the line. By analysing the response spectrum, 
the study captures how the influence of various natural frequencies 
evolves with changes in excitation frequency. The manucript reports 
a broad parametric study, covering a range of excitation frequencies, 
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amplitudes, and pre-tension values for the taut line. The results demon-
strate progressive hardening of the line, reflected by a rightward shift 
in the peaks of the strain response, with increasing excitation frequency 
and amplitude. This behaviour is also due to the geometric nonlinearity 
in the response.

The manuscript next investigates the range of applicability for the 
reduced order analytical model GNL-ANA, devised specifically for the 
taut mooring line. The analytical model is formulated using different 
number of sinusoidal shape functions defined along the line, with 
increasing accuracy when increasing the number of shape functions. 
With the use of five shape functions, the reduced order model is demon-
strated to show acceptable accuracy up-to the second natural frequency 
of the system, even for the high excitation amplitude and high pre-
tensioning scenarios. This highlights that potential of such reduced 
order models, thus encouraging their use for low-fidelity analysis such 
as material optimisation or understanding temperature concentration.

Finally, GNL-FEM is applied to catenary line problem, including the 
sea-bed interaction and self drag. The analysis is done for a chain line, 
with low frequency excitation corresponding to swell waves response of 
a floater, and high frequency excitation corresponding to wind-waves 
response of a floater. For all of these cases, GNL-FEM is shown to have 
good comparison against the established lumped mass model Moordyn 
(Hall and Goupee, 2015), including for the cases where the line become 
slack. Finally, both GNL-FEM and Moordyn are used to simulate a 
hypothetical scenario involving very high-frequency excitation, which 
could arise from events such as eccentric rotation of a wind turbine due 
to damage or extreme operating conditions. In this case, the responses 
predicted by GNL-FEM and Moordyn differ, highlighting the need for 
further investigation into the effects of high-frequency excitation at the 
fairlead, beyond the typical frequencies associated with ocean waves.

The continuous definition of differential and geometric quantities in 
TDC also allows easy implementation of dynamic non-linear material 
stiffness. In our work (Agarwal and Colomés, 2025), we have extended 
GNL-FEM to incorporate the non-linear and dynamic Schapery vis-
coelastic material model for synthetic mooring lines. The key challenge 
in this extension is that the Schapery model is compliance-based, 
while GNL-FEM framework is displacement-based. This is addressed in 
Agarwal and Colomés (2025) using a predictor–corrector incremental 
strain approach, with the hereditary integral tracked at each quadrature 
point. Moreover, owing to the robustness of GNL-FEM, in our work 
(Santjer et al., 2025), we have utilised GNL-FEM for studying the 
mooring dynamics for a catenary line in 11 different locations in the 
Dutch North Sea. For each location, the line was exposed to local 
ocean current and irregular wave excitation from 300 different sea-
states, where for each sea-state the line response for simulated for a 
standard storm duration of 20 min. This data was used for building 
a Bayesian network, determining the influence of hydrodynamic vari-
ables on tension rates on these mooring lines. This manuscript was 
focused on setting up the boundary value problem and defining the 
solution procedure.

In our future work, our focus is to expand this approach to moor-
ing lines in 3D domain. This current 2D implementation has can be 
readily expanded to 3D by defining a pair of normals orthogonal to 
the computed tangent from Section 2.1. Furthermore, the effects of 
torsional stiffness and bending for the cables and chains with higher 
bending stiffness will be implemented by computing the curvature 
based on the Weingarten map (Kaiser and Fries, 2023). Through this 
step-by-step approach, our aim is to extend the framework to multi-
segment, multi-line systems, subjected to multi-directional loading, 
thereby demonstrating its broader potential.
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Appendix. Derivation of the equation of motion for a low order 
1D continuum based on the lagrangian formalism

In this section the Lagrangian form of equations of motion of a 
one dimensional system whose motion is defined in the region 𝑠 =
{𝑎 ≤ 𝑥 ≤ 𝑏} are derived by means of the Hamilton-Ostrogradsky 
principle. Employing this principle, it must take into account that 
the Lagrangian density 𝜆 is a function that may depend on higher 
order spatial derivatives. Given that, the Lagrangian density function 
employing index notation is defined as: 
𝜆 = 𝜆

(

𝑡, 𝑥, 𝑢𝑖, 𝑢̇𝑖, 𝑢𝑖,𝑗
)

(56)

The external energy density 𝑤ext and the dissipation energy density 
Ddiss describe the energy generated by generalised external distributed 
forces (concentrated forces can also be considered making use of the 
Dirac delta function) and the dissipative energy, respectively. 
Vext = Vext

(

𝑡, 𝑥, 𝑢𝑖
)

(57)

Ddiss = Ddiss
(

𝑡, 𝑥, 𝑢̇𝑖
)

(58)

where, 𝑢𝑖 is the generalised coordinate, the (, ) denotes the spacial 
derivative, and the (̇) denotes the time derivative. To obtain the La-
grangian form of the equation of motion and boundary conditions, the 
variational principle is employed. To this end, let us first consider a 
perturbed displacement 𝑋𝑖 of the real displacement 𝑢𝑖 in the following 
form: 
𝑋𝑖(𝑥, 𝑡) = 𝑢𝑖(𝑥, 𝑡) + 𝜀𝜉𝑖(𝑥, 𝑡) (59)

where 𝜀 is the quantity of the perturbation, 𝜉𝑖 is a normalised per-
turbation. Let us suppose that these two arbitrary displacements 𝑋𝑖
and 𝑢𝑖 describe the motions of the continuum during the time interval 
𝛼 < 𝑡 < 𝛽, and that the perturbations at the time extremes 𝛼 and 𝛽 are 
zero, such that: 
𝜉𝑖(𝑥, 𝛼) = 𝜉𝑖(𝑥, 𝛽) = 0 (60)

The Hamilton-Ostrogradsky principle states that, 
𝑑
𝑑𝜀

[

∫

𝛽

𝛼 ∫𝑠
𝜆 𝑑𝑠𝑑𝑡

]

𝜀=0
= 0 (61)

and leads to, 

∫

𝛽

𝛼

[

∫𝑠

(

𝜕𝜆
𝜕𝑢𝑖

𝜉𝑖 +
𝜕𝜆
𝜕𝑢̇𝑖

𝜉̇𝑖 +
𝜕𝜆
𝜕𝑢 𝑖,𝑗

𝜉𝑖,𝑗

)

𝑑𝑠
]

𝑑𝑡 = 0 (62)

elaborating the terms, the following relations, that ensure uniqueness 
in Eq. (62) are used. 
𝜕𝜆
𝜕𝑢̇𝑖

𝜉̇𝑖 =
𝜕
𝜕𝑡

(

𝜉𝑖
𝜕𝜆
𝜕𝑢̇𝑖

)

− 𝜉𝑖
𝜕
𝜕𝑡
𝜕𝜆
𝜕𝑢̇𝑖

𝜕𝜆
𝜕𝑢𝑖,𝑗

𝜉𝑖,𝑗 =
𝜕
𝜕𝑥𝑗

(

𝜉𝑖
𝜕𝜆
𝜕𝑢𝑖,𝑗

)

− 𝜉𝑖
𝜕
𝜕𝑥𝑗

𝜕𝜆
𝜕𝑢𝑖,𝑗

(63)
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Substituting the terms in Eq. (63) into Eq. (62), and applying Gauss 
divergence theorem the following expression is obtained: 

∫

𝛽

𝛼

{

∫𝑠
𝜉𝑖

(

𝜕𝜆
𝜕𝑢𝑖

+ 𝜕
𝜕𝑡
𝜕𝜆
𝜕𝑢̇𝑖

+ 𝜕
𝜕𝑥𝑗

𝜕𝜆
𝜕𝑢𝑖,𝑗

)

𝑑𝑠 − 𝜉𝑖
𝜕𝜆
𝜕𝑢𝑖,𝑗

|

|

|

|

𝑠=𝑏

𝑠=𝑎

}

𝑑𝑡

− ∫𝑠
𝜉𝑖
𝜕𝜆
𝜕𝑢̇𝑖

|

|

|

|

𝛽

𝛼
𝑑𝑠 = 0.

(64)

Setting to zero the integrand of the first integral in Eq. (64), and 
introducing the dissipative function (Eq. (58)), we obtain the equation 
of motion in the Lagrangian form: 
𝜕𝜆
𝜕𝑢𝑖

+ 𝜕
𝜕𝑡
𝜕𝜆
𝜕𝑢̇𝑖

+ 𝜕
𝜕𝑥𝑗

𝜕𝜆
𝜕𝑢𝑖,𝑗

+
𝜕Ddiss
𝜕𝑢̇𝑖

= 0 (65)

with the following natural boundary condition 

− 𝜕𝜆
𝜕𝑢𝑖,𝑗

|

|

|

|

𝑠=𝑏

𝑠=𝑎
= 𝑇 (66)
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