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Summary

The Variational Multiscale (VMS) method has appeared as a promising new approach

to the Large Eddy Simulation (LES) of turbulent flows. The key advantage of the

VMS approach is that it allows different subgrid-scale (SGS) modeling assumptions

to be made at different ranges of the resolved scales. Typically, in the VMS method,

SGS modeling is confined to the smallest resolved scales, leaving the dynamically

important large scales free from the direct influence of the SGS model. Prior im-

plementations of the VMS approach have been restricted to either incompressible

formulations, simple geometries and/or small time steps. We propose a space-time

VMS method for the compressible Navier-Stokes equations, which aims to overcome

the difficulties associated with prior VMS implementations. In particular, we aim

to develop a method that is applicable to complex flow geometries with a minimum

number of degrees of freedom, and that can march at time steps which are chosen to

resolve the physical phenomena of interest rather than to satisfy stability constraints.

The spatial discretization of the proposed computational approach corresponds to

a high-order continuous Galerkin method, which due to its hierarchical nature pro-

vides a natural framework for ’a priori’ scale separation, which is crucial for the VMS

method. As the method is formulated in a space-time framework, it supports contin-

uous as well as discontinuous discretizations in time. Time-discontinuous discretiza-

tions offer great flexibility for adaptation, but may be computationally expensive.

Time-continuous discretizations, on the other hand, potentially offer a good com-
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promise between accuracy and computational cost. We consider three different time

discretizations, viz. a first-order time-continuous Galerkin method (TCG) in time,

a second-order time-continuous Petrov-Galerkin method (TCPG) and a third-order

discontinuous Galerkin method (TDG).

We consider the efficacy of the spatial VMS discretization for the computation of

fully-developed turbulent channel flow. We show that the present method leads to

reduced resolution requirements compared to traditional LES approaches applying

similar SGS models directly to all the resolved scales. The crucial parameter for

obtaining reliable low-order statistics is found to be the large/small partition of the

resolved scales. In particular, it is shown that when using simple eddy-viscosity

models, the finite element basis functions capable of representing the basic dynamics

of the near-wall coherent structures should be released from the direct influence of

the SGS model.

As space-time methods are necessarily implicit, a challenge is to ensure that the

computations are carried out at reasonable cost. Therefore, we have conducted a

detailed performance analysis to investigate the factors that influence the accuracy

and computational cost of the proposed methods. For this purpose we consider again

the turbulent channel flow.

First, we examine the different time discretizations. It is demonstrated that the

TCG method is not a competitive time discretization for the time steps of interest.

The TCPG and TDG method, on the other hand, produce accurate and very similar

results for relatively large time steps. However, the TDG method is considerably

more computationally expensive as it uses twice the number of degrees of freedom

compared to the TCPG method. Therefore, except for reasons of adaptation, the

TCPG method is preferred here.

Next, we compare the accuracy and cost of different spatial hp-resolutions for a

similar total number of degrees of freedom. It is shown that the spatially higher-order

methods lead to increased accuracy compared to a standard linear Galerkin method
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which cannot exploit the advantages of the present VMS formulation. However,

higher-order methods are inherently expensive, as the computational work required

within a time step scales quadratically with the number of finite element basis func-

tions, while it scales only linear with the number of elements. Higher-order methods

also have significantly denser system matrices resulting in rapidly increasing memory

requirements with the order of the scheme. As the computational cost associated with

higher-order methods is still relatively high, additional research areas are suggested

for the goal of improving the method’s cost efficiency.
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Chapter 1

Introduction

The calculation of turbulent flows is of great practical importance in many engineer-

ing disciplines. A few examples are the turbulent flow around airplanes and ships,

turbulent combustion processes in gas turbines, and the well-known atmospheric tur-

bulence experienced daily by many airline passengers. Over the years, turbulent

flows have been studied using a variety of analytical, experimental, and numerical

techniques.

Analytical techniques are often useful in establishing theories describing the basic

physical processes of turbulence. However, due to the complexity of the equations

describing the dynamics of turbulence, the Navier-Stokes equations, analytical tech-

niques are of little use for problems of practical interest.

Experimental techniques, on the other hand, serve as a valuable tool providing

additional insight into the dynamics of turbulent flows. Moreover, these techniques

provide information which is indispensable for the validation of theoretical results.

Unfortunately, experimental techniques are often extremely expensive, or even im-

possible, due to the complexity of many flow configurations of interest.

With the rapid growth of computer power, Computational Fluid Dynamics (CFD)

has become an increasingly popular tool, which in addition to experimental and ana-
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lytical techniques, has helped to provide a more complete understanding of turbulent

flows.

1.1 Turbulence simulation

Turbulent flows are characterized by a very wide range of scales in both space and

time. The most straightforward approach to turbulence simulation is to resolve all

the scales of motion, which is referred to as Direct Numerical Simulation (DNS).

However, the total computational cost of such an approach is on the order of Re3

[52], where Re represents the Reynolds number, which is typically larger than 105

for many flows of practical interest [64, 74]. Therefore, despite the current computer

power, DNS is still limited to relatively low Reynolds number flows [57].

An alternative approach to resolving all turbulent scales of motion is to model

all or some of their effects. Modeling all the effects of turbulence, while predicting

only the mean flow, corresponds to the Reynolds Averaged Navier-Stokes (RANS)

approach. Since the RANS approach is relatively inexpensive, it currently serves as

the workhorse for industrial applications [12]. The drawback of the RANS approach,

however, is its relative inaccuracy, as it is difficult to develop turbulence models which

account for all turbulent scales. In general, the effects of the largest turbulent scales

cannot be included in universal RANS models, as these are intimately connected to

the problem geometry. Inherently, such models cannot be applied to problems where

unsteady large-scale structures play a dynamically important role. An extensive

discussion of RANS methods can be found in the book by Wilcox [81].

An intermediate approach between DNS and RANS is Large Eddy Simulation

(LES), in which the dynamically important large scales are resolved by the numerical

simulation. The LES approach is motivated by the fact that the physical processes

of interest in many turbulent flows are dominated by a relatively few number of

large-scale coherent structures. A classical example is the turbulent mixing layer
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Figure 1.1: Large and small-scale structures in a turbulent mixing layer. (From

Brown and Rosco [5].)

as shown in Figure 1.1, where the large-scale Kevin-Helmholtz rollers are mainly

responsible for scalar mixing and momentum transport. Another example is found in

wall-bounded turbulence, in which the near-wall low-speed streaks (see Figure 1.2)

are mainly responsible for increased momentum transport associated with turbulence

induced drag, as well as the process of turbulence production. Since the large scales

are solved explicitly in LES, only the effects of the small subgrid scales have to be

modeled. This is advantageous, as the small scales have a universal structure [54],

making their modeling considerably simpler compared to that of the RANS approach.

Traditionally, in LES formulations equivalent subgrid-scale modeling assumptions

are applied to all resolved scales. However, with the development of the variational

multiscale formulation for LES, it was shown that improved accuracy can be obtained

by allowing different subgrid-scale modeling assumptions at different ranges of the

resolved scales. This is discussed in more detail in the following section.

1.2 Variational multiscale approach for LES

The variational multiscale (VMS) method was introduced by Hughes et al. [26, 27, 28]

as a general framework for deriving models and numerical methods for the simulation

of multiscale phenomena present in many engineering problems. Later, the multiscale

concepts were extended to turbulence simulation, leading to the development of the
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Figure 1.2: Low-speed streaks in a turbulent wall-bounded flow in a water channel.

The flow is visualized by hydrogen bubbles in planes parallel to the wall at two

different distances from the wall, y+ = 2.7 (left) and y+ = 38 (right). (From Kline et

al. [41].)

VMS method for LES [29]. As opposed to the traditional approach of filtering [68],

the VMS method employs a priori scale decomposition combined with variational

projection. In particular, the resolved scales are decomposed a priori into large and

small scales. Substitution of this decomposition into the governing equations (the

Navier-Stokes equations) combined with variational projection leads to a coupled set

of equations describing the dynamics of the large and small scales. These equations

are referred to as the large and small scale equations. As demonstrated by Collis

[10], the key feature of the VMS approach is that it allows for different modeling

assumption at each range of the resolved scales. In particular, one typically confines

modeling to the small-scale equation. In doing so, numerical consistency is retained in

the large-scale equation, allowing full rate of convergence of the large-scale solution.

This is in clear contrast to traditional approaches using eddy-viscosity models, which
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suffer from reduced convergence rates in all resolved scales due to model-related

artificial-viscosity effects. Meanwhile, the VMS approach for LES has become an

increasingly popular topic of research.

Employing a global spectral discretization, the VMS method was first applied to

decaying homogeneous isotropic turbulence [30]. Using a simple constant Smagorin-

sky model [73] only on the small scales, the VMS method proved superior to tra-

ditional LES formulations using a similar model, as well as a far more complex dy-

namic Smagorinsky model [18]. Next, the VMS method was applied to equilibrium

and non-equilibrium turbulent channel flows [31, 55], employing a global spectral

discretization in the homogeneous direction and a Galerkin method using Legendre

polynomials in the wall-normal direction. Again, the VMS method using a constant-

coefficient Smagorinsky model acting on the small scales outperformed a traditional

LES employing dynamic modeling. Similar conclusions were found by Ramakrishnan

and Collis [60] studying opposition control in turbulent channel flow, where the VMS

method also showed better predictive capabilities.

The VMS discretizations discussed so far employ global spectral methods, which

allow a natural scale decomposition as they approximate the solution using a series

of sinusoidal functions. The drawback of such methods, however, is that they are

suitable only for problems with periodic boundary conditions. A VMS discretization

suitable for more realistic problems was introduced by Jansen et al. [35], in which a

continuous Galerkin approach employing a mesh-entity-based hierarchical basis was

successfully applied to decaying isotropic turbulence.

An alternative approach, suitable for complex flow geometries, was proposed by

Collis [12], who merged the VMS method with a high-order accurate discontinu-

ous Galerkin (DG) method. Investigations using this DG-VMS combination for low

Reynolds number turbulent channel flow [61] confirmed a potential advantage of the

VMS method, viz. if the large scales are sufficiently refined to resolve the most im-

portant coherent structures, the constant-coefficient Smagorinsky model acting on
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the small scales does not adversely affect the solution quality.

Another VMS formulation capable of handling unstructured domains was intro-

duced by Koobus and Farhat [43], who employed a finite volume/element method

on tetrahedral meshes, in which scale separation was based on cell agglomeration.

Results obtained using this VMS method for a vortex shedding flow past a square

cylinder were in better agreement with experimental data than those predicted by a

traditional LES formulation.

So far, all the methods discussed use constant-coefficient modeling procedures to

account for the effect of the unresolved scales. This requires a user-defined param-

eter, which in general is undesirable. Therefore, in order to further investigate the

robustness of the VMS approach, Holmen et al. [23] extended the dynamic model

[18] to the VMS formulation. It was shown that the VMS method in combination

with the dynamic model is relatively insensitive to the partition between large and

small resolved scales compared to the static modeling procedure. The static model

procedure, on the other hand, achieved the highest absolute accuracy at its optimal

partition.

The VMS method was applied to a discretization for channel flows which defined

scale separation in the homogeneous directions only by Ramakrishnan and Collis

[61, 63]. It was found that applying the VMS method only in the homogeneous

directions is as successful as applying it in all directions. The partition between

large and small resolved scales as well as the overall resolution were found to be

crucial parameters for obtaining high-quality solutions. Applying the VMS approach

in only one of the homogeneous directions led to a consistent method for choosing

the partition and resolution requirements, in relation to the physically important

structures in the flow.

It was shown by Vreman [78] that the VMS method can also be extended to

the classical filtering approach to LES. This lead to the observation that multiscale

methods based on standard eddy-viscosity models are closely related to (anisotropic)
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hyperviscosity models. Using this approach for turbulent channel flow, several multi-

scale models were found to be as accurate as the standard dynamic model, while being

simpler to implement. A similar filter-based approach to VMS was also used by Lev-

asseur et al. [45] for decaying isotropic turbulence. Using a low-order Galerkin/least-

squares method provided appealing results for decaying isotropic turbulence.

An extensive investigation of the DG-VMS combination, labeled the local VMS

method (ℓVMS), was performed by Ramakrishnan [64]. It was found that the in-

troduction of the VMS approach leads to increased efficiency in terms of degrees of

freedom for turbulent channel flow compared to traditional LES formulations using

similar subgrid-scale models. Particularly good results were obtained using ℓVMS

combined with polynomial de-aliasing [40], a technique to reduce high-wavenumber

aliasing errors from the solution. Additionally, relating the partition parameter to

the important length scales in the flow [63] was also shown to be successful for ℓVMS.

Although ℓVMS is an attractive method for a variety of reasons, a major disadvan-

tage of discontinuous Galerkin methods in general is the high computational cost due

the large number of degrees of freedom [70], and the necessity of evaluating element-

boundary integrals. The latter can be of significant expense in multi-dimensional

unstructured domains. Additionally, the use of explicit time discretization such as

used in ℓVMS leads to severe time steps restrictions due to stability requirements.

This is unfortunate, as one is often interested in large-scale quantities such as average

lift and drag, which are not significantly influenced by small time scales.

1.3 Space-time variational multiscale method

In the current research, we aim to develop a space-time VMS method which is appli-

cable to complex geometries with a minimum number of degrees of freedom and can

march at time steps chosen to resolve the physical phenomena of interest, rather than

to satisfy the stability constraints. To this end, we propose a space-time spectral ele-
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ment method as the basis of our computational approach to turbulence simulation. In

particular, the spatial discretization corresponds to a high-order continuous Galerkin

method, which is advantageous in that it employs significantly less degrees of free-

dom for a given degree of the polynomial approximation space than the corresponding

discontinuous Galerkin formulation. Therefore, despite some reduced flexibility com-

pared to discontinuous Galerkin methods, it is believed that continuous methods offer

more potential for large-scale computations.

As space-time formulations are necessarily implicit, it is hoped that relatively

large time steps are permitted without negatively affecting the large-scale quantities

of interest. An additional advantage of space-time formulations is that they provide

a natural and accurate treatment of moving domains. As opposed to the alternative

Arbitrary Lagrangian-Eulerian (ALE) formulations [15], space-time formulations al-

low a straightforward satisfaction of the Geometric Conservation Law (GCL) [44].

The GCL states that a uniform flow on a moving mesh should be exactly represented

by the discretization. It can be shown [16] that increased accuracy and stability is

obtained when the GCL is satisfied discretely. However, for ALE formulations em-

ploying arbitrary combinations of spatial and temporal discretization methods, this

can be a laborious task.

Space-time finite element formulations may be continuous or discontinuous in

time, both of which we consider in the present investigation. The time-discontinuous

Galerkin method was developed by Hughes et al. [24, 25, 32] for fluid and solid

mechanics problems. An extensive analysis of this method in the context of the

compressible Euler and Navier-Stokes equations was performed by Shakib [71, 72].

As observed by Johnson [37], the mathematical properties of the time-discontinuous

Galerkin method for unsteady problems are completely analogous to those of the

Galerkin method for steady problems. Consequently, a good numerical method for

steady problems can be readily extended to unsteady problems in a space-time formu-

lation. One of the key features of the time-discontinuous method is its flexibility for
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adaptivity. Due to the time-discontinuous nature, the spatial mesh (h-refinement)

and/or solution representation (p-refinement) can be changed from one time step

to the next without difficulty. The time-discontinuous Galerkin method has been

successfully applied to various incompressible [75] and compressible [1, 51, 71] flow

problems. As discussed by Hansbo [20], however, a major drawback of the time-

discontinuous Galerkin method is that the lowest possible order of temporal approx-

imation, i.e. piecewise constant, leads to a variant of the backward Euler method,

which is only first-order accurate. In general, this is insufficient for time-accurate so-

lutions. Increasing the temporal approximation and weighting functions to piecewise

linear leads to a third-order accuracy in time [71]. However, this scheme is relatively

expensive as it requires twice as many degrees of freedom as the first-order scheme.

Alternatively, a good compromise between accuracy and efficiency can be ob-

tained by a continuous Petrov-Galerkin time-discretization [70]. A Petrov-Galerkin

method is defined as a Galerkin method which employs weighting functions which

are different from the solution approximation functions. In particular, a second-order

accurate time discretization is obtained by piecewise-continuous weighting functions

together with a piecewise-linear solution approximation in time. This method was

first analyzed by Aziz and Monk [2], but the concept dates back to a number of

authors, such as Winther [82], Hulme [33], and Zienkiewicz [84]. The advantage of

this method is that it employs half the number of degrees of freedom compared to the

third-order time-discontinuous Galerkin scheme, but at the price of a reduced order

of accuracy and reduced adaptive capabilities.

Based on the above observations, we consider the third-order accurate time-

discontinuous (TDG) Galerkin method, and the second-order Petrov-Galerkin (TCPG)

method. Additionally, we consider a time-continuous Galerkin (TCG) method that

is only first-order accurate, which uses a linear solution approximation in time.
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1.4 Research objectives

The main objective of the present research is to evaluate the capabilities of the pro-

posed space-time VMS discretization, as to whether it constitutes a suitable candidate

for accurate and efficient turbulence simulation. In this process, we aim to identify

the strengths and weaknesses in terms of accuracy and computational cost of the

current computational approach.

As a first investigation of the proposed formulation, we consider its performance

for fully-developed turbulent channel flow. Here, we focus on the effect of subgrid-

scale modeling together with resolution requirements, which leads to guidelines for

obtaining reasonable low-order turbulence statistics. In this process, we compare

results obtained using the present VMS formulation, in which modeling is confined

to the small resolved scales, to those obtained using no subgrid-scale model as well

as those obtained applying similar subgrid-scale models to all resolved scales.

Next, we focus on the computational cost of the present approach. As space-

time methods are implicit, a challenge is to ensure that the computations can be

carried out at reasonable cost. To solve the non-linear systems of equations resulting

from the discretization, we employ a predictor multi-corrector algorithm. For each

time step, this algorithm requires the solution of a sequence of linear systems of

equations. Assembling and solving the linear systems in an efficient way is crucial

for application to large-scale problems. Therefore, we investigate the factors that

influence the computational cost and accuracy for turbulent channel flow simulation.

In this process, we compare the different time discretizations, and different spatial

hp-resolutions for similar number of degrees of freedom. Additionally, we investigate

the effect of the quadrature order and convergence criteria on the accuracy and cost

of the simulation.
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1.5 Thesis outline

The remainder of the thesis is outlined as follows. Chapter 2 presents the governing

equations describing the dynamics of the fluid, i.e. the compressible Navier-Stokes

equations. Next, Chapter 3 gives a detailed description of the present space-time

finite element formulation. This chapter ends with an application to the convection-

diffusion equation. Subsequently, Chapter 4 describes the solution algorithm that is

used to solve the non-linear system of equations resulting from the finite-element dis-

cretization of the compressible Navier-Stokes equations. This chapter ends with an

application to laminar channel flow. Chapter 5 focuses on the implementation of the

variational multiscale concept within the current formulation. The resulting method

is evaluated using turbulent channel flow with the emphasis on hp-discretization

requirements and turbulence-modeling parameters. Chapter 6 addresses the com-

putational cost-efficiency of the considered time discretizations, as well as that of

hp-resolution, parallel computing and quadrature order. Finally, conclusions and

directions for future research are presented in Chapter 7.
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Chapter 2

Governing equations

In this chapter, we present the compressible Navier-Stokes (NS) equations, which are

the governing equations for the viscous flow computations presented in later chapters.

These equations, representing the conservation of mass, momentum and total energy,

constitute the most general equations describing the dynamics of fluid flow. First,

in Section 2.1 we describe the NS equations in dimensional form. Next, in Section

2.2 we present the non-dimensionalization that is employed in the current work. We

conclude with a description of the quasi-linear form of the NS equations in Section

2.3.

2.1 The compressible Navier-Stokes equations

The compressible Navier-Stokes equations [80] in conservation form can be written

as

U,t + Fi,i − Fv
i,i = S in Ω, (2.1a)

U(x, 0) = U0(x), (2.1b)

where U = {ρ, ρu, ρe}T is the vector of conservative variables, ρ the fluid density,

u = {u, v, w}T the fluid velocity vector, and e = i + 1
2
uiui the total energy per unit
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mass, where i the internal energy per unit mass. In the above equations the Einstein

summation convention for repeated indices is employed, and subscripts following a

comma denote differentiation with respect to the subscript. The inviscid fluxvectors

Fi(U), the viscous flux vectors Fv
i (U), and the source vector S are defined as

Fi(U) = uiU+p





0

δ1i

δ2i

δ3i

ui





, Fv
i (U) =





0

τ1i

τ2i

τ3i

τijuj − qi





, S = ρ





0

f1

f2

f3

fiui





, (2.2)

where p is the thermodynamic pressure, δij is the Kronecker delta, τij is the viscous

stress tensor, qj is the heat flux vector, and fi is a body force per unit mass. The

system of equations (2.1a) is closed by the following constitutive relations.

The fluid is assumed to be a Newtonian fluid, such that the shear stress is described

by

τij = 2µ(Sij −
δij
3
Skk), (2.3)

where µ is the molecular viscosity coefficient, and Sij = 1
2
(ui,j +uj,i) is the strain-rate

tensor.

The heat flux due to thermal conduction is computed using Fourier’s law

qi = −κT,i, (2.4)

where κ is the thermal conductivity coefficient, and T is the absolute temperature.

The equation of state is used to relate the thermodynamic variables. It is assumed

that the fluid is a perfect gas (i.e. intermolecular forces are negligible) so that

p = (γ − 1)ρi, (2.5)

where γ = cp/cv with cp and cv the specific heat at constant pressure and constant

volume, respectively. This equation is referred to as the thermal equation of state.
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If cp and cv are assumed constant, then the internal energy can be related to the

absolute temperature by

i = cvT, (2.6)

which is referred to as the caloric equation of state. For a calorically perfect gas, the

fluid properties (viscosity and thermal conductivity coefficients) depend on tempera-

ture only. For low-speed flows with small temperature variations, the fluid properties

can be assumed constant with negligible loss of accuracy. This assumption is used

for all results presented here.

The Navier-Stokes equations are solved subject to appropriate initial and bound-

ary conditions. These are specified for each specific problem in subsequent chapters.

2.2 Non-dimensionalization

The Navier-Stokes equations can be cast in non-dimensional form by defining the

following dimensionless variables:

x∗ = x/Lr, u∗i = ui/Ur, t∗ = tUr/Lr, ρ∗ = ρ/ρr,

p∗ = p/ρrU
2
r , T ∗ = Tcv/U

2
r , f ∗

i = fiLr/U
2
r ,

(2.7)

where Lr, Ur and ρr are the predefined reference length, velocity and density, respec-

tively. Substitution of these relations into the Navier-Stokes equations leads to its

non-dimensional form, which is equal to (2.1a) – (2.2), with the dimensional quanti-

ties replaced by their non-dimensional counterparts (2.7). The constitutive relations

in non-dimensional form then become

τ ∗ij =
2

Re
(S∗

ij −
δij
3
S∗

kk), (2.8)

p∗ = (γ − 1)ρ∗T ∗, (2.9)

q∗i = −
γ

RePr
T ∗

,i , (2.10)

i∗ = T ∗, (2.11)
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where Re = ρrUrLr/µ is the Reynolds number, and Pr = µcp/κ is the Prandtl

number. In the present results the fluid is assumed to be air for which Pr = 0.7 [69].

Additionally, the non-dimensionalization gives rise to the Mach number, defined by

M = Ur/ar, where ar = (γpr/ρr)
1/2 is the reference speed of sound. Note that with

the present non-dimensionalization (2.7), the Mach number does not explicitly appear

in the non-dimensional Navier-Stokes equations, however, it enters the simulation

through the specification of the boundary conditions. For example, a constant wall

temperature T ∗
w can be specified as follows

T ∗

w =
Tcv
U2

r

=
1

γ(γ − 1)M2
, (2.12)

where we have used the relations cv = R/(γ − 1) and a2 = γRT , with R is the gas

constant.

2.3 Quasi-linear form

A useful form of the Navier-Stokes equations is the quasi-linear form, which is defined

as

U,t + AiU,i − (KijU,j),i = S, (2.13)

where Ai = Fi,U are the inviscid flux Jacobians and Kij are the diffusivity matrices,

satisfying KijU,j = Fv
i . The coefficients for both are given in Appendix A.

As discussed in [21], the Navier-Stokes equations in conservation form can be

solved using any set of variables by introducing a transformation U = U(Y), where

Y is a new set of variables. Using this transformation (2.13) can be rewritten in

terms of Y as

Ã0Y,t + ÃiY,i − (K̃ijY,j),i = S, (2.14)
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where

Ã0 = U,Y, (2.15)

Ãi = AiÃ0, (2.16)

K̃ij = KijÃ0. (2.17)

It can be shown [71] that a Galerkin finite-element solution using entropy variables

satisfies the Clausius-Duhem inequality, which is the basic nonlinear stability condi-

tion for the compressible Navier-Stokes equations. This means that such a solution

automatically inherits the entropy-production property of the compressible Navier-

Stokes equations. However, the advantage of this property in terms of the accuracy

of numerical solutions is not completely clear. Le Beau et al. [4] investigated sta-

bilized finite-element formulations of the compressible Euler equations using entropy

and conservative variables. Solutions were compared for several problems in the sub-

sonic, transonic and supersonic range. It was found that solutions obtained from

both sets of variables were very close and in some cases indistinguishable. A compar-

ative study of different sets of variables for the compressible Navier-Stokes equations

was also performed by Hauke et al. [21]. In addition to entropy and conservative

variables the use of primitive pressure variables, i.e. Y = {p,u, T}T , and primitive

density variables, i.e. Y = {ρ,u, T}T , was investigated in a stabilized finite-element

formulation. It was found that conservative and entropy variables yielded the least ac-

curate results for low-speed channel flows, whereas the use of both primitive variables

were more accurate. It was noted that the differences are noticeable for coarse grids

only. With sufficient refinement all methods achieve similar accuracy. An advantage

of using primitive variables is that it simplifies the specification of certain types of

boundary conditions. For example, an isothermal solid wall boundary condition (i.e.

ui = 0, T = Tw) for the Navier-Stokes equations as commonly used for channel flows

can be directly imposed in terms of the primitive variables. The coefficient matrices

(i.e. the flux Jacobians and diffusivity matrices) for conservative variables, as well as
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for pressure- and density-primitive variables, are given in Appendix A.



Chapter 3

Finite-element formulation

In this chapter, we describe the finite-element formulations which will be investigated

for application to LES. First, in Section 3.1 we define the space-time topology that

is used in the present simulations. The present space-time formulation allows for

different types of time discretizations, which can be either continuous or discontinuous

in time. Here, we consider two time-continuous methods and one time-discontinuous

method, as described in Section 3.2. Next, in Section 3.3 we present the spatial

finite-element basis which is used to formulate the present VMS method. Finally,

in Section 3.4 we consider an application to the linear convection-diffusion equation,

where we compare the computational efficiency of the different spatial and temporal

discretizations.

3.1 Space-time topology

The fixed spatial domain for the problem is denoted by Ω, which is an open, bounded

subset of R
d, with d ∈ {1, 2, 3} the spatial dimension, with boundary ∂Ω. Let the

time interval of interest I = (0, T ) be partitioned into N time slabs In = (tn, tn+1).

19
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Figure 3.1: Sketch of a space-time slab

A space-time slab is then defined as

Qn = Ω × In, (3.1)

with lateral boundary

Pn = ∂Ω × In, (3.2)

as shown in Figure 3.1.

Let the spatial domain Ω for the nth space-time slab be subdivided into (nel)n

elements Ωe
n, e = 1, . . . , (nel)n. The space-time elements for the nth slab are then

defined as

Qe
n = Ωe

n × In. (3.3)

Let Pk(Q̂) be the space of polynomials of degree ≤ k defined on the master element
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Q̂ = (−1, 1)d+1, then

Pk(Q
e) =

{
φ|φ = φ̂ ◦ T , φ̂ ∈ Pk(Q̂)

}
, (3.4)

where T : Q̂ 7→ T (Q̂) denotes the mapping from the master element to physical

space.

3.2 Time-discretization methods

The space-time finite-element formulation provides many options for representing

the evolution of the solution in time. Time-discontinuous formulations can be very

accurate, however, they are typically expensive. Alternatively, a good compromise

might be obtained from a time-continuous formulation. Therefore, in the present

work we consider two time-continuous discretizations, and one time-discontinuous

discretization.

To clarify the structure and order of accuracy of the different time discretizations,

we consider the following ordinary differential equation

y′(t) = f(y, t), (3.5a)

y(0) = y0, (3.5b)

where the prime denotes differentiation with respect to time. Multiplying (3.5a) by

the weighting function and integrating the result over the time interval [tn, tn+1],

yields the space-time variational formulation

w(tn+1)y(tn+1) − w(tn)y(tn) =

tn+1∫

tn

w(t)f(y, t) + w′(t)y(t) dt, (3.6)

where we have applied integration by parts. In the following sections, we consider

the time discretizations obtained by choosing the appropriate solution approximation

and weighting functions.
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3.2.1 Time-continuous Galerkin

The first time discretization we consider is a time-continuous Galerkin (TCG) method,

which employs equal piecewise-linear solution approximation and weighting functions

on the time interval [tn, tn+1]

yh(t) = π−

n (t)yn + π+
n (t)yn+1, (3.7)

wh(t) = π−

n (t)wn + π+
n (t)wn+1, (3.8)

where yn and yn+1 are the solution coefficients at times tn and tn+1, and

π−

n (t) =
tn+1 − t

∆t
, π+

n (t) =
t− tn
∆t

, (3.9)

with ∆t = tn+1−tn, are the temporal basis functions. Since this method is continuous

in time, the solution at time tn corresponds to a Dirichlet condition, such that wn = 0.

Note that this ensures an equivalent number of equations and unknowns. For a linear

ODE (3.5a) with f(y, t) = αy, substitution of (3.7) and (3.8) into the variational

formulation (3.6) gives the following discrete relation

yn+1 = α(
h

6
yn +

h

3
yn+1) +

1

2
(yn + yn+1). (3.10)

Substituting the Taylor series expansion for yn+1

yn+1 = yn + hy′ +
h2

2
y′′ + h.o.t., (3.11)

where h.o.t. refers to higher-order terms, into (3.10) leads to the modified equation,

given by

y′ = αy + h(
2

3
αy′ −

1

2
y′′) + h2α

3
y′′ + h.o.t. (3.12)

This expression shows that the method is only first-order accurate in time, despite

the linear representation of the solution over the time interval. As discussed in [22],

this method corresponds to the θ-method with θ = 2/3.
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3.2.2 Time-continuous Petrov-Galerkin

The second time discretization we consider is a time-continuous Petrov-Galerkin

(TCPG) method, which employs a piecewise-linear solution approximation and a

piecewise-constant weighting function on the time interval [tn, tn+1]

yh(t) = π−

n (t)yn + π+
n (t)yn+1, (3.13)

wh = wn+1, (3.14)

As opposed to the TCG method discussed in the previous section, the weighting

function does not vanish at time tn. Note that constraining the solution at time tn

ensures an equivalent number of equations and degrees of freedom.

Assuming a linear ODE (3.5a) with f(y, t) = αy and substituting (3.13) and

(3.14) into the variational formulation (3.6), where the second term in the integral

vanishes since w′ = 0, we obtain the following expression

yn+1 − yn = α
h

2
(yn + yn+1). (3.15)

Note that this expression corresponds to the trapezoidal integration rule, which is

second-order accurate [48]. This is easily verified by the modified equation, which is

obtained by substituting (3.11) into (3.15)

y′ = αy +
αh2

4
y′′ + h.o.t. (3.16)

For general linear partial differential equations this method corresponds to the classi-

cal Crank-Nicolson scheme [70]. For a more detailed analysis of this time discretiza-

tion, we refer to Aziz and Monk [2], Winther [82], Hulme [33], and Zienkiewicz [84].

3.2.3 Time-discontinuous Galerkin

The third time discretization we consider is the time-discontinuous Galerkin (TDG)

method. Similarly to the TCG method, the TDG method employs equal piecewise-
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linear solution approximation and weighting functions on the time interval [tn, tn+1]

yh(t) = π−

n (t)yn + π+
n (t)yn+1, (3.17)

wh(t) = π−

n (t)wn + π+
n (t)wn+1, (3.18)

however, without the restriction the solution is constrained at time tn, i.e. wn 6= 0.

Instead, the solution is discontinuous across the time intervals at times t = tn, n ∈

{1, 2, . . . , N}, and the solution at tn has to be determined as part of the solution. To

advance the solution from one time interval to the next, a jump-term is added to the

left-hand side of the variational statement (3.6), defined by

wh(t+n )[[ y(tn) ]], (3.19)

where

[[ y(tn) ]] = y(t+n ) − y(t−n ) and wh(t±n ) = lim
ǫ→0±

wh(tn + ǫ). (3.20)

The jump-term provides a weak initial condition for the space-time slab. Therefore,

the mesh and/or solution representation can be easily changed from one time step to

the next. However, this method is inherently computationally expensive as it employs

twice the number of degrees of freedom compared to the continuous methods discussed

above. It can be shown that this method is third-order accurate, however, this is an

elaborate task and we refer to [71] for the details.

3.3 Finite-element basis

In this section, we descripe the spatial discretization that is used in the present

work. Traditionally, finite-element methods make use of Lagrangian approximation

bases, which consist of a set of (nodal) polynomial basis functions of equal degree.

Consequently, these bases do not readily lend themselves to scale decomposition, such

as required by the VMS method. A more appropriate basis for scale decomposition

is a so-called hierarchical basis, in which the low-order basis functions are a subset of
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the high-order basis functions. In addition to the capability of scale decomposition,

we also require the basis to be applicable to complex domains. Therefore, we consider

a hierarchical high-order polynomial basis, as presented in the following section.

3.3.1 Full tensor-product basis

In order to meet the criteria stated above, we consider a spatially continuous high-

order spectral element method based on the modal p-type basis (Karniadakis and

Sherwin [38]). This basis and the corresponding solution approximation on a one-

dimensional master element (−1 < ξ < 1) are defined as

φp(ξ) 7→ ψp(ξ) =





(
1−ξ
2

)
p = 0,

(
1−ξ
2

) (
1+ξ
2

)
Pα,β

p−1(ξ) 0 < p < P,

(
1+ξ
2

)
p = P,

(3.21)

uh =
P∑

p=0

φp(ξ)up (3.22)

where Pα,β
p−1(ξ) are Jacobi polynomials of degree p −1, for example Legendre poly-

nomials (α = β = 0) or Chebychev polynomials (α = β = −1
2
). Although in fact

any polynomial can be used, here we employ Jacobi polynomials with α = β = 1.0

as they maintain a high degree of orthogonality [38] which is advantageous for the

conditioning of the resulting system of equations. Jacobi polynomials can be con-

structed using a three-term recursive relation as described in Appendix B, along with

miscellaneous formulas for their differentiation.

Note that this basis consist of a hierarchy of polynomials of increasing degree, as

shown in Figure 3.2 for P = 5. As the polynomial degree increases, smaller-scale

behavior can be captured by the corresponding basis functions. Therefore, we base

the scale decomposition in the present VMS approach on the polynomial degree,

where low polynomial degrees represent large-scale behavior, and the remaining high
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Figure 3.2: Shape of the one-dimensional modal expansion for a polynomial degree

P = 5 and α = β = 1.0. (From Karniadakis and Sherwin [38], reproduced with

permission.)

polynomial degrees represent small-scale behavior. The details of the implementation

within the VMS formulation are presented in Chapter 5.

For rectangular elements, the multi-dimensional modal bases can be simply con-

structed by a product of the one-dimensional bases in each of the coordinate di-

rections. For example, the finite element basis functions and corresponding solution

approximation on a two-dimensional master element (−1 < ξ1, ξ2 < 1) can be written

as

φpq(ξ1, ξ2) = ψp(ξ1)ψq(ξ2), (3.23)

uh(ξ1, ξ2) =

P1∑

p=0

P2∑

q=0

φpq(ξ1, ξ2)upq, (3.24)

where P2 is the maximum polynomial degree of the basis functions in the ξ2-direction,

and upq is the finite-element approximation coefficient. Figure 3.3 demonstrates the

basis functions obtained for a two-dimensional basis in a quadrilateral master element

with P1 = P2 = 4. In cases where the same polynomial degree in each spatial direction
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Figure 3.3: Construction of a two-dimensional modal expansion basis from the prod-

uct of two one-dimensional expansions of degree P1 = P2 = 4. (From Karniadakis

and Sherwin [38], reproduced with permission.)

is used, we define P1 = P2 = P .

It is convenient to write the multi-dimensional elemental solution approxima-

tion as a single summation over the element basis functions. For example, the two-

dimensional elemental solution approximation can be written as

uh =

P1∑

p=0

P2∑

q=0

φpqupq =

neb∑

a=1

Naua, (3.25)

where Na represents the ath elemental basis function, such that the index a corre-

sponds to a unique combination of p and q, and neb = (P1 + 1)(P2 + 1) is the number

of basis functions defined on the element. In the following, we always use lower case

indices for local (elemental) orderings.

Likewise, the space-time basis functions are obtained by the tensor product of the

spatial basis functions with the temporal basis functions, as defined in Section (3.2).

Note that for three spatial dimensions, we obtain four-dimensional space-time finite

element basis.
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Figure 3.4: Polynomial space in terms of the Pascal triangle of the full tensor product

of a quadrilateral modal expansion with P1 = 4 and P2 = 3. (From Karniadakis and

Sherwin [38], reproduced with permission.)

3.3.2 Serendipity basis

In addition to the modal basis obtained from the full tensor product, we also consider

its corresponding serendipity expansion basis. This is an interesting variant since it

allows for a reduced number of basis functions compared to the full modal basis,

while maintaining the same order of accuracy.

The polynomial space spanned by the full modal basis on a two-dimensional mas-

ter element (Ω̂) can be expressed as

φpq(ξ1, ξ2) ⊆ Pk(Ω̂) = span{ξi
1 ξ

j
2}(i,j)∈I2D

(3.26)

I2D = {(i, j) | 0 ≤ i ≤ P1, 0 ≤ j ≤ P2}. (3.27)

Pascal’s triangle for this basis with P1 = 4 and P2 = 3, shown in Figure 3.4, demon-

strates that terms are included with a higher polynomial degree than strictly nec-

essary to span a two-dimensional polynomial basis of a given degree. In fact, only

the terms up to the corresponding horizontal line in the Pascal triangle are required.

The serendipity basis consists of only those modes necessary for a given degree of the
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Figure 3.5: Polynomial space in terms of the Pascal triangle of a modal serendipity

basis for P = 4. (From Karniadakis and Sherwin [38], reproduced with permission.)

polynomial space. Here, we only consider serendipity bases in the spatial directions

with a uniform polynomial degree P . The two-dimensional serendipity basis is given

by (3.26) together with

I2D = {(i, j) | 0 ≤ (i, j) ≤ P, i+ j ≤ P} (3.28)

Figure 3.5 shows an example of the Pascal triangle and modes for the P = 4 serendip-

ity basis. Note that a strict horizontal line in the Pascal triangle cannot be obtained,

because the boundary modes corresponding to the ξ4
1ξ2 and ξ1ξ

4
2 have to be retained

for completeness. The three-dimensional serendipity basis is constructed in a similar

fashion. Likewise, once the spatial serendipity basis is defined, the corresponding

space-time basis is simply obtained by employing the tensor-product of the spatial

basis functions with that of the temporal basis functions.

3.3.3 Modal connectivity

In the present study we are interested in approximations of the governing equations

which are globally C0-continuous within each space-time slab. Recall that the modal

expansions discussed in the previous sections are all local as they are defined on a

single (master) element. The modal basis functions can be decomposed into boundary
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Figure 3.6: Boundary/interior decomposition of the modal expansion for P = 4, as

shown in Figure 3.3. (From Karniadakis and Sherwin [38], reproduced with permis-

sion.)

and interior modes. Boundary modes are defined as all the modes that have nonzero

support on the element’s boundary, while interior modes are all the modes that are

zero on all boundaries. Figure 3.6 shows an example of such decomposition for a two-

dimensional basis, where the vertex modes and edge modes constitute the boundary

modes, while the face modes constitute the interior modes. In order to construct a

solution approximation which is C0-continuous within the entire space-time slab, the

elemental expansions need to be coupled between neighboring elements. Note that

this requires only the boundary modes to be coupled, since only these have non-zero

magnitude along the element boundaries. An example of this is shown in Figure 3.7,

where C0-continuity on a two-dimensional domain is obtained by matching the vertex

modes and edge modes of similar shape.

In implementations of finite-element methods operations such as integration and

differentiation are typically performed in a local fashion within each element. Conse-

quently, to obtain the global system of equations a mapping is needed which assembles

the global system from the local systems of all elements. In Appendix C a detailed

description is given how this procedure is handled in the present implementation.

In the remainder of the thesis, we typically write the global finite element approx-
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Figure 3.7: Illustration of the construction of a global C0 polynomial space from two

local modal expansions of degree P1 = P2 = 4. The C0 continuity condition can

be ensured by matching the vertex and boundary modes of similar shape. (From

Karniadakis and Sherwin [38], reproduced with permission.)

imations using upper case indices, for example

uh =

nbf∑

A=1

NAyA, (3.29)

where NA represents the Ath global expansion mode (e.g. obtained by coupling

matching boundary modes), yA is its corresponding global solution approximation

coefficient, and nbf is the number of global basis functions.

3.4 Application to convection-diffusion

In this section, we present an evaluation of the different finite-element discretizations

described in the previous sections using the linear convection-diffusion equation. The

latter represents a simple model problem for the fluid flow equations. To gain insight
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into relative accuracy and computational efficiency in terms of degrees of freedom,

we investigate both temporal and spatial convergence behavior.

The linear time-dependent convection-diffusion equation is defined as

L(u) = u,t + λiu,i − νu,ii = f in Ω, (3.30)

where u is the dependent variable representing a scalar quantity, λi is the constant

convection velocity, ν (> 0) is the constant diffusion coefficient, and f is a prescribed

source term. Equation (3.30) must be solved subject to appropriate initial and bound-

ary conditions, as described in subsequent sections.

In the following sections, we investigate the convergence behavior of the numerical

solutions uh. For this purpose we consider the L2-norm of the error normalized by

the exact solution, defined as

E =

[∫
Ω
(u(x, T ) − uh(x, T ))2 dΩ∫

Ω
u(x, T )2 dΩ

]1/2

, (3.31)

where T the final time level of the computation. For consistent methods, the dis-

cretization error E can be written as

E = Chp + h.o.t., (3.32)

where h represents the mesh spacing, C is a constant independent of h and p is the

order of accuracy of the discretization. The latter can be estimated using systematic

mesh refinement, as described in the following. Let E1 denote the error obtained

using mesh size h, and E2 the error obtained using mesh size h/r, then

E1 ≈ Chp, (3.33)

E2 ≈ C (h/r)p , (3.34)

where r is the mesh refinement ratio. The observed order of accuracy of the numerical

method can then be calculated from

p = log

(
E1

E2

)
/ log(r). (3.35)
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Next, we describe the discrete forms of the convection-diffusion equation (3.30) cor-

responding to the different time-discretization methods considered.

3.4.1 Time-continuous Galerkin

The finite-element approximation and weighting space for the TCG method are de-

fined as

Vh
n = {uh|uh ∈ C0(Qn), uh|Qe

n
∈ (Pk(Ω

e
n) × P1(In)) , uh = g(t) on ΓD },(3.36)

Wh
n = {wh|wh ∈ C0(Qn), wh|Qe

n
∈ (Pk(Ω

e
n) × P1(In)) , wh = 0 on ΓD }, (3.37)

where ΓD is the portion of the space-time slab boundary where Dirichlet conditions

g(t) are specified. The variational form of the convection-diffusion equation (3.30)

can then be stated as follows: For every slab Qn find uh ∈ Vh
n such that ∀wh ∈ Wh

n

∫

Qn

(−wh
,tu

h − λiw
h
,iu

h + νwh
,iu

h
,i) dQ +

∫

Pn

(whλiu
h − whνuh

,i)ni dP

+

∫

Ω

wh(tn+1)u
h(tn+1) dΩ −

∫

Qn

whf dQ = 0, (3.38)

where we have performed integration-by-parts in both space and time, and ni denotes

the spatial unit outward normal. For this method, we set the weighting functions to

zero at times tn, i.e. wh(tn) = 0, which guarantees an equal number of equations and

unknowns.

The global solution and weighting function within the nth space-time slab for the

TCG method can be written as

uh(x, t) =

nbf∑

A=1

NA(x)
(
π−

n (t)uA;(n) + π+
n (t)uA;(n+1)

)
, (3.39)

wh(x, t) =

nnbf∑

A=1

NA(x)
(
π−

n (t)wA;(n) + π+
n (t)wA;(n+1)

)
, (3.40)

where NA(x) are the Ath global spatial mode, uA;(n) and uA;(n+1) are its corresponding

solution approximation coefficients at times tn and tn+1, likewise, wA;(n) and wA;(n+1)
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are the corresponding weighting coefficients, nbf is the total number of global spatial

basis functions, and π±
n (t) are defined in (3.9). A discussion on global ordering,

indicated here by upper case indices, is provided in Appendix C. Substituting (3.39)

and (3.40) with wA;(n) = 0 into (3.38) yields

nbf∑

A=1

wA;(n+1)





∫

Qn

(−NAπ
+
n,t

nbf∑

B=1

NB(π−

n uB;(n) + π+
n uB;(n+1)) −

λiNA,iπ
+
n

nbf∑

B=1

NB(π−

n uB;(n) + π+
n uB;(n+1)) +

νNA,iπ
+
n

nbf∑

B=1

NB,i(π
−

n uB;(n) + π+
n uB;(n+1))) dQ

+

∫

Pn

(NAπ
+
n λi

nbf∑

B=1

NB(π−

n uB;(n) + π+
n uB;(n+1)) +

NAπ
+
n ν

nbf∑

B=1

NB,i(π
−

n uB;(n) + π+
n uB;(n+1)))ni dP

+

∫

Ω

NA

nbf∑

B=1

NBuB;(n+1) dΩ −

∫

Qn

NAπ
+
n f dQ = 0



 . (3.41)

This equation can be written as

nbf∑

A=1

wA;(n+1)GA(u(n+1);u(n)), (3.42)

where

u(n+1) = {u1;(n+1), . . . , unbf ;(n+1)}
T , (3.43)

u(n) = {u1;(n), . . . , unbf ;(n)}
T , (3.44)

and GA are linear functions of the unknowns u(n+1) and given u(n). Since (3.42) must

hold for all wA;(n+1), we obtain

GA(u(n+1);u(n)) = 0 for A = 1, . . . , nbf . (3.45)
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These equations form a linear system of equations

G(u(n+1);u(n)) ≡ {G1, G2, . . . , Gnbf
}T = 0. (3.46)

having nbf equations for nbf unknowns.

3.4.2 Time-continuous Petrov-Galerkin

The finite-element approximation and weighting space for the TCPG method are

defined as

Vh
n = {uh|uh ∈ C0(Qn), uh|Qe

n
∈ (Pk(Ω

e
n) × P1(In)) , uh = g(t) on ΓD },(3.47)

Wh
n = {wh|wh ∈ C0(Qn), wh|Qe

n
∈ (Pk(Ω

e
n) × P0(In))}, (3.48)

The variational form of the convection-diffusion equation (3.30) can then be stated

as follows: For every slab Qn find uh ∈ Vh
n such that ∀wh ∈ Wh

n

∫

Qn

(−λiw
h
,iu

h + νwh
,iu

h
,i) dQ +

∫

Pn

(whλiu
h − whνuh

,i)ni dP

+

∫

Ω

wh(tn+1)u
h(tn+1) − wh(tn)uh(tn) dΩ −

∫

Qn

whf dQ = 0, (3.49)

where we have performed integration-by-parts in both space and time, and ni denotes

the spatial unit outward normal. Note that constraining the solution at time tn,

guarantees an equivalent number of equations and unknowns.

The global solution and weighting function within the nth space-time slab for the

TCPG method can be written as

uh(x, t) =

nbf∑

A=1

NA(x)
(
π−

n (t)uA;(n) + π+
n (t)uA;(n+1)

)
, (3.50)

wh(x, t) =

nnbf∑

A=1

NA(x)wA;(n+1), (3.51)
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Substituting (3.50) and (3.51) into (3.49) yields

nbf∑

A=1

wA;(n+1)





∫

Qn

(− λiNA,i

nbf∑

B=1

NB(π−

n uB;(n) + π+
n uB;(n+1)) +

νNA,i

nbf∑

B=1

NB,i(π
−

n uB;(n) + π+
n uB;(n+1))) dQ

+

∫

Pn

(NAλi

nbf∑

B=1

NB(π−

n uB;(n) + π+
n uB;(n+1)) −

NAν

nbf∑

B=1

NB,i(π
−

n uB;(n) + π+
n uB;(n+1)))ni dP

+

∫

Ω

(NA

nbf∑

B=1

NBuB;(n+1) −NA

nbf∑

B=1

NBuB;(n)) dΩ

−

∫

Qn

NAf dQ = 0



 . (3.52)

With the definitions of the previous section, this equation can be written as

nbf∑

A=1

wA;(n+1)GA(u(n+1);u(n)), (3.53)

where GA are linear functions of the unknown u(n+1) and given u(n). Since (3.53)

must hold for all wA;(n+1), we obtain the following linear system of equations

G(u(n+1);u(n)) ≡ {G1, G2, . . . , Gnbf
}T = 0, (3.54)

which constitutes nbf equations for nbf unknowns.

3.4.3 Time-discontinuous Galerkin

The finite-element approximation and weighting space for the TDG method are de-

fined as

Vh
n = {uh|uh ∈ C0(Qn), uh|Qe

n
∈ (Pk(Ω

e
n) × P1(In)) , uh = g(t) on ΓD },(3.55)

Wh
n = {wh|wh ∈ C0(Qn), wh|Qe

n
∈ (Pk(Ω

e
n) × P1(In)) , wh = 0 on ΓD }, (3.56)
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The variational form of the convection-diffusion equation (3.30) can be stated as

follows: For every slab Qn find uh ∈ Vh
n such that ∀wh ∈ Wh

n

∫

Qn

(−wh
,tu

h − λiw
h
,iu

h + νwh
,iu

h
,i) dQ +

∫

Pn

(whλiu
h − whνuh

,i)ni dP

+

∫

Ω

wh(t−n+1)u
h(t−n+1) − wh(t+n )uh(t−n ) dΩ

−

∫

Qn

whf dQ = 0, (3.57)

where the second line is obtained from adding the jump condition

wh(tn)(uh(t+n ) − uh(t−n )) (3.58)

to the terms resulting from integration-by-parts of the time term.

The global solution and weighting function within the nth space-time slab for the

TDG method can be written as

uh(x, t) =

nbf∑

A=1

NA(x)
(
π−

n (t)uA;(n) + π+
n (t)uA;(n+1)

)
, (3.59)

wh(x, t) =

nnbf∑

A=1

NA(x)
(
π−

n (t)wA;(n) + π+
n (t)wA;(n+1)

)
, (3.60)

Let

wA = {wA;(n), wA;(n+1)}
T and π̄n = {π−

n (t), π+
n (t)}T , (3.61)

then the discrete variational form, obtained by substituting (3.59),(3.60) into (3.57)
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can be written as

nbf∑

A=1

wT
A





∫

Qn

(−NAπ̄n,t

nbf∑

B=1

NB(π−

n uB;(n) + π+
n uB;(n+1)) −

λiNA,iπ̄n

nbf∑

B=1

NB(π−

n uB;(n) + πnuB;(n+1)) +

νNA,iπ̄n

nbf∑

B=1

NB,i(π
−

n uB;(n) + π+
n uB;(n+1))) dQ

+

∫

Pn

(NAπ̄nλi

nbf∑

B=1

NB(π−

n uB;(n) + π+
n uB;(n+1)) −

NAπ̄nν

nbf∑

B=1

NB,i(π
−

n uB;(n) + π+
n uB;(n+1)))ni dP

+

∫

Ω

(NA

nbf∑

B=1

NBuB;(n+1) −NA

(nbf )(n−1)∑

B=1

N
(n−1)
B u−B;(n)) dΩ

−

∫

Qn

NAπ̄nf dQ = 0



 . (3.62)

where N
(n−1)
B is the Bth global spatial basis function employed within the slab Qn−1,

u−B;(n) is its corresponding solution coefficient at time t−n , and (nbf )(n−1) is the number

of global spatial basis functions within slab Qn−1. Equation (3.62) can be written as
nbf∑

A=1

wT
AGA

(
u(n+1);u(n),u

−

(n)

)
, (3.63)

where

u−

(n) =
{
u−1;(n), . . . , u

−

(nbf )(n−1);(n)

}T

, (3.64)

and GA are 2 × 1 vectors whose components are linear functions of the unknowns

u(n+1) and u(n), and given u−

(n). Since (3.63) must hold for all wA, it follows

GA(u(n+1);u(n),u
−

(n)) = 0 for A = 1, . . . , nbf . (3.65)

In the absence of constraints, these equations form a linear system of equations

G(u(n+1);u(n),u
−

(n)) ≡ {G1,G2, . . . ,Gnbf
}T = 0. (3.66)
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constituting 2 · nbf equations for 2 · nbf unknowns.

3.4.4 Temporal convergence

In this section we investigate the temporal convergence behavior of the different time-

discretization schemes discussed in the previous sections. To this end, we consider

the one-dimensional form of (3.30) defined on Ω = (0, 1), with the diffusion term set

to zero. The initial condition u0(x) is given by the Gaussian distribution

u0(x) = e−σ(x−x0)2 , (3.67)

where σ(> 0) represents a measure for the extent of the distribution and x0 is the

center of the distribution. For the present calculations we set σ = 400.0 and x0 = 0.25.

The analytic solution for this problem is a simple translation of the initial condition,

given by

u(x) = u0(x− λt) = e−σ(x−x0−λt)2 . (3.68)

Since we are interested in time-accurate solutions, the computations are carried

out at constant Courant number close to unity, i.e. λ∆t/∆x ≈ 1. Therefore, as the

time-step is reduced, the spatial mesh is refined correspondingly. To isolate temporal

convergence behavior as much as possible, effects of spatial discretization errors must

be minimized. Therefore, the spatial mesh size was chosen to be four times smaller

than the time-step size when using linear (P = 1) approximation functions in space.

To obtain a unit Courant number, the convection velocity is set equal to λ = 0.25.

Tables 3.1 – 3.3 show the computed L2-errors as well as the observed order of accuracy

for the different time-discretization methods. The observed orders of accuracy are in

good agreement with their theoretical values.

The upper graph of Figure 3.8 shows the L2-error of the TCG, TCPG and TDG

methods versus the time-step size. For the range of time-step sizes considered, the

TDG method is approximately at least three orders of magnitude more accurate
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∆t dofs E order

1.6e-2 256 1.439e-02 -

8.0e-3 512 7.300e-03 0.98

4.0e-3 1024 3.674e-03 0.99

2.0e-3 2048 1.842e-03 1.00

1.0e-3 4096 9.225e-04 1.00

5.0e-4 8192 4.616e-04 1.00

Table 3.1: Temporal convergence parameters for the TCG method

∆t dofs E order

1.6e-2 256 2.576e-03 -

8.0e-3 512 6.566e-04 1.98

4.0e-3 1024 1.650e-04 1.99

2.0e-3 2048 4.129e-05 2.00

1.0e-3 4096 1.033e-05 2.00

5.0e-4 8192 2.582e-06 2.00

Table 3.2: Temporal convergence parameters for the TCPG method

than the TCPG method. In turn, the TCPG method is approximately one order of

magnitude more accurate than the TCG method. Moreover, the curves do not cross

over the range of time-step sizes, indicating that there is clear advantage of using a

higher-order time discretization. The lower graph of Figure 3.8 shows the error versus

degrees of freedom. The TDG method is clearly most accurate in terms of degrees of

freedom.
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Figure 3.8: Temporal convergence using a unit Courant number.
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∆t dofs E order

1.6e-2 512 3.775e-06 -

8.0e-3 1024 4.717e-07 3.00

4.0e-3 2048 5.896e-08 3.00

2.0e-3 4096 7.370e-09 3.00

1.0e-3 8192 9.212e-10 3.00

5.0e-4 16384 1.152e-10 3.00

Table 3.3: Temporal convergence parameters for the TDG method

3.4.5 Spatial convergence

Here, we investigate the convergence behavior of the spatial discretization. We

consider different spatial polynomial degrees for both the full-tensor basis and the

serendipity basis for one, two and three-dimensional versions of the convection-

diffusion equation.

Since we are interested in the convergence behavior of the spatial discretization,

we consider a steady solution of the convection-diffusion equation. Such solution can

be easily generated using the Method of Manufactured Solutions (MMS), as described

by Roache [65]. The basic idea of the MMS is to specify an exact solution and force

the differential equation to have this solution using a source term. The source term

that produces any desired solution ue(xi, t) of (3.30) is obtained by operating on

ue(xi, t) with the differential operator

f(xi, t) = L(ue(xi, t)) = ue
,t + λiu

e
,i − νue

,ii. (3.69)

If this source term is included in the differential equation as follows

L(u) = f ≡ L(ue), (3.70)

then it is clear that the solution to this equation must be ue(xi, t).
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The MMS technique is a useful tool in the verification of numerical codes. For

this purpose arbitrary complex manufactured solutions can be chosen to make sure all

terms in the code are excited and implemented properly. Here, we chose the following

manufactured solutions

ue(xi) =
d∏

i

sin

(
2π

Li

xi

)
, (3.71)

where Li is the length of the spatial domain in the ith direction. Note that this

corresponds to a periodic solution in each direction, so that boundary effects are

excluded.

Steady solutions are obtained by using any one of the time-discretization schemes

discussed in Section 3.2. A solution is considered steady when the difference in the

L2-error norm (E) of two consecutive time steps is smaller than a specified tolerance,

that is (En+1 − En) < 10−12.

Table 3.4 shows the error and observed order of accuracy for spatial polynomial

degree P = 1, . . . , 4 obtained from the one-dimensional model problem on Ω = (0, 1)

with λ = 1.0 and ν = 0.0003125. It can be seen that the observed orders of accuracy

are in good agreement with their theoretical values, P + 1. In Figure 3.9 the error

is plotted versus the mesh size and degrees of freedom. Note that the curves do not

cross, indicating the advantage of using a higher-order approximation basis.

In Table 3.5 the results are shown for spatial polynomial degrees P = 1, . . . , 4

obtained from the two-dimensional model problem defined on Ω = (0, 1)2 with λi =

0.7 and ν = 0.0003125. It can be seen that all the observed orders of accuracy are close

to the theoretical values. The upper graph of Figure 3.10 shows the error versus the

spatial mesh-size. Except for P = 2, the results obtained using the serendipity basis

are less accurate than their full-basis counterparts for a given mesh size. Although

some modes are not strictly necessary to retain a given order of accuracy, these modes

do contribute to the absolute accuracy of the discretization. Note that again the

curves do not cross. The lower graph of Figure 3.10 shows the error versus degrees of
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Figure 3.9: Spatial convergence for one-dimensional convection-diffusion using differ-

ent polynomial degrees.
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mesh P E order

4 1 1.67e-01 -

8 1 3.70e-02 2.17

16 1 9.01e-03 2.04

32 1 2.24e-03 2.01

mesh P E order

4 2 2.05e-02 -

8 2 2.74e-03 2.90

16 2 3.47e-04 2.98

32 2 4.35e-05 3.00

mesh P E order

4 3 1.94e-03 -

8 3 1.25e-04 3.96

16 3 7.87e-06 3.99

32 3 4.95e-07 3.99

mesh P E order

4 4 1.49e-04 -

8 4 4.74e-06 4.96

16 4 1.51e-07 4.98

32 4 6.59e-09 4.51

Table 3.4: Observed spatial order of accuracy for 1D convection-diffusion.

freedom. For P = 2, the serendipity basis is slightly more efficient in terms of degrees

of freedom than the full basis. However, for P = 3 both methods are very similar,

while for P = 4 the full basis appears to be more efficient.

The results for spatial polynomial degrees P = 1, 2, 3 of the three-dimensional

model problem defined on Ω = (0, 1)3 with λi = 0.7 and ν = 0.0003125 are shown

in Table 3.6. Again all observed orders of accuracy are in good agreement with

the theoretical values. Figure 3.11 shows behavior very similar to that of the two-

dimensional case shown in Figure 3.10. As the spatial polynomial degree is increased,

the serendipity expansion becomes less efficient in terms of degrees of freedom than

to the full basis.
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mesh P E order

4 × 4 1 2.25e-01 -

8 × 8 1 5.33e-02 2.08

16 × 16 1 1.32e-02 2.02

32 × 32 1 3.28e-03 2.00

mesh P E order

4 × 4 2 2.05e-02 -

8 × 8 2 2.74e-03 2.90

16 × 16 2 3.47e-04 2.98

32 × 32 2 4.35e-05 3.00

mesh P E order

4 × 4 2∗ 3.14e-02 -

8 × 8 2∗ 3.92e-03 3.00

16 × 16 2∗ 4.92e-04 3.00

32 × 32 2∗ 6.16e-05 3.00

mesh P E order

4 × 4 3 2.70e-03 -

8 × 8 3 1.76e-04 3.94

16 × 16 3 1.11e-05 3.98

32 × 32 3 6.98e-07 3.99

mesh P E order

4 × 4 3∗ 1.54e-02 -

8 × 8 3∗ 6.40e-04 4.59

16 × 16 3∗ 3.61e-05 4.15

32 × 32 3∗ 2.20e-06 4.04

Table 3.5: Observed spatial order of accuracy for 2D convection-diffusion, the aster-

isks on the order indicate a serendipity expansion.
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Figure 3.10: Spatial convergence for two-dimensional convection-diffusion using dif-

ferent polynomial degrees. The asterisks indicate a serendipity expansion.
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mesh P E order

4 × 4 × 4 1 2.56e-01 -

8 × 8 × 8 1 5.92e-02 2.11

16 × 16 × 16 1 1.45e-02 2.03

mesh P E order

4 × 4 × 4 2 3.40e-02 -

8 × 8 × 8 2 4.73e-03 2.84

16 × 16 × 16 2 6.01e-04 2.98

mesh P E order

4 × 4 × 4 2∗ 4.11e-02 -

8 × 8 × 8 2∗ 4.82e-03 3.09

16 × 16 × 16 2∗ 6.04e-04 3.00

mesh P E order

4 × 4 × 4 3 3.25e-03 -

8 × 8 × 8 3 2.14e-04 3.93

16 × 16 × 16 3 1.36e-05 3.97

mesh P E order

4 × 4 × 4 3∗ 2.66e-02 -

8 × 8 × 8 3∗ 1.09e-03 4.61

16 × 16 × 16 3∗ 6.10e-05 4.16

Table 3.6: Observed spatial order of accuracy for 3D convection-diffusion, the aster-

isks on the order indicate a serendipity expansion.
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Figure 3.11: Spatial convergence for three-dimensional convection-diffusion using dif-

ferent polynomial orders. The asterisks indicate a serendipity expansion.
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Chapter 4

Numerical solution of the

Navier-Stokes equations

In this chapter, we describe the solution techniques that are used to solve the Navier-

Stokes equations numerically. In Sections 4.1, 4.2 and 4.3 we present the varia-

tional formulations and the resulting non-linear systems of equations for the time-

continuous Galerkin method, the time-continuous Petrov-Galerkin method and time-

discontinuous Galerkin method. Next, in Section 4.4 we describe the predictor multi-

corrector algorithm which is used to solve the non-linear systems. Then, in Section

4.5 we discuss the assembly procedure for the linear systems of equations that arise

in the predictor multi-corrector algorithm. Subsequently, in Section 4.6 we give a

brief overview of the iterative technique that is used to solve the linear systems. In

Section 4.7 we conclude with an application to laminar channel flow.

51
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4.1 Time-continuous Galerkin

4.1.1 Space-time variational form

The finite-element approximation and weighting spaces for the TCG method are

defined as

Yh
n =

{
Yh|Yh ∈

(
C0(Qn)

)m
, Yh|Qe

n
∈ (Pk(Ω

e
n) × P1(In))m , Yh = g(t) on ΓD

}
,

(4.1)

and

Wh
n =

{
Wh|Wh ∈

(
C0(Qn)

)m
, Wh|Qe

n
∈ (Pk(Ω

e
n) × P1(In))m , Wh = 0 on ΓD

}
,

(4.2)

where m = d+ 2 is the number of conservative variables, g is the vector of Dirichlet

conditions and ΓD is the portion of the space-time slab boundary where Dirichlet

boundary conditions are specified. The variational formulation of the compressible

Navier-Stokes equations (2.1a) can then be stated as follows: Within each slab Qn,

find Yh ∈ Yh
n such that ∀ Wh ∈ Wh

n

∫

Qn

(
−Wh

,t · U(Yh) − Wh
,i · Fi(Y

h) + Wh
,i · K̃ijY

h
,j

)
dQ

+

∫

Pn

Wh ·
(
Fi(Y

h) − Fv
i (Y

h)
)
ni dP

+

∫

Ω

Wh(tn+1) · U(Yh(tn+1))dΩ

=

∫

Qn

Wh · S dQ, (4.3)

where the both the spatial and time flux terms are in integration-by-parts form,

which results in conservation of fluxes under inexact quadrature rules [71], whereas

the non-integrated-by-parts form results in a loss of conservation.
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The initial condition is strongly enforced by constraining the finite-element so-

lution at time tn of the current slab Qn to the solution at time tn of previous slab

Qn−1. Consequently, in order to obtain a square system of equations, the weighting

functions must be zero at time tn, i.e. Wh(tn) = 0.

4.1.2 Non-linear system of equations

The solution approximation and weighting functions for the time-continuous Galerkin

method within the nth space-time slab can be written as

Yh(x, t) =

nbf∑

A=1

NA(x)
(
π−

n (t)yA;(n) + π+
n (t)yA;(n+1)

)
, (4.4)

Wh(x, t) =

nnbf∑

A=1

NA(x)
(
π−

n (t)wA;(n) + π+
n (t)wA;(n+1)

)
, (4.5)

for x ∈ Ω, t ∈ In. In these relations, NA(x) is the Ath global spatial basis function,

yA;(n) and yA;(n+1) are the corresponding m × 1 vectors of solution approximation

coefficients at times tn and tn+1, and wA;(n) and wA;(n+1) are the m × 1 vectors of

weighting function coefficients, nbf is the total number of global spatial approximation

functions, and π±
n (t) are the temporal basis functions defined in (3.9). Note that we

use upper case indices to indicate global ordering, see Appendix C for the global

ordering definition.

Substituting (4.4) and (4.5) with wA;(n) = 0 into the space-time variational state-

ment (4.3) yields
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nbf∑

A=1

wT
A;(n+1)





∫

Qn

(−NAπ
+
n,tU(

nbf∑

B=1

NB(π−

n yB;(n) + π+
n yB;(n+1))) −

NA,iπ
+
n Fi(

nbf∑

B=1

NB(π−

n yB;(n) + π+
n yB;(n+1))) +

NA,iπ
+
n K̃ij

nbf∑

B=1

NB,j(π
−

n yB;(n) + π+
n (t)yB;(n+1)) −NAπ

+
n S ) dQ

+

∫

Pn

NAπ
+
n (Fi(

nbf∑

B=1

NB(π−

n yB;(n) + π+
n yB;(n+1))) −

Fv
i (

nbf∑

B=1

NB(π−

n yB;(n) + π+
n yB;(n+1)))) ni dP

+

∫

Ω

NAU(

nbf∑

B=1

NByB;(n+1)) dΩ



 = 0, (4.6)

Define

y(n+1) = {yT
1;(n+1),y

T
2;(n+1), . . . ,y

T
nbf ;(n+1)}

T , (4.7)

y(n) = {yT
1;(n),y

T
2;(n), . . . ,y

T
nbf ;(n)}

T , (4.8)

w = {wT
1;(n+1), . . . ,w

T
nbf ;(n+1)}

T . (4.9)

Then (4.6) can be written as

wTG
(
y(n+1);y(n)

)
= 0, (4.10)

and since (4.10) must hold for all w, we obtain

G
(
y(n+1);y(n)

)
= 0, (4.11)

where G(y(n+1);y(n)) is an (nbf ·m)×1 system of non-linear algebraic equations, which

must be solved at every time step.
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4.2 Time-continuous Petrov-Galerkin

4.2.1 Space-time variational form

The finite element approximation and weighting spaces for the time-continuous Petrov-

Galerkin method are defined as

Yh
n =

{
Yh|Yh ∈

(
C0(Qn)

)m
, Yh|Qe

n
∈ (Pk(Ω

e
n) × P1(In))m , Yh = g(t) on ΓD

}
,

(4.12)

and

Wh
n =

{
Wh|Wh ∈

(
C0(Qn)

)m
, Wh|Qe

n
∈ (Pk(Ω

e
n) × P0(In))m}

, (4.13)

The variational formulation of the compressible Navier-Stokes equations (2.1a) can

then be stated as follows: Within each slab Qn, find Yh ∈ Yh
n such that ∀ Wh ∈ Wh

n

∫

Qn

(
Wh

,i · Fi(Y
h) + Wh

,i · K̃ijY
h
,j

)
dQ

+

∫

Pn

Wh ·
(
Fi(Y

h) − Fv
i (Y

h)
)
ni dP

+

∫

Ω

(
Wh(tn+1) · U(Yh(tn+1)) − Wh(tn) · U(Yh(tn))

)
dΩ

=

∫

Qn

Wh · S dQ. (4.14)

Note that, in order to obtain an equal number of equations and unknowns, the solu-

tion must be constrained at time tn. However, as opposed to the TCG method, the

weighting functions are not zero at time tn.
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4.2.2 Non-linear system of equations

The solution approximation and weighting functions within the nth space-time slab

can be written as

Yh(x, t) =

nbf∑

A=1

NA(x)
(
π−

n (t)yA;(n) + π+
n (t)yA;(n+1)

)
, (4.15)

Wh(x) =

nbf∑

A=1

NA(x)wA;(n+1), (4.16)

Substituting (4.15) and (4.16) into the space-time variational statement (4.14) yields

nbf∑

A=1

wT
A;(n+1)





∫

Qn

(NA,iFi(

nbf∑

B=1

NB(π−

n yB;(n) + π+
n yB;(n+1))) +

NA,iK̃ij

nbf∑

B=1

NB,j(π
−

n yB;(n) + π+
n (t)yB;(n+1)) −NAS ) dQ

+

∫

Pn

NA(Fi(

nbf∑

B=1

NB(π−

n yB;(n) + π+
n yB;(n+1))) −

Fv
i (

nbf∑

B=1

NB(π−

n yB;(n) + π+
n yB;(n+1)))) ni dP

+

∫

Ω

NAU(

nbf∑

B=1

NByB;(n+1)) −NAU(

nbf∑

B=1

NByB;(n)) dΩ



 = 0, (4.17)

With (4.7) – (4.9), (4.17) can be written as

wTG
(
y(n+1);y(n)

)
= 0, (4.18)

and since (4.18) must hold for all w, we obtain

G
(
y(n+1);y(n)

)
= 0, (4.19)

where G(y(n+1);y(n)) is an (nbf ·m)×1 system of non-linear algebraic equations, which

has to be solved at each time step.
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4.3 Time-discontinuous Galerkin

4.3.1 Space-time variational form

The finite element approximation and weighting spaces for the time-discontinuous

Galerkin method are defined as

Yh
n =

{
Yh|Yh ∈

(
C0(Qn)

)m
, Yh|Qe

n
∈ (Pk(Ω

e
n) × P1(In))m , Yh = g(t) on ΓD

}
,

(4.20)

and

Wh
n =

{
Wh|Wh ∈

(
C0(Qn)

)m
, Wh|Qe

n
∈ (Pk(Ω

e
n) × P1(In))m , Wh = 0 on ΓD

}
,

(4.21)

The variational formulation of the compressible Navier-Stokes equations (2.1a) can

then be stated as follows: Within each slab Qn, find Yh ∈ Yh
n such that ∀ Wh ∈ Wh

n

∫

Qn

(
−Wh

,t · U(Yh) − Wh
,i · Fi(Y

h) + Wh
,i · K̃ijY

h
,j

)
dQ

+

∫

Pn

Wh ·
(
Fi(Y

h) − Fv
i (Y

h)
)
ni dP

+

∫

Ω

(
Wh(t−n+1) · U(Yh(t−n+1)) − Wh(t+n ) · U(Yh(t−n ))

)
dΩ

=

∫

Qn

Wh · S dQ. (4.22)

The third line in (4.22) is obtained by adding the jump condition

∫

Ωn

Wh(t+n ) · [[U(Yh(tn)) ]] dΩ (4.23)

to the terms resulting from the integration-by-parts of the time terms. For time-

discontinuous Galerkin methods, the jump condition provides the mechanism by

which information is propagated from one slab to the next. In other words, it imposes

a weakly-enforced boundary condition. Additionally, as discussed by Shakib [71], the
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jump condition adds a consistent high-order numerical dissipation which enhances

the stability of the solution.

4.3.2 Non-linear system of equations

The solution approximation and weighting functions for the time-discontinuous Galerkin

method within the nth space-time slab can be written as

Yh(x, t) =

nbf∑

A=1

NA(x)(π−

n (t)yA;(n) + π+
n (t)yA;(n+1)), (4.24)

Wh(x, t) =

nbf∑

A=1

NA(x)(π−

n (t)wA;(n) + π+
n (t)wA;(n+1)), (4.25)

Let

wA = {wT
A;(n),w

T
A;(n+1)}

T and π̄n = {π−

n (t), π+
n (t)}T , (4.26)

then substituting (4.24),(4.25) and (4.26) into the space-time variational statement

(4.22) yields

nbf∑

A=1

wT
A





∫

Qn

(−NAπ̄n,tU(

nbf∑

B=1

NB(π−

n yB;(n) + π+
n yB;(n+1))) −

NA,iπ̄nFi(

nbf∑

B=1

NB(π−

n yB;(n) + π+
n yB;(n+1))) +

NA,iπ̄nK̃ij

nbf∑

B=1

NB,j(π
−

n yB;(n) + π+
n (t)yB;(n+1)) −NAπ̄nS ) dQ

+

∫

Pn

NAπ̄n(Fi(

nbf∑

B=1

NB(π−

n yB;(n) + π+
n yB;(n+1))) −

Fv
i (

nbf∑

B=1

NB(π−

n yB;(n) + π+
n yB;(n+1)))) ni dP

+

∫

Ω

NAU(

nbf∑

B=1

NByB;(n+1)) −NAU(

(nbf )(n−1)∑

B=1

N
(n−1)
B y−

B;(n)) dΩ



 = 0, (4.27)
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where N
(n−1)
B is the Bth global spatial mode of slab Qn−1, y−

B;(n) is its corresponding

vector of solution coefficients at time t−n , and (nbf )(n−1) is the number of global spatial

basis functions of slab Qn−1. In the present research (nbf )(n−1) = nbf . Define

y−

(n) = {y−T
1;(n), . . . ,y

−T
(nbf )(n−1);(n)}

T (4.28)

w = {wT
1;(n), . . . ,w

T
nbf ;(n),w

T
1;(n+1), . . . ,w

T
nbf ;(n+1)}

T , (4.29)

then using (4.7) and (4.8), (4.27) can be written as

wTG
(
y(n+1);y(n),y

−

(n)

)
= 0, (4.30)

which must hold for all w, so that

G
(
y(n+1);y(n),y

−

(n)

)
= 0, (4.31)

where G(y(n+1);y(n),y
−

(n)) is an (2nbf ·m)×1 system of non-linear algebraic equations.

Note that since the method is discontinuous in time, the degrees of freedom y(n) are

determined as part of the solution.

4.4 Predictor multi-corrector algorithm

To simplify notation, we write the non-linear systems of equations for the different

time discretizations, i.e. (4.11), (4.19) and (4.31) as

G(y) = 0. (4.32)

This system has to be solved within each time step, which is done by means of a

Newton method. In general, each iteration of the Newton method can be considered

as a pass of a predictor multi-corrector algorithm, where the predictor is given by the

solution of the previous time step. The Newton method is derived from a first-order

Taylor expansion about a current point y(k):

G
(
y(k+1)

)
= G

(
y(k)

)
+
∂G

(
y(k)

)

∂y

(
y(k+1) − y(k)

)
, (4.33)



60 Numerical solution of the Navier-Stokes equations

where k denotes the index for the kth-iteration. Setting the right hand side to zero

yields an iterative method (given an initial guess y(0)) over a sequence of linear

systems

J(k) δy(k) = −R(k), (4.34a)

y(k+1) = y(k) + δy(k), k = 0, 1, . . . (4.34b)

where

δy(k) = y(k+1) − y(k), (4.35)

J(k) =
∂G

(
y(k)

)

∂y
, (4.36)

R(k) = G
(
y(k)

)
, (4.37)

where J(k) is the tangent or Jacobian matrix, and R(k) is the non-linear residual

vector. The iteration is terminated based on a required drop in the norm of the

residual of each of the components (i.e. mass, momentum, total energy)

‖R
(k)
i ‖

‖R
(0)
i ‖

< εres, i ∈ {1, . . . ,m}, (4.38)

and/or a sufficiently small Newton update for each of the components

‖δy
(k)
i ‖

‖y
(k)
i ‖

< εupdate, i ∈ {1, . . . ,m}. (4.39)

Forming the Jacobian matrix can be a very-time consuming operation. In practice,

however, one need not update the Jacobian matrix each Newton iteration, or even

time step. When the Jacobian is held constant in such a manner, the method falls

into a class known as modified Newton methods. In general, when the Jacobian is

not exact, quadratic non-linear convergence cannot be guaranteed. Therefore, the
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constant Jacobian approach requires a check on the convergence rate to ensure the

Jacobian is updated with sufficient frequency.

4.5 Assembly of the linear systems

The assembly of J(k) and R(k) can be represented as

J(k) =

nel

A
e=1

Je;(k), (4.40)

R(k) =

nel

A
e=1

Re;(k), (4.41)

where A is the finite-element assembly operator, and Je;(k) and Re;(k) are the element

contributions to the global Jacobian matrix and residual vector at the kth iteration.

4.5.1 Time-continuous Galerkin

The solution approximation of the TCG method within the eth element at the kth

Newton iteration can be expressed as

Ye;(k)(x, t) =

neb∑

a=1

N e
a(x)

(
π−

n (t)ya;(n) + π+
n (t)y

(k)
a;(n+1)

)
(4.42)

for x ∈ Ωe, t ∈ In, where neb is the number of (local) element basis functions, N e
a(x) is

the ath elemental spatial basis function, y
(k)
a;(n+1) is the corresponding vector of solution

coefficients at time tn+1 and ya;(n) is the initial condition. Note that lower case indices

denote local ordering, as described in Appendix C. The elemental residual vector and
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Jacobian matrix can be written as

Re;(k) =
{
Re;(k)

a

}
a = 1, . . . , neb (4.43)

Re;(k)
a =

∫

Qe
n

(
−N e

aπ
+
n,tU

(
Ye;(k)(x, t)

)
−N e

a,iπ
+
n Fi

(
Ye;(k)(x, t)

)
+

N e
a,iπ

+
n K̃ijY

e;(k)
,j (x, t) −N e

aπ
+
n S

)
dQ

+

∫

Pe
n

N e
aπ

+
n

(
Fi

(
Ye;(k)(x, t)

)
− Fv

i

(
Ye;(k)(x, t)

))
ni dP

+

∫

Ωe

N e
aU

(
Ye;(k)(x, tn+1)

)
dΩ, (4.44)

and

Je;(k) =
[
J

e;(k)
ab

]
a, b = 1, . . . , neb (4.45)

J
e;(k)
ab =

∫

Qe
n

(
−N e

aπ
+
n,tÃ0N

e
b −N e

a,iπ
+
n ÃiN

e
b +N e

a,iπ
+
n K̃ijN

e
b,j

)
dQ

+

∫

Pe
n

N e
aπ

+
n

(
ÃiN

e
b − K̃ijN

e
b,j

)
ni dP

+

∫

Ωe
n+1

N e
aπ

+
n Ã0N

e
b dΩ (4.46)

4.5.2 Time-continuous Petrov-Galerkin

The solution approximation of the TCPG method within the eth element at the kth

Newton iteration can be expressed as

Ye;(k)(x, t) =

neb∑

a=1

N e
a(x)

(
π−

n (t)ya;(n) + π+
n (t)y

(k)
a;(n+1)

)
(4.47)
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for x ∈ Ωe, t ∈ In. The elemental residual vector and Jacobian matrix can then be

written as

Re;(k) =
{
Re;(k)

a

}
a = 1, . . . , neb (4.48)

Re;(k)
a =

∫

Qe
n

(
−N e

a,iFi(Y
e;(k)(x, t)) +N e

a,iK̃ijY
e;(k)
,j (x, t) −N e

aS
)

dQ

+

∫

Pe
n

N e
a(Fi(Y

e;(k)(x, t)) − Fv
i (Y

e;(k)(x, t)))ni dP

+

∫

Ωe

N e
aU(Ye;(k)(x, tn+1)) −N e

aU(Ye(x, tn)) dΩ, (4.49)

and

Je;(k) =
[
J

e;(k)
ab

]
a, b = 1, . . . , neb (4.50)

J
e;(k)
ab =

∫

Qe
n

(
−N e

a,iÃiN
e
b +N e

a,iK̃ijN
e
b,j

)
dQ

+

∫

Pe
n

N e
a

(
ÃiN

e
b − K̃ijN

e
b,j

)
ni dP

+

∫

Ωe
n+1

N e
aÃ0N

e
b dΩ (4.51)

4.5.3 Time-discontinuous Galerkin

The solution approximation of the TDG method within the eth element at the kth

Newton iteration can be expressed as

Ye;(k)(x, t) =

neb∑

a=1

N e
a(x)

(
π−

n (t)y
(k)
a;(n) + π+

n (t)y
(k)
a;(n+1)

)
(4.52)
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for x ∈ Ωe, t ∈ In. The elemental residual vector and Jacobian matrix can then be

written as

Re;(k) =
{
Re;(k)

a

}
a = 1, . . . , neb (4.53)

Re;(k)
a =

∫

Qe
n

(
−N e

a π̄n,tU(Ye;(k)(x, t)) −N e
a,iπ̄nFi(Y

e;(k)(x, t)) +

N e
a,iπ̄nK̃ijY

e;(k)
,j (x, t) −N e

a π̄nS
)

dQ

+

∫

Pe
n

N e
a π̄n(Fi(Y

e;(k)(x, t)) − Fv
i (Y

e;(k)(x, t)))ni dP

+

∫

Ωe

N e
aU(Ye;(k)(x, tn+1)) −N e

aU(Ye(x, t−n )) dΩ, (4.54)

and

Je;(k) =
[
J

e;(k)
ab

]
a, b = 1, . . . , neb (4.55)

J
e;(k)
ab =

∫

Qe
n

(
−N e

a π̄n,tÃ0N
e
b −N e

a,iπ̄nÃiN
e
b +N e

a,iπ̄nK̃ijN
e
b,j

)
dQ

+

∫

Pe
n

N e
a π̄n

(
ÃiN

e
b − K̃ijN

e
b,j

)
ni dP

+

∫

Ωe
n+1

N e
aÃ0N

e
b dΩ. (4.56)

4.6 Solution method for linear systems

As described in Section 4.4 the non-linear solution algorithm requires the solution of a

sequence of linear systems within each time step. Solution methods for solving linear

systems of equations can be divided into direct and iterative solution techniques.

Typically, direct solution techniques make use of Gaussian elimination by means of
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Lower-Upper (LU) decompositions. These methods are advantageous in that the work

they require is not directly related to the conditioning of the system. However, for

the current discretization direct methods are very unattractive. The use of high-order

finite-element expansions results in increased bandwidths of the Jacobian matrices

(J) compared to lower-order discretizations. For this reason, the lower and upper

factorizations contain many more non-zero entries (called fill-ins) than present in the

original Jacobian matrix. For large problems, this may result in excessive memory

requirements and poor scaling of the required number of operations with the matrix

dimension. Therefore, one has to resort to iterative solution techniques, such as

Krylov subspace methods.

4.6.1 Iterative solution techniques

An attractive class of iterative solution techniques are Krylov methods, which are

specifically designed for solving large linear systems of equations [67]. These are

generalized projection methods which create a Krylov subspace Kj from which the

solution is constructed. For the present system of equations (4.34a), the Krylov

subspace is defined as

Kj = span{r0,Jr0,J
2r0, . . . ,J

j−1r0}, (4.57)

where r0 = −R − Jδy0 is the initial linear residual given an suitably chosen initial

guess δy0, and Jjr0, j = 0, . . . , j − 1, are so-called Krylov vectors. Krylov methods

require only matrix-vector products to carry out the iteration. This is a key feature

for their use in a Jacobian-free Newton method, as described in Section 4.6.2. A

widely used Krylov method suitable for non-symmetric systems is the Generalized

Minimal Residual (GMRES) algorithm [66]. This algorithm has been successfully

employed for many compressible flow problems [21, 36, 71], and is also adopted in

the present simulations.
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In the absence of a good initial guess for the Krylov method, δy0 is typically

set to zero. This seems a reasonable guess in the context of a non-linear Newton

method, since the Newton iterates δyj should approach zero in late iterations. The

jth iteration of the GMRES algorithm minimizes the residual ‖R + J δyj‖ within a

subspace of small dimension relative to the total number of unknowns of the system.

The jth iterate δyj is constructed from a linear combination of the Krylov vectors

δyj = δy0 +

j−1∑

i=1

βiJ
ir0, (4.58)

where the scalars βi minimize the residual. In practice, δyj is determined as a linear

combination of the orthonormalized Krylov vectors. The solution of the linear system

is considered converged based on a required drop in the norm of the residual relative

to the initial residual
‖R + Jyj‖

‖R + Jy0‖
< εgmres. (4.59)

For a detailed description of the GMRES algorithm (including preconditioning)

the reader is referred to standard works such as that of Saad [67].

4.6.2 Jacobian-free Newton Krylov

As discussed in the previous section, Krylov methods use matrix-vector products to

determine the approximate solution of the linear system. Specifically, the GMRES

method uses one matrix-vector product of the form Jv per iteration, where v repre-

sents a Krylov vector. Since J is a Jacobian matrix, this product can be approximated

by

Jv ≈
R(y + ǫv) − R(y)

ǫ
, (4.60)

where ǫ is a small parameter. Note that (4.60) is simply a first-order Taylor expan-

sion approximation for the Jacobian times a vector. In this way, the product Jv can

be approximated without actually forming and storing the Jacobian matrix J. How-

ever, this approach requires additional residual evaluations, R(y + ǫv), one for each
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GMRES iteration. This approach is referred to as a Jacobian-Free Newton-Krylov

(JFNK) method.

The choice of the perturbation parameter ǫ in (4.60) is as much of an art as a

science [42]. If ǫ is too large, (4.60) is a poor approximation due to the truncation error

from omitting higher-order terms in the Taylor expansion. On the other hand, if ǫ is

too small, the result will be contaminated by floating-point roundoff error. Therefore,

the choice for ǫ should attempt to optimize the balance between both sources of

error. A simple definition for ǫ that has been successfully used for compressible flow

problems [36, 42, 49, 59, 76] is

ǫ =
1

n‖v‖

[
n∑

i=1

(b|yi|) + b

]
, (4.61)

where n is the dimension of the linear system and b is a constant whose magnitude

is within a few orders of the square root of machine roundoff (typically 10−6 for 64

bit double precision).

4.6.3 Preconditioning

Lack of robustness is a widely recognized weakness of iterative solution techniques

(such as GMRES), compared to direct solvers. This drawback prevents these methods

from being used more widely in industrial applications, despite their inherent appeal

for solving very large linear systems of equations. Both the efficiency and robustness

can be improved by preconditioning. Preconditioning is a means of transforming the

original system of equations into one which has the same solution, but which is easier

to solve with an iterative solver. In general, the reliability of iterative solvers depends

much more on the quality of the preconditioner than on the particular iterative solver

itself [67].

A linear preconditioner can be applied on the left of the system (rescaling the

matrix rows and the right-hand side) or on the right (rescaling the matrix rows and the
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solution vector), or on both if necessary. Left preconditioning changes the norm of the

residual by which convergence of the iterative solution method is generally measured.

Therefore, right preconditioning is often preferred when comparing performance of

different preconditioning strategies.

For linear system 4.34a right-preconditioning constitutes

(JP−1)(Pδy) = −R, (4.62)

where P is the preconditioning matrix which approximates, in some sense, the matrix

J. Right preconditioning is realized in a two-step process, i.e. first solve

(JP−1)w = −R, (4.63)

for w, and then reconstruct the actual solution y by

δy = P−1w. (4.64)

Note that, while the matrix P is referred to as the preconditioning matrix, opera-

tionally only the action of its inverse, P−1, is required.

One of the most common preconditioners are the class of Incomplete Lower-Upper

(ILU) factorizations. This type of preconditioner has been successfully applied to

many compressible flow problems [9, 19] and is also adopted in the present simula-

tions. An incomplete factorization discards many, or even all fill-ins (Section 4.6), so

that it is relatively easy to compute and requires approximately the same memory

as the Jacobian matrix itself. The product of triangular factors no longer equals the

Jacobian matrix, however it can still be used as an effective preconditioner, given by

P = LU ⇔ P−1 = U−1L−1, (4.65)

In the present simulations all fill-ins are discarded. This variant is often called ILU0.

Incomplete factorizations are sequential in nature and difficult to implement effi-

ciently on a parallel computer. For parallel computations we employ a block variant
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of the incomplete factorization, where the incomplete factorization for each partition

is used to precondition the corresponding partition’s system of equations. In gen-

eral, the performance of this parallel implementation is less than its single-processor

counterpart, as will be demonstrated in Chapter 6.

It might be hoped that effective preconditioners can typically be simpler than

the strict Jacobian of the system. For a low-order finite element discretization of

the compressible Navier-Stokes equations, Johan [36] obtained good performance by

using a preconditioner based on a block-diagonal variants of the Jacobian matrix.

However, for the present high-order discretizations this approach was found to be far

less effective than the ILU preconditioner.

Note that right or left preconditioning may also be employed in a Jacobian-free

method. To do so, the right-preconditioned version of the required matrix-vector

product (4.60) can be written

Jv ≈
R(y + ǫP−1v) − R(y)

ǫ
. (4.66)

This operation must be performed once per GMRES iteration, and is actually done

in two steps:

1. preconditioning: solve Pu = v for u

2. perform Jacobian-free product: Ju ≈ [R(y + ǫu) − R(y)]/ǫ

The use of a fixed Jacobian (computed from an earlier step) for the preconditioner

may be advantageous in the context of a JFNK method. This approach is different

from that for a traditional modified Newton method, in which both the Jacobian and

its preconditioner are held constant over multiple Newton iterations. The modified

Newton approach has much weaker non-linear convergence properties [42] than the

JFNK approach. In the latter, the true Jacobian (to within truncation error of

(4.60)) is felt at every iteration through the matrix-vector product approximation.

Note that this approach is not truly Jacobian-free since Jacobians are still formed
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and stored for preconditioning purposes. Moreover, the JFNK method requires an

additional residual vector evaluation for each GMRES iteration, which is typically

more expensive than a matrix-vector product.

4.7 Application to laminar channel flow

We consider laminar viscous flow between two parallel horizontal plates of infinite

width as illustrated in Figure 4.1, where x = x1 is the streamwise direction and

y = x2 is the wall-normal direction. This problem is the laminar counterpart of

the large eddy simulation problem which will be considered in the next chapters.

Assuming the viscosity to be independent of the temperature allows a closed-form

exact solution to be derived for the velocity and temperature profiles

u1 = umax

[
1 −

(y
δ

)2
]
, v = 0, (4.67)

T = Tw +
µu2

max

3κ

[
1 −

(y
δ

)4
]
, (4.68)

umax = −
δ

2µ

(
dp

dx

)
, (4.69)

where δ is the half-height of the channel, umax is the centerline velocity of the chan-

nel (i.e. at y = 0), Tw is the prescribed wall temperature, and (4.69) relates the

centerline velocity to the pressure gradient that drives the flow. If the viscosity is

assumed constant throughout the flow, this solution holds for both incompressible

and compressible flow [34].

The flow is simulated using periodic boundary conditions in the streamwise di-

rection, along with a constant wall temperature T = Tw and the no-slip condition

u = v = 0 on the upper and lower walls of the channel. The periodic boundary con-

ditions enforce all variables of the inflow plane to be identical to those of the outflow

plane. Consequently, the flow cannot be driven by a pressure gradient. Instead, its
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Figure 4.1: Laminar channel flow geometry and boundary conditions.

effect is mimicked by including a body force f1 in the x-momentum equation, with a

value equal to that of the pressure gradient

f1 = −
dp

dx
= 2

umaxδ

µ
, (4.70)

where the minus sign comes from the fact that a negative pressure gradient forces

the flow in positive x-direction.

A convergence study using primitive density variables was performed for spatial

polynomial degrees P = 1, 2 and 3. We considered the L2-error in the temperature

profile, computed from (3.31). The error versus the mesh size in wall-normal direction

is shown in Figure 4.2. The observed orders of convergence, shown in Tables 4.1 to 4.3,

are in good agreement with theory for the polynomial degrees considered. Figure 4.3

shows the error versus the number of degrees of freedom in the wall-normal direction.

For this relatively smooth problem, the higher-order methods have higher accuracy

for a given number of degrees of freedom. Note that the convergence behavior for this

problem is very similar to that observed for the linear convection-diffusion problem

described in the previous chapter.

The present results do not necessarily imply that higher-order solutions are com-

putationally more efficient. For example, for a given number of degrees of freedom,

higher-order methods typically lead to fuller matrices compared to lower-methods,
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Figure 4.2: Convergence of temperature profile in laminar channel flow; error versus

the element size in wall-normal direction.

making the linear solution technique much more expensive. A more detailed relative

cost analysis is given in Chapter 6 for large eddy simulations of turbulent channel

flows.



4.7 Application to laminar channel flow 73

mesh P d.o.f. error order

1 × 4 1 28 4.5e-3 -

1 × 8 1 60 3.7e-4 3.61

1 × 16 1 124 8.8e-5 2.07

1 × 32 1 252 2.2e-5 1.96

1 × 64 1 508 5.9e-6 1.96

Table 4.1: Simulation parameters for laminar channel flow using P = 1.

mesh P d.o.f. error order

1 × 4 2 120 8.1e-5 -

1 × 8 2 248 1.0e-5 2.97

1 × 16 2 504 1.3e-6 2.99

1 × 32 2 1016 1.6e-7 3.00

1 × 64 2 2040 2.1e-8 3.00

Table 4.2: Simulation parameters for laminar channel flow using P = 2.

mesh P d.o.f. error order

1 × 4 3 276 3.4e-6 -

1 × 8 3 564 2.1e-7 4.00

1 × 16 3 1140 1.3e-8 4.00

1 × 32 3 2292 8.3e-10 4.00

1 × 64 3 4596 5.2e-11 4.00

Table 4.3: Simulation parameters for laminar channel flow using P = 3.
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Figure 4.3: Convergence of temperature profile in laminar channel flow; error versus

the number of degrees of freedom.



Chapter 5

The variational multiscale method

In this chapter, we examine the ability of the proposed discretization to exploit the

advantages of the VMS method. To do so, we consider the effects of the spatial

discretization and subgrid-scale modeling parameters on the quality of the computed

turbulence statistics for turbulent channel flow. In Section 5.1 a brief outline is given

of the VMS method and its implementation using the present hierarchical finite-

element basis. Section 5.2 gives a detailed description of the turbulent channel flow

problem, including the initial conditions used for the simulations, and the calcula-

tion of the turbulent statistics. The numerical results are presented in Section 5.3,

where we focus on resolution requirements and subgrid-scale modeling parameters.

In particular, we compare results obtained using the VMS method to those obtained

using no explicit SGS modeling and a traditional LES formulation using a similar

SGS model as the VMS method, but on all scales.

5.1 Variational multiscale formulation

Here, we give a brief outline of the VMS method. A more detailed description can be

found in Collis [10] and Hughes et al. [29]. We follow the three-level multiscale formu-

lation introduced by Collis [10], in which both the solution and weighting functions

75
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kck
~

k

Resolved

Unresolved

E(k)

Large Small

Figure 5.1: Identification of scales in the VMS method

are decomposed as

U = U + Ũ + Û, W = W + W̃ + Ŵ, (5.1)

where U are the large scales, Ũ are the small scales and Û are the unresolved scales.

A similar decomposition is used for the weighting functions. Note that both the

large and small scales are part of the resolved scales. Intuitively, these scales may be

thought of as Fourier modes in wavespace [12] where the large and small scales are

represented by the low and medium wavenumber components, and the unresolved

scales by the remaining high wavenumber components, as shown in Figure 5.1.

To simplify notation, we introduce the following compact notation for the varia-

tional forms of the Navier-Stokes equations

B(W,U) = (W,S), (5.2)

where B(W,U) represents the left-hand side of the variational forms of the differ-

ent methods, i.e. (4.3), (4.14) or (4.22) and (W,S) represents the corresponding

right-hand sides. Substituting (5.1) into (5.2) leads to the equations describing the
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dynamics of each scale range

Large: B(W,U + Ũ + Û) = (W,S), (5.3)

Small: B(W̃,U + Ũ + Û) = (W̃,S), (5.4)

Unresolved: B(Ŵ, Û + Ũ + Û) = (Ŵ,S), (5.5)

which is a coupled set of equations, referred to as the large, small, and unresolved-

scale equations. If a non-orthogonal finite element basis is employed, the large-scale

equation can be written as

B(W,U) +B′(W,U, Ũ) −R(W, Ũ) = (W,S)

−B′(W,U, Û) +R(W, Û) + C(W, Ũ, Û), (5.6)

and the small-scale equation is

B′(W̃,U, Ũ) −R(W̃, Ũ) = −[B(W̃,U) − (W̃,S)]

−B′(W̃,U, Û) +R(W̃, Û) + C(W̃, Ũ, Û). (5.7)

In these expressions, B′(W,U,U′) is the operator B(W,U) linearized about U for

a linear perturbation U′. For example, the linearized operator for the TDG method

(4.22) is defined as

B′(W,U,U′) =

∫

Qn

(
−W,t · U

′ − W,i · Fi(U,U
′) + W,i · F

v
i (U,U

′)
)

dQ

+

∫

Pn

W ·
(
Fi(U,U

′) − Fv
i (U,U

′)
)
ni dP

+

∫

Ω

(
W(t−n+1) · U

′(t−n+1) − W(t+n ) · U′(t−n )
)

dΩ, (5.8)
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where

Fi(U,U
′) = uiU

′ + u′iU +





0

0

0

0

pu′i + p′ui





, Fv
i (U,U

′) =





0

0

0

0

τ iju
′
j + τ ′ijuj





, (5.9)

C(W, Ũ, Û) is the generalized cross stress projection onto the large scales, defined

as

C(W, Ũ, Û) =

∫

Qn

(
W,i · Fi(Ũ, Û) − W,i · F

v
i (Ũ, Û)

)
dQ

−

∫

Pn

W ·
(
Fi(Ũ, Û) − Fv

i (Ũ, Û)
)
ni dP, (5.10)

and R(W, Ũ) is the generalized Reynolds stress projection onto the large scales,

defined as

R(W, Ũ) =

∫

Qn

(
W,i · Fi(Ũ) − W,i · F

v
i (Ũ)

)
dQ

−

∫

Pn

W ·
(
Fi(Ũ) − Fv

i (Ũ)
)
ni dP. (5.11)

For incompressible flows, C(W, Ũ, Û) and R(W, Ũ) are identical to the projec-

tion of the cross stress and Reynolds stress onto the large scales [10]. For compressible

flows, these terms are considerably more complicated due to additional terms arising

from the variable density and terms in the energy equation. See Refs. [17, 43] for a

more detailed description of these terms.

5.1.1 Subgrid-scale modeling

Here, we make the following subgrid-scale (SGS) modeling assumptions:
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(1) The unresolved scales have negligible direct influence on the dynamics of the

large scales. This is a reasonable assumption, provided there is sufficient scale

separation between the large and unresolved scales. As a result, terms involving

the unresolved scales in the large-scale equation (i.e. the second line in (5.6))

are set to zero, so that the large scale equation becomes

B(W,U) −B′(W,U, Ũ) −R(W, Ũ) = (W,S). (5.12)

(2) The small and unresolved scales, on the other hand, are closer in scale and thus

the effect of the unresolved scales on the small scales must be modeled. Con-

sequently, all terms involving the unresolved scales in the small-scale equation

(i.e. the second line in (5.7)) are replaced by a model M(W̃, Ũ)

B′(W̃,U, Ũ) −R(W̃, Ũ) = −[B(W̃,U) − (W̃,S)] + M(W̃, Ũ). (5.13)

The above modeling assumptions do not imply that the large scales do not feel

the influence of the model. In fact, the large scales are still indirectly influenced by

the model through its interaction with the small scales. However, the coupling terms

in the large-scale equation which provide this interaction are still in their exact form.

Moreover, since the large-scale equation does not have explicit modeling terms, it

allows full-rate of convergence of the underlying numerical discretization. This key

feature is referred to as the consistency property of the large scales with the Navier-

Stokes equations [10, 29].

A thorough discussion on subgrid-scale modeling for compressible flows is provided

by Martin et al. [50]. Here, we make the assumption that if the unresolved scales

are sufficiently small, their effect can be reasonably modeled using an eddy-viscosity

assumption, as is commonly done in LES. This concept stems from the analogy

between turbulent stresses and viscous stresses, so that the model term can be written

as

M(W̃, Ũ) = −

∫

Qn

W̃,i · F
m
i (Ũ) dQ +

∫

Pn

W̃ · Fm
i (Ũ)ni dP, (5.14)
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where Fm
i (Ũ) is the model flux vector

Fm
i (Ũ) =





0

τm
1i

τm
2i

τm
3i

τm
ij ũj − qm

i





, (5.15)

with τm
ij the SGS stress tensor, and qm

i the SGS heat transfer.

The VMS method employing the constant-coefficient Smagorinsky model [73] has

proven to be successful in prior VMS implementations [30, 31, 35, 61, 62, 63, 64].

Therefore, as a first investigation of the present VMS method, this model is also

used here. Since the model acts directly on the small scales, the SGS stress tensor is

defined as

τm
ij = 2 µt

(
S̃ij −

δij
3
S̃kk

)
, µt = (Cs∆)2ρ|S̃|, (5.16)

where µt is the eddy-viscosity coefficient, and S̃ij = 1
2
(ũi,j + ũj,i) is the symmetric

part of the small-scale velocity gradient tensor, Cs is the Smagorinsky constant, ∆

is a length scale representative of the unresolved scales, and |S̃| = (2S̃ijS̃ij)
1/2. Note

that we have only used the small-scale solution in the SGS model, which therefore

corresponds to the so-called small-small variant of the Smagorinsky model [29]. Note

that if the small-scale components in (5.16) are replaced by all the resolved scales, the

classical Smagorinsky model is recovered. The SGS heat flux in (5.15) is computed

from

qm
i = κt

∂T̃

∂xi

, κt =
µtcp
Prt

, (5.17)

where Prt = 0.9 is the turbulent Prandtl number [69].

The parameters Cs and ∆ of the Smagorinsky model may be determined by a

procedure due to Lilly [46] (see Hughes et al. [29] for a brief overview). In Lilly’s

analysis turbulent kinetic energy production and dissipation are balanced. In the
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inertial subrange, the spectral amplitude of the turbulent kinetic energy can be de-

scribed by

E(k) = αǫ2/3k−5/3, (5.18)

where α is the Kolmogorov constant, ǫ is the kinetic energy dissipation, and k is

the radius of the wavenumber vector in wavenumber space. For a traditional LES

formulation with the Smagorinsky model acting directly on all resolved scales, |S| is

derived from the relation

1

2
|S|2 =

kc∫

0

k2E(k) dk, (5.19)

where kc is the resolution limit, such as the cut-off wavenumber in a spectral method.

Note that since the model acts on all the scales, the integration interval starts from

zero. Setting the turbulent kinetic energy production equal to the dissipation leads to

an expression for the length scale of the Smagorinsky model when used in a traditional

LES formulation

Cs∆ =

(
2

3α

)3/4

k−1
c . (5.20)

Assuming ∆ = h = πk−1
c , with h the mesh spacing, leads to a value of Cs ≈ 0.18. This

value has proven satisfactory for homogeneous isotropic turbulent flows. However, in

the presence of mean shear, such as that present in turbulent channel flows, lower

values such as Cs = 0.1 are often required [11]. In order to obtain the Smagorinsky

coefficient Cs for the VMS method, Lilly’s analysis can again be employed, using the

small-scale counterpart of (5.19)

1

2
|S̃|2 =

kc∫

ek

k2E(k) dk, (5.21)

where k̃ is the wavenumber that separates the large scales from the small, as shown

in Figure 5.1. A similar analysis gives the following relation

C̃s∆ =

(
2

3α

)3/4

k̃−1[(kc/k̃)
4/3 − 1]−3/4, (5.22)
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where the tilde in C̃s is used to indicate that the model is acting on the small scales

only. If an appropriate value for Cs is found then values for C̃s follow from the ratio

C̃s/Cs given by

C̃s/Cs = (kc/k̃)[(kc/k̃)
4/3 − 1]−3/4. (5.23)

In principle, the length scale in the Smagorinsky model should vary in different

flow regimes. When approaching a solid wall, the turbulent kinetic energy decreases

until it reaches the viscous sublayer where the flow is no longer turbulent. Thus

the value of the eddy-viscosity used in the outer region is no longer appropriate. To

account for this effect, Kim et al. [39] have proposed a modification of the length

scale (ℓ = Cs∆) in the Smagorinsky model with a van Driest wall-damping function,

such that the length scale becomes a function of the distance to the wall

ℓ = ℓ(y+) = Cs∆
(
1 − e−y+/A+

)
, (5.24)

where y+ represents the non-dimensional distance normal to the wall (see Section 5.2),

and A+ = 25 is the van Driest constant. Note that with van Driest wall damping

the length scale, and therefore the SGS stress tensor, goes to zero at the wall. The

length scale ∆ in (5.24) is computed from

∆ =

(
∆1

P1

∆2

P2

∆3

P3

)1/3

, (5.25)

where ∆i represents the element size in the ith direction and Pi is the polynomial

degree of the finite-element approximation in the ith direction. This formulation

takes both mesh size and the polynomial degree into account.

5.1.2 Implementation

As discussed in Section 3.3.1, in the present VMS formulation we base the partition

of the resolved scales into large and small scales on the polynomial degree. The large

scales are then described by the basis functions with low polynomial degrees, while the
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small scales are described by the remaining basis functions with higher polynomial

degrees. We do not consider temporal scale separation, so that in the following

scale decomposition refers to spatial directions only. In three dimensions, the spatial

component of the solution approximation on a master element (−1 < ξ1, ξ2, ξ3 < 1)

takes the form

Ye(ξ1, ξ2, ξ3) =

P1∑

p=0

P2∑

q=0

P3∑

r=0

φpqr(ξ1, ξ2, ξ3)ypqr (5.26)

where P1, P2 and P3 are the polynomial degrees of the basis in each spatial direction.

Note that the maximum indices, p = P1, q = P2 and r = P3, correspond to linear

vertex modes, not to be confused with modes of degree P1. We define the elemental

basis functions representing the small scales within the VMS formulation as

φpqr(ξ1, ξ2, ξ3) = φ̃pqr(ξ1, ξ2, ξ3) if





P̃1 ≤ p < P1 and/or

P̃2 ≤ q < P2 and/or

P̃3 ≤ r < P3

(5.27)

where P̃1, P̃2, and P̃3 define the large/small partition in each of the coordinate di-

rections. Note that whenever a basis function φpqr contains a small-scale component

in one of the coordinate directions, it is considered a small-scale basis function. In

this work we only consider equal polynomial degrees in all spatial directions, and we

define P̃1 = P̃2 = P̃3 = P̃ . Having defined the small-scale basis functions leaves the

large-scale basis functions as the remaining modes

φpqr = {φpqr|φpqr 6= φ̃pqr, 0 ≤ p, q, r ≤ P} (5.28)

With the previous definitions the elemental large and small-scale solution approxi-

mations can be written as

U(Y
e
) = U(

nL∑

a=1

N
e

a

(
π−

n (t)ya;(n) + π+
n (t)ya;(n+1)

)), (5.29)

Ũ(Ỹe) = Ũ(
nS∑

a=1

Ñ e
a

(
π−

n (t)ỹa;(n) + π+
n (t)ỹa;(n+1)

)), (5.30)



84 The variational multiscale method

Figure 5.2: Planar channel flow geometry. The arrow indicates the direction of the

mean flow, and the shaded regions represent the channel walls.

where nL and nS are the number of spatial large and small-scale elemental basis

functions respectively, N
e

a and Ñ e
a are the ath large and small-scale elemental basis

functions corresponding to φpqr and φ̃pqr such that each index a represents a unique

combination of p,q and r corresponding to a large (5.28) or small scale (5.27) basis

function, and ya and ỹa are the large and small-scale solution coefficients.

5.2 Turbulent channel flow

5.2.1 Problem description

Planar channel flow has been a widely used test case for the research of turbulence

in the presence of mean shear. The flow is assumed to be passing between two

horizontal plates separated by a distance 2δ as shown in Figure 5.2, where x = x1

is the streamwise direction, y = x2 is the wall-normal direction, and z = x3 is the

spanwise direction. Results for wall bounded turbulent flows are often presented

in wall-units, defined as x+
i = xiuτ/ν and u+ = u/uτ , where ν = µ/ρ, and uτ ≡

(τw/ρ)
1/2 is the friction velocity, with τw the average wall shear stress.
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5.2.2 Physical aspects

Both experiments and dimensional reasoning have indicated the existence of three

distinct layers in the wall-normal direction, known as the viscous sublayer, the buffer

layer, and the logarithmic layer. The inner-most layer or viscous sublayer (0 < y+ <

5) is a region where turbulent effects are minimal and viscous forces dominate. The

velocity profile in this region can be expressed by the linear profile u+ = y+. Above

this region, the turbulent and viscous effects are of similar order of magnitude. This

is known as the buffer layer, which extends roughly from y+ = 5 to 30. Beyond this

region comes the logarithmic layer in which the mean velocity profile can be described

by u+ = 1/k ln y+ + B, where k = 0.4 is the von Karman constant and B ≈ 5.5 is a

constant determined by the intersection with the buffer layer.

Numerous physical and numerical experiments [39, 41] have shown the existence

of low-speed streaks, which are regions in the near-wall vicinity of the flow where the

velocity is relatively low compared to their direct surrounding (Figure 1.2). Near the

wall, streaks consist of well-defined structures independent of the Reynolds number,

having a mean streamwise spacing of ∆x+ ≈ 400 wall-units, and a mean spanwise

separation of ∆z+ ≈ 100 wall-units [11].

Near-wall streaks fall into the category of so-called coherent structures [58], which

play an important role in the dynamics of wall-bounded turbulence. In particu-

lar, near-wall streaks are responsible for a sequence of sweep and ejection events,

that bring higher-momentum flow towards the wall, and at the same time lift lower-

momentum flow to the outer layer. It is this process which is believed to be responsible

for the self-sustained process of turbulent energy production in wall-bounded flow.

Near-wall streaks also play an important role in the analysis of the present numeri-

cal results. Prior investigations of the VMS method using a Galerkin Fourier-spectral

method [11, 63] have demonstrated a close relation between the large/small partition

and the typical size of the near-wall streaks. By applying the VMS scale decom-
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position only in one of the coordinate directions, it was shown that the large/small

partition must be chosen such that the large-scale space includes the minimum range

of scales required to capture the dynamically important features of the near-wall

coherent structures. It was concluded that in the streamwise direction the critical

wavelength is ∆x+ ≈ 200, which corresponds to the length over which the spanwise

and wall-normal velocities become decorrelated. In the spanwise direction the criti-

cal wavelength is ∆z+ ≈ 50, which corresponds to the mean spanwise spacing of the

streaks. It has been found that spanwise scale separation in the VMS method leads to

sharper estimates of the required partition [11]. This is due to the near-wall streaks

being more consistently spaced in the spanwise direction than in the streamwise di-

rection. As discussed by [62], the solution quality for LES [8] and DNS [39] is most

sensitive to the spanwise resolution. Therefore, in the following when considering

near-wall streaks we focus on the spanwise direction.

5.2.3 Boundary conditions and mesh geometry

We assume the flow to be homogeneous in horizontal planes parallel to the walls,

so that periodic boundary conditions can be applied in the streamwise and spanwise

directions. As a consequence of the periodic boundary condition in the streamwise

direction, the flow cannot be driven by a pressure gradient. Therefore, we apply an

external body force, which mimics the role of the pressure gradient. It can be shown

[54] that for a horizontal homogeneous turbulent channel flow to be in equilibrium

dp

dx
= −

ρu2
τ

δ
, (5.31)

so that the pressure gradient is balanced by the shear stress at the walls. Note that, if

the reference length scale and velocity are chosen to be δ and uτ the non-dimensional

pressure gradient becomes unity. Two procedures are generally encountered in lit-

erature concerning the forcing of turbulent channel flow. The most simple one is

applying a constant forcing term equal to the pressure gradient. An alternative ap-
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proach is to keep the mass flow constant by dynamically adjusting the forcing term.

The latter is more popular, since it leads to shorter transients in which the turbulence

develops before reaching the statistically-stationary regime [56, 79].

In order to increase the resolution in the vicinity of the wall, we use a stretched

mesh in the wall-normal direction, such that

yj =
tanh(as(2j/Ny − 1))

tanh(as)
+ 1, j = 0, . . . , Ny, (5.32)

where Ny is the number of elements in the wall-normal direction and as is a stretching

factor, set equal to as = 1.75.

At the solid walls we apply the no-slip condition for the velocity components and

a constant wall temperature. The latter allows internal energy created by viscous

dissipation to be removed from the domain via heat transfer, so that a statistically

steady state can be achieved.

5.2.4 Initial condition

All turbulent channel flow simulations were started using an incompressible DNS

solution (obtained from an external code) as the basis for the initial condition. A

compressible density and pressure field was obtained using an isentropic flow assump-

tion. To do so, we assume all streamlines come from the same reservoir with total

density, pressure and speed of sound given by

ρ0 = ρres

[
1 +

γ − 1

2
M2

res

]1/(γ−1)

, (5.33)

p0 = pres

[
1 +

γ − 1

2
M2

res

]γ/(γ−1)

, (5.34)

a0 = (γp0/ρ0)
1/2, (5.35)

where ρres and pres are the static density and pressure of an “imaginary” reservoir

and Mres is the Mach number of the flow in the reservoir. When the total quantities
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are known, the local density and pressure are calculated using the inverse relations

ρ = ρ0

[
1 +

γ − 1

2
M2

]1/(1−γ)

, (5.36)

p = p0

[
1 +

γ − 1

2
M2

]γ/(1−γ)

, (5.37)

where M = ‖bu‖/a is the local Mach number, with a the local speed of sound given

by

a =

[
a2

0 −
γ − 1

2
V 2

]1/2

. (5.38)

When the local density and pressure are known, the temperature can be computed

from the perfect gas law (2.5).

Finally, in order to obtain the solution coefficients for the finite-element basis that

is employed in the simulation, the initial compressible solution is projected onto the

finite-element space used for the LES. Since this solution space is inherently coarse

relative to that of the DNS, information will be lost. This is specifically noticeable as

reduced turbulence intensities. Moreover, since we consider the compressible Navier-

Stokes equations, a transient will develop in which the variables adjust to a turbulent

state. After this transient phase the flow becomes statistically stationary. This

is illustrated by the history of the average shear stress on the walls, as shown in

Figure 5.3. From the statistically stationary regime the turbulence statistics can be

computed, which is described in the next section.

5.2.5 Turbulence statistics

Turbulent flows are generally studied in terms of statistical quantities which give

insight into the dynamics of the flow. To generate a statistical picture of the flow,

it is assumed that instantaneous variables can be decomposed into an average plus

a fluctuation, commonly known as the Reynolds decomposition. For example, the

velocity components can be written as

ui = < ui > + u′i, (5.39)
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Figure 5.3: Shear stress history for turbulent channel flow at Reτ = 180, averaged

over the upper and lower walls of the channel.

where the brackets denote the average or mean value, and the prime denotes the

fluctuation. The averaged quantity is usually defined as a time average, given by

< ui > = lim
T→∞

1

T

t0+T∫

t0

ui(t) dt, (5.40)

where T is the time interval over which the average is computed. In numerical

computations, this average is usually computed by performing an average over N

discrete time steps, i.e.

< ui > =
1

N

N∑

n=1

ui(tn), (5.41)

where ui(tn) is the numerical solution at time level tn. In addition to temporal

averaging, spatial averaging can be performed over homogeneous directions for flows

that have such character. This increases the number of statistical samples lowering

the number of time steps required to achieve statistically-steady behavior of the

flow quantities of interest. Therefore, in turbulent channel flow, spatial averaging is
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performed over the homogeneous xz-planes, i.e. in stream- and spanwise directions.

The difference in computing the statistics for a hierarchical basis compared to a

Lagrangian basis is that, with the exception of the vertex modes, the solution coeffi-

cients do not correspond directly to a local value of the solution in space. Therefore,

simply collecting and averaging the coefficients does not work when a hierarchical

basis is used. The computation of statistics thus requires the evaluation of the inter-

polation functions for reconstructing the solution at the location of interest.

In case of the channel flow, spatial averaging of a quantity of interest at a given

wall-normal coordinate is performed on two-dimensional structured sampling grids.

In particular, the quantities of interest are computed at sampling points on a hor-

izontal plane and averaged to a single point on a line in the wall-normal direction.

Next, the temporal averages are computed from (5.41), with ui corresponding to the

spatial averages. As a final step, the number of samples are doubled by averaging

over the upper and lower half of the channel.

5.3 Numerical results

In the present simulations, we choose the channel half-height δ as the reference length,

and the friction velocity uτ as the reference velocity. These reference quantities gives

rise to a reference Reynolds number Reτ = uτδ/ν.

As an initial investigation of the proposed VMS formulation, we perform simu-

lations at Reτ = 180. The centerline Mach number was set to M = 0.3, so that the

results can be directly compared [13, 14, 61] to the incompressible DNS data from

Kim et al. [39]. The size of the computational domain is (6δ, 2δ, 4δ) in the x1, x2,

and x3 directions respectively. As shown by various investigations [31, 63, 78, 79],

these dimensions are sufficiently large for this Reynolds number.

In order to minimize the effects of the time discretization, we employ the most

accurate method in the simulations presented here, that is the TDG method (see
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Section 3.2.3). All computations were performed with time-step size ∆t = 0.002,

which is comparable to that used by other authors employing implicit discretizations

of the incompressible Navier-Stokes equations [61, 79]. (The effect of the time step on

the low-order turbulence statistics will be investigated in Chapter 6.) For an explicit

time discretization, the use of a compressible formulation leads to stricter convective

stability limits compared to an incompressible formulation. This is due to the finite

speed of sound in a compressible flow leading to higher convective speeds. For the

present implicit scheme, however, all simulations performed for this section remained

numerically stable. The capability of using relatively large time-step sizes is a clear

advantage of the proposed time discretization.

All simulations were performed using primitive density variables, as defined in

Appendix A. The convergence criteria for the non-linear solution algorithm corre-

spond to εupdate = εres = 0.001, so that both the relative update and relative residual

are checked for non-linear convergence. The convergence criterion for the solution of

the linear system is set to εgmres = 0.001. The effects of these convergence criteria

on the accuracy and cost of the simulation are investigated in Chapter 6.

In the following, we compare results obtained for a given hp-resolution using

(i) no SGS model,

(ii) using the SGS model on all resolved scales, which is referred to as LES,

(iii) using the SGS model only on the small resolved scales, which is referred to as

VMS.

All results for LES employ van Driest wall damping, while the VMS methods do

not employ van Driest wall damping. The Smagorinsky constant was set to Cs = 0.1

for all computations, as this value has proven successful in prior VMS computations

[11, 14, 23, 29, 30, 63, 64]. Here, we consider the following low-order turbulence

statistics:
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• mean streamwise velocity denoted by U ,

• root-mean-square (rms) of the velocity fluctuations denoted by urms, vrms, wrms,

defined as < u′2 >1/2, < v′2 >1/2, < w′2 >1/2,

• Reynolds stress, defined as < −u′v′ >,

• viscous stress, defined as (1/Re)dU/dy,

• total stress, defined as the sum of the Reynolds and viscous stresses,

• One-dimensional mean energy spectra Eii, defined as the discrete Fourier trans-

form of the square of the velocity components ui.

5.3.1 Coarse mesh results

We begin with an (8 × 8 × 8) mesh with uniform polynomial degree P = 2. This

h-resolution corresponds to a spacing of ∆x+ = 135 and ∆z+ = 90 in the streamwise

and spanwise directions, and ∆y+ ≈ 14.6 in the wall-normal direction. The simulation

parameters are summarized in Table 5.1, including the total number of degrees of

freedom per variable as well as the fraction of modes in the large and small-scale

space, denoted by flarge and fsmall for the VMS simulations.

The mean flow and rms profiles at this resolution are shown in Figure 5.7. Note

that for this polynomial degree there is only one possibility for the VMS partition,

that is P̃ = 2. This means that the large scales are represented by the linear modes

in each direction (see Section 5.1). The computed mean velocity profiles are shown

in Figure 5.7(a). All results are in poor agreement with the DNS [39]. The no-model

case overpredicts the wall-shear stress, as can be seen from the mean velocity profile

that is low relative to the DNS profile. On the other hand, the LES and VMS results

are very similar, both underpredicting the wall-shear stress. Now, consider the rms

profiles for the above cases, as shown in Figure 5.7(b). The u-component of the no-

model case is in reasonable agreement with the DNS [39], however both the v and
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w components are significantly overpredicted. The LES is excessively dissipative, as

can be seen from the spanwise and wall-normal components. Moreover, the peak in

the streamwise rms is shifted away from the wall. The VMS results have a significant

overprediction of the streamwise component, while the remaining components are in

reasonable agreement with the DNS [39].

The Reynolds stress profiles are shown in Figure 5.8(a). The no-model case is

slightly oscillatory and overpredicts the peak value. As expected, the LES severely

underpredicts the Reynolds stress due to excessive dissipation inherent in the model.

Meanwhile, the VMS is in reasonable agreement with the DNS [39]. The viscous

stress profiles, shown in Figure 5.8(b), all deviate from the DNS [39] for approximately

y+ < 0.25. Moreover, the total stress shows oscillatory behavior. This occurs because

we are trying to resolve large gradients close to the wall with a relatively coarse

resolution, without using additional stabilization mechanisms such as SUPG [4] or

GLS [71]. Recall that the near-wall resolution corresponds to ∆y+
w ≈ 14.6 based on

the element size. Note that this value is significantly larger than is normally used in

LES, that is ∆y+
w < 1.0 [61].

Finally, compare the one-dimensional energy spectra in the streamwise and span-

wise directions at y+ = 5.39 shown in Figure 5.9 to that of the DNS [39]. The energy

content in both spectra for the no-model case is significantly higher than that of the

DNS [39]. This excess energy is mainly a result of the absence of viscous dissipation

scales due to the coarse resolution. Consequently, when no model is employed to

account for these missing scales, one can expect an energy content which is larger

than usual. On the other hand, applying the Smagorinsky model to all the resolved

scales, as in LES, leads to an energy content which is significantly lower than that of

the DNS [39]. Overall, the large-scale spectra obtained using the VMS method are

closest to the DNS [39]. Clearly, the coarse mesh resolution is too coarse for obtain-

ing reasonable low-order statistics. Moreover, in both the LES and VMS results, the

basic dynamics of the important coherent structures, i.e. the near-wall streaks, are
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u +

"high" velocity

"low" velocity

∆z+ ~ 100

Figure 5.4: Illustration of the near-wall streamwise velocity distribution in spanwise

direction due to low-speed streaks, relatively to a spanwise element size approximately

equal to the streak separation. The modes at the bottom represent the finite-element

basis functions.

directly influenced by the SGS model. This can be seen as follows. The spanwise

element size (∆z+ = 90) is approximately equal to the mean streak separation in

spanwise direction. This means that the streamwise velocity profile in the spanwise

direction varies from a high to a low and back to a high value again within one el-

ement, as sketched in Figure 5.4. Note that such variation can not be captured by

the large-scale solution, which consist of only linear basis functions. The quadratic

modes do have the capability of capturing such alternating velocity variation within

the element, however, these modes are contained within the small-scale space. Con-

sequently, the SGS model is acting directly on those scales which describe this basic

feature.
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5.3.2 Wall-normal h-refinement

The arguments of the previous section imply that an increased resolution in the

wall-normal direction only will not significantly improve accuracy. To verify this,

we employ an (8 × 16 × 8) mesh with polynomial degree P = 2. This corresponds

to ∆y+ ≈ 5.9 in the wall-normal direction, while the resolution in the homogeneous

directions is equivalent to that of the previous case. Therefore, when the VMS method

is used, the large-scale structures are still directly affected by the SGS model.

The mean velocity profiles for the different model options, shown in Figure 5.10(a)

are very similar to those obtained using the (8 × 8 × 8) mesh. This is also the case

for the rms profiles shown in Figure 5.10(b) and the Reynolds stress shown in Figure

5.11(a). Inspection of the viscous stresses shown in Figure 5.11(b) also shows very

similar results. Note that the oscillatory behavior of the total stress is less severe

than that of the coarser wall-normal resolution, indicating that it is indeed a coarse-

resolution artifact. Finally, consider the streamwise and spanwise energy spectra

shown in Figure 5.12. Again, similar trends are observed as for the coarser resolution.

Thus, increasing the resolution only in the wall-normal direction does not lead to

a significant increase in accuracy. This is also to be expected since a turbulent flow

is inherently three-dimensional. Especially at these coarse resolutions, one cannot

expect that increasing the resolution in one direction leads to significantly improved

representations of the physically important structures in the flow.

5.3.3 Uniform h-refinement

Next, we increase the resolution by refining the mesh in all three directions, i.e. we

consider a (16 × 16 × 16) mesh with P = 2. This mesh corresponds to a streamwise

spacing of ∆x+ = 67.5, a spanwise spacing of ∆z+ = 45, and a wall-normal spacing

of ∆y+ ≈ 5.9. Before presenting the results we note that this is an interesting case

for the VMS method (with P̃ = 2). The element size in the spanwise direction now
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z+

u +

"high" velocity

"low" velocity

∆z+ ~ 100

Figure 5.5: Illustration of the near-wall streamwise velocity distribution in spanwise

direction due to low-speed streaks, relatively to a spanwise element size approximately

equal to half the streak separation. The modes at the bottom represent the finite-

element basis functions.

corresponds to half the typical streak spacing, or the streak size. As illustrated in

Figure 5.5, the alternating spanwise velocity variation typical of near-wall streaks

can now be captured by the linear modes on two neighboring elements. Since the

linear modes are contained within the large-scale space, this feature of the near-wall

streaks is not directly influenced by the SGS model. In Fourier analysis terms, only

the lowest wavenumber component of the alternating velocity distribution is free from

direct modeling terms.

The mean velocity profiles are shown in Figure 5.13(a). The mean flow profile

obtained using the VMS method is in very good agreement with the DNS [39], it

cannot be distinguished at this scale. The LES is in reasonable agreement with

the DNS [39], while the no-model case still overpredicts the wall shear stress. The
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rms profiles, shown in Figure 5.13(b), are best predicted by the VMS method. The

Reynolds stresses shown in Figure 5.14(a), exhibit a similar trend. The Reynolds

stress profiles of the no-model case and LES are comparable to those obtained at

lower resolutions, while that of VMS method is very close to the DNS [39]. Likewise,

the viscous and total stresses shown in Figure 5.14(b), are best predicted by the VMS

method. Finally, the streamwise and spanwise energy spectra are shown in Figure

5.15. The spectra obtained using the VMS method are in reasonable agreement with

the DNS [39] in the large scales, especially the streamwise energy spectrum (Figure

5.15(a)). In contrast, the energy content of the no-model case is again significantly

higher than that of the DNS [39], indicating insufficient dissipative mechanisms. The

spectra of the LES indicate excessive model dissipation as the energy content is

considerably lower than that of the DNS [39].

Figure 5.6 shows an instantaneous contourplot of the streamwise velocity in a

horizontal in the near-wall vicinity of the flow, obtained from the VMS calculation.

This figure clearly demonstrates that the near-wall streaks are captured, and confirms

the typical streak spacings in streamwise (∆x+ ≈ 400) and spanwise direction (∆z+ ≈

100).

Remarkably, leaving just the lowest wavenumber component of the near-wall

streak velocity distribution free from direct modeling terms leads to a significant

increase in the quality of the low-order statistics. On the other hand, applying the

model to all scales, such as in traditional LES formulations, leads to results that suffer

from excessive dissipation and are qualitatively similar to those of coarser resolutions.

5.3.4 Uniform p-refinement

In this section we investigate the effect of SGS modeling at a higher polynomial degree

for an (8 × 8 × 8) mesh with uniform polynomial degree P = 3. Recall from Section

5.3.1 that the spanwise element size corresponds to the mean streak separation. Based
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Figure 5.6: Instantaneous streamwise velocity contours in a turbulent channel flow at

Reτ = 180, obtained from a VMS calculation on an (16 × 16 × 16) mesh with P = 2

and P̃ = 2.

on previous observations, we begin with a partition parameter P̃ = 3, so that the

linear and quadratic modes are in the large scale space and all modes that contain a

cubic term are considered small scales. This ensures that the quadratic modes, which

are capable of capturing the basic streak velocity variation within an element (see

Figure 5.4), are not directly influenced by the SGS model.

The mean velocity profiles for the cases under consideration are shown in Figure

5.16(a). The mean flow profile obtained with the VMS method is in excellent agree-

ment with the DNS [39]. In fact, they cannot be distinguished at this scale. The
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no-model case significantly overpredicts the wall-shear stress, while the LES does not

exhibit the correct logarithmic behavior. Now, consider the rms profiles shown in

Figure 5.16(b). Again, the best agreement with the DNS [39] for all components of

the turbulence intensities is obtained using the VMS method. As observed in the

mean velocity profile, the remaining models show poor agreement with the DNS [39],

similar to that observed for the lower polynomial degree. The LES is clearly overdis-

sipative as seen from the spanwise and wall-normal components, while the peak in

the streamwise component is again shifted away from the wall. Meanwhile, the no-

model case significantly overpredicts the turbulence intensities in the spanwise and

wall-normal direction. Likewise, the Reynolds stress, viscous stress and total stress,

shown in Figure 5.17, obtained using the VMS method are closest to that of the DNS

[39]. The no-model case and LES are again qualitatively similar to that obtained us-

ing lower polynomial degree. Finally, we consider the energy spectra shown in Figure

5.18. The VMS model shows remarkably good agreement with the DNS [39] in the

large scales for both the streamwise and spanwise energy spectra. Overall, the energy

content obtained by the no-model case is too large compared to the DNS [39]. As

expected, the LES is excessively dissipative leading to an overall energy content that

is too low in comparison with the DNS [39].

Choosing large-scale space to capture the basic feature of the near-wall streaks,

that is the alternating velocity variation in spanwise direction, proved a necessary

condition in order to obtain reasonable low-order statistics using the VMS method.

This ensured that modes corresponding to the lowest wavenumber components of the

dynamically important scales are not contaminated by the SGS model. To further

investigate this condition, we change the large/small partition for the (8 × 8 × 8)

mesh with P = 3 to P̃ = 2. The modes containing quadratic and cubic terms were

now contained in the small scale space. Recall from our previous discussion that the

quadratic modes are the lowest order modes that are capable of capturing the streak

velocity pattern within an element at this resolution. However, at this partition these
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modes are directly affected by the model.

Next, we compare the results obtained using the VMS method using P̃ = 2 to that

of the VMS method with P̃ = 3 and the LES method. As before, Figure 5.19 shows

the mean flow and rms profiles, Figure 5.20 shows the Reynolds, viscous and total

stresses, and Figure 5.21 shows the one-dimensional energy spectra in streamwise

and spanwise directions. Overall, the results of the VMS method with P̃ = 2 are in

poor agreement with that of the DNS [39]. In fact, the results are of intermediate

quality between the VMS method with P̃ = 3 and the LES method. These results

again emphasize the requirement that the modes representing the basic feature of the

near-wall streaks must be left free from direct modeling terms.

5.3.5 Serendipity expansion

In this section we investigate if the efficiency in terms of degrees of freedom can

be further increased by employing the serendipity basis, which consist of only those

modes necessary for a given order of accuracy. We compare the results obtained

using (8×8×8) elements with a serendipity expansion for P = 3 and P = 4 to those

employing the full tensor-product basis with P = 3. All results employ the VMS

method with P̃ = 3, which for the full basis showed a good agreement with the DNS

[39] (see Section 5.3.4).

The mean velocity profiles are shown in Figure 5.22(a). Both results using the

serendipity basis are in reasonable agreement with the DNS [39]. The serendipity

basis for P = 3 is slightly less accurate than the full basis, which is indistinguishable

from the DNS at this scale. Increasing the polynomial degree to P = 4 improves the

mean velocity profile, however there is still a slight discrepancy with the DNS in the

center of the channel.

The rms profiles shown are in 5.22(b). Both results obtained using the serendipity

expansions are in very poor agreement with the DNS [39]. The turbulence intensities
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are significantly overpredicted for all components, indicating insufficient dissipation.

This is also confirmed by the one-dimensional energy spectra shown in Figure 5.23,

from which a significant pile-up of energy is observed, especially at the large scales.

The reduced number of modes in the serendipity expansion leads to a reduction of

both the large and small-scale space. Compared to the full basis, the serendipity basis

misses all interior modes and various boundary modes having nonzero value along

two and three-dimensional elemental regions. As a result of the diminished large-scale

space the large energy containing structures cannot be resolved accurately. Likewise,

the diminished small-scale space leads to reduced accuracy of the small scales, which

in turn inappropriately affect the large scales through non-linear interactions. Addi-

tionally, the reduced small-scale space leads to insufficient model dissipation as clearly

observed from the energy spectra. For all these reasons, the serendipity expansion

does not produce reasonable turbulence statistics for the resolutions considered here.

These observations are consistent with those obtained for the convection-diffusion

problem in Section 3.4.5. The modes that are discarded in the serendipity basis do

have a contribution to the absolute accuracy of the solution. The results for turbulent

channel flow, however, do not necessarily imply that the serendipity basis is less

efficient in terms of degrees of freedom. Note that for a given number of degrees

of freedom, the serendipity basis allows an increased number of elements and/or

polynomial degree compared to the corresponding full basis. Moreover, increased

polynomial degree offers additional freedom for the partition between large and small

scales for the VMS method. On the other hand, an increased polynomial degree

requires a higher quadrature order, which can seriously affect efficiency in terms of

CPU time. We discuss the factors influencing the computational cost and accuracy

in some more detail in Chapter 6. The capability of the serendipity is not further

investigated in this work.
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Nx Ny Nz P ∆x+ ∆y+ ∆z+
w d.o.f. P̃ flarge fsmall

8 8 8 2 135 14.6 90 7.680 2 0.12 0.88

8 8 16 2 135 5.9 90 15,872 2 0.12 0.88

16 16 16 2 67.5 5.9 45 63,488 2 0.12 0.88

8 8 8 3 135 14.6 90 26,496 3 0.29 0.71

8 8 8 3 135 14.6 90 26,496 2 0.03 0.97

8 8 8 3* 135 14.6 90 6,528 3 0.57 0.43

8 8 8 4* 135 14.6 90 9,344 3 0.70 0.30

Table 5.1: Simulation parameters for turbulent channel flow at Reτ = 180. The

asterisk refers to the serendipity expansion.

5.4 Summary

We have defined an implementation of the variational multiscale method within the

current hierarchical finite-element formulation. This formulation was investigated

for fully-developed channel flow at Reτ = 180. The results obtained from the VMS

method were compared to that using no SGS model and that using an SGS model

on all the resolved scales as in a traditional LES formulation.

The results obtained using no SGS model suffer from insufficient dissipation, lead-

ing to artificially high energy content in the resolved scales, which are clearly observed

in the corresponding one-dimensional energy spectra. This leads to an overpredic-

tion of the mean velocity profiles as well as rms profiles. These results indicate that

explicit SGS modeling is required in order to obtain reasonable results. Applying

the SGS model to all the resolved scales directly, structurally leads to excessive dis-

sipation. In this case, the large energy containing scales are directly affected by the

model, resulting in poor low-order statistics. On the other hand, in the VMS method

the SGS model is only applied to the small resolved scales. Reasonable results can be

obtained depending on the partition between the large and small scales and the size of
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the large and small scale space. Regarding the large/small partition, it appears to be

crucial for reasonable turbulence statistics that scales describing the basic features of

the near-wall coherent structures are released from the direct influence of the model.

Specifically, modes that are capable of representing the alternating spanwise veloc-

ity profile characteristic for near-wall streaks should be contained in the large-scale

space.

We investigated the use of the serendipity basis for an hp-resolution that produced

reasonable results using the full basis VMS method. Although the mean velocity was

of reasonable quality, the rms profiles were in very poor agreement with the DNS [39].

This is due to the reduced number of modes in both the large and small scale spaces.

As a result, the large energy-containing structures cannot be described sufficiently

accurately, while the reduced small-scale space does not provide sufficient model

dissipation.

We note that there are two features of global spectral VMS discretizations which

are not available in the present VMS discretization. First, the present hierarchical

basis is a non-orthogonal basis as opposed to that employed in global spectral meth-

ods. The use of an orthogonal basis leads to less terms which have to modeled, and

consequently modeling might be less complex [10]. Second, a perfect separation in

scales is not possible in the present method, in which scale separation is based on

polynomial degree. However, the results obtained using the present VMS method

demonstrate that this potential disadvantage is not severe enough to prevent the

method from producing reasonable turbulence statistics.
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Figure 5.7: Comparison of the mean velocity and rms profiles for Reτ = 180 ob-

tained using a (8 × 8 × 8) mesh with P = 2: DNS [39]; no model;

LES; VMS with P̃ = 2.
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Figure 5.8: Comparison of the Reynolds stress, viscous stress and total stress for

Reτ = 180 obtained using a (8 × 8 × 8) mesh with P = 2: DNS [39];

no model; LES; VMS with P̃ = 2.
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Figure 5.9: Comparison of the one-dimensional streamwise and spanwise turbulent

kinetic energy spectra at y+ = 5.39 for Reτ = 180 obtained using a (8 × 8 × 8) mesh

with P = 2: DNS [39]; no model; LES; VMS

with P̃ = 2.
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Figure 5.10: Comparison of the mean velocity and rms profiles for Reτ = 180 obtained

using a (8 × 16 × 8) mesh with P = 2: DNS [39]; no model;

LES; VMS with P̃ = 2.
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Figure 5.11: Comparison of the Reynolds stress, viscous stress and total stress for

Reτ = 180 obtained using a (8 × 16 × 8) mesh with P = 2: DNS [39];

no model; LES; VMS with P̃ = 2.
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Figure 5.12: Comparison of the one-dimensional streamwise and spanwise turbulent

kinetic energy spectra at y+ = 5.39 for Reτ = 180 obtained using a (8× 16× 8) mesh

with P = 2: DNS [39]; no model; LES; VMS

with P̃ = 2.
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Figure 5.13: Comparison of the mean velocity and rms profiles for Reτ = 180 obtained

using a (16 × 16 × 16) mesh with P = 2: DNS [39]; no model;

LES; VMS with P̃ = 2.
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Figure 5.14: Comparison of the Reynolds stress, viscous stress and total stress for

Reτ = 180 obtained using a (16 × 16 × 16) mesh with P = 2: DNS [39];

no model; LES; VMS with P̃ = 2.
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Figure 5.15: Comparison of the one-dimensional streamwise and spanwise turbulent

kinetic energy spectra at y+ = 5.39 for Reτ = 180 obtained using a (16×16×16) mesh

with P = 2: DNS [39]; no model; LES; VMS

with P̃ = 2.
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Figure 5.16: Comparison of the mean velocity and rms profiles for Reτ = 180 ob-

tained using a (8 × 8 × 8) mesh with P = 3: DNS [39]; no model;

LES; VMS with P̃ = 3.
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Figure 5.17: Comparison of the Reynolds stress, viscous stress and total stress for

Reτ = 180 obtained using a (8 × 8 × 8) mesh with P = 3: DNS [39];

no model; LES; VMS with P̃ = 3.
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Figure 5.18: Comparison of the one-dimensional streamwise and spanwise turbulent

kinetic energy spectra at y+ = 5.39 for Reτ = 180 obtained using a (8 × 8 × 8) mesh

with P = 3: DNS [39]; no model; LES; VMS

with P̃ = 3.
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Figure 5.19: Comparison of the mean velocity and rms profiles for Reτ = 180 obtained

using a (8×8×8) mesh with P = 3: DNS [39]; LES; VMS

with P̃ = 3; VMS with P̃ = 2.
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Figure 5.20: Comparison of the Reynolds stress, viscous stress and total stress for

Reτ = 180 obtained using a (8 × 8 × 8) mesh with P = 3: DNS [39];

LES; VMS with P̃ = 3; VMS with P̃ = 2.
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Figure 5.21: Comparison of the one-dimensional streamwise and spanwise turbulent

kinetic energy spectra at z+ = y.39 for Reτ = 180 obtained using a (8 × 8 × 8)

mesh with P = 3: DNS [39]; LES; VMS with P̃ = 3;

VMS with P̃ = 2.
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Figure 5.22: Effect of the serendipity expansion on the mean velocity and rms pro-

files for Reτ = 180 for an (8 × 8 × 8) mesh using the VMS method with P̃ = 3:

DNS [39]; full basis for P = 3; serendipity basis for P = 3;

serendipity basis for P = 4.
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Figure 5.23: Effect of serendipity expansion on the one-dimensional streamwise and

spanwise turbulent kinetic energy spectra at y+ = 5.39 for Reτ = 180 for an (8×8×8)

mesh using the VMS method with P̃ = 2: DNS [39]; full basis for

P = 3; serendipity basis for P = 3; serendipity basis for P = 4.



Chapter 6

Performance analysis

In this chapter we investigate the factors influencing the performance of the proposed

discretizations for large eddy simulation. For this purpose, we consider again the

turbulent channel flow at Reτ = 180 and M = 0.3. In Section 6.1, we consider

the effect of the time-step size on the accuracy and computational cost of the time

discretizations. Next, in Section 6.2, we compare the accuracy and cost of different

spatial resolutions using an equivalent number of degrees of freedom. Additionally, we

examine the efficiency of parallel computing. In Section 6.3 we consider the influence

of quadrature order, and in Section 6.4 we focus on the effect of convergence criteria

on the solution quality.

6.1 Temporal discretization

Here, we consider the effect of the time-step size on the accuracy and computational

work involved in the different time discretizations (Section 3.2). The investigation

is performed using the VMS method at a fixed spatial resolution of (16 × 16 × 16)

elements with P = P̃ = 2. Combined with the TDG method using ∆t = 0.002, this

resolution proved to be a representative candidate for turbulent channel flow (Section

5.3.3), where it is desired to minimize the number of degrees of freedom for a given

121
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level of accuracy.

In the following, we consider three different time-step sizes, viz. ∆t = 0.001,

∆t = 0.002 and ∆t = 0.004. The TCG method proved unable to converge at these

time-step sizes, and is therefore considered to be a relatively uncompetitive method

for this type of problem. As a result, the TCG method in not considered hereafter.

For convenience, we label the TCPG method using ∆t = 0.001, ∆t = 0.002 and ∆t =

0.004 as TCPG1, TCPG2 and TCPG3 respectively. Similarly, for the TDG method

these cases are referred to as TDG1, TDG2 and TDG3. For all cases, the linear and

non-linear convergence criteria (Chapter 4) are εgmres = εupdate = εres = 0.001.

6.1.1 Accuracy

The effects of the time-step sizes on the mean velocity and turbulence intensities

obtained using the TDG and TCPG method are shown in Figures 6.1 and 6.2. For

both methods, the range of time step sizes do not have a visible influence on the

mean velocity, while the effect on the rms profiles is very small.

6.1.2 Computational cost

Next, we investigate the effect of the time-step size on the computational cost. For

this purpose we consider the parameters involved in the predictor multi-corrector al-

gorithm and their corresponding CPU times. Although the comparison of CPU times

between codes can be misleading, it is justified here. In this case, the implementation

of the two methods has occurred in the same code, and is virtually identical except

for a few details.

The main components of the computational work within a time-step are given by

• Jacobian matrix evaluation,

• residual vector evaluation,
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Figure 6.1: Influence of the time-step size on the mean velocity and rms profiles for

the TDG method with (16× 16× 16) elements and P = P̃ = 2 for turbulent channel

flow at Reτ = 180: DNS [39]; ∆t = 0.001; ∆t = 0.002;

∆t = 0.004.
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Figure 6.2: Influence of the time-step size on the mean velocity and rms profiles for

the TCPG method with (16×16×16) elements and P = P̃ = 2 for turbulent channel

flow at Reτ = 180: DNS [39]; ∆t = 0.001; ∆t = 0.002;

∆t = 0.004.
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• linear system solution,

• number of corrector passes,

and the total CPU time per time step can be approximated by

cpu∆t ≈ ncorr(cpuJac + cpures + ngmrescpugmres) + cpures, (6.1)

where ncorr is the number of corrector passes required for non-linear convergence,

cpuJac is the CPU time required for a single Jacobian matrix evaluation, cpures is

the CPU time required for a single residual vector evaluation, ngmres is the number

of GMRES iterations required for convergence of the linear system solution, and

cpugmres is the CPU time required for a single GMRES iteration. The values for each

of the components in (6.1) obtained using the TDG and TCPG methods are shown

in Table 6.1. All simulations are performed on an SGI Altix 350 cluster using four

1.4GHz IA-64 Intel Itanium 2 processors in parallel. All simulations are performed

on an SGI Altix 350 cluster using four 1.4GHz IA-64 Intel Itanium 2 processors in

parallel. As the components in (6.1) vary slightly from one time step or corrector

pass to the next, their values are averaged over 1000 time steps. In the following

sections we discuss each of these components.

Jacobian matrix evaluation

The assembly of the Jacobian matrix is by far the most time-consuming operation.

Fortunately, the Jacobian does not have to be updated at every corrector step for this

type of problem. In the present simulations the Jacobian is only updated whenever

the drop in any component of the update is less than 20% of that of the previous

update. Remarkably, this condition never occurred, meaning the Jacobian remained

fixed at its state computed at the first time step. Moreover, the number of corrector

passes was found to be approximately constant during the entire simulation, even

through the transient region. This advantageous behavior is likely due to the initial
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case cpuJac ncorr cpures ngmres cpugmres cpu∆t

TDG1 - 3 1.07 8 1.14 31.6

TDG2 - 3 1.07 8 1.14 31.6

TDG3 - 4 1.07 14 1.14 69.2

TCPG1 - 4 1.22 7 0.29 14.2

TCPG2 - 4 1.22 8 0.29 15.4

TCPG3 - 5 1.22 11 0.29 23.3

Table 6.1: Contributions per time step for the TDG and TCPG method (CPU times

in sec.) for turbulent channel flow using the VMS method on a (16 × 16 × 16) mesh

with P = 2 and P̃ = 2; εupdate = εres = 0.001, εgmres = 0.001, 4 processors.

condition, which provides a reasonable approximation to the final state. Additionally,

the time-dependent behavior of the fully-developed channel flow is apparently not

strong enough to draw the solution out of the domain of convergence of the non-

linear algorithm. As a consequence of the large number of time steps required for the

simulation, the contribution of evaluating the Jacobian matrix to the total execution

time is negligible. Therefore, we do not take this contribution into account.

Residual vector evaluation

The residual vector evaluation for both TCPG and TDG methods are very similar.

For the results tabulated here, both methods used an equivalent quadrature order.

However, since the TCPG method employs a constant weighting function in time,

further savings can be realized with a lower quadrature order. This will be discussed

in Section 6.3.
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Linear system solution

The number of GMRES iterations (ngmres) for both methods is very similar, however,

the CPU time required per GMRES iteration for the TDG method is about a factor

four larger. The latter is due to the fact that the TDG method has twice as many

degrees of freedom compared to the TCPG method. Consequently, the Jacobian

matrix has twice the number of rows and columns and therefore four times as many

entries. Since the major contribution to a single GMRES iteration is the product of

the Jacobian matrix and a (Krylov) vector (Section 4.6.1), the total work per GMRES

iteration is approximately a factor four larger for the TDG method.

Note that the number of GMRES iterations increases with the time-step size. This

is likely due to the zero initial guess for the GMRES algorithm, which in early New-

ton iterations becomes increasingly less appropriate as the time-step size increases.

Currently, the initial guess for the solution (predictor) is set equal to the final solu-

tion of the previous slab. A better initial guess for the solution, e.g. obtained from

extrapolation of previous solutions, could be used to reduce the update in the first

Newton iteration. This way, the zero initial guess for the GMRES algorithm becomes

a more suitable approximation.

Non-linear system solution

The TDG method requires one corrector pass (ncorr) less for non-linear convergence

compared to the TCPG method. Both methods require an additional corrector step

for the largest time step ∆t = 0.004 compares to the lower time steps ∆t = 0.001

and ∆t = 0.002. This is due to the fact that for larger time-step sizes the predictor

is further away from the final solution than for a smaller time-step size. Therefore,

an improved initial guess for the solution could also reduce the number of corrector

passes required. Note that an improved predictor could therefore simultaneously

improve both linear and non-linear convergence.
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Relative contributions

The total CPU times per time step are shown in Figure 6.3, together with the total

contributions of the residual evaluation and linear system solution. The CPU time

per time step of the TCPG method is about three times smaller than that of the

TDG method. TCPG1 and TCPG2 require a comparable CPU time per time step,

while that for TCPG3 is considerably larger. A similar trend is observed for the TDG

method, although the CPU times per time step of the TDG methods are significantly

larger.

The contributions of the residual evaluation and linear system solution are approx-

imately equal for TCPG1 and TCPG2, while for TCPG3 the linear system solution

becomes the dominant factor. The cost of the TDG method, in contrast, is always

dominated by linear system solution.

6.1.3 Discussion

Taking into account the fact that fewer time steps are required when using larger

time-step sizes, both methods using time-step size ∆t = 0.002 and ∆t = 0.004

require approximately half the total CPU time required by ∆t = 0.001.

The small effect of the time-step sizes considered on the accuracy of the solution

implies that potentially even larger time-step sizes can be used without seriously

degrading the solution quality. The computational work, however, was approximately

equal for ∆t = 0.002 and ∆t = 0.004, due to the decreased convergence rates of both

the linear and non-linear system solution associated with increased time-step size.

Therefore, there seems to be little motivation for using time-step sizes larger than

∆t = 0.002. At ∆t = 0.002, the TCPG method is significantly less expensive than

the TDG method. This is mainly due to the GMRES iterations which require less

work since the TCPG method requires only half the number of degrees of freedom

compared to TDG. Obviously, since both methods produce very similar results, use
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Figure 6.3: CPU times per time step for the TCPG and TDG methods.
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of the TCPG method is preferred, except where a weak initial condition is required

for reasons of adaptation. This conclusion might be overturned if a procedure for

improving iterative convergence rates at larger time-step sizes can be found, such as

extrapolation techniques, allowing the higher rate of convergence of the TDG method

(i.e. third order as opposed to second order of TCPG) to be exploited, as observed

in Section 3.4.4.

6.2 Spatial discretization

In this section we analyze the computational efficiency of different spatial hp-resolutions

employing a similar number of degrees of freedom. In particular, we consider the fol-

lowing cases:

• h32p1: (32 × 32 × 32) mesh with P = 1

• h16p2: (16 × 16 × 16) mesh with P = P̃ = 2

• h32p1: (8 × 8 × 8) mesh with P = P̃ = 4

All methods employ the Smagorinsky model with Cs = 0.1, and no attempts were

made to tune this constant to achieve the highest accuracy. Since h32p1 employs

linear basis functions only, it does not lend itself to scale decomposition such as used

in the present VMS method. Consequently, the SGS model acts on all scales directly,

such as in a traditional LES method. Cases h16p2 and h8p4, on the other hand,

employ the VMS method with the SGS model acting on the smallest resolved scales

only. All cases employ the TCPG method with ∆t = 0.002, as it was shown to be

the most efficient time discretization considered. As before, the convergence criteria

are εgmres = εupdate = εres = 0.001.
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Figure 6.4: Mean velocity and rms profiles for turbulent channel flow at Reτ = 180 us-

ing different hp-resolutions for a similar number of degrees of freedom: (32×

32 × 32) mesh with P = 1; DNS [39]; (16 × 16 × 16) mesh with

P = 2 and P̃ = 2; (8 × 8 × 8) mesh with P = 4 and P̃ = 4.
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6.2.1 Accuracy

The mean velocity profiles are shown in Figure 6.4(a). Case h16p2 is clearly the

most accurate, h8p4 overpredicts the wall-shear stress while h32p1 underpredicts the

wall-shear stress. Moreover, h32p1 does not exhibit the correct logarithmic behavior.

The rms profiles, shown in 6.4(b), obtained for h16p2 and h8p4 are of similar quality

and in reasonable agreement with the DNS [39], while those of h32p1 are of poor

quality.

6.2.2 Computational cost

Next, we examine the computational cost of the different spatial hp-resolutions. All

simulations are performed on an SGI Altix 350 cluster consisting of 12 1.4GHz IA-64

Intel Itanium 2 processors having 3GB of memory each. Because of its shared-memory

NUMA (Non-Uniform Memory Acces) architecture, a single processor can access

up to 36GB of memory. In general, the simulations are performed using multiple

processors in parallel. The performance obtained on a single processor, however,

serves to illustrate the basic differences in the contributions to the computational

work for the different spatial hp-resolutions. Additionally, it serves as a starting

point from which trends can be observed when using multiple processors in parallel.

The contributions constituting the computational work within a time step, as

described by (6.1), obtained using one, two, four and eight processors in parallel

are shown in Table 6.2. First, we investigate the performance obtained on a single

processor. Next, we consider the effect of parallel computing.

Single processor

On a single processor, the lowest total CPU time per time step is obtained for h32p1,

while h16p2 requires approximately 25 percent more CPU time. Case h8p4, on the

other hand, is significantly more expensive, requiring approximately five times the
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case # proc ncorr cpures ngmres cpugmres cpu∆t

h32p1 1 3 4.50 4 0.24 20.5

h16p2 1 3 4.61 4 0.58 25.9

h8p4 1 4 13.7 4 1.84 106.0

h32p1 2 3 2.20 5 0.21 11.6

h16p2 2 3 2.34 5 0.50 17.3

h8p4 2 4 7.90 6 2.28 90.5

h32p1 4 3 1.20 7 0.13 7.18

h16p2 4 3 1.18 8 0.45 15.0

h8p4 4 4 5.30 8 2.14 93.4

h32p1 8 3 0.66 10 0.10 5.79

h16p2 8 3 0.61 11 0.27 11.5

h8p4 8 4 4.00 12 2.36 127.5

Table 6.2: Simulation parameters for cases h32p1, h16p2 and h8p4 using 1,2,4 and

8 processors. All simulations employ TCPG scheme with ∆t = 0.002 and εgmres =

εupdate = εres = 0.001.

CPU time compared to cases h32p1 and h16p2. To explain this increase in CPU time

with polynomial degree P at a fixed number of degrees of freedom, we consider the

individual components constituting the work within a time step.

First, we focus on the residual evaluations. Both case h32p1 and h8p4 require

3 corrector passes while the case h8p4 requires 4 corrector passes. The CPU times

measured for the residual evaluations for cases h32p1 and h16p2 are very similar,

while that for case h8p4 is about three times larger. A simplistic approximation to

the computational work involved in a single residual evaluation (CWres) is given by

CWres ≈ nel × neb × nip, (6.2)

where nel is the number of elements, neb is the number of element basis functions,
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and nip is the number of integration points per element. It follows from (6.2) that the

computational work scales linearly with the number of elements, but quadratically

with the polynomial degree of the finite element basis functions. The latter is due

to the fact that in each coordinate direction, there is at least one more integration

point than element basis functions for Gaussian quadrature (Section 6.3). This is

an important reason explaining why p-refinement is generally more expensive than

h-refinement.

Next, we consider the contribution associated with the solution of the linear sys-

tems. All cases require four GMRES iterations to satisfy the convergence criterion.

This implies that the ILU preconditioner is a robust preconditioner for both the low-

order and higher-order polynomial bases considered. However, the CPU times per

GMRES increase significantly as with the polynomial degree of the solution approx-

imation. In particular, cpugmres for case h16p2 is approximately two times larger as

that for h32p1, while that for case h8p4 is about 8 times larger. As discussed in

the previous section, the main contribution to the work within a GMRES iteration

is the matrix-vector product, for which the computational work (CWgmres) can be

approximated by

CWgmres ≈ nel × neb × neb. (6.3)

This relation reflects the fact that a higher-order polynomial basis leads to a denser

system matrix (more entries per row), compared to a lower-order basis. Consequently,

higher-order bases require considerably more work for a matrix-vector product for a

given number of degrees of freedom, despite the lower number of elements.

The higher the polynomial order for a given number of degrees of freedom, the

more memory is required to store the matrix and its ILU preconditioner. As the

total memory required by the simulation exceeds what is locally available to the

processor, additional memory has to be accessed which is physically at a different

location within the cluster. This results in additional latencies, which depending on

the particular infrastructure of the cluster, can significantly slow down the calculation.
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Unfortunately, this is the case for h8p4.

Relative contributions

In Figure 6.5(a) we plot the contributions of the residual evaluation and the solution of

the linear system to the total CPU time per time step obtained on a single processor.

For all three spatial resolutions, the majority of the CPU time step is spent in the

residual evaluation. For case h16p2 the time spent for the linear system solution is

relatively small compared to that of the residual evaluation. Since the remaining

parameters are equivalent to that of case h32p1, case h16p2 is only slightly more

expensive.
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Figure 6.5: CPU times per time step for different hp-resolutions for turbulent channel

flow at Reτ = 180 obtained using 1 processor (a); 2 processors (b); 4 processors (c);

8 processors (d).
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Parallel computing

Next, we consider the performance obtained using multiple processors in parallel, as

also shown in Table 6.2. Here, we employ the domain decomposition approach, in

which the computational domain is partitioned and distributed over the processors.

Subsequently, the problem is discretized and solved on each partition in parallel. An

extensive discussion on parallel computing for finite element methods can be found

in [47].

Obviously, the CPU time required for the residual evaluation decreases with the

number of processors, as it is performed only on a partition of the domain for each

processor. Note that when running on multiple processors, additional time is spent

due to communication, required to include contributions to the residual vector from

neighboring partitions.

As the number of processors increases, the efficiency of the ILU preconditioner

decreases. This is due to the ILU decomposition which is then based on the Jacobian

matrix corresponding to a partition of the domain rather than the entire domain.

As a result, the ILU preconditioner can be viewed as a block ILU, which is a less

efficient approximation to the inverse of the Jacobian matrix for the entire domain

than the ”full” ILU preconditioner. As shown in Figure 6.6, the decreased efficiency

of the preconditioner is reflected by an almost linear increase in GMRES iterations

with increasing number of processors for the cases under consideration. As follows

from (6.3), the CPU time required for a single GMRES iteration scales linearly with

the number of elements. Therefore, as the number of processors increases, and con-

sequently the partitions contain a decreasing number of elements, the CPU time for

required for the matrix-vector product of a GMRES iteration decrease correspond-

ingly. However, the measured scalings of cpugmres are less than expected. Although

cpugmres decreases with the number of processors for case h32p1 and h16p2, an in-

crease is found for h8p4. There are a number of reasons for this poor scaling. We use
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Figure 6.6: Illustration of the decreasing efficiency of the ILU preconditioner resulting

in an increasing number of GMRES iterations required for convergence as the number

of processors increases.

an extra overlap element at each boundary of the partition to account for contribu-

tions from neighboring partitions to the Jacobian matrix. If the number of elements

is low and the order is high, such as typically the case for high-order methods, this

has a relatively high impact on the work involved in a matrix-vector product. An-

other reason is the communication which is required after each GMRES iteration

to account for contributions of neighboring partitions to the matrix-vector product.

This is especially true for h8p4, where latencies are relatively high since this case

requires more memory than locally available.

The contributions of the residual evaluation and linear system solution to the total

CPU time per time step obtained with parallel computing on two, four and eight

processors are shown in Figures 6.5(b)-(d). In all cases, as the number of processors

increase, the contribution associated with the residual evaluation decreases, while
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that of the solution of the linear system increases. For case h32p1 both contributions

become equivalent when running on eight processors. For cases h16p2 and h8p4 this

already happens with two processors, while for four and eight processors the linear

system solution constitutes the dominant contribution to the total CPU time per

time step.
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Figure 6.7: Scaling of CPU time per time step for parallel computing.

The total speed-up of the calculations when using parallel computing is shown

in Figure 6.7. Case h32p1 has the best scaling with the number of processors, while

h8p4 scales very poorly and even becomes slower when running on eight processors.

Meanwhile, case h16p2 is somewhere in between, but does not exhibit negative scaling

for the number of processors considered.
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6.3 Numerical integration

The quadrature order used to integrate the terms that constitute the Jacobian matrix

and residual vector is of significant consideration for large-scale problems since it is

directly related to the computational efficiency of the method. To minimize the com-

putational work associated with numerical integration, we employ Gauss-Legendre

quadrature, which has the highest possible quadrature order [22] for a given number

of integration points. The polynomial order that can be integrated exactly by this

rule is equal to 2Q−1, where Q is the number of integration points in one dimension.

Insufficient quadrature may cause numerical difficulties, such as reduced accuracy,

loss of convergence, or singular Jacobian matrices. On the other hand, if the simula-

tion is well resolved, numerical crimes committed by insufficient quadrature are often

negligible [40]. To ensure the theoretical rate of convergence for second order elliptic

equations Heinrich and Pepper [22] state that the squares of the first derivatives of

all basis functions must be integrated exactly by the quadrature rule. Although this

criterion might be useful for ensuring convergence, it does not ensure the highest

possible accuracy.

Kirby and Karniadakis [40] have investigated the effect of quadrature order on the

stability of the solution. They found that insufficient quadrature of the non-linear

terms in a Galerkin discretization effectively leads to polynomial aliasing errors. It

was shown that these aliasing errors can be eliminated, and therefore stability of

the solution can be enhanced, by integrating the non-linear terms in the variational

statement with a higher quadrature order than the linear terms. Therefore, this

technique is referred to as Polynomial De-aliasing (PD). Ramakrishnan and Collis

[64] demonstrated the suitability of PD for enhancing stability for their discontinu-

ous Galerkin method on coarse resolutions. Additionally, PD combined with ℓVMS

produced particularly good turbulence statistics.

When using primitive variables, the cubic non-linear terms in the compressible
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Navier-Stokes equations lead to fourfold products of polynomials, which require (4P+

1)/2 integration points in each spatial direction for exact integration. Additional

care must be taken when primitive variables are employed. For example, linear terms

including the total energy also leads to fourfold products due to the kinetic energy

component (1
2
ρuiui).

We consider the effect of the quadrature order on the results of the TCPG method

using (16 × 16 × 16) elements with P = P̃ = 2 and ∆t = 0.002. The convergence

criteria are set equal to εgmres = εupdate = εres = 0.001. So far, the results in this

chapter for this resolution employed (3 × 3 × 3 × 2) integration points per element,

where the last number corresponds to the temporal integration direction. Note that,

although the Navier-Stokes equations are not purely elliptic, this scheme satisfies

the criterion that it integrates the squares of the derivatives exactly. Although this

scheme employs considerably less points (viz. 33 instead of 53) in the spatial directions

than strictly necessary for exact integration of all terms, the simulation did not suffer

from instabilities. In order to investigate the effect of PD, we increase the spatial

quadrature order by employing (4 × 4 × 4 × 2) integration points. We have also

investigated a reduced spatial quadrature order corresponding to (2 × 2 × 2 × 2)

integration points. This integration scheme, however, lead to a singular Jacobian

matrix.

Additionally, we examine the effect of reducing the temporal quadrature order by

employing (3 × 3 × 3 × 1) integration points. Note that a single integration point in

time corresponds to the midpoint rule, which is still second-order accurate (as is the

TCPG method).

The mean flow and rms profiles obtained using increased spatial quadrature order

as well as reduced temporal quadrature order are shown in Figure 6.8. As opposed

to prior studies [64] on the effect of PD, no visible effect of the increased spatial

quadrature orders on the mean flow is observed, while the effect on the rms profiles

is small. Advantageously, reduced temporal quadrature order does not lead to sig-
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Figure 6.8: Influence of the quadrature order on the mean velocity and rms profiles for

the TCPG method with (16×16×16) elements and P = P̃ = 2 for turbulent channel

flow at Reτ = 180: DNS [39]; (4×4×4×2); (3×3×3×2);

(3 × 3 × 3 × 1).
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nificant loss of accuracy in both mean and rms profiles. Although not shown here,

the criterion for the quadrature rule stating that the square of the derivatives of the

basis functions should be integrated exactly, also proved to be effective for all results

presented in the previous chapter.

From (6.2) if follows that the increased spatial quadrature order increases the

CPU time for a residual evaluation by approximately a factor (4/3)3 ≈ 3. As can

be seen from Figure 6.5, this significantly increases the simulation time, as the resid-

ual evaluation then becomes a significant contribution for all number of processors.

The reduced temporal quadrature order, on the other hand, decreases the residual-

evaluation time by a factor two, while preserving accuracy and stability.

6.4 Convergence criteria

The convergence criteria of the predictor multi-corrector algorithm are directly related

to the efficiency of the present method. In general, these should be chosen such that

the both linear and non-linear system are not solved with excessive precision. In

Section 6.4.1 we examine the implications of convergence criterion for the solution

of the linear system, while in Section 6.4.2 we consider the non-linear convergence

criteria. We restrict ourselves again to a spatial resolution of (16× 16× 16) elements

with P = P̃ = 2 and ∆t = 0.002. The cases considered in this section are all

performed using four processors in parallel.

6.4.1 Linear system

We consider the following tolerances for the GMRES algorithm: εgmres = 0.001, 0.01

and 0.1, while the non-linear convergence criterion is fixed at εupdate = εres = 0.001.

Note that, although the solution of the linear system is less accurate as the εgmres is

reduced, the non-linear convergence criterion is still satisfied.
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The mean velocity, shown in Figure 6.9(a) is not noticeably affected by the range

of linear convergence criteria considered, the effect on rms profiles, shown in Figure

6.9(b), is very small.

εgmres ngmres ncorr cpu∆t

0.001 8 3 15.0

0.01 5 3 11.5

0.1 3 4 11.4

Table 6.3: Effect of convergence criterion for the linear system solution. The CPU

times are obtained using four processors in parallel and εupdate = εres = 0.001.

The number of GMRES iterations required corresponding to the convergence cri-

teria as well as the number of corrector passes are shown in Table 6.3. As εgmres

is reduced from 0.001 to 0.01 an additional corrector pass is needed for non-linear

convergence. Recall that the solution of the linear system represents the Newton

update. Obviously, reduced accuracy in the update eventually leads to an increased

number of corrector passes to satisfy the non-linear convergence criteria. Therefore,

given similar solution quality, one has to consider if cheaper corrector passes are ad-

vantageous, compared to a lower number of more expensive corrector passes. This

depends on the cost of the residual evaluations relatively to that of the linear system

solution, which is a function of the number of processors (see Figure 6.5). Moreover,

it should be ensured that the increased number of corrector passes does not lead to

a net increase in GMRES iterations per time step. For the specific case of using

four processors, the CPU time per time step (see Table 6.3), levels off going from

εgmres = 0.01 to 0.1.
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6.4.2 Non-linear system

For the solution of the non-linear system within each time step, we consider the

following convergence criteria: εupdate = εres = 0.0001, 0.001, and 0.01. The tolerance

for the linear system is set equal to εgmres = 0.01.

We note that no adverse effect on the stability is observed for the range of non-

linear tolerances considered. Moreover, as seen in Figure 6.10, the nonlinear conver-

gence criteria considered do not have a significant influence on both the mean velocity

and rms profiles.

εres, εupdate ncorr ngmres cpu∆t

0.0001 4 8 20.3

0.001 3 8 15.0

0.01 2 8 10.7

Table 6.4: Effect of non-linear convergence criterion. The CPU times are obtained

using four processors in parallel and εgmres = 0.001.

The number of corrector passes and GMRES iterations are shown in Table 6.4,

along with the CPU time per time step obtained on four processors. Increasing the

tolerance by a factor ten decreases the number of required corrector passes by one. In

other words, in each corrector pass the non-linear residual is decreased by an order of

magnitude. Moreover, the number of corrector passes is low for all cases. This clearly

demonstrates the efficiency of the constant Jacobian matrix. Recall that in Section

4.6.3 it was claimed that the constant Jacobian approach can have much weaker non-

linear convergence properties than the Jacobian-free approach. These results imply

that this is not the case for the present problem. Although the CPU time per step

depends on the number of processors, the trend will be similar for different number

of processors since the number corrector passes remains the same. It follows from

(6.1) that the CPU time per time step scales approximately linearly with the number



6.5 Summary 145

of corrector passes, as confirmed by the CPU times for the present cases. Including

the decreased CPU time that can be achieved by increasing the linear convergence

tolerance, the computation time can be reduced by at least more than a factor two

compared to the finest tolerances considered.

6.5 Summary

We have investigated the main factors that influence the accuracy and computational

work for the numerical simulation of turbulent channel flow at Reτ = 180.

First, we compared the different time discretizations. The TCG method appeared

to be incapable of producing results at time steps of interest, while the TDG and

TCPG method produced accurate results of similar quality. The TDG method is

significantly more expensive than the TCPG method, however, because it employs

twice the number of unknowns. Therefore, for reasons other than adaption, the use

of TCPG is preferred.

Next, we compared the accuracy and computational work obtained using different

spatial hp-resolutions for a similar number of degrees of freedom. It was shown that

the use of higher-order methods (P > 1) can lead to increased accuracy as they

can exploit the advantages of the VMS method (Chapter 5). However, a major

disadvantage is that the computational work scales quadratically with the number

of element basis functions. As these increase rapidly with the polynomial degree

P , high-order methods are inherently expensive. Additionally, the Jacobian matrix

for high-order methods are significantly more dense, resulting in increased memory

requirements for its storage. If the required memory exceeds what is locally available

to the processor, the simulation is considerably slowed down due to additional latency

effects. An additional difficulty with the present implementation is its poor parallel

scaling with increased polynomial degree P . This is mainly due to the use of overlap

elements used to account for contributions of neighboring partitions to the Jacobian
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matrix of each partition. As higher-order methods typically use low numbers of

elements, these overlap elements constitute a relatively large contribution to the

computational work.

The quadrature order is of significance consideration in large-scale computations.

Stable solutions were found if the quadrature order is chosen such that the square of

the derivatives can be integrated exactly. Choosing higher quadrature orders did not

lead to increased accuracy of the lower-order statistics.

Finally, the influence of the convergence criteria of both the solution of the lin-

ear system (εgmres) and the non-linear system (εupdate, εres) was investigated. These

should be chosen such that the linear and non-linear system are not solved with

excessive precision. It was found that εgmres = 0.01 and εupdate = εres = 0.01 are

sufficient for the turbulent channel flow case considered.
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Figure 6.9: Influence of the linear convergence criteria on the mean velocity and rms

profiles for the TCPG method with (16 × 16 × 16) elements and P = P̃ = 2 for

turbulent channel flow at Reτ = 180: DNS [39]; εgmres = 0.001;

εgmres = 0.01; εgmres = 0.1.
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Figure 6.10: Influence of the non-linear convergence criteria on the mean velocity and

rms profiles for the TCPG method with (16 × 16 × 16) elements and P = P̃ = 2 for

turbulent channel flow at Reτ = 180: DNS [39]; εupdate = εres =

0.0001; εupdate = εres = 0.001; εupdate = εres = 0.01.



Chapter 7

Conclusions and Recommendations

In Section 7.1 we highlight the main conclusions of the present research and we

conclude with some recommendations for future research directions inspired by the

findings of this work in Section 7.2.

7.1 Conclusions

We have proposed and implemented a space-time VMS discretization for the com-

pressible Navier-Stokes equations, which can be applied to complex flow configura-

tions. The capability of the VMS discretization was examined for turbulent channel

flow at Reτ = 180. The results obtained using the VMS method were compared to

those obtained using no SGS model as well as those from an LES formulation using

SGS modeling on all scales.

Overall, the results obtained using no SGS modeling suffer from insufficient dis-

sipation. This leads to excess energy content in the large scales, which results in

poor-quality turbulence statistics. This implies that SGS modeling is required to en-

hance energy dissipation. Traditional LES formulations, however, structurally lead to

excessive dissipation. These allow the dynamically important structures in the flow

to be directly influenced by the SGS model, resulting in poor turbulence statistics.

149
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In contrast, the VMS method was found to be capable of producing good quality

low-order turbulence statistics at relatively coarse levels of refinement. In the VMS

method, the direct influence of the SGS model is restricted to the small scales, while

the large scales are left free from direct modeling effects. The crucial parameter for

obtaining reasonable turbulence statistics was found to be the large/small partition

combined with the size of the large and small scale spaces. In general, the basic

dynamics of the near-wall coherent structures should be released from the direct

influence of the SGS model. It was found that to do so, modes capable of repre-

senting the spanwise-alternating velocity profile typical of near-wall streaks should

be contained in the large-scale space.

Additionally, a serendipity variant of the spatial discretization was examined, in

which only those modes are retained that are necessary for a certain order of accu-

racy. For similar resolutions (i.e. number of elements and polynomial order), the

serendipity discretization produced reasonable mean velocity profiles, but the turbu-

lence intensities and Reynolds stress were of poor quality. Due to the reduced number

of modes, the large-scale space is too small to allow an adequate description of the

large scales, while the small-scale space is too small to provide sufficient dissipation.

A detailed performance analysis of the proposed VMS discretization was con-

ducted, in which we examined the factors influencing the accuracy and computational

cost for the simulation of turbulent channel flow.

First, we compared the different time discretizations. The TCG method is not a

competitive method as it failed to obtain convergence for time steps of interest. The

TDG and TCPG methods, on the other hand, produced accurate and very similar

results for relatively large time steps. However, the TDG method is considerably

more computationally expensive than the TCPG method, since it used twice the

number of degrees of freedom. Therefore, if no adaptation is required, the TCPG
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method is preferred.

Next, we compared the accuracy and cost of different spatial resolution employing

a similar total number of degrees of freedom. It is shown that the spatially higher-

order methods employing the VMS approach lead to increased accuracy compared

to a standard low-order (linear) method, where all scales are necessarily directly

affected by the SGS model. Higher-order methods, however, are inherently expensive

as the computational work scales quadratically with the number of finite-element

basis functions. In addition, higher-order methods lead to denser system matrices,

resulting in rapidly increasing memory requirements with the order of the scheme.

The quadrature order used for numerical integration is of great importance in

large-scale simulations as it is directly related to computational efficiency. It was

shown that, even at coarse resolutions, considerably lower quadrature orders can

be used than strictly necessary for exact integration, without seriously degrading

accuracy.

In conclusion, it appears that the present discretization, with correctly chosen

parameters, is a suitable candidate for the large eddy simulation of turbulent flows

over complex deforming domains. The VMS method has shown clear advantages as it

leads to reduced resolution requirements compared to the traditional LES approach

using a similar SGS model. As the computational cost associated with higher-order

methods is still relatively high, additional research has to be conducted in order to

increase efficiency.

7.2 Recommendations

The proposed VMS discretization has proven its capability of reducing the resolution

requirements for reasonable turbulence statistics compared to traditional LES formu-

lations. There is considerable evidence [3, 64] that the resolution requirements can be
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further reduced by a weak enforcement of the boundary conditions. These techniques

may therefore be expected to further improve the computational efficiency.

The parallel scaling of the present implementation was found to be poor. This is

partly due to the decreasing efficiency of the preconditioner with increasing number

of processors. Currently, deflation techniques are under development that counteract

this loss of efficiency. Moreover, alternative implementations should be considered

that do not require overlap elements.

The present implementation also requires large amounts of memory if the matrix

and its preconditioner are stored. Excessive memory use can significantly increase the

length of the simulation. To avoid this problem, pseudo-time formulations, potentially

coupled with multigrid techniques [77], are promising candidates. These allow the

implicit problem to be solved in a fully explicit way, and therefore completely avoid

the need to solve large linear systems of equations.
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Appendix A

Coefficient matrices for the

Navier-Stokes equations

The compressible Navier-Stokes equations in conservation form can be written as

U,t + Fi,i − Fv
i,i = S,

where U is the vector of conservative variables, Fi(U) and Fv
i (U) are the inviscid

and viscous flux vectors defined as

U = ρ





1

u1

u2

u3

e





, Fi(U) = uiU+p





0

δ1i

δ2i

δ3i

ui





, Fv
i (U) =





0

τ1i

τ2i

τ3i

τijuj − qi





,

and S the vector containing external sources. The quasi-linear form of the Navier-

Stokes equations is given by

U,t + AiU,i − (KijU,j),i = S,

where Ai = Fi,U are the inviscid flux Jacobians and Kij are the diffusivity matrices,

satisfying KijU,j = Fv
i . Introducing the transformation of variables U = U(Y),

163
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the Navier-Stokes equations can be solved in any set of variables Y [21]. Using this

transformation, the quasi linear form can be written in terms of Y as

Ã0Y,t + ÃiY,i − (K̃ijY,j),i = S,

where

Ã0 = U,Y,

Ãi = AiÃ0,

K̃ij = KijÃ0.

In the remainder of this appendix, these coefficient matrices are given for conservative

variables, and primitive density and pressure variables.

A.1 Conservative variables

Flux Jacobians

The flux Jacobians for conservative variables, i.e. Y = U are given by

A1 =




0 1 0 0 0

−u2

1
+ γ−1

2
‖u‖2 (3 − γ)u1 (1 − γ)u2 (1 − γ)u3 γ − 1

−u1u2 u2 u1 0 0

−u1u3 u3 0 u1 0

−u1[γe − (γ − 1)‖u‖2] γe − γ−1

2
(‖u‖2 + 2u2

1
) (1 − γ)u1u2 (1 − γ)u1u3 γu1



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A2 =




0 0 1 0 0

−u1u2 u2 u1 0 0

−u2

2
+ γ−1

2
‖u‖2 (1 − γ)u1 (3 − γ)u2 (1 − γ)u3 γ − 1

−u2u3 0 u3 u2 0

−u2[γe − (γ − 1)‖u‖2] (1 − γ)u1u2 γe − γ−1

2
(‖u‖2 + 2u2

2
) (1 − γ)u2u3 γu2




A3 =




0 0 0 1 0

−u1u3 u3 0 u1 0

−u2u3 0 u3 u2 0

−u2

3
+ γ−1

2
‖u‖2 (1 − γ)u1 (1 − γ)u2 (3 − γ)u3 γ − 1

−u3[γe − (γ − 1)‖u‖2] (1 − γ)u1u3 (1 − γ)u2u3 γe − γ−1

2
(‖u‖2 + 2u2

3
) γu3




Diffusivity matrices

Let χ = λ+ 2µ, then the diffusivity matrices for conservative variables are given by

K11 = 1/ρ




0 0 0 0 0

−χu1 χ 0 0 0

−µu2 0 µ 0 0

−µu3 0 0 µ 0

κ
cv

(−e + ‖u‖2) − χu2

1
− µ(u2

2
+ u2

3
) (χ − κ

cv

)u1 (µ − κ
cv

)u2 (µ − κ
cv

)u3
κ
cv



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K12 = 1/ρ




0 0 0 0 0

−λu2 0 λ 0 0

−µu1 µ 0 0 0

0 0 0 0 0

−(µ + λ)u1u2 µu2 λu1 0 0




K13 = 1/ρ




0 0 0 0 0

−λu3 0 0 λ 0

0 0 0 0 0

−µu1 µ 0 0 0

−(µ + λ)u1u3 µu3 0 λu1 0




K21 = 1/ρ




0 0 0 0 0

−µu2 0 µ 0 0

−λu1 λ 0 0 0

0 0 0 0 0

−(µ + λ)u1u2 λu2 µu1 0 0



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K22 = 1/ρ




0 0 0 0 0

−µu1 µ 0 0 0

−χu2 0 χ 0 0

−µu3 0 0 µ 0

κ
cv

(−e + ‖u‖2) − χu2

2
− µ(u2

1
+ u2

3
) (µ − κ

cv

)u1 (χ − κ
cv

)u2 (µ − κ
cv

)u3
κ
cv




K23 = 1/ρ




0 0 0 0 0

0 0 0 0 0

−λu3 0 0 λ 0

−µu2 0 µ 0 0

−(µ + λ)u2u3 0 µu3 λu2 0




K31 = 1/ρ




0 0 0 0 0

−µu3 0 0 µ 0

0 0 0 0 0

−λu1 λ 0 0 0

−(µ + λ)u1u3 λu3 0 µu1 0



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K32 = 1/ρ




0 0 0 0 0

0 0 0 0 0

−µu3 0 0 µ 0

−λu2 0 λ 0 0

−(µ + λ)u2u3 0 λu3 µu2 0




K33 = 1/ρ




0 0 0 0 0

−µu1 µ 0 0 0

−µu2 0 µ 0 0

−χu3 0 0 χ 0

κ
cv

(−e + ‖u‖2) − χu2

3
− µ(u2

1
+ u2

2
) (µ − κ

cv

)u1 (µ − κ
cv

)u2 (χ − κ
cv

)u3
κ
cv




A.2 Primitive density variables

Primitive density variables are defined by

Y =





ρ

u1

u2

u3

T





.
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Flux Jacobians

The inviscid flux Jacobians Ãi for primitive density variables are given by

Ã0 =




1 0 0 0 0

u1 ρ 0 0 0

u2 0 ρ 0 0

u3 0 0 ρ 0

e ρu1 ρu2 ρu3 ρcv




Ã1 =




u1 ρ 0 0 0

u2

1
+ (γ − 1)cvT 2ρu1 0 0 (γ − 1)ρcv

u1u2 ρu2 ρu1 0 0

u1u3 ρu3 0 ρu1 0

u1[e + (γ − 1)cvT ] ρ(u2

1
+ e) + p ρu1u2 ρu1u3 ρu1γcv




Ã2 =




u2 0 ρ 0 0

u1u2 ρu2 ρu1 0 0

u2

2
+ (γ − 1)cvT 0 2ρu2 0 (γ − 1)ρcv

u2u3 0 ρu3 ρu2 0

u2[e + (γ − 1)cvT ] ρu1u2 ρ(u2

2
+ e) + p ρu2u3 ρu2γcv



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Ã3 =




u3 0 0 ρ 0

u1u3 ρu3 0 ρu1 0

u2u3 0 ρu3 ρu2 0

u2

3
+ (γ − 1)cvT 0 0 2ρu3 (γ − 1)ρcv

u
3
[e + (γ − 1)cvT ] ρu1u3 ρu2u3 ρ(u2

3
+ e) + p ρu3γcv




Diffusivity matrices

The diffusivity matrices K̃ij for primitive density variables are given by

K̃11 =




0 0 0 0 0

0 χ 0 0 0

0 0 µ 0 0

0 0 0 µ 0

0 χu1 µu2 µu3 κ




K̃12 =




0 0 0 0 0

0 0 λ 0 0

0 µ 0 0 0

0 0 0 0 0

0 µu2 λu1 0 0



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K̃13 =




0 0 0 0 0

0 0 0 λ 0

0 0 0 0 0

0 µ 0 0 0

0 µu3 0 λu1 0




K̃21 =




0 0 0 0 0

0 0 µ 0 0

0 λ 0 0 0

0 0 0 0 0

0 λu2 µu1 0 0




K̃22 =




0 0 0 0 0

0 µ 0 0 0

0 0 χ 0 0

0 0 0 µ 0

0 µu1 χu2 µu3 κ



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K̃23 =




0 0 0 0 0

0 0 0 0 0

0 0 0 λ 0

0 0 µ 0 0

0 0 µu3 λu2 0




K̃31 =




0 0 0 0 0

0 0 0 µ 0

0 0 0 0 0

0 λ 0 0 0

0 λu3 0 µu1 0




K̃32 =




0 0 0 0 0

0 0 0 0 0

0 0 0 µ 0

0 0 λ 0 0

0 0 λu3 µu2 0



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K̃33 =




0 0 0 0 0

0 µ 0 0 0

0 0 µ 0 0

0 0 0 χ 0

0 µu1 µu2 χu3 κ




A.3 Primitive pressure variables

Primitive pressure variables are defined by

Y =





p

u1

u2

u3

T





.

Flux Jacobians

The inviscid flux Jacobians Ãi = Fi,Y for primitive pressure variables are given by

Ã0 =




ρ

p
0 0 0 − ρ

T

ρu1

p
ρ 0 0 −ρu1

T

ρu2

p
0 ρ 0 −ρu2

T

ρu3

p
0 0 ρ −ρu3

T

ρe

p
ρu1 ρu2 ρu3 −ρe

T
+ ρcv



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Ã1 =




ρu1

p
ρ 0 0 −ρu1

T

ρu2

1

p
+ 1 2ρu1 0 0 −

ρu2

1

T

ρu1u2

p
ρu2 ρu1 0 −ρu1u2

T

ρu1u3

p
ρu3 0 ρu1 −ρu1u3

T

ρu1e

p
+ u1 ρ(u2

1
+ e) + p ρu1u2 ρu1u3 −ρu1e

T
+ ρu1cv




Ã2 =




ρu2

p
0 ρ 0 −ρu2

T

ρu1u2

p
ρu2 ρu1 0 −ρu1u2

T

ρu2

2

p
+ 1 0 2ρu2 0 −

ρu2

2

T

ρu2u3

p
0 ρu3 ρu2 −ρu2u3

T

ρu2e

p
+ u2 ρu1u2 ρ(u2

2
+ e) + p ρu2u3 −ρu2e

T
+ ρu2cv




Ã3 =




ρu3

p
0 0 ρ −ρu3

T

ρu1u3

p
ρu3 0 ρu1 −ρu1u3

T

ρu2u3

p
0 ρu3 ρu2 −ρu2u3

T

ρu2

3

p
+ 1 0 0 2ρu3 −

ρu2

3

T

ρu3e

p
+ u3 ρu1u3 ρu2u3 ρ(u2

3
+ e) + p −ρu3e

T
+ ρu3cv



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Diffusivity matrices

The diffusivity matrices K̃ij for primitive pressure variables are given by

K̃11 =




0 0 0 0 0

0 χ 0 0 0

0 0 µ 0 0

0 0 0 µ 0

0 χu1 µu2 µu3 κ




K̃12 =




0 0 0 0 0

0 0 λ 0 0

0 µ 0 0 0

0 0 0 0 0

0 µu2 λu1 0 0




K̃13 =




0 0 0 0 0

0 0 0 λ 0

0 0 0 0 0

0 µ 0 0 0

0 µu3 0 λu1 0



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K̃21 =




0 0 0 0 0

0 0 µ 0 0

0 λ 0 0 0

0 0 0 0 0

0 λu2 µu1 0 0




K̃22 =




0 0 0 0 0

0 µ 0 0 0

0 0 χ 0 0

0 0 0 µ 0

0 µu1 χu2 µu3 κ




K̃23 =




0 0 0 0 0

0 0 0 0 0

0 0 0 λ 0

0 0 µ 0 0

0 0 µu3 λu2 0



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K̃31 =




0 0 0 0 0

0 0 0 µ 0

0 0 0 0 0

0 λ 0 0 0

0 λu3 0 µu1 0




K̃32 =




0 0 0 0 0

0 0 0 0 0

0 0 0 µ 0

0 0 λ 0 0

0 0 λu3 µu2 0




K̃33 =




0 0 0 0 0

0 µ 0 0 0

0 0 µ 0 0

0 0 0 χ 0

0 µu1 µu2 χu3 κ



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Appendix B

Jacobi polynomials

An important property of Jacobi polynomials P α,β
p (x) is their orthogonality relation-

ship given by

1∫

−1

(1 − x)α(1 + x)βPα,β
p (x)Pα,β

q (x) dx = C δpq (B.1)

where α, β > −1 and C is computed from

C =
2α+β+1

2p+ α+ β + 1

Γ(p+ α+ 1) Γ(p+ β + 1)

p ! Γ(p+ α+ β + 1)
(B.2)

with Γ(n) = (n − 1)!. This relation implies that P α,β
p (x) is orthogonal to all Jacobi

polynomials Pα,β
q (x) of order q less than p with respect to (1 − x)α(1 + x)β. If

α = β = 0 these polynomials are known as Legendre polynomials and if α = β = −1
2

they are called Chebychev polynomials.

The Jacobi polynomials can be constructed using the following recursive formula

Pα,β
0 (x) = 1

Pα,β
1 (x) = [α− β + (α+ β + 2)x]

Pα,β
n+1(x) = (a2

n + a3
nx)P

α,β
n (x) − a4

nP
α,β
n−1(x) (B.3)
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where

a1
n = 2(n+ 1)(n+ α+ β + 1)(2n+ α+ β)

a2
n = (2n+ α+ β + 1)(α2 − β2)

a3
n = (2n+ α+ β)(2n+ α+ β + 1)(2n+ α+ β + 2)

a4
n = 2(n+ α)(n+ β + 1)(2n+ α+ β + 2)

The derivatives can be computed using either the recursive formula

b1n(x)
d

dx
Pα,β

n+1(x) = b2n(x)Pα,β
n (x) + b3n(x)Pα,β

n−1(x) (B.4)

where

b1n(x) = (2n+ α+ β)(1 − x2)

b2n(x) = n[α− β − (2n+ α+ β)x]

b3n(x) = 2(n+ α)(n+ β)

or using
d

dx
Pα,β

n (x)
1

2
(α+ β + n+ 1)Pα+1,β+1

n−1 (x). (B.5)

where Pα+1,β+1
n−1 follows from B.3.



Appendix C

Modal connectivity and boundary

condition enforcement

Here, we illustrate the procedure that is used to obtain C0-continuity as well as the

enforcement of boundary conditions. To do so, we define the vector of local degrees

of freedom as all the elemental expansion coefficients of each element. For a given

element, these are contained within the vector ue. The ordering of the degrees of

freedom in ue is illustrated in Figure C.1 for a two-dimensional expansion. The

vector of all the local degrees of freedom can then be written as

ul =





u1

u2

...

unel





(C.1)

Additionally, in order to handle Dirichlet boundary conditions we define the vectors

ue
D containing the values for the local degrees of freedom, where prescribed and zero
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Figure C.1: Illustration of the local numbering scheme on a two-dimensional elemental

expansion for P=5.

elsewhere. The vector of all Dirichlet conditions can then be written as

uD =





u1
D

u2
D

...

u
nel

D





(C.2)

If we define ug to denote the vector of global degrees of freedom, the vector of all

local degrees of freedom can be written as

ul = uD + Aug (C.3)

where A is a very sparse non-square matrix which defines the mapping from global

to local degrees of freedom. Depending on the orientation of the local element axes,

the non-zero entries of A are either −1 or 1. To illustrate the form of the assembly

matrix A we consider the case shown in Figure C.2, where the domain consists of

two quadrilateral elements with a Dirichlet condition at the left boundary. In this

example the expansion with P1 = P2 = 2 contains only boundary modes, so that the
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number of local degrees of freedom in each element is nm = 8, and the total number

of local degrees of freedom is 2 × nm = 16. The local numbering is shown in the

left-hand plot of Figure C.2. Note that the edge mode degrees of freedom are listed

at the center of the element’s edges along which they have non-zero magnitude. To

enforce continuity between the two elements, we must couple the boundary modes

(1,2,5) of element 0 to (0,3,7) of element 2. This is achieved by assigning the a global

numbering scheme as shown in the right-hand plot of Figure C.2. Additionally, the

Dirichlet boundary condition is obtained by constraining boundary modes (0,3,7) of

element 0 to their prescribed values. Equation C.3 can then be written as





u0
0

u0
1

u0
2

u0
3

u0
4

u0
5

u0
6

u0
7

· · ·

u1
0

u1
1

u1
2

u1
3

u1
4

u1
5

u1
6

u1
7





=





u0
0

0

0

u0
3

0

0

0

u0
7

· · ·

0

0

0

0

0

0

0

0





+




0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

· · · · · · · · · ·

1 0 0 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 1 0 0 0

0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 1

0 0 0 1 0 0 0 0 0 0








u1

u2

u4

u5

u6

u8

u9

u10

u11

u12





(C.4)
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Figure C.2: Local and global degrees of freedom numbering scheme for a two-

dimensional expansion of order P1 = P2 = 2. The edge modes are listed along

the center of the edge on which they have nonzero magnitude.

Note that every column of A contains at least one entry, and the summation of each

colum equals the number of modes that contribute to the corresponding global mode.

This is called the multiplicity of the global mode [38]. The mapping from local to

global (assembly) is obtained by taking the transpose of A, so that

vg = ATvl (C.5)

where vg and vl are associated with integral operations. Here we use v rather than

u to stress that A and AT are not the inverse of each other, i.e. ug 6= ATAug.

The operations defined by A (scatter from global to local) and AT (assembly from

local to global) are all that is necessary to construct the global system. Consider

the finite-element variational formulation for a given problem that produces, at the

element level, the following system of equations

Meue = f e (C.6)

where Me is the element matrix and f e the corresponding right-hand vector. The

elemental systems of equations of all elements can be represented by the following

system

Mul = fl (C.7)
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where ul is defined by C.1, and

M =




M1 0 0 0

0 M2 0 0

0 0
. . . 0

0 0 0 Mnel



, and fl =





f1

f2

...

fnel





. (C.8)

Up to now, there is no notion of continuity or boundary conditions in system (C.8).

To enforce these, (C.3) is substituted into (C.8), so that

M(uD + Aug) = fl (C.9)

⇒ MAug = fl − MuD (C.10)

Note that the known Dirichlet values contained in uD are transferred to the right-hand

side. The resulting system is not square, since A is a non-square matrix. Therefore,

(C.10) is pre-multiplied by AT to give the square system of equations

ATMAug = AT (fl − MuD) (C.11)

This system must be solved using solution techniques for linear systems of equations,

as described in Section 4.6. In practice, the matrix M is never formed explicitly,

as this would require much more memory than the final system matrix ATMA.

Instead, the required operations are performed at the element level, that is AT
e MeAe

and AT
e (f e − Meue

D).
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Samenvatting

De Variational Multiscale (VMS) methode heeft zich ontwikkeld als een veel belovende

nieuwe aanpak voor Large Eddy Simulatie (LES) van turbulente stromingen. Het

voordeel van de VMS methode is de mogelijkheid om verschillende aannames te maken

voor het effect van de subgrid-schalen op de verschillende schalen in de berekening.

Een typische keuze in de VMS methode is de expliciete modelering van het effect

van de subgrid-schalen te beperken tot de kleinste berekende schalen, zodat de dy-

namisch belangrijke grote berekende schalen vrij blijven van de directe invloed van

het subgrid-schaal (SGS) model. Voorgaande implementaties van de VMS methode

zijn beperkt gebleven tot incompressible formulaties op simpele geometrieën en/of

kleine tijdsstappen vanwege het gebruik van expliciete tijdsdiscretizatie methoden. In

dit onderzoek stellen we een ruimte-tijd VMS methode voor die tracht de hierboven

beschreven beperkingen te overkomen. In het bijzonder, we beogen een methode te

ontwikkelen die toepasbaar is voor complexe geometrieën met een minimaal aantal

vrijheidsgraden en die tijdsstappen toelaat die gekozen zijn op basis van de van belang

zijnde fysische phenomenen in plaats van stabiliteits criteria.

De ruimtelijke discretizatie van de voorgestelde methode is een hogere orde

nauwkeurige continue Galerkin methode, die vanwege zijn hierarchische aard een

natuurlijk raamwerk voor schaal decompositie vormt, hetgeen cruciaal is voor de

VMS methode. Ruimte-tijd eindige elementen methoden kunnen zowel continu als

discontinu in de tijd zijn. Discontinue methoden in de tijd bieden grote flexibiliteit
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voor adaptatie, maar kunnen leiden tot hoge berekeningskosten. Continue methoden

in de tijd daarentegen, bieden mogelijk een goed compromis tussen nauwkeurigheid en

berekeningskosten. In dit onderzoek beschouwen we drie verschillende tijdsdiscretiza-

ties, namelijk een eerste orde continue Galerkin methode (TCG), een tweede orde

continue Petrov-Galerkin methode (TCPG) en een derde orde discontinue Galerkin

methode (TDG).

We beschouwen de prestaties van de ruimtelijke VMS discretizatie voor de simu-

latie van een volledig ontwikkelde turbulente kanaalstroming. We laten zien dat de

methode leidt tot verminderde resolutie eisen vergeleken met een traditionele methode

waarin hetzelfde SGS model direct werkt op alle berekende schalen in de simulatie.

De cruciale parameter voor het verkrijgen van nauwkeurige lage orde turbulentie

statistieken met de VMS methode is de partitie tussen de grote en kleine berekende

schalen. In het bijzonder, we laten zien dat wanneer simpele ”eddy-viscosity” SGS

modellen worden gebruikt, de basis functies die in staat zijn de fundamentele dyna-

mica van de coherente structuren aan de wand te representeren, vrij moeten zijn van

de directe invloed van het SGS model.

Aangezien ruimte-tijd methoden noodzakelijk tot een impliciete tijdsdiscretizatie

leiden, is het een uitdaging de berekingen uit voeren binnen een acceptabele tijd met

acceptabele berekeningskosten. Daarom hebben we een gedetailleerde prestatie ana-

lyse uitgevoerd om de factoren te onderzoeken die de nauwkeurigheid en de simulatie

kosten van de voorgestelde methoden bëınvloeden. Voor dit doeleinde gebruiken we

weer de turbulente kanaalstroming.

Eerst beschouwen we de verschillende tijdsdiscretizaties. Het blijkt dat de TCG

methode geen competitieve methode voor tijdsstap grootte waarin we gëınteresseerd

zijn. In tegenstelling, de TDG en TCPG methode produceren nauwkeurige en ver-

gelijkbare resultaten voor relatief grote tijdsstappen. Echter, de berekeningskosten

van de TDG methode zijn aanzienlijk hoger dan de TCPG methode, aangezien het

twee maal zo veel vrijheidsgraden gebruikt. Daarom, in het geval dat geen adaptatie
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vereist is, geniet de TCPG methode de voorkeur.

Vervolgens vergelijken we de nauwkeurigheid en berekeningskosten voor verschil-

lende ruimtelijke hp-resoluties voor een gelijk totaal aantal vrijheidsgraden. We laten

zien dat de hogere orde methoden tot een hogere nauwkeurigheid leiden vergeleken

met een standaard lagere orde (lineaire) eindige elementen methode, die niet geschikt

is voor de huidige VMS formulatie. Echter, de hogere orde methoden zijn in-

herent meer kostbaar aangezien de te verrichten operaties gedurende de simulatie

kwadratisch schaalt met het aantal basisfuncties, terwijl dit slechts linear schaalt

met het aantal elementen. Hogere orde methoden leiden ook tot significant vollere

matrices, hetgeen resulteert in snel toenemende geheugen eisen met de orde van de

methode. Aangezien de berekeningskosten van hogere orde methoden nog steeds re-

latief hoog zijn, doen we suggesties voor aanvullende onderzoeksrichtingen om de

efficiëntie van de voorgestelde methode te verbeteren.
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