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A B S T R A C T

The theory of spectral submanifolds (SSMs) has emerged as a powerful tool for construct-
ing rigorous, low-dimensional reduced-order models (ROMs) of high-dimensional nonlinear
mechanical systems. A direct computation of SSMs requires explicit knowledge of nonlinear
coefficients in the equations of motion, which limits their applicability to generic finite-element
(FE) solvers. Here, we propose a non-intrusive algorithm for the computation of the SSMs
and the associated ROMs up to arbitrary polynomial orders. This non-intrusive algorithm only
requires system nonlinearity as a black box and hence, enables SSM-based model reduction via
generic finite-element software. Our expressions and algorithms are valid for systems with up to
cubic-order nonlinearities, including velocity-dependent nonlinear terms, asymmetric damping,
and stiffness matrices, and hence work for a large class of mechanics problems. We demonstrate
the effectiveness of the proposed non-intrusive approach over a variety of FE examples of
increasing complexity, including a micro-resonator FE model containing more than a million
degrees of freedom.

1. Introduction

Linear modal subspaces are powerful constructs for rigorous model reduction of linear time-invariant systems. Due to the
invariance of modal subspaces, a full simulation trajectory initialized on a modal subspace stays on it for all times. For instance,
consider a weakly damped linear mechanical system, initialized at rest in the shape of a vibration mode. This system will freely
vibrate with decaying amplitudes while retaining the initial shape due to the invariance of the modal subspaces associated with the
system’s vibration modes. In addition, a slow modal subspace associated with the slowest decaying modes (low-frequency modes)
will attract nearby solution trajectories exponentially fast. As a result, one can project the equations governing the full system onto
a low-dimensional slow modal subspace for rigorous model reduction of linear systems. Indeed, the success of modal truncation in
constructing lower-dimensional reduced-order models (ROMs) for high-dimensional linear systems [1,2] can be justified based on
this principle. Given this success, a natural question is, can we extend the idea of modal truncation to nonlinear problems?

The key ingredients of the above extension are invariance and attractivity or normal hyperbolicity. Nonlinear normal modes
(NNMs) have been defined as invariant manifolds that serve as nonlinear continuations of modal subspaces. Model reduction via
NNMs enables the prediction of free and forced response in nonlinear vibrations [3–5]. There are, however, infinitely many such
invariant manifolds for a given modal subspace. The smoothest invariant manifold among these exists uniquely under appropriate
non-resonant conditions and is called as a spectral submanifold (SSM) [6,7]. In particular, a slow SSM, which is the extension of the
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slow modal subspace, is also an attracting invariant manifold and hence can be used to perform exact model reduction for nonlinear
roblems [6,7].

In the recent years, SSMs have emerged as accurate and predictive model reduction tools for high-dimensional dynamical
systems [8–11]. For systems without internal resonances, reduction on two-dimensional SSMs enables analytical extraction of
backbone curves and forced response curves and surfaces [12,13]. For harmonically excited systems with internal resonances, one
can solve for fixed points of the SSM-based ROMs to predict nonlinear periodic response of the full system [10]. Likewise, a limit
cycle of the SSM-based ROMs corresponds to a torus on which a quasi-periodic orbit of the full system stays [10]. Further, bifurcation
analysis of the forced periodic and quasi-periodic orbits can be simplified as the bifurcation detection of the fixed point and limit
cycle of SSM-based ROMs [14,15]. More recently, SSM-based model reduction has also been extended to systems with parametric
xcitation [16] and to constrained mechanical systems, where the equations of motion are in the form of differential–algebraic
quations [17].

SSMs and their associated ROMs can be computed in an automated fashion using the parameterization method [18–20]. In
earlier studies [8,12,21], such computations are based on equations of motion in modal basis, where the coefficient matrix is
a diagonal matrix, with each diagonal entry being an eigenvalue of the linear part of the dynamics. These computations are
ineffective for high-dimensional problems because one must first transform the equations of motion into modal coordinates. This
transformation needs all eigenvectors (modes) of the linear part of the dynamics. Indeed, as illustrated in [9], this transformation
will destroy the sparsity of nonlinear terms, and also, computing all eigenvectors becomes prohibitive as the dimension increases. In
recent developments [9,10,16,22], SSM computations were directly conducted in physical coordinates using only the eigenvectors
associated with the master subspace of the SSM. This improvement makes it possible to compute SSMs of high-dimensional FE
models.

The above computations of SSMs, however, are fall in the category of intrusive reduction because they need explicit access
to the nonlinear terms in the equations of motion. These terms are typically inaccessible via generic or commercial FE software.
on-intrusive or indirect reduction methods, on the other hand, use the generic FE solvers with minimal access to their internal core
nd have a compelling use-case as they are agnostic to the choice of the solver [23]. For projection-based model reduction, the

Stiffness Evaluation Procedure (STEP) [24] and Implicit Condensation and Expansion (ICE) [25,26] are prominent non-intrusive
techniques that extract the nonlinear coefficients for equations of motion in modal coordinates. In the STEP method, a set of
prescribed displacements, which are linear combinations of modal basis, are carefully designed and then imposed on the structure
to extract the nonlinear coefficients [24]. In the ICE method, a set of prescribed external loads that are also related to the linear
combinations of modal basis is applied to the structure, and the resulting static displacements are solved and then projected to
modal basis, followed by a linear regression to fit the nonlinear coefficients [26].

The convergence of such modal ROMs with increasing number of modes, however, is problem-dependent and can be slow in
practice [27,28]. To speed up this convergence, dual modes [29,30] and modal derivatives [31] may be included in the STEP
ramework for projection-based model reduction. These non-intrusive enhancements were originally developed for projection-based
ethods that do not aim to reduce nonlinear systems via attracting invariant manifolds. A natural question then is if we can combine
on-intrusive procedures such as STEP [24] with the computation of attracting invariant-manifolds for rigorous nonlinear model

reduction.
An important contribution [32] proposed formal computation of direct normal forms up to cubic order for non-intrusive

model reduction of FE problems. This method [32] provides explicit expressions for the normal form over a selection of modes
sing the STEP [24], albeit only up to cubic order. While higher-order expansions have been considered intrusively in later
evelopments [22,33], their non-intrusive implementations remain unexplored. Furthermore, these contributions [22,32,33] develop

expressions for proportionally damped systems and with purely geometric nonlinearities. Indeed, these damping assumptions
implify non-intrusive implementations by evaluating the nonlinearity over purely real inputs. Generally damped mechanical
ystems, however, exhibit complex eigenvectors, which makes non-intrusive implementations via the STEP challenging due to the

evaluation of the nonlinearity over complex inputs. This is especially the case for commercial FE software, where nonlinearity
valuations are optimized for real inputs and complex inputs may result in incorrect function evaluations. The above limitations
otivate our current study.

Our contributions

We develop a non-intrusive procedure for computing spectral submanifolds and their reduced dynamics up to arbitrary
polynomial orders in nonlinear FE models. Our expressions are valid for high-dimensional mechanical systems with up to cubic-
order nonlinearities including velocity-dependent nonlinear forces, e.g., in viscoelasticity with large deformations [34,35], and with
possibly asymmetric damping and stiffness matrices, which are common in rotating machinery and fluid–structure interaction with
yroscopic and follower forces [15,36–38]. Furthermore, we show how our non-intrusive routine can be coupled with generic FE

software, including commercial packages that are not meant to accept complex-valued inputs, e.g., COMSOL Multiphysics [39]. We
implement our non-intrusive routine in the open-source package, SSMTool [40] and demonstrate its applicability and effectiveness
towards nonlinear forced response predictions over a variety of FE applications. Specifically, our demonstrations will focus on the
nonlinear steady-state response prediction under harmonic forcing on examples such as a shell structure with internal resonance, an
aircraft wing, a viscoelastic cover plate, fluid structure interaction in a pipe conveying fluid, and a 3D continuum-based FE model
of a MEMS gyroscope.
2 
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Thanks to the STEP [24], our non-intrusive model reduction via SSMs is data-free, in contrast to the existing data-assisted or
ata-driven procedures used for nontrusive SSM-based model reduction [41,42]. Data-based non-intrusive computations require

full system simulations to generate unforced trajectory that is used to fit nonlinear parts of the SSM and its reduced dynamics
parametrizations. For high-dimensional FE models, the computational cost of these full system simulations can be prohibitively
expensive. Our approach addresses this limitation of data-based techniques as it does not involve any full-system simulations.

The rest of this paper is organized below. We present a review of SSM theory and the intrusive computational methods for
SM-based reduction in Section 2. We then show how to compute the SSMs and their associated ROMs in a non-intrusive fashion in
ection 3. Subsequently, we provide the implementation details of the proposed non-intrusive algorithm in Section 4. In Section 5,

we demonstrate the effectiveness of the non-intrusive routine with a suite of examples with increasing complexity. We conclude
this study in Section 6.

2. Review of SSM theory and computation

2.1. Setup and SSM theory

Consider a harmonically excited nonlinear mechanical system; the equations of motion are

𝐌𝐱̈ + 𝐂𝐱̇ +𝐊𝐱 + 𝐟 (𝐱, 𝐱̇) = 𝜖𝐟 ext (𝛺 𝑡), 0 ≤ 𝜖 ≪ 1, (1)

where 𝐱 ∈ R𝑛 is a vector of generalized displacement, 𝐱̇ and 𝐱̈ are vectors of generalized velocity and acceleration, 𝐌, 𝐂, and 𝐊 are
ass, damping, and stiffness matrices, 𝐟 represent nonlinear internal forces up to cubic orders, and 𝐟 ext denotes external harmonic

xcitation. We allow for asymmetric mass, damping, and stiffness matrices, and also for velocity-dependent nonlinearities. We
ssume that the system nonlinearities are up to cubic order, which is sufficient for a wide range of FE-based engineering applications.
et 𝐳 = (𝐱, 𝐱̇), the equations of motion (1) can be rewritten as a first-order form below

𝐁𝐳̇ = 𝐀𝐳 + 𝐅(𝐳) + 𝜖𝐅ext (𝛺 𝑡, 𝐳), (2)

where

𝐀 =
[

−𝐊 𝟎
𝟎 𝐌

]

, 𝐁 =
[

𝐂 𝐌
𝐌 𝟎

]

, 𝐅(𝐳) =
[

−𝐟 (𝐱, 𝐱̇)
𝟎

]

, 𝐅ext (𝛺 𝑡) =
[

𝐟 ext (𝛺 𝑡)
𝟎

]

. (3)

Consider the linear part of the dynamical system (2)

𝐁𝐳̇ = 𝐀𝐳, (4)

which leads to a generalized eigenvalue problem below

(𝐀 − 𝜆𝑗𝐁)𝐯𝑗 = 𝟎, 𝐰∗
𝑗 (𝐀 − 𝜆𝑗𝐁) = 𝟎 (5)

for 𝑗 = 1,… , 𝑁 . Here 𝜆𝑗 is a generalized eigenvalue, and 𝐯𝑗 and 𝐰𝑗 are the corresponding right and left eigenvectors. We assume that
he real parts of all eigenvalues are nonzero such that the fixed point 𝐳 = 𝟎 is hyperbolic. As demonstrated in [9], it is computationally
xpensive to compute the full spectrum of (4) when 𝑁 is large. In contrast, small subsets of eigenvalues and their corresponding
eneralized eigenvectors can be computed efficiently even for high-dimensional systems [9,43].

We consider an even subset of 𝑀 ≪ 𝑁 eigenvalues and arrange them according to their real parts’ increasing order of magnitudes.
he corresponding eigenvectors span an invariant subspace

 = span{𝐯1,… , 𝐯𝑀} (6)

to (4). This subspace can be used as the master spectral subspace for model reduction of (4). We normalize these eigenvectors such
hat (𝐰𝑗 )∗𝐁𝐯𝑖 = 𝛿𝑖𝑗 . Accordingly, the spectrum of the master subspace  is given by

spect () = {𝜆1,… , 𝜆𝑀}. (7)

Under the addition of the nonlinearity 𝐅(𝐳) to (4), the flat invariant subspace  does not remain invariant. Instead, it is perturbed
into invariant manifolds tangent to  at the origin for the autonomous system

𝐁𝐳̇ = 𝐀𝐳 + 𝐅(𝐳). (8)

There are infinitely many such invariant manifolds for a given master subspace  [6]. Among these invariant manifolds, the
smoothest one uniquely exists under generic non-resonance conditions [6]. This unique invariant manifold is defined as the spectral
submanifold (SSM) associated to  , and we denote it as (). The dynamics on such an SSM is called its reduced dynamics and serves
as a mathematically rigorous reduced-order model for the full nonlinear system.

Under further addition of the small-amplitude periodic forcing 𝜖𝐟 ext (𝛺 𝑡), the hyperbolic fixed point is perturbed as periodic
orbit 𝛾𝜖 of the same stability type. Meanwhile, the autonomous SSM () becomes periodic and hence a non-autonomous SSM
 (), provided that appropriate non-resonance conditions are satisfied [6]. Let 𝐩 ∈ C𝑀 be a vector of reduced coordinates
𝛾𝜖

3 
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such that a full system trajectory 𝐳(𝑡) on the SSM 𝛾𝜖 () is parameterized over the reduced coordinates 𝐩 ∈ C𝑀 via a map
𝐖𝜖 ∶  → R𝑁 , = 𝑈 × T, 𝑈 ⊂ C𝑀 as

𝐳(𝑡) = 𝐖𝜖(𝐩(𝑡), 𝛺 𝑡), (9)

and the reduced dynamics on the SSM is parameterized via a map 𝐑𝜖 ∶  → R𝑀 as

𝐩̇ = 𝐑𝜖(𝐩, 𝜙), 𝜙̇ = 𝛺 . (10)

Importantly, the SSM parameterization and the associated reduced dynamics satisfy the invariance equation below

𝐁((𝜕𝐩𝐖𝜖)𝐑𝜖 +𝛺 𝜕𝜙𝐖𝜖) = 𝐀𝐖𝜖 + 𝐅◦𝐖𝜖 + 𝜖𝐅ext (𝜙). (11)

Here, 𝜕𝐩𝐖𝜖 ∈ C𝑁×𝑀 gives the Jacobian of the map 𝐖𝜖 with respect to the vector of reduced coordinates, 𝜕𝜙𝐖𝜖 ∈ R𝑁 denotes the
partial derivative of the map with respect to 𝜙, and ◦ is an composition operator, namely, 𝐅◦𝐖𝜖 = 𝐅(𝐖𝜖).

2.2. Computation of SSMs

To compute an SSM, we express its parameterization in terms of Taylor expansion in the coefficient 𝜖. This is feasible due to the
smooth dependence of the SSM 𝛾𝜖 () on the coefficient 𝜖. Specifically, the Taylor expansion gives

𝐖𝜖(𝐩,ϕ) = 𝐖(𝐩) + 𝜖𝐗(𝐩,ϕ) + 𝑂(𝜖2), (12)

𝐑𝜖(𝐩,ϕ) = 𝐑(𝐩) + 𝜖𝐒(𝐩,ϕ) + 𝑂(𝜖2). (13)

These expansions allow us to separate autonomous terms from the non-autonomous terms resulting from the external excitation
𝜖𝐅ext (𝛺 𝑡) in (2) [9]. Next, we compute the autonomous and non-autonomous terms separately.

2.2.1. Autonomous manifold
We substitute the expansions (12) and (13) into the invariance Eq. (11) and collect terms at 𝑂(𝜖0), resulting in

𝐁(D𝐖)𝐑 = 𝐀𝐖 + 𝐅◦𝐖. (14)

The autonomous SSM parameterization and reduced dynamics are further expanded using multivariate monomials

𝐖(𝐩) =
∑

𝐦∈N𝑀

𝐖𝐦𝐩𝐦, 𝐖𝐦 ∈ C𝑁 , (15)

𝐑(𝐩) =
∑

𝐦∈N𝑀

𝐑𝐦𝐩𝐦, 𝐑𝐦 ∈ C𝑀 . (16)

Here 𝐦 ∈ N𝑀 is a multi-index vector, which enables monomials to be written in a compact form as 𝐩𝐦 = 𝑝𝑚1
1 ⋯ 𝑝𝑚𝑀

𝑀 . This
multi-index notation removes the redundancy of tensor-based polynomial representation and optimizes memory requirements for
computations [16]. To approximate the SSM and its reduced dynamics, the expansions (15) and (16) for 𝐖 and 𝐑 will be truncated
at the same polynomial order. Indeed, as we summarize next, the expansion coefficients 𝐖𝐦 and 𝐑𝐦 are obtained simultaneously for
a given multi-index 𝐦. Once these coefficients are determined at a given polynomial order, higher order coefficients are computed
in a recursive fashion.

We substitute the expansions (15)–(16) into (14), and collect terms in the monomial 𝐩𝐦 for a given multi-index vector 𝐦, yielding
the autonomous invariance equation for the multi-index vector 𝐦 [16]

(

𝐀 − 𝛬𝐦𝐁
)

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
∶=𝐦

𝐖𝐦 =
𝑀
∑

𝑗=1
𝐁𝐯𝑗𝑅

𝑗
𝐦 + 𝐦 − 𝐅◦𝐖|

|

|𝐦
, (17)

where 𝛬𝐦 =
∑𝑀

𝑖=1 𝜆𝑖𝑚𝑖 and

𝐦 ∶=
𝑀
∑

𝑗=1

∑

𝐮,𝐤∈N𝑀
𝐮+𝐤−𝐞𝑗=𝐦
1<|𝐮|<𝑚

𝐁𝐖𝐮𝑢𝑗𝑅
𝑗
𝐤. (18)

Interested readers can refer to Appendix A of [16] for a detailed derivation of (17). In particular, this equation is equivalent to
equation (A50) of [16]. Here, 𝐅◦𝐖|

|

|𝐦
denotes the coefficient vector for the monomial with multi-index vector 𝐦 of the composed

polynomial 𝐅(𝐖). Note that this coefficient vector is generally constructed in an intrusive manner as ∑

𝐅𝐧𝐻𝐧,𝐦 in (A50) of [16].
At the linear order |𝐦| = 1, the nonlinear function 𝐅 does not contribute the right-hand side of Eq. (17), and we simply recover

the eigenvalue problem (5). This can be easily solved by choosing 𝐖𝐞𝑖 = 𝐯𝑖 and 𝑅𝑗
𝐞𝑖 = 𝜆𝑖𝛿𝑖𝑗 [9].

At higher orders |𝐦| > 1, the SSM coefficients, 𝐖𝐦 and 𝐑𝐦 are computed by solving the linear system (17) at each polynomial
order in a recursive manner. Since system (17) is underdetermined for the unknowns 𝐖𝐦 and 𝐑𝐦, this provides us choices for
parameterization styles that can be determined in the physical coordinates, as discussed in [9]. Notably, this linear system can be
solved independently for distinct multi-indices at any order as the corresponding equations are decoupled. More details on this
computational procedure can be found in [16].
4 
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We use a normal-form-style parameterization [20] to solve the system of linear Eqs. (17). In case of near-resonances of the form

𝛬𝐦 ≈ 𝜆𝑖, 𝑖 ∈ {1,… , 𝑀}, (19)

the coefficient matrix 𝐦 is nearly singular [9,16]. To lift the singularity, the reduced dynamics is chosen such that 𝐰∗
𝑖 𝐦 = 0,

hich results in
𝑅𝑖
𝐦 = −𝐰∗

𝑖 (𝐦,−𝐅◦𝐖
|

|

|𝐦
). (20)

Here we have used the orthonormalization of eigenvectors, i.e., (𝐰𝑗 )∗𝐁𝐯𝑖 = 𝛿𝑖𝑗 . In the case that (19) does not hold, the coefficient
matrix 𝐦 is regular and we simply set 𝑅𝑗

𝐦 = 0 to obtain reduced dynamics in the simplest form.

2.2.2. Non-autonomous manifold
We take a leading-order approximation to the non-autonomous part of the SSM, namely,

𝐗(𝐩, 𝜙) ≈ 𝐗𝟎(𝜙), 𝐒(𝐩, 𝜙) ≈ 𝐒𝟎(𝜙). (21)

Substituting the leading order approximation above into the invariance equation (11) at (𝜖) and collecting the terms that are
independent of 𝐩, yield

𝐁𝐖𝐈𝐒𝟎(𝜙) +𝛺𝐁𝐷𝜙𝐗𝟎(𝜙) = 𝐀𝐗𝟎(𝜙) + 𝐅ext (𝜙), (22)

where 𝐖𝐈 = (𝐖𝐞1 ,… ,𝐖𝐞𝑀 ) = (𝐯1,… , 𝐯𝑀 ). Let 𝐅ext = 𝐅a𝑒i𝜙 + 𝐅a𝑒−i𝜙, and then we substitute the ansatz

𝐗𝟎(𝜙) = 𝐱𝟎𝑒i𝜙 + 𝐱̄𝟎𝑒−i𝜙, 𝐒𝟎(𝜙) = 𝐬+𝟎 𝑒
i𝜙 + 𝐬−𝟎 𝑒

−i𝜙, (23)

into (22) and collect the coefficients of 𝑒i𝜙 and 𝑒−i𝜙, yielding

(𝐀 − i𝛺𝐁)𝐱𝟎 = 𝐁𝐖𝐈𝐬+𝟎 − 𝐅a, (24)

(𝐀 + i𝛺𝐁)𝐱̄𝟎 = 𝐁𝐖𝐈𝐬−𝟎 − 𝐅a. (25)

If (𝐀− i𝛺𝐁) is nonsingular, we can simply set 𝐬+𝟎 = 𝟎 and solve the linear system (24) to obtain 𝐱𝟎. However, if there exist eigenvalues
ear i𝛺, e.g., 𝜆𝑖 ≈ i𝛺, the coefficient matrix is nearly singular, we should choose 𝐬+𝟎 such that the right-hand side vector is in the
ange of (𝐀− i𝛺𝐁). This can be done by imposing an orthogonality constraint between the right-hand side vector and the kernel of
𝐀 − i𝛺𝐁)∗ [9], i.e.,

(𝐮𝑖 )
∗𝐁𝐖𝐈𝐬+𝟎 − (𝐮𝑖 )∗𝐅a = 0. (26)

Once 𝐬+𝟎 is obtained, we further solve for 𝐱𝟎. Likewise, we can solve for 𝐬−𝟎 .

Remark 1. We note that 𝐱𝟎 is 𝛺 dependent and needs to be solved when 𝛺 is changed. Therefore, solving for 𝐱𝟎 for a large
collection of sampled 𝛺 can be time-consuming for high-dimensional mechanical systems. In practice, one can check whether it is
necessary to account for the contributions of 𝐱𝟎 [13]. Specifically, for 𝜖 ≪ 1, one may simply approximate the SSM expansion (12) as
𝐳(𝑡) = 𝐖(𝐩(𝑡)), which avoids the need to solve the linear systems (24) and (25). Similar to the study [13], we refer to the SSM solution
as time-independent (TI) if we simply approximate the full system trajectory as 𝐳(𝑡) ≈ 𝐖(𝐩(𝑡)). Furthermore, we refer to the SSM
solution as time-varying (TV) if we include leading-order non-autonomous terms in its approximation, i.e., 𝐳(𝑡) ≈ 𝐖(𝐩(𝑡)) + 𝜖𝐗𝟎(𝛺 𝑡).

3. Non-intrusive SSM computation

The main bottleneck of SSM computations is the composition 𝐅◦𝐖 [9,16,20]. Indeed, the evaluation of 𝐅◦𝐖|

|

|𝐦
in the right-hand

side of system (17) typically requires the expansion coefficients of the nonlinearity function 𝐅, which renders SSM computations
intrusive [9]. These intrusive computations are inapplicable for generic FE packages because the function 𝐅 is available only as a
lack-box input–output relation. Here, we develop expressions for polynomial composition 𝐅◦𝐖|

|

|𝐦
based on the STEP [24], thereby,

acilitating non-intrusive SSM computations up to arbitrary polynomial orders.

3.1. Split of odd and even nonlinearities

We express the nonlinear vector-valued function 𝐅(𝐳) in terms of its quadratic and cubic components as

𝐅(𝐳) = 𝐅2(𝐳) + 𝐅3(𝐳). (27)

We first demonstrate that the quadratic and cubic terms 𝐅2 and 𝐅3 can be computed non-intrusively simply via evaluations of the
onlinearity 𝐅. Indeed, we note that 𝐅2 is an even function, and 𝐅3 is an odd function. Then, we can separate the two functions as

𝐅2(𝐳) = (𝐅(𝐳) + 𝐅(−𝐳))∕2, 𝐅3(𝐳) = (𝐅(𝐳) − 𝐅(−𝐳))∕2. (28)

Based on the above separation, we have
| | |
𝐅◦𝐖|

|𝐦
= 𝐅2◦𝐖|

|𝐦
+ 𝐅3◦𝐖|

|𝐦
. (29)
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Next, we show that we can compute 𝐅2◦𝐖 and 𝐅2◦𝐖 in a non-intrusive fashion. For the purposes of illustration, we work with
olynomial representations of the nonlinear functions as

𝐅2(𝐳) =
𝑁
∑

𝑗 ,𝑘=1
𝐅𝑗 𝑘𝐳𝑗𝐳𝑘, 𝐅𝑗 𝑘 ∈ R2𝑛, (30)

𝐅3(𝐳) =
𝑁
∑

𝑗 ,𝑘,𝑙=1
𝐅𝑗 𝑘𝑙𝐳𝑗𝐳𝑘𝐳𝑙 , 𝐅𝑗 𝑘𝑙 ∈ R2𝑛. (31)

Here and below, a vector’s subscript denotes the vector’s entry index. For instance, 𝐳𝑗 represents the 𝑗th entry of the vector 𝐳. As
een in (29), these functions need to be composed with the SSM parameterization 𝐖(𝐩). In addition, the terms corresponding to
istinct multi-index vectors need to be separated. Next, we derive the non-instrusive composition for the two nonlinear functions

𝐅2 and 𝐅3 via STEP.

3.2. Quadratic nonlinearity

The composition of the quadratic nonlinearity 𝐅2 with the autonomous SSM parameterization 𝐖 gives rise to pairs of multiplied
arameterization coefficients

𝐅2◦𝐖 = 𝐅2(𝐖(𝐩)) =
𝑁
∑

𝑗 ,𝑘=1
𝐅𝑗 𝑘

⎛

⎜

⎜

⎝

∑

𝐦1∈N𝑀

𝐖𝐦1 ,𝑗𝐩
𝐦1

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

∑

𝐦2∈N𝑀

𝐖𝐦2 ,𝑘𝐩
𝐦2

⎞

⎟

⎟

⎠

=
𝑁
∑

𝑗 ,𝑘=1
𝐅𝑗 𝑘

∑

𝐦1 ,𝐦2∈N𝑀

𝐖𝐦1 ,𝑗𝐖𝐦2 ,𝑘𝐩
𝐦1+𝐦2 , (32)

where 𝐖𝐦1 ,𝑗 stands for the 𝑗th entry of the vector 𝐖𝐦1
and 𝐖𝐦2 ,𝑘 denotes the 𝑘th entry of the vector 𝐖𝐦2

. Here the main challenge
is to collect all terms for which 𝐦1 + 𝐦2 = 𝐦 for a specific multi-index vector 𝐦, and evaluate these terms simply via 𝐅2. In the
special case that 𝐦1 = 𝐦2 = 𝐦∕2, we have

𝑁
∑

𝑗 ,𝑘=1
𝐅𝑗 𝑘𝐖𝐦1 ,𝑗𝐖𝐦1 ,𝑘 = 𝐅2(𝐖𝐦1

). (33)

On the other hand, if 𝐦1 ≠ 𝐦2 but 𝐦1 +𝐦2 = 𝐦 still holds, the composed term can be obtained as
𝑁
∑

𝑗 ,𝑘=1
𝐅𝑗 𝑘(𝐖𝐦1 ,𝑗𝐖𝐦2 ,𝑘 +𝐖𝐦2 ,𝑗𝐖𝐦1 ,𝑘) =

1
2
(

𝐅2(𝐖𝐦1
+𝐖𝐦2

) − 𝐅2(𝐖𝐦1
−𝐖𝐦2

)
)

. (34)

Therefore, we can indeed evaluate [ 𝐅2◦𝐖]𝐦 in a non-intrusive manner.

3.3. Cubic nonlinearity

The composition of the cubic nonlinearity 𝐅3 with the autonomous SSM parameterization 𝐖 gives rise to pairs of multiplied
arameterization coefficients as

𝐅3◦𝐖 = 𝐅3(𝐖(𝐩)) =
𝑁
∑

𝑗 ,𝑘,𝑙=1
𝐅𝑗 𝑘𝑙

⎛

⎜

⎜

⎝

∑

𝐦1∈N𝑀

𝐖𝐦1 ,𝑗𝐩
𝐦1

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

∑

𝐦2∈N𝑀

𝐖𝐦2 ,𝑘𝐩
𝐦2

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

∑

𝐦3∈N𝑀

𝐖𝐦3 ,𝑙𝐩
𝐦3

⎞

⎟

⎟

⎠

=
𝑁
∑

𝑗 ,𝑘,𝑙=1
𝐅𝑗 𝑘𝑙

∑

𝐦1 ,𝐦2 ,𝐦3∈N𝑀

𝐖𝐦1 ,𝑗𝐖𝐦2 ,𝑘𝐖𝐦3 ,𝑙𝐩
𝐦1+𝐦2+𝐦3 . (35)

Here 𝐖𝐦3 ,𝑙 stands for the 𝑙th entry of the vector 𝐖𝐦3
. Similarly, the main challenge is to collect all terms for which 𝐦1+𝐦2+𝐦3 = 𝐦

for a specific multi-index vector 𝐦, and evaluate these terms simply via 𝐅3. For brevity we introduce the following notation
𝐯𝑖 ∶= 𝐖𝐦𝑖

. In the special case that 𝐦1 = 𝐦2 = 𝐦3 = 𝐦∕3, we have
𝑁
∑

𝑗 ,𝑘,𝑙=1
𝐅𝑗 𝑘𝑙𝐯1,𝑗𝐯1,𝑘𝐯1,𝑙 = 𝐅3(𝐯1). (36)

In the special case that two of the multi-index vectors are the same, we obtain
𝑁
∑

𝑗 ,𝑘,𝑙=1
𝐅𝑗 𝑘𝑙

∑

(𝑎,𝑏,𝑐)∈𝜎[1,1,2]
𝐯𝑎,𝑗𝐯𝑏,𝑘𝐯𝑐 ,𝑙 =

(

𝐅3(𝐯1 + 𝐯2) − 𝐅3(𝐯1 − 𝐯2) − 2𝐅3(𝐯2)
)

∕2, (37)

where 𝜎[1, 1, 2] = {(1, 1, 2), (1, 2, 1), (2, 1, 1)}, denoting the collection of permutations of the vector [1, 1, 2]. Finally, if all three
multi-index vectors are distinct, we have

𝑁
∑

𝐅𝑗 𝑘𝑙
∑

𝐯𝑎,𝑗𝐯𝑏,𝑘𝐯𝑐 ,𝑙 =𝐅3(𝐯1 + 𝐯2 + 𝐯3) − 𝐅3(𝐯1 + 𝐯2)

𝑗 ,𝑘,𝑙=1 (𝑎,𝑏,𝑐)∈𝜎[1,2,3]

6 
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− 𝐅3(𝐯1 + 𝐯3) − 𝐅3(𝐯2 + 𝐯3) +
3
∑

𝑖=1
𝐅3(𝐯𝑖). (38)

where 𝜎[1, 2, 3] denotes the collection of permutations of the vector [1, 2, 3]. Therefore, we can evaluate [𝐅3◦𝐖]𝐦 in a non-intrusive
manner as well. This allows us to evaluate [𝐅◦𝐖]𝐦 and solve system (17) for each 𝐦 non-intrusively.

4. Implementation

We have implemented the above non-intrusive algorithm in SSMTool [40], a MATLAB-based open-source package for the
automated computation of SSMs and their associated ROMs. SSMTool supports an automated computation of invariant manifolds,
including SSMs, of arbitrary dimensions via asymptotic Taylor-Fourier series up to any desired order. This package follows object-
riented programming principles and currently consists of three main object classes: a DynamicalSystem class that defines the
etup of the underlying full system (1), a Manifold class that supports the computation of invariant manifolds of dynamical

systems, and an SSM class which is an inherited subclass of the Manifold class, and contains additional methods for the nonlinear
nalysis of SSM-based ROMs, including the extraction of backbone curves, forced response curves, and the detection of bifurcations

of periodic and quasi-periodic orbits [9,14]. This nonlinear analysis of SSM-based ROMs is supported by the numerical continuation
package, COCO [44–46], which has been integrated into SSMTool. The examples directory in SSMTool contain previously published
results [9,10,13–17] on several dynamical systems of varying complexity, including FE models of high-dimensional mechanical
systems.

To demonstrate the effectiveness of the developed non-intrusive algorithm, we consider two FE software: an open-source
MATLAB-based package, YetAnotherFECode [47], and a commercial package, COMSOL Multiphysics. We couple SSMTool with
these packages while treating them as black boxes to evaluate the nonlinear function 𝐅 and perform SSM-based model reduction
of FE models. In particular, FE models are constructed using the FE toolboxes. Then communications between SSMTool and FE
toolboxes will be built such that the FE toolboxes will return the output 𝐅(𝐮) when an input vector 𝐮 is specified by SSMTool. We
note that the communication time between SSMTool and the in-house YetAnotherFECode [47] is minimal because the package has
been integrated well into SSMTool. On the other hand, such communication time is significant for the commercial software COMSOL
Multiphysics. We also note that the coupling established here can be easily generalized to other commercial or open-source FE code.

Note that we require the coefficient matrices 𝐁 and 𝐀 to solve the cohomological equation (17). These matrices depend on the
mass, damping, and stiffness matrices of the mechanical system (see Eq. (3)). We note that generic FE packages support access to
these linearized system matrices, including various commercial packages, such as COMSOL Multiphysics. In our demonstrations,

e make use of a wrapping routine that imports these matrices from the FE package and the SSM computations are performed in
SMTool via the linear solvers of MATLAB.

As seen in the previous section, the two nonlinear functions 𝐅2 and 𝐅3 will take the SSM parameterization coefficients 𝐖𝐦𝑖
as

inputs. We note that these inputs are typically complex-valued vectors. However, we find that these functions are optimized for
evaluations over real-valued inputs in generic FE software. Indeed, incorrect evaluations will be returned if complex vectors are
taken as inputs in commercial packages such as COMSOL Multiphysics. To resolve this issue, we use a combination of function
evaluations on a complex input’s real and imaginary parts to reconstruct the complex nonlinearity. In particular, for quadratic
nonlinearities, consider a complex vector 𝐯, define

𝐯𝑎 = Re(𝐯), 𝐯𝑏 = Im(𝐯), 𝐯′ = 𝐯𝑎 + 𝐯𝑏, (39)

we obtain

𝐅2(𝐯) = i𝐅2(𝐯′) + (1 − i)𝐅2(𝐯𝑎) − (1 + i)𝐅2(𝐯𝑏). (40)

Likewise, for cubic nonlinearities, we further define 𝐯′′ = 𝐯𝑎 − 𝐯𝑏, and we have

𝐅3(𝐯) = 2𝐅3(𝐯𝑎) + −1 + i
2

𝐅3(𝐯′) − 1 + i
2

𝐅3(𝐯′′) − 2i𝐅3(𝐯𝑏). (41)

Remark 2. As we discussed, the main bottleneck of SSM computations is the composition 𝐅◦𝐖. For our non-intrusive construction,
this composition requires multiple evaluations of the nonlinear function 𝐅, i.e., the nonlinear internal force 𝐟 (see Eq. (3)).

onsequently, an efficient evaluation of the nonlinear internal force 𝐟 for specified inputs, e.g., via parallelization, can significantly
peed up the SSM computations

5. Examples

We consider four examples to demonstrate the effectiveness of the non-intrusive algorithm for the computation of SSMs and their
associated ROMs. The first two illustrate the algorithm via the open-source FE package, YetAnotherFECode [47], while the last two
demonstrate the algorithm using a commercial package, COMSOL Multiphysics. The mass and stiffness matrices are positive definite
in all FE examples reported below, and 𝐂 is a Rayleigh damping matrix. However, as stated, our non-intrusive implementation works
or general mechanical systems. To illustrate its wide applicability, we add a cantilevered pipe conveying fluid example in Appendix.

This pipe system has asymmetric damping and stiffness matrices resulting from flow-induced gyroscopic and follower forces and
elocity-dependent nonlinear internal forces [15]. As shown in Appendix, our non-intrusive procedure indeed works for such a

general mechanical system.
7 
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Fig. 1. The schematic of a shallow shell structure [9,10].

Fig. 2. The forced response curve for the shallow shell structure with 1:2 internal resonance. Here, the solid and dashed lines denote stable and unstable periodic
rbits predicted using non-intrusive SSM reduction, the red circles and magenta squares represent stable and unstable periodic orbits obtained from intrusive
SM reduction, the cyan circles denote saddle–node (SN) bifurcation points, and black squares denote Hopf bifurcation (HB) points. All results here are obtained
rom (5) approximations of the SSM.

5.1. A shallow arc with 1:2 internal resonances

As our first example, we consider the nonlinear vibrations of a shallow-arc structure [10], shown in Fig. 1. Here, the shell is
simply supported at the two opposite edges aligned along the 𝑦-axis in Fig. 1. We refer to [10] for this shell’s geometric and material
roperties. We adopt the same finite-element model as in [10], and the discrete model has 400 elements and 1,320 DOFs. Here, we

adopt Rayleigh damping with constants chosen such that the damping ratios of the first two modes are 0.2%. As demonstrated
in [10], one can tune the curvature of this shell such that the first two bending modes of this structure admit a 1:2 internal
resonance [10]. Specifically, the eigenvalues of the first two pairs of modes of the FE model are listed below [10]

𝜆1,2 = −0.30 ± 149.22i, 𝜆3,4 = −0.60 ± 298.78i. (42)

A concentrated load 𝜖100 cos𝛺 𝑡 in the 𝑧− direction is applied at mesh node with (𝑥, 𝑦) = (0.25𝐿, 0.5𝐻). We are concerned with the
forced response around the first mode regarding the 𝑧-displacement of the node. We perform reduction on four-dimensional SSM to
account for the internal resonance. Thus, the dimension of the phase space is reduced from 2640 to four. As demonstrated in [13],
the TV-SSM solution is in good agreement with the TI-SSM solution, and hence, we adopt the TI-SSM solution in this example (see
Remark 1 for more details on these two types of solutions). As illustrated in [10], the forced response curve of this system converges

ell at (5) approximation. Here and throughout this paper, (𝑞) with 𝑞 ∈ N stands for that the Taylor series in Eqs. (15) and (16)
is truncated at the 𝑞th order polynomial. We plot the FRC obtained using the (5) approximation at Fig. 2. In particular, we present
the FRC obtained from the intrusive computation [10] and the non-intrusive scheme proposed here. As shown in Fig. 2, the FRCs
obtained from the two computations match perfectly, which validates the effectiveness of the non-intrusive computations.
8 
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Fig. 3. (Left panel) Model showing the interior structure of the wing. These ribs are then covered with plates to create the model considered here [9]. (Right
panel) The full model of the wing is covered with plates. Boundary conditions are chosen, such as fixing the end of the wing as if attached to an aircraft.

From the FRC in Fig. 2, we observe four bifurcated periodic orbits along the curve. Two are saddle–node bifurcations, and the
other are secondary Hopf (torus) bifurcations. We again see the convergence of the critical excitation frequencies 𝛺SN1 and 𝛺HB1
as the expansion order is increased.

In this example, the estimated memory cost for the non-intrusive and intrusive algorithms at (5) computation are around 8 Mb
and 35 Mb. The latter is more than 5 times that of the former. This demonstrates that the non-intrusive algorithm can indeed reduce
memory consumption. The computational time of the non-intrusive and intrusive algorithms are about 6 min and one minute. This
suggests that the implementation of the nonlinear function evaluation is not efficient. Indeed, during the 6 min, nearly 97% of them
were used by the evaluations of the nonlinear internal force. Thus, as discussed in Remark 2, one can significantly speed up the
computations by improving the computational efficiency of the nonlinear function evaluations.

5.2. A NACA wing

As our second example, we consider a geometrically nonlinear FE model of an aircraft-wing [48] with 49968 triagonal shell
elements and, accordingly, 133920 DOFs. Model reduction has been performed for this high-dimensional mechanics problem via
quadratic manifolds [48] and also spectral submanifolds [9]. In particular, intrusive computations were used in [9] to construct a
two-dimensional SSM, and the associated ROM enables analytic prediction on the forced response curve. Here, we apply our proposed
non-intrusive algorithm to perform the same reduction and compare the results obtained from the intrusive and non-intrusive
computations to validate the effectiveness of the non-intrusive algorithm.

A depiction of the supporting structure of the wing, as well as the model of the wing, is shown in Fig. 3. Clamped boundary
conditions at 𝑧 = 0 are applied as if it is attached to an aircraft. The values of physical parameters of this wing are chosen according
to Table 7 of [9]. We adopt Rayleigh damping with damping constants chosen such that the overall damping ratio is 0.2% [9], which
produces a strongly underdamped structure. In particular, the first pair of eigenvalues is given as 𝜆1∕2 = −0.058 ± 29.343i.

Following [9], we apply two concentrated harmonic excitation loads 10 cos𝛺 𝑡 at the two tip nodes shown in Fig. 3. We aim
to extract the FRC for the primary resonance of the first mode. We compute the FRC of the system based on TV-SSM and TI-SSM
solutions to check whether TI-SSM is accurate enough. As seen in the upper-left panel of Fig. 4, the FRC based on the TI-SSM solution
matches that of the TV-SSM solution. Therefore, we conclude that the TI-SSM based predictions have sufficient accuracy and we
will use the TI-SSM solution in the rest of this example.

Next, we compute the FRC with increasing expansion orders using both the intrusive algorithm [9] and the non-intrusive
algorithm established here. As seen in the upper-right panel of Fig. 4, the FRC converges well at (5) approximation. Finally, the
lower panel of Fig. 4 shows that the results from the non-intrusive algorithm are the same as that of the intrusive computation, as
expected.

In this example, the estimated memory cost for the non-intrusive and intrusive algorithms at (7) computation are around 335 Mb
and 1182 Mb. The latter is nearly 3.5 times that of the former. This demonstrates that the non-intrusive algorithm can indeed reduce
memory consumption. The computational time of the non-intrusive and intrusive algorithms is about 4 h and 0.5 h, respectively.
This again suggests that the nonlinear function evaluation is the main bottleneck. Indeed, during the 4 h, nearly 93% of them were
used for the evaluations of the nonlinear function. Thus, as discussed in Remark 2, one can significantly speed up the computations
by improving the computational efficiency of the nonlinear function evaluations.
9 
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Fig. 4. Forced response curve regarding the tip deflection of the aircraft wing. In the upper-left panel, we present the results obtained from (3) approximation
with and without the contribution of the leading-order non-autonomous part of SSM. Specifically, TV and TI stand for time-varying and time-independent solutions

ith and without the contribution. The results predicted from SSM-based reductions truncated at various expansion orders are shown in the upper-right panel.
he lower panel presents the results at (7) expansion, obtained using both the intrusive computation in [9] and our proposed non-intrusive algorithm.

5.3. A viscoelastic cover plate

As our third example, we consider the FE model of a cover plate [49], which is a part of the exhaust system of a large diesel
engine. The welded boundary of the plate is approximated by a series of 80 linear springs in the radial direction, each having a
stiffness of 650 N∕m. The diameter and thickness of the plate are 317.5 mm and 1.5 mm. Other geometric parameters, such as
curvature, can be found in [49]. Material parameters of the plate are listed below: a Young’s modulus of 96 GPa, a Poisson ratio of
.3, and a density of 5120 k g∕m3. Here, we use a Kelvin–Voigt model to account for viscoelasticity. In particular, the viscosity
arameter is chosen as 0.6 Mpa. Thus, this model has both displacement-dependent and velocity-dependent nonlinear internal
orces, which is different from the previous examples. We find that COMSOL Multiphysics supports a nonlinear force evaluation
hat depends on the generalized positions and velocities as it is simply a part of the residual that depends on positions, velocities
nd accelerations. To this end, we create a state of the system with the given vector of displacement and velocity but with zero
cceleration, and use COMSOL Multiphysics to evaluate the corresponding internal force. Indeed, our non-intrusive algorithm can
e applied to systems with velocity-dependent nonlinear forces, as also demonstrated in the additional example in Appendix.

The plate is discretized with 1440 quadrilateral elements, 400 edge elements, and 21 vertex elements, resulting in a FE model
with 9846 DOFs. With boundary conditions imposed, the number of DOFs is decreased to 7405. Thus, the phase space of the full
system here is of dimension 14810. The first two natural frequencies of the system are 𝜔1 = 1272.0 r ad∕s and 𝜔2 = 2065.8 r ad∕s. With
the added viscoelasticity, the damped eigenvalue associated with the first mode is given as 𝜆1∕2 = −5.1 ± 1272.0i, and the damping
ratio of the mode is 0.398%. Here, we take the two-dimensional subspace corresponding to the first mode as the master subspace
for model reduction.

We use the proposed non-intrusive algorithm to compute the autonomous SSM of the master subspace and then extract the
backbone curve regarding the 𝑧-displacement at the center of the plate (cf. Fig. 5). The obtained backbone curve is shown in Fig. 6,
displaying a softening behavior. We observe that the (3) truncation gives an accurate prediction when the displacement is less
than half the thickness of the plate. In addition, an (7) or higher-order approximation is needed to yield converged solutions when
the displacement is larger than the thickness of the plate.

Next, we add a harmonic excitation 1.6 cos𝛺 𝑡 at the center point along the 𝑧-axis (see Fig. 5) and consider the primary resonance
of the first mode of the cover plate, namely, 𝛺 ≈ 𝜔 . Similar to the previous examples, we first check whether we can simply
1
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Fig. 5. A schematic plot of the mesh for FE model of the cover plate.

Fig. 6. Backbone curve for the first vibration mode of the plate. The curve is obtained using SSM-based reduction truncated at various orders.

take TI-SSM solutions. As seen in the upper-left panel of Fig. 7, the FRC using TV-SSM solutions matches well with that of the
TI-SSM solutions. Therefore, it is sufficient to use TI-SSM solutions here. We then check the convergence of the FRC with increasing
expansion orders. We observe from the upper-right panel of Fig. 7 the FRC is well converged at (9) expansion because the FRC at
(7) coincides with the FRC at (9).

We plot the converged FRC along with the backbone curve in the lower-left panel of Fig. 7, from which we see the backbone
curve passes through a saddle–node (SN) bifurcation point on the FRC. This SN point also marks the peak of the FRC. To validate
the effectiveness of the predicted FRC, we first extract the linear response function of the full system. As seen in the figure, the
SSM-based prediction matches well with the linear analysis when 𝛺 is away from the resonance. However, significant discrepancies
are observed near the resonance where the periodic response has a large amplitude, and geometric nonlinearity plays an important
role. We carry out forward simulations of the full system to further validate the SSM-based nonlinear predictions. Specifically, we
take five sampled points on the FRC, namely, points A-E in the lower-left panel of Fig. 7. Here 𝛺A = 𝛺B < 𝛺C = 𝛺D < 𝛺E. In each
case, we initialize the forward simulation with a starting point on the periodic orbit predicted from the SSM-based ROM and perform
the simulation with 100 cycles such that a steady state has been reached. We then extract the magnitude of these periodic responses
at steady state and plot them in the lower-left panel of Fig. 7, from which we see that the results from the forward simulation match
well with the SSM-based predictions.

We note that there are three coexisting periodic orbits when 𝛺 = 𝛺A or 𝛺 = 𝛺C. In fact, this coexistence holds if 𝛺 ∈ (𝛺SN1, 𝛺SN2),
where 𝛺SN1 and 𝛺SN2 mark the critical forcing frequencies of the two SN bifurcation points. To have a close look at the coexistence,
we plot the three periodic orbits at 𝛺 = 𝛺C = 1249.5 r ad∕s in the phase plane (𝑧out , 𝑧̇out ) at the lower-right panel of Fig. 7, where we
again see the SSM-based predictions match well with that of the forward simulations.

In this example, the estimated memory cost for the non-intrusive algorithm at (9) computation is 26 Mb, and the associated
computational time is 4.5 h. In contrast, the averaged simulation time for the five forward simulations is more than 43 h. This
illustrates that a significant speed-up gain can be obtained using the SSM-based reduction. Indeed, we can even analytically extract
the forced response surface under variations in forcing frequency and amplitude once the autonomous SSM is computed [13]. The
forward simulations, in contrast, need to be repeated when the forcing parameters are changed and can only capture stable periodic
orbits even with good initial guesses.
11 
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Fig. 7. Forced response regarding the deflection at the center of the cover plate. In the upper-left panel, we present the forced response curve (FRC) obtained
from (3) approximation with and without the contribution of the leading-order non-autonomous part of SSM. Specifically, TV (TI) stands for time-varying
(time-independent) solution with (without) the contribution. In the upper-right panel, the FRCs predicted from the SSM-based reduction truncated at various
expansion orders are shown. The lower-left panel presents the FRC and the backbone curve at (9) expansion, along with results of liner analysis and forward
simulation applied to the full system. In the lower-right panel, the projection of the coexisting three periodic orbits at 𝛺 = 𝛺C = 1249.5 r ad∕s onto the plane
𝑧out , 𝑧̇out ) are shown (cf. the lower-left panel). Here, the solid and dashed lines denote stable and unstable periodic orbits.

5.4. A MEMS resonator

As our last example, we consider a large FE model representing a MEMS gyroscope prototype [50]. As seen in Fig. 8, this MEMS
device consists of a frame and a proof mass. The frame is attached to the ground using four flexible beams, and the proof mass
is connected to the frame using two flexible folded beams. In the first vibration mode, the frame and the proof mass oscillate
synchronously along the 𝑥 direction. As for the second vibration mode, the frame stays nearly still, and the proof mass oscillates
in the direction of 𝑦. Therefore, when the device is subject to external angular rotation along the 𝑧 axis, oscillating along the first
mode will generate a Coriolis force on the proof mass along the 𝑦 direction, which excites the second vibration mode. The vibration
along the second mode is detected and further converted into an angular velocity measurement. This prototype exhibits a strongly
nonlinear forced response along the first mode by design. Then, the drive frequency near the first mode can be tuned to match the
sense frequency along the second mode [50].

The overall physical dimensions of the device are 600 × 600 × 20 [𝜇m] with more than a million degrees of freedom. Detailed
eometric and physical parameters of the structure can be found in [50]. The FE model consists of 28,084 hexahedral elements and

8,636 prismatic (wedge) elements, resulting in a high-dimensional discrete model with 1,029,456 DOFs. Here, we adopt a Rayleigh
damping 𝐂 = 1659.8𝐌+ 1.336 × 10−7𝐊 such that the first mode has a quality factor 𝑄 = 100 and accordingly, a damping ratio 𝜁 = 0.5%.
In practice, the quality factor is much higher. Here, we consider this moderately low damping for the convenience of validation. In
particular, we will use forward simulation of the full system to validate the predicted periodic orbits. We take the moderately low
damping so that the forward simulations can reach steady states in a reasonable time. We note that our non-intrusive algorithm,
however, also works well in the case of large quality factors. Moreover, the computational cost of constructing the SSM-based ROMs
is independent of the quality factor.

We take the first mode as the master subspace and perform model reduction on the associated SSM. The first natural frequency
s given as 𝜔 ≈ 24698 Hz. We perform the non-intrusive computation of the autonomous SSM up to (5). The associated backbone
1
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Fig. 8. A schematic plot of a MEMS gyroscope prototype.

Fig. 9. Backbone curve for the first vibration mode of the MEMS device. The curve is obtained using SSM-based reduction truncated at cubic (3) and fifth
(5) orders.

curve in terms of the 𝑥out in Fig. 8 is shown in Fig. 9, from which we see the backbone curve converges well at (3) approximation for
‖𝑥out‖∞ ≤ 3 [𝜇m]. In addition, we infer from Fig. 9 that the nonlinear vibration around the first mode displays hardening behavior.

Next, we add a concentrated harmonic forcing 𝜖 cos𝛺 𝑡 with 𝜖 = 3.3386 𝜇N along the 𝑥out direction (cf. Fig. 8) and extract
the forced response curve of the system around the first vibration mode. We perform a similar analysis as the one in Fig. 7 and
find that it is sufficient to use TI-SSM solutions. So, we will only report TI-SSM solutions in the rest of this example. The FRC
obtained using (3) and (5) is presented in Fig. 10. We note that the FRC predicted from the (5) truncation matches excellently
with that of the (3) truncation such that the FRC at (3) is indistinguishable. Along the FRC, two saddle–node (SN) bifurcated
periodic orbits are detected, and the segment of periodic orbits is unstable between the two SN points. We also plot the FRC from
a linear analysis applied to the full system in Fig. 10. As expected, the results from the linear analysis match well with that of the
SSM-based nonlinear predictions when 𝛺 is away from the resonance frequency, and a significant difference is observed for 𝛺 ≈ 𝜔1.
In particular, the linear analysis overestimates the peak amplitude of the FRC and makes an incorrect prediction of the resonance
frequency corresponding to the peak. We also plot the backbone curve (green line) along with the FRC in Fig. 10, from which we
see that the peak on the FRC stays closely on the backbone curve.

We now validate the effectiveness of the SSM-based predictions using forward simulations of the full system in COMSOL
Multiphysics. Specifically, we take three sampled periodic orbits in the nonlinear regime of the FRC (cf. the three red circles in
Fig. 10) to perform the validation. We initialize each simulation with a starting point on the periodic orbit predicted using the
SSM-based reduction and perform the simulation with 100 forcing cycles. Indeed, the simulation time of 100 cycles is long enough
such that the simulation reaches a steady state, as illustrated in the left panel of Fig. 11. In addition, we observe from the right
panel of Fig. 11 that the periodic response in a steady state remains close to the SSM-based prediction. We take the magnitude of
the signal in the steady state as the amplitude of the periodic orbit of the forward simulation. As seen in Fig. 10, the amplitude of
three sampled periodic orbits matches well with that of our predicted periodic responses, demonstrating the SSM-based predictions’
effectiveness.

In this example, the estimated memory cost for the non-intrusive algorithm is around 5 Gb, independently of the expansion
orders of the SSM. The computational time at (3) and (5) computations are 2 h and 19 h. The averaged simulation for the three
simulations is 89 h. Again, we obtain a significant speed-up gain. We note the forward simulations are initialized with points on
the SSM-predicted periodic orbits. In other words, the initial states are very close to the periodic orbits in a steady state. This
significantly reduces the computational times of the forward simulations. Indeed, a much higher speed-up gain will be obtained if
these forward simulations are initialized with states that are away from the periodic orbits in the steady state.
13 
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Fig. 10. Forced response curve for the primary resonance of the first vibration mode of the MEMS device. The right panel is a zoomed plot of the left
panel around the resonance. Here, the results from cubic order (3) SSM computations are very close to that of the fifth order (5) computations and hence
ndistinguishable. The dotted line with cross markers denotes the forced responses from a linear analysis applied to the full system. Red circles represent results
rom forward simulations of the full system. The backbone curve at (5) truncation at Fig. 9 is also plotted here.

Fig. 11. Validation of the forced periodic orbit of the MEMS device using forward simulations of the full system. Here, the periodic orbit corresponds to the
second circle in Fig. 10. In the left panel, the time history of the forward simulation in 100 cycles is presented. This simulation is initialized with a starting
oint on our predicted periodic orbit. In the right panel, we plot the response of forward simulation in the last circle along with our SSM-based prediction.

6. Conclusion

We have proposed a non-intrusive algorithm based on the stiffness evaluation procedure (STEP) [24] for the automated
omputation of arbitrary dimensional spectral submanifolds (SSMs) up to arbitrary orders of accuracy. The algorithm works for

general mechanical systems with up to cubic order nonlinearities, possibly with asymmetric damping and stiffness matrices, velocity-
dependent nonlinear internal forces, and internal resonances. Our results enable rigorous, dynamics-based model reduction of
nonlinear finite element (FE) models constructed via generic FE software. We have illustrated the effectiveness and efficiency of
he non-intrusive algorithm towards nonlinear steady-state computation and bifurcation analysis over several examples of varying
omplexity, including a three-dimensional MEMS FE model with more than a million degrees of freedom.

We have implemented the non-intrusive algorithm in an open-source package, SSMTool [40], and importantly, established a
coupling interface between SSMTool and a commercial finite element (FE) software, COMSOL Multiphysics. Such implementation
significantly enhances the applicability of SSM-based model reduction for engineering applications, as illustrated in the last two
examples considered in this study. We believe the implementation documented in this study paves the way for developing coupling
with other FE codes and effectively bridges the gap between the rigorous theory of SSM-based exact model reduction and practical
applications.

We conclude this study with a few ongoing and future research directions. Extension of the non-intrusive algorithm established
here for constrained mechanical systems whose equations of motion are in the form of differential–algebraic equations (DAEs) is
traightforward. We have used leading-order approximation for the non-autonomous part of SSMs throughout this study. Such an
pproximation is insufficient for systems with parametric excitation, where one has to compute higher-order expansions of the
on-autonomous part of SSMs. While we demonstrated the effectiveness of our non-intrusive routine in capturing the nonlinear
14 
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periodic response prediction under harmonic forcing, we fully expect this development to be beneficial for constructing non-intrusive
SM-based ROMs of quasi-periodically and randomly forced systems seen in [42,51] . The results of these ongoing projects will be

published elsewhere.
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Appendix. Additional example: A cantilevered pipe conveying fluid

We consider a geometrically nonlinear viscoelastic cantilevered pipe conveying fluid subject to a harmonic base excitation
𝜖 cos𝛺 𝑡 [15]. Due to the flow-induced gyroscopic and follower forces, both the damping and stiffness matrices of the system
are asymmetric. In addition, the system admits nonlinear damping up to cubic order. Such a nonlinear damping results from the
viscoelastic constitutive law and large deformation. More details about the equations of motion of the pipe system can be found in
Sect. 2 of [15].

SSM-based model reduction has been performed for the pipe system using the intrusive approach in [15]. The obtained SSM-based
ROMs predict the pipe system’s free and forced vibrations accurately and efficiently. Remarkably, the ROMs enable predictions of
global bifurcations such as saddle–node bifurcation on invariant circles and homoclinic bifurcations [15].

Here, we will apply the proposed non-intrusive algorithms to the pipe system to demonstrate their effectiveness for generic
systems with asymmetric damping, stiffness matrices, and velocity-dependent nonlinearities. In particular, we will compute the
forced response of the pipe system in the post-flutter regime. We take the dimensionless flow velocity to be 6 and extract the forced
response curve (FRC) for 𝜖 = 0.0043.

In all the previous examples in Section 5, we have safely ignored the contributions of the leading-order non-autonomous part
when we extract the forced response curves (cf. Remark 1). However, as shown in the upper-left panel of Fig. A.12, the difference
between the TI-SSM and TV-SSM solutions is non-negligible and we have to account for the contribution of the non-autonomous
part. Therefore, we use TV-SSM solutions for the rest of this example.

Next, we determine the expansion order based on the convergence of the forced response curve. As seen in the upper-right panel
of Fig. A.12, the FRC predicted from (7) coincides well with that of the (9). Thus, the forced response is converged at (9), and

e use the expansion at (9) approximation, just as we did in [15]. We plot the converged FRC at the lower panel of Fig. A.12,
along with the results computed via an intrusive computation and reported in the fourth panel of Fig. 8 in [15]. We observe that
the two schemes yield the same results, demonstrating that the non-intrusive approaches work for generic dynamical systems with
asymmetric damping and stiffness matrices.

Data availability

The implementations of the non-intrusive algorithm are openly available in SSMTool [40]. For the extraction of internal force
rom COMSOL Multiphysics for specified input displacement/velocity vectors, we used the COMSOL-MATLAB Livelink [52]. The

mesh files for our COMSOL-based finite element models are available upon request.
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Fig. A.12. Forced response curve regarding the tip deflection of the cantilevered pipe system. In the upper-left panel, we present the results obtained from
(3) approximation with and without the contribution of the leading-order non-autonomous part of SSM. Specifically, TV (TI) stands for time-varying (time-
independent) solution with (without) the contribution. The results predicted from SSM-based reductions truncated at various expansion orders are shown in the
upper-right panel. The lower panel presents the results at (9) expansion, obtained using both the intrusive computation in [15] and our proposed non-intrusive
algorithm.
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