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A B S T R A C T   

In the finite element modelling of masonry structures, the micro-modelling technique of differentiating the 
continuum into a linear elastic bulk, and interfaces representing non-linear joints is common. However, this 
approach of simulating cracking-crushing-shearing failure possibilities in interfaces, typical of damage in ma
sonry, also poses numerical stability issues due to the quasi-brittle nature of the failure. In this regard, the article 
proposes the use of numerically robust sequentially linear procedures and a suitable discretised tension-shear- 
compression failure model for interfaces. Sequentially linear solution procedures describe the nonlinear 
response of a specimen/structure through a sequence of scaled linear analyses, each of which represents locally 
applied damage increments, using secant-stiffness based discretised constitutive relations called saw-tooth laws. 
The constitutive formulation proposed herein includes a tension cut-off criterion combined with a uniaxial 
discretised softening law, a Coulomb friction criterion with a discretised cohesion softening law, and a 
compression cut-off criterion combined with a uniaxial discretised hardening–softening law. It is presented for 
both two-dimensional (2D) line interfaces and three-dimensional (3D) planar interfaces. The applicability of 
these formulations are illustrated using 2D and 3D models of a pushover analysis on a squat unreinforced ma
sonry wall. The simulations are made using Sequentially Linear Analysis (SLA) and the Force-Release method, 
which are total (load-unload) and incremental sequentially linear methods respectively. The clear global soft
ening in the force–displacement evolution and the localised brittle shear failure observed in the experiment are 
reproduced well and in a stable manner.   

1. Introduction 

Zero-thickness interface elements are used in standard Finite 
Element (FE) analysis to represent displacement discontinuities, for e.g. 
in plain and reinforced concrete applications to simulate cracking and 
bond slip failures. In masonry structures, global failure mechanisms 
generally comprise rocking, shear sliding and diagonal shear failures, or 
combinations thereof, which in turn involve a wide range of local 
mechanisms including cracking and slipping of joints, cracking under 
direct or diagonal tension of brick units, and masonry crushing at the toe 
of a rocking pier. Standard homogenised continuum representation of all 
such failure possibilities is possible [1] but at the expense of additional 
assumptions and is, furthermore, known to cause convergence issues in 
the traditional implicit nonlinear finite element analysis (NLFEA) setup. 
Alternatively, the micro-modelling strategy [2,3] has been employed by 

differentiating the continuum into linear elastic bricks and potential 
failure planes represented by interface elements: along head and bed 
joints, and additionally, a potential vertical brick cracking plane. These 
non-linear failure planes allow for a discontinuous jump in the 
displacement field from one course of brick to the other or forming 
zigzag patterns which are characteristic of masonry failure. The 
commonly used constitutive framework in micro-modelling is the com
posite-interface formulation [4] under a traditional NLFEA set-up, which 
allows for combined cracking-crushing-shearing failures. Despite the 
simplification of modelling the nonlinearities into horizontal and ver
tical discrete interfaces, convergence issues in NLFEA persist due to the 
quasi-brittle nature of masonry failure [3,5,6], especially associated 
with the ultimate collapse which most often involves toe crushing. 

Sequentially linear solution methods provide a numerically robust 
alternative for such explosive brittle failures. These secant- 

* Corresponding author. 
E-mail address: m.pari@tudelft.nl (M. Pari).  

Contents lists available at ScienceDirect 

Engineering Structures 

journal homepage: www.elsevier.com/locate/engstruct 

https://doi.org/10.1016/j.engstruct.2021.112123 
Received 1 September 2020; Received in revised form 29 January 2021; Accepted 22 February 2021   

mailto:m.pari@tudelft.nl
www.sciencedirect.com/science/journal/01410296
https://www.elsevier.com/locate/engstruct
https://doi.org/10.1016/j.engstruct.2021.112123
https://doi.org/10.1016/j.engstruct.2021.112123
https://doi.org/10.1016/j.engstruct.2021.112123
http://crossmark.crossref.org/dialog/?doi=10.1016/j.engstruct.2021.112123&domain=pdf
http://creativecommons.org/licenses/by/4.0/


Engineering Structures 238 (2021) 112123

2

stiffness–based event-by-event methods can be classified into three 
categories: purely total approaches [7–9] wherein unloading and 
reloading of all loads is done every step, purely incremental approaches 
[10–12] wherein the stress and loading history is explicitly tracked, and 
finally, a class of combined incremental-total approaches [12]. This 
article proposes a discretised tension-shear-compression failure model 
for interfaces, which is suitable to be used with sequentially linear 
methods such as Sequentially Linear Analysis (total) and the Force- 
Release method (incremental) for analysis of masonry structures. The 
novelty of the proposed constitutive model lies in allowing for ten
sion–compression-shear failures in interfaces, in combination with non- 
proportional loading conditions in the sequentially linear framework, 
leading to automatic stable tracking of the post-peak response as in a 
structural collapse mechanism. 

The article is organised as follows. Firstly, the sequentially linear 
analysis methodology is briefly described and reviewed in Section 2. 
Thereafter, the constitutive formulation for the two-dimensional (2D) 
line interfaces including the tension cut-off, Coulomb friction and 
compression cap criteria is detailed in Section 3.1, followed by the three- 
dimensional (3D) planar interface formulation in Section 3.2. Subse
quently, the applicability of the formulations is illustrated using 2D and 
3D models of a pushover analysis on a squat unreinforced masonry wall 
in Section 4. The simulations are made using both the Sequentially 
Linear Analysis (SLA) and Force-Release methods, thereby illustrating 
the applicability of the proposed failure criterion to sequentially linear 
methods in general. 

2. Sequentially Linear Analysis (SLA): Methodology 

Sequentially Linear Analysis (SLA) is a feature, as a part or whole, of 
several sequentially linear solution methods which have alternatively 
been referred to as non-iterative methods in literature [12]. Sequentially 
Linear Analysis (SLA) is a non-incremental (total) [13–15], secant 
stiffness-based event-by-event approach, wherein one linear analysis is 
performed at a time to identify and damage the critical integration point 
in the FE model. Therefore, it approximates the nonlinear response as a 
sequence of linear analyses with gradually increasing damage (damage- 
driven). The definition of the load multiplier per analysis step j for each 
integration point i, over all elements in the FE model, is shown below in 
a general sense, where f j

i and σj
gov,i are the corresponding allowable 

strengths and the governing stresses respectively. The critical integration 
point is identified as the one with the minimum of all such positive load 
multipliers: the critical load multiplier λcrit. 

λj
i =

f j
i

σj
gov,i

, λj
crit = min

i

(
λj

crit,i
)

∀ λj
crit,i > 0 . (1)  

The linear analysis results i.e. displacements, forces, stresses and strains 
are then scaled using the critical load multiplier λcrit. Subsequently, the 
strength and stiffness of this integration point are reduced in a step-wise 
manner based on a discretised constitutive relation, with successively 
reducing secant stiffnesses and allowable strengths, called the saw-tooth 
law (Fig. 1). This process of identifying critical events and load scaling is 
repeated until a user-defined stop criteria is reached or when the FE 
model is completely damaged. In summary, the method avoids multiple 
integration points being pushed simultaneously into failure, as in an 
incremental-iterative approach, and is therefore robust. In other words, 
SLA traces through every event, i.e. a jump or snap back, that may occur 
in the response of the structure. The combination of a total (load-unload) 
approach and the saw-tooth laws forms the crux of the method. 

The approach has been under development from the early 2000s and 
is a proven alternative for applications in masonry [16], reinforced 
concrete [8] and glass [17]. Advancements in SLA include contributions 
to make the procedure mesh-objective [8,15]; saw-tooth laws for 
extremely brittle materials like glass (with snap-back at constitutive 
level) [17]; extensions to non-proportional loading situations [7][10] 

[11][12][18][19]; extensions to interface elements with discrete 
cracking [20], bond-slip [21], and step-wise secant Coulomb friction 
laws [8]; creep induced cracking [22]; combined incremental-total ap
proaches like Non-Iterative Energy based Method (NIEM) and the 
automatic method [12]; efficient linear solvers to improve the speed of 
SLA [23]; SLA in a stochastic setting [24]; combining SLA with crack 
tracking technique [25]; and mesh free SLA [26]. 

The aforementioned methodology was initially conceived for pro
portional loading conditions, and subsequently, modified for real 
loading schemes which often have multiple loads. The simplest and most 
common case is when there are constant loads on the structure like dead 
loads, precompression, overburden etc., and the structure is subse
quently subject to variable loads like earthquake or wind or vehicle 
loads. Under such situations, the loading is considered to be non- 
proportional, and in the total approach of SLA, the system is loaded by 
constant loads (Lcon) and a unit variable load (Lvar). In case of the in
terfaces for example, the tractions are expressed as the superposition of 
the tractions due to the constant and scaled variable loads as shown in 
Eq. (2) for each integration point i. The governing stress is then limited 
by the allowable strengths f, corresponding to the failure criterion, as 
shown in Eq. (3), such that only the critical integration point i lies on the 
failure surface while all non-critical points lie below it. These equations 
apply for the normal direction (denoted by subscript n hereon), shear 
directions (denoted by subscripts t and s hereon) or combinations hereof 
(in case of frictional stress criteria). As long as Eq. (3) holds, Eq. (4) 
applies at the global level. Contrarily, when Eq. (3) fails in a certain 
analysis step j, the procedure is steered into the Intermittent Proportional 
Loading (denoted by subscript ipl hereon) [8], while implicitly reducing 
the constant load, as shown in Eq. (5) to reinstate Eq. (3). Such regions 
indicate the need for multiple failures representing a sudden propaga
tion of damage. 

ti = ti,con + λ ti,var (2)  

(
ti,con + λti,var

)
= f ∧ ∀i ∕= k :

(
tk,con + λtk,var

)
< f (3)  

Lj
crit = λconLcon + λvarLvar (4)  

where λcon = 1 and λvar = λcrit  

Lipl = Lcon + λj− 1
crit Lvar (5a) 

Fig. 1. Linear tension softening saw tooth law, with p the saw-teeth dis
cretisation factor, based on the band width ripple approach to ensure mesh 
objectivity [15]. In this approach, a strength range p is defined as a percentage 
of the undamaged material strength ft and a band is introduced into the soft
ening part of the base curve, enclosing it such that the upper and lower triangles 
cancel each other out to eventually yield the same fracture energy. 
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Lj
ipl = λj

crit Lipl (5b) 

Alternatively, in an incremental version like the Force-Release 
method [10], the non-proportional load path is discretised into a se
ries of piece-wise proportional loading paths. Each prescribed load is 
discretised into a series of load vectors with magnitudes ensured to be 
non-decreasing, so that the proper loading/stress history is taken care of. 
Linear analyses are performed with load increments of a certain load 
vector, each of which may or may not lead to damage at a critical 
integration point i according to Eq. (6), wherein all quantities with Δ are 
the corresponding incremental values caused by the load increment. 
Upon damage, the stress from a damaged element is released gradually 
through a sequentially linear redistribution loop wherein the unbal
anced forces due to the previous damage are applied as loads on the FE 
model, while all previously applied loads are kept constant, and other 
elements may be damaged. When the redistribution loop does not lead 
to further damage, the response stays in equilibrium. Otherwise, it 
evolves through states of disequilibrium and eventually returns to 
equilibrium. A comprehensive overview on the workflow of SLA and the 
Force-Release methods, and on the differences between such total and 
incremental sequentially linear methods for continuum applications can 
be found in Reference [27], and for lattice applications in References 
[10,28]. 

(ti + λΔti) = f ∧ ∀i ∕= k : (tk + λΔtk) < f (6)  

3. Constitutive model & workflow 

A composite-interface formulation is proposed in this study, shown 
in Fig. 2, to be used in conjunction with the sequentially linear frame
work. The formulation is described hereon considering SLA as reference, 
although it applies to the Force-Release method as well. The tension-cut- 
off criterion is coupled with a uniaxial tension softening law. The 
compression-cap could be given an elliptical shape but is simplified 
herein as a cut-off criterion, dependent purely on the normal traction, 
coupled with a uniaxial hardening–softening law (referred to as the 
parabolic softening law [29,30] hereon). Step-wise secant saw-tooth 
laws address the aforementioned uniaxial material behavior. Finally, 
the Coulomb friction criterion which involves multiple stress and/or 
deformation components requires a more sophisticated approach for use 
in sequentially linear methods such as the SLA. In this regard, step-wise 
secant Coulomb friction laws proposed by Van de Graaf [8] for SLA are 
used herein. The sub-variant which decouples the tension and shear 
modes is the formulation considered in this study. Essentially, the 
dilatancy effects are neglected because of no coupling, i.e the dilatancy 
angle ψ = 0, an assumption that yields good results for masonry struc
tures in general [2,31,32] and also using SLA [8]. Additionally, there 
exists a coupled sub-variant of the Coulomb friction model [8], wherein 
the update to the secant stiffness matrix Dsec is more complicated, but it 
is left out of the scope of this study. 

In this section, both the 2D and 3D formulations are outlined for the 
different failure types in regard to the following aspects:  

• Determination of the load multipliers per integration point in the FE 
model: λshr

i , λten
i and λcmp

i corresponding to the shear, tension and 
compression failures, and the identification of the critical integration 
point λcrit,i and the corresponding failure mode.  

• Updating the stiffness of the critical integration point based on the 
failure mode. 

3.1. Line interfaces formulation (2D) 

In the 2D interface formulation, at the linear elastic stage, the 
interface tractions tn and tt are related to the corresponding normal and 
shear relative displacements un

1 and ut
1 by means of the uncoupled 

constitutive secant matrix Dsec (with an undamaged normal stiffness kn,0 

and shear stiffness kt,0) in the following way. 
[

tn
tt

]

=

[
kn,0 0
0 kt,0

][
un
ut

]

(7)  

3.1.1. Critical load multiplier 
Shear mode. Considering initial cohesion c0 and the yield criterion 

|tt | = − tntan(ϕ) + c0, the load multiplier for shearing failure per inte
gration point i is defined as shown in Eq. (8), where tan(ϕ) is the friction 
coefficient. 
( ⃒
⃒tt,icon + λi tt,ivar

⃒
⃒
)
+
(
tn,icon + λi tn,ivar

)
tan(ϕ)⩽c0 (8)  

Cohesion softening is considered for this study, and therefore the 
determination of the load multiplier per integration point is not equiv
alent to solving Eq. (8). This is because the mobilised cohesion c, in 
addition to being dependent on the plasticity parameter κ (assumed to be 
equal to the largest plastic relative shear displacement in the absolute 
sense [3]), becomes dependent on the load multiplier λ as shown in Eq. 
(9), where GII

f is the mode-II fracture energy. 

c(κ, λ) = c0 exp

(

−
c0

GII
f

κ

)

κ = max ∣upl
t ∣

(9)  

Therefore, the load multiplier is deduced in the following way:  

1. Evaluate load multipliers λc0 and λ0, corresponding to states of initial 
cohesion and zero cohesion, as follows: 
( ⃒
⃒tt,icon + λc0 tt,ivar

⃒
⃒
)
+
(
tn,icon + λc0 tn,ivar

)
tan(ϕ)⩽c0 (10a)  

( ⃒
⃒tt,icon + λ0 tt,ivar

⃒
⃒
)
+
(
tn,icon + λ0 tn,ivar

)
tan(ϕ)⩽0 (10b)    

2. Perform a bisection between λc0 and λ0 to find an initial root, and 
then refine it using a Newton–Raphson scheme to arrive at the load 
multiplier λshr

i for shear failure, such that the integration point i lies 
on the shifted Coulomb surface (Fig. 2), i.e. the normalised yield lies 
below a user specified tolerance β as shown in Eq. (11). 
( ⃒
⃒tt,icon + λshr

i tt,ivar

⃒
⃒
)
+
(
tn,icon + λshr

i tn,ivar

)
tan(ϕ) − c

c0
⩽β (11)   

The friction coefficient is assumed to be constant i.e. friction softening is 
neglected. Note that in case the cohesion softening is absent, λshr

i can be 
calculated according to Eq. (10a). 

Tension mode. The load multiplier for tensile cracking is as shown in 
Eq. (12), where ft is the current tensile strength based on a predefined 
saw-tooth law (Fig. 1), or on a stress–strain relation evolving during 
analysis with user-specified relative displacement increments and the 
corresponding traction decrements [8], as shown in Fig. 3(a). 
(
tn,icon + λten

i tn,ivar

)
⩽ft (12) 

1 The Δ symbol, commonly used to denote relative displacements in interface 
formulations, is dropped herein to avoid ambiguity with the variations of the 
said relative displacements used in the stiffness update subsection 
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Compression mode. The load multiplier for crushing failure is as 
shown in Eq. (13), where fc is the current compressive strength based on 
a predefined parabolic softening saw-tooth law as shown in Fig. 3(c). 
The failure criterion for compression in the original composite interface 
formulation for masonry [3] is an ellipsoid cap model that depends on 
the normal and shear stresses through a set of material parameters. 
However, for simplicity, this is herein treated as a straight shear- 
independent cut-off criterion. This approach is reasonably accurate 
and also fits well with material parameters such as the compressive 
strength fc and fracture energy Gc, which are widely used in engineering 
practice for e.g. in a simple Rankine-type failure surface for the total 
strain–based smeared cracking models. 
(
tn,icon + λcmp

i tn,ivar

)
⩾ − fc (13)  

The critical load multiplier is then determined as the minimum of all the 
load multipliers. 

λcrit = min
i

(
λshr

i , λten
i , λcmp

i
)

(14)  

3.1.2. Stiffness update 
Once the critical integration point is identified, the stiffness matrix is 

degraded based on the failure mode as detailed in the following. 
Shear mode. The shear failure involves update to only the shear 

stiffness term of the uncoupled constitutive matrix Dsec, which is defined 
for the jth linear analysis or step as follows 

D(j)
sec =

[
k(j)n 0
0 k(j)t

]

(15)  

k(j)t =
t(j− 1)
t,crit

u(j− 1)
t,crit + δu(j− 1)

t
with δu(j− 1)

t = atu(j− 1)
t,crit (16)  

The update to the shear stiffness is computed during the analysis, as 
shown in Eq. (16), with the critical shear traction t(j− 1)

t,crit and the critical 

relative shear displacement u(j− 1)
t,crit of the completed (j − 1)th step, and 

additionally, a specified relative shear displacement increment δu(j− 1)
t 

which is based on a user defined factor at. This factor is similar to the 
saw-tooth band width ripple factor p, as in Fig. 1, and is used for dis
cretising the constitutive behavior. The updated shear stiffness k(j)t 

therefore corresponds to the increased shear displacement (1 + at)u(j− 1)
t,crit , 

and is a prediction that is exact only if the actual shear displacement in 
the subsequent step will equal the specified increased shear displace
ment. This way of updating stiffness during an ongoing analysis is 
merely an alternative approach to the a priori definition of saw-tooth 
laws. This is also shown in the cohesion softening law evolving during 
analysis in Fig. 3(b), wherein subscripts r for the shear stiffness kt refer to 
the subsequent saw teeth number in the softening law (not to be 
confused with analysis step j). The effect of larger values of the user 
defined factor at was previously shown to result in a saw-tooth (coarser) 
type response in the force displacement evolution, due to the approxi
mate stiffness guess, for a shear study on bricks under confinement [8]. 

Tension and Compression modes. Both the cracking and crushing 
failures consider the normal traction for damage initiation and propa
gation. Accordingly, both failures involve update to the normal stiffness 
term of the uncoupled constitutive matrix Dsec, shown in Eq. (15), based 
on predefined saw-tooth laws. For tensile cracking, linear tension 

Fig. 2. Failure surface for the 2D line interfaces.  

Fig. 3. (a) Linear tension softening law evolving ‘during’ analysis with user specified relative normal displacement increments, (b) cohesion softening law deduced 
‘during’ analysis with user specified relative shear displacement increments, and (c) pre-defined parabolic hardening–softening saw-tooth law for compression [29]. 
Studies in this article use (b) as such for the shear mode, while predefined band width ripple versions of (a)&(c) (Fig. 1) are used for tension and compression. 
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softening relations are approximated as the predefined band width 
ripple type saw-tooth law shown in Fig. 1. Alternatively, similar to the 
cohesion softening law evolving during analysis, the normal stiffness 
updates can be made on the basis of a specified normal relative 
displacement increment δun,r and an associated drop in normal traction 
δtn,r for the current saw-teeth number r as shown in Fig. 3(a). For 
compressive failures, the band width ripple version of the parabolic 
hardening–softening relation shown in Fig. 3(c) is used. 

Furthermore, the shear stiffness is also damaged in both cases as 
shown in Eq. (17), where kn,0 and kt,0 are the undamaged normal and 
shear stiffnesses. However, if the current shear stiffness k(j− 1)

t at the end 
of the completed analysis step (j − 1) is lesser than the computed k(j)t , the 
shear stiffness is not degraded any further. 

k(j)t = kt,0
k(j)n

kn,0
(17)  

The original composite interface model [3] was plasticity-based, i.e. 
with elastic unloading/reloading. In contrast, the proposed model has 
secant unloading/reloading for all modes. This better fits quasi-brittle 
materials particularly in relation to discrete cracking. This is because 
elastic unloading of fully open tensile cracks, as in the original formu
lation, could result in an overly-stiff behaviour which is not desirable. In 
this sense, the proposed model is advantageous. However, the use of a 
total approach may result in inappropriate crack-closure effects under 
redistribution, with carry over of damaged stiffness between stress 
regimes. 

3.2. Planar interfaces formulation (3D) 

The composite failure surface being proposed for planar (3D) in
terfaces is shown in Fig. 4. In the 3D interface formulation, at the linear 
elastic stage, the interface tractions tn, tt and ts are related to the corre
sponding normal and shear relative displacements un, ut and us respec
tively by means of the uncoupled constitutive secant matrix Dsec (with 
undamaged normal stiffness kn,0 and shear stiffnesses kt,0 & ks,0) in the 
following way. 
⎡

⎣
tn
tt
ts

⎤

⎦ =

⎡

⎣
kn,0 0 0
0 kt,0 0
0 0 ks,0

⎤

⎦

⎡

⎣
un
ut
us

⎤

⎦ (18)  

3.2.1. Critical load multiplier 
The load multiplier definition for the tension and compression failure 

modes for the 3D planar interfaces are the same as those for the 2D case, 
as shown in Eq. (12) and (13), since the cracking or crushing initiation 
and propagation depends on the normal traction tn. However, with re
gard to the shear failure mode in planar interfaces, the yield criterion for 

an integration point i is governed by the effective shear stress [33] which 
is defined as follows. 

teff ,i = − tn,itan
(
ϕ
)
+ c0

where teff ,i =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
t2
t,i + t2

s,i

√ (19)  

Accordingly, the plasticity parameter κ is also expressed as the effective 
plastic shear relative displacement in the following manner. 

upl
t.eff =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

upl
t

2
+ upl

s
2

√

(20)  

Rest of the workflow to determine the load multiplier for shear failure is 
similar to the 2D formulation, wherein equations Eqs. (8)–(11) hold with 
the appropriate effective shear stress and the effective plastic shear 
relative displacement. The critical load multiplier is then deduced ac
cording to Eq. (14), and the stiffness update for the corresponding failure 
mode is carried out as explained in the following subsection. 

3.2.2. Stiffness update 
Shear mode. Similar to the 2D formulation, the shear failure involves 

update to the shear stiffness terms of the 3D uncoupled constitutive 
matrix Dsec in Eq. (21). Both the shear stiffnesses are calculated based on 
user-specified relative shear displacement increments δu(j− 1)

t and δu(j− 1)
s , 

which now require two user defined factors at and as, during an ongoing 
analysis step j as shown in Eq. (22). 

D(j)
sec =

⎡

⎢
⎢
⎣

k(j)n 0 0
0 k(j)t 0
0 0 k(j)s

⎤

⎥
⎥
⎦ (21)  

k(j)t =
t(j− 1)
t,crit

u(j− 1)
t,crit + δu(j− 1)

t

with δu(j− 1)
t = atu(j− 1)

t,crit

k(j)s =
t(j− 1)
s,crit

u(j− 1)
s,crit + δu(j− 1)

s

with δu(j− 1)
s = asu(j− 1)

s,crit

(22)  

Tension and Compression modes. The update to the normal stiffness in 
case of cracking and crushing failures, involves resorting to the pre
defined or evolving tension and compression softening saw-teeth re
lations, again similar to the 2D formulation. However, in addition to the 
update to normal stiffness, the shear stiffness is damaged along both 
shear directions as shown in Eq. (23), unless the current shear stiffnesses 
k(j− 1)

t and k(j− 1)
s at the end of the completed analysis step (j − 1) are lesser 

than the newly computed k(j)t and k(j)s . 

Fig. 4. Failure surface for the 3D planar interfaces.  
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k(j)t = kt,0
k(j)n

kn,0

k(j)s = ks,0
k(j)n

kn,0

(23)  

4. Illustration: Pushover analysis of a masonry wall 

Experiment. In this section, the experiment on a solid clay brick 
masonry wall tested by Raijmakers and Vermeltfoort [34,35] is used as a 
benchmark to validate the proposed 2D and 3D composite interface 
formulations. The wall was made of 18 courses of bricks, with di
mensions of 210 mm× 52 mm× 100 mm, and mortar layers of 10 mm 
thickness. The dimensions of the wall are as shown in Fig. 5(a), based on 
the 18 courses of bricks, resulting in an approximate effective width/ 
height ratio of one. The top and bottom courses of bricks were clamped 
to a steel beam to constrain the rotation along both edges, additionally 
preventing the free vertical movement of the top edge. The walls were 
loaded initially by an overburden pressure of 0.30 N/mm2=

∧ 30 kN, 
followed by a monotonically increasing lateral load d applied under 
displacement control. The damage patterns of two such walls, namely 
J4D and J5D, are shown in Figs. 5(b), (c). The damage in both walls 
begins with a rocking type failure i.e. cracks developing along the top 
and bottom of the wall. This is followed by a diagonal stepped crack 
which leads to the failure mechanism, simultaneously with cracks in the 
bricks and crushing of the compressed toes of the wall. Such a mecha
nism and the availability of data on material properties, including 
fracture energies from small-scale companion tests, makes this an ideal 
benchmark considering the scope of the proposed composite interface 
formulations. 

4.1. 2D Line interface micro-model 

Finite Element Model. The walls are discretised using the simplified 
micro-modelling strategy [2,3], wherein mortar joints and the 
brick–mortar interfaces are lumped together into a zero-thickness 
interface, and the bricks are extended to account for the mortar thick
ness. The bricks are modelled using 4-noded iso-parametric plane stress 
elements, roughly 27.5 mm× 27.5 mm in size, with linear interpolation 
shape functions and a 2× 2 Gaussian integration scheme. The zero- 
thickness interfaces are modelled using 2 + 2 noded interface ele
ments, allowing for 2 in-plane translational degrees of freedom (DOFs) 
per node, in conjunction with a 2-point Newton–Cotes integration 
scheme. All DOFs along the bottom edge of the wall are fully con
strained, while the top edge is prevented against any rotation. The nodes 
along the top edge of the wall are given an initial vertical displacement 

0.083 mm, which is the imposed displacement equivalent to an over
burden pressure of 0.30 N/mm2. Subsequently, a lateral displacement is 
imposed on the top edge to simulate the lateral load. 

The FE model shown in Fig. 6 includes interfaces along the head and 
bed joints, and additionally, along the mid-length of bricks to simulate 
vertical brick cracks. The 2D composite line interface formulation is the 
adopted constitutive model, and all head and bed joints are lumped with 
the nonlinearities of tensile cracking, crushing and shearing, with ma
terial parameters as shown in Tables 1,2. The predefined band width 
ripple based linear tension softening and parabolic compression hard
ening–softening saw-tooth laws are used. The properties for compres
sion are reduced in comparison to those used in Reference [3], by means 
of a sensitivity study, to fit the experimental results. This is also moti
vated by the use of a straight cap (cut-off) criterion instead of the 
elliptical cap for compression failure. For the decoupled Coulomb fric
tion failure mode, a user specified discretisation factor of at = 0.05 for 
the specified relative shear displacement, as in Eq. (16), is used. The 

Fig. 5. (a) Schematic representation of solids clay brick masonry walls (J4D & J5D), loaded firstly by an overburden pressure of 0.30 N/mm2 followed by a lateral 
prescribed displacement d; and the experimental crack patterns of the walls (b) J4D and (c) J5D. 

Fig. 6. 2D Finite element micro model of the solid clay brick wall subject to 
overburden and pushover loads. 
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factor describes the shear displacement increments per linear analysis 
for the critical integration point, and this is chosen as 0.05 based on the 
previous study of the same specimen [8]. Higher values may result in 
quicker loss of mobilised cohesion and lower dissipation of shear frac
ture energy, and therefore are not used. Vertical interfaces are included 
in the middle of the bricks, with only the discrete cracking possibility 
while omitting the shear and compression failures, in accordance to 
previous studies in References [4,8]. Additionally, the overall brick 
behaviour and the vertical brick crack joints along the bottom and top- 
most course of bricks in particular, which are attached to the stiff steel 
beams, are kept linear elastic with material parameters as shown in 
Table 1. 

4.1.1. Results & discussion 
Firstly, the performance of the micro-model with the full composite 

interface formulation, i.e. discrete cracking, shearing and crushing in 
the interfaces, is analysed. This is treated as the reference case and is 
referred to as the discrete-crushing model hereon. The force–displace
ment evolution for this pushover study, shown in Fig. 7, shows good 
qualitative agreement with the experimental responses of walls J4D and 
J5D, in terms of the peak loads, and the global softening behaviour that 
leads to loss of lateral capacity. The deformed profile and damage 
propagation in the masonry are summarised for the SLA simulation of 
this model in Fig. 8, at 2 mm and 4 mm prescribed lateral top dis
placements. The damage plots DmTeNN and DmCoNN indicate loss of 
normal stiffness due to cracking and crushing respectively. The DmTeSS 
damage plots indicate loss of shear stiffness which is either due to a pure- 

Table 1 
Elastic modelling parameters – J4D and J5D walls: based on References 
[34,35,3].  

Masonry Units Parameters Elastic 

Bricks Young’s Modulus E0 [GPa]  16.7  
Poisson’s ratio v0  0.15 

Head & Bed Joints Normal stiffness kn [N/mm3] 82  

Shear stiffness kt [N/mm3] 36 

Brick Cracks Normal stiffness kn [N/mm3] 106   

Shear stiffness kt [N/mm3] 106   

Table 2 
Inelastic modelling parameters based on References [34,35,3] (except 
compression).  

Masonry 
Units 

Parameters Compression Tension Shear 

Head & 
Bed 
Joints 

Strength ft, fc, c0 

[MPa]  
6.0 0.25 0.35  

Fracture energy Gc,

GI
f ,G

II
f [N/mm]  

1.8 0.018 0.125  

Saw-teeth 
discretisation 
factor 

0.1 0.15 0.05  

Softening relation Parabolic Linear Exponential  
Shear retention 
factor β  

Damage- 
based [36] 

Damage- 
based [36] 

–  

Bricks 
Cracks 

Tensile Strength ft 

[MPa]   
2   

Fracture energy GI
f 

[N/mm]   
0.08   

Saw-teeth 
discretisation 
factor  

0.2   

Softening relation  Linear   
Shear retention 
factor β   

Damage- 
based [36]   

Fig. 7. Force–displacement curves of the experiments compared against those 
of SLA for the reference micro model with discrete cracking, shearing and 
crushing in interfaces. 

Fig. 8. The deformed profile, and damage plots indicating tensile, shear and 
crushing failures for the pushover study of reference discrete-crushing model, 
with discrete cracking-shearing-crushing interfaces, using SLA at 2 mm and 4 
mm prescribed lateral displacements. 
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sliding failure or the damage based shear reduction associated with the 
cracking/crushing modes. All damage plots herein range from 0 to 1 
which refer to undamaged and fully damaged cases for the corre
sponding failure criteria. 

The wall firstly exhibits flexural failure which is visible as horizontal 
cracks along bed joints at the bottom-right and top-left corners of the 
wall. After the flexural cracks are fully developed (before 2 mm top 
displacement), compressive strut action results in a staggered step-like 
crack along the diagonal to the toe (left bottom corner) of the wall. 
This damage propagation includes both sliding failure along the bed 
joints, resulting in loss of shear stiffness, and tensile cracking along head 
joints, resulting in loss of both normal and shear stiffnesses. The fully 
developed flexural cracks and propagating diagonal step cracks at 2 mm 
top displacement are shown as tensile cracking and shear failure plots in 
Fig. 8. Furthermore, the stress flow into the toe of the wall leads to the 
onset of the crushing failure, which can be seen as loss of normal stiff
ness in the crushing plots of Fig. 8. 

Upon further increase of the lateral displacement to 4 mm, the 
damage along the diagonal shear crack increases and localises, leading 
to a widening of the head joints and simultaneous sliding along bed 
joints, along the diagonal of the wall. Furthermore, the stepped crack 
also involves vertical splitting cracks through the bricks along the 
courses at mid-height of the wall, which often appear as sudden drops/ 
instabilities in traditional NLFEA [3]. This is adequately captured by 
SLA. Simultaneously, the toe of the wall is completely crushed along half 
the length of an entire brick. This results in a clear drop of lateral ca
pacity which is observed in the force–displacement curve, indicating 
structural collapse. 

The performance of the model can also be assessed based on the 
development of the vertical reaction forces, and its eccentricity with 
respect to the center line of the wall. The comparison of these aspects 
with the experiments is shown in Fig. 9. Firstly, the general trend of the 
increase in vertical reaction with increasing lateral displacement is 
captured reasonably well. However, the results are adrift of the exper
iment. Secondly, the development of eccentricity (x/w) of the effective 
vertical reaction, where w is half the width of the wall and x is the 
distance of the effect vertical reaction force from the center line of the 
wall, is analysed. The eccentricity first grows outwards and eventually 
inwards to the center line of the wall with increasing lateral displace
ment in the SLA simulation. This is similar to the trends from the ex
periments, however, once again differences are observed. Despite the 
two above mentioned artefacts, the force–displacement evolution seems 
to be captured perfectly and therefore, these are considered acceptable 
in this study. Furthermore, despite the assumption of zero dilatancy 

angle, which is a feature of the decoupled Coulomb friction model used 
herein, the force–displacement response is close to the experiment. This 
is in line with the findings of previous works [2,31,32] on the acceptable 
use of zero-dilatancy angle in the analysis of masonry structures. Finally, 
the performance of the non-proportional loading strategy in SLA in fully 
retaining the constant load until physical failure is remarkable in this 
case, and this is discussed in detail the following section. 

4.1.2. Variation studies 
The following variations are performed on the benchmark study to 

analyse the performance of the proposed composite interface 
formulation.  

• Firstly, the micro-model is run with discrete cracking and shearing 
failure possibilities in the interfaces excluding compressive non
linearities, to understand the influence of crushing that is often the 
primary cause of collapse in masonry units such as shear walls. This 
case is referred to as the no-crushing model hereon.  

• Secondly, the reference micro-model with full composite interface 
failure possibilities, i.e. the discrete-crushing model previously ana
lysed using the SLA, is additionally studied using an incremental 
sequentially linear method called the Force-Release method. This 
helps to understand the influence of non-proportional loading in 
SLA, and also the importance of tracking stress history on damage 
accumulation and the eventual failure mechanism. 

• Thirdly, a variation is performed with a micro model which distin
guishes only the cracking and shearing failures into the interfaces. 
The crushing is smeared into the continuum brick elements using an 
orthogonal fixed smeared crush model. This case is referred to as the 
smeared-crushing model hereon. 

Case 1: Influence of crushing. The force displacement curves of the no- 
crushing model compared against the reference discrete-crushing model is 
shown in Fig. 10. The importance of crushing nonlinearities is clearly 
observed in the response of the no-crushing model which shows pro
gressive increase in capacity with an increasing prescribed lateral 
displacement. This is also confirmed by the growing compressive trac
tions, in the bed joint interface near the toe of the wall, to almost 20 MPa 
at 4 mm top displacement as seen in Fig. 11. Contrarily, the response of 
the reference discrete-crushing model shows a nonlinear distribution of 
compressive tractions along the length of the said bed joints already at 2 
mm top displacement. With further increase in lateral displacement, the 
tractions in the bed joints drop and move inwards towards the center of 
the wall. This indicates crushing of the toe. Fig. 11 shows the formation 

Fig. 9. (a) Evolution of the vertical reaction forces and (b) its eccentricity with respect to the center line of the wall, for increasing prescribed lateral displacements in 
the SLA and Force-Release simulations (discussed under Case-2 of the section on variation studies) of the discrete-crushing model. 
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of two parallel struts which are both rotating and approaching each 
other, which is also exemplified by the variation of eccentricity of the 
effective vertical force in Fig. 9(b). This study validates the proposed 
simplified cut-off criterion used for crushing in the composite interface 
formulation. Although an elliptical cap model is used in the original 
formulation [3], the simplified straight cap (cut-off) criterion, in 
conjunction with other assumptions for the shear formulation and 
calibrated properties in compression, performs remarkably well. 

Case 2: SLA vs Force Release method. A Force-Release simulation of the 
reference discrete-crushing model is performed to check the validity of 
the composite interface formulation for incremental sequentially linear 
methods. The force displacement curve for the Force-Release simulation 
of the pushover study is as shown in Fig. 12(a). It compares well with 

SLA and is mostly an envelope of the SLA response. This is corroborated 
by the close similarity in the damage plots of the SLA and Force-Release 
simulations at 2 mm prescribed lateral displacement, refer Figs. 8 and 
13. 

The differences become apparent whenever SLA returns to the 
Intermittent Proportional Loading (IPL), wherein the last successful load 
combination is scaled proportionally to avoid violation of the constitu
tive law anywhere in the FE model. Under such conditions, the over
burden load in SLA is implicitly reduced to enforce equilibrium during a 
quasi-static damage driven failure propagation. This becomes significant 
starting ∼ 3.7 mm prescribed lateral displacement, marked as a yellow 
circle in Fig. 12, indicating onset of collapse. The constant load drops to 
extremely low values through this region but is also recovered imme
diately (Fig. 12(b)), which appears as large snap-backs in the post- 
collapse region at prescribed lateral displacements around 4 mm. 
Since every damaged element’s stress is released instantaneously in SLA, 
the neighbouring integration points of the critical integration point 
whose stresses are close to their respective allowable strengths subse
quently become critical at a considerably lower load. In summary, the 
performance of the non-proportional loading strategy of SLA is suc
cessful in this problem leading to collapse, which in turn is described 
using its inherent redistribution procedure i.e. the IPL. 

On the other hand, these regions are simulated in disequilibrium 
using the Force-Release method appearing as instabilities or drops of 
load for a constant imposed displacement. The collapse mechanism 
herein is captured by both approaches adequately. However, the drop of 
load corresponding to the eventual instability is described by the SLA 
and the Force-Release methods in diametrically opposite ways, with 
regard to the time scales for the redistribution. This is in line with the 
differences observed between the approaches to typical explosive failure 
in the previous case studies [27], and is clear from how the loading is 
modified in case of SLA (Fig. 12(b)) during collapse. SLA describes the 
entire collapse while maintaining equilibrium by reducing the constant 
load, while the Force-Release method addresses it using the avalanche of 
damage states in disequilibrium which appear as vertical drops of the 
capacity. Furthermore, it is known that the difference in load history 
between SLA and the Force-Release method results in a different 
elemental failure sequence in lattice simulations [10], and that for 
continuum studies as well damage propagation could be different, by a 
small amount, which was confirmed by a previous study [27]. This is 
reiterated by the current case study as well which is evident from 
damage plots for SLA and Force-Release at 4 mm top displacement, refer 
Figs. 8 and 13. Although the plots look alike, there are yet notable dif
ferences like the through vertical cracks in the middle course of bricks in 
SLA which appears to be more like a stepped crack passing through the 
head and bed joint in the Force-Release case. Furthermore, the failure is 
more localised in case of SLA. Such minor differences are the effect of an 
accumulation of differences in damage locations over several steps. The 
IPL is used in SLA often after 50000 events as seen in Fig. 12(b), while 
the Force-Release traverses through these regions through several small 
instabilities. Another prominent region is around 4.25 mm prescribed 
lateral displacement of both SLA and Force-Release curves in Fig. 12(a). 
Furthermore, the evolution of vertical reaction forces and its eccentricity 
with the imposed displacement in the Force-Release simulation is also 
similar to that of SLA, refer Fig. 9. In conclusion, Force-Release simu
lation (incremental) of the composite interface formulation also performs 
well for the case study and compares well with the total version of SLA. 

The suitability of the two methods depends on the type of experiment 
being simulated. Force-Release method is suitable for typical displace
ment controlled experiments which actually exhibit instabilities. These 
would be consistent with the drops of loads observed in Force-Release 
simulations. On the other hand, it may not be suitable for physical 
processes which exhibit snap backs or for truly quasi-static experiments. 
SLA is more preferable when the damage process zone is unique and 
controlled for quasi-static evolution in an experiment [37]. However, for 
a Crack Mouth Opening Displacement (CMOD) controlled experiment 

Fig. 10. Force–displacement curves of the SLA simulation of the micro models 
with and without crushing nonlinearities. 

Fig. 11. Evolution of compressive tractions along bed joints of the wall, with 
and without the crushing failure possibility (note the different colour scales), 
for increasing lateral displacements and the schematic view of the rotation and 
movement of two parallel struts in the case of crushing failure possibility, with 
progressive crushing of the toe region of the wall. 
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with multiple cracking zones, SLA may not be appropriate because it 
does not control a unique damage process zone as in the experiment, and 
contrarily may incorrectly decrease it due to release of previously 
applied loads while allowing the structure to relax. Force-Release 

method, in this case, may increase the CMOD due to the redistribu
tion. In a quasi-static sequentially linear setup, a truly CMOD controlled 
experiment with multiple evolving damage zones can be appropriately 
simulated by the so-called general method [11]. For a detailed analysis 
on the applicability of the approaches, the reader is referred to Refer
ences [27,38]. 

Case 3: Crushing in Interfaces vs Continuum. The final variation in this 
2D study using SLA (and additionally, the Force-Release method) is that 
of the smeared-crushing model that allows for compressive failure in the 
continuum elements instead of the interfaces as in the reference discrete- 
crushing model. This is done using the 2D orthogonal fixed smeared 
crush model with a simple bi-axial Rankine-type failure criterion for 
crush initiation in the continuum. The nonlinearity parameters for all 
elements are the same as those in Table 2, except that the continuum 
elements are provided the crushing parameters. Uniaxial parabolic 
hardening–softening curves, as in Fig. 3(c), are used but with the band 
width ripple, for both directions of the 2D crush set-up. The crushing is 
smeared over a bandwidth of ∼ 40 mm and the shear retention function 
is kept damage-based [36]. 

The force displacement evolution for the SLA pushover study using 
the smeared-crushing model is as shown in Fig. 14(a). The damage 
initiation with flexural failure, followed by the diagonal stepped cracks 
culminating in the toe crushing, as observed in the experiments and in 
the discrete-crushing model are captured well by the smeared-crushing 
model as well, refer Fig. 15. The evolution of the constant overburden 
load through the analysis is shown in Fig. 16 alongside a Force-Release 
simulation of the same model for comparison. Due to the good agree
ment with the Force-Release simulation, only the SLA results are 
deliberated hereon. 

The most noteworthy difference is that the post-peak response 
involving crushing of the toe is slightly more ductile in the case of the 
smeared-crushing model. To understand this, the evolution of eccentricity 
of the effective vertical reaction force with respect to the imposed 
displacement is analysed. The response of both models match up until an 
imposed displacement of around 2.5 mm, refer Fig. 14. Beyond this 
point, the inward motion of crushing zone towards the center of the wall 
is more drastic in case of the discrete-crushing model, denoted by 
parameter β in Fig. 14(b), which indicates complete crushing of the left 
most part of the toe (roughly half a brick length - Fig. 8). In accordance 
with Eq. (17), complete crushing also leads to total loss of shear stiffness 
in this toe region which results in the sliding out of the brick (Fig. 8). The 
crush zone thus effectively moves more inwards leading to an earlier 
collapse. However, in case of the smeared-crushing model, the smearing 
out of crushing into the continuum results in a more diffused damage 

Fig. 12. Force–displacement curves of the experiments compared against those of the SLA and the Force-Release simulations of the discrete-crushing model, and (b) 
the evolution of constant load of precompression during the simulations. 

Fig. 13. The deformed profile, and damage plots indicating tensile, shear and 
crushing failures for the pushover study of reference discrete-crushing model, 
with discrete cracking-shearing-crushing interfaces, using the Force-Release 
method at 2 mm and 4 mm prescribed lateral displacements. 
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Fig. 14. (a) SLA simulations of the discrete-crushing model, and the smeared-crushing model with compression nonlinearity smeared into the continuum, and (b) 
evolution of eccentricity of vertical reaction forces up to 4 mm horizontal displacement. 

Fig. 15. Damage plots indicating tensile, shear and crushing failures for the pushover study of the smeared-crushing model, with discrete cracking and shearing in 
interfaces while crushing is smeared in the continuum, using SLA at 2 mm, 4 mm and 6 mm prescribed lateral displacements. 
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zone near the toe region as seen in the plots of Fig. 15. This damage 
distribution helps delay the inward movement of the crush zone which is 
decisive for the onset of collapse. That aside, the damage is distinguished 

into primary and secondary crushing along the directions of the 
orthogonal fixed crush-coordinate system of an integration point, which 
is known to have locking issues, despite the use of a shear retention 

Fig. 16. Force–displacement curves of SLA and the Force-Release simulations of the smeared-crushing model, and (b) the evolution of constant load of precompression 
during the simulations. 

Fig. 17. Force–displacement curves of the experiments compared against those of the SLA for the 3D model, and (b) the evolution of constant load of precompression 
during the SLA simulation. 

Fig. 18. Force–displacement curves of the 2D and 3D SLA simulations, (b) 3D SLA simulations for varying values of user-specified shear displacement increment 
factors at and as. 

M. Pari et al.                                                                                                                                                                                                                                    



Engineering Structures 238 (2021) 112123

13

Fig. 19. Deformed profiles, and damage plots indicating tensile, shear and crushing failures for the pushover study of 3D Model using SLA at 2 mm and 4 mm 
prescribed lateral displacements. 
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function. There is also some amount of crushing at several locations 
along the diagonal, due to contact between bricks, which is not observed 
in the discrete-crushing model. The combined effect of these differences 
results in the slightly more ductile response of the smeared-crushing 
model. 

In conclusion, the relatively quicker inward displacement of the 
crush zone, due to the movement and rotation of the struts, sets off the 
global softening faster in the case of the reference discrete-crushing model 
as against the smeared-crushing model. The ductile response of the latter 
can be attributed to the larger diffused crush zone coupled with stress 
locking, which leads to the slower inward propagation of the crush zone, 
and also more inwards than in the case of the former. 

4.2. 3D planar interface micro-model 

Finite Element Model. The 3D model of the case study presented thus 
far is made in the same manner as the 2D model, with regard to the 
micro-modelling approach, and is therefore not depicted here owing to 
triviality. The differences are summarised as follows. The mortar joints 
and the brick–mortar interfaces are lumped together into zero-thickness 
4 + 4 noded planar interfaces with a 2 × 2 Newton–Cotes integration 
scheme. The extended bricks are modelled using 8 noded iso-parametric 
solid elements, all approximately 27.5 mm× 27.5 mm× 27.5 mm in 
size, with linear interpolation shape functions and a 2× 2× 2 Gaussian 
integration scheme. All DOFs along the bottom faces of wall are fully 
constrained, while the top face is prevented against any rotation. The 
nodes along the top face of the wall are given an initial vertical 
displacement 0.083 mm, which is the imposed displacement equivalent 
to an overburden pressure of 0.30 N/mm2. Subsequently, a lateral 
displacement is imposed on the top edge to simulate the lateral load. The 
presented planar interface composite interface formulation is the 
adopted constitutive model, and all head and bed joints are lumped with 
the nonlinearities of tensile cracking,crushing and shearing, with ma
terial parameters as shown in Tables 1,2. However, for the decoupled 
Coulomb friction failure mode, user specified discretisation factor of 
at = 0.075 and as = 0.075 for the specified relative shear displacement 
along the two shear directions, as in Eq. (22), are used as against at =

0.05 in the 2D analysis. Also, all saw-teeth discretisation factors for 
tensile and compressive ripple band relations are set to 0.2 whereas 
narrower ripple bands were used in the 2D analysis. The above 
mentioned changes in discretisation factors are made to avoid long 
computational times. 

Results & Discussion. Firstly, the SLA simulation of the 3D micro- 
model shows good qualitative agreement with the the 2D simulation 
of the reference discrete-crushing model (Fig. 18(a)), and the experi
mental responses of walls J4D and J5D as well (Fig. 17), both in terms of 
the peak loads and the global softening behaviour that leads to loss of 
lateral capacity. The deformed profile and damage propagation in the 
masonry are summarised for the SLA simulation of the 3D Model in 
Fig. 19 at 2 mm and 4 mm prescribed lateral top displacement d. The 
damage plots DmTeNN and DmCoNN indicate loss of normal stiffness 
due to cracking and crushing respectively. The DmTeSS and DmTeTT 
plots indicate loss of shear stiffness along the two shear directions, 
which are either due to sliding failures or the damaged based shear 
reduction due to the associated normal cracking/crushing. All damage 
plots herein range from 0 to 1 which refer to undamaged and fully 
damaged cases for the corresponding failure criteria. 

Similar to the 2D response, the wall firstly exhibits flexural failure 
which is visible as horizontal cracks along bed joints at the bottom-right 
and top-left corners of the wall. After the flexural cracks are fully 
developed, compressive strut action results in a staggered diagonal shear 
crack. This damage propagation includes both sliding failure along the 
bed joints, resulting in loss of both shear stiffnesses, and tensile cracking 
along head joints, resulting in loss of both normal and shear stiffnesses as 
is observed in the plots of Fig. 19. Although minor out-of-plane effects 

were seen along the staggered diagonal crack and also at the top edge of 
the wall, they are negligible. The case study, in principle, serves as a 
good starting case for 3D sliding problems and the proposed formulation 
shows good promise. Since the 2D formulation has been shown to work 
equally well with both SLA and Force-Release methods, 3D formulation 
is shown here only with SLA although the Force-Release simulation 
should be possible in principle. 

One key aspect of simulating sliding problems using SLA is the effect 
of the user-specified shear displacement increment factors at or as (Eq. 
(22)) on the shear capacity. It is most likely that only one of the two has a 
substantial influence in the present case study since shearing will be 
dominant in only one direction. However, it is possible in principle to 
change them both simultaneously. Furthermore, it was noted previously 
that the curves become less smooth upon increasing values of these 
factors, but that the peak capacity and post-peak behavior were 
convergent for moderately large values [8]. However, it is found in a 
sensitivity study for these factors that the effect is important for sliding 
problems. It is clear from Fig. 18(b), that values such as at = as = 0.5 or 
0.25 result in quicker loss of the mobilised cohesion and lower dissi
pation of energy. This is because the update in stiffness is rather drastic 
leading to larger plastic shear displacements than based on the predic
tion as in Eq. (22), and it is therefore recommended to use this factor 
appropriately. 

5. Concluding remarks 

This article proposes a discretised multi-surface failure model for 
interfaces, enabling cracking, crushing and shearing failure possibilities 
typical of mechanisms in masonry. This makes it possible to analyse 
masonry components using sequentially linear methods, in combination 
with the micro-modelling approach, until full collapse in a robust 
manner. The constitutive model is presented for both line (2D) and 
planar interfaces (3D) with regard to determining critical load multiplier 
and the mode of stiffness update. The model is summarised as follows:  

• Shear failure is described by the uncoupled Coulomb friction 
formulation, allowing for cohesion softening, and updating the shear 
stiffness based on specified shear relative displacement increments.  

• Discrete cracking is initiated by a tension cut-off criterion coupled 
with a uniaxial tension softening saw-tooth law.  

• Crushing is initiated by a compression cut-off criterion coupled with 
a hardening–softening saw-tooth law. 

The formulations are then validated using a benchmark study of a 
pushover analysis on a solid clay brick masonry wall. The wall is first 
subject to precompression followed by an imposed monotonic lateral 
displacement, resulting in a diagonal shear failure typical of squat ma
sonry walls. This benchmark is simulated using both 2D and 3D models, 
and the results of both compare well to the experiments. Firstly, the 
agreement between the SLA simulation and the experiment is good with 
regard to the force–displacement relation and the damage patterns. Toe 
crushing is captured adequately which leads up to the inward movement 
of the crush zone, in turn due to the inward movement and rotation of 
two parallel struts, and results eventually in a brittle failure. Secondly, 
the non-proportional loading strategy used in SLA works well for the 
presented case leading up to true-collapse. The constitutive formulation 
works adequately in combination with the incremental Force-Release 
method as well. Furthermore, the lack of dilatancy in the Coulomb 
friction formulation does not seem to affect the force displacement re
lations, although the development of vertical reaction forces are adrift of 
those from the experiment, both in magnitude and in terms of eccen
tricity. Nevertheless, there is scope to improve the performance of the 
proposed composite interface formulation, for e.g. by using a compres
sion criterion as in the traditional elliptical cap model proposed by 
Lourenco [3,4]. 

With regard to the sequentially linear approach in general, several 
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extensions can still be made to extend its applicability mainly in relation 
to loading or stress history related nonlinear problems. Firstly, the 
approach is currently being used for monotonic applications. Cyclic 
loading studies are possible in an incremental approach with non-secant 
saw-tooth laws [38], and also additionally require a stress-reversal al
gorithm [39,38], but these are yet to be investigated. Secondly, the 
approach needs to be extended to large-deformation applications i.e for 
geometric nonlinear cases. Thirdly, the suitability of the incremental 
sequentially linear approaches for plasticity based problems needs to be 
further explored. 
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