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Summary

Modern engineering design often relies on optimisation, yet the computationally expensive High Fidelity

(HF) analysis tools involved make direct optimisation computationally costly. Surrogate-Based Optimi-

sation (SBO) mitigates this by generating a cheap surrogate from a limited set of training data. This

surrogate is refined during the optimisation process by selecting infill points using an infill strategy. Two

established ways of reducing the wall-clock time of an SBO run are utilising a Multi-Fidelity (MF) infill

strategy, which uses cheaper but less accurate analysis tools, and Multi-Point (MP) infill strategies,

which evaluate several infill points concurrently. Both approaches have been studied extensively in

isolation, but their combination has received less attention, even though it may offer further performance

improvements.

This thesis investigates the performance of a combined MP MF infill strategy. The proposed method

combines an asynchronous MP infill strategy based on the scheme of Przysowa et al. with the MF

Two-Step infill strategy by Garbo et al. The Two-Step strategy first selects the new sample location

on the HF surrogate of a Hierarchical Kriging (HK) model. Using a Jensen-Shannon distance (JSd)

threshold, the fidelity to be sampled is then selected as the cheapest one deemed sufficiently accurate.

The proposed strategy was benchmarked on eleven two-fidelity numerical test functions, and compared

against the baseline Single-Point (SP) Single-Fidelity (SF) Expected Improvement (EI) infill strategy,

and the implemented MP and MF strategies separately, using the Expected Runtime (ERT) as the

performance metric.

The asynchronous SF MP strategy achieved a statistically significant reduction in ERT of 72.7% over the

baseline. The MF aspect, however, degraded performance compared to the SF equivalent, contrary to

the hypothesis. This degradation was attributed to the addition of redundant Low Fidelity (LF) samples

near the optimum, resulting from reselecting the sample location based on the residual variance of the

HK surrogate model. By testing a set of eleven LF functions for the Forrester function, this behaviour

was shown to be structural, rather than the result of the LF formulation; the decrease in performance was

observed across the whole set. The hypothesis is therefore only partially confirmed: the asynchronous

MP strategy delivers a significant reduction in wall-clock time, while the addition of MF partially offsets

this performance gain. Dynamically adapting the fidelity-selection threshold during the optimisation, or

substituting a different MF criterion, are identified as the most promising routes to realising the potential

combined benefit.
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1
Introduction

In the design of a modern system, optimisation is often involved. For example, the minimisation of fuel

burn for an aircraft or the minimisation of the weight of a structure. These optimisation problems often

require the use of computationally expensive analysis tools. Utilising these tools in gradient-based

optimisation algorithms can lead to extensive computation times as the optimiser requires the analysis

tool to be run for a large number of points.

Reducing the computational cost and wall-clock time of these optimisations has been the goal of several

studies [2], [3], [4]. One way to reduce this cost is to utilise Surrogate-Based Optimisation (SBO). These

SBO solvers sample a significantly smaller number of points, as a surrogate is built from the data points

on which the optimum is determined. Since this surrogate is cheap to evaluate, the optimum of this

surrogate can be found easily using one of a plethora of optimisation algorithms.

Throughout the optimisation process this surrogate is updated by adding sample points evaluated using

the expensive function. The location of these infill points is selected using an infill strategy that selects

a point that improves the surrogate’s optimality or ensures the surrogate is accurate in a region of

interest. A commonly used SBO algorithm is Efficient Global Optimisation (EGO) using the Expected

Improvement (EI) strategy on a Kriging (KRG) surrogate model (also called Gaussian process) [5],

[6]. This surrogate model can, in addition to the expected value at a point, also return the variance

of the prediction at this point. This variance is used in the EI infill criterion, which selects the new

sample location by maximising the expected improvement of the optimum, balancing exploration and

exploitation.

Studies aiming to improve the performance of these SBO algorithms can do so by changing the infill

criterion. Improving the performance remains the goal of recent research. Two distinct approaches have

been shown to reduce the optimisation wall-clock time, namely multi-fidelity or multi-point infill strategies

[2], [7], [8]. The first utilises the multiple fidelities available to analysis tools. For example, using a

coarse and fine mesh for a computational fluid dynamics solver. The Low Fidelity (LF) function will have

a lower computational cost, but at the expense of the accuracy of the sampled points. This allows the

optimiser to include more LF points, which can show the trend of the High Fidelity (HF) functions, which

is updated with the difference between the LF and HF functions, aiming to have an accurate prediction

of the HF function.

The second method utilises the increase in computational power by utilising multiple processors to

sample multiple new points in the same iteration, increasing the data added to the surrogate for every

iteration without an increase in wall-clock time.

Both methods have been shown to reduce the wall-clock time required for an SBO optimisation while

converging to the optimum [2], [7], [8].

To the author’s knowledge, the combination of multi-fidelity and multi-point algorithms has not been

investigated thoroughly, potentially giving way to a further reduction in wall-clock time. Therefore, the

aim of this MSc thesis is to investigate the performance change enabled by utilising a Multi-Point (MP)

Multi-Fidelity (MF) infill strategy.

1
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This was attempted by combining an existing multi-fidelity and multi-point algorithm, after which the

combined infill strategy was tested on a set of 11 numerical test functions, comparing the results against

the combined infill strategy alone and against the commonly used single-point single-fidelity EI infill

strategy.

Following these numerical test functions, a set of varying LF functions for the Forrester function was

investigated to get a better insight into the multi-fidelity aspect of the proposed infill strategy.

First, the notation used in this thesis is introduced in chapter 2, followed by an overview of the current

literature on the topic of SBO in chapter 3. Next, the potential performance gains, along with the

corresponding research question and hypothesis, are discussed in chapter 4. This chapter also

introduces the proposed combined infill strategy. Next, the verification of the implementation is discussed

in chapter 5. This is followed by the experimental setup in chapter 6, after which the results of the

numerical test functions and the varying LF Forrester functions are presented in chapter 7 and chapter 8

respectively. Lastly, the discussion on the results is outlined in chapter 9, concluding with the conclusion

in chapter 10.
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Notation

In this thesis, bold font is used to represent vectors and matrices. Matrices will be denoted with capi-

talised symbols, such as 𝐗, while vectors will use lowercase letters, such as 𝐱.

A specific element in a vector is indicated with a subscript 𝑖, for example, 𝑥𝑖. For matrices, subscripts
𝑖 and 𝑗 are used, where 𝑥𝑖,𝑗 represents the entry in the 𝑖th row and the 𝑗th column. Additionally, the
subscript 𝑘 will be used to denote the iteration number.

Sample points will have a superscript to indicate their respective sample point numbers. For example,

𝐱1 represents the first sample point in the sample set 𝐗 = [𝐱1, … , 𝐱𝑁].

Functions will be denoted with lowercase letters, such as 𝑓 (𝐱). If a function is a surrogate approximation,
this will be indicated with a hat, as in ̂𝑓 (𝐱).

Optimum values will be indicated with a superscript asterisk, such as 𝑥∗.

3
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Literature Review

This chapter introduces optimisation and Surrogate-Based Optimisation (SBO), focusing on Multi-Fidelity

(MF) and Multi-Point (MP) infill strategies. It begins by briefly introducing optimisation and SBO in

section 3.1, followed by a discussion of common surrogate modelling techniques and infill strategies in

section 3.2. Next, the chapter explores MF SBO and the current techniques, in section 3.3, with a set of

the corresponding MF infill strategies presented in section 3.4. Finally, the current methods employed

in MP infill strategies are introduced in section 3.5. Next, a possible improvement to the strategies is

discussed in section 3.6. The chapter is concluded with the concluding remarks in section 3.7. The goal

of the discussion in this chapter is to provide an overview of the state-of-the-art methods used in MP

and MF infill strategies.

3.1. Optimisation
Originally, engineering design was performed using hand-based calculations in a trial-and-error method

to determine the best combination of possible design parameters to find the optimum design. This

process has since evolved to be performed using computer-based numerical algorithms. However,

the general process is the same: From an initial guess, the optimisation process is started, in which

parameters are altered to ultimately find the optimum combination for a given objective to be optimised.

This objective can be cost, structural weight, a performance metric or any other parameter.

The development of optimisation algorithms replaced the trial-and-error method, speeding up the optimi-

sation process and enabling the solution of problems of increasing complexity. Numerical optimisation

first emerged in operations research and was subsequently applied to many other fields where numerical

optimisation problems arise, including engineering. This optimisation process can be used in any of the

iterative loops in the inherently iterative design process. This first requires the correct formulation of the

optimisation and its constraints [6], [9]. This leads to the following general formulation of an optimisation

problem:
min 𝑓(𝐱),

s.t. 𝐱𝑙 ≤ 𝐱𝑖 ≤ 𝐱𝑢,
𝑔𝑗(𝐱) ≤ 0, 𝑗 = 1, … , 𝑚,
ℎ𝑗(𝐱) = 0, 𝑗 = 1, … , 𝑝.

(3.1)

In which 𝑓 (𝐱) is the function to optimise, 𝐱 = {𝑥1, 𝑥2, … , 𝑥𝑛}
𝑇
is the design vector with scalar entries 𝑥𝑛.

This is subject to limits to the design vector; 𝑥𝑙 and 𝑥𝑢 are the lower and upper limits, respectively. In
addition, the optimisation can be subject to inequality and equality constraints; 𝑔𝑗 (𝐱) and ℎ𝑗 (𝐱).

3.2. Surrogate-Based Optimisation
In engineering optimisation, computationally expensive analysis tools, such as Computational Fluid

Dynamics (CFD) simulations or Finite Element Method (FEM) analyses, are often used. Utilising these

tools can result in computationally costly optimisation problems. An optimisation technique that tries to

4
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reduce the computational cost is SBO.

In SBO, the optimisation is performed using a surrogate in place of one or several disciplines or part of

the optimisation process, or the optimisation is performed on a surrogate constructed from the objective

and constraints. These surrogates are created using sampling points from the optimisation or the

expensive discipline. In both cases, commonly, additional points are added to the set of sampling

points with which the surrogate is updated; these so-called infill points improve the accuracy of the

surrogate. This results in the generalised SBO workflow as illustrated in Figure 3.1. As a result of using

the surrogate, which is less expensive to evaluate, in the optimisation process, the clock time for the

complete optimisation process can be reduced.

Figure 3.1: The generalised workflow of a SBO problem.

3.2.1. When to use Surrogate-Based Optimisation
Using an SBO algorithm can thus reduce the computational cost of an optimisation. However, not all

problems can benefit from an SBO over directly solving the optimisation problem. A case in which

an SBO can improve the performance is when the required number of expensive function evaluations

to generate the surrogate is lower than the number of evaluations to solve the optimisation problem

directly.

Another possible use of SBO is when the optimisation involves noisy models, such as experimental data.

This noisy data can be smoothed in the surrogate, possibly improving the performance of gradient-based

optimisation methods [6]. Another advantage of using SBO for experimental (and other discrete) data

is the ability to create a continuous surrogate from discrete data points. Lastly, data from several

sources can be combined in a single surrogate. For example, a surrogate can be made with more

readily available numerical results, after which the surrogate is corrected using a (small) number of

experimental data points.

3.2.2. Surrogate Generation
Several methods for surrogate construction exist. All methods begin with the selection of initial sampling

points, which is often done using Latin Hypercube Sampling (LHS).

After the selection of the initial points, the surrogate is constructed from the training data: (𝐱𝑖, 𝑦𝑖), where
𝐱(𝑖) is the input vector and 𝑦(𝑖) is the corresponding output, using interpolation or regression. The use
of either of these methods is determined by the data used to fit the surrogate. Interpolation builds a

surrogate that exactly matches the data, while regression minimises the error between a smooth trend

function and the training data.

Interpolation can be helpful for highly modal, non-noisy data, as a regression model would smooth out

variations in the data. This smoothing of the regression model makes it suitable for noisy data, as it will not

attempt to fit the exact data points, unlike an interpolation model, which can reduce unwanted oscillations.

One of the simplest surrogates is a polynomial model, also known as a polynomial response surface

model. The general form of which is:

̂𝑓 (𝐱) = 𝑤0 +
𝑚

∑
𝑖=1

𝑤𝑖𝐱𝑖 +
𝑚

∑
𝑖=1

𝑚

∑
𝑗≥𝑖

𝑤𝑖𝑗𝐱𝑖𝐱𝑗 + … + 𝜖. (3.2)
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With 𝜖 the statistical error, 𝐱𝑖, the 𝑖-th entry in the 𝑚-dimensional predictor and 𝑤0, 𝑤𝑖, 𝑤𝑖𝑗 are the weight
coefficients to be determined in the training process. The weight coefficients can be found by solving a

least-squares problem. After this, the trained model can be used to make predictions of the estimated

function. Note that this estimator can be used outside of the training data. These points are estimated

using extrapolation, which might return inaccurate results.

The approximation method essentially is a Taylor series expansion of 𝑓 (𝐱), truncated at 𝑚 terms,

suggesting that adding terms will improve the approximation. However, the increased number of terms

increases the model’s flexibility, which in turn increases the chance of overfitting and an excessively

’snaking’ polynomial, thereby reducing generalisation. Herein lies one of the shortcomings of this model,

since polynomials can not represent highly nonlinear relations [5], [6].

More advanced surrogate models are available. Two commonly used methods are based on Radial

Basis Function (RBF) and Kriging (KRG). These methods are discussed in detail below.

Radial Basis Function
A commonly used surrogate in multiple fields is one based on RBFs; these models show good flexibility,

simple structures, relatively few calculations, and high efficiency [5], [10]. A radial function is a function

that has the Euclidean distance between the sample point and the point to be measured as the indepen-

dent variable. Using a superposition of these radial functions as the basis functions results in an RBF

model.

With noise-free data, an interpolating RBF model can be used. Such an RBF model is constructed

with Equation (3.3), given a set of 𝑛 sample points with 𝐗 = {𝐱𝟏, … , 𝐱𝐧}
𝑇
and corresponding output

𝐘 = {𝑦1, … , 𝑦𝑛}
𝑇
.

̂𝑓 (𝐱) =
𝑛

∑
𝑖=1

𝑤𝑖 ⋅ 𝜙 (𝑟𝑖) = 𝐖𝐓𝚽. (3.3)

In this equation, 𝐖 are the weight coefficients and 𝜙 (𝑟) is a radial function. 𝑟𝑖 is the Euclidean distance
between point 𝐱, the point to be measured, and the sample point, 𝐱𝐢 or ||𝐱 − 𝐱𝐢||. Since the model uses
interpolation, it holds that the prediction at a sample point is equal to the sampled value, thus:

̂𝑓 (𝐱𝑗) = 𝑦𝑗 where 𝑗 = 1, 2, … , 𝑛. (3.4)

From Equation (3.3) it can be seen that the RBF approximation is linear in the weight coefficients 𝑤, but
the predictor ̂𝑓 can express nonlinear responses. Combining Equation (3.3) and Equation (3.4) yields

Equation (3.5).

⎛
⎜
⎜
⎝

𝑦1

⋮
𝑦𝑛

⎞
⎟
⎟
⎠

=
⎛
⎜
⎜
⎝

𝜙 (||𝐱1 − 𝐱1||) … 𝜙 (||𝐱1 − 𝐱𝑛||)
⋮ ⋮ ⋮

𝜙 (||𝐱𝑛 − 𝐱1||) … 𝜙 (||𝐱𝑛 − 𝐱𝑛||)

⎞
⎟
⎟
⎠

⋅
⎛
⎜
⎜
⎝

𝑤1
⋮

𝑤𝑛

⎞
⎟
⎟
⎠

(3.5)

or

𝐘 = 𝚽 ⋅ 𝐖. (3.6)

The weight coefficients can subsequently be calculated using Equation (3.7), given that the Gram matrix,

𝚽 is non-singular [5], [10]:

𝐖 = 𝚽−1𝐘. (3.7)

The behaviour of the approximation depends on the radial basis function chosen; several commonly used

functions are tabulated in Table 3.1. In this table, the last four basis functions introduce an additional

parameter to be estimated, 𝑐, improving the model’s generalisation properties. This parameter is usually
considered constant for all basis functions. It can, however, also be varied between the basis functions;

this is, for example, done when using a KRG basis function (discussed later) [10].

For a multi-quadratic basis function, the estimation will show characteristics of global estimation, while

using a Gaussian or inverse multi-quadratic function, the model will show local estimation characteristics

caused by the influence of the radial function [5].

It can be shown that, under certain conditions, using a Gaussian or inverse multi-quadratic basis function

yields a positive definite Gram matrix. This ensures the weight coefficients can be safely computed using
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Table 3.1: Commonly used radial functions in RBF models [5], [10].

Function name Function

Linear 𝜙 (𝑟) = 𝑟
Cubic 𝜙 (𝑟) = 𝑟3

Thin-plate splines function 𝜙 (𝑟) = 𝑟
𝑐2 ln(

𝑟
𝑐 ), with 𝑐 > 0

Gaussian function 𝜙 (𝑟) = exp(
−𝑟2

2𝑐2 ), with 𝑐 > 0

Multi-quadratic function 𝜙 (𝑟) = √𝑟2 + 𝑐2, with 𝑐 > 0
Inverse multi-quadratic function 𝜙 (𝑟) = 1

√𝑟2+𝑐2
, with 𝑐 > 0

Cholesky factorisation [10]. As discussed in [11], [12], [13], these conditions are the following: First, it is

required that 𝑐 > 0 as it is shown that with this condition the Gaussian and inverse multi-quadratic kernel
functions are strictly positive definite on ℝ𝑑 for any dimension 𝑑 ≥ 1. Secondly, it is required that all
points 𝑥𝑖 are distinct. Both conditions result in a full rank 𝚽, allowing the use of Cholesky factorisation.

The last condition thus requires the sampling points in 𝐗 to be distinct and not in very close proxim-

ity, as this can cause ill-conditioning, which will result in failing to compute the weight coefficients.

This can become a concern for clusters of infill points in areas of interest in optimisation. In general,

this does not pose a problem in the set of initial sample points, if a space-filling sampling plan is used [10].

This is one of the reasons the Gaussian function is the most commonly used basis function in RBF

models [5], and results in the following RBF model:

̂𝑓 (𝐱) =
𝑛

∑
𝑖=1

𝑤𝑖 exp
⎛
⎜
⎝

− (𝑟𝑖)
2

𝑐2
⎞
⎟
⎠
, with 𝑐 > 0. (3.8)

Kriging
Another commonly used surrogate modelling technique is KRG, also called Gaussian process (interpola-

tion) [6]. This technique exhibits a similarity with RBF models, specifically that under certain conditions,

KRG can be shown to be an RBF model with a basis function (as given in Equation (3.9)) similar to the

Gaussian function (listed in Table 3.1).

𝜙 (𝑟𝑖) = exp
⎛
⎜
⎝
−

𝑘

∑
𝑗=1

𝜃𝑗|𝐱𝑖
𝑗 − 𝐱𝑗|

𝑝𝑗
⎞
⎟
⎠
. (3.9)

The first difference between the basis functions is that the KRG basis function allows the width of the

basis function to vary. This is controlled by the vector 𝜽 = {𝜃1, 𝜃2, … , 𝜃𝑘}
𝑇
, this parameter is fixed in the

Gaussian basis function at
1
𝑐2 . This parameter defines how far the influence of the sample point extends.

A low value indicates that all points have a strong correlation, whereas a large value suggests that the

closer sample points will have a greater effect. This effect is visualised in Figure 3.2a. Additionally,

examining the 𝜃 values for all parameters can provide insight into which parameters are the most

important in a design space. This is demonstrated in the example in [10], where a set of measurements

of a car’s acceleration is introduced, with three variables.

• 𝑥1: The colour of the car.

• 𝑥2: The engine position (for, mid, aft).

• 𝑥3: The engine size.

This results in 𝜃1 < 𝜃2 < 𝜃3, which is intuitively correct, since the car’s colour does not affect the

acceleration and therefore has a small influence factor. The engine position has a greater effect on

acceleration, but not as significant as the engine size.

The other parameter that is different in the KRG basis function from the Gaussian basis function is the
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variable exponent 𝑝𝑗, which typically is 𝑝𝑗 ∈ [1, 2]. The parameter affects the smoothness of the function.
With a value of 2, which is the fixed value for a Gaussian basis function, the function is smooth. The
function gets increasingly less smooth for lower values of 𝑝𝑗, resulting in almost no correlation between
two points for a low value of 𝑝. This effect is visualised in Figure 3.2b [6], [10].
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(a) The effect of the variable 𝜃𝑗 on the value of the KRG function.
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(b) The effect of the variable 𝑝𝑗 on the value of the KRG function.

Figure 3.2: The effect of the variable 𝜃𝑗 and 𝑝𝑗 in the KRG basis function.

The KRG surrogate method has been popular in engineering and optimisation for several reasons.

First, the model can be an interpolating model, which is required when using deterministic simulations.

Secondly, the method can be adapted to use noisy data by introducing an error term, thereby effectively

using a regression model. Next, the method demonstrates good adaptability to most function types,

enabling the process to be applied to fit black-box functions whose intrinsic properties are unknown.

Another advantage of the method is that it can be used to integrate data from various stages, due to

the probabilistic nature of the modelling technique. Lastly, the prediction errors can be estimated at

prediction points [5].

Determining the KRG predictor starts with the following KRG statistical model [6], [10]:

̂𝑓 (𝐱) = 𝜇 (𝐱) + 𝑍 (𝐱) , where 𝑍 (𝐱) ∼ 𝒩 (0, 𝜎2) . (3.10)

In this formula, 𝜇 (𝐱) captures some of the function’s behaviour. This can be a function of 𝐱. However,
most models consider this to be constant, as the random variable, 𝑍 (𝐱), can capture the function’s
behaviour. The exact form of this error term, 𝑍 (𝐱), is unknown. However, a reasonable assumption can
be made about it.

Given two points, 𝐱𝑖 and 𝐱𝑗, with corresponding 𝑍 (𝐱𝑖) and 𝑍 (𝐱𝑗). It is assumed that the correlation
between 𝑍 (𝐱𝑖) and 𝑍 (𝐱𝑗) is a function of the distance between the two points. Since, intuitively if 𝐱
is close to 𝐱𝑗 it is expected that 𝑍 (𝐱𝑖) is close to 𝑍 (𝐱𝑗). This correlation is assumed to be a kernel
function, of which the most commonly used function is the basis function Equation (3.9), resulting in the

following kernel, which models continuous functions:

𝐾 (𝐱𝑖, 𝐱𝑗) = corr (𝑍 (𝐱𝑖) , 𝑍 (𝐱𝑗)) = exp
⎛
⎜
⎝
−

𝑛𝑑

∑
𝑙=1

𝜃𝑙|𝐱𝑖
𝑙 − 𝐱𝑗

𝑙 |
𝑝⎞
⎟
⎠
. (3.11)

The next step in determining the KRG estimator is to determine the statistical model parameters, 𝜇, 𝜎2,
𝜽, and 𝐩. This is done using the following likelihood function:

𝐿 (𝜇, 𝜎, 𝜽, 𝐩) = 1

(2𝜋)
𝑛𝑠
2 𝜎𝑛𝑠|𝚿|

1
2

exp [−
(𝐘 − 𝐞𝜇)𝑇 𝚿−1 (𝐘 − 𝐞𝜇)

2𝜎2 ]. (3.12)

In which 𝚿 is the 𝑛 × 𝑛 correlation matrix of all the data using the kernel function and 𝐘 are the function

values of the sample points. The parameters need to be determined so that they maximise this likelihood
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function. 𝜇 and 𝜎 can be determined analytically, by first taking the natural logarithm of Equation (3.12),

resulting in:

ln𝐿 = −𝑛
2
ln 2𝜋 − 𝑛

2
ln 𝜎2 − 1

2
ln |𝚿| −

(𝐘 − 𝐞𝜇)𝑇 𝚿−1 (𝐘 − 𝐞𝜇)
2𝜎2 . (3.13)

By setting the derivates with respect to 𝜇 and 𝜎 to 0, results in the following optimal values:

𝜇∗ = 𝐞𝑇𝚿−1𝐘
𝐞𝑇𝚿−1𝐞

, (3.14)

(𝜎∗)
2 = (𝐘 − 𝐞𝜇∗)

𝑇 𝚿−1 (𝐘 − 𝐞𝜇∗)
𝑛𝑠

. (3.15)

Substituting these optimal values back in Equation (3.13) results in the concentrated likelihood function

Equation (3.16).

ln (𝐿) − 𝑛
2
ln((𝜎∗)

2
) − 1

2
ln |𝚿|. (3.16)

This concentrated likelihood function depends only on the kernel functions, thus only on the unknown

values 𝜽 and 𝐩. However, the values for which Equation (3.16) is maximised can not be determined
analytically, thus, they are determined using a numerical optimisation technique. Typically, the best

values are determined using a global search method, such as a genetic algorithm or simulated annealing.

As illustrated in Figure 3.2a, the difference in the plot for 𝜃 = 0.1 and 𝜃 = 1 is similar to the difference for
𝜃 = 1 and 𝜃 = 10, thus often the search for 𝜃∗ is done using a logarithmic scale.
The last part of the KRG surrogate method determines the KRG predictor, which is used to make

predictions at new points. There are many ways to derive this predictor, one of which involves finding

the function value ̂𝑦𝑝 at the prediction point 𝐱𝑝 that is most consistent with the behaviour of the function

depicted by the KRG model. This is done by first adding the artificial point (𝐱𝑝, ̂𝑦𝑝) to the training

data. The resulting training data is 𝐘̄ = (Y, ̂𝑦𝑝). This turns the likelihood function with the fitted KRG
parameters into a function of ̂𝑦𝑝. Therefore, the value of ̂𝑦𝑝 that maximises this likelihood is the prediction
for the function. This optimisation process has a closed-form solution, whose corresponding formula is

the KRG predictor.

The derivation starts by defining a vector of correlations between the observed data and the new predic-

tion and an augmented correlation matrix, shown in Equation (3.17) and Equation (3.18) respectively.

𝝍 =
⎛
⎜
⎜
⎝

cor [𝑍 (𝐱1) , 𝑍 (𝐱)]
⋮

cor [𝑍 (𝐱𝑛) , 𝑍 (𝐱)]

⎞
⎟
⎟
⎠

=
⎛
⎜
⎜
⎝

𝜓1

⋮
𝜓𝑛

⎞
⎟
⎟
⎠

, (3.17)

𝚿̃ = [
𝚿 𝝍
𝝍𝑇 1] . (3.18)

The last entry in the augmented correlation matrix is 1; this is a continuation of the leading diagonal in 𝚿,

which is the correlation between a point and itself. Thus where |𝐱𝑖 − 𝐱𝑖| = 0 and cor [𝑍 (𝐱𝑖) , 𝑍 (𝐱𝑖)] = 1.
Using the augmented vectors, the ln-likelihood is Equation (3.19). In which 𝐞𝜇 represents the expected

value of the random variables 𝑍1, … , 𝑍2, which is equal to [1, … , 1]𝑇 𝜇.

ln (𝐿) = −
𝑛𝑠
2
ln (2𝜋) −

𝑛𝑠
2
ln (𝜎∗2) − 1

2
ln |𝚿̃| − (𝐘̄ − 𝐞𝜇∗)

𝑇 𝚿̃−1 (𝐘̄ − 𝐞𝜇∗)
2𝜎∗2 . (3.19)

Since only the last term is dependent on ̂𝑦𝑝, the other parts can be omitted, leading to the following
maximisation problem:

max
̂𝑦𝑝

ln (𝐿) = −(𝐘̄ − 𝐞𝜇∗)
𝑇 𝚿̃ (𝐘̄ − 𝐞𝜇∗)
2𝜎∗2 . (3.20)

Which can be solved analytically, resulting in the mean value of the KRG prediction;

̂𝑓 (𝐱) = 𝜇∗ + 𝝍𝑇𝚿−1 (𝐘̄ − 𝐞𝜇∗) . (3.21)
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With a mean square error of;

̂𝑠 = 𝜎∗2 ⎡⎢⎢⎣
1 − 𝝍𝑇𝚿−1𝝍 + (1 − 𝝍𝑇𝚿−1𝐞)

2

𝐞𝑇𝚿−1𝐞
⎤⎥⎥⎦

. (3.22)

The KRG algorithm discussed is an interpolating algorithm; this can be adapted to a regression algorithm

by adapting the correlation matrix as follows;

𝚿𝑟𝑒𝑔 = 𝚿 + 𝜏𝐈 with 𝜏 > 0. (3.23)

This change introduces a constant along the diagonal, resulting in a model that does not perfectly

correlate with the sample points, requiring an additional parameter to be estimated. This change is often

adopted in interpolatory KRG models, where 𝜏 is set to near machine precision to ensure the correlation
matrix is invertible.

The accuracy of the prediction can be improved by including the gradients of the training data; this

approach is known as Gradient-Enhanced Kriging (GEK). The methodology is essentially the same

as previously discussed, but the observed outputs have been altered. This vector now includes the

gradients of the sample points, resulting in Equation (3.24), with a length of 𝑛𝑠 + 𝑛𝑠𝑛𝑑, in which 𝑛𝑑 is the
dimension of 𝐱.

𝐲GEK =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑦1
⋮

𝑦𝑛𝑠
∇𝑦1

⋮
∇𝑦𝑛𝑠

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (3.24)

In addition, the mean vector 𝐞𝜇 needs to be adapted to include the expected values of ∇𝑍𝑖, which are all
equal to 0. This results in 𝐞𝐺𝐸𝐾 = [1, … , 1, 0, … , 0], with the first 𝑛𝑠 entries equal to 1 and the remaining
entries set to 0.
Lastly, the correlation matrix 𝝍 and augmented correlation matrix 𝚿 are adapted to include the corre-

lations between function values and gradients, between gradients and function values, and between

gradients, as given in Equation (3.25). These adaptations also reveal the downside of GEK compared

to simple KRG: the correlation matrix grows more rapidly with an increase in the problem dimension

and/or the number of sample points.

cor (𝑍 (𝐱𝑖) , 𝑍 (𝐱𝑗)) = 𝑍 (𝐱𝑖, 𝐱𝑗) ,

cor
⎛
⎜
⎝
𝑍 (𝐱𝑖) ,

𝜕𝑍 (𝐱𝑗)
𝜕𝐱𝑙

⎞
⎟
⎠

=
𝜕𝑍 (𝐱𝑖, 𝐱𝑗)

𝜕𝐱𝑗
𝑙

,

cor
⎛
⎜
⎝

𝜕𝑍 (𝐱𝑖)
𝜕𝐱𝑙

, 𝑍 (𝐱𝑗)
⎞
⎟
⎠

=
𝜕𝑍 (𝐱𝑖, 𝐱𝑗)

𝜕𝐱𝑖
𝑙

,

cor
⎛
⎜
⎝

𝜕𝑍 (𝐱𝑖)
𝜕𝐱𝑙

,
𝜕𝑍 (𝐱𝑗)

𝜕𝐱𝑙

⎞
⎟
⎠

=
𝜕2𝑍 (𝐱𝑖, 𝐱𝑗)

𝜕𝐱𝑖
𝑙𝜕𝐱𝑗

𝑙

.

(3.25)

Using the updated variables Equation (3.21) and Equation (3.22) can be used as the predictors. This

algorithm for GEK is discussed in more detail in [6].

An example of the resulting predictions is illustrated in Figure 3.3; in this figure, the improvement of GEK

is seen compared to simple KRG by the prediction of the function as well as the reduced uncertainty of

the predictions.

3.2.3. Optimisation and Infill Strategies
Once the initial surrogate is generated, the next steps in the optimisation process outlined in Figure 3.1

are the optimisation and updating of the surrogate. This optimisation is not performed on the objective

function 𝑓, but on the surrogate ̂𝑓. During the design process, new points are commonly added to the
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(a) The resulting simple KRG prediction.
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(b) The resulting GEK prediction.

Figure 3.3: The difference in prediction between simple KRG and GEK.

surrogate; these points are referred to as infill points, and with the addition of the latest point(s), the

surrogate is updated. The selection of these infill points is based on an infill strategy that can utilise one

of two approaches: exploitation and exploration.

Exploitation uses the current surrogate’s optimum as the infill point. This point can be found using any

optimisation algorithm. This approach locally updates the surrogate at the region of interest, where the

current optimum is found. However, this region may not be the true optimum for highly modal functions,

which could result in the found optimum being a local one.

The other approach is exploration, which focuses on discovering new regions of interest. A combination

of both methods is often used in combination with KRG, where the uncertainty of the prediction can be

estimated [2], [6], [14].

Probability of Improvement
An infill strategy that utilises the uncertainty provided by a KRG surrogate is Probability of Improvement

(PoI). This infill strategy gives the probability that a value is improved upon, given the surrogate estimate

and uncertainty. This value to improve upon has an offset from the current best value, 𝑇 < 𝑓𝑚𝑖𝑛. The
PoI is defined as:

PoI = Φ (
𝑇 − ̂𝑓 (𝐱)

̂𝑠 (𝐱) ) . (3.26)

In Equation (3.26) Φ is the normal cumulative distribution function.

The behaviour of this infill strategy is heavily dependent on the choice of 𝑇. If this improvement is too
small, the search will be highly local to the current best optimum. Likewise, if the improvement is set to

a large value, the search will be mostly explorative. Two solutions are proposed; the first is to evaluate

the PoI infill strategy for several values of 𝑇 during every iteration and select the best infill point from the

multiple points proposed. The second solution led to the Efficient Global Optimisation (EGO) algorithm

with an Expected Improvement (EI) infill strategy [15], [16], [17].

Efficient Global Optimisation with Expected Improvement
EGO with EI is a Bayesian optimisation approach that balances exploitation and exploration, requiring

the surrogate to provide estimates for uncertainty. This approach aims to sample new points at the

point where the expected improvement is highest. This does not mean that the point is sampled at the

point where the uncertainty is highest, as this might be far from the region of interest. This thus results

in Equation (3.27) for a probability distribution with the optimum at 𝑓 ∗ = 𝑓 (𝐱∗).

maxEI (𝐱) = 𝔼 (max (𝑓 ∗ − 𝑓 (𝐱) , 0)) . (3.27)
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This can be found analytically for a KRG surrogate using Equation (3.28), with Φ and 𝜙 the cumulative

distribution function and probability density function and 𝜇𝑓 and ̂𝑠 found from the surrogate [5], [6]. An

example is shown in Figure 3.4.

maxEI (𝐱) = (𝑓 ∗ − ̂𝑓 (𝐱)) Φ (
𝑓 ∗ − ̂𝑓 (𝐱)

̂𝑠 (𝐱) ) + ̂𝑠 (𝐱) 𝜙 (
𝑓 ∗ − ̂𝑓 (𝐱)

̂𝑠 (𝐱) ) . (3.28)
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(a) Initial surrogate.
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(b) Corresponding EI distribution.
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(c) Updated surrogate with selected infill point.

Figure 3.4: Example of one iteration of efficient global optimisation and expected improvement.

This implementation is valid for an unconstrained optimisation problem and can be extended to con-

strained problems. If the constraints do not rely on expensive calculations, they can be added to the

maximisation problem for the EI, resulting in:

maxEI (𝐱) ,
s.t. 𝑔𝑗 (𝐱) ≤ 0, 𝑗 = 1, … , 𝑚.

(3.29)

With 𝑔𝑗 (𝐱) the constraints of the original optimisation problem.

Another method suggested by Schonlau [18] is the Constrained Expected Improvement (CEI) [5].

This includes a Probability of Feasibility (PoF) (Equation (3.30), in which ̂𝑔𝑗 is the surrogate of the

𝑗-th constraint, 𝑒𝑗 is the predicted error and the constraint function is considered a random variable;

𝐺𝑗 (𝐱) ∼ 𝒩 ( ̂𝑔𝑗 (𝐱) , 𝑒𝑗 (𝐱))), resulting in the CEI to maximise; Equation (3.31).

PoF =
𝑚

∏
𝑗=1

Pr (𝐺𝑗 (𝐱) ≤ 0) =
𝑚

∏
𝑗=1

Φ (
− ̂𝑔𝑗 (𝐱)
𝑒𝑗 (𝐱) ) , (3.30)

maxCEI (𝐱) = EI (𝐱) ×
𝑚

∏
𝑗=1

Φ (
− ̂𝑔𝑗 (𝐱)
𝑒𝑗 (𝐱) ) . (3.31)
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The first part of this equation is the same as Equation (3.28) and will thus favour a high EI, whereas the

second term favours points which have a high PoF. Multiplying these terms results in an infill approach

which tends to select an infill point that satisfies all constraints and has a large expected improvement.

Generalised Expected Improvement
Schonlau argued that the previously discussed EI criterion placed too much emphasis on the local

search near the optimum of the surrogate. This would be the case when the correlation parameters

were poorly estimated. To combat this he introduced a version of EI that searches more globally in

[18]; Generalised Expected Improvement (GEI). This version includes an additional parameter 𝑔, which
determines how much the infill strategy tends to search globally, with a larger 𝑔, resulting in more

emphasis on global search. This resulted in the GEI as defined in (3.32).

EI (x) = ( ̂𝑠 (x))𝑔
𝑔

∑
𝑘=0

(−1)𝑘
(

𝑔
𝑘) (

𝑓 ∗ − ̂𝑓 (x)
̂𝑠 (x) )

𝑔−𝑘
𝑇𝑘. (3.32)

With 𝑇𝑘 from the recursive equation;

𝑇𝑘 = −𝜙 (
𝑓 ∗ − ̂𝑓 (x)

̂𝑠 (x) ) [
𝑓 ∗ − ̂𝑓 (x)

̂𝑠 (x) ]

𝑘−1
+ (𝑘 − 1)𝑇𝑘−2, (3.33)

with starting 𝑇0 = Φ (
𝑓 ∗− ̂𝑓 (x)

̂𝑠(x) ) and 𝑇1 = 𝜙 (
𝑓 ∗− ̂𝑓 (x)

̂𝑠(x) ). The special case where 𝑔 = 1, the GEI simplifies
to the EI criterion. For 𝑔 = 2, the function can be simplified to:

GEI𝑔=2 = [𝐸 (𝐼)]2 + 𝑉 𝐴𝑅 (𝐼) . (3.34)

This is a monotone transformation of the EI infill criterion and the variance of the improvement. This

variance tends to be larger the further away from a sample point it is calculated, thus representing a

global component. The selection of a new sample point using (3.35) is thus a tradeoff between a small

improvement with a large probability (exploitation) and a large improvement with a small probability

(exploration). By changing the 𝑔, this relative importance is altered.

maxGEI (𝐱) ,
s.t. 𝑔𝑗 (𝐱) ≤ 0, 𝑗 = 1, … , 𝑚.

(3.35)

Lower Confidence Bound
Another infill strategy, which balances exploitation and exploration, is the Lower Confidence Bound

(LCB) criterion in Equation (3.36).

min LCB (𝐱) = ̂𝑦 (𝐱) − 𝑏 ̂𝑠 (𝐱) . (3.36)

This method requires user input to define the equilibrium constant 𝑏, which determines the relative

importance of exploitation. If this parameter is chosen as 0, the infill point will be a pure exploitation point.
In contrast, if 𝑏 is chosen to be 𝑏 → ∞, the point will be a pure exploration point. ̂𝑦 (𝐱) is the response
value from the KRG surrogate and ̂𝑠 (𝐱) is the predicted standard deviation [5], [6]. An example of the
infill strategy is displayed in Figure 3.5.
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(b) Corresponding LCB distribution for 𝑏 = 1.
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(c) Updated surrogate with selected infill point for 𝑏 = 1.

Figure 3.5: Example of one iteration of efficient global optimisation and lower confidence bound.

3.3. Multi-Fidelity Surrogate
For most engineering simulations, several fidelity levels exist, for example, a CFD simulation compared

to a panel method or a simulation using a fine grid versus a coarse grid. By combining these fidelities

into one surrogate, the computational cost of the optimisation can be further reduced.

There are several ways to generate MF surrogates; these can be broadly divided into three categories.

First, adaptation: this strategy enhances the Low Fidelity Model (LFM) with High Fidelity (HF) samples

throughout the optimisation. This correction can be additive, multiplicative or a combination of the two,

resulting in the following general form for a two-fidelity model:

𝑓HFM (𝐱) = 𝑤𝜌 (𝐱) 𝑦LFM (𝐱) + (1 − 𝑤 (𝐱)) [𝑦LFM (𝐱) + 𝛿 (𝐱)] . (3.37)

In this correction, 𝑤 is the weighting factor, which can be adjusted throughout the optimisation. 𝜌 (𝐱) is
an adjustment parameter, which can vary throughout the design space. The last parameters 𝑎, 𝑏, 𝑐 are
unknown constants, and 𝛿 (𝐱) is a discrepancy function. For a weight factor 𝑤 = 0, this correction will be
additive, for 𝑤 = 1 and 𝑐 = 0 the correction will be multiplicative and for either 𝑤 ∉ {0, 1} or 𝑤 = 1 and
𝑐 ≠ 0 it will be a combination [2], [14], [19].
This method can be adapted for the use of multiple LFM, using weighted average models. For 𝑛 LFM,
this will result in Equation (3.38) [2].

𝑓HFM (𝐱) =
𝑛

∑
𝑖=1

𝜌𝑖 (𝐱) 𝑓LFM𝑖 (𝐱) + 𝛿 (𝐱) . (3.38)

A further distinction can be made within the adaptive MF surrogates based on how 𝜌 (𝐱) and 𝑤 (𝐱)
are modelled: deterministic or probabilistic. The deterministic approach models functions as linear

combinations of a finite number of basis functions, such as radial basis functions. The probabilistic

approach models the functions using a stochastic process, often a Gaussian process [2].
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The next MF surrogate strategy is based on the fusion of the HF and Low Fidelity (LF) data. This

approach combines the LF and HF samples, by combining a small number of HF evaluations to obtain

an unbiased estimator, with a larger number of LF evaluations to get a low variance estimator [14]. An

example of this approach is Co-Kriging (Co-KRG), which is discussed in detail later.

The last category in this categorisation of MF surrogate methods is filtering. This approach runs the LF

function, and based on the output of this LF function, a filter is invoked. This filter can be of several

natures; for example, it might invoke the running of the HF function if the LF sample is deemed uncertain

or if a new sample point is found that meets specific criteria [14].

3.3.1. Co-Kriging
A commonly used MF surrogate technique is Co-KRG. This technique is a form of KRG that correlates

multiple sets of data. Therefore, the method is similar to simple KRG as discussed in subsection 3.2.2,

with several changes to accommodate the multiple sets of data. The first change is to concatenate the

HF and LF sample points, resulting in;

𝐗 = (
𝐗LF

𝐗HF) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝐱1
LF
⋮

𝐱𝑛LF
LF

𝐱1
HF
⋮

𝐱𝑛HF
HF

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (3.39)

𝐘 = (
𝐘LF (𝐗LF)
𝐘LF (𝐗HF)) =

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

𝐘LF (𝐱1
LF)

⋮
𝐘LF (𝐱𝑛LF

LF )
𝐘HF (𝐱1

HF)
⋮

𝐘HF (𝐱𝑛HF
HF )

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (3.40)

The following steps in the method use the auto-regressive model of Kennedy and O’Hagan [5], [10],

[20]. This implies that the HF data is assumed to be true; thus, nothing can be learned at a sample point

𝐱 from the LF simulation if this sample point is generated with the HF simulation. Thus, the inaccuracies

are solely in the LF simulation. This results in an approximation of the HF simulation with LF data.

𝑍HF (𝐱) = 𝜌𝑍LF (𝐱) + 𝑍𝑑 (𝐱) , (3.41)

with 𝑍𝑑 (𝐱) the difference between 𝑍HF (𝐱) and 𝜌𝑍LF (𝐱).
The next change is the new method used to construct the covariance matrix.

COV{𝐘LF (𝐗LF) , 𝐘LF (𝐗LF)} = COV{𝐙LF (𝐗LF) , 𝐙LF (𝐗LF)} =

𝜎2
LF

𝚿LF (𝐗LF, 𝐗LF) ,
(3.42)

COV{𝐘HF (𝐗HF) , 𝐘LF (𝐗LF)} = COV{𝜌𝐙LF (𝐗LF) + 𝑍𝑑 (𝐗LF) , 𝐙LF (𝐗LF)} =

𝜌𝜎2
LF

𝚿LF (𝐗LF, 𝐗HF) ,
(3.43)

COV{𝐘HF (𝐗HF) , 𝐘HF (𝐗HF)} = COV{𝜌𝐙LF (𝐗HF) + 𝑍𝑑 (𝐗HF) , 𝜌𝐙LF (𝐗HF) + 𝑍𝑑 (𝐗HF)} =

𝜌2𝜎2
LF

𝚿LF (𝐗HF, 𝐗HF) + 𝜎2
𝑑Ψ𝑑 (𝐗HF, 𝐗HF) .

(3.44)

The correlations are of the same form as Equation (3.11); however, there are two correlations 𝜓𝑙𝑓 and
𝜓𝑑. These two correlations require more parameters to be estimated: 𝜽 and 𝐩 for both the LF data and

the discrepancy between LF and HF, as well as the adjustment parameter 𝜌. The ln-likelihood, similar
to Equation (3.15) can be used to find the parameters for the LF data as well as the 𝜇LF and 𝜎2

LF
. This is

essentially the same approach for the LF data as used in the derivation of simple KRG. The parameters

for the difference (𝜇𝑑, 𝜎2
𝑑, 𝜽𝑑, 𝐩𝑑 and 𝜌) are estimated as follows, starting with;

𝐝 = 𝐲HF − 𝜌𝐲LF (𝐗HF) , (3.45)
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In which 𝐲LF (𝐗HF) are the values of the LF dataset sample points, which are also sampled in the HF

simulation. If no LF samples are sampled at the location of HF samples, 𝜌 can be estimated using KRG

estimates; 𝐲̂LF (𝐗HF), using ̂𝜽LF and 𝐩̂LF.
The method for determining the predictor is the same as the approach used in simple KRG, utilising the

previously modified variables. This method is described in more detail in [10] and [5]. An example of

a Co-KRG surrogate of the Forrester function and its LF function [10], [21] is illustrated in Figure 3.6.
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Figure 3.6: Co-KRG surrogate of the Forrester function using three HF and six LF samples.

3.3.2. Hierarchical Kriging
Another form of MF KRG is Hierarchical Kriging (HK) as introduced by Han and Görtz [22]. In this

method, an LF KRG model is scaled by a scalar, which together serves as the global trend or mean

function. A stationary random process error term 𝑍 is added to this mean hierarchically. A similar model

exists in the geostatistics community: KRG with external drift. There are two differences: first, HK does

not require nested samples, which KRG with external drift (and Co-KRG) does. A nested sample means

that for a sample at a fidelity level, all lower fidelity models should include this sample location in their

training data. Secondly, KRG with external drift utilises variograms, whereas HK employs correlation

functions.

For a two-fidelity HK model, the method works as follows: first, the LFM is created using a KRG algorithm.

Next, the HK model of the HF model is determined, starting with the definition of the random process

that describes the function:

𝑌 (𝐱) = 𝛽0 ̂𝑦LF (𝐱) + 𝑍 (𝐱) . (3.46)

In this the LFM, ̂𝑦LF (𝐱), is scaled by an unknown factor 𝛽0. This serves as the mean and the random
processes, 𝑍 (𝐱) having a zero mean and the following covariance;

Cov [𝑍 (𝐱) , 𝑍 (𝐱
′

)] = 𝜎2𝑅 (𝐱, 𝐱
′

) . (3.47)

In which 𝜎 is the variance and 𝐑 is the spatial correlations, depending on the Euclidean distance.

Assuming that the HF function can be approximated as a linear response of the HF data leads to the

predictor in Equation (3.48). Which can be derived to be Equation (3.49).

̂𝑦 (𝐱) = 𝐰𝑇𝐘, (3.48)

̂𝑓 (𝐱) = 𝛽0 ̂𝑦LF (𝐱) + 𝐫𝑇 (𝐱) 𝐑−1 (𝐘 − 𝛽0𝐅)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
=∶𝐕𝐻𝐾

. (3.49)
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Where:

𝐅 ≔ [ ̂𝑦LF (𝐱1) , … , ̂𝑦LF (𝐱2)]
𝑇 , ̃𝜇 =

𝜇
2𝜎2 ,

𝐑 ≔ (𝑅 (𝐱𝑖, 𝐱𝑗))𝑖,𝑗 ∈ ℝ𝑛×𝑛, 𝐫 ≔ 𝑅 (𝐱𝑖, 𝐱)𝑖 ∈ ℝ𝑛,

𝛽0 = (𝐅𝑇𝐑−1𝐅)
−1 𝐅𝑇𝐑−1𝐘.

(3.50)

The scaling factor 𝛽0 indicates the degree of correlation between the HF and LF data. The vector 𝐕𝐻𝐾 is

solely dependent on training data, thus to determine the predicted value for a new point only ̂𝑦LF (𝐗new)
and 𝐑𝑇 (𝐱new) have to be recalculated.
The uncertainty for a new point can be found using:

̂𝑠 = 𝜎2
{1 − 𝐫𝑇𝐑−1𝐫 + [𝐫𝑇𝐑−1𝐅 − ̂𝑦LF (𝐱)] (𝐅𝑇𝐑−1𝐅)

−1
[𝐫𝑇𝐑−1𝐅 − ̂𝑦LF (𝐱)]

𝑇
} . (3.51)

This uncertainty includes the behaviour of the LFM, which improves the determination of the uncertainty

compared to traditional KRG. In addition, the HK model does not need to model the cross-correlation

between the LF and HF formula, leading to a smaller correlation matrix and model complexity. The

hyperparameters of the model are trained in a comparable way to the previously discussed KRG models.

An example of an HK surrogate is illustrated in Figure 3.7.

This method can be expanded to include more fidelity levels; a discussion of this and a more detailed

derivation can be found in [22].

Figure 3.7: HK surrogate of the Forrester function using four HF and eleven LF samples.

3.4. Multi-Fidelity Infill Strategies
As discussed in subsection 3.2.3, surrogates are often improved during the optimisation process

according to an infill strategy. The strategies discussed in subsection 3.2.3 can be applied to Single-

Fidelity (SF) surrogates. However, MF surrogates require an additional decision to be made; in addition

to the location of the new sample, the fidelity level at which to sample has to be determined. Do and

Zhang [2] divide these methods into three categories.

The first category includes strategies that do not consider fidelity. These methods determine a new

sample location and feed it to one or several pre-determined fidelity levels. The selection of the fidelity

level is thus not taken into account when selecting the infill point.

The next category of strategies is the heuristic approach. In this approach, the new sample point location
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and fidelity are determined simultaneously. These strategies often include an auxiliary function which

considers the computational cost of each fidelity level and how each will affect the accuracy improvement

of the surrogate.

The last category is sequential selection. This approach first determines the sample location, after which

the fidelity level is selected. The main difference between the heuristic approach and this method is

that the choice of fidelity level and sample location is independent, whereas this is not the case for the

heuristic approach.

For each category, several infill strategies are introduced. An overview per category is tabulated in

Table 3.2. Note that in this table, if the required surrogate is ’any’, this refers to any MF surrogate that

can return the uncertainty for the High Fidelity Model (HFM).

Table 3.2: Classification of discussed MF infill strategies.

MF infill Base infill Surrogate Fidelity Selection Additional note

No Fidelity Consideration

Always HF [23] Any SF Any Always use HF -

Every n-th HF Any SF Any Use HF for very n-th

point, else LF

-

Heuristic approach

Improvement

per fidelity level

[24]

SF EI Nested HK Maximise surrogate im-

provement for location

and fidelity

Nested, thus addition of

HF point requires the

addition of LF point

Adapted EI [25] SF EI Non-nested

MF

EI per fidelity scaled

with cost-ratio

Favours HF, LF is se-

lected if the cost-ratio is

competitive

Minimisation of

further improve-

ment [26]

SF EI MF Reduction in max EI

scaled with cost ratio

-

Variable fidelity

EI [27]

SF EI HK Considers uncertainty

due to lack of HF or LF

sample

-

Sequential approach

AMEI [28] SF EI HK Based on RMSE be-

tween HFM and LFM

and threshold for AMEIL

Improves upon Variable

fidelity EI by including

optimal result of LFM

EIR [29] SF EI Any MF The reduction in EI for

one HF sample or n LF

samples. With n based

on the cost-ratio

The n LF samples are

selected using LHS in

trust-region around the

HF infill location

filter-GEI [30] SF GEI Co-KRG Use LF unless sur-

rogate prediction is

above the dynamic filter

threshold

The filter threshold is

based on the current op-

timum, the weighted av-

erage sample value and

the adaptive relative im-

portance of the two.

Two-Step [31] Any SF HK Select location using SF

infill, use cheapest suffi-

ciently accurate fidelity

-

Continued on next page
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Table 3.2 – continued from previous page

MF infill Base infill Surrogate Fidelity Selection Additional note

MF LCB [32] SF LCB Any MF Maximum of uncertainty

vector

The uncertainty vector

is defined as the fidelity

uncertainty divided by

the cost ratio between

the fidelity and HF func-

tions.

MF ACAS [33] ACAS Any MF Maximum of the uncer-

tainty vector

Equal to MF LCB, with

different base infill.

3.4.1. No Fidelity Consideration
As stated earlier, infill strategies that do not consider fidelity levels will not determine at which fidelity level

to sample based on the infill location. This can result in a computationally more expensive optimisation

run. An example of this approach is to include every new sample point as an HF sample, as used by

Dong et al. [23]. In addition, Zhang et al. [27] note that this is the only possible strategy when employing

the EI strategy as is, or another unadapted infill strategy, for a MF surrogate.

A possible method that has no fidelity consideration based on the sample point is to include an LF sample

at every sample location, except every 𝑛-th sample point, which is sampled using the HF function.

This method and other methods that fall in this category are relatively simple. They do not require a

decision about the fidelity level during the infill point selection process. However, this might lead to the

inclusion of HF samples, which could be sampled at LF or to an excessive number of LF samples. Both

may increase the computational cost or affect the optimum.

3.4.2. Heuristic Approach
The next of the three categories of approaches considers the selection of the fidelity level when choosing

infill points. These methods have been studied in the literature, of which four are introduced below. The

four discussed infill strategies are in order:

1. Improvement per fidelity level [24].

2. Adapted EI [25].

3. Minimisation of further improvement [26].

4. Variable fidelity EI [27].

The first method, as introduced by Zhang et al. [24], starts from the SF EI infill strategy. This EI method

is adapted to include the improvement of the surrogate per fidelity level. The method utilises an HK

surrogate, with nested sample data; thus, the HF sample locations are a subset of the LF samples.

Given this assumption, the lower-fidelity models are accurate at the HF sample sites. However, errors

in the LF surrogate can propagate to higher-fidelity surrogates. Combining this with the interpolative

HK, the model error due to the lack of LF samples can be calculated. This results in an infill strategy

that maximises the improvement of the HF surrogate for a sample location and sample fidelity level.

Note, however, that due to the nested nature of the nested surrogate used, an LF sample must also be

added at the new sample location for every new HF sample.

The adapted EI is introduced by Sacher et al. [25]. This method uses a non-nested surrogate; conse-

quently, the LF and HF samples are not co-located. This method begins by adapting an SF augmented

EI infill strategy. This SF augmented EI infill strategy is an EI infill strategy with an added penalisation

term that favours areas with high prediction uncertainty. A method is suggested to adapt this approach

to include a measure of the induced reduction in predictive variance of the MF surrogate for every fidelity

level. This method will favour HF samples, as they usually reduce the uncertainty most effectively.

However, since the LF samples are computationally less expensive, these samples can still be beneficial.

To account for this, the new infill criterion was scaled by the computational cost of the fidelity level

(which is assumed to be constant throughout the design space).
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The next discussed infill strategy is the minimisation of further improvement. This method extends the EI

infill strategy, and was proposed by Shu et al. [26]. This method aims to minimise further improvement.

Further improvement is defined as the EI after a sample is added at a fidelity level. This will thus be

zero if an HF sample is added, but remains non-zero for an LF sample, since an error is involved in the

LF data. By calculating the reduction in EI between the current and expected EI for the next iteration at

every fidelity level and scaling the terms according to the computational cost associated with the model,

a new sample location and fidelity are selected. This method thus takes into account both the cost and

benefit of each fidelity level.

Lastly, the variable fidelity EI was introduced by Zhang et al. [27]. This study proposes a variable

fidelity EI infill strategy for an HK surrogate, which extends the EI infill strategy to consider not only the

uncertainty due to the lack of an HF sample but also the uncertainty due to the lack of an LF sample.

This additional uncertainty can be analytically derived for an HK surrogate and might not be possible or

be difficult for other surrogates, such as Co-KRG.

This proposed infill strategy would tend to include more LF samples if the LF data correlates well

with the HF data; on the other hand, if this correlation is worse, more HF samples are added. Ad-

ditionally, in regions where the LF function is undersampled, HF samples would be added, and vice versa.

3.4.3. Sequential Approach
The last category of MF infill methods is the sequential approach. This approach separates the selection

of the infill point’s location and fidelity. First, the location is selected, after which the fidelity level is

determined separately based on the infill location. Six infill methods using this approach are discussed

below; these are in order:

1. Adapative Multi-Fidelity Expected Improvement (AMEI) [28]

2. Expected Improvement Reduction (EIR) [29]

3. filter-GEI [30]

4. Two-Step [31]

5. MF LCB [32]

6. MF Aggregate-Criteria Adaptive Sampling (ACAS) [33]

The first of these methods is the method from Hao et al. [28]. This method builds upon the previously

described strategy using EI and HK from Zhang et al. [27]. Starting from the shortcomings identified in

this method by Hao et al. [28]; as the formulation of this method does not incorporate the optimal result

of the LFM, it yields an unreliable EI of the HFM when an LF is added, which possibly results in more LF

samples to be added than necessary. To address this shortcoming, Hao et al. [28] proposed a new infill

strategy. This new method decouples the selection of the sample location from the fidelity level, thereby

making it a sequential approach.

This method defines the infill criterion (AMEI) discussed in [27] for both the HFM (AMEIH) and LFM

(AMEIL) separately. From these formulae, the location of the sample point can be determined. After

introducing the Root Mean Square Error (RMSE) of the LFM, RMSEL, which measures the similarity

between the LFM and HFM, the fidelity level can be determined. This is determined based on two

conditions:

The first condition is based on the RMSEL compared to RMSE𝛿. In which RMSE𝛿 is the RMSE of the

bridge function. If RMSEL > 2RMSE𝛿, an HF sample is selected as the LF can not approximate well.

And if RMSE𝛿 > RMSEL, the bridge function is less accurate than the LFM, an HF sample is added to

guarantee an improvement in the bridge function and thus in the HFM.

The second is based on the AMEIL. If the AMEIL exceeds a certain threshold, an LF sample is selected,

as the LFM has the potential to improve. This threshold is determined by the difference between the

maximum and minimum values of the initial sample.

Another sequential method that uses an adapted EI criterion is proposed by Yang et al. [29]. This

method determines the fidelity level of the sample based on a measure of the maximum EIR. This
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measure gives an insight into how much the surrogate can be improved after the current iteration.

This infill strategy first selects the new sample location using EI. Following this, the fidelity level is

selected. For the fidelity level, there are two options. The first of which is to add an HF sample at

the selected infill location. The second option considered is to add 𝑛 LF in a trust-region around the

selected infill location. These LF samples are placed in the trust-region using LHS. The number of

LF samples to be added per iteration depends on the cost ratio. To determine whether to include

one HF or 𝑛 LF samples, the reduction of EI is calculated. This is done by adding the hypothetical

sample point(s) to the surrogate and recalculating the maximum EI value. The value(s) for the candidate

sample point(s) are taken to be the prediction of the current surrogate (either the LFM or HFM) at the

point(s). The method that shows the largest reduction in maximal EI for the updated surrogate is selected.

A method based on the GEI introduced by Schonlau [18] is outlined by Guo et al. [30]. Schonlau created

GEI after he observed that the classical EI places too much emphasis on the local search near the

optima of the surrogate. To combat this, he introduced GEI, which includes a parameter that has to be

set by the user. This parameter determines the relative importance of global search and local search,

with a higher value resulting in an increased importance for global search. This infill strategy often places

an infill point in the neighbourhood of the optima or the area with the maximum prediction uncertainty.

Taking this into account GEI was extended to filter-GEI, to account for Multi-Fidelity Surrogate Model

(MFSM) [30].

This MF method determines the infill location using GEI and evaluates this sample using the LF simu-

lation, unless the new sample location has a better estimated objective function value than the filter

threshold. This filter threshold depends on the current best optimal solution, a weighted average function

value over all training samples and an adaptive weight coefficient that weighs the relative importance of

the other two parameters.

This weight coefficient is based on the correlation between the HFM and LFM. If this correlation is

high, the infill strategy will use HF samples focused on the local exploitation. On the other hand, if the

correlation is low, it will lead to HF samples being sampled in a larger area, avoiding the misleading of

the LF simulations.

A method that can use any SF infill strategy and more than two levels of fidelity is discussed by Garbo et

al. [31]. This method first determines the location of the next infill point using an SF infill strategy on the

highest fidelity surrogate model. In the paper, they use an EI with PoF. The next step is to determine

which fidelity levels are accurate enough to sample at the next infill location. The last step is to sample

the new sample point using the fastest fidelity level in the set of accurate enough fidelity levels.

Several ways of determining if a sample is sufficiently accurate exist and can be used; the Jensen-

Shannon distance (JSd) metric is used by Garbo et al. [31].

The Jensen-Shannon Divergence (JSD) quantifies how similar two probability distributions are [34]. It

is constructed from the Kullback-Leibler (KL) divergence, which quantifies how much a distribution 𝑃
differs from a reference 𝑄, using Equation (3.52) [35].

𝐷KL(𝑃 ‖𝑄) = ∫ 𝑃 (𝑥) log2
𝑃 (𝑥)
𝑄(𝑥)

d𝑥. (3.52)

This KL divergence has two shortcomings, which are resolved by JSD. The first of which is that the

divergence is not symmetric (𝐷KL(𝑃 ‖𝑄) ≠ 𝐷KL(𝑄‖𝑃 )). The second shortcoming is that the divergence
measure is undefined whenever 𝑄 assigns zero probability to an event that 𝑃 does not. Both are solved

in JSD by measuring how far each distribution deviates from their mixture 𝑀 = 1
2 (𝑃 + 𝑄). This results in

the JSD formulated as [34]:

JSD(𝑃 , 𝑄) = 1
2 𝐷KL(𝑃 ‖𝑀) + 1

2 𝐷KL(𝑄‖𝑀), with 𝑀 = 𝑃 + 𝑄
2

. (3.53)

The JSD is not a proper metric, since it does not satisfy the triangle inequality. The JSd is a proper metric

and is defined as the square root of the JSD, with a value closer to 0 indicating an increasingly similar

distribution [36]. The JSd measure is used in the Two-Step infill strategy to compare the predictive

distribution of a fidelity level to that of the HFM at the selected infill location. A small value for the JSd
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signals that the fidelity level is deemed reliable locally, while a high value indicates that the fidelity level

is inaccurate at the selected point.

Lastly, two similar approaches are introduced by Pellegrini et al. [32] and Wackers et al. [33]. Both

methods start by selecting a sampling location, using the LCB [32] or the ACAS infill strategy (introduced

by Serani et al. [37]) [33].

The next step is to select the fidelity level. This is done by first defining the cost ratio between a fidelity

and the highest fidelity, which is used to define the surrogate uncertainty vector, whose entries are the

model uncertainties divided by their cost ratio.

The fidelity level, with the maximum value in this prediction uncertainty vector, is selected to sample the

new sample point.

3.5. Multi-Point Infill Strategies
Another way to reduce the clock time of the SBO problem is to sample multiple points per iteration.

Since the sample points are independent, multiple samples can be evaluated simultaneously. This

is enabled by the increase in computing power and access to High Performance Computing (HPC)

services. The majority of the commercial HPC services charge per time of provisioned machines, not

their utilisation level [38]. Reducing the clock time by parallelising the calculation of infill points can, in

these cases, thus result in a reduction of clock time and cost.

Several MP infill strategies from the literature are introduced in detail below; the key characteristics of

these strategies are tabulated in Table 3.3. As can be seen in this table, the discussed strategies can

be divided into three categories: Single-Point (SP) infill strategy adaptations, combining elements and

asynchronous. The first of these adapts an existing SF infill strategy to select multiple infill points per

iteration. The second category combines multiple surrogates and/or infill strategies to find multiple infill

points. The third category selects a new infill point, which is calculated asynchronously, while a new

sample point is selected simultaneously.

Table 3.3: Classification of discussed MP infill strategies.

MP infill Points per

iteration

Base infill MP mechanism Additional note

SP infill strategy adaptation

EIR [29] 1 or n SF EI Either 1 HF or n LF

new sample points are

added per iteration.

The number of LF

points is determined

based on the cost ratio.

Elite archive

[39]

Variable Design of

Experiments

(DOE) with

elite archive

Number of points is

based on the perfor-

mance compared to the

elite archive

-

LCB Arbitrary LCB Select points with differ-

ent relative importance

for exploration and ex-

ploitation.

The number of points

equals the number

of unique relative-

importance settings

used.

POTI [40] Arbitrary PoI Sequentially select

point with PoI with ex-

clusion zone(s) around

selected location(s)

-

q-EI [18] Arbitrary EI Closed form q-EI [41] or

KB or CL heuristic

The closed form q-EI

can be used if q < 10,

else KB or CL should be

used.

Continued on next page
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Table 3.3 – continued from previous page

MP infill Points per

iteration

Base infill MP mechanism Additional note

Combining elements

Multiple infill

strategies [42]

4 MinP, EI,

LCB, PoI

One sample point per in-

fill strategy.

Can be extended by

adding infill strategies

Multiple sur-

rogates Beau-

caire 1 [43]

2 DCT on

TRBF and

CEI on KRG

Select one point using

each combination.

-

Multiple sur-

rogates Beau-

caire 2 [43]

2 DCT on

TRBF and

KRG

Select one point using

each combination.

-

Multiple surro-

gate Viana

n Any Select one new sam-

ple point on every sur-

rogate.

The number of sample

points selected is equal

to the number of surro-

gates used.

Asynchronous

Asynchronous

[38]

1 per rank SP CAND New point per free rank Possibly select a new

point using KB or CL

heuristic if required.

The first of these strategies has been introduced by Yang et al. [29]. This method has been discussed

in section 3.4. As discussed in that section some MF infill strategies can select multiple LF sample

points per iteration. The strategy by Yang et al. [29] selects 𝑛 samples vian LHS in a trust region around

the sample location determined using EI. The points themselves are evaluated sequentially, with the

number determined by the ratio of the computational cost of the LF and HF functions and the surrogate

generation time. This algorithm can thus benefit from sampling these LF points in parallel. However, this

infill strategy only adds 𝑛 samples if the LF function is evaluated, not when the HF function is evaluated,

which may lead to underutilisation of the available computational power.

A method which adds a variable number of infill points per iteration is discussed by Wang et al. [39].

This method uses an inaccurate search and an elite archive to determine the new infill points.

The first step in this optimisation approach is to set up a DOE, which also serves as the initial elite

archive. Next, a surrogate is generated based on this DOE. The infill strategy starts by selecting one

exploitation point and a variable number of exploration points. These exploration points are determined

using an inaccurate search with differential evaluation based on the elite archive. Through mutation,

crossover and selection, a new sample point is selected.

Next, this new sample point is accepted if it outperforms a random sample from the elite archive in

exploitation or exploration. In this, the exploitation performance is determined based on the value of the

elite archive point and the prediction of the surrogate at the new sample point location. The explorative

performance is calculated based on the minimum Euclidean distance of the point to any other point in

the surrogate training dataset. This measure is to be maximised to place the points across the design

space.

If the new point is accepted, it is evaluated and subsequently added to the surrogate training dataset. If

this evaluated point outperforms the comparison point in the Elite archive, it will replace the comparison

point in the elite archive.

This process is performed for 𝑛 samples per iteration. The number of explorative points, 𝑛, per iteration
is changed based on the performance of the new sample points. If the best and worst points in the

new sample points perform worse than the best and worst points in the elite archive, respectively, the

exploration points perform poorly. This results in a reduction in the number of exploration points added

in the next iteration. On the other hand, if the best and worst points outperform the best and worst points

in the elite archive, the number of exploration points in the next iteration is increased. If either the best

or the worst point outperforms the respective elite archive point, the performance of the exploration

point is equivalent to the elite archive. In this case, the number of exploratory points in the next iteration
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will remain unchanged.

Another possible way to select multiple points in an iteration is the use of the LCB infill strategy. This infill

strategy utilises a parameter that can be tuned to determine the relative importance between exploitation

and exploration. By determining infill points using LCB, each with a different value for this parameter,

several distinct new infill points can be generated.

Chaudhuri and Haftka [40] introduced an infill strategy based on the SP probability of Targeted Improve-

ment (POTI) infill strategy. The proposed method can select an arbitrary number of new samples in one

iteration.

The method determines the first new sample point using PoI, after which an exclusion radius, 𝑒𝑝𝑠, is
placed around the point on the PoI curve. Following this, a new local maximum is found, resulting in the

second infill point. Repeating this process an arbitrary number of times will thus result in an arbitrary

number of unique infill points per iteration.

The size of this exclusion radius is chosen as 𝑒𝑝𝑠 = 0.1√𝑛dim on a normalised design space.

A method based on SF EI is q-EI. This method selects q samples locations, such that the EI is maximised,

and was first introduced by Schonlau [18]. An analytical method to determine two sample locations

was presented by Ginsbourger et al. [44]. For a larger number of samples, however, a Monte Carlo

Simulation was necessary. Later, a closed-form formula to solve for q points was presented by Chevalier

and Ginsbourger [41]. This formula allows for fast determination of q samples, if q is reasonably low,

typically less than 10. For larger q, heuristic approaches are typically used.

Two such heuristics are Kriging Believer (KB) and Constant Liar (CL), and were introduced by Gins-

bourger et al. [44]. Both methods determine the q sample points sequentially, by selecting a new infill

point, after which the surrogate is adapted and a new point is selected. The primary difference between

the KB and CL approaches lies in how the surrogate is adapted.

KB uses the predicted value of the surrogate at the new sample location to update the surrogate. This

will set EI to 0 at this point for an interpolating KRG surrogate. This updated temporary surrogate can

than be used to find a new infill location using EI.

CL includes a fixed value, referred to as the ’lie’, at the sample location. Again, the surrogate is changed,

resulting in a change in the EI. Commonly, one of three values is used for the lie: the minimum of the

current sample point dataset, the mean of this dataset or the maximum of the dataset. The larger this

lie is chosen, the more explorative the infill strategy will be. Of these three lies, the most exploitative

was the most promising approach on the Branin-Hoo test function used by Ginsbourger et al. [44].

This method, however, has a drawback [42]. Primarily, the EI criterion is highly multimodal, making it

difficult to find a global maximum for a new sample. A solution to this was proposed by Liu et al. [45].

This method generates four sample points per iteration. These four new sample locations are generated

using four different infill strategies. From the comparison of SP infill strategies by Liu et al. [46], the

four best-performing infill strategies were selected. Namely, Minimising Prediction of Surrogate Model

(MinP), EI, LCB, and PoI. MinP is a strategy that performs optimisation on the objective surrogate,

considering the constraints if applicable. The found feasible optimum is used as the new infill point, thus

being a pure exploitation point.

Wang et al. [42] extend this model to be able to sample 𝑛 new samples, by adding a KB strategy, with

which every infill strategy used by Liu et al. [47] can obtain an arbitrary number of infill points.

Another method that uses multiple infill strategies is discussed by Beaucaire et al. [43]. This method,

however, differs from the previously mentioned infill strategies in that it uses multiple surrogates. The

paper introduces two methods: first, an approach that samples one infill point using Deb’s Constraint

Tournament (DCT) selection with an auto-Tuned Radial Basis Function (TRBF) surrogate, and a second

point using CEI on a KRG surrogate.

A TRBF is an RBF model which uses a multiquadratic or Gaussian basis function. The user does

not select this basis function; instead, it is chosen during the model’s training. In addition, the width

hyperparameter is automatically tuned in this process [43], [48].

The DCT selection [49] uses a tournament selection operator that compares two points at a time. To

select which sample point is preferred, the following three criteria are used:
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1. A feasible point is preferred over an infeasible point.

2. For two feasible points, the point with a better objective function is preferred.

3. For two infeasible points, the point with the smaller constraint violation is preferred.

The second strategy introduced determines two infill points, both using DCT selection, but one on

the TRBF surrogate and one on the KRG surrogate. Both methods show similar improvements in

performance compared to SP infill strategies.

Viana et al. [50] introduced a different infill strategy, which utilises multiple surrogates. This method

utilises multiple surrogates, each with a native or imported error estimate. A surrogate with an imported

error estimate, for example, a TRBF model, is combined with the error estimate from a KRG surrogate

on the same data.

A new infill point is selected using an infill strategy on each surrogate separately, resulting in a maximum

of 𝑛 new sample points for 𝑛 surrogates.

All previously discussed MP infill strategies are synchronous processes. Thus, the new infill points

are first selected and evaluated, after which the surrogate is updated and a new iteration is run. An

asynchronous approach, on the other hand, does not wait for the new infill point(s) to be evaluated

before selecting new infill points. An example of such a parallel asynchronous method is presented by

Przysowa et al. [38].

This method utilises the SP Candidate points algorithm (CAND) [51], [52] to select new sample locations.

This infill technique selects new sample locations in two ways: first, by applying a small perturbation to

the best found solution. Secondly, by adding points across the design space. Next, the new sample

locations are evaluated on the current surrogate, after which the algorithm selects the best new sample

point. This point is evaluated using the full model.

Przysowa et al. [38] implemented this method in an asynchronous optimisation process. This process

included an element that keeps track of available resources on the HPC service. If resources are

available, a new sample point will be determined and evaluated asynchronously. This process thus

does not wait for the previous sample point to be evaluated before adding a new sample point. This

can lead to a new sample location having to be determined without an update to the surrogate. This is

solved by temporarily including values predicted by the surrogate for previously selected, but not yet

evaluated, samples, thus using the KB heuristic.

3.6. Further Improvements
Both the MF SBO and the parallel MP infill strategy approaches exhibit a decrease in computational cost

compared to the SF SP SBO. However, a possible further decrease in clock time could be achieved

through the combination of MF and MP infill strategies [24], [25]. This combined approach is studied

less than the MF and MP approaches separately.

One example of an infill strategy discussed earlier that benefits from the combination is the filter-GEI

algorithm proposed by Guo et al. [30]. This algorithm selects multiple points in every iteration, which

can be sampled using either the LF or HF functions.

Another example of a combination is the infill strategy by Schouler et al. [8]. This method adds one HF

sample using one infill strategy and two LF new samples using LCB. This infill strategy might benefit

from the additional determination if a new sample should be evaluated using an HF or LF simulation.

This gap in MF MP infill strategies is thus promising to investigate, aiming to further reduce the cost and

clock time of expensive optimisation problems.

3.7. Concluding Remarks
The strategies reviewed in section 3.3 demonstrate that combining HF and LF samples can increase the

performance of an SBO run. These methods can be broadly divided into three groups, namely, no-fidelity

consideration, heuristic approach, and sequential approach. Most of the reviewed methods in these

categories include at most one HF sample per iteration, thus, possibly not fully utilising computational

resources.
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The MP infill strategies discussed in section 3.5, on the other hand, sample multiple points per iteration.

These methods, however, do not include the possible multi-fidelity analysis tools available for engineering

optimisation problems. This thus results in both approaches not fully utilising the resources available,

leaving possible further performance increases unrealised.

The discussed MF and MP infill strategies served as the building blocks for the combined strategy

investigated in this thesis. In particular, the Asynchronous MP approach by Przysowa et al. [38],

combined with the sequential MF infill strategies, is identified as promising. The formalisation of this gap

and resulting research questions are discussed in chapter 4, where the proposed MF MP infill strategy

is also introduced.



4
Gap and Proposed Improvement

As discussed in chapter 3, several ways of reducing the wall-clock time of a Surrogate-BasedOptimisation

(SBO) run have been investigated. However, as briefly touched upon, further improvements are possible;

this and the resulting research questions are discussed in section 4.1. Following this, the hypothesis for

the research question is introduced in section 4.2. Next, the requirements for the combined infill strategy

were synthesised in section 4.3, followed by the selection of a suitable Multi-Point (MP) infill strategy in

section 4.4 and a Multi-Fidelity (MF) infill strategy in section 4.5. Finally, this chapter is concluded with a

discussion of the resulting proposed MF MP SBO algorithm in section 4.6.

4.1. Gap
As discussed in chapter 3, both the use of MF and MP infill strategies show an encouraging decrease

in wall-clock time for SBO runs. However, the introduced new infill strategies focus on one of the two

methods. From this, the question arose whether further improvement could be achieved by combining

the MP and MF infill strategies into a MF MP infill strategy. This results in the main question for this

thesis:

How does a parallel multi-point multi-fidelity infill strategy affect the performance of a

Surroagte-Based optimisation run?

To answer this question, either a new MP, MF infill strategy must be created or a MP and a MF infill

strategy have to be combined. This raises the question: how to decide on the number of points and

their fidelity to sample each iteration? And how to ensure the computational resources are utilised as

best as possible?

Since, in a sequential Efficient Global Optimisation (EGO), a High Fidelity (HF) sample may be compu-

tationally twice as expensive as a Low Fidelity (LF) sample, it is possible that, on a 2-core system, in

one iteration one HF and two LF samples can be computed. However, in most MF infill strategies, the

sample’s fidelity cannot be selected a priori; it is not trivial to add an LF sample to the pending set of

one HF and one LF sample. This results in the following sub-questions:

How to decide the sample location and fidelity level for a new sample point?

How to decide on the number of new high-fidelity and low(er)-fidelity samples per iteration?

How can the available computational resources be maximally used?

4.2. Hypothesis
The resulting MF MP infill strategy will combine a MF Single-Point (SP) infill strategy with a Single-Fidelity

(SF) MP infill strategy, which in turn are both adapted from SP SF infill strategies. Since the base MP

SF and SP MF infill strategies are shown to converge to the optimum of a function, it is expected that

27
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the resulting optimum from the combined infill strategy will not differ substantially.

If a difference in the resulting optimum is observed, this is expected to be due to the addition of LF

samples, since these points provide less accurate information. The addition of these points could also

yield a better solution in using a MF MP infill strategy. Caused by utilising the MF MP strategy, which

allows for adding more points per iteration (increasingly so when a larger fraction of the sample points

are LF), and these points could possibly be more exploratory points. This could open the possibility to

sample more of the design space, potentially overcoming local optima.

Combining the MP infill strategy’s ability to sample multiple points per iteration, distributed across

several Central Processing Units (CPUs), with the MF infill strategy’s ability to sample points at different

computational costs will likely reduce wall-clock time.

Combining these expectations leads to the hypothesis for the main research question that a MF MP

infill strategy will yield improved performance compared to SF MP, MF SP, and SF SP infill strategies.

The expected improvement is expected to stem from a reduction in the time required per optimisation

run, due to the increase in information available for training the surrogate at time 𝑡, leading to earlier
convergence of the optimiser. With the addition of more infill points, the optimiser is expected to achieve

a higher success rate, thereby improving Expected Runtime (ERT).

4.3. Requirements
Next, the proposed MF MP infill strategy was created by combining an existing MF and MP infill strategy.

To select suitable infill strategies to be combined, first, a set of requirements was generated:

REQ-CONSTR-1: The method shall be able to solve unconstrained and constrained problems.

REQ-FID-1: The method shall be able to accept 𝑛 fidelity levels, with 𝑛 ≥ 1.
REQ-NPTS-1: The method shall be able to sample 𝑛 samples per iteration, which is scaled with
the available computation resources, which are kept constant throughout the optimisation.

The first requirement, REQ-CONSTR-1, ensures that the infill strategy is applicable to a range of

functions and problems, both constrained and unconstrained. In this work constrained problems are

not considered, but it is desirable that the infill strategy can handle constrained problems or be easily

adapted to do so, to have a more practical application for engineering optimisation problems. The next

requirement, REQ-FID-1, ensures that the method scales to the available resources for the problem.

Adding multiple fidelities could result in fidelity 2 (a higher number is a lower fidelity, with 0 being HF),

sampled more than fidelity 1, reducing the computation time. If only fidelities 2 and 0 are to be included,

this could cause the infill strategy to choose fidelity 0, whereas otherwise fidelity 1 would be chosen,

increasing the sampling time. This behaviour was shown by Przysowa et al. [38]. The last requirement

ensures the resulting infill strategy is not restricted in the number of samples that can be added per

iteration. If this requirement is not satisfied, the final method may not optimally use available resources

by failing to assign new sample locations to free ranks, ultimately resulting in a reduction in performance.

Following the requirements, the goal of the combination is formulated:

The aim of combining the infill strategies is to reduce the optimisation wall-clock time by utilising

MP and MF samples while achieving the same or an equivalent optimum as the separate infill

methods.

To achieve this goal, the computational resources should be utilised as efficiently as possible. This

means minimising the time CPUs are idling. A benefit for a potential infill strategy can therefore be to

not include the computational cost of the fidelity levels. Since this is not always available accurately and

is not necessarily constant throughout the design space, this could lead to samples added that would

not be added using a different cost ratio.

This cost ratio can, however, be used to determine at which fidelity level to sample for a MP sequential

EGO approach. Since the sequential EGO approach first selects the sample locations and their fidelities,

and then computes all points concurrently, knowing the cost ratio can improve the use of computational

resources. For example, in the case where an HF sample is twice as expensive as an LF sample, and

the optimisation is run with two ranks available. The first sample could be selected to be an HF sample,

knowing the cost ratio, this can open up the possibility to select two LF samples for the other rank,
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minimising the idle time of both ranks.

However, this poses a problem in that for most MF infill strategies, it is not known at which fidelity level

the next sample is generated before generating a new sample location.

Thus, based on the considerations, the likely combination of infill strategies is an SF MP algorithm that

performs asynchronous computation of sample locations, and a MF SP infill strategy that does not base

the fidelity decision on the cost-ratio.

4.4. Multi-Point Infill Methods
The first step in developing a new infill method was to select the MP infill strategy to adapt or combine.

The methods introduced in section 3.5 can roughly be divided into three categories; SP infill strategy

adaptation, combining elements and asynchronous.

The first of these categories, SP infill strategy adaptation, adapts an SP infill strategy to select multiple

samples per iteration. A discussed example of this is the q-EI infill strategy as introduced by Schonlau

[18]. This infill strategy adapts the Expected Improvement (EI) infill criterion such that an arbitrary

number of sample points can be selected. For approximately 10 points or more, however, a heuristic

approach should be used. Most infill strategies in this category can select an arbitrary number of

samples, complying with REQ-NPTS-1 and can be adapted to handle constraints using, for example,

Probability of Feasibility (PoF).

A downside, however, is that the number of samples to select is non-trivial in that it would require being

adapted to use a MF infill strategy for which the fidelity level to sample at can be selected. This is

needed to optimally use the computational power available. To aid the decision on what fidelity level

is required, the cost ratio is required to fill the still available computational power per iteration with the

maximum useful new information.

The second category, which can be distinguished, is the category that combines multiple infill strategies

and/or surrogate models. For example, the method introduced by Viana et al. [50] combines several

surrogates, each of which is used to select a unique new sample point. This has the benefit that it can

utilise the strengths of multiple surrogate models. In addition to the downside the single point adaptation

category has, these methods can not scale easily to an arbitrary number of new sample points. Since

the number of sample points is determined based on the number of infill strategies, surrogate model

combinations are used. This does not comply with REQ-NPTS-1, since it can only scale to the possible

combinations.

The last category is the asynchronous approach, exemplified by Przysowa et al. [38]. These methods

do not select the infill points simultaneously, after which all points are calculated concurrently. These

approaches select one new sample point, which is calculated immediately asynchronously. While this

point is calculated, a new sample point is selected for another rank. This process is repeated until all

ranks are evaluating a point. Once an infill point is evaluated, it is added to the surrogate, after which

the free rank receives a new infill point and computes it. This process is repeated until convergence,

essentially generating an Asynchronous EGO algorithm. The added benefit of this category is that

implementing a MF infill strategy does not require the cost ratio between the fidelities to maximise the

utilisation of the computational power, since available ranks receive an infill point asynchronously.

A downside of this method is that a situation can occur, like the start of the optimisation, where no new

sample points are added to the surrogate, and a new infill point is to be selected. Since the surrogate is

not updated, selecting a new sample point would lead to the previously selected point being reselected.

To overcome this issue, the selection of the new sample point must be performed using a heuristic

method, such as Kriging Believer (KB) or Constant Liar (CL). KB adds the surrogate prediction of the

pending point(s) to the surrogate after which it is retrained, and a new sample location can be selected.

CL works similarly but does not add the surrogate’s predicted value; it instead adds the minimum, mean,

or maximum of the sampled points.

One possible downside of the asynchronous approach relative to the other two categories is that the

surrogate must be updated for each sample point, potentially increasing the number of times it must be

trained and the computational cost. However, training the surrogate is often orders of magnitude cheaper
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than computing the sample points, so this effect is expected to be small. If training the surrogate is as

expensive or more expensive than the function evaluations themselves, utilising a non-SBO optimisation

algorithm might be worthwhile. This asynchronous approach can satisfy REQ-CONSTR-1 and REQ-FID-

1, depending on the choice of SP infill strategy. Since the asynchronous approach can accommodate

any SP infill strategy, this method does not pose a risk of failing to satisfy these requirements. The last

requirement, REQ-NPTS-1, should also be satisfied by this approach, since the number of sample points

can be easily scaled, possibly using the KB or CL heuristic to select a new sample point if required.

Each of the discussed categories presents advantages and disadvantages, which are summarised

in Table 4.1. Considering the goal of minimising wall-clock time by maximising use of computational

resources and avoiding the need for a computational cost ratio, the asynchronous approach was selected

as the basis for the MP component of the combined infill strategy.

Table 4.1: Advantages and disadvantages of the MP infill strategy categories.

MP category Advantages Disadvantages

SP infill adaptation
• Arbitrary number of sample

points

• Constraint handling with certain

infill strategies

• Non-trivial to adapt to MF

• Requires the cost ratio to op-

timally use computational re-

sources

Combining elements
• Exploit strengths of multiple sur-

rogates and/or infill strategies

• Fixed number of sample points

• Can easily be extended to MF

• Requires the cost ratio to op-

timally use computational re-

sources

Asynchronous
• Arbitrary number of points, lim-

ited by resources available

• Any SP MF infill strategy can be

used

• No cost ratio required

• More frequent surrogate retrain-

ing

4.5. Multi-Fidelity Infill Methods
As discussed, the selected asynchronous EGO method can accept any SP infill strategy. The asyn-

chronous EGO can thus be readily extended to handle a MF optimisation process by using a MF infill

strategy. Of the three categories of MF infill strategies introduced in section 3.4, only infill strategies

from the last two categories, the heuristic and sequential approach, were considered.

The first category, no-fidelity consideration, could lead to a suboptimal use of available resources by

selecting too many LF or HF samples at possibly wrong locations for the fidelity level and was therefore

not considered. The next consideration in selecting suitable MF infill strategies was the requirement of

an available cost ratio between fidelity levels. Since it cannot be guaranteed that this is known a priori

for every problem, it would be beneficial if the MF infill strategy did not rely on this ratio. Taking these

criteria into account, the following four promising infill strategies were identified:

• Variable fidelity EI [27]

• Adapative Multi-Fidelity Expected Improvement (AMEI) [28]

• Filter-Generalised Expected Improvement (GEI) [30]

• Two-Step [31]

The first of which is the variable fidelity EI as introduced by Zhang et al. [27]. This method maximises

the expected improvement of the HF surrogate given a point is sampled at fidelity 𝑙, finding the sample
location and sample fidelity simultaneously. This variable-fidelity EI is defined for two fidelity levels;

thus, it must be extended to accommodate an arbitrary number of fidelity levels.

The next promising infill strategy was introduced by Hao et al. [28] and improves on the previously
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discussed method. This method improves upon the strategy introduced by Zhang et al. [27] by including

the best LF sample point. Not considering this point has been reported to cause too many LF points to

be sampled, thereby reducing performance and possibly leading to overfitting. This method is again

defined for two fidelity levels and should be adapted to handle constraints.

The third infill strategy that was identified was the strategy introduced by Guo et al. [30]. This method

uses the GEI infill strategy as a base. This infill strategy was created by Schonlau [18] to combat the

emphasis on local search that EI can tend to. This was done by introducing the parameter 𝑔, which
determines the relative importance of exploration and exploitation. This method was used by Guo et al.

[30] for the filter-GEI. This method determines the sample location using GEI, after which the fidelity level

is sampled. If the expected value of the sample point is below the filter threshold, the point is sampled

using HF; otherwise, an LF sample is used. This threshold is changed throughout the optimisation and

depends on the correlation between the LF and HF surrogate. Again, this method is defined for two

fidelity levels and has to be extended to handle constraints.

The last promising infill strategy is the Two-Step infill strategy of Garbo et al. [31]. This method se-

lects the sample location using an SF infill strategy determined by the user, followed by selecting the

fidelity level to sample at. This is done by first determining all fidelities which are accurate enough

at location 𝑥, using the Jensen-Shannon Divergence (JSD) as an accuracy metric. From this list, the

computationally cheapest (thus lowest-fidelity) fidelity level is selected. Since this method can accept

any SF infill strategy, it can handle constraints by selecting a suitable SP SF infill strategy. In addition,

the way in which the fidelity level is selected allows the infill method to use an arbitrary number of fidelities.

The key characteristics of these four infill strategies are summarised in Table 4.2. Of these promising

infill strategies, the Two-Step infill strategy was selected to be used in the MF MP infill strategy, as this

infill method can natively support constraints and generate infill samples for an arbitrary number of fidelity

levels. The single fidelity infill strategies used in combination were the commonly used EI [5], [6] and its

more globally sampling adaptation GEI [18]. To adapt this method to be able to handle constraints the

Constrained Expected Improvement (CEI) and Constrained Generalised Expected Improvement (CGEI)

counterparts can be used.

Table 4.2: Comparison of the four candidate MF infill strategies.

Property Variable fi-

delity EI [27]

AMEI [28] Filter-GEI [30] Two-Step [31]

Location & fidelity

selection

Heuristic Sequential Sequential Sequential

Fidelity levels Two Two Two Arbitrary

Constraint han-

dling

Requires

adaptation

Requires

adaptation

Requires

adaptation

Using appro-

priate SF infill

strategy

Cost ratio required No No No No

4.6. Proposed Optimisation Algorithm
Combining the selected MP infill strategy and the MF infill strategy yields an asynchronous EGO utilising

the Two-Step MF infill strategy. The flow of this method is illustrated in Figure 4.1.

This resulting method starts by selecting a set of initial samples, 𝑆0, with coordinates 𝑋0 via Latin

Hypercube Sampling (LHS). On this set of initial samples, a Hierarchical Kriging (HK) model is trained.

After the optimisation is invoked, a set of available workers is generated. At the start of the optimisation,

this consists of all workers available to the optimiser. Next, a new infill location is selected using an SF

infill strategy, after which, using the Two-Step method, the fidelity level to be sampled at is selected.

This point is then sent to the first free worker, who starts the calculation of the point. This process is

repeated until no workers are available to receive a task, at which point every rank is calculating a new
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sample point. When a rank finishes the calculation of the new point, this is added to the HK surrogate,

which is retrained and the worker is added again to the set of available workers. In some cases, it could

be possible that the surrogate has not yet been updated with a new sample point if a new point is to be

selected. In those cases, the new sample point is selected using the KB heuristic.

The used SF infill strategy in the Two-Step infill strategy can be any SF infill strategy. In this work, the

EI and GEI are used.

Figure 4.1: The proposed optimisation algorithm.
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Verification of Implementation

This chapter introduces the framework’s implementation. The implementation details can be found in

Appendix A, as well as a description of the measures taken to ensure consistency and repeatability.

The verification starts with the surrogate models (Kriging (KRG) and Hierarchical Kriging (HK)) in

section 5.1, followed by the infill strategies (random, Expected Improvement (EI) and Generalised

Expected Improvement (GEI)) in section 5.2. Lastly, the verification of the implemented optimisation

algorithms is discussed in section 5.3.

5.1. Surrogate Models
The first components used in the optimisation, which were implemented and verified, are the surrogate

models. The selected surrogate models are the Single-Fidelity (SF) KRG surrogate and the Multi-Fidelity

(MF) HK model. The KRG surrogate is used in the SF reference test and as a base model for the MF

HK model.

5.1.1. Kriging
The first of these surrogate models is the KRG. Since the surrogate-based optimisation framework uses

Surrogate Modelling Toolbox 2.0 (SMT) [1] as a base, the implemented KRG model is a wrapper of the

SMT KRG model. To ensure that the wrapper does not alter the resulting surrogate, a comparison was

made between the original model and the model obtained from the wrapper across several functions

(included in the MF2 Python library [21] and discussed in more detail in chapter 7) and varying numbers

of sample points. In all cases, the relative difference between the wrapper and SMT implementation for

both the mean prediction and variance is lower than 1 × 10−7. Two of the test cases for the 1-dimensional
Forrester (5.1) function are illustrated in Figure 5.1.

𝑓HF (𝑥) = (6𝑥 − 2)2 sin (12𝑥 − 4). (5.1)

33
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(a) KRG surrogate for 3 samples. (b) KRG surrogate for 5 samples.

Figure 5.1: Comparison of SMT and wrapper KRG surrogate on 1-dimensional Forrester function.

5.1.2. Hierarchical Kriging
The next surrogate model verified is the MF HK model introduced by Han and Görtz [22] and discussed

in subsection 3.3.2. The implementation includes both the Gaussian exponential and the cubic-spline

correlation introduced by Lophaven et al. [53]. The implemented HK model was verified against the

two reference cases used by Han and Görtz [22]. The first of the two cases used the High Fidelity

(HF) Forrester function (5.1), with a commonly used Low Fidelity (LF) function (5.2). With the following

nested sample set: 𝑥LF = {0.0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0} and 𝑥HF = {0.0, 0.4, 0.6, 1.0}.

𝑓LF (𝑥) = 0.5𝑓HF (𝑥) + 10 (𝑥 − 0.5) − 5. (5.2)

The resulting models are presented in Figure 5.2, in which Figure 5.2a is the custom implementation

and Figure 5.2b the reference.

(a) Resulting HK model from custom implementation. (b) Resulting reference HK model [22].

Figure 5.2: Comparison of custom HK implementation and reference [22] for the Forrester verification case.

The second verification case examined uses the same sample set and HF function as the previously

discussed case, but uses a modified LF function (5.3). This new formulation introduces a more compli-

cated correlation between the high- and low-fidelity functions. The resulting surrogates are illustrated in

Figure 5.3.

𝑓LF (𝑥) = 0.4𝑓HF (𝑥) + 10 (0.4𝑥4 + 0.1𝑥2 + 0.2𝑥 + 0.2) − 10. (5.3)
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(a) Resulting HK model from custom implementation. (b) Resulting reference HK model [22].

Figure 5.3: Comparison of custom HK implementation and reference [22] for the Forrester verification case with updated LF

function.

As shown in the illustrated results for both test cases, there is a difference between the trend coefficient

𝛽0 (whose values are tabulated in Table 5.1) and a slight difference in the shape of the HF prediction.

The slight difference in the predictor is most pronounced near the function’s optimum, where the

implementation attains a higher value.

Table 5.1: Comparison of trend coefficients for different LF Forrester functions.

Item Forrester Updated Forrester

Reference [22] 1.997 56 1.7345
Implementation 1.914 55 1.705 82

This difference was concluded to be the result of a different width parameter, 𝜃 found in the training
process. This hyperparameter is tuned by maximising the log-likelihood. Since this log-likelihood can

be highly multi-modal, this was done using Scipy’s differential evolution [54]. Han and Görtz [22] use a

genetic algorithm to overcome this issue.

Differential evolution is a stochastic population-based optimisation algorithm, which does not use gradient

information to find a minimum. It can search large regions of the design space, but often requires

many function evaluations. The optimisation starts with a population of candidates, or vectors, with

̄𝑣 ∈ ℝ𝑛. In each iteration, these vectors are mixed according to a selected strategy, resulting in the
mutated vector. In the next step, crossover is applied between the mutated vector and the reference

vector to increase population diversity. This is achieved by combining the two vectors and selecting the

corresponding element from each. This is done by taking 𝑛 numbers from a binomial distribution on

[0, 1). For each element of the vector, the value from the mutated vector is taken if the corresponding

value from the binomial distribution is less than the set recombination constant. Otherwise, the element

is taken from the reference vector. This results in the candidate vector. Next, the fitness of the trial

vector is determined. Namely, if the trial is better than the original vector, the original vector is replaced

by the trial vector. In the original algorithm from Storn and Price [55], at the end of each full iteration, the

best solution is updated from the new population, so it is updated once per iteration. The implementation

in Scipy (1.15.3), however, continually updates the best solution throughout an iteration. This can lead

to faster convergence, since the trial vectors can immediately benefit from the improved solution.

The conclusion regarding the difference in predictors was based on a simple numerical test case, which

showed no errors in the deterministic parts of the implementation. This shows the difference may have

resulted from the non-deterministic optimisation of the log-likelihood. This analysis is discussed in more

detail in Appendix B. As a last step to verify the conclusion, a reverse calculation of the reference
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𝛽0 and trained 𝛽0 to find the optimum 𝜃 for each was performed. This resulted in the found values as
tabulated in Table 5.2. From the found 𝜃𝑜𝑝𝑡 and their corresponding log-likelihood, it can be concluded
that the previous conclusion is correct. As the table shows, the reference found a 𝜃 corresponding to a
worse local maximum, whereas the implementation found a better optimum, since the log-likelihood is

maximised.

Table 5.2: Comparison of found optimal 𝜃.

Item 𝛽0 𝜃𝑜𝑝𝑡 log-likelihood

For HF (5.1) and LF (5.2)

Reference [22] 1.997 56 0.000 94 −10.1501
Implementation 1.9145 0.0387 −9.7567

For HF (5.1) and LF (5.3)

Reference [22] 1.7345 1.5527 −15.920
Implementation 1.7058 0.0703 −4.372

5.2. Infill Strategies
The implementation of the selected infill strategies, discussed in section 4.6, is discussed next. To

verify the infill strategies, the previously verified surrogate models were used. This discussion of the

verification begins with the random-point infill strategy.

5.2.1. Random Point
As a baseline reference, a random infill strategy was implemented. This infill strategy illustrates a

worst-case scenario in which a random point is added to the set of sample points until convergence is

achieved.

To ensure the correct functioning of this method, a large number of samples were selected on (𝑥1, 𝑥2) ∈
[(−10, −10) , (10, 10)] for a varying number of fidelities. If the implementation of the infill strategy is correct,
the entire sample design space should be sampled without duplicates. In addition, the samples should

be uniformly distributed in both sample location and sample fidelity. The case for 𝑛𝑓𝑖𝑑 = 5 with 2000
sample locations is figured in Figure 5.4, which shows the correct working of the random infill method.
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Figure 5.4: Verification of the random infill strategy.

5.2.2. Expected Improvement
The next verified infill strategy is the EI infill strategy (discussed in more detail in subsection 3.2.3). This

infill strategy selects a point at the location 𝑥̄ that maximises expected improvement over the design
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space, thereby balancing exploration and exploitation. Since the EI-value, calculated using (3.28), can

be highly multi-modal, the optimum was found using the same differential evolution algorithm as used in

subsection 5.1.2.

To ensure that the EI infill strategy works correctly, it was compared to the EI implementation in the SMT

toolbox [1]. Both the SMT and custom EI infill were calculated over a KRG surrogate of the Forrester

function. These surrogates were equal in both cases. If the custom EI implementation is correct, both

implementations should yield identical EI values throughout the design space. The resulting EI and

differences are illustrated in Figure 5.5.

(a) SMT and custom EI values.
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(b) Difference SMT and custom EI values.

Figure 5.5: SMT and custom EI values for KRG surrogate of Forrester function.

In Figure 5.5a, the EI values look equal; however, a difference can be observed in Figure 5.5b, but

these differences are small. The maximum absolute error and maximum relative difference, with the

corresponding other value, are tabulated in Table 5.3. Since these values are small, the implementation

was deemed to be verified.

Table 5.3: Maximum differences SMT and custom EI in Forrester test case.

Maximal Error Absolute Error Relative Error Corresponding 𝑥
Maximum absolute error 8.082 2.126 × 10−4 % [0.214]
Maximum relative error 2.266 × 10−289 0.0949 % [0.400]
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5.2.3. Generalised Expected Improvement
The GEI was verified in Two-Steps; first, a test was performed comparing the returned infill value for a

𝑔 = 1, with the values of the previously verified EI infill strategy. As in the special case in Equation (3.32),
this is a special case for the GEI infill strategy where the infill strategy can be simplified to the EI infill

strategy. The test yielded equal infill values, verifying that the GEI infill strategy works correctly for 𝑔 = 1.

The next step in verifying the correct functioning of this infill strategy was plotting the infill value and

each maximum for different values of 𝑔. What is expected is that the maximum (and thus selected infill

location) moves to a more explorative point, with an increase in 𝑔. The result of this test is visualised in
Figure 5.6, where the expected behaviour is visible.

Figure 5.6: Verification of the GEI infill strategy on the Forrester function.

The last verification step was to verify the implemented closed-form GEI to the integral form. The integral

form of GEI is [18]:

𝐸 [𝐼𝑔] = ̂𝑠𝑔
∫

𝑢

−∞
(𝑢 − 𝑧)𝑔 𝜙 (𝑧) 𝑑𝑧, (5.4)

with 𝑧 = 𝑦− ̂𝑦
̂𝑠 , 𝑢 = 𝑓𝑚𝑖𝑛− ̂𝑦

̂𝑠 . A comparison was made for 𝑔 ∈ [1, 2, 3, 5] at several 𝑥 locations. These tests

all showed a difference below the relative difference threshold of 1 × 10−5 and the absolute difference
threshold of 1 × 10−10. The combination of these three tests showed that the implemented GEI works
correctly.

5.2.4. Two-Step
The Two-Step infill strategy [31] was verified in four steps; first, it was ensured that the sample location

selected is correct. This was done by selecting the infill location for a set of different surrogates and

selecting a sample point on the same surrogate with the selected infill strategy. Both strategies selected

the same sample location, thus verifying that the sample location did not change. The next step was to

determine if the list of sufficiently accurate fidelities was created correctly. This was done by generating

the list of sufficiently accurate fidelities for a set of surrogates with an HF and an LF prediction, which

differed by a different amount. The results are tabulated in Table 5.4. In this table, the expected and

actual outputs are equal, demonstrating the correct functioning of this part of the implementation. The
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third test performed was to ensure that for the Jensen-Shannon distance (JSd) test, the correct fidelity

level was selected. In the implementation, the HF has an index of 0, with higher indices corresponding

to lower fidelity levels. Thus, the selected fidelity level should be max(accurate enough fidelities). This

behaviour is again shown in Table 5.4.

Table 5.4: Accurate enough fidelities and selected fidelities for Two-Step using a JSd threshold of 0.7.

𝜇HF, 𝜇LF LF JSd

Expected

LF JSd

Actual

Fidelities

Expected

Fidelities

Returned

Selected

Fidelity

(0, 0) 0.0 0.0 [0, 1] [0, 1] 1

(0, 1𝜎) 0.4 0.400 [0, 1] [0, 1] 1

(0, 2𝜎) 0.697 0.697 [0, 1] [0, 1] 1

(0, 3𝜎) 0.872 0.872 [0] [0] 0

(0, 50𝜎) 1.0 1.0 [0] [0] 0

The last verification step combined the selection of the infill location and the fidelity level. This resulted

in the location being equal to that selected by the SF infill strategy alone, with the correct fidelity level,

verifying the implementation.

5.3. Optimisation Algorithms
Lastly, the verification of the optimisation algorithms is discussed. Two optimisation algorithms are

implemented, namely a sequential Efficient Global Optimisation (EGO) as a reference and the selected

Multi-Point (MP) algorithm, as introduced in section 4.4, resulting in an asynchronous EGO. To verify

both cases, the previously verified KRG surrogate and EI infill strategy were used. The first optimisation

algorithm discussed is the sequential EGO.

5.3.1. Sequential Efficient Global Optimisation
To verify the working of the sequential EGO, it was tested using a KRG surrogate and EI infill strategy

on several functions. The functions used are the HF functions included in the Python library MF2 [21],

which are discussed in more detail in chapter 7. The optimisation was run with 15 random seeds for

each function to ensure that the initial set of samples, created using Latin Hypercube Sampling (LHS),

changes, thereby increasing the likelihood of finding the function’s optimum. In addition, it was ensured

that none of the found optima, for any seed, is a better solution than the known optimum. This resulted

in the optima tabulated in Table 5.5, which are all minimisation problems, except for the Currin function.

Table 5.5: Verification of sequential EGO.

Function Known Optimum Found Optimum Difference

Forrester (1D) −6.0207 −6.0207 1.29 × 10−10

Bohachevsky (2D) 0 0.000 376 3.76 × 10−4

Booth (2D) 0 6.31 × 10−29 6.31 × 10−29

Branin (2D) −333.916 −333.9196 6.74 × 10−5

Currin (2D), maximisation 13.799 13.799 −9.11 × 10−7

Himmelblau (2D) 0 1.45 × 10−4 1.45 × 10−4

Six Hump Camelback (2D) −1.032 −1.031 2.01 × 10−4

Park91A (4D) 2.718 × 10−8 2.718 × 10−8 0
Park91B (4D) 0.667 0.667 0
Hartmann6 (6D) −3.042 −3.041 1 × 10−3

Borehole (8D) 7.820 7.821 8.4 × 10−4

From this table, it is clear that the difference between the found and actual optimum is very small.

Combining this with the diagram of the optimisation process for the Forrester function in Figure 5.7, it

was determined that the implementation of the sequential EGO works correctly.
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The diagram of the optimisation process for the Forrester function using an initial sample set 𝑥 =
{0, 0.4, 0.6, 1}. For each iteration, it is visible that the new sample location is selected based on the

infill criterion. This is repeated until convergence is reached, based on the criterion for the minimum

threshold for the infill value, which was set to 1 × 10−6.

Figure 5.7: Sequential EGO process for the Forrester function.

5.3.2. Asynchronous Efficient Global Optimisation
The last main element verified was the asynchronous EGO algorithm based on the method from

Przysowa et al. [38]. To verify the working of this algorithm, the same steps were undertaken as for the

sequential EGO. Thus, the optimiser was run for several seeds on the function included in MF2 [21],

which are discussed in more detail in chapter 7. The results are then compared with the known optima

of the functions, and finally, it is ensured that all found optima do not have a function value better than

the actual optimum. The results are tabulated in Table 5.6, all problems are minimisation problems,

except for the Currin function which is a maximisation problem.
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Table 5.6: Verification of Asynchronous EGO.

Function Known Optimum Found Optimum Difference

Forrester (1D) −6.0207 −6.0207 1.190 × 10−11

Bohachevsky (2D) 0 4.68 × 10−4 4.68 × 10−4

Booth (2D) 0 6.31 × 10−29 6.31 × 10−29

Branin (2D) −333.916 −333.916 7.78 × 10−9

Currin (2D), maximisation 13.799 13.799 −1.837 × 10−5

Himmelblau (2D) 0 4.073 × 10−5 4.073 × 10−5

Six Hump Camelback (2D) −1.032 −1.032 4.19 × 10−5

Park91A (4D) 2.718 × 10−8 2.718 × 10−8 0
Park91B (4D) 0.667 0.667 0
Hartmann6 (6D) −3.042 −3.042 4.4 × 10−4

Borehole (8D) 7.820 7.822 2.49 × 10−3

From this table, it is clear that the found optima are all close to the actual optima, and no value is more

optimal than the actual optimum. Therefore, the operation of the optimisation algorithm is verified, except

for the correct operation of the inter-rank communication. To this extent, the task of a rank at a time is

plotted in the timeline in Figure 5.8. In Figure 5.8a the rank timeline for an SF problem is displayed.

Since this verification case was performed on an SF problem with 16 ranks, ranks 1 through 15 are

expected to perform calculations using the HF function. These blocks of calculation on the timeline are

expected to start staggered, since the first rank that receives a point immediately starts the calculation,

followed by the second rank receiving its sample location later. These ranks should also be busy for

most of the optimisation duration.

Rank 0, on the other hand, should show the selection of the new sample locations, followed by a large

downtime, while the ranks compute the resulting sample points. Since an SF problem was used, the

selection of new samples should be in blocks for every rank. This would not be the case if a MF problem

were used, since the computation block of the worker ranks would differ in length across fidelities.

Such a MF case is displayed in Figure 5.8b. As expected, it is visible in this case that the different fidelity

levels have different computation times, reflected by the width of the evaluation blocks. In addition,

where in the SF case all ranks received a new sample location at approximately the same time, in the

MF case this differs. This difference is caused by the different evaluation times per fidelity.

(a) SF optimisation. (b) MF optimisation with two fidelities.

Figure 5.8: Rank timeline of an SF and MF optimisation run for the Bohachevsky function with 𝑛rank = 16.

In Figure 5.8, the expected behaviour is visible for both the SF and MF case. Thus, in combination

with the identified optima, it demonstrates the correct operation of the asynchronous EGO algorithm.

However, this method has several limitations, as is evident from the timeline plot.
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The first limitation is the extensive downtime of rank 0 between the calculation of new sample locations.

This could be resolved by computing a new sample point on rank 0 in addition to the coordination of the

optimisation process. This, however, is not possible in the current implementation, which is based on

a single thread per rank. This results in the calculation of a point blocking rank 0, which can result in

downtime for a part or all of the other ranks, once they are finished calculating their assigned sample

point.

Adding multiple threads to at least rank 0 could circumvent the blocking problem, since the rank can

switch tasks between computing the sample point and coordinating the optimisation problem. This

would, however, require preemptive threading to switch between calculating with a black-box function

and coordinating.

This poses another problem, since the optimisation framework is implemented in Python 3.10 using the

CPython implementation, which does not support the preemptive threading required for the switching

of tasks. This is caused by the Global Interpreter Lock (GIL). The GIL ensures only one thread can

access the Python interpreter. Since the GIL cannot be released from the black-box function during the

calculation, this effectively locks rank 0. Python 3.13 introduced an experimental free-threaded CPython

implementation that could resolve this issue.

The combination of single-thread ranks and the GIL also introduced the second limitation. As shown

in Figure 5.8, ranks 1 and 2 compute new sample points when rank 0 finishes the optimisation. This

is due to the asynchronous nature, as the convergence criteria are met only after rank 3 returns its

new sample point. This means that rank 0 did provide a new sample location to ranks 1 and 2, as the

convergence criteria are not met at that point. Since the black-box function cannot be stopped, ranks 1

and 2 will terminate the optimisation only after the new sample points are returned. This could increase

wall-clock time, while providing no useful new information to the optimisation process. However, since

the end optimisation task for rank 0 consists of finding the optimum of the surrogate and computing the

HF function at this optimum, there will likely be no significant increase in wall-clock time, if any.



6
Experimental Setup

This chapter introduces the experimental setup used for all tests performed, starting with an introduction

of the infill strategies tested in section 6.1, followed by an introduction of the tested functions in section 6.2.

Next, an issue with using computationally cheap functions in combination with the asynchronous Multi-

Point (MP) infill strategy and its solutions is highlighted in section 6.3. Next, a discussion of the

convergence criteria used and the performance metric used is presented in section 6.4 and section 6.5,

respectively. Lastly, the determination of the required number of runs featuring unique random seeds is

presented in section 6.6

6.1. Infill Strategies Tested
The proposed asynchronous MP Multi-Fidelity (MF) infill strategy (discussed in section 4.6) is bench-

marked against several other infill strategies. The full list of tested infill strategies is:

• SF SP KRG Random: A combination of the random infill strategy, with a Kriging (KRG) surro-

gate and using the sequential Efficient Global Optimisation (EGO). This serves as a worst-case

performance comparison.

• MF SP Hierarchical Kriging (HK) Random: This is expected to be a slight improvement over the

Single-Fidelity (SF) Single-Point (SP) KRG Random, as this algorithm uses a MF random infill

strategy and the MF HK model.

• SF SP KRG EI: The standard sequential EGO using a KRG surrogate and Expected Improvement

(EI) infill strategy.

• SF SP KRG GEI: The sequential EGO using the Generalised Expected Improvement (GEI) infill

strategy with 𝑔 = 2.
• SF Async KRG EI: The asynchronous MP version of the standard EGO using EI. This will be run

with two different numbers of ranks: 8 and 16.

• SF Async KRG GEI: The version of SF Async KRG EI, utilising the GEI infill strategy. Again, this

is run for 8 and 16 ranks and using 𝑔 − 2.
• MF SP HK Two-Step: This is the first MF algorithm, using the Two-Step infill strategy with

a Jensen-Shannon distance (JSd)-threshold of 0.7 and EI as the SF infill strategy. This version

uses the SP sequential EGO optimiser.

• MF Async HK Two-Step: The last combination is the MP MF combination. Consisting of the Two-

Step algorithm using an JSd-threshold of 0.7, EI as the SF infill strategy, and the asynchronous

EGO. Again, a test is performed using 8 and 16 ranks. As discussed in section 4.2, this algorithm

is expected to outperform the other algorithms.

This list will provide insight into the performance of the proposed infill strategy against a commonly used

baseline (SF SP EI or GEI) and will also display the performance difference relative to the combined

elements on their own.

43



6.2. Tested Functions 44

6.2. Tested Functions
These infill strategies are benchmarked on a suite of eleven numerical test functions, all of which have

a MF implementation in MF2 [21] and range from one to eight-dimensional problems. All the included

functions feature low- and high-fidelity functions; the functions and their optima are tabulated in Table 6.1

with a detailed introduction for every function included in Appendix C. All of the included functions are

to be minimised, except for the Currin function, which is to be maximised. This problem is converted to

a minimisation problem during the optimisation process, by returning −𝑓.

Table 6.1: Numerical test functions and their optima.

Function Dimension 𝑥∗ 𝑓 ∗
𝐻𝐹

Forrester 1 0.7572 -6.0207

Bohachevsky 2 (0, 0) 0

Booth 2 (1, 3) 0

Branin 2 (−3.7861, 15) -333.916

Currin (maximisation) 2 (0.2167, 0) 13.7987

Himmelblau 2 (3, 2) 0

Six Hump Camelback 2 (0.0898, −0.7126) -1.0316

Park91A 4 (1 × 10−8, 0, 0, 0) 2.718 × 10−8

Park91B 4 (0, 0, 0, 0) 0.6667

Hartmann6 6 (0.207, 0.15, 0.4769, 0.2753, 0.3117, 0.6573) -3.0425

Borehole 8 (0.05, 5 × 104, 6.307 × 104, 990, 63.1, 820, 1680, 9855) 7.820

6.3. Artificial Delay
The numerical functions are computationally very cheap to evaluate; this will break the logic of the

Asynchronous EGO. Since the worker ranks can return the new sample points practically instantly,

there is no need for an asynchronous optimisation algorithm. As the optimisation process proceeds, it

will at most utilise 2 or 3 worker ranks. To resolve this, a function delay is added to the sample-point

calculation. During this time, the evaluation of the new sample point is paused until the function delay is

passed. The added delays were determined from the time required to select 16 new sample locations

using the Kriging Believer (KB) and Constant Liar (CL) heuristics. This time was used to simulate the

time required to select a full set of new samples to address this issue. This time was multiplied by a

factor depending on the High Fidelity (HF) or Low Fidelity (LF) function. For the LF function, this was

set to 1.2 and for the HF function to 12. The difference in multiplication factor between the LF and HF is

used to mimic the time difference for point calculations for real-world LF and HF functions. In real-world

engineering functions, this difference could be significantly larger. However, setting a difference in order

of magnitude for the delay was not possible for the tests due to the computational limitations and time

constraints imposed by the testing environment. The resulting function delays for the numerical test

functions are tabulated in Table 6.2.

Table 6.2: Added function delay for numerical test functions.

Function HF Delay LF Delay

Forrester 120 s 12 s
Bohachevsky 204 s 20.4 s

Booth 192 s 19.2 s
Branin 228 s 22.8 s
Currin 288 s 28.8 s

Himmelblau 252 s 25.2 s
Six Hump Camelback 444 s 44.4 s

Park91A 600 s 60.0 s
Park91B 1512 s 151.2 s
Hartmann6 2280 s 228.0 s
Borehole 6600 s 660.0 s
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6.4. Convergence Criteria
The optimisation runs are performed until one of the several convergence criteria is met. The settings

used for the convergence criteria are kept constant for all combinations of infill strategy and function.

The complete set of criteria is listed below. Unless otherwise stated, the default settings were used for

all tests performed.

• Absolute function value convergence: The absolute difference between the optimum value

of the surrogate for the current iteration and 𝑛 iterations ago. This difference is calculated using
| ̂𝑓 ∗

𝑘−𝑛 − ̂𝑓 ∗
𝑘 |, if this is below the set threshold (default is 1 × 10−6) the convergence criterion is met.

𝑛 can be set by changing the ’convergence_window’, which is set to 5 by default. In the tests

using the asynchronous EGO optimisation algorithm, this has been changed to be based on the

number of ranks used in the test; 𝑛rank + 1. This has been done to ensure the stopping criterion is
not met prematurely.

• Relative function value convergence: The relative difference between the optimum value of

the surrogate for the current iteration and 𝑛 iterations ago, with default value 1 × 10−6. This is

calculated using
| ̂𝑓 ∗

𝑘−𝑛− ̂𝑓 ∗
𝑘 |

| ̂𝑓 ∗
𝑘−𝑛|

. 𝑛 is equal to the ’convergence window’ set for the absolute function
value convergence.

• Minimum infill value: The last infill criterion is the minimum value for the infill value. The

implemented infill strategies select a new sample location by maximising the infill value. The

corresponding infill value is then returned, which should be above a set threshold, by default

1 × 10−6. If the returned infill value is below this threshold, the optimisation is deemed converged.

In cases where the infill strategy does not return an infill value, such as the random infill strategy

used for comparison, this convergence criterion is not applied.

In addition, several stopping criteria based on the available computational budget are included:

• Total function calls: This is the sum of the number of times the objective function for all fidelities

is called. If this exceeds the maximum number set, the optimisation stops. This is set to 1000 by

default.

• Number of HF function calls: The number of times the HF objective function is called. The

default is 150.

• Number of iterations: The number of iterations the optimisation process can take. If this number

is exceeded, the optimisation is stopped. By default, this is set to 300.

6.5. Comparison of the Performance
For each optimisation run, several parameters were measured, including the resulting optimum and the

elapsed wall-clock time (per iteration and time till solution). A detailed description of all of the saved

data can be found in section A.5. The objective function indicates whether the infill method finds the

same (local) optimum as the existing SF SP, SF MP, or MF SP infill strategies. If the returned optimum

is a worse point, the infill strategy is deemed worse, even if the optimisation is faster in wall-clock time,

as it yields a worse optimum.

The wall-clock time indicates the potential speed-up achieved by the combined infill strategy. This

parameter is chosen over other timing metrics, such as Central Processing Unit (CPU) time, because

fully utilising the CPU across an increasing number of CPUs is difficult, potentially skewing the results

to appear more positive than the real-world performance. In addition, wall-clock time is the main

performance metric used in High Performance Computing (HPC) benchmarking [56], [57].

These metrics will be combined in an adapted version of the Expected Runtime (ERT) as introduced by

Hansen et al. [58] (or ENES by Price [59]). This ERT will be calculated using:

ERT = Total wall clock time

Number of successful runs
. (6.1)

This measure thus gives an insight into the expected performance of the optimisation algorithm. Suppose

an algorithm A is twice as fast as algorithm B, but algorithm B reaches the optimum in 4 out of 4 runs,

whereas algorithm A does this in 1 out of 4, algorithm B will outperform algorithm A. For this measure,
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first, a definition of when a run is successful must be established, which is set to a threshold of the

function value of the returned optimum relative to the known optimum. This threshold was set to:

|𝑓
∗
opt

− 𝑓 ∗
known| ≤ atol + rtol |𝑓 ∗

𝑘𝑛𝑜𝑤𝑛| . (6.2)

With the absolute tolerance (atol) set to 0.01 and the relative tolerance (rtol) set to 0.01. If no runs

succeed, the ERT is undefined, and the algorithm will receive the lowest rank when comparing perfor-

mance. In case of a tie a fractional rank is assigned, as outlined in the comparison method introduced

by Demšar [60].

Next, in accordance with this method, first, a Friedman test is performed. This test will show if a

significant difference in performance exists between the set of optimisers tested. If the resulting 𝑝 < 0.05,
the null hypothesis, that the algorithms perform equally, is rejected. This proves that there is a significant

difference in performance between the algorithms.

If the null hypothesis is rejected, a post-hoc Nemenyi test [60] is performed. This test compares the

assigned ranks of all algorithms with the ranks of all other algorithms, from which a critical difference

diagram can be constructed. This diagram shows the average ranks of all the algorithms over the set of

test functions. A horizontal bar connecting different optimisers indicates there is no significant difference

in performance for the connected set, based on the assigned ranks.

This critical difference diagram, however, is based only on the assigned ranks, not on the actual magni-

tude difference in the ERT. This analysis is followed by the creation of a data profile [61]. This diagram

shows the fraction of optimisation problems solved by an optimiser over time. Thus, complementing the

critical difference diagram by showing performance differences in terms of wall-clock time.

6.6. Random Seeds
The benchmark runs start from a pseudo-random state, based on the random seed used. This random

seed is used in the selection of the initial sample points using Latin Hypercube Sampling (LHS). These

initial starting conditions can have a profound effect on the performance metrics, as a certain starting

condition can be easier to solve than another. What a favourable starting set of samples is, can differ

per infill strategy.

In addition, the random seeds control the internal processes in the optimisation, which include a random

process, namely the optimisation of the log-likelihood in the training of the HK or KRG surrogate or in

finding the maximum or minimum of the infill strategy. A more detailed explanation of which part of the

implementation depends on the random seed is included in section A.6 For these two reasons, each

combination of function-infill strategy is benchmarked using a set of random seeds. The set of random

seeds is constant across combinations, which results in the infill strategies being paired for comparison.

This raised the question of how many random seeds should be used for every combination. The main

performance metric used is ERT, which divides the total elapsed time by the number of successful runs,

both of which depend on the random seeds run. Thus, the number of random seeds used needs to

ensure the ERT is a reliable metric. This was calculated by utilising a pilot experiment. First, a set of 20

random seeds was benchmarked. Next, the standard error of the ratio of the proposed infill strategy’s

ERT compared to the ERT of the comparison infill strategies is retrieved from this pilot experiment using

paired bootstrapping [62].

Since the proposed infill strategy is expected to significantly outperform the SF SP baseline infill strategy

as well as the SP MF and MP SF infill strategies, the sizing of the number of random seeds was done for

a relatively large difference to be detected. This difference was set to 40%. Tightening the difference that

can be detected will result in an increase in the required number of random seeds, which is unrealistic

within the available computational budget and time frame. The difference to be detectable was used

in a power analysis in combination with a significance level of
0.05

3 (the 0.05 divided by the number of

comparisons made) and power of 0.8 [63]. From this power analysis, the minimum number of random

seeds required is calculated.

A second source of variation in the run time is the hardware timing noise induced by the HPC environment.

This, however, was deemed insignificant in relation to the evaluation time of the benchmark functions

with the added artificial delay as discussed in section 6.3.
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The pilot experiment showed that several benchmark functions are expensive to evaluate due to the

added artificial delay. This makes it impossible to run the required number of random seeds for these

functions within the available computational budget and time frame. These functions will only be used

to get a qualitative insight into the behaviour of the optimisation algorithms. These functions are also

excluded from the overall significance analysis as discussed in section 6.5. The determined functions

that are too computationally expensive are:

• Park91B

• Hartmann6

• Borehole

The calculation of the required number of random seeds resulted in Table 6.3 as the most driving

comparisons.

Table 6.3: Limiting comparisons for the required number of random seeds

Function Comparison Required number of seeds

Bohachevsky SP MF 209

Bohachevsky SP SF 129

Bohachevsky MP SF 72

Branin MP SF 29

Branin SP MF 28

While running the analysis, statistically comparing the GEI based algorithms proved to require large

numbers of random seeds, in the order of hundreds. This was deemed not possible given the constraints

on the computational power and timeframe; for this reason, these comparisons will not be used in the

statistical evaluation of the results. For the same reason, no direct comparison using the Bohachevsky

function can be made. These elements will all be used to give a qualitative insight into the performance.

Taking these omissions into account, the required number of random seeds for the functions was found

to be 29.



7
Test Problems

The benchmark tests on the numerical test problems were performed as described in chapter 6. This

chapter introduces the results of these tests, starting with the overall results in section 7.1. Following

the overall results, a more detailed discussion of the problems by number of dimensions is presented

in section 7.2, section 7.3, section 7.4, section 7.5 and section 7.6, for the one-, two-, four-, six-

and eight-dimensional problems respectively. Next, the performance difference between Expected

Improvement (EI) and Generalised Expected Improvement (GEI) based strategies is examined in

section 7.7, concluding with the main findings in section 7.8.

7.1. Overall Results
The first results presented are the combined set of numerical test problems. The full set of results

for the EI based infill strategies is presented in Table 7.1 and for the GEI based infill strategies in

Table 7.2. The algorithms and functions considered in the statistical analysis are ranked based on their

Expected Runtime (ERT). As discussed in section 6.6, this excludes the GEI based infill strategies and

the Bohachevsky, Park91B, Hartmann6, and Borehole functions. The remaining infill strategies are

ranked by their ERT for the remaining functions, according to the procedure described in section 6.5.

Next, the Friedman test is performed, resulting in 𝑝 < 0.001, rejecting the null hypothesis. This signifies
a significant difference in performance. Following the Friedman test, the critical-difference diagram was

created using the post-hoc Nemenyi test. The resulting Critical-Difference (CD) diagram is figured in
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Table 7.1: The ERT (HH:MM:SS) of the EI based infill strategies, with the corresponding ranks for functions used in the statistical analysis.

Function S
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M
F
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T
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o
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p
E
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8

M
F
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H
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T
w
o
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p
E
I
n
=
1
6

Forrester 00:53:44 (7) 00:56:49 (8) 00:13:49 (5) 00:05:58 (3) 00:05:33 (1) 00:14:40 (6) 00:06:05 (4) 00:05:53 (2)

Bohachevsky 10:13:48 23:09:15 01:52:18 00:24:37 00:15:46 03:35:05 00:42:08 00:24:53

Booth 07:43:14 (7) 12:32:15 (8) 00:25:53 (5) 00:08:59 (2) 00:08:59 (1) 00:38:08 (6) 00:12:44 (4) 00:10:33 (3)

Branin 05:44:32 (8) 04:16:27 (7) 00:33:05 (5) 00:13:38 (2) 00:10:54 (1) 00:56:37 (6) 00:16:06 (4) 00:14:40 (3)

Currin 11:21:53 (7) 14:27:10 (8) 01:28:43 (6) 00:35:10 (4) 00:27:50 (2) 01:18:01 (5) 00:28:08 (3) 00:22:12 (1)

Himmelblau 10:25:49 (7) 14:36:19 (8) 02:51:56 (5) 00:37:04 (2) 00:25:41 (1) 03:24:23 (6) 00:49:55 (4) 00:46:29 (3)

Six hump camelback 18:07:56 (7) 23:27:08 (8) 04:01:08 (5) 00:54:42 (3) 00:38:22 (1) 05:34:08 (6) 01:00:24 (4) 00:43:21 (2)

Park91a 25:11:07 (7) 33:11:56 (8) 01:08:51 (6) 00:26:16 (3) 00:22:24 (1) 01:08:22 (5) 00:29:03 (4) 00:23:59 (2)

Park91b 60:50:42 65:12:00 03:47:33 01:19:01 01:05:45 04:09:38 01:54:52 01:15:59

Hartmann6 No success-

ful run

No success-

ful run

52:52:29 13:05:46 04:59:59 66:26:03 08:14:33 11:02:51

Borehole 661:26:31 604:51:29 25:26:35 08:04:10 05:13:17 433:47:55 No data No data

Avg Rank 7.14 7.86 5.29 2.71 1.14 5.71 3.86 2.29
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Table 7.2: The ERT (HH:MM:SS) for the GEI based infill strategies.

Function S
F
S
P
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Forrester 00:53:44 00:56:49 00:12:01 00:04:02 00:04:02 00:06:00 00:05:46

Bohachevsky 10:13:48 23:09:15 06:10:43 00:46:47 00:25:58 01:50:41 04:13:16

Booth 07:43:14 12:32:15 00:37:39 00:07:44 00:06:56 00:22:11 00:17:33

Branin 05:44:32 04:16:27 00:40:52 00:18:07 00:09:25 00:24:13 00:13:45

Currin 11:21:53 14:27:10 01:25:54 00:28:02 00:19:56 00:41:59 00:22:30

Himmelblau 10:25:49 14:36:19 02:51:48 00:47:27 00:34:51 01:42:21 01:00:15

Six hump camelback 18:07:56 23:27:08 04:35:08 01:28:26 00:38:43 01:07:52 00:59:10

Park91a 25:11:07 33:11:56 02:06:36 00:24:33 00:21:03 00:34:28 00:30:29

Park91b 60:50:42 65:12:00 05:29:41 01:31:42 01:07:45 01:29:08 02:23:58

Hartmann6 No success-

ful run

No success-

ful run

53:30:43 No success-

ful runs

43:06:18 45:14:37 No success-

ful run

Borehole 661:26:31 604:51:29 32:56:49 06:33:03 06:10:20 11:49:29 06:47:03
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2 4

SF Async KRG EI n=16 [1.14]

MF Async HK TwoStep EI n=16 [2.29]

SF Async KRG EI n=8 [2.71]

[5.71] MF SP HK TwoStep EI

[5.29] SF SP KRG EI

[3.86] MF Async HK TwoStep EI n=8

Critical Difference Diagram for ERT.

Figure 7.1: The critical difference diagram for the non-random infill strategies on the set of numerical test functions.

Table 7.1 shows that consistently the random infill strategies perform worst. A drastic increase in

performance can be observed moving to the Single-Point (SP) infill strategies. Between the SP infill

strategies the Single-Fidelity (SF) SP EI outperforms the Multi-Fidelity (MF) infill strategy. This is against

the expectations from section 4.2. The Currin maximisation problem is a notable exception here, where

the MF infill strategy outperforms the SF infill strategy. This behaviour is again shown for the Multi-Point

(MP) infill strategies, where the SF infill strategy consistently outperforms their equivalent MF variant.

Again, with the exception of the Currin maximisation problem. The MP do outperform the SP infill

strategies, with the relative difference between the 𝑛 = 16 and 𝑛 = 8 variants differing per problem. The
variant with more computational power available 𝑛 = 16, outperforms the 𝑛 = 8 variant on every function,
but the difference is small for the two computationally easiest optimisation problems: Forrester and

Booth.

This ranking of the infill strategies is also apparent from the CD diagram in Figure 7.1. This plot shows

the average rank of the infill strategies over the functions used in the analysis. This shows the SF

MP strategies outperforming their SF counterparts. The MF strategies are followed by the SF SP and

lastly the MF SP infill strategies. The CD diagram also shows that based on the ERT ranks there is no

significant difference in performance between all MP infill strategies, as denoted by the black horizontal

bar in the diagram. This is also the case for the SF MP 𝑛 = 8, MF MP 𝑛 = 8 and SF SP strategies

group and the MF MP 𝑛 = 8, SF SP and MF SP group. This relatively large number of infill strategies

that perform non-significantly differently is due to the small set of seven functions used in the analysis.

Expanding this set of test functions will allow the critical-difference (the difference in ERT for which two

infill strategies are not significantly different) to be reduced.

The CD diagram, however, only displays the performance based on the ranking of the infill strategies,

and does not take into account the difference in magnitude of the ERT. To further investigate the

performance difference, a data profile has been created and is displayed in Figure 7.2. This data profile

has been created using the set of functions, with a sufficient number of random seed runs as discussed

earlier and in section 6.6. This data-profile shows the fraction of problems from the set of seven test

functions a infill strategy can solve after a given elapsed time. This shows a large jump in performance

from the SP to the MP infill strategies. The difference between the SF and MF is less pronounced, but



7.1. Overall Results 52

does show that the SF outperforms the MF.
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Figure 7.2: The data profile for the optimisers on the numerical test functions.

Lastly, the performance of the infill strategies has been compared with the baseline SP, SF EI infill

strategy. The geometric mean of the difference in ERT of the seven functions is visualised in Figure 7.3.

From this diagram it is evident the MP strategies outperform the baseline infill strategy. The difference

is above the 40% detectable threshold as discussed in section 6.6, thus the difference in performance

compared to the baseline is significant. It can also be seen that overall the SF infill strategies outperform

their equivalent MF versions, these differences are however not above the 40% threshold and can thus

not be significantly detected given the used number of random seeds.

Figure 7.3: The geometric mean performance difference for the seven numerical test functions (lower is better).

Next, some notable results per function are discussed, starting with the 1-dimensional Forrester function.

A complete set of the convergence, resulting optimum, function calls, and elapsed time plots for every

function is included in Appendix D. In addition to these figures the success rate, average elapsed time

and average elapsed time per successful run tables are included in this appendix.
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7.2. 1-Dimensional Problem
A single 1-dimensional problem was investigated, the Forrester function. This function was solved by

the majority of infill strategies in 100% of the runs. The MF infill strategies achieved a slightly lower

success rate, while staying above 85%, with the MF MP GEI being an exception at 56%. This means
that the difference in ERT is thus mostly dictated by the difference in elapsed time. The elapsed time for

all infill strategies is illustrated in the raincloud plot [64] in Figure 7.4. This raincloud plot displays the

box-plot of the different runs, with the scatter plot of the runs and the probability density plot of the runs

included on the left and right side, respectively.

Figure 7.4: Elapsed time Forrester function.

This problem also showed that the number of function calls (and thus the number of sample points)

differs substantially between the methods. In Figure 7.5a, it can be seen that significantly more sample

points are added for the async and random method compared to the SP methods. This is the cause

of the increased elapsed time for the random optimiser. For the async methods, this, however, is not

the case. This is caused by async methods computing points in parallel, thereby reducing the overall

wall-clock time. For wall-clock time, the number of function calls per rank is more meaningful. This plot is

included in Figure 7.5b. This figure also illustrates why the MF MP strategies perform worse compared

to the SF MP infill strategies. This is caused by the MF MP infill strategy sampling approximately the

same number of High Fidelity (HF) sample points, not leading to a reduction in computation time, while

Low Fidelity (LF) samples are added, increasing the computation time and thus ERT.
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(a) The total function evaluations.

(b) The function evaluations per worker rank (per infill strategy left is the HF samples with LF on the right).

Figure 7.5: Function evaluations for the Forrester function.

7.3. 2-Dimensional Problems
The set of 2D problems consists of 6 functions: Bohachevsky, Booth, Branin, Currin (maximisation),

Himmelblau and Six Hump Camelback. On five of these functions, the SF MP strategy outperforms the

MF MP infill strategy; however, on the Currin problem, the MF achieves a lower ERT. This performance

is caused by the reduction in elapsed time as a result of a reduction in HF function calls per rank, as

illustrated in Figure 7.6. This difference in ERT is reduced by the small difference in success rate

between the infill strategies. This difference is visible in the returned optima as illustrated in Figure 7.7.
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Figure 7.6: Function evaluations per rank for the Currin function.

Figure 7.7: The returned optimum per rank for the Currin function (the function value is scaled by -1, to convert the maximisation

problem to a minimisation problem).

The trend from the Forrester function, as discussed in section 7.2, is continued for the other 2-dimensional

problems. The behaviour again is that the MP infill strategies outperform the SP infill strategies by the

reduction in function evaluations per rank. The MF infill strategies do not show a reduction in HF function

evaluations, leading to an increase in the elapsed time per optimisation caused by the introduction of

the LF samples.
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7.4. 4-Dimensional Problems
The 4-dimensional Park91A and Park91B functions again showed the same difference in ERT as for

the earlier discussed functions. The MF showed the same behaviour as the number of HF samples did

not reduce, while LF samples were added. However, for both the Park91A and Park91B, there was a

large difference in success rate between the SF and MF infill strategies. This can be visualised by the

returned optimum for both functions, Figure 7.8 for Park91A and Figure 7.9 for Park91B. In both cases

the returned optima do not show two or more groupings of runs, suggesting the unsuccessful runs hit

stopping criteria prematurely, instead of reaching a local minimum.

Figure 7.8: The returned optimum for the Park91A function.

Figure 7.9: The returned optimum for the park91B function.
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7.5. 6-Dimensional Problems
The 6-dimensional Hartmann6 posed a challenging problem for most optimisers, with low success rates

for all infill strategies. This function was, however, not taken into account in the significance testing due

to the large computational time required for completing the required number of random seeds. This is

driven by the apparent hard nature of the problem to be optimised. For the MP the additional limitation

of the computational budget available in combination with the large artificial pause time required further

reduced the possible random seeds to be completed. This could skew the results and no significant

conclusion can be drawn from them. The low success rate is visualised by the returned optima in

Figure 7.10.

Figure 7.10: The returned optimum for the Hartmann6 function.

7.6. 8-Dimensional Problems
The test problem with the highest dimension is the Borehole problem. This problem suffers from the

same limitations as the Hartmann6 function as discussed in section 7.5. This function shows the largest

reduction in performance for the MF SP infill strategy compared to the SF SP infill strategy. In addition

to the difference in success rate changing the ERT, the difference is driven by the elapsed time as

illustrated in Figure 7.11. This in turn is caused by the large increase in HF samples added by the MF

infill strategy; Figure 7.12. The MF SP infill strategy, however, completed a significantly smaller number

of runs, skewing the results. The runs with random seeds completed are however completed by both

infill strategies. The SF SP does not have outliers in function evaluations and elapsed time as severe as

the MF SP runs. This suggests that the MF SP’s performance will be similar when adding more random

seeds. As mentioned earlier, however, not enough runs have been completed to form conclusions.
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Figure 7.11: The time elapsed for the Borehole function.

Figure 7.12: The function evaluations per rank for the Borehole function.
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7.7. Comparing EI and GEI
The test functions were also examined using GEI based infill strategies. As discussed in section 6.6

these infill strategies required too large a number of random seed runs for the available computational

budget and time frame to result in significant relevant results. Therefore the results displayed here are

illustrative, but no significant conclusion can be drawn. The GEI based infill strategies show the same

behaviour in performance difference as the EI based strategies. The MP infill strategies increase the

performance over the baseline, where adding the MF aspect reduces the performance. In addition as

visualised in Figure 7.13, the GEI based infill strategies are outperformed by the equivalent EI based

infill strategies. This is largely caused by the reduced success rate for the GEI based infill strategies.

Figure 7.13: The geometric mean performance difference for the seven numerical test functions for the EI and GEI based infill

strategies (lower is better).

7.8. Conclusion
As illustrated in the previously discussed results the MP infill strategies significantly outperform the

SP infill strategies. The SF based infill strategies display better performance than the MF based infill

strategies for most functions. This difference is, however, smaller than the threshold of the significantly

detectable difference of 40%. This reduction in performance has been shown to be caused by the

addition of LF samples, while the number of HF samples required for convergence did not reduce. To

determine whether the LF function influences this behaviour the Forrester function was tested using

the SP MF EI infill strategy for a set of different LF functions. The results of which are discussed in

chapter 8.
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Different Low-Fidelity Forrester

From the results for the numeric test functions discussed in chapter 7, it was concluded that the Multi-

Point (MP) strategies outperform their equivalent Single-Point (SP) counterparts. The Multi-Fidelity (MF)

aspect, however, reduces the performance compared to the Single-Fidelity (SF) version. This behaviour

was caused by the addition of Low Fidelity (LF) sample points to be evaluated, while the number of

High Fidelity (HF) sample points did not reduce. To investigate the role the LF function plays, additional

tests were performed with a set of different LF Forrester functions. These functions are introduced in

section 8.1 followed by a discussion of the results in section 8.2.

8.1. Low-Fidelity Forrester Function Definitions
To define several new LF Forrester functions, first, a base Forrester function was defined:

𝑓𝑏 (𝑥, 𝐴, 𝐵, 𝐶) = (6 (𝑥 + 𝐴) − 2)2 (1 + 𝐵) sin (12 (𝑥 + 𝐴) − 4) + 𝐶. (8.1)

By setting 𝐴, 𝐵, 𝐶 to 0, the HF Forrester function as defined in Equation (8.2) is retrieved:

𝑓𝐻𝐹 (𝑥, 0, 0, 0) = (6𝑥 − 2)2 sin (12𝑥 − 4) . (8.2)

The LF variations examined are tabulated in Table 8.1, the resulting equations and visualisation are

presented in Appendix E.

Table 8.1: LF Forrester Definitions.

Identifier A B C

Horizontal offset 0.5 0.5 0 0
Horizontal offset -0.5 −0.5 0 0
Amplitude change 5 0 5 0
Amplitude change -5 0 −5 0
Vertical offset 5 0 0 5
Vertical offset -5 0 0 −5

Combined change 5 0.5 5 5
Combined change -5 −0.5 −5 −5
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In addition to these altered LF formulations, three linearly interpolated LF functions were examined.

These functions were constructed by dividing the bounds into 𝑛 equal-width sections, between whose
edges a linearly interpolated function was generated. This was done for 𝑛 = 2, 𝑛 = 5 and 𝑛 = 10. The
𝑛 = 5 case is illustrated in Figure 8.1; the other visualisations can be found in Appendix E.

0.0 0.2 0.4 0.6 0.8 1.0
x

−5

0

5

10

15

f(x
)

Forrester Linea  App oximation 5 Bins
High Fidelity Function
Low Fidelity Function

−2.5

−2.0

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

f H
F -

 f L
F

Difference (fHF - fLF)

Figure 8.1: Linearly interpolated Forrester function with 𝑛 = 5 sections.

8.2. Results
The set of different LF functions was tested using the MF SP HK Two-Step EI infill strategy. As a

reference strategy the baseline SF SP KRG EI was used. Since this reference strategy is an SF

approach, the results do not differ for the changing LF function definitions. The resulting Expected

Runtime (ERT) for every combination is tabulated in Table 8.2. From this table it is evident that for

every LF function definition the MF infill strategy reduces performance. Table 8.3 shows the tabulated

mean function calls per optimisation run. This table shows that the number of HF samples is reduced

slightly for the MF infill strategy for most LF functions. However, the success rate of the MF is slightly

lower resulting in increased ERT. This difference in success rate is caused by some MF runs hitting

the minimum infill value convergence criterion, as some combination of infill samples resulted in low

variance for the Hierarchical Kriging (HK) surrogate model.

Table 8.2: The ERT (HH:MM:SS) and corresponding rank for the differing Forrester LF functions. Note that the results for the SF

SP infill strategy are equal, since this is solely using the HF function.

Function SF SP KRG EI MF SP HK Two-Step EI

Forrester 00:13:49 (1) 00:14:40 (2)

Forrester horizontal offset 0.5 00:13:49 (1) 00:14:57 (2)

Forrester horizontal offset -0.5 00:13:49 (1) 00:14:37 (2)

Forrester amplitude change 5 00:13:49 (1) 00:15:38 (2)

Forrester amplitude change -5 00:13:49 (1) 00:15:00 (2)

Forrester vertical offset 5 00:13:49 (1) 00:15:07 (2)

Forrester vertical offset -5 00:13:49 (1) 00:15:37 (2)

Forrester combined change 5 00:13:49 (1) 00:15:12 (2)

Forrester combined change -5 00:13:49 (1) 00:15:07 (2)

Continued on next page
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Table 8.2 – continued from previous page

Function SF SP KRG EI MF SP HK Two-Step EI

Forrester linear approximation 2 bins 00:13:49 (1) 00:15:32 (2)

Forrester linear approximation 5 bins 00:13:49 (1) 00:14:22 (2)

Forrester linear approximation 10 bins 00:13:49 (1) 00:14:41 (2)

Avg Rank 1.00 2.00

Table 8.3: Mean function evaluations ± STD.

Function SF SP KRG EI MF SP HK Two-Step EI

Forrester HF: 6.91 ± 2.75, LF: - HF: 6.79 ± 1.76, LF: 0.81 ± 0.92
Forrester horizontal offset 0.5 HF: 6.91 ± 2.75, LF: - HF: 6.16 ± 2.05, LF: 1.37 ± 1.63
Forrester horizontal offset -0.5 HF: 6.91 ± 2.75, LF: - HF: 6.74 ± 1.67, LF: 1.21 ± 1.11
Forrester amplitude change 5 HF: 6.91 ± 2.75, LF: - HF: 5.63 ± 2.23, LF: 0.88 ± 1.22
Forrester amplitude change -5 HF: 6.91 ± 2.75, LF: - HF: 5.56 ± 2.19, LF: 1.12 ± 1.32

Forrester vertical offset 5 HF: 6.91 ± 2.75, LF: - HF: 5.63 ± 2.26, LF: 0.63 ± 0.84
Forrester vertical offset -5 HF: 6.91 ± 2.75, LF: - HF: 5.84 ± 2.26, LF: 0.65 ± 1.08

Forrester combined change 5 HF: 6.91 ± 2.75, LF: - HF: 5.86 ± 2.26, LF: 0.53 ± 1.00
Forrester combined change -5 HF: 6.91 ± 2.75, LF: - HF: 6.84 ± 1.68, LF: 0.91 ± 1.41

Forrester linear approximation 2 bins HF: 6.91 ± 2.75, LF: - HF: 7.02 ± 1.53, LF: 0.98 ± 1.09
Forrester linear approximation 5 bins HF: 6.91 ± 2.75, LF: - HF: 6.26 ± 2.15, LF: 1.23 ± 1.34
Forrester linear approximation 10 bins HF: 6.91 ± 2.75, LF: - HF: 5.58 ± 2.25, LF: 1.21 ± 1.21

However, tabulating the mean function calls for the successful runs (Table 8.4), shows a similar behaviour

as seen in chapter 7. This table shows a small change in HF samples (both an increase and a decrease,

depending on the LF function), while LF can be added. This in turn leads to longer elapsed times. Given

the lower success rate and the longer elapsed time for the successful runs, this leads to an increase in

ERT for the MF infill strategies

Table 8.4: Mean function evaluations ± STD for the successful optimisation runs.

Function SF SP KRG EI MF SP HK Two-Step EI

Forrester HF: 6.91 ± 2.75, LF: - HF: 7.02 ± 1.42, LF: 0.83 ± 0.93
Forrester horizontal offset 0.5 HF: 6.91 ± 2.75, LF: - HF: 6.84 ± 1.24, LF: 1.57 ± 1.67
Forrester horizontal offset -0.5 HF: 6.91 ± 2.75, LF: - HF: 7.00 ± 1.23, LF: 1.27 ± 1.10
Forrester amplitude change 5 HF: 6.91 ± 2.75, LF: - HF: 6.75 ± 1.25, LF: 1.19 ± 1.29
Forrester amplitude change -5 HF: 6.91 ± 2.75, LF: - HF: 6.58 ± 1.30, LF: 1.45 ± 1.33

Forrester vertical offset 5 HF: 6.91 ± 2.75, LF: - HF: 6.67 ± 1.36, LF: 0.73 ± 0.86
Forrester vertical offset -5 HF: 6.91 ± 2.75, LF: - HF: 6.88 ± 1.37, LF: 0.85 ± 1.16

Forrester combined change 5 HF: 6.91 ± 2.75, LF: - HF: 6.85 ± 1.29, LF: 0.65 ± 1.08
Forrester combined change -5 HF: 6.91 ± 2.75, LF: - HF: 7.20 ± 1.05, LF: 0.97 ± 1.44

Forrester linear approximation 2 bins HF: 6.91 ± 2.75, LF: - HF: 7.28 ± 1.26, LF: 1.05 ± 1.09
Forrester linear approximation 5 bins HF: 6.91 ± 2.75, LF: - HF: 6.74 ± 1.58, LF: 1.31 ± 1.36
Forrester linear approximation 10 bins HF: 6.91 ± 2.75, LF: - HF: 6.50 ± 1.48, LF: 1.50 ± 1.19

As discussed in section 4.2, the MF strategies were expected to outperform their SF counterparts,

since the number of HF samples required was expected to be reduced, caused by the LF aiding in

determining the trend of the function, which could be corrected by the addition of some HF samples.

When plotting the optimisation process for a MF SP Two-Step Expected Improvement (EI) infill strategy

on the Forrester function (included in Figure 8.2), it is visible that the infill strategy add multiple points

around the optimum. This optimisation run first adds an LF around the optimum. Training the HK on this

new set of sample points will reduce the variance at this location, but the variance will not be zero. As

the sample point added is LF the HK does not treat it as a true point, as it would do for an HF point. The
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surrogate predictor in turn does not pass directly through the LF sample point(s). This non-zero variance

near the optimum, results in the region being exploited by the infill strategy. This could result in the infill

strategy reselecting the previous infill location at the lower fidelity level, since the LF function is deemed

sufficiently accurate by the Two-Step infill strategy. The implementation, as discussed in Appendix A,

recognises that this location has already been sampled at the LF fidelity level and will sample the point

one fidelity level higher (in this case HF). This is visible in iterations 5, 6 and 7 in Figure 8.2. This new

HF sample point does reduce the variance at the point to 0, reducing the infill value. This process thus

essentially adds a redundant LF point near the optimum.

Figure 8.2: The optimisation process for the Forrester function with the reference LF function using the MF SP Two-Step EI infill

strategy.
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Discussion

This chapter discusses the results as presented in chapter 7 and chapter 8. First, the findings for

numerical problems are discussed in section 9.1, followed by the discussion of the results for the

varying Low Fidelity (LF) functions in section 9.2. Next, the limitations of the research and implemented

method are discussed in section 9.3. Lastly, this chapter highlights the practical application and

recommendations for future work in section 9.4 and section 9.5, respectively.

9.1. Numerical Test Problems
The results for the numerical test functions as introduced in chapter 7 show that the asynchronous

outperforms the non-asynchronous infill strategies. This is consistent with the reference asynchronous

infill strategy from Przysowa et al. [38], which demonstrated improved performance. This is the result of

the optimisers adding more information over time by sampling multiple new points concurrently. This

increase in information provided to the surrogate at time 𝑡 allows the surrogate to be more accurate,
leading to earlier convergence.

This resulted in a reduction of 72.7% in Expected Runtime (ERT) compared to the Single-Point (SP)

Single-Fidelity (SF) Expected Improvement (EI) baseline. This is above the threshold of 40% above

which a significant difference in performance could be detected.

The Multi-Fidelity (MF) infill strategies were expected to outperform the SF infill strategies; however,

the results showed the opposite. The SF infill strategies consistently outperformed the MF strategies.

This was caused by the addition of the LF samples, while the number of High Fidelity (HF) infill samples

selected per run did not change significantly. This led to the elapsed time increasing. To investigate

the role of the LF function in this behaviour, several LF Forrester functions were defined on which the

performance was compared, the results of which are discussed in section 9.2.

Next, a comparison was made between the EI and Generalised Expected Improvement (GEI) based

infill strategies. This comparison showed that the EI based infill strategies slightly outperformed the GEI

based strategies. This was mostly due to the lower success rate of the GEI based infill strategies. Note

that the GEI based infill strategies have not been run for the required number of random seeds, so no

significant conclusion can be made from the results.

9.2. Varying Low Fidelity Functions
As discussed in chapter 7, chapter 8 and section 9.1, the MF infill strategies underperformed compared

to the hypothesis as discussed in section 4.2. The benchmarks on the numerical test functions showed

that the elapsed time increased as LF samples were added by the MF infill strategy, whilst the number

of HF required did not change. The test performed in chapter 8, showed the same behaviour for the

successful optimisation runs, leading to longer optimisation run times. After visualising the optimisation

process, it was apparent that the MF infill strategy included more sample points around the optimum of

the function. This was caused by the LF function deemed to be sufficiently accurate in the area around

the optimum by the Two-Step infill strategy. An LF sample would thus be selected near the optimum.

64
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This resulted in the variance of the Hierarchical Kriging (HK) surrogate reducing near the new sample

point, but since it is an LF sample point not reducing to 0. The used EI SF infill strategy in the Two-Step

strategy would reselect the sample location, based on the reduced variance and the surrogate prediction

at that point. This reselected sample point would be sampled using the HF function, as otherwise an

identical sample would be added. This thus results in an additional sample point added at the same

location, increasing the computational cost without adding any meaningful information.

9.3. Limitations
The results presented previously are constrained by several limitations of the research. The first limitation

is the selection of the hyperparameters for the optimisation algorithms. The tests performed were all

run using a consistent set of default hyperparameters, since, due to time constraints, it was not possible

to optimise these on a function-infill strategy basis. The choice of these parameters could affect an

algorithm’s performance. For example, changing the exponent for the Gaussian correlation function

in the HK surrogate from the used 2.0 to 1.9 yielded different ERTs for each numerical test function.

The results of this change for SP HK Two-Step are tabulated in Table 9.1. In this table, it is visible

that the 𝑝 = 2.0 achieves a better ERT for most problems. However, it does not outperform 𝑝 = 1.9 for
every function. These results show that the optimal settings for these parameters are highly problem-

dependent. This is in line with the no free lunch theorem, which states that no single optimisation

algorithm is universally better across all problems [65]. Optimising this full set of hyperparameters and

settings for each optimisation algorithm and problem could thus improve performance across subsets of

the function-optimiser combinations.

Table 9.1: ERT (HH:MM:SS) for SP HK Two-Step for changing exponent of the Gaussian correlation function with 30 random

seeds.

Algorithm SP HK Two-Step 𝑝 = 2.0 SP HK Two-Step 𝑝 = 1.9
Forrester 00:14:40 00:32:27

Bohachevsky 03:35:05 02:50:14

Booth 00:38:09 04:12:03

Branin 00:56:38 00:56:48

Currin 01:18:01 02:21:11

Himmelblau 03:24:24 07:01:18

Six Hump Camelback 05:34:08 09:50:38

Park91A 01:08:23 02:03:23

Park91B 04:09:38 04:51:22

Hartmann6 18:26:04 16:15:20

Another set of parameters that can be tuned to achieve different performance are the stopping criteria.

The most commonly hit stopping criterion was the value returned by the infill strategy. The threshold

was set to 1 × 10−6 for all combinations of optimiser and function. However, Schonlau [18] advised to

use 𝐸 [𝐼𝑔]
1
𝑔 < threshold, where currently it was assessed the GEI < threshold, or 𝐸 [𝐼2] < threshold for

the value of 𝑔 used (𝑔 = 2).
Changing this stopping criterion for the combinations using the SF GEI infill strategy will result in a

stricter criterion, possibly leading the optimiser to continue for longer, adding more sample points. This

could result in an increase in successful runs, at the cost of longer elapsed time. Since the GEI-based

combinations already display a relatively high success rate, this change is not expected to result in a

better ranking based on ERT compared to the EI-based combinations.

A limitation of the implementation is the use of Python 3.10 without preemptive threading or the Global

Interpreter Lock (GIL). Implementing the framework in a newer version of Python without the GIL and

supporting preemptive threading, or using a different language altogether, could improve the perfor-

mance of the Multi-Point (MP) strategies. The change to the rank 0, which currently solely orchestrates

the optimisation process, could aid the optimisation process by evaluating a sample point itself. This

will likely improve the performance of these MP infill strategies over the SP strategies, but not alter the

ranking within this group, given the same number of Central Processing Units (CPUs). This difference
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should be more pronounced for runs with fewer ranks available, since there is a relatively larger increase

in computational power available as adding 1 rank to a 2-rank optimisation is a relatively larger increase

over an optimisation utilising 16 ranks. In addition, this difference is exacerbated by the coordinator

rank in a 16-rank optimisation, which requires selecting new sample points more often, resulting in less

computational time available for sample point evaluation on rank 0.

9.4. Practical Application
The purpose of this MSc thesis was to examine whether an optimisation problem can be solved more

efficiently in terms of wall-clock time by utilising a MF MP infill strategy for a Surrogate-Based Op-

timisation (SBO). This resulted in a proposed infill strategy using the Two-Step infill strategy for an

asynchronous optimisation algorithm. This implementation can be used as-is for any unconstrained

single-value optimisation problem.

This, however, does not yield a performance gain for typical engineering optimisation problems, since

these problems are commonly constrained optimisation problems. By utilising the proposed optimiser

on these kinds of problems, the expensive constraints will be evaluated directly when optimising the SF

infill strategy and while finding the optimum on the surrogate. As a result, this will turn the SBO process

into an expensive optimisation with many evaluations of (one of) the expensive functions, negating the

benefit of an SBO algorithm.

The proposed method can easily be adapted to handle expensive constraints by utilising an SF infill

strategy that selects a sample point without evaluating the expensive constraint. An example of such

an infill strategy is Constrained Expected Improvement (CEI). This infill strategy uses the Probability

of Feasibility (PoF), in addition to EI, to select the new sample point, with the PoF evaluated on a

surrogate constructed for each expensive constraint. The resulting new infill point is then sampled, with

the corresponding constraint values added to the constraint surrogate(s).

The current implementation of the optimisation framework would require a change. First, a constraint-

handling infill strategy must be included, such as CEI. In addition, in the currently implemented optimisa-

tion processes, only one surrogate is constructed and updated; this should be extended to include the

surrogates required for all expensive constraints. Lastly, the configuration class must be extended to

allow the user to pass expensive constraints to the problem definition.

9.5. Future Work
The proposed MF MP infill strategy showed an increase in performance over the baseline, but disap-

pointing results compared to the SF MP infill strategy. Also for the SP the addition of the MF aspect

reduced performance, suggesting that the selected MF infill strategy hampers performance on the set of

benchmark functions. The combination of the MP and MF aspects is theoretically a promising direction

for further improving the performance of SBO. The first recommendation for future work is thus to adapt

the Two-Step infill strategy or combine the asynchronous MP strategy with a different MF infill strategy,

which could aid in increasing the combined performance.

One possible avenue for adjusting the Two-Step infill strategy is by adjusting the Jensen-Shannon

distance (JSd) threshold. This threshold determines whether a fidelity is deemed sufficiently accurate at

a sample location. The currently identified problem with the MF infill strategy is that additional samples

are added around the optimum. These points are generally sampled near the end of the optimisation

run, when the area of the Forrester function with the optimum has already been identified as promising.

Tweaking the JSd throughout the optimisation might resolve this problem. Starting the optimisation

with a lenient JSd, will result in more LF samples to be added at the start of the optimisation, possibly

giving the optimiser early on in the optimisation a better overview of the general trend of the design

space. When the optimisation run progresses, this threshold can be made stricter, resulting in more

HF sample points to be added. This will give a more detailed overview of the at that point identified

promising area(s) in the design space. This would require the threshold to be set based on a variable,

which can be linked to the state of the optimisation run, such as the infill value at the last selected infill

point. This value will reduce when the optimisation run progresses.

Changing the Two-Step infill strategy for another MF infill strategy is another approach that could result

in increased performance. Other infill strategies can be readily incorporated into the framework, enabling
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benchmarking among these methods. In section 4.5, the choice was made to favour a MF infill strategy,

which does not take into account the cost-ratio between fidelity levels, as this could make the selection

of infill points challenging in a MP setting. However, utilising the asynchronous MP strategy, this concern

is dropped as the fidelity level and fidelity levels of the other sampled points do not influence the iteration

time as they would for a synchronous MP strategy.

This thus opens the possibility to investigate the performance of other MF infill strategies in combination

with an asynchronous MP optimiser. This would, however, require the (estimation of) cost-ratio(s), the

choice of which could influence the selection of sample fidelity. These ratios can be easily updated

throughout the optimisation process, since the duration of a sample point evaluation is logged.

The last recommendation focuses on improving the framework’s practical applications. The current

implementation, as discussed in section 9.3 and section 9.4, has several limitations that limit its practical

applications. The most limiting limitation for the practical applicability is the lack of constraint handling;

the last recommendation is thus to extend the framework to be able to handle constrained optimisation

problems.



10
Conclusion

This MSc thesis aimed to investigate the performance of a combined Multi-Point (MP) Multi-Fidelity (MF)

infill strategy in Surrogate-Based Optimisation (SBO), formalised into the following research question:

How does a parallel multi-point multi-fidelity infill strategy affect the performance of a

surrogate-based optimisation run?

To this end, an existing MP Single-Fidelity (SF) and a Single-Point (SP) MF infill strategy were combined

into the proposed MF MP infill strategy. The MP aspect of this proposed strategy is adapted from the

strategy proposed by Przysowa et al. [38]. The proposed strategy selects one new sample location at

a time, using an SP infill strategy. This new sample point is sent to an available rank for evaluation.

While this point is being evaluated, another new sample point is selected (possibly using a heuristic

like Kriging Believer (KB) or Constant Liar (CL) if the surrogate has not been updated) and sent to an

available rank; this is repeated until no free rank is available. After the new sample point is evaluated, it

is added to the surrogate.

The used SP MF infill strategy in this process is the Two-Step strategy by Garbo et al. [31]. This strategy

works by first selecting the infill location on the High Fidelity (HF) surrogate of a Hierarchical Kriging (HK)

model, using an SP SF infill strategy. In the tests performed, both an Expected Improvement (EI) and

a Generalised Expected Improvement (GEI) infill strategy were used for this. Next, the sample fidelity is

selected by first generating a list of fidelities that are deemed sufficiently accurate at the selected infill

location. A fidelity is considered sufficiently accurate if the Jensen-Shannon distance (JSd) is below

a set threshold. This JSd measures the similarity between two distributions. The two distributions

tested are generated from the prediction and variance returned by the highest-fidelity HK model, and

the prediction and variance of the HK at the fidelity to be tested. From this list of sufficiently accurate

fidelities, the computationally cheapest model is selected, finalising the selection of the new sample

point.

The formulation of this proposed MF MP infill strategy answered the sub-questions. The first sub-

question;

How to decide the sample location and fidelity level for a new sample point?

was answered by the selection of the Two-Step infill strategy.

The second and third sub-questions are answered by selecting the asynchronous MP strategy.

How to decide on the number of new high-fidelity and low(er)-fidelity samples per iteration?

How can the available computational resources be maximally used?

68
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The number of new HF and Low Fidelity (LF) samples per iteration is not relevant for the asynchronous

approach, as asynchronous evaluation of a sample point minimises idle time on the worker ranks. This

is achieved by selecting a new sample location immediately once a sample point is returned; a rank

evaluating an LF sample point thus does not have to wait for a rank evaluating an HF sample point to

finish.

The proposed method was tested using eleven two-fidelity benchmark problems. Of these eleven, four

were used only as an indication, as the number of runs required for significant results could not be

reached within the computational budget. For the seven remaining problems the MP SF infill strategy

with 16 ranks achieved a 72.7% reduction in Expected Runtime (ERT) compared to the SF SP EI baseline.

This difference was above the threshold of 40% above which a significant difference could be detected.

Contrary to the hypothesis, the addition of the MF aspect reduced the performance for both the MP and

SP implementations compared to their SF counterparts. This reduction in performance was caused by

the sampling of multiple points around the optimum, starting with an LF sample point followed in the

next iteration by an HF sample point at the same location. This was the result of the variance of the

HK not being driven to 0 at the LF sample location, where the residual variance would prompt the infill

criterion to include a sample point in the same location. The addition of this LF point thus did not add

any meaningful information to the optimisation process, while taking up computational resources. To

investigate whether the formulation of the LF function has an effect on the performance, the proposed

infill strategy was tested on the Forrester function with a set of different LF functions. These tests

confirmed the behaviour as discussed above was structural and not an artefact of the formulation of the

used LF functions.

The four functions from the test suite not used in the statistical testing were run for a set of random

seeds, the results of which displayed the same behaviour: the MP addition improved performance,

whereas adding MF decreased it.

The tests described above all used EI as the SF SP infill strategy in the Two-Step infill strategy. An

indicative test was performed using GEI as the SP SF infill strategy. This showed the performance of EI

was slightly superior to GEI, owing to the higher success rate of EI.

In answer to the main question, the proposed asynchronous parallel MP MF infill strategy improves

SBO performance, through the asynchronous MP component, which delivers a statistically significant

reduction in ERT over the baseline. The selected MF, however, degrades the performance. The

hypothesis is therefore partially confirmed: the expected performance increase is realised by the

asynchronous MP aspect, but hampered by the inclusion of MF.

The proposed strategy can be directly applied to unconstrained single-objective optimisation problems.

Implementing an SF SP infill strategy capable of handling constraints, like Constrained Expected

Improvement (CEI), ensures the proposed method is applicable to constrained problems. To benefit

from the combined MP MF aspect, the MF has to be adapted. A promising direction is to alter the JSd

threshold during the optimisation process. This could begin with a lenient threshold so as to select

several LF sample points to obtain a fast and computationally cheap overview of the general trend in

the design space. As the optimisation process progresses, the threshold would be tightened, so that

the promising areas of the design space are explored using HF samples, which give a better view of the

areas of interest. The possible performance increase from MP MF could be realised by exchanging the

MF infill strategy used.

This thesis thus showed that an asynchronous MP infill strategy yields significant reductions in wall-clock

time, while the Two-Step MF infill strategy partially negated this performance increase.
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A
Implementation

This appendix focuses on the implementation of the proposed infill strategy, the measures taken

to ensure consistency and repeatability and a description of the hardware on which the tests were

performed, starting with a description of the overall framework in section A.1, followed by the surrogate

models in section A.2. Next, the implementation of the infill strategy and the optimisation algorithms are

introduced in section A.3 and section A.4 respectively. The verification of the implemented method is

discussed in chapter 5. Next, a short description is included of the data that is saved throughout the

optimisation process in section A.5. Lastly, the measures taken to ensure consistency and repeatability

across tests are discussed in section A.6, including a description of the hardware used.

A.1. Overall Framework
The implementation begins with an overarching view of how each component interacts with the others

in the Surrogate-Based Optimisation (SBO) framework. It was chosen to create an object-oriented

SBO framework that allows the selected infill strategies, surrogates, and optimisation algorithms to be

implemented and used in every compatible combination interchangeably. The flow of the framework

is illustrated in Figure A.1, with the corresponding pseudocode in Algorithm A.1. To configure the

optimisation problem, a user would interact with the classes that serve as the problem configuration and

the optimiser entry point: the singleton Config class and the SBO class, respectively. The components

initialised in the SBO instance are the surrogate model, infill strategy and optimisation algorithm. All

these components are classes for each selected algorithm, sharing a common interface within each

category. The common interface ensures, for example, that different infill strategies can be used

interchangeably (provided they are compatible with the problem definition) and that the framework can

be easily extended to include additional infill strategies, optimisation algorithms, or surrogate models.

The framework is implemented in Python 3.10 using the CPython interpreter and relies on several

third-party libraries, including Numpy [66], SciPy [54], and the Surrogate Modelling Toolbox 2.0 (SMT)

[1]. In addition, OpenMPI is used via mpi4py to enable parallel computation if available on the host and

required by the problem configuration. The basic logic of the SBO class is outlined in Algorithm A.1,

and the flow of the framework is visualised in Figure A.1.

76
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Algorithm A.1 SBO framework.

Require: Problem definition: config, initial samples: S0
Ensure: Best point 𝑥∗ with objective value 𝑓 ∗

1: procedure SBO(config, S0)
2: surr ←InitSurrogate() ▷ Initialise surrogate model based on config

3: infill ←InitInfill() ▷ Initialise infill strategy based on config

4: opt ←InitOpt() ▷ Initialise optimisation algorithm based on config

5: if S0 = ∅ then

6: 𝑋0←LHS() ▷ Generate initial samples using LHS

7: for 𝑥 ∈ 𝑋0 do
8: 𝑥,value ←𝑓fid (𝑥)
9: S0 ←S0 ∪ {(𝑥, value)}
10: end for

11: end if

12: S0←EnsureMinSamplesPerFidelity() ▷ Ensure S0 is nested if required and contains enough

samples

13: Train surr on S0
14: 𝑥∗, 𝑓 ∗

HF
←argmin𝑥Opt(surr, infill) ▷ Perform optimisation

15: return 𝑥∗, 𝑓 ∗
HF

16: end procedure

Figure A.1: SBO framework flow.
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A.2. Surrogate Models
The first components used in the optimisation, which were implemented, are the surrogate models. The

selected surrogate models are the Single-Fidelity (SF) Kriging (KRG) surrogate and the Multi-Fidelity

(MF) Hierarchical Kriging (HK) model. The KRG surrogate is used in the SF reference test and as a

base model for the MF HK model.

A.2.1. Kriging
The first of these surrogate models is the KRG surrogate model. Since the surrogate-based optimisation

framework uses SMT [1] as a base, the implemented KRG model is the SMT KRG model. To ensure a

consistent interface with the framework, a wrapper was written for the SMT KRG implementation.

A.2.2. Hierarchical Kriging
The next surrogate model implemented is the MF HK model introduced by Han and Görtz [22] and

discussed in subsection 3.3.2. This implementation includes both the Gaussian exponential and the

cubic-spline correlation introduced by Lophaven et al. [53]. The implementation uses the previously

discussed SMT KRG model as the base surrogate model for the lowest fidelity. This base surrogate

is then used to build up from the lowest-fidelity model to the High Fidelity (HF) model, completing the

training of the full HK model. This training process is discussed in detail in subsection 3.3.2.

As discussed in the description of the training process, the hyperparameter 𝜃 has to be found by means
of optimising the log-likelihood. Since this log-likelihood can be highly multi-modal, this was done using

SciPy’s differential evolution [54]. Han and Görtz [22] use a genetic algorithm to overcome this issue.

Differential evolution is a stochastic population-based optimisation algorithm, which does not use gradient

information to find a minimum. It can search large regions of the design space, but often requires

many function evaluations. The optimisation starts with a population of candidates, or vectors, with

̄𝑣 ∈ ℝ𝑛. In each iteration, these vectors are mixed according to a selected strategy, resulting in the
mutated vector. In the next step, crossover is applied between the mutated vector and the reference

vector to increase population diversity. This is achieved by combining the two vectors and selecting the

corresponding element from each. This is done by taking 𝑛 numbers from a binomial distribution on

[0, 1). For each element of the vector, the value from the mutated vector is taken if the corresponding

value from the binomial distribution is less than the set recombination constant. Otherwise, the element

is taken from the reference vector. This results in the candidate vector. Next, the fitness of the trial

vector is determined. Namely, if the trial is better than the original vector, the original vector is replaced

by the trial vector. In the original algorithm from Storn and Price [55], at the end of each full iteration, the

best solution is updated from the new population, so it is updated once per iteration. The implementation

in SciPy (1.15.3), however, continually updates the best solution throughout an iteration. This can lead

to faster convergence, since the trial vectors can immediately benefit from the improved solution.

A.3. Infill Strategies
The implementation of the selected infill strategies, discussed in chapter 4, is discussed next. This

discussion of the implementation starts with the random-point infill strategy, followed by the Expected

Improvement (EI) and lastly the Generalised Expected Improvement (GEI) infill strategies.

A.3.1. Random Point
As a baseline reference, a random infill strategy was implemented. This infill strategy illustrates a

worst-case scenario in which a random point is added to the set of sample points until convergence is

achieved.

This is achieved by first selecting a sample coordinate on the closed interval 𝑥̄sample ∈ [𝑥̄𝐿𝐵, 𝑥̄𝑈𝐵], using
Numpy’s [66] numpy.random.uniform(). This function draws samples from a uniform distribution on

the half-open interval 𝑥̄ ∈ [𝑥̄𝐿𝐵, 𝑥̄𝑈𝐵). To ensure that the upper-bound of the design space can be

sampled, a small nugget was added to the upper bound used in the sampling method. Next, the fidelity

level was selected using numpy.random.randint(), which returns an integer in the half-open interval
𝑥 ∈ [𝑥𝐿𝐵, 𝑥𝑈𝐵). The lower and upper bounds were set to 0 and the total number of fidelities 𝑛𝑓𝑖𝑑 used in
the optimisation. Since the numbering of the fidelities starts at 0, all fidelities can be sampled as the

maximum number returned by numpy.random.randint() is 𝑛𝑓𝑖𝑑 − 1, which corresponds to the lowest
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fidelity level. Combining the two would yield a new sample point. To ensure consistent behaviour across

runs, the method uses the same random seed throughout the optimisation process. If the selected

sample was already included in the set of sample points, this process would be repeated until a unique

sample point was selected. This results in the pseudo-code implementation in Algorithm A.2:

Algorithm A.2 Random Infill Strategy.

Require: Sampled points: 𝑆, Lower bound: 𝑥̄𝐿𝐵, Upper bound: 𝑥̄𝑈𝐵, Number of fidelities: 𝑛𝑓𝑖𝑑
Ensure: New sample point(s): 𝑆𝑛𝑒𝑤
1: unique ← False

2: while not unique do

3: 𝑥̄𝑛𝑒𝑤 ← randunif(𝑥̄𝐿𝐵, 𝑥̄𝑈𝐵 + 1e−8)
4: 𝑓𝑖𝑑𝑛𝑒𝑤 ← randint(0, 𝑛𝑓𝑖𝑑)
5: 𝑆𝑛𝑒𝑤 ← (𝑥̄𝑛𝑒𝑤, 𝑓 𝑖𝑑𝑛𝑒𝑤)
6: if 𝑆𝑛𝑒𝑤 ∉ 𝑆 then

7: unique ← True

8: end if

9: end while

10: return 𝑆𝑛𝑒𝑤

A.3.2. Expected Improvement
The next implemented infill strategy is the EI infill strategy (discussed in more detail in subsection 3.2.3).

This infill strategy selects a point at the location 𝑥̄ that maximises expected improvement over the design

space, thereby balancing exploration and exploitation. Since the EI-value, calculated using (3.28), can be

highlymulti-modal, the optimumwas found using SciPy’s [54] scipy.optimize.differential_evolution().
This method implements the differential evolution algorithm introduced by Storn and Price in [55] and

discussed in subsection A.2.2.

A.3.3. Generalised Expected Improvement
The GEI, discussed in Equation (3.32), was implemented similarly to the previously discussed EI. As this

infill value is to bemaximised and the landscape can be highlymulti-modal, scipy.optimize.differential_evolution()
is used for the optimisation of the GEI value. The resulting 𝑥∗ is the location of the new infill point.

A.3.4. Two-Step
The Two-Step infill strategy was implemented using the same function used in the reference by Garbo et

al. [31], namely scipy.spatial.distance.jensenshannon. Note that this function returns the Jensen-
Shannon distance (JSd), which is the square root of the Jensen-Shannon Divergence (JSD). This metric

is calculated using the probability vectors created using the probability density function defined on:

LB = min (𝜇HF − 3𝜎, 𝜇𝑓𝑖𝑑 − 3𝜎) ,

UB = max (𝜇HF + 3𝜎, 𝜇𝑓𝑖𝑑 + 3𝜎) .
(A.1)

Using the HF probability vector and the probability vector for fidelity 𝑓𝑖𝑑 the JSd is calculated. If the value
is below the set threshold, the fidelity is deemed accurate enough. After performing this test for each

fidelity level, the lowest-fidelity option is selected as the sample point. The mean prediction and standard

deviation used in this calculation are the mean and standard deviation returned by the surrogate at the

selected sample location. This sample location is first selected using the SF infill strategy.

A.4. Optimisation Algorithms
Next, the implementation of the optimisation algorithms is discussed. Two optimisation algorithms are

implemented, namely a sequential Efficient Global Optimisation (EGO) as a reference and the selected

Multi-Point (MP) algorithm, as introduced in section 4.4, resulting in an asynchronous EGO. To verify

both cases, the previously verified KRG surrogate and EI infill strategy were used. The first optimisation

algorithm discussed is the sequential EGO.
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A.4.1. Sequential Efficient Global Optimisation
The implemented sequential EGO algorithm is a Single-Point (SP) optimisation algorithm as discussed

in subsection 3.2.3. This algorithm selects a new sample point according to a specified infill strategy.

After which, a check is performed to determine if the selected point is in the set of sampled points.

This was shown to occur for the Two-Step infill strategy, since the variance of the HF HK model at the

location of a Low Fidelity (LF) sample is not 0. This can cause the point to be reselected by the infill

criterion, which is purely based on the HF HK model. If such a point were selected, the infill strategy

would deem it a promising area for placing a sample. The sample would be evaluated at one fidelity

level higher, adding information without resampling an already sampled point.

The selected sample point is then computed and added to the surrogate model, after which a new

sample point is selected based on the infill strategy. This process is repeated until the convergence

criteria discussed in section 6.4 are met. After which, the location of the optimum of the surrogate is

determined, and the corresponding HF function value is calculated and returned as the optimum. Thus,

the total number of function evaluations, excluding the initial samples, is 𝑛iter + 1. The whole process is
outlined in Algorithm A.3.

Algorithm A.3 Sequential EGO.

Require: Surrogate model: surr, infill criterion: infill, initial sample set: 𝑆0, with coordinates 𝑋0
Ensure: Best point 𝑥∗ with objective value 𝑓 ∗

1: Train surr on 𝑆0
2: 𝑓 ∗ ← min𝑥∈𝑋0

𝑓(𝑥), 𝑘 ← 0
3: converged ← False
4: while ¬ converged do
5: {𝑥new}, infill∗ ← argmax𝑥 infill(𝑥 | surr) ▷ Optimise infill criterion

6: 𝑥new ← RemoveDuplicates(𝑥new, 𝑋𝑘) ▷ Remove duplicate points

7: for each candidate 𝑥𝑖 ∈ {𝑋new} do
8: 𝑓𝑖 ← 𝑓fid(𝑥𝑖) ▷ Evaluate objective at prescribed fidelity

9: 𝑆𝑘+1 ← 𝑆𝑘 ∪ {(𝑥𝑖, 𝑓𝑖)}
10: end for

11: Retrain surr on 𝑆𝑘+1
12: 𝑓 ∗

𝑘 ← min𝑥∈𝑋𝑘+1
𝑓(𝑥)

13: if Convergence then

14: converged ← True
15: break ▷ Convergence criterion met

16: end if

17: 𝑘 ← 𝑘 + 1
18: end while

19: 𝑥∗
surr ← argmin𝑥 ̂𝑓 (𝑥) ▷ Surrogate optimum

20: Evaluate 𝑓HF(𝑥∗
surr) update 𝑓 ∗ if improved

21: return 𝑥∗ = argmin 𝑓 ∗

A.4.2. Asynchronous Efficient Global Optimisation
The last main element implemented was the asynchronous EGO algorithm based on the method from

Przysowa et al. [38]. This method uses the same basic principle to find the optimum as the sequential

EGO discussed previously, while aiming to reduce the clock time required by utilising parallel computing.

The implementation requires at least two ranks to function. The coordinator rank (rank 0) tracks the

surrogate and distributes new points to be sampled to the available ranks. The other ranks only compute

the corresponding function value at the desired new sample location and return the new information to

rank 0. This is repeated until convergence is achieved. In more detail, rank 0 keeps track of the worker

ranks (rank 1 through 𝑛ranks − 1), which are available to calculate a new point. If such a rank is available,

rank 0 will determine the next sample point using the specified infill criterion on the current surrogate

and perform the same duplicates check as used in EGO Sequential. The resulting point will be sent to

the worker rank for calculation using the Message Passing Interface (MPI) with OpenMPI, implemented

in Python via mpi4py. This process is then repeated until either no worker ranks are available or a

convergence criterion is met.
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During this process, rank 0 monitors whether a worker rank has sent a new sample point back to rank 0.

If such a new point is available, it is added to the surrogate’s training data, and the surrogate is retrained

on the updated training data. This ensures the next sample locations are always calculated based on

the most current surrogate. However, the surrogate may not yet be updated when selecting a new

sample location. This is, for example, the case at the start of the optimisation, when all worker ranks are

available, but no update has been made to the surrogate. In these cases, the new sample location will

be generated using a temporarily updated surrogate, obtained via the Kriging Believer (KB) or Constant

Liar (CL) method (as specified by the user), as discussed in section 3.5. This temporary surrogate will be

updated with all pending points, whose values are determined by the KB or CL algorithm. This ensures

that the new sample location is selected on a surrogate with additional information, since otherwise the

previously selected sample location would be reselected.

This yields the algorithm for the coordinator outlined in Algorithm A.4 and Algorithm A.5 for the worker

ranks, with the flow of information between ranks visualised in Figure A.2. This implementation requires

at least two ranks for the optimisation process. Note that when two ranks are available, the algorithm

essentially operates as the previously discussed sequential EGO. However, there is likely a slight

increase in wall-clock time due to the computational overhead of coordinating the sample points and

inter-rank communication.

Figure A.2: Flow of Asynchronous EGO.
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Algorithm A.4 Asynchronous EGO — Coordinator (rank 0).

Require: Surrogate surr, infill criterion infill, initial samples 𝑆0, with coordinates 𝑋0, worker set 𝑊 =
{1, … , 𝑛 − 1}

Ensure: Best point 𝑥∗ with objective value 𝑓 ∗

1: Train surr on 𝑆0
2: 𝑓 ∗ ← min𝑥∈𝑋0

𝑓(𝑥), pending ← ∅, free ← 𝑊
3: surr_updated ← True, converged ← False
4: while ¬ converged do
5: if free ≠ ∅ then

6: if surr_updated then

7: 𝑥new, infill∗ ← argmax𝑥 infill(𝑥 | surr) ▷ Optimise infill criterion

8: else

9: if use KB then

10: 𝑥new, infill∗ ← KB(surr, pending) ▷ KB multipoint strategy

11: else

12: 𝑥new, infill∗ ← CL(surr, pending) ▷ CL multipoint strategy

13: end if

14: end if

15: 𝑥new ← RemoveDuplicates(𝑥new, 𝑋𝑘,pending)
16: 𝑤 ← free.pop()
17: Send(𝑥new, dest = 𝑤, tag = 11) ▷ Dispatch task to worker 𝑤
18: pending ← pending ∪ {𝑥new}
19: surr_updated ← False
20: end if

21: if MessageAvailable(tag = 22) then ▷ Non-blocking probe for results

22: 𝑤, results ← Recv(tag = 22)
23: free ← free ∪ {𝑤}
24: pending ← pending ∖ results
25: 𝑆𝑘+1 ← 𝑆𝑘 ∪ results; retrain surr on 𝑆𝑘+1
26: surr_updated ← True
27: 𝑓 ∗ ← min(𝑓 ∗, minr∈results 𝑓(𝑟))
28: if Convergence criterion met then

29: converged ← True
30: 𝑥∗

surr ← argmin𝑥 ̂𝑓 (𝑥) ▷ Surrogate optimum

31: Evaluate 𝑓HF(𝑥∗
surr); update 𝑓 ∗ if improved

32: break

33: end if

34: end if

35: sleep(0.1) ▷ Avoid busy-waiting

36: end while

▷ Shutdown phase

37: for 𝑤 ∈ 𝑊 do

38: Send(“STOP”, dest = 𝑤, tag = 11) ▷ Signal each worker to stop

39: Await Recv(“STOPPED”, source = 𝑤, tag = 22)
40: Collect any final results and add to 𝑆
41: end for

42: return 𝑥∗ = argmin 𝑓 ∗
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Algorithm A.5 Asynchronous EGO — Worker (rank 𝑤 ≥ 1).
Require: Rank 𝑤, objective function 𝑓
Ensure: None (results returned via MPI)

1: while True do

2: task ← Recv(source = 0, tag = 11) ▷ Block until task arrives from coordinator

3: if task = “STOP” then

4: Send(“STOPPED”, dest = 0, tag = 22) ▷ Confirm shutdown to coordinator

5: break

6: else

7: for each 𝑥𝑖 ∈ task do

8: 𝑓𝑖 ← 𝑓fid(𝑥𝑖) ▷ Evaluate objective at prescribed fidelity

9: end for

10: Send({(𝑥𝑖, 𝑓𝑖)}, dest = 0, tag = 22) ▷ Return results to coordinator

11: end if

12: end while

13: return None

A.5. Performance Measurement
As discussed in section 6.5, the performance metrics measured are the wall-clock time of the optimisation

process and the returned optimum. For each run, with a unique random seed, these metrics are recorded

and saved. In addition, for each iteration of the sequential EGO, or for each new point added in the async

EGO, the current set of training data, convergence criteria, surrogate optimum and time elapsed are

recorded and saved. All points in the training data include the start and end times of their computation, as

well as the rank at which they were computed. The resulting data saved includes the problem definition

and settings used by the instance of the config class and is stored as a serialised pickle file. The timing

included is taken from the Python module time. The start time is taken before the optimisation loop
begins, i.e., after initialisation and the acquisition of the initial samples (if not provided as input by the

user). The end time is set to the end of the optimisation loop, after the final optimum point is evaluated

using the HF function. Between these points, all operations are relevant to the optimisation problem; no

Input/Output (I/O) actions are performed, as the optimisation data is saved only after the optimisation

process has finished.

A.6. Repeatability and Consistency
To ensure repeatable and consistent results, two measures have been taken. First, the tests were run

for a set of random seeds. These seeds fix the pseudorandom aspects of the optimisation, ensuring

consistent results across runs with the same seed. Secondly, the testing environment can affect the

measured performance of the tests; to mitigate this, the tests have been run on the High Performance

Computing (HPC) environment of TU Delft; DelftBlue [67].

A.6.1. Random Seeds
The runs have been run for 30 random seeds. The random seeds affect several parts of the optimisation

process. Firstly, if no initial samples are passed by the user to the SBO class, an initial set of samples is

generated using Latin Hypercube Sampling (LHS). This LHS method uses the random seed to control the

pseudo-random pairings for the coordinates. The set of initial points can affect the optimisation process

and possibly result in a different number of iterations, wall-clock time or a different returned optimum.

A visualisation of the difference is included for the Forrester function in Figure A.3. Here, Figure A.3a

starts with initial samples X0 = {0, 0.4, 0.6, 1} and Figure A.3b with samples X0 = {0.2, 0.4, 0.6, 1}. In this
example, there is no difference in the resulting optimum; however, the starting conditions result in a

different starting surrogate. This difference results in different infill samples to be added, ultimately

resulting in the second set of initial samples requiring an additional iteration.
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(a) Using initial samples X0 = {0, 0.4, 0.6, 1}.

(b) Using initial samples X0 = {0.2, 0.4, 0.6, 1}.

Figure A.3: Difference Forrester function optimisation for different sets of initial samples.



A.6. Repeatability and Consistency 85

The second aspect of the optimisation process influenced by the different random seed is the internal

optimisations in the overall optimisation process. These internal optimisations, the maximisation of the

infill strategy and training of the surrogate(s), depend on SciPy’s differential evolution [54]. As discussed

in subsection A.2.2, differential evolution starts with a random population; thus, this population is altered

by changing the random state, potentially resulting in a different optimum or a different computational cost

for the internal optimisation. These differences could lead to one combination of optimiser, surrogate,

and infill strategy outperforming another for a given seed, whereas another seed could yield the reverse.

To mitigate this result, the test optimisations were run for 30 different random seeds. The determination

of this number of random seeds is discussed in section 6.6.

A.6.2. Consistent Environment
The second measure taken to ensure repeatability and consistency is to perform the tests in a consistent

environment. Since hardware and library versions can affect the implementation’s performance, to this

end, all tests were performed on the second compute partition of DelftBlue [67]. This second compute

partition is the second phase of the DelftBlue HPC environment and comprises 90 Intel Xeon compute

nodes, equipped with Intel Xeon 6448Y Central Processing Units (CPUs), with each node having 64

CPU cores and 250 GB of Random-Access Memory (RAM). The tests were performed with varying

numbers of CPU cores (1, 8, or 16), with 1 GB of RAM allocated per CPU core. Since the test is

scheduled by the Simple Linux Utility for Resource Management (SLURM) scheduler, a task may be

assigned to cores across several nodes. This can again affect the performance, since this would require

inter-node MPI, whereas other tests can use solely intra-node MPI.

Inter-node MPI is the communication between HPC server nodes and uses the InfiniBand interconnect

(HDR/HDR100) to pass messages, whereas intra-node MPI is MPI on one specific node, utilising the

shared memory of the node instead of the interconnect connection. Although the InfiniBand connection

will likely have a negligible impact on wall-clock time [68], this form of communication was deemed

undesirable because the environment would be inconsistent between tests. Therefore, the tests were

run exclusively on a single node.

In addition to ensuring consistency and repeatability, the required libraries and environment were defined

and packaged into an Apptainer (previously Singularity) container. This removes the requirement for

the modules that can be loaded from the HPC environment. Relying on these modules would result in

an inconsistent environment if they were removed or updated. In addition, the Apptainer resolves the

issue that, if the implementation were used in another HPC environment that lacks all required modules,

those modules would need to be added. Since the Apptainer includes them in the environment, this is

not necessary, improving the portability.

The Apptainer container was designed for use in HPC environments, providing native support for HPC

schedulers and MPI. In addition, because an Apptainer container is run with the user’s credentials, it

does not require root access, unlike some other containers, such as Docker. The container also exhibits

no or negligible performance loss relative to a bare-metal implementation, as measured by wall-clock

time, with some studies reporting a minimal increase in memory overhead [69], [70], [71], [72].
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Manual Verification Case for

Hierarchical Kriging

This appendix includes the full calculations used to verify the Hierarchical Kriging (HK) implementation.

As discussed in subsection 5.1.2, there is a discrepancy in the found 𝛽0 of the implementation and the
reference by Han and Görtz [22]. The methodology and reasoning behind the calculations are discussed

in detail in subsection 5.1.2. The numerical results and calculations are introduced here.

The manual calculations presented here are done on a simple set of functions (High Fidelity (HF):

Equation (B.1), Low Fidelity (LF): Equation (B.2)) and a small sample set. As in the numerical verification

cases presented by Han and Görtz [22], the selected sample sets for the low- and high-fidelity data are

nested, that is, 𝐗HF ⊆ 𝐗LF.

𝑓HF (𝑥) = 2𝑥 + 5. (B.1)

𝑓LF (𝑥) = 0.5𝑓HF (𝑥) + 2𝑥 − 10. (B.2)

With the sample locations and corresponding sample vector:

𝐗HF = [0.5, 2.5]⊺ , (B.3)

𝐗LF = [0.5, 2.5]⊺ , (B.4)

𝐲𝐬 = [𝑓HF (𝐱1) , 𝑓HF (𝐱2)]
⊺ = [6, 10]⊺ . (B.5)

Since the base model is an ordinary Kriging model, which is an interpolation model, and the HF sample

set is a subset of the LF sample set, the regression matrix for the Kriging predictor (𝐅) becomes;

𝐅 ≔ [ ̂𝑦LF (𝐱1) , ̂𝑦LF (𝐱2)]
⊺ = [𝑓LF (𝐱1) , 𝑓LF (𝐱2)]

⊺ = [−6, 0]⊺ . (B.6)

After defining the input for training the HK model, the next step taken is to calculate the correlation

matrix (B.7). This was done using the cubic spline correlation function used by Han and Görtz [22] and

defined by Lophaven et al. [53]; (B.8).

𝑅 (𝐱, 𝐱′) =
𝑚

∏
𝑘=1

𝑅𝑘 (𝜃𝑘, 𝑥𝑘 − 𝑥′
𝑘) with 𝑥 ∈ ℝ𝑚. (B.7)

𝑅𝑘(𝜃𝑘, 𝑥𝑘 − 𝑥′
𝑘) =

⎧⎪
⎨
⎪⎩

1 − 15𝜉2
𝑘 + 30𝜉3

𝑘 for 0 ≤ 𝜉𝑘 ≤ 0.2
1.25(1 − 𝜉𝑘)3 for 0.2 < 𝜉𝑘 < 1
0 for 𝜉𝑘 ≥ 1

where 𝜉𝑘 = 𝜃𝑘|𝑥𝑘 − 𝑥′
𝑘|. (B.8)

Note that this correlation function depends on the hyperparameter vector 𝜽. In this example, it is

assumed to be equal to 𝜽 = [0.4]⊺. In the training process of the HK model, this hyperparameter is

chosen by maximising the log-likelihood function (B.9), resulting in (B.10). In the implementation, this

optimisation was performed using scipy.optimize.differential_evolution from the Python library SciPy
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[54]. This optimisation was chosen because the log-likelihood can be highly multi-modal. Using a

population-based optimisation algorithm may yield a better solution than a gradient-based method. The

reference [22] used a genetic algorithm for this same reason.

ln|𝐿(𝜽)| = −𝑛 ln 𝜎2(𝜽) − ln|𝐑(𝜽)|. (B.9)

𝜽 = argmax
𝜃

{ln [𝐿(𝜽)]} . (B.10)

To verify that the log-likelihood function implementation is correct, a comparison was made between a

manual calculation and the implementation’s output. Since the log-likelihood depends on 𝜎2 and the
correlation matrix, first the correlation matrix was calculated;

𝑅 = [
1 0.01

0.01 1 ] . (B.11)

After which 𝜎2 could be calculated, which in turn is depends on 𝛽0 and 𝜽 via (B.12) with 𝛽0 defined as
(B.13).

𝜎2 (𝜽, 𝛽0) = 1
𝑛 (𝐲𝑠 − 𝛽0𝐅)

⊺ 𝐑−1 (𝐲𝑠 − 𝛽0𝐅) . (B.12)

.

𝛽0(𝜽) = (𝐅⊺𝐑−1𝐅)
−1 𝐅⊺𝐑−1𝐲𝑠. (B.13)

This resulted in the Table B.1 tabulated values for the log-likelihood, 𝜎2 and 𝛽0. Since the manual

calculations and the values returned by the implementation are equal, it is concluded that the difference in

the 𝛽0 value for the reference cases [22] and the custom implementation as discussed in subsection 5.1.2,

is caused by the found value of 𝜽 since this value is obtained via optimisation, which is the only non-

deterministic factor in the HK model’s training. The reference shortly mentions the optimisation process

of (B.10) with: ’we solve this optimization problem [(B.10)] approximately by using a genetic algorithm

(...)’. To verify the effect of the chosen optimisation method for the hyperparameter, the optimisation has

been run for a set of 50 different random seeds as well as by using a different optimisation algorithm;

namely scipy.optimize [54]. These different cases did not result in a meaningful difference in the found
and thus not in the resulting 𝛽0.

Table B.1: Comparison of computed values.

Parameter Manually computed value Implementation computed value

log-likelihood −7.824 −7.824
𝛽0 −0.9833 −0.9833
𝜎2 50.0 50.0



C
Numerical Test Functions

This appendix introduces the test functions included in the Python library MF2 [21], which are used in

chapter 7, starting with the 1-dimensional Forrester function in section C.1, followed by the 2-dimensional

Bohachevsky, Booth, Branin, Currin, Himmelblau and Six Hump Camelback functions in section C.2,

section C.3, section C.4, section C.5, section C.6 and section C.7 respectively. Next, the 4-dimensional

functions, Park91A and Park91B, are discussed in section C.8 and section C.9. Lastly, the Hartmann6

6-dimensional function is discussed in section C.10 followed by the 8-dimensional Borehole problem in

section C.11.

C.1. Forrester
The High Fidelity (HF) and Low Fidelity (LF) Forrester functions ((C.1) and (C.2) respectively) were

introduced by Forrester et al. [73].

𝑓HF (𝑥) = (6𝑥 − 2)2 sin (12𝑥 − 4). (C.1)

𝑓LF(𝑥) = 0.5𝑓HF(𝑥) + 10(𝑥 − 0.5) − 5. (C.2)

The HF function is a 1-dimensional, multi-modal test function and features one global and one local

minimum and a zero-gradient inflection point [74]. The function is defined on 𝑥 ∈ [0, 1] and is visualised
in Figure C.1.

88



C.2. Bohachevsky 89

0.0 0.2 0.4 0.6 0.8 1.0
x

−10

−5

0

5

10

15

f(x
)

Forrester
High Fidelity Function
Low Fidelity Function

0

2

4

6

8

10

12

f H
F -

 f L
F

Difference (fHF - fLF)

Figure C.1: Forrester high and low fidelity functions.

C.2. Bohachevsky
The Bohachevsky is a 2-dimensional bowl-shaped test function defined on 𝑥 ∈ [−5, 5] × [−5, 5] and
illustrated in Figure C.2, with HF and LF functions (C.3) and (C.4) defined by Dong et al. [75] and Zheng

et al. [76].

𝑓HF (𝑥1, 𝑥2) = 𝑥2
1 + 2𝑥2

2 − 0.3 cos (3𝜋𝑥1) − 0.4 cos (4𝜋𝑥2) + 0.7. (C.3)

𝑓LF (𝑥1, 𝑥2) = 𝑓HF (0.7𝑥1, 𝑥2) + 𝑥1𝑥2 − 12. (C.4)
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Figure C.2: Bohachevsky high and low fidelity functions.

C.3. Booth
The Booth function is a plate-shaped function and is defined in MF2 by the HF and LF functions, (C.5)

and (C.6) respectively, as introduced by Dong et al. [75] and Zheng et al. [76]. These functions are

evaluated on 𝑥 ∈ [−10, 10] × [−10, 10] and are figured in Figure C.3. The known optimum of the HF

function is 𝑓 (1, 3) = 0.

𝑓HF (𝑥1, 𝑥2) = (𝑥1 + 2𝑥2 − 7)
2 + (2𝑥1 + 𝑥2 − 5)

2 . (C.5)
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𝑓LF (𝑥1, 𝑥2) = 𝑓HF (0.4𝑥1, 𝑥2) + 1.7𝑥1𝑥2 − 𝑥1 + 2𝑥2. (C.6)
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Figure C.3: Booth high and low fidelity functions.

C.4. Branin
The Branin is a 2-dimensional function with three global optima. The HF and LF functions are described

by (C.8) and (C.29) with base function (C.7) evaluated on 𝑥 ∈ [−5, 10] × [0, 15] [75], [76]. The three
global optima are 𝑓 (𝑥∗) = 0.397887 at 𝑥∗ = (−𝜋, 12.275) , (𝜋, 2.275) and (9.42478, 2.475).

𝑓𝑏 (𝑥1, 𝑥2) = ⎛
⎜
⎝
𝑥2 −

5.1𝑥2
1

4𝜋2 +
5𝑥1
𝜋

− 6⎞
⎟
⎠

2

+ 10 (1 − 1
8𝜋) cos (𝑥1) + 10. (C.7)

𝑓HF (𝑥1, 𝑥2) = 𝑓𝑏 (𝑥1, 𝑥2) − 22.5𝑥2. (C.8)

𝑓LF = 𝑓𝑏 (0.7𝑥1, 0.7𝑥2) − 15.75𝑥2 + 20 (0.9 + 𝑥1)
2 − 50. (C.9)
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Figure C.4: Branin high and low fidelity functions.

C.5. Currin
The MF2 implementation of the Currin function was introduced by Xiong et al. [77] and is defined by

(C.10) and (C.11) for the HF and LF functions, respectively. The input domain is on 𝑥 ∈ [0, 1] × [0, 1].

𝑓HF (𝑥1, 𝑥2) = (1 − exp(− 1
2𝑥2 ))

2300𝑥3
1 + 1900𝑥2

1 + 2092𝑥1 + 60

100𝑥3
1 + 500𝑥2

2 + 4𝑥1 + 20
. (C.10)
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𝑓LF (𝑥1, 𝑥2) =

𝑓HF (𝑥1 + 0.05, 𝑥2 + 0.05) + 𝑓HF (𝑥1 + 0.05, 𝑥2 − 0.05) +
𝑓HF (𝑥1 − 0.05, 𝑥2 + 0.05) + 𝑓HF (𝑥1 − 0.05, 𝑥2 − 0.05)

4
. (C.11)
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Figure C.5: Currin high and low fidelity functions.

C.6. Himmelblau
The Himmelblau function features four equal global minima in the domain 𝑥 ∈ [−4, 4] × [−4, 4]; 𝑓 (𝑥∗) = 0
for 𝑥∗ = (3, 2) , (−2.805118, 3.131312) , (−3.7791, −3.283186) and (3.584428, −1.848126). The function is
defined by HF (C.12) and LF (C.12) [75] and is illustrated in Figure C.6.

𝑓HF (𝑥1, 𝑥2) = (𝑥2
1 + 𝑥2 − 11)

2 + (𝑥2
2 + 𝑥1 − 7)

2 . (C.12)

𝑓LF (𝑥1, 𝑥2) = 𝑓HF (0.5𝑥1, 0.8𝑥2) + 𝑥3
2 − (𝑥1 + 1)

2 . (C.13)
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Figure C.6: Himmelblau high and low fidelity functions.

C.7. Six Hump Camelback
The last 2-dimensional test function is the six-hump camelback function. This is a valley shaped

function on the domain 𝑥 ∈ [−2, 2] × [−2, 2], with two global minima; 𝑓 (𝑥∗) = −1.0316 at 𝑥∗ =
(0.0898, −0.7126) and (−0.0898, 0.7126). The function is defined by (C.14) and (C.15) for the HF and LF

functions, respectively [75]. The function is figured in Figure C.7.

𝑓HF (𝑥1, 𝑥2) = 4𝑥2
1 − 2.1𝑥4

1 +
𝑥6

1
3

+ 𝑥1𝑥2 − 4𝑥2
2 + 4𝑥4

2. (C.14)
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𝑓LF (𝑥1, 𝑥2) = 𝑓HF (0.7𝑥1, 0.7𝑥2) + 𝑥1𝑥2 − 15. (C.15)
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Figure C.7: Six Hump Camelback high and low fidelity functions.

C.8. Park91A
The first of the two 4-dimensional test functions is the Park91A function. This function is defined by

(C.16) (HF) and (C.17) (LF) on 𝑥 ∈ [1e−8, 1] × [0, 1] × [0, 1] × [0, 1] [77]. With an global optimum at

𝑓 (1e−08, 0, 0, 0) = 2.71828183e−08.

𝑓HF (𝑥1, 𝑥2, 𝑥3, 𝑥4) = 𝑥1
2

⎛
⎜
⎝
√1 + (𝑥2 + 𝑥2

3)
𝑥4

𝑥2
1

− 1⎞
⎟
⎠

+ (𝑥1 + 3𝑥4)exp (1 + sin (𝑥3)). (C.16)

𝑓LF (𝑥1, 𝑥2, 𝑥3, 𝑥4) =
1 + sin (𝑥1)

10
𝑓HF (𝑥1, 𝑥2, 𝑥3, 𝑥4) − 2𝑥1 + 𝑥2

2 + 𝑥2
3 + 0.5. (C.17)

C.9. Park91B
The last four-dimensional function is the Park91B function, with the LF function (C.19) the average of

four HF functions (C.1), with slightly perturbed inputs [77] on 𝑥 ∈ [0, 1] × [0, 1] × [0, 1] × [0, 1]. With an

optimum at 𝑓 (0, 0, 0, 0) = 0.6667.

𝑓HF (𝑥1, 𝑥2, 𝑥3, 𝑥4) = 2
3
exp (𝑥1 + 𝑥2) − 𝑥4 sin (𝑥3) + 𝑥3. (C.18)

𝑓LF (𝑥1, 𝑥2, 𝑥3, 𝑥4) = 1.2𝑓HF (𝑥1, 𝑥2, 𝑥3, 𝑥4) − 1. (C.19)

C.10. Hartmann6
The six-dimensional test function is the Hartmann6 function, as defined by Park et al. [78] on 𝑥 ∈
[0.1, 1] × [0.1, 1] × [0.1, 1] × [0.1, 1] × [0.1, 1] × [0.1, 1]. The HF function is (C.20) and the LF function (C.24).
With the A and P matrices (C.21) and (C.22) and 𝛼𝑖 (C.23).

𝑓HF (𝑥1, … , 𝑥6) = − 1
1.94

⎡
⎢
⎣
2.58 +

4

∑
𝑖=1

𝛼𝑖 exp
⎛
⎜
⎝
−

6

∑
𝑗=1

𝐴𝑖𝑗 (𝑥𝑗 − 𝑃𝑖𝑗)
2⎞
⎟
⎠

⎤
⎥
⎦

. (C.20)

𝐴 =
⎛
⎜
⎜
⎜
⎝

10 3 17 3.5 1.7 8
0.05 10 17 0.1 8 14

3 3.5 1.7 10 17 8
17 8 0.05 10 0.1 14

⎞
⎟
⎟
⎟
⎠

. (C.21)
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𝑃 = 10−4
⎛
⎜
⎜
⎜
⎝

1312 1696 5569 124 8283 5886
2329 4135 8307 3736 1004 9991
2348 1451 3522 2883 3047 6650
4047 8828 8732 5743 1091 381

⎞
⎟
⎟
⎟
⎠

. (C.22)

𝛼 = {1.0 1.2 3.0 3.2}
𝑇 . (C.23)

In the LF function, the 𝑓𝑒𝑥𝑝 is the approximation of the exponential term of the HF function and is defined

in (C.25), with 𝛼𝑖 (C.26).

𝑓LF (𝑥1, … , 𝑥6) = − 1
1.94

⎡
⎢
⎣
2.58 +

4

∑
𝑖=1

𝛼′
𝑖 𝑓𝑒𝑥𝑝

⎛
⎜
⎝
−

6

∑
𝑗=1

𝐴𝑖𝑗 (𝑥𝑗 − 𝑃𝑖𝑗)
2⎞
⎟
⎠

⎤
⎥
⎦

. (C.24)

𝑓𝑒𝑥𝑝 (𝑥̄) = [exp(−4
9) + (exp(−4

9)
𝑥 + 4

9 )]
9

. (C.25)

𝛼′ = {0.5 0.5 2.0 4.0}
𝑇 . (C.26)

The of the function is 𝑓 (0.2017, 0.15, 0.4769, 0.2753, 0.3117, 0.6573) = −3.0425.

C.11. Borehole
The last test function is an eight-dimensional function which models the water flow through a Borehole

drilled from the surface through two aquifers. This problem ((C.27), with the HF function (C.28)) was

introduced by Morris et al. [79] with an LF model (C.29) by Xiong et al. [77]. The input domain is

tabulated in Table C.1.

𝑓𝑏 (𝑥̄, 𝐴, 𝐵) =
𝐴 ∗ 𝑇𝑢 (𝐻𝑢 − 𝐻𝑙)

log(
𝑟

𝑟𝑤 )
⎛
⎜
⎝
𝐵 + 2𝐿∗𝑇𝑢

log(
𝑟

𝑟𝑤 )𝑟2
𝑤∗𝐾𝑤

+ 𝑇𝑢
𝑇𝑙

⎞
⎟
⎠

, with 𝑥 = {𝑟𝑤, 𝑟, 𝑇𝑢, 𝐻𝑢, 𝑇𝑙, 𝐻𝑙, 𝐿, 𝐾𝑤} . (C.27)

𝑓HF (𝑥̄) = 𝑓𝑏 (𝑥̄, 2𝜋, 1) , with 𝑥 = {𝑟𝑤, 𝑟, 𝑇𝑢, 𝐻𝑢, 𝑇𝑙, 𝐻𝑙, 𝐿, 𝐾𝑤} . (C.28)

𝑓LF (𝑥̄) = 𝑓𝑏 (𝑥̄, 5, 1.5) , with 𝑥 = {𝑟𝑤, 𝑟, 𝑇𝑢, 𝐻𝑢, 𝑇𝑙, 𝐻𝑙, 𝐿, 𝐾𝑤} . (C.29)

Table C.1: Input domain Borehole.

Parameter Domain Represents

𝑟𝑤 [0.05, 0.15] m radius of Borehole

𝑟 [100, 5e4] m radius of influence

𝑇𝑢 [6.3070e4, 115.6e4] m2 yr−1 transmissivity of upper aquifer

𝐻𝑢 [990, 1100] m Potentiometric head of upper aquifer

𝑇𝑙 [63.1, 116] m2 yr−1 Transmissivity of lower aquifer

𝐻𝑙 [700, 820] m Potentiometric head of lower aquifer

𝐿 [1120, 1680] m Length of Borehole

𝐾𝑤 [9.855e3, 12.045e3] myr−1 Hydraulic conductivity of Borehole



D
Numerical Test Problems Additional

Results

This appendix includes all the results for the set of numerical test functions. Note that as discussed in

section 6.6, the Generalised Expected Improvement (GEI) based infill strategies have not been run for

the required number of random seeds. This is also the case for the following functions:

• Park91B

• Hartmann6

• Borehole

This means that these results can only be used to gain a qualitative insight into the performance of these

infill strategies and/or of these functions. No significant conclusion can be drawn from these specific

results. This appendix starts with presenting the result tables in section D.1. This is followed by the

visualisation of the convergence, returned optimum, total function evaluations, function evaluations per

rank, time elapsed and time elapsed for a successful run ordered per function in section D.2.

D.1. Result Tables
The first table, Table D.1, tabulates the success rate for each function-infill strategy combination. The

colour coding in this table is as follows:

• 100 − 80%: Green
• 79 − 50%: Orange
• 49 − 1%: Red
• 0%: Dark red

The next table in Table D.2 presents the mean elapsed time per run ± the standard deviation. The

same colour coding is used to signify the success rate. Lastly in Table D.3 the mean elapsed time per

successful run ± the standard deviation is tabulated.
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Table D.1: Success rates per (function, algorithm) for the numerical testfunctions. Note the results for the Bohachevsky, Park91B, Hartmann6 and Borehole functions and the GEI based infill

strategies can be skewed due to the lower number runs.
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P
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9
1
a
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9
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n
6
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SF SP KRG Random 100% 84% 100% 100% 100% 98% 100% 100% 100% 0% 42%

MF SP HK Random 100% 62% 100% 100% 100% 100% 100% 100% 100% 0% 50%

SF SP KRG EI 100% 44% 84% 86% 88% 72% 81% 98% 84% 35% 74%

SF SP KRG GEI 100% 86% 95% 79% 93% 98% 81% 100% 100% 44% 98%

SF Async KRG EI n=8 100% 52% 97% 87% 100% 83% 100% 100% 100% 38% 71%

SF Async KRG EI n=16 100% 65% 97% 87% 93% 77% 97% 100% 100% 75% 93%

SF Async KRG GEI n=8 100% 62% 93% 57% 82% 61% 50% 94% 69% 0% 78%

SF Async KRG GEI n=16 100% 55% 96% 87% 79% 47% 82% 95% 81% 6% 69%

MF SP HK TwoStep EI 95% 19% 72% 49% 60% 56% 60% 79% 70% 28% 60%

MF Async HK TwoStep EI n=8 100% 33% 77% 75% 86% 68% 100% 90% 63% 73% No

data

MF Async HK TwoStep EI n=16 88% 53% 87% 65% 88% 60% 98% 87% 77% 36% No

data

MF Async HK TwoStep GEI n=8 86% 15% 35% 35% 26% 18% 50% 47% 44% 7% 100%

MF Async HK TwoStep GEI n=16 56% 19% 32% 50% 37% 27% 44% 44% 21% 0% 100%
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Table D.2: Mean elapsed time ± std, coloured by success rate (values are tabulated in Table D.1) for the numerical test functions. Note the results for the Bohachevsky, Park91B, Hartmann6 and

Borehole functions and the GEI based infill strategies can be skewed due to the lower number runs.

Algorithm F
o
rr
e
s
te
r

B
o
h
a
c
h
e
v
s
k
y

B
o
o
th

B
ra
n
in

C
u
rr
in

H
im
m
e
lb
la
u

S
ix
h
u
m
p
c
a
m
e
lb
a
c
k

P
a
rk
9
1
a

P
a
rk
9
1
b

H
a
rt
m
a
n
n
6

B
o
re
h
o
le

SF SP KRG Ran-

dom

00:53:44
± 00:19:48

08:33:52
± 00:00:02

07:43:14
± 00:59:21

05:44:32
± 01:39:48

11:21:53
± 01:57:40

10:11:16
± 01:39:47

18:07:56
± 01:17:24

25:11:07
± 00:00:04

60:50:42
± 06:20:09

95:16:04
± 02:28:56

276:52:57
± 00:00:10

MF SP HK Random
00:56:49

± 00:22:03
14:14:55

± 00:21:49
12:32:15

± 02:04:51
04:16:27

± 01:35:04
14:27:10

± 02:39:03
14:36:19

± 02:39:37
23:27:08

± 02:35:44
33:11:56

± 00:49:59
65:12:00

± 10:23:20
106:46:22
± 02:32:15

302:25:44
± 06:53:40

SF SP KRG EI
00:13:49

± 00:05:31
00:49:37

± 00:34:26
00:21:40

± 00:04:15
00:28:28

± 00:09:36
01:18:24

± 00:24:53
02:03:57

± 00:39:56
03:16:16

± 00:57:44
01:07:15

± 00:18:43
03:10:30

± 01:20:30
18:26:40

± 03:25:07
18:56:03

± 07:10:12

SF SP KRG GEI
00:12:01

± 00:00:00
05:18:59

± 03:02:15
00:35:54

± 00:15:50
00:32:18

± 00:09:34
01:19:55

± 00:24:41
02:47:48

± 00:39:20
03:43:56

± 01:12:57
02:06:36

± 00:41:21
05:29:41

± 02:04:50
23:38:41

± 06:01:39
32:10:50

± 10:27:14

SF Async KRG EI

n=8

00:05:58
± 00:01:25

00:12:46
± 00:04:12

00:08:41
± 00:01:28

00:11:49
± 00:03:27

00:35:10
± 00:08:23

00:30:53
± 00:04:23

00:54:42
± 00:08:47

00:26:16
± 00:04:51

01:19:01
± 00:22:17

04:54:39
± 00:36:49

05:45:50
± 01:31:38

SF Async KRG EI

n=16

00:05:33
± 00:00:51

00:10:16
± 00:02:56

00:08:41
± 00:01:40

00:09:29
± 00:01:54

00:25:55
± 00:06:57

00:19:53
± 00:04:33

00:37:05
± 00:06:20

00:22:24
± 00:04:12

01:05:45
± 00:14:01

03:44:59
± 00:47:42

04:50:55
± 01:07:04

SF Async KRG GEI

n=8

00:04:02
± 00:00:00

00:29:14
± 00:27:09

00:07:11
± 00:01:31

00:10:21
± 00:02:51

00:23:02
± 00:09:28

00:29:05
± 00:05:09

00:44:13
± 00:14:04

00:22:58
± 00:04:32

01:03:02
± 00:15:26

04:03:19
± 00:38:44

05:05:42
± 01:53:20

SF Async KRG GEI

n=16

00:04:02
± 00:00:00

00:14:14
± 00:11:13

00:06:41
± 00:00:50

00:08:09
± 00:01:17

00:15:40
± 00:05:49

00:16:12
± 00:03:23

00:31:48
± 00:06:49

00:20:04
± 00:00:01

00:55:09
± 00:09:48

02:23:41
± 00:39:10

04:14:36
± 01:04:09

MF SPHK TwoStep

EI

00:13:59
± 00:03:34

00:40:00
± 00:25:15

00:27:30
± 00:06:35

00:27:39
± 00:13:42

00:47:10
± 00:26:52

01:54:04
± 00:35:54

03:22:02
± 01:03:55

00:54:03
± 00:26:51

02:54:10
± 01:33:36

18:32:23
± 10:48:35

260:16:45
± 57:59:34

Continued on next page
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Table D.2 – continued from previous page

Algorithm F
o
rr
e
s
te
r

B
o
h
a
c
h
e
v
s
k
y

B
o
o
th

B
ra
n
in

C
u
rr
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H
im
m
e
lb
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u

S
ix
h
u
m
p
c
a
m
e
lb
a
c
k

P
a
rk
9
1
a

P
a
rk
9
1
b

H
a
rt
m
a
n
n
6

B
o
re
h
o
le

MF Async HK

TwoStep EI n=8

00:06:05
± 00:00:54

00:13:43
± 00:04:04

00:09:46
± 00:01:55

00:12:05
± 00:03:26

00:24:12
± 00:10:33

00:33:49
± 00:10:17

01:00:24
± 00:10:01

00:26:03
± 00:08:03

01:12:07
± 00:25:39

05:59:41
± 02:00:06 No data

MF Async HK

TwoStep EI n=16

00:05:12
± 00:01:56

00:13:19
± 00:05:31

00:09:11
± 00:02:31

00:09:33
± 00:03:00

00:19:37
± 00:07:23

00:28:06
± 00:11:11

00:42:20
± 00:08:37

00:20:47
± 00:03:43

00:58:50
± 00:18:07

04:01:02
± 01:28:10 No data

MF Async HK

TwoStep GEI n=8

00:05:08
± 00:01:43

00:16:23
± 00:25:03

00:07:44
± 00:02:22

00:08:35
± 00:02:44

00:10:50
± 00:07:36

00:18:16
± 00:12:42

00:33:56
± 00:20:53

00:16:02
± 00:05:02

00:39:23
± 00:16:42

03:13:54
± 02:03:28

11:49:29
± 00:26:06

MF Async HK

TwoStep GEI n=16

00:03:13
± 00:01:11

00:47:07
± 02:33:29

00:05:38
± 00:01:25

00:06:52
± 00:02:11

00:08:20
± 00:05:40

00:16:04
± 00:14:29

00:26:08
± 00:15:45

00:13:28
± 00:03:36

00:30:51
± 00:07:00

01:35:06
± 00:56:18

06:47:03
± 02:41:27
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Table D.3: Mean elapsed time ± for successful runs of the numerical test functions, coloured by success rate (values are tabulated in Table D.1). Note the results for the Bohachevsky, Park91B,

Hartmann6 and Borehole functions and the GEI based infill strategies can be skewed due to the lower number runs.

Algorithm F
o
rr
e
s
te
r

B
o
h
a
c
h
e
v
s
k
y

B
o
o
th

B
ra
n
in

C
u
rr
in

H
im
m
e
lb
la
u

S
ix
h
u
m
p
c
a
m
e
lb
a
c
k

P
a
rk
9
1
a

P
a
rk
9
1
b

H
a
rt
m
a
n
n
6

B
o
re
h
o
le

SF SP KRG Ran-

dom

00:53:44
± 00:19:48

08:33:52
± 00:00:02

07:43:14
± 00:59:21

05:44:32
± 01:39:48

11:21:53
± 01:57:40

10:25:13
± 00:42:41

18:07:56
± 01:17:24

25:11:07
± 00:00:04

60:50:42
± 06:20:09 No suc-

cessful

run

276:52:57
± 00:00:07

MF SP HK Random
00:56:49

± 00:22:03
14:16:53

± 00:19:24
12:32:15

± 02:04:51
04:16:27

± 01:35:04
14:27:10

± 02:39:03
14:36:19

± 02:39:37
23:27:08

± 02:35:44
33:11:56

± 00:49:59
65:12:00

± 10:23:20 No suc-

cessful

run

299:31:27
± 06:51:02

SF SP KRG EI
00:13:49

± 00:05:31
00:52:18

± 00:33:26
00:21:32

± 00:04:14
00:31:08

± 00:07:23
01:19:29

± 00:25:47
02:10:59

± 00:41:48
03:33:38

± 00:47:47
01:07:54

± 00:18:28
03:23:45

± 01:20:27
20:39:05

± 02:26:05
19:42:45

± 07:16:38

SF SP KRG GEI
00:12:01

± 00:00:00
06:05:54

± 02:31:03
00:36:34

± 00:15:55
00:36:15

± 00:05:47
01:23:15

± 00:21:58
02:48:22

± 00:39:38
04:11:24

± 00:42:41
02:06:36

± 00:41:21
05:29:41

± 02:04:50
27:17:09

± 05:17:42
32:22:40

± 10:29:54

SF Async KRG EI

n=8

00:05:58
± 00:01:25

00:13:24
± 00:04:43

00:08:39
± 00:01:28

00:12:28
± 00:03:15

00:35:10
± 00:08:23

00:31:00
± 00:03:55

00:54:42
± 00:08:47

00:26:16
± 00:04:51

01:19:01
± 00:22:17

04:51:29
± 00:17:55

05:08:07
± 00:44:00

SF Async KRG EI

n=16

00:05:33
± 00:00:51

00:10:23
± 00:03:21

00:08:45
± 00:01:39

00:09:46
± 00:01:53

00:26:56
± 00:06:01

00:20:03
± 00:03:53

00:37:20
± 00:06:17

00:22:24
± 00:04:12

01:05:45
± 00:14:01

03:35:30
± 00:43:53

04:56:21
± 01:06:33

SF Async KRG GEI

n=8

00:04:02
± 00:00:00

00:34:29
± 00:26:21

00:07:10
± 00:01:30

00:12:09
± 00:02:24

00:25:19
± 00:08:45

00:29:03
± 00:04:42

00:51:53
± 00:11:52

00:23:10
± 00:04:37

01:06:29
± 00:16:12 No suc-

cessful

run

05:30:08
± 01:57:35

Continued on next page
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Table D.3 continued from previous page

Algorithm F
o
rr
e
s
te
r

B
o
h
a
c
h
e
v
s
k
y

B
o
o
th

B
ra
n
in

C
u
rr
in

H
im
m
e
lb
la
u

S
ix
h
u
m
p
c
a
m
e
lb
a
c
k

P
a
rk
9
1
a

P
a
rk
9
1
b

H
a
rt
m
a
n
n
6

B
o
re
h
o
le

SF Async KRG GEI

n=16

00:04:02
± 00:00:00

00:17:54
± 00:12:13

00:06:41
± 00:00:51

00:08:14
± 00:01:22

00:17:18
± 00:05:32

00:16:53
± 00:02:39

00:33:33
± 00:05:17

00:20:04
± 00:00:01

00:56:13
± 00:10:34

03:48:08
± 00:00:00

04:20:15
± 01:10:44

MF SPHK TwoStep

EI

00:14:28
± 00:02:52

00:40:07
± 00:08:11

00:29:34
± 00:04:28

00:39:15
± 00:05:35

01:00:28
± 00:22:28

02:10:19
± 00:10:30

03:54:10
± 00:44:13

00:59:58
± 00:27:01

03:32:01
± 01:23:55

22:32:56
± 12:33:29

241:17:35
± 68:35:11

MF Async HK

TwoStep EI n=8

00:06:05
± 00:00:54

00:15:24
± 00:04:31

00:10:17
± 00:01:15

00:13:32
± 00:02:44

00:26:22
± 00:09:38

00:36:37
± 00:05:22

01:00:24
± 00:10:01

00:27:03
± 00:07:45

01:24:28
± 00:22:47

06:24:12
± 02:09:28 No data

MF Async HK

TwoStep EI n=16

00:05:34
± 00:01:45

00:13:48
± 00:06:51

00:09:41
± 00:02:16

00:10:55
± 00:02:44

00:21:08
± 00:06:26

00:32:42
± 00:10:03

00:43:08
± 00:06:56

00:20:50
± 00:04:00

01:05:49
± 00:13:23

04:52:33
± 01:22:24 No data

MF Async HK

TwoStep GEI n=8

00:05:37
± 00:01:21

00:18:44
± 00:16:21

00:09:47
± 00:01:14

00:10:33
± 00:02:23

00:18:47
± 00:10:21

00:31:16
± 00:06:33

00:52:07
± 00:09:52

00:17:01
± 00:05:24

00:41:43
± 00:19:56

05:43:39
± 00:00:00

11:49:29
± 00:26:06

MF Async HK

TwoStep GEI n=16

00:03:52
± 00:01:13

02:35:09
± 04:47:45

00:06:47
± 00:00:22

00:08:15
± 00:01:42

00:11:36
± 00:07:59

00:36:02
± 00:11:13

00:41:42
± 00:07:24

00:13:00
± 00:03:14

00:27:40
± 00:00:55 No suc-

cessful

run

06:47:03
± 02:41:27
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D.2. Result Visualisation 100

D.2. Result Visualisation
The convergence plot and raincloud plots for the resulting optimum, total function evaluations, function

evaluations per rank, time elapsed and time elapsed per successful run are included in this section.

The plots for each function are included in:

• Forrester :

– EI based infill strategies: Figure D.1

– GEI based infill strategies: Figure D.2

• Bohachevsky:

– EI based infill strategies: Figure D.3

– GEI based infill strategies: Figure D.4

• Booth:

– EI based infill strategies: Figure D.5

– GEI based infill strategies: Figure D.6

• Branin:

– EI based infill strategies: Figure D.7

– GEI based infill strategies: Figure D.8

• Currin (maximisation):

– EI based infill strategies: Figure D.9

– GEI based infill strategies: Figure D.10

• Himmelblau:

– EI based infill strategies: Figure D.11

– GEI based infill strategies: Figure D.12

• Six Hump Camelback:

– EI based infill strategies: Figure D.13

– GEI based infill strategies: Figure D.14

• Park91A:

– EI based infill strategies: Figure D.15

– GEI based infill strategies: Figure D.16

• Park91B:

– EI based infill strategies: Figure D.17

– GEI based infill strategies: Figure D.18

• Hartmann6:

– EI based infill strategies: Figure D.19

– GEI based infill strategies: Figure D.20

• Borehole:

– EI based infill strategies: Figure D.21

– GEI based infill strategies: Figure D.22
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.1: The resulting plots for the Forrester function using EI based infill strategies.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.2: The resulting plots for the Forrester function using GEI based infill strategies.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.3: The resulting plots for the Bohachevsky function using EI based infill strategies.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.4: The resulting plots for the Bohachevsky function using GEI based infill strategies.



D.2. Result Visualisation 105

(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.5: The resulting plots for the Booth function using EI based infill strategies.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.6: The resulting plots for the Booth function using GEI based infill strategies.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.7: The resulting plots for the Branin function using EI based infill strategies.



D.2. Result Visualisation 108

(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.8: The resulting plots for the Branin function using GEI based infill strategies.
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(a) The convergence plot.

(b) Raincloud plot of the returned optimum (note the returned optimum is
−1 times the actual value to convert the maximisation problem into a

minimisation problem.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.9: The resulting plots for the Currin function using EI based infill strategies.
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(a) The convergence plot.

(b) Raincloud plot of the returned optimum (note the returned optimum is
−1 times the actual value to convert the maximisation problem into a

minimisation problem.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.10: The resulting plots for the Currin function using GEI based infill strategies.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.11: The resulting plots for the Himmelblau function using EI based infill strategies.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.12: The resulting plots for the Himmelblau function using GEI based infill strategies.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.13: The resulting plots for the Six Hump Camelback function using EI based infill strategies.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.14: The resulting plots for the Six Hump Camelback function using GEI based infill strategies.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.15: The resulting plots for the Park91A function using EI based infill strategies.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.16: The resulting plots for the Park91A function using GEI based infill strategies.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.17: The resulting plots for the Park91B function using EI based infill strategies.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.18: The resulting plots for the Park91B function using GEI based infill strategies.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.19: The resulting plots for the Hartmann6 function using EI based infill strategies.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.20: The resulting plots for the Hartmann6 function using GEI based infill strategies.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.21: The resulting plots for the Borehole function using EI based infill strategies.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls. (d) Raincloud plot of the average function calls per rank.

(e) Raincloud plot of the total time elapsed. (f) Raincloud plot of the time elapsed in successful runs

Figure D.22: The resulting plots for the Borehole function using GEI based infill strategies.



E
Low Fidelity Forrester Function

Definitions

This appendix introduces and visualises the Low Fidelity (LF) Forrester functions as examined in

chapter 8, starting with the functions with a shift introduced in section E.1, followed by the linear

interpolated functions in section E.2.

E.1. Shifted Low Fidelity functions
As discussed in section 8.1, the shifted LF functions are defined using the base Forrester function, with

differing parameters for 𝐴, 𝐵 and 𝐶. The base Forrester function is defined as follows:

𝑓𝑏 (𝑥, 𝐴, 𝐵, 𝐶) = (6 (𝑥 + 𝐴) − 2)2 (1 + 𝐵) sin (12 (𝑥 + 𝐴) − 4) + 𝐶. (E.1)

The adaptations introduced in section 8.1 are formulated and illustrated below.

E.1.1. Horizontal Offset 0.5
The horizontal shift has 𝐴 = 0.5, with all other parameters set to 0, this results in;

𝑓𝑏 (𝑥, 0.5, 0, 0) = (6 (𝑥 + 0.5) − 2)2 sin (12 (𝑥 + 0.5) − 4) . (E.2)

The resulting function is visualised in Figure E.1.
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Figure E.1: LF Forrester with 𝐴 = 0.5, 𝐵 = 0 and 𝐶 = 0.
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E.1.2. Horizontal Offset -0.5
The opposite shift was investigated, which resulted in:

𝑓𝑏 (𝑥, −0.5, 0, 0) = (6 (𝑥 − 0.5) − 2)2 sin (12 (𝑥 − 0.5) − 4) , (E.3)

which is visualised in Figure E.2
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Figure E.2: LF Forrester with 𝐴 = −0.5, 𝐵 = 0 and 𝐶 = 0.

E.1.3. Amplitude Change 5
The last change that was tested was a change in the amplitude of the sin, starting with a positive change

of 5, resulting in;

𝑓𝑏 (𝑥, 0, 5, 0) = 6 (6𝑥 − 2)2 sin (12𝑥 − 4) . (E.4)

This function is figured in Figure E.3.
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Figure E.3: LF Forrester with 𝐴 = 0, 𝐵 = 5 and 𝐶 = 0.
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E.1.4. Amplitude Change -5
Again, the negative change was investigated, resulting in:

𝑓𝑏 (𝑥, 0, −5, 0) = −4 (6𝑥 − 2)2 sin (12𝑥 − 4) . (E.5)

Which is pictured in Figure E.4.
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Figure E.4: LF Forrester with 𝐴 = 0, 𝐵 = −5 and 𝐶 = 0.

E.1.5. Vertical Shift 5
The next shift, which was defined, was an upward vertical shift of 5 defined by:

𝑓𝑏 (𝑥, 0, 0, 5) = (6𝑥 − 2)2 sin (12𝑥 − 4) + 5. (E.6)

This resulted in the function illustrated in Figure E.5.
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Figure E.5: LF Forrester with 𝐴 = 0, 𝐵 = 0 and 𝐶 = 5.
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E.1.6. Vertical Shift -5
The downward shift was also examined, using;

𝑓𝑏 (𝑥, 0, 0, −5) = (6𝑥 − 2)2 sin (12𝑥 − 4) − 5. (E.7)

Which is pictured in Figure E.6.
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Figure E.6: LF Forrester with 𝐴 = 0, 𝐵 = 0 and 𝐶 = −5.

E.1.7. Combined 5 and 0.5
Lastly, all previously discussed changes were combined in;

𝑓𝑏 (𝑥, 0.5, 5, 5) = 6 (6 (𝑥 + 0.5) − 2)2 sin (12 (𝑥 + 0.5) − 4) + 5, (E.8)

resulting in the behaviour illustrated in Figure E.7.
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Figure E.7: LF Forrester with 𝐴 = 0.5, 𝐵 = 5 and 𝐶 = 5.
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E.1.8. Combined -5 and -0.5
The combination was also made for the negative changes resulting in;

𝑓𝑏 (𝑥, −0.5, −5, −5) = −4 (6 (𝑥 − 0.) − 2)2 sin (12 (𝑥 − 0.5) − 4) − 5, (E.9)

which is figured in Figure E.8.
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Figure E.8: LF Forrester with 𝐴 = −0.5, 𝐵 = −5 and 𝐶 = −5.



E.2. Linear Interpolation Low Fidelity 128

E.2. Linear Interpolation Low Fidelity
The linear Interpolated LF is defined by dividing the design space [0, 1] into 𝑛 equal-sized bins, where
𝑥𝑘 = 𝑘

𝑛 for 𝑘 = 0, 1, … , 𝑛 are the bin edges. Within the 𝑘-th bin [𝑥𝑘−1, 𝑥𝑘], the LF function is defined by:

𝑓LF(𝑥) =
𝑓HF(𝑥𝑘) − 𝑓HF(𝑥𝑘−1)

𝑥𝑘 − 𝑥𝑘−1
(𝑥 − 𝑥𝑘−1) + 𝑓HF(𝑥𝑘−1), 𝑥 ∈ [𝑥𝑘−1, 𝑥𝑘]. (E.10)

This results in the visualised functions in Figure E.9 for 𝑛 = 2, Figure E.10 for 𝑛 = 5 and lastly Figure E.11
for 𝑛 = 10.
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Figure E.9: Linearised LF Forrester Function for 𝑛 = 2.
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Figure E.10: Linearised LF Forrester Function for 𝑛 = 5.
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Figure E.11: Linearised LF Forrester Function for 𝑛 = 10.
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Low Fidelity Forrester Additional

Results

This appendix includes all the results for the Single-Point (SP) Single-Fidelity (SF) Expected Improvement

(EI) and SP Multi-Fidelity (MF) EI infill strategies for the customised Low Fidelity (LF) Forrester functions.

The function are defined and visualised in section 8.1 and Appendix E. First the full tables of results are

presented in section F.1, followed by the visualisation per LF function in section F.2.

F.1. Result Tables
The first table, Table F.1, tabulates the success rate per function - infill strategy combination. The colour

coding in this table is as follows:

• 100 − 80%: Green
• 79 − 50%: Orange
• 49 − 1%: Red
• 0%: Dark red

The next table in Table F.2 presents the mean elapsed time per run ± the standard deviation. The

same colour coding is used to signify the success rate. Lastly, in Table F.3, the mean elapsed time per

successful run, ± the standard deviation, is tabulated.

Table F.1: Success rates per (function, algorithm) for the different LF Forrester functions. Note that the results for the SF SP infill

strategy are equal, since this is solely using the HF function.

Test function SF SP KRG EI MF SP HK TwoStep EI

Forrester 100% 95%

Forrester horizontal offset 0.5 100% 86%

Forrester horizontal offset -0.5 100% 95%

Forrester amplitude change 5 100% 74%

Forrester amplitude change -5 100% 77%

Forrester vertical offset 5 100% 77%

Forrester vertical offset -5 100% 77%

Forrester combined change 5 100% 79%

Forrester combined change -5 100% 93%

Forrester linear approximation 2 bins 100% 93%

Forrester linear approximation 5 bins 100% 91%

Forrester linear approximation 10 bins 100% 79%
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Table F.2: Mean elapsed time ± std, coloured by success rate (values are tabulated in Table F.1) for the LF Forrester functions.

Note that the results for the SF SP infill strategy are equal, since this is solely using the HF function.

Test function SF SP KRG EI MF SP HK TwoStep EI

Forrester
00:13:49

± 00:05:31
00:13:59

± 00:03:34

Forrester horizontal offset 0.5
00:13:49

± 00:05:31
00:12:51

± 00:04:20

Forrester horizontal offset -0.5
00:13:49

± 00:05:31
00:13:56

± 00:03:30

Forrester amplitude change 5
00:13:49

± 00:05:31
00:11:38

± 00:04:40

Forrester amplitude change -5
00:13:49

± 00:05:31
00:11:31

± 00:04:37

Forrester vertical offset 5
00:13:49

± 00:05:31
00:11:36

± 00:04:40

Forrester vertical offset -5
00:13:49

± 00:05:31
00:11:59

± 00:04:40

Forrester combined change 5
00:13:49

± 00:05:31
00:12:01

± 00:04:40

Forrester combined change -5
00:13:49

± 00:05:31
00:14:03

± 00:03:33

Forrester linear approximation 2 bins
00:13:49

± 00:05:31
00:14:27

± 00:03:10

Forrester linear approximation 5 bins
00:13:49

± 00:05:31
00:13:02

± 00:04:30

Forrester linear approximation 10 bins
00:13:49

± 00:05:31
00:11:37

± 00:04:44

Table F.3: Mean elapsed time ± std for the successful runs for LF Forrester functions, coloured by success rate (values are

tabulated in Table F.1). Note that the results for the SF SP infill strategy are equal, since this is solely using the HF function.

Test function SF SP KRG EI MF SP HK TwoStep EI

Forrester
00:13:49

± 00:05:31
00:14:28

± 00:02:52

Forrester horizontal offset 0.5
00:13:49

± 00:05:31
00:14:17

± 00:02:40

Forrester horizontal offset -0.5
00:13:49

± 00:05:31
00:14:28

± 00:02:35

Forrester amplitude change 5
00:13:49

± 00:05:31
00:13:59

± 00:02:36

Forrester amplitude change -5
00:13:49

± 00:05:31
00:13:39

± 00:02:47

Forrester vertical offset 5
00:13:49

± 00:05:31
00:13:44

± 00:02:48

Forrester vertical offset -5
00:13:49

± 00:05:31
00:14:08

± 00:02:48

Forrester combined change 5
00:13:49

± 00:05:31
00:14:04

± 00:02:42

Forrester combined change -5
00:13:49

± 00:05:31
00:14:49

± 00:02:18

Forrester linear approximation 2 bins
00:13:49

± 00:05:31
00:14:59

± 00:02:36

Continued on next page
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Table F.3 – continued from previous page

Test function SF SP KRG EI MF SP HK TwoStep EI

Forrester linear approximation 5 bins
00:13:49

± 00:05:31
00:14:02

± 00:03:20

Forrester linear approximation 10 bins
00:13:49

± 00:05:31
00:13:33

± 00:03:05

F.2. Result Visualisation
The convergence plot and raincloud plots for the resulting optimum, total function evaluations, time

elapsed and time elapsed per successful run are included in this section. The plots for each function

are included in:

• Horizontal offset 0.5: Figure F.1

• Horizontal offset -0.5: Figure F.2

• Amplitude change 5: Figure F.3

• Amplitude change -5: Figure F.4

• Vertical offset 5: Figure F.5

• vertical offset 5: Figure F.6

• Combined change 5: Figure F.7

• Combined change -5: Figure F.8

• Linear approximation 2 bins: Figure F.9

• Linear approximation 5 bins: Figure F.10

• Linear approximation 10 bins: Figure F.11
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls.

(d) Raincloud plot of the total time elapsed. (e) Raincloud plot of the time elapsed in successful runs

Figure F.1: The resulting plots for the horizontal offset 0.5 LF function.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls.

(d) Raincloud plot of the total time elapsed. (e) Raincloud plot of the time elapsed in successful runs

Figure F.2: The resulting plots for the horizontal offset -0.5 LF function.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls.

(d) Raincloud plot of the total time elapsed. (e) Raincloud plot of the time elapsed in successful runs

Figure F.3: The resulting plots for the amplitude change 5 LF function.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls.

(d) Raincloud plot of the total time elapsed. (e) Raincloud plot of the time elapsed in successful runs

Figure F.4: The resulting plots for the amplitude change -5 LF function.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls.

(d) Raincloud plot of the total time elapsed. (e) Raincloud plot of the time elapsed in successful runs

Figure F.5: The resulting plots for the vertical offset 5 LF function.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls.

(d) Raincloud plot of the total time elapsed. (e) Raincloud plot of the time elapsed in successful runs

Figure F.6: The resulting plots for the vertical offset -5 LF function.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls.

(d) Raincloud plot of the total time elapsed. (e) Raincloud plot of the time elapsed in successful runs

Figure F.7: The resulting plots for the combined change 5 LF function.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls.

(d) Raincloud plot of the total time elapsed. (e) Raincloud plot of the time elapsed in successful runs

Figure F.8: The resulting plots for the combined change -5 LF function.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls.

(d) Raincloud plot of the total time elapsed. (e) Raincloud plot of the time elapsed in successful runs

Figure F.9: The resulting plots for the linear approximation 2 bins LF function.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls.

(d) Raincloud plot of the total time elapsed. (e) Raincloud plot of the time elapsed in successful runs

Figure F.10: The resulting plots for the linear approximation 5 bins LF function.
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(a) The convergence plot. (b) Raincloud plot of the returned optimum.

(c) Raincloud plot of the total function calls.

(d) Raincloud plot of the total time elapsed. (e) Raincloud plot of the time elapsed in successful runs

Figure F.11: The resulting plots for the linear approximation 10 bins LF function.
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