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Abstract

Understanding the ground-state properties of many-body systems is a computational challenge in
condensed-matter physics. MeanFi is a Python package that performs self-consistent Hartree-Fock
calculations on non-superconducting tight-binding models and aims to find the ground state solution of a
Hamiltonian with density-density interactions. This thesis presents how this package is generalized to also
perform these calculations for superconducting tight-binding models. First, a complete derivation of the
mean-field expansion is given by applying Wick’s contractions and the mean-field approximation. This
expansion is then transformed into the Bogoliubov-de Gennes basis to explicitly include superconducting
terms in the Hamiltonian. Second, the self-consistency criterion is adapted by constraining the solution
space by enforcing symmetries on the solution by using Qsymm. Third, finite-temperature calculations are
added to the algorithm and the total charge of the system replaces the electron filling-factor that was used
in MeanFi, introducing a minimization problem to the algorithm. Last, the updated algorithm is applied
to a 1D-Hubbard model with attractive interactions and the resulting superconducting gap as a function
of temperature matches theoretical predictions from BCS-theory.

1 Introduction

Superconductivity is a state of matter observed in some materials where electrical resistance vanishes and
magnetic fields are expelled* As the electrical resistance vanishes, superconductors can conduct electricity
with very little heat dissipation.? Practical applications of superconductors include systems that require
strong magnetic fields; MRI scanners are an example of such a system™ Superconducting materials have
material-dependent critical parameters that determine their suitability for different applications. The critical
temperature, the temperature under which a material can be superconducting, is one example of such a
parameter. Two more parameters are the critical current and critical field of a superconductor. These are
the maximum current and maximum magnetic field that a superconductor can withstand before losing its
superconducting properties. Understanding these parameters supports both scientific innovation and practical
development.

While material properties can be measured experimentally, theoretical understanding is essential for
interpreting results and making predictions. It helps guide which variables to measure and what outcomes to
expect. If observations deviate from expectations, theory aids in identifying experimental errors or uncovering
novel effects.

Developing a theoretical understanding of the properties of a physical system can be done through its
ground state. The ground state encodes many of the system’s physical properties, and various observables can
be derived directly from it. The ground state of a system is the lowest energy solution to the Hamiltonian of
that system. The Hamiltonian captures all relevant interactions within a material, both for individual particles
and for interactions between multiple particles. In superconducting systems, for example, the Hamiltonian
describes how electrons can interact attractively to form Cooper pairs, which leads to the superconducting
properties of a material 2

Ground states can sometimes be found analytically when systems have few degrees of freedom.? In
materials however, the Hamiltonian will include a lot of interactions because of the many atoms these systems
contain. The number of degrees of freedom grows exponentially with the number of atoms in a system,
making it impossible to find an analytical solution. If a system has only a few particles it could be possible
to find a solution through direct numerical approximation, but the system size will be limited by what is
computationally feasible.”

Generally, for many-body systems, approximation have to be made to simplify the interaction in the
Hamiltonian to avoid computational issues. Mean-field theory is one example of an approximation used for
finding solutions to many-body problems.® It replaces interactions on individual particles with an average
field from all other particles, reducing the many-body problem to an effective single-particle one. Solutions for
a Hamiltonian approximated using a mean-field method are good approximations for the ground state of the
original many-body Hamiltonian when there are no big fluctuations from the ground state in the system”

MeanFi is a Python package that performs mean-field calculations on tight-binding models for non-
superconducting systems'! We extend the package to also handle superconducting systems. To achieve this
we derive the mean-field approximation of the density-density many-body Hamiltonian with superconducting
terms and transform it to the Bogoliubov-de Gennes basis which allows us to diagonalize the Hamiltonian
and find a ground state solution for it. Additionally, we add finite-temperature effects to the algorithm and
interface MeanFi with Qsymm to impose symmetry constraints and optimize performance



2 Second Quantization

Second quantization is a formalism used to describe quantum many-body systems. A many-body system
contains many particles in various states, which can be cumbersome to describe using standard bra-ket
notation. If the basis of possible states is {|0),|1),|2), ...}, then the complete state of the system is some
combination of all particles with all of their respective states. A state |i) can encode both the state of the
particle and the location of a particle in a system. Second quantization treats particles as indistinguishable
and describes the full system by specifying the occupation number of each basis state:

|TL1,TL2,TL3,...>. (].)

Here n; refers to the number of particles in state |i). A state like equation [1]is called a Fock state and all
Fock states form a complete basis of the many-body Hilbert space. Any generic quantum many-body state
can be expressed as a linear combination of Fock states.

In the second quantization representation there are operators that act on a system which add or remove
a particle. These operators are known as the raising or creation operator af and lowering or annihilation
operator a respectively. On a single-particle state, the operators act as follows:

a'l0) = 1),
al1) = 10), (2)
al0) =0,

where |0) is the vacuum state. The last formula in equation [2 follows from it being impossible to lower the
ground state further. Applying these operators to a Fock state will either add a particle or remove a particle
in a certain state:

&;r|n1,n2,...,ni,...> = |n1,n2,...,ni +1,...>,

&i|n1,n2,...,ni+1,...> = |TL1,TL2,...,’I”LZ‘,...>, (3)

with dg the creation operator acting on state |i) and d, the respective annihilation operator.

The operators have certain commutation and anti-commutation identities depending on the type of
operator. Specifically, bosonic and fermionic operators commute and anti-commute respectively. For bosons,
the commutation relations are as follows:

(4)

From these identities, we can also see that swapping the order of operators is symmetric. arGq = Gqar. In
general, it is possible to write any operator acting on a many-body state as a sum of products of creation and
annihilation operators:

O= > Ciyu..alalara ... (5)

The position and momentum operators for a quantum harmonic oscillator are an example of this:

h . hmw
A — ~ AT A — 4 A-i' A
Z 2mw(a—|—a ), D=1/ ) (@' —a). (6)

Fermionic operators must anti-commute due to the Pauli Exclusion principle and are antisymmetric when

exchanged, so we know that é;fcék = 0 and that é,¢, = —&,6; For fermionic operators, we have these similar

anti-commutation relations:

{er,ehy = eel + elen = gl
{er,84} = eréq + 246, =0,
(7)

el ehy =efel +etel =0.



For this thesis, a relevant example of a fermionic operator would be the Hamiltonian of a tight-binding system:

H Zhlj AIA + 3 Zvljk‘lc Ckcl» (8)

ij?l

where h;; corresponds to the hopping between states |i) and |j) and v;j, corresponds to the interaction
between multiple particles in states |¢) and |7). In the context of the tight-binding Hamiltonian a product like
é;(éj, means that we destroy a particle in state |j) and create one in state |¢), denoting a hopping. For this
thesis it is important to realize that the interacting term of the Hamiltonian also encodes the ability to create
Cooper pairs, essential for superconductivity.? Specifically, any terms like éjé;f or ¢;¢; create or annihilate a
pair of electrons respectively.

3 Wick’s Contractions

The number of terms in the Hamiltonian in equation |[8] grows exponentially with the number of possible states
of the system. Every added particle increases the number of possible states and therefore also the complexity
of the Hamiltonian. To be able to find a ground state solution for the tight-binding Hamiltonian we have to
lower the order of the cJr Tckcl term. A tool that can help reduce the complexity of these terms is Wick’s
theorem ™ Wick’s theorem is a method to reduce arbitrary products of annihilation and creation operators to
a sum of products of pairs of these operators.

To achieve this, Wick’s theorem makes use of normal ordering of operators. Creation and annihilation
operators are said to be normal ordered when all creation operators are left of all annihilation operators. The
product in equation [8| is normal-ordered, but if the operators are shuffled like éj-éj é;él you would normal-order
it as follows:

cTc]c;Lcl =—¢ czéjél (9)

The normal ordered product’s sign is flipped because the order of two operators had to be swapped. This
happens specifically because the operators here are fermionic, bosonic products would not have their sign
change.

Another mathematical concept used in Wick’s theorem, contractions, are defined as follows for any two
operators A and B:

AB = AB- : AB (10)
where : AB : is the normal-ordered product of the operators. In cases where A and B are equal to the creation
or annihilation operators and by using the commutation relations from equation [7} we can find some relations

for contractions. Normal ordering the operators in these special cases results in the contraction being equal to
the commutation or anti-commutation relations shown in equation

et = el — el = {6l = 6,0,

atat _ atat . AT T ot ot

CiC; = CCj—:¢C = {é, j}— 0, (11)
éléj = ézéj— : CiCj = {CZ', Cj} = 0,

dle; =ele;—:éle; = 0.

The last three relations can also be obtained through realizing that the contraction is already normal ordered.
Furthermore, from equation we note that contractions are c-numbers: The §;; is a scalar that commutes
with all operators and does not act on the state.

Wick’s theorem states that a string of operators can be written as the normal-ordered pfoAdlcht AofA the

string plus the normal ordered product of all possible contractions. A string of operators like ABCDEF' ...
can be expressed as in equation [12}

AAAAAAAAAAAA

AAAAAA

+ . AB CDEF -
singles

AAAAAA

+ ABCDEF
doubles

+ ..



Applying Wick’s theorem to the product in the tight-binding Hamiltonian in equation 8] the complex term is
reduced to a sum of at most pairs of the operators in equation

C; CjCkCl = CleCkCl
AT ~ T ata Taa At ATA ata . A AATA L Tl AT L
18l CeRe 1 — 1 RCIe T — 1 CIGCKC) T+ 1 CCRCI G — 1 E1CI8 Gy GGy (13)
A A ATA A A AT
+:¢ G CrCl = 1 CCE CiC T — 1 GG CCy

Flipping the signs of the different terms is a consequence of the anti-commutators in equations [} Swapping
the order of any two fermionic operators flips the sign.

A useful thing to realize about contractions is that they are commutators themselves. If we have two
operators A and 3, which we know from equation |5( can be written as a sum of creation and annihilation
operators, then the difference between AB and : AB : is just shuffling the creation and annihilation operators:

AB = (A + A)(BB) = ATBY + AT + ABY + AB,
cAB:=A'Bt + ATB - BYA + AB, (14)
AB—:AB:= AB'+ BA - {4 B},
In equation [14] we assume that the operators that make up A and B are fermionic; If they are bosonic the

sign in the difference would be flipped, and we find a commutator instead. We will evaluate terms like
(gs|AB|gs), a ground state expectation value of a string of operators, to find the mean-field approximation

for the Hamiltonian. Inserting AB = ﬁJr : AB : and realizing that a normal ordered product acting on the
ground state |gs) is 0 allows us to find equation

(AB) = (9s|AB|gs) = (gs|AB+: AB : |gs) = (gs|AB|gs) + (gs| : AB : |gs) = (gs|AB|gs) = (AB). ~ (15)
And because AB is a c-number, AB = (ﬁ) = (AB).

4 Derivation of the mean-field Hamiltonian

The tight-binding Hamiltonian in equation [§] captures the essential physics of electrons in a lattice, making it
useful for effective models of materials. For this project we only consider density-density interactions in the
system, so rather than éjé;rékél describing the interactions, we will set i+ = k and 7 = [. The full tight-binding

Hamiltonian consists of a non-interacting and an interacting term so for clarity we write the full Hamiltonian
as follows: )
H = Zhijc;rcj + 5 Zvijc;rc;cicj,
ij ij

:ﬁ0+‘7a

(16)

where Hy and V correspond to the on-site and interacting terms respectively. Finding a ground state solution
to this Hamiltonian means solving the Schrédinger equation:

H|) = E|V), (17)

where the ground state solution is the solution |¥) with the lowest energy E. We demonstrate how to find the
mean-field approximation for the interacting term Vir by applying Wick’s theorem and show how to rewrite
the resulting term in the Bogoliubov-de Gennes basis to explicitly include superconducting pairing terms 4
The resulting matrix representation of Hy + Vi is diagonalizable, and it is thus possible to find a ground
state solution for H.

The first step into finding Vi is to define what the mean-field approximation of an operator is. The
mean-field approximation assumes that any fluctuations from the average field are small compared to that
average, so the mean-field approximation is defined as follows:

A= (4)+ (A (4)), (18)

where we assume that A — (A) ~ 0. We also compute the mean-field approximation for a product of operators
AB:

AB = ((A) + (A= (A))((B) + (B —(B))),
= <{1>< :> + <f:1>(}§ - <f?>)A+ ( :—A<A>)<l§’> +A(;1 —@)(? _A<B>)L (19)
(A)(B) + (A)B — (A)(B) + A(B) — (A)(B) + (A — (A))(B — (B)),
~ (A)B + A(B) — (A)(B).



From the mean-field approximation in equation [I§ we find the mean-field approximation for the Hamiltonian
Varr:

The term <é;réjéléj> can not be computed directly, so we apply Wick’s theorem to find the single-particle
operator sum from equation [13| but with i = k and j = [:

stafa s _ . oatats s
C;CiCiCj =1 G CCC5
CATATa A A Al s A A At R T A at At Al .
+ GGG — 1 G GCC = 1 G CGC) T+ 1 CGC Gyt — 1 CCGC Gttt GGG Gy (21)
AT aa ATa ATA ole el
TG CCiCyt — 1 GG CiCy L — 1 GG Gy

Combining the mean-field approximation in equation with the expectation value of the contractions
in equation [I5] we establish two formulas to change contractions into products of expectation values and
single-particle operators:

eje; ~ (eleele; + elesleles) — el (eles) = eleele), )
o ata o (AT e AT g ata N AN ata A gatany . afa
G161 Ciej i (616;) 1 3G 1 +E1Ci(: Cjey 1) — (G&)(: Cjej 1) = (Géi) 1 Ej5

With these formulas applied and all operators normal-ordered and signs appropriately flipped, we find the full
mean-field expansion:

eleleiey = efelee
+ (elelyeie; — (eleele; + (@lej)ele; + (elesele; — (elej)ele; + (eiey)elel (23)
+ <éj A}><Azéj> - <ézéz><jé]> + <éié]><6;éz>

This expansion still contains a term : cTcTéléj :, but it is possible to subtract this term from both sides of the

expansion to end up with pairs of operators on the right side, and a quadruple contraction on the left.

(25)
+= sz] (elety(eies) — (eleny(eley) + (eles)(eler)).

In MeanFi the superconducting pairing terms containing ¢;¢; and ¢; cJf were neglected, but we retain these

terms in our equations. From now on we do neglect the second sum of Vir because this is a constant of
motion. The exact value of this term can be calculated by evaluating (0|Var|0) because all the terms with
normal-ordered operators will go to zero and only the second sum will remain. This means that the full
interacting mean-field Hamiltonian we consider is as follows:

N 1 At~ A AT A At A AT A At R
VMmr = 3 Zvij«clc})cicj - <czci>ctcj + <czcj>ctci + <cT-ci>c;[cj - (cT-cj>cchi + (cicj>c;[c;(). (26)

While the original single-particle operator basis remains valid, the presence of superconducting pairing
terms in the Hamiltonian makes it less convenient for practical calculations. The Bogoliubov-de Gennes basis
offers a more natural description of our system by combining particle and hole operators into single operators,
preserving the bilinear structure of the original basis and simplifying the diagonalization of the Hamiltonian.14

<

In this basis we define new operators U= (j) and a matrix Hgqc such that the full form of the interacting
c

mean-field Hamiltonian is 1
Vir = ixi/THBdG\if. (27)



In ¥ the ¢ term corresponds with a vector of annihilation operators and creation operators for c7 We think
of this as the first half of ¥ being composed out of annihilation operators of electrons. The second half is
made up of annihilation operators for an extra set of holes, that way doubling the degrees of freedom of the
system. The matrix Hgqg has the following structure:

H A
HBdG = <AT H) ; (28)

where through equation [27| we see that H will work on the &7¢ terms and A on the ¢7¢f terms in W. All that
remains is to rewrite Vg in this new basis.

N ¢;
First we reframe the basis so that an operator ¥; = (A;) corresponds to a vector where only the |i) state
G

=3, (29)

We also say that H;; = (:” g ” where o is the 7j-th entry of the submatrix H of the main Hpgg matrix
iJ ij
such that the sum of all H;; is Hgag. This allows us to write the full Hamiltonian as:

o1 Frr . — LN (At Ay (i Big) (6
Var = 5 %:‘I/inJ‘I’] =3 Z (cl- CZ) (%j T éj . (30)

ij

operators are non-zero:

We compute the product inside the sum and find a familiar shape for the Hamiltonian:
1 1 i o . L
B Z \I’IHU‘\I}]‘ = 3 Z OéijCICj + BijCIC;[' + Vi CiCy + nijcic}, (31)
ij ij

in which we recognize the pairs of operatorb We found in equation 26 The only terms from that equation that
are not yet in equation are the ¢ c ¢; and ¢ el cj terms. It is thankfully possible to group these together with

other terms by isolating (ch)ctcl and (& cl>c

] T-cj in the sum and introducing an extra index:

J

Cafanata 1 5
UZJ c ¢ — v”(cl-cl)cjcj =3 v” c ¢ — 5 ( c éi) c ek | s

ijk

1
=5 Zv” ccl ka] ch;QcTcZé” ,

ijk

:% Zvij@jc] it — Zélﬂ (kaj ) }L ,
ij

1
=3 Z (v” CiE5) — 045 kaj é.6x) > ;r

ij

We perform the exact same steps for the (é;q)cfé] and <é;réj>é;rél terms and find a similar expression:

RO 1
Zv” c 1G5 — vij<c;cj>czci ==3 Z (v” ¢ Ci) — 045 Zv’k (Crlr ) . (33)

ij

Substituting these two expressions into the mean-field approximation we find a Vyip ready to be transformed
to the BAG basis:

~ 1 o R
Vip = 3 Z <v21< ¢i) — 04j d Ulvk(c,tck}) &l + v (¢iéj)e ;f T
ij

(34)

yaetatya s 5 o sta

+vl]<cicj>clcj+ UzJ<C ¢j) — 0ij Uk (ChCr) C;Ci.
k



To express H;; in terms of our Hamiltonian we must determine ayj, Bi5, Vij, 1i;. We now read these off directly

from equation
aij = (Uz‘j@}éi) — 52’]’ Zvik<ézék>> s

Bij = vij(€its),

Vij = i (€
Nij = — (Uij@@ﬁ = 0ij Z%‘(i%) ;

where n;;’s sign is flipped because the operator product in equation @ was not normal ordered yet. We have
now found the Hamiltonian in BAG representation with

0o vig(€es) = 0iy 3o vik (Ehén) vij (€ié;) (36)
Y vij(éfe]) - (%‘@ &j) = Oij Dk Vkj @@k)) ’
where we recognize that the symmetries from equation 28] are maintained.

As a final simplification, we introduce the density operator p, which is used to determine expectation values
of observables of the physical system. The density operator essentially encodes which states are occupied in
any given state of the system:

p= Zpi|7/1i><1/1§|7 (37)

where p; corresponds to the occupation probability of a many-body state [);). We use the same convention
with indices as with H;;, where the ¢ and j correspond to the appropriate indices in the four sections of the
BdG representation. Using this, we find the density matrix p;; by taking the outer product between ‘I/;[ and

\I/jl
At .
Catoa _ [(eé)  (&dy)
pij =¥, @V, = KR e . (38)
: : <<cfc}> —(eley)

With this density matrix we express H;; in terms of v;;p;;:

= Vij (eles)  (@eg) \ (6 Lyvanlefen) 0
H;; ij (<éf@;> —<A;“j>> ( 0 Yy Zkvkj(éléw) (39)

and substituting p;; into this we get:

v; 0 .
Hij = vijpij — dij ( 6k _ > diag(pxk), (40)
k Vki
where diag(pxr) is a matrix with the values of pgi on the diagonal and zero off-diagonal. Now finally we use
the fact that in density-density interactions v = —vy; to write
Hi; = vijpij — 645 Z’Uz‘kdiag(pkk)- (41)
k

Through these steps we have reduced the interacting term of tight-binding Hamiltonian to a matrix in the
BdG basis:

X 1 ex. .
Ve (p) = 5 > UlH; W, (42)
i

but to solve the eigenvalue problem in equation |17 we require the full Hamiltonian H. 1t is easy to see that
Hj can be expressed in the BAG basis:

Hy =" hijéle;,
- ot i i ot i (43)
=Y UlHou U5 = aoeles + Boselel + 10,5685 +mo e,



where we define Hy ;; the same way we define H;;. Clearly, B ;; and 7,45 are zero and g i; = hyj, but for 1 ;5
we remember that from equation we have that this should be the reversed form of ayg i, 50 170,55 = —h;:

Hoij = (h(’f ?Lij) : (44)
Finding the full H is as simple as adding Hy and Vi together:
H=H o+ VMF:
= S W Hy 4 Y W,

(45)

Il
N
5
+
=
&

I

| =
=1
&
a
@
VEO

where Hpqc has a structure like in equation but now also includes ﬁo. This completes the derivation of
the mean-field Hamiltonian in the Bogoliubov—de Gennes basis. By expanding the interacting term through
Wick’s theorem, we have successfully reduced the complexity of the original many-body problem to an effective
single-particle description. The resulting Hamiltonian is diagonalizable and is used to compute the ground
state solution to the Schrodinger equation [T7}

5 The Hartree-Fock Algorithm

Solving the Schrédinger equation [I7] should be as simple as diagonalizing the Hamiltonian in equation (5]
but it is not. Although it is possible to diagonalize the Hamiltonian, it is not immediately obvious what the
expectation values (é;rél> etc. used to construct the Hamiltonian are. The expectation values in p;; depend on
the occupied states in the ground state of the system according to equation but which states are occupied
in the ground state depend on the Hamiltonian. We have a new problem: we have p — Hgqg and Hpqg — p-

To solve this problem, we have to solve for both the mean-field interaction and the density matrix at the
same time. We only consider the interaction term Var because Hy does not depend on p. The Hartree-Fock
method is an application of mean-field theory, typically used to find solutions for many-electron systems like
materials 12 We solve for both the ground state density matrix and mean-field interaction Viur self-consistently:
we calculate the interacting mean-field Hamiltonian Vi based on an initial density matrix pin;¢ and find a
new ground state density matrix by diagonalizing VMF(pimt)- One iteration follows three steps,

Pinit — VMF (Pinit) — pnew(VMF)a (46)
starting with some initial guess for the mean-field Hamiltonian of the system VMF’ init:

1. Based on an initial guess for the interacting mean-field Hamiltonian, calculate the total Hamiltonian
from equation 5] and equation

2. Compute the ground state density matrix as per equation

(a) Diagonalize the Hamiltonian to obtain eigenvalues and eigenstates.
(b) Determine the occupation probability for the eigenvectors.

(c) Calculate the density matrix using the eigenvectors and the occupation probability.
3. Calculate a new mean-field Hamiltonian with the ground state density matrix using equation
4. Repeat steps until some self-consistent criterion has been met.

To determine when the solution is self-consistent, we require some function f : p — f(p) which minimally
parametrizes p. The self-consistency criterion is a fixed-point problem which we treat as a root-finding
problem.

f(pnew) = f(pinit)7

f(pnew) = f(pinit) = 0, (47)



where ppew and pipnig refer to the starting point and result of one iteration of the algorithm. In MeanFi, f was
chosen to be a vectorization of the density matrix using the free parameters of p to reach self-consistency.

We could select the same f, but we pick a different function because we impose additional symmetries
on the density matrix which constrain the solution space. In the BdG basis we explicitly assume we have
electron-hole symmetry present and in specific systems it is possible to define more symmetries in for example
the crystal structure of a material. In general, it is possible to find a basis of matrices for a Hamiltonian that is
constrained by certain symmetries ™ This basis will span all possible Hamiltonians that have those symmetries,
and we know that the basis will have at most IV matrices, where N is the total number of individual values of
the Hamiltonian. The more constraints there are, the smaller the basis will be and therefore the more efficient
the algorithm will be.

We choose f to be a projection coefficient of the density matrix onto a basis constrained by those
symmetries. The final density matrix is constructed from a matrix basis B = {Bj, Ba, ... } and a coefficient
vector ¢ = [c1,ca,...]T, where the values correspond with the scalar projection of the appropriate basis. We
generate the basis B using Qsymm and have added an interface to Qsymm in the MeanFi code.

Because the basis needs to be found only once for a given symmetry, this approach is equally efficient at the
worst, and faster in most cases.

6 Fermi level

The final aspect of the algorithm that needs to be adapted, is the way that the occupation probability of
equation [37] is determined. We consider closed systems, where the total charge is fixed. In MeanFi, all
calculations are done at zero-temperature, where every possible state has a well-defined charge associated with
it: the total number of electrons filling that state. For the probability distribution of MeanFi, the electron
filling-factor was chosen to determine the occupied states. For example, if the system is at half-filling, then
the eigenstates are counted until the half are filled from the lowest energy and up. More specifically, the Fermi
energy is chosen such that half of the eigenstates have a lower energy.

However, in superconducting systems, the electron filling-factor can not be used in the same way; Every
state is occupied by either an electron or a hole, so the total filling is constant. We still fix the total charge of
the system, because this is still useful in superconductors: holes and electrons have opposite charge, so the
total charge of a superconducting system can be expressed like

Qtot = Qelectrons + Qholesa

= —vq+ (N —v)q, (49)

where v is the electron filling-factor and N is the number of total possible states in the system.
The total charge is not a good quantum number in superconductors though, it is not possible to directly
place the Fermi energy and count states until enough are filled. Instead, we fix the total charge via

(@) (1) = tr(p(n)Q),
=D fro.ilm) Wil Qli), (50)

where Q is the charge operator for the system and frp,i(1) is value of the Fermi-Dirac distribution at the
energy of state |1; 1917 The value of frp ;(1) will depend on the Fermi level, or chemical potential, x. In
non-superconducting systems, Q is simply an identity matrix because all particles have the same charge, but
for a superconducting system it is defined differently. In the BdG basis we assume we have electrons and
holes, so the charge operator reflects that and looks something like in equation but scaled to the same
dimension as the BdG basis. Lo

o= (b ) o

Fixing the charge this way yields an additional minimization problem, because (Q))(x) depends on frp (1),
and we can’t directly set u to fix the distribution. If we choose the system to have total charge Qg, we have
to find the root for

(@) (1) — Qo = 0. (52)



When the optimal p is found, the occupation distribution that results in the chosen total charge of the
system can be defined, and then the density matrix can be constructed. Another parameter that shapes
the Fermi-Dirac distribution is the temperature and in principle, the temperature of the system can be
picked arbitrarily. For superconducting systems finite temperature adds no computational cost because the
minimization has to happen regardless. Therefore, this root finding implementation allows us to generalize
MeanFi to finite temperatures.

7 Example

To show that our changed algorithm results in a superconducting solution for the mean-field Hamiltonian, we
consider a simple interacting electronic system. We choose a 1D chain of sites that allow nearest-neighbour
tunnelling with strength ¢ and an on-site interaction between two electrons if they are on the same site of
strength U. This model is known as the 1D Hubbard model and is useful to describe the transition between
conducting and insulating systems I8 In our system we hope to see a transition to a superconducting system.
The total Hamiltonian for this system is H = Hy + V, with Hy the non-interacting part and V' the interacting
part of the Hamiltonian:

Hy=—t> > (@I,B,aéi,A,a + 8] 4 pCit1.B0 + h-C-) ;
X o 7 (53)
V=UY (fiarhia+hipihis,)

3

where h.c. is the hermitian conjugate, o denotes spin (1 or |), A and B are sublattices that correspond to
the different sites in one unit cell and 72; 4., = é;[ A,Uéi7 Ao, Which is the number operator for sublattice A and
spin o.

We run the algorithm at half-filling, which corresponds to target charge Qg = 0. Additionally, we set
U < 0 (-2 in the figures), to promote a superconducting transition. The resulting mean-field Hamiltonian in
figure [I] has non-zero values for the electron-hole coupling terms and is Hermitian as expected based on the
BdG matrix from equation

Real [maginary
a) b)
0.050
- 0.2
- 0.025
- 0.0 - 0.000
- —0.025
- —0.2
I I —0.050

Figure 1: a) Shows the real part of the mean-field Hamiltonian; b) Shows the imaginary part of the mean-field
Hamiltonian.

Furthermore, when we diagonalize this Hamiltonian and look at the eigenstates, we can show the bands,
which clearly show a gap as can be seen in figure[2|a). We also see that particle-hole symmetry is present,
because the bands are symmetric around the Fermi level E — Er = 0.

Finally, to test the finite temperature algorithm we implemented, we compare our superconducting gap at
different temperatures with an analytical solution for the gap. For the system we have chosen, there exists a
known gap-temperature formula based on BCS-theory1%:

A(T) = A(0) tanh (1.74w / TT - 1). (54)
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We use equation [54]and fit this formula to our results by determining the critical temperature T, and the gap at
T =0, A(0). Then we plot this formula alongside the calculated gap for our system at different temperatures
in figure |2| showing that our gap-temperature dependence closely matches the theoretical dependence.

a) 2 4 b) B — :
0.6 1 1
. S
LS‘ - 044 """ Theoretical :
R U it ittt 3 -= T \ |
&Y Calculated -
- 0.2 - ¥
]

21 . R s

0 s 2m 0.00 0.05 0.10 0.15 0.20

k/a /fBT

Figure 2: a) Shows the bands of the system at 7' = 0; b) Shows the size of the superconducting gap at different
temperatures.

8 Summary

In this thesis, we showed how we derived the tight-binding mean-field Hamiltonian including the supercon-
ducting terms previously left out in MeanFi. We did this by expanding the tight-binding density-density
Hamiltonian using Wick’s theorem and mean-field approximation and transformed the resulting expansion
into the BAG basis to include the superconducting pairing terms explicitly.

We additionally adapted the self-consistent Hartree-Fock algorithm from MeanFi to use a new self-
consistency criterion. This new criterion was based on a projection of the density matrix onto a matrix basis
constrained by symmetries using Qsymm. This was done both for efficiency reasons and to ensure that the
electron-hole symmetry is preserved.

In the algorithm itself, we introduced an additional minimization problem to determine the occupation
probability of the eigenstates of the Hamiltonian, because total charge is not a good quantum number in
superconducting systems. Instead, we calculated the Fermi level p such that (Q)(n) — Qo = 0, where Qy is
the charge of the system. This extra minimization option also enabled us to implement finite temperature as
a parameter in the system, rather than performing all calculations at zero-temperature like in MeanFi.

Finally, to show that our algorithm returns a mean-field Hamiltonian with superconducting terms, we
applied it to a 1D Hubbard model with attractive interactions and calculated the superconducting gap from
the bands of the mean-field solution for different temperatures of the system. The gap-temperature dependence
closely matched the theoretical dependence predicted by BCS-theory.
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