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Abstract

Business valuation is a set of procedures used by financial market participants to determine
the price they are willing to pay or receive for businesses. Valuations play a crucial role
in financial reporting, capital budgeting, and investment analysis. Current approaches to
business valuation rely on professional expertise, causing the valuation to be as good as the
analyst’s assumptions.

In this thesis, the entire valuation effort is translated into a systems and control problem.
Economic engineering is used to formulate signal- and energy-based analogs for valuation
concepts. A bond-graph model is developed to express general business dynamics as a set
of differential equations. The model’s analogy with the economic theory is shown by repre-
senting the model as a complex port-Hamiltonian system, and giving all elements and signals
economic interpretations.

A theory is developed to perform valuations in the frequency domain. This theory extends
both the existing economic-engineering framework, and the existing valuation effort. Busi-
ness valuation is performed by using this theory, by using the bond-graph model for business
dynamics. The developed theory goes beyond the field of business valuations, as frequency-
domain valuation can be applied to any type of financial instrument.
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“Give me a one-handed economist. All my economists say 'on the one hand...,
and then ’but on the other...”

— Harry Truman






Chapter 1

Introduction

1-1 Economic Engineering for Frequency-Domain Valuations

In December 2019, the state-owned oil company Saudi Aramco was taken to the market to
publicly sell its shares. An accurate valuation was essential for risk management of under-
writers and investors. However, involved parties were not capable of agreeing on its value [7].
A consensus from foreign investors estimated the company at $1.2 trillion [3], whereas J.P
Morgan expected almost double by valuing the company over $2 trillion [26].

Business valuations allow large offsets between estimates, as above-mentioned example il-
lustrates. However, valuations play a crucial role in investment analysis, capital budgeting
and financial reporting. Business value is determined by two variables: Future cash flow and
a discount rate. Current techniques determine the pair by using subjective inputs, resulting
in the valuation to be as good as the assumptions made by the analyst [8, 25, 27]. Cash-flow
forecasts are more widely demanded now, than historically [18]. However, even the most
skilled analysts cannot construct accurate predictions of the cash flow statement [15]. Es-
timating errors frequently remain, and continue to be substantial [15, 24, 9]. Using similar
methods and more information, only lowers the forecasting errors by a small amount [16].

This thesis aims to develop a theory to perform business valuation in the frequency do-
main. The theory is a pioneering effort for extending the current perspective on valuations.
Key insight in this theory is the recognition of business value as a frequency-domain variable,
instead of a time-domain variable (See Chapter 6).

Economic engineering is used for the development of the theory. Economic-engineering mod-
els use causal and dynamical relations to describe economic systems [21]. The approach uses
analogies between economic principles and physical laws. The analogies yield dynamical re-
lations in economic systems, to forecast their behavior and allow the application of control
techniques. In economic engineering, generally two approaches are taken: the use of Newto-
nian mechanics to describe dynamical changes in price and quantities [23, 13|, and the use of
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analytical mechanics to model utility maximization [14, 19]. This thesis shows that also in
economics the two approaches are fundamentally the same (See Chapter 5).

Previously, the economic-engineering approach is taken to value a car-leasing business [22].
The theory developed in this thesis is general, and applies to all businesses (See Chapter 4).

The development of the frequency-domain valuation theory consists of three parts:

1) Business valuations as a S&C problem

o Economic background (Chapter 2): Review the field of business economics
and identify shortcomings to valuations.

o Engineering background (Chapter 3): Develop physical analogs for the field
of business economics to formulate thesis proposals.

2) A fundamental model for business dynamics

(a) Bond-graph modeling (Chapter 4): Create a model for business dynamics.

(b) Complex port-Hamiltonian mechanics (Chapter 5): Express business dy-
namics in terms of cash flows and determine which cash flow yields value.

3) Frequency-domain valuation and analysis

(c) A frequency-domain theory for valuation (Chapter 6): Use the Laplace
transform to develop a fundamental theory for valuation and scenario anal-
ysis.

(d) S€C tools for financial analysis (Chapter 7): Use systems and control tools
to perform financial analysis.

Each part consists of two steps, which are handled in separate chapters. In Part 1, background
is provided on business valuations and economic engineering. In Part 2, a fundamental model
for business dynamics is developed. In Part 3, a frequency-domain valuation theory is for-
mulated, and S&C tools are used for financial analysis. Below, each part of the thesis is
explained in more detail.

1-2 Part 1: Business Valuation as a Systems and Control Problem

In Part 1 of this thesis, background is provided on business valuations and economic engi-
neering. Firstly, shortcomings in the current valuation approach are identified. Secondly, the
economic-engineering framework is used to translate business valuations to become a systems
and control problem. Part 1 concludes with proposals to perform Parts 2 and 3 of this thesis.

In Chapter 2, a review of business valuations is done. The review shows that value is de-
termined by two variables: Future cash flow and a discount rate. It appears however, that

current valuation practices rely on subjective inputs to determine the pair [25, 8]. The use
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1-3 Part 2: A Fundamental Model for Business Dynamics 3

of data-driven models overcomes this limitation, but the lack of abundant available data and
economic interpretability precludes the use of predictive analytics [6, 12, 4].

This thesis aims to develop a general theory for business valuations. Therefore, I use a
general definition for businesses: Profit optimization [10]. Four different types of markets are
connected to the firm [20, 2]. To ensure generality, models must be made for each market.
Figure 1-1 shows the five systems that determine business dynamics.

Commodity market

Sl
-
]

Product market

m

Labor market

&>

QI
Capital asset market

Figure 1-1: Business dynamics are determined by five subsystems: The firm and its four con-
nected markets.

In Chapter 3, a review of economic engineering is done. Physical models use Newtonian or
analytical mechanics to causally derive the equations of motion [11, 17]. Economic systems
do not have equations of motion to specify their behavior. However, there are economic laws
they obey [28, 25]. In the field of economic engineering, these economic laws are reformulated
as mathematical definitions to specify the dynamics of economic systems [21]. A contribution
of this thesis is to make the economic-engineering analogy specific to business valuations.

With these insights, business valuations are put as a S&C problem, thereby completing Part
1 of this thesis. Steps are proposed to perform Parts 2 and 3, which appear as items (a), (b),
(c), and (d) in the development of the frequency-domain valuation theory.

1-3 Part 2: A Fundamental Model for Business Dynamics

In Part 2 of this thesis, a fundamental model for business dynamics is developed. This model
mimics the behavior of businesses, so that cash-flow dynamics are forecasted. These cash-flow
forecasts determine business value [8, 2].

In Chapter 4, a model for business dynamics is developed by using a bond-graph repre-
sentation. The model is fundamental as its dynamics are determined by economic laws. The
business is divided in the five subsystems that are shown in Figure 1-1. The fundamental
model maximize profits, by considering the costs and benefits of its connected markets [5].
Differential equations are derived, to describe business dynamics in a causal and general way.
All elements and signals are given economic interpretations, so that the model is intuitive to
both economists and engineers.
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In Chapter 5, it is shown that cash flows underlie the dynamics of the fundamental busi-
ness model. In economics, business dynamics are not expressed in terms of costs and product
flows, but in terms of cash flows [8, 25]. By giving the model a complex port-Hamiltonian
(cpH) representation, it is shown that the model for business dynamics is in line with the
economic approach to business valuations.

The cpH system is used to determine what cash flow yields business value. This is done
by dividing the model into the business itself, and the economy. This is shown in Figure 1-2.

l Uinvestments

}[Business

Revenue Total expenses

H, Economy

I 6demand/supply
Figure 1-2: A block diagram representation shows how businesses interact with the economy.

With this, the fundamental model for business dynamics is developed, thereby completing
Part 2 of the frequency-domain valuation method.

1-4 Part 3: Frequency-Domain Valuation and Financial Analysis

In Part 3 of this thesis, I develop a theory to perform business valuations in the frequency
domain, and use S&C tools to perform financial analysis.

In Chapter 6, a theory is developed that uses the Laplace transform to determine the value of
future cash flows. A dollar to be paid out tomorrow is worth less than a dollar paid out today,
due to the uncertainty of the future. In valuation models, this value decrease is accounted
for by discounting the future cash flow [8, 25]. I develop a theory that translates the entire
valuation effort of businesses to the frequency domain. The use of the frequency domain for
valuations is particularly effective, as the time dimension of cash flows is eliminated and the
profitability of economic projects is directly compared. The existing discounting approach is
extended by using a complex number for the discount rate. The imaginary part models the
oscillating behavior of the economy.

In Chapter 7, S&C tools are used to perform financial analysis. S&C engineers benefit the
availability of many tools for analysis. I use Bode plots, pole-zero maps, state-space trajec-
tories, and time responses to perform analysis on economic systems. It becomes clear that
in particular frequency-domain tools extend the existing financial analysis with numerous
insights.
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1-4 Part 3: Frequency-Domain Valuation and Financial Analysis 5

An important type of financial analysis is scenario analysis. In economics, scenario anal-
ysis is performed to review the business’ proneness to future uncertainties [1]. However,
scenario analysis is a time-consuming process and requires abundant professional expertise
[25, 8]. I show that Bode plots and time responses are effective tools to perform this type of
analysis.

The development of a frequency-domain valuation theory and the use of S&C tools for fi-
nancial analysis complete Part 3 of this thesis.
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Chapter 2

Background on the Business
Economics ans Valuations

2-1 Introduction

In this chapter, background on valuations and business economics is provided. The back-
ground on valuations shows shortcomings in the valuation process. The background on busi-
ness economics provides the economic laws that will be used for modeling the business.

To establish the background, research is conducted on both a theoretical and practical level.
The economic literature is reviewed to obtain a theoretical basis, and practical experience is
gained by completing an internship at the PwC Valuations department. I state the goals of
this chapter as follows:

Chapter goals:

1. Formulate a fundamental value definition, and learn how valuations are per-
formed.

2. Determine the fundamental role of businesses as economic agent, and review the
economic laws that apply to them.

3. Identify shortcomings to the valuations process and formulate the thesis objective.

In Section 2-2, I give a fundamental definition of value. In Section 2-3, an overview of current
valuation techniques and their shortcomings is given. In Sections 2-4 and 2-5, I review the
field of business economics, and present the markets businesses interact with. In Section 2-6,
the thesis objective is stated as the creation of an economic-engineering valuations method.
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10 Background on the Business Economics ans Valuations

In this chapter, I use the terms firm, company, and business interchangeably to stay close to
the terminology used in the literature.!

2-2 The Value of a Company

According to Leszinski et al., value is the most overused and misused term in marketing
and pricing [49]. As this is a thesis on business valuations, it is important to have a clear
understanding of the definition of value.

2-2-1 Value is the Company’s Future Performance

Value is created for the owners of a company when they invest cash now to generate more
cash in the future. The value created is the difference between the investments made and
the incoming cash flows. Money paid tomorrow is worth less than the money paid today,
and future cash flows must be adjusted to reflect this time value of money. This is done by
applying a discount rate. Tim Koller et al. use the term present value for this fundamental
value definition in [21]:

The future expected cash flow adjusted for its value decrease over time.

This definition expresses value in two variables: A future cash flow and discount rate. Value
is expressed in [$], future cash flows in [$/t] and the discount rate in [%/t].

To prevent confusion in terminology, I compare the present value with two views on value that
are commonly used in economics and accounting, but do not represent actual company value.
The main distinction between these three views is the considered time horizon. The present
value looks forward in time. It uses forecasts to analyze the company’s future performance
and uses a discount rate to project it on the present. This is visualized in green in Figure 2-1.

Market value Present value

v
\ 4

I I I I L L L L L L L L L L I I L |

Past Present Future

Figure 2-1: Three definitions for value consider different time horizons. The present value is the
only fundamental definition and considers the future.

In Chapter 5, I use the terms firm and business for different parts of the bond-graph model to emphasize
their difference.
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2-2 The Value of a Company 11

Book Value

Book value is a term used in accountancy that indicates the company value according to its
balance sheet? Historically, the book value was supposed to show the value of companies, but
this idea has almost completely disappeared. The reason for this is that the cash for which
assets are sold bears no relationship to their costs or the company’s earnings [30]. Book value
sees the value of a company as a snapshot of its current situation and only considers the
present. This is visualized in yellow in Figure 2-1.

Market Value

Market value is the price at which a sale takes place in the open market [28]. Market value is
based on transactions made in the past and therefore looks back in time [75].> The timeline
considered by the market value is visualized in orange in Figure 2-1.

Market value cannot be assumed to be equal to the company value. The reason for this
lies with the behavior of traders on the stock market. Traders either base their decisions on
fundamental knowledge of economics and the company, or solely on daily price changes [27].
The latter group of traders is called “noise traders” and can be responsible for significant off-
sets between the market value and the company value [21]. Figure 2-2 shows this comparison.
Note that in this case the market value is defined as the share price and the company value
as the intrinsic value.*

Time=T
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Figure 2-2: The company’'s market value (share price) oscillates around the company's present
value (intrinsic value) due to the presence of noise traders on the financial market. Present
value is indicated with a bandwidth, that incorporates different future scenarios to account for
uncertainties of the future [21].

2The balance sheet is a financial statement that reports on the company’s assets, liabilities, and shareholder’s
equity [63].

3Some New Keynesian models link the price to future performance as traders speculate about future per-
formance. I refer the interested reader to e.g. [14, 64].

4The share price is the company value divided by the number of outstanding shares [63]. The intrinsic
value is the term used for company value in [21].
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12 Background on the Business Economics ans Valuations

The determination of value by aggregation of transactions in the past or future has a parallel
in control engineering: the unilateral Laplace. I formulate this analog in Section 6-2.

2-2-2 Value as a Bandwidth and the Role of Future Scenarios

Present value in Figure 2-2 is not a point estimate, but approximated with a bandwidth.
The bandwidth is caused by different possible future scenarios, with varying assumptions on
product prices, customer metrics, costs, inflation, interest rates, and other business drivers
[57].

Analysts formulate scenarios to bracket the baseline projection (investor/bank case) with
optimistic (management case) and pessimistic cases (worst case). This is done to test the
validity of the valuation and obtain insight into the company’s proneness to uncertainties of
the future [2]. Figure 2-3 shows these three scenarios by expressing the firm’s performance as
its free cash flow.

Management case

=2
&
2
=
g
E
Worst case
I 1
Past Future

Time [yr]

Figure 2-3: Optimistic, pessimistic and the most probable future scenarios are formulated to test
the validity of the valuation and verify proneness to uncertainties of the future.

Scenario analysis is a time-consuming process that requires extensive professional expertise.
It is difficult to envision all possible scenarios, and the actual outcome may be entirely un-
expected [63].> Nevertheless, it is critical to evaluate multiple future scenarios, as the most
probable case is only a part of the process of a business valuation.

These uncertainties in variables can be adopted in the dynamical system I develop in this
thesis. By varying inputs, initial conditions or parameters, scenario analysis is instinctively
preformed. This is explained in Section 6-6-2.

5An approach to incorporate different future scenarios with their probability is using Monte Carlo simula-
tions. I refer the interested reader to e.g. [57, 35].
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2-3 Current Valuation Techniques and their Shortcomings 13

2-2-3 Cyclical Behavior of the Discount Rate

Economists use a discount rate to calculate today’s worth of future cash flows. The rate
accounts for the time value of money (See Section 2-3-1). In practice, the rate is assumed to
be constant in time, but its dynamical behavior is a field of ongoing research [71].
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Cyclical component: change in equity
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...............................................
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Year
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(a) Cyclical discount behavior caused by in- (b) Net equity is issued cyclical, causing cycli-
novation shocks [60]. cal equity risk [23].

Figure 2-4: Risk and discount factors show cyclical behavior due to the oscillating behavior of
economic markets, debt and equity issuance, financial constraints, fiscal constraints and innovation
shocks.

Research indicates that the discount rate shows cyclical behavior. The discount function
changes over time [26, 70]. The rate shows oscillating behavior, due to cyclical financial
constraints, fiscal constraints, and its link to the cyclical financial market [17, 58]. Thereby,
debt and equity issuance are cyclical [23] (Figure 2-4b), there is a cyclical discount factor
resulting from innovation shocks [60] (Figure 2-4a), and banks are subject to cyclical capital
requirements [32].

Currently, no discounting methods exist to incorporate this cyclical behavior. In Section

6-3, I incorporate th oscillating behavior of economic markets by using complex numbers.

2-3 Current Valuation Techniques and their Shortcomings

Business valuations play a crucial role in investment analysis, capital budgeting, merger and
acquisition transactions, and financial reporting [8]. Many factors influence the value of a
business, and the amount of available data is limited. These factors make business valuations
a complex process [21]. In this section, the field of business valuations is reviewed, and
limitations are identified.

2-3-1 The Discounted Cash Flow Method

The discounted cash flow (DCF) method uses future cash flow and a discount rate to value
businesses. It is the most fundamental valuation approach, as is is based on the two variables
that define business value [21].

The future cash flow is commonly divided into two parts: A cash-flow projection for the
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next few years, and a terminal value. This terminal value represents the company value after
a certain moment in the future, because long-term predictions are seen as unreliable [63].
Equation 2-1 is used to calculate the present value.®

N Cash flow, Terminal value

Present value = Z + -
= A+ (1+7r)

(2-1)

With discount rate r, future years n, Cash flow, for the cash paid out in year n, and end-year
forecast period N. A visualization of the DCF method is shown in Figure 2-5.

Cash Flow $100 $100 $100 $100 $100 $300*

1 1 l 1 1 ‘\ 1
(14r)n 0? 1.103 1.104 1.105

annaa

2018 2019 2020 202 2 Terminal
value

DCF Value = $565 million * Value of FCF beyond 2022

Figure 2-5: The discounted cash flow method forecasts business performance with a future cash
flow on the short term, and a terminal value on the long term. A constant discount rate is used
to account for the decrease in worth of money over time [40].

With this, the mathematical framework that economists use for the DCF method is set. In
Chapter 6, I show how the frequency domain is used to determine this present value.

Future Cash Flow Forecast:

The cash flow used in the DCF method is the free cash flow (FCF)7, which is forecasted in
two steps. First, the company’s management forecasts its performance by stating an expected
FCF, based on its knowledge of the company and the industry’s expectations. Independent

5Many adaptations for the DCF method exist. I refer the interested reader to [21, 63, 68].
"The free cash flow is the cash remaining to the company’s owners after subtracting operating- and investing
cash flows from the income. See for more information [63].
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experts then check this proposal. These experts do not have the same amount of informa-
tion as the company’s management, and analyze historic financials® to forecast revenue, the
income statement, and balance sheet. These forecasts are then used to estimate the future
cash flow. Management and experts compare their forecasts to come to a definite cash flow
prediction [21, 9].

There are several shortcomings to this method for cash flow forecasting. Forecasts are based
on experience and professional know-how, causing the valuation to be as good as the assump-
tions made by the analyst [21, 63, 74]. Even the most skilled analyst is cannot construct
accurate predictions of the financial statements [42]. Estimation errors frequently remain,
and continue to be substantial [42, 61, 22].

Discount Rate Determination:

The discount rate is determined by using the weighted average cost of capital (WACC) model.”
This model sums the cost of debt and cost of equity, weighted for their capitalization.!?
Equation 2-2 is used to determine the WACC.

E
WACC = ——— x R. + x Ry(1 —T.) (2-2)

+ D E+D

FE is the value of the firm’s equity, D is the value of the firm’s debt, R, is the return on equity,
R, is the return on debt and T, is the corporate tax rate.

The debt part consists of rates to account for factors as country risk, company size, and
credit spread, combined with a tax shield!' [56]. The cost of equity is determined by the
risk-free rate, the company’s correlation to the overall stock market (53), and the equity risk
premium. One approximates the company’s S by handpicking some comparable and public
companies and averaging theirs [9, 56]. This approach is summarized in Figure 2-6.

The WACC model has two shortcomings. Again, this model is prone to subjectivity due to
the manual selection of the company’s peer group, and thereby not supported by empirical
evidence [24]. Also, the WACC model gives a discount rate that is constant in time, con-
tradicting the cyclical discount rate as found in the literature as explained in Section 2-2-3.
In Section 6-3, I incorporate the cyclical behavior of the economy by using a complex-valued
discount rate.

8 A company’s financials are the income statement, balance sheet, and cash flow statement. The documents
disclose the company’s financial information on a yearly or quarterly basis. The amount of data is very limited.
See for more information [63].

“Many alternatives exist, though the valuations industry most commonly applies the WACC model. See
for example [21, 63, 18].

10The capitalization of a company is the division of the company’s assets into debt- and equity financed.
See for more information [63].

1 Companies do not pay taxes over the assets financed by debt. This is called a tax shield. See for example
[63, 18].
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Equity Risk Premium
Beta = Cost of Equity

Risk free rate

= Weighted Average
Cost of Capital

Average Yield on
Debt

Cost of Debt (after-
tax)

Tax Shield

IxI I+IXI

Figure 2-6: The weighted average cost of capital consists of the cost of equity, which is calculated
with an equity risk premium, market correlation beta and free risk rate, and the cost of debt,
which calculated with the average debt yield and tax shield [39].

2-3-2 Multiples and Asset-Based Methods

The multiples method is a relative valuation approach that looks at past transactions of
comparable companies and is based on the idea that similar assets sell for a similar prices.
The method is less accurate than the DCF method but provides quick insight and helps to
summarize the valuation in a single number [21, 63].

Asset-based valuations count the value of individual assets to arrive at fair market value.
It is often preferred when a business faces liquidity. Measuring intangible assets is hard, and
the technique disregards prospective earnings. It is therefore not often used in practice [21, 9].

These two valuation methods can be projected on the timeline of Figure 2-1. The multiples
method looks to the past and is comparable to the market value. The asset-based approach
only considers the company in the present and is aligned with the company’s book value.
It can therefore be concluded that neither of these methods is based on the fundamental
definition of value.

2-3-3 The Field of Research on Predictive Analytics

Predictive analytics is a broad term describing a variety of statistical and analytical techniques
for developing models that predict future events or behavior.!? Its application to business
valuations limits a deal’s potential downside risks and increases value creation [72]. In the
field of business valuations, the data-driven modeling uses machine learning ([10, 66]), and
time-series models ([50]). Either accrued earnings or cash flows are used as data type, but
the literature is inconclusive about a superior method [25, 52, 16, 11].

The approach still suffers from several shortcomings in business practice, including;:

12A description of the predictive analytics modeling effort can be found in [59].
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1. Lack of data: Financial data on companies only consist of financial statements that
are update on a yearly or quarterly basis, leading to a limited amount of data points
[63].

2. Lack of economic interpretability: The models are based on data-fitting only, so
that the models have no economic interpretation. As a consequence the models are
unable to (1) separate the effects of specific economic shocks and (2) deal with changing
economic circumstances [15, 33, 13].

In addition to these shortcomings, predictive analytics cannot serve as a basis for determining
policy actions and other business decisions [33]. The outcomes of such actions will influence
the model’s predictions, further restricting its practical use. For these reasons, there has been
a call for the development of structural models to support predictive analytics [15].

Figure 2-7 shows three modeling approaches to forecast the future cash flow: The current
approach of cash flow projection, predictive analytics, and economic engineering.

( R Cash flow projection: (current approach) ( )
Management proposal Check financial advisor

Predictive analytics:
Data Model

Economic engineering:

& J \ J
Modelling effort is based on: O Professional expertise Statistics ¢ Causality

Figure 2-7: Current valuation practices allow subjective inputs in their models. The purely data-
driven predictive analytics approach does not allow subjectivity, but lacks economic interpretability
and abundant data. These limitations are overcome by the economic-engineering approach, as it
uses economic laws to construct a causal model.

By using predictive analytics, the forecasts are no longer prone to subjectivity, therefore
resolving the first shortcoming of the current approach. However, as it uses statistics only,
there is a lack of sufficient data and no economic interpretability. The economic-engineering
approach resolves this issue as well, as the model is based on economic principles.

2-4 Business Economics

Business economics is a field in applied economics using economic theory and quantitative
methods to perform analysis. The field provides a thorough understanding of businesses and
fundamental laws that are accepted as economic principles. These principles can be used to
formulate a causal and economically interpretable model for business dynamics.
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2-4-1 Rational Firm Behavior

The rational behavior of the firm as an economic agent was defined at the outset of modern
economics by Adam Smith in [67]: “It is not from the benevolence of the butcher, the brewer,
or the baker, that we expect our dinner, but from their regard to their own interest.” More
than a century later, Edgeworth stated this point explicitly in [12]: “The first principle of
economics is that every agent is actuated only by self-interest.” Again, almost 100 years later,
Friedman makes that definition specific in [26] for businesses:

"The social responsibility of businesses is to increase their profits."

Per definition, companies as economic agents'® maximize their profits. This definition is
oblivious to size, industry, connected markets, and geographical location [75]. The definition
can therefore be taken as starting point for the development of a general business model.

Though this point of view is adopted as an economic theory, it is challenged by some schools
of thought. For example, Vriend challenges the approximation of firm behavior by the sum of
individual behavior [76], and Kolstad questions what role corporate social responsibility plays
[46]. Even with these debates in mind, I adopt the general economic definition of businesses
in this thesis.

2-4-2 The Firm as Part of the Macroeconomic System

From a macroeconomic perspective, the firm’s profit maximization is essentially the same as
the individual’s utility optimization [34].1

The firm converses factors of production into products. By this conversion, the factors (land,
labor, capital, and entrepreneurship [67]) are moved up the value chain.!'® Keynes’s general
theorem states that it is only possible to increase output when the input is increased [45].
The definition makes no distinction between factors (or products) acquired from (or sold to)
consumers (B2C!) or other firms (B2B!7) [34]. Figure 2-8 displays the firm as part of a
macroeconomic system.

Profits are maximized by optimizing the costs and benefits of the connected markets. The
growth of a company and its optimal product flow are determined by customer demand and
scarcity of factors of production [34].

Economic markets behave according to the stability assumption. When the realized price

13 An economic agent is an actor (decision maker) in an economic model, solving some optimization problem.
See for more information for example [75].

Background information on macroeconomics can be found in [54, 3].

15 A firm does not necessarily use all factors of production. For example, software companies do not need
land (or the commodities it produces).

16Business to consumer

1"Business to business
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Revenue Spending

(= GDP) MARKETS FOR (= GDP)
GOODS AND

Goods SERVICES Goods and
and services services
sold bought
FIRMS HOUSEHOLDS
Factors of Labor, Ialnd,
production MARKETS FOR and capital
FACTORS OF
Wages, rent, PRODUCTION ncome (= GDP)
?nd pei —» = flow of inputs
(= GDP)
and outputs
= Flow of dollars

Figure 2-8: From a macroeconomic perspective, businesses are connected to economic markets
by exchanging cash for products. ltems are bought from markets for factors of production, and sold
to markets for goods and services. Between buying and selling, the business adds a competitive
advantage to the items to generate profits [54].

of the product does not meet the expected price, due to inconsistency in pricing or planning,
resources are wasted, and an economic disequilibrium arises. Trading occurs until the realized
and expected prices are aligned again, and the market equilibrium is restored. [34].

2-4-3 Economic Laws and their Mathematical expression

Conservation of Money

Money cannot be created from null, nor can it be destroyed. The change of net money in a
system is equal to the amount transferred to that system minus the transfers out of it. This
phenomenon is known as the law of conservation of money. The change in a firm’s balance

sheet is thus the credits minus the debits [1]. The cash flows in are equal to the cash flows
out, as is stated in Equation 2-3.

Cash in = Cash out (2-3)

This law has an interpretation in physics as the law of conservation of energy. By formulation
of the proper analogs, economic systems satisfy the properties of a Hamiltonian system. This
analog is further explained in Section 3-3.

Costs are also conserved, as imposed costs always result in a similar benefit received by
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some other party. In bond graph modeling, this is denoted by a O-junction. This analog is
further explained in Section 3-2-2.

Market Clearing

Say’s law states that supply always equals demand in economic systems [65]. This ruling is
called market clearing, and ensures that no goods are lost in economic systems. Walras as-
sumes that the product price changes to assure this phenomenon [77]. Equation 2-4 expresses
market clearing mathematically.

Goods in = Goods out (2-4)

This law is known in physics as the conservation of momentum. In bond-graph modeling, it
is represented by 1-junction. This analog is further explained in Section 3-2-2.

Free Market Pricing

Walras’s assumption was preceded by Smith’s theory of the invisible hand. It is a metaphor
for unseen forces that move the price in a free market economy. These so-called forces are
costs and benefits from the supply- and demand side that move the market price towards its
equilibrium [67]. Since the difference between costs and benefits is a change in sign (cost =
-benefit), free market pricing is defined by Equation 2-5.

Price = Z costs (2-5)

Free market pricing is analogous to the I-element in bond graph modeling of physical systems.
This analog is further explained in Section 3-2-2.

Asset accumulation

Companies accumulate assets through investment, purchases, and human capital build-up.
But these same assets depreciate over time through waste, amortization, impairment, and
wear tear. The company’s net asset position is thus determined by the assets accumulated,
minus the assets depreciated. Financial reports express assets in their monetary value [63].
By taking flows in as positive, and flows out as negative, asset accumulation is defined by
Equation 3-13.

Asset position = Z flows (2-6)

Asset accumulation is the economic analog of the physical C-element. This analog is further
explained in Section 3-2-2.
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2-4-4 Competition

Firms compete with each other by trying to secure the business of a consumer or supplier by
offering the most attractive terms. Competition is the allocation of productive resources to
the highest bidder. Therefore, it encourages economic efficiency [67].

The degree of competitiveness of a market is bracketed between perfect competition and
a monopoly.'® In perfectly competitive markets, profit-maximizing producers meet a price
that is equal to its marginal cost, at the lowest point of the average cost curve. This results in
the neoclassical supply curve and guarantees maximum economic efficiency. This is plotted
on the left-hand side of Figure 2-9.

In a monopoly, there is only a single market player that fully determines the product price.
In this situation, the neoclassical supply curve does not apply, and the price is not equal to
the marginal cost. As a result, the monopolistic market is not guaranteed to be economically
efficient [75]. This is plotted on the right-hand side of Figure 2-9.

Cost/ Cost/

revenue Perfect competition - revenue Monopoly , MC
AC :
AC
] R —— R
—= P=MR=AR N w K
?Y - - [ o] EXCEXTITTIILIERY ;-ZO:S -
/X
"z
‘ AR
0 Output 0 Q Output

MR

Figure 2-9: Perfectly competitive and monopolistic markets cause different cost curves. Perfect
competitions creates an economically efficient market, whereas dynamics of the monopolistic
market are in the hands of a single firm [48].

Pareto classifies firms in competitive markets as either price takers or price makers. Price
takers are individuals or small firms whose product demand or supply is too low to have an
impact on value. Price makers are governments or firms that are large enough to influence
the price with their demand or supply [62].

In this thesis, I model the markets as being perfectly competitive. By using a spring-damper
interconnection I allow the firm to be anything between a price taker and price maker (See
Chapter 4).

2-5 Connected Markets

Firms interact with four classes of economic markets. Items are bought on the commodity-,
labor-, and capital asset market, and sold on the product market [54, 3, 4, 5]. Figure 2-10
gives this interconnection schematically.

8 There is also oligopoly and monopolistic competition. T refer the interested reader to [75].
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Commodity market

e
.
]

Product market

m

Labor market

&>

axxID
Capital asset market

Figure 2-10: The firm is connected to four markets: The commodity-, labor-, and capital asset
markets provide factors of production, and the product market allows the firm to sell its products
to costumers.

This model incorporates all four factors of production, as defined by Smith and general
macroeconomic theorems [67, 3]. Labor and capital are supplied by their markets, commodi-
ties originate from the factor land, and entrepreneurship is in the business itself. The markets
are discussed below in more detail. In Chapter 4, a bond-graph model is developed for each
market.

2-5-1 Commodity Market

The commodity market trades in useful items that can be turned into a commercial advantage
[47]. The items are uniform in value, meaning that a similar product can come from different
producers [55]. I use the definition as stated in [38] for commodities:

Tradeable item that can usually be processed further and sold.

Originally, hard commodities are depleted, and soft commodities are grown [38]. Nowadays,
virtually everything is for sale, and thus is almost everything a commodity [78, 41]. I assume
a market in hard commodities in this thesis.

The commodity price is determined by the market as a whole, as commodities are traded
actively. This trading takes place on the futures, spot, and derivatives markets [37]. In this
thesis, I assume that commodities are traded on the futures market only, and that the firm
uses one type of commodity only. This simplification can be readdressed in future research.

Firms use inventories to store their commodities, to compensate for time lags, seasonal de-
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mand, and uncertainty [19]. The company’s inventory appears as a current asset on the
balance sheet and is expressed in units of dollars [$], instead of goods [#] [63].

2-5-2 Labor Market

In the labor market, firms interact with employees by hiring them. The market of supply
(employees) and demand (firm) influences the working hours and compensation. Firms pay
the employees with salaries, wages or benefits [44]. In this thesis, I adopt the definition of
labor, as stated in [47]:

Work performed by people.

The Centraal Plan Bureau (CPB) uses the SAFFIER II model to predict labor market dy-
namics [7]. The model consists of 25 behavioral equations, 270 rules of thumb, and 1455
identities. This complexity objects, among other reasons, its use in this firm model [36].

As the commodity market trades in different commodities, the labor market trades in various
types of labor. The distinction made in the literature is in the level of education [69]. The
educated labor force can be divided further in different skill sets [43]. In this thesis, I assume
that the firm uses one labor type, and that salaries are paid per full-time equivalent (FTE).
These simplifications can be readdressed in future research.

Not all labor that employees perform is directly linked to the production of products [29].
This distinction is known as direct or indirect labor [6]. Examples of indirect labor are process
optimization, marketing, and R&D [51]. In this thesis, I model the firm to store this indirect
labor as human capital [53]. Increased human capital yields higher productivity for the firm’s
labor force.

2-5-3 Capital Asset Market

The capital asset market trades in the firm’s long term assets. Capital assets are needed for
business operations, and are a factor of production [67]. The assets are physical in nature
and not easily converted into cash. Vital capital assets are property, plant and equipment
(PP&E) [73]. T adopt the following definition for capital assets [20]:

Significant piece of property that is useful for more than a year, and not intended for
sale.

The capital assets contribute to profit generation and are linked to the production cost. The
benefit they yield for production is known as economies of scale [21].
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Large investments are expensed over their lifetime to obtain an accurate picture of the com-
pany’s profitability [20]. In this thesis, I assume those expenses to be real cash flows. Two
variables present the capital asset position: Their book value in [$], and their performance in
[7%] [20]. I model the pair with a C-I-interconnection, expressed in action-angle variables. It
is possible to lease or buy capital assets [20]. I model the pair with effort and flow sources.

2-5-4 Product Market

Firms sell their finished goods or services on the product market. The products result from
combining the acquired commodities, labor and capital assets into a commercial advantage.
I use the definition as stated in [47]:

Something produced, created or grown for sale.

Product demand can either be expressed as quantity demanded [#/wk| or the budget con-
straint that is spent on that product [$/#wk] [75, 31]. Both expressions can be imposed on
the model by using flow and an effort sources.

Either the firm or competitors give answer to this demand. The ratio in which the firm
supplies in comparison to its competitors, is its market position [75]. I model the market
position of competitors with a C-element.

When business is secured by the firm, the demanded products are saved in the order book
until the firm delivers [63]. A negative order book position indicates that the firm has items
in stock.

2-6 Conclusions and Thesis Objective

Value is determined by the company’s future performance. According to this definition, only
the discounted cash flow (DCF) method is fundamental. The DCF method ascribes value to
businesses by using two variables: The future expected cash flow, and a discount rate [21, 63].
However, both variables are determined subjectively as they are based on professional exper-
tise [21, 9].

In the field of predictive analytics, data-driven models are developed to bypass the neces-
sity for subjective inputs for business valuations. However, research shows that they lack the
availability of abundant data, and that they are not economically interpretable [15, 33, 13].
This is resolved by using causal models for mimicking business dynamics, which are based
on economic principles. The behavior of businesses as economic agent is profit maximization
and interacts with four different markets. By taking this general definition of businesses as a
corner stone in the modeling effort, the model applies to all businesses. In Chapter 4 of this
thesis, a causal and general model for business dynamics is developed.
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The discount rate is assumed to be constant in time, though research indicates that the
economy shows cyclical behavior [58, 17]. In Chapter 6, a complex-valued discount rate is
used to account fore these oscillations.

Based on these conclusions, I state the objective of this thesis as follows:

Development of the Frequency-Domain Valuation Theory

1. Business valuations as a S&C problem and thesis proposal (Chapters 3).
2. A fundamental model for business dynamics (Chapters 4 and 5)

3. Frequency-domain valuation and financial analysis (Chapters 6 and 7)
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Chapter 3

The Economic-Engineering Analogy in
Business Economics

3-1 Introduction

Systems engineering is an interdisciplinary field of engineering that focuses on causal mod-
eling of complex physical systems. The discipline uses physical principles to determine the
system’s time evolution. However, as we aim to model an economic system, these physical
principles cannot directly be applied.

In this chapter, the business valuation process is mapped to the physical domain, by making
economic-engineering analogs specific for business economics. Consequently, systems engi-
neering can be applied and next steps for developing the valuation method are proposed. The
goals of this chapter are as follows:

Chapter goals:
1. Development of a framework to see business economics as a S&C engineer.

2. Formulation of proposals for cash-flow determination and financial analysis.

In Section 3-2, business-economics analogs and bond graphs are introduced. In Section 3-
3, energy-cash flow analogs are presented. In Section 3-4, I conclude Part 1 of this thesis
(putting business valuations as a S&C problem), and propose an approach to complete Parts
2 and 3.
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3-2 Signal-Based Modeling of Business Dynamics

3-2-1 Analogs of Newtonian Mechanics Extended to Business Economics

Engineers use models to mimic the behavior of systems by expressing them in their physical
variables. The engineering field consists of multiple domains, each having a different set of
variables. Still, all domains can be modeled with a single technique, since the similarities
between these domains are well-known [12, 9].

These so-called similarities are defined through the formulation of analogs. Analogs are pairs
of physical variables from different domains that show identical behavior. They are often
used in modeling mechatronic systems, where electrical and mechanical subsystems are reg-
ularly interconnected. In this scenario, the electrical current is analogous to the mechanical
velocity, and the mechanical force is analogous to the electrical voltage. As a result, the two
second-order systems depicted in Figure 3-4 show similar behavior [12, 9].

> |
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(@) The mechanical mass-spring-damper system (b) The electrical resistor-capaticor-inductor circuit

RANANAN

Figure 3-1: Schematics of second-order systems from different physical domains that show
equivalent behavior. This equivalent behavior is caused by analogies between the mechanical and
electrical domain [20].

Analogs arise from the fact that the behavior of physical systems is determined by the system’s
energy and power flows. In a general sense, energy is stored by either momentum or displace-
ment, and the power (energy flow) is determined by the effort and the flow [12, 9]. Table 3-1
gives the energy and power variables in the general, mechanical and electrical domain.

Table 3-1: Analogs in different physical domains

General Mechanics Electronics
Variable Unit Variable Unit

Effort (e) Force (F) N Voltage (U) \%

Flow (f) Velocity (v) = Current (I) A
Momentum (p) Momentum (p) Ns Flux linkage (A) Vs
Displacement (¢q) Displacement (z) m Charge (Q) C

Power (P) F(t)v(t) Rm o p)1(t) VA = R
Energy (E) J Fdx, [Vdp Nm  [edQ, [Id\ VAs = Nm

Mendel extends this idea of analogization by transcending the engineering domain and formu-
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lating physical analogs for economic variables. The idea of formulating analogs for economic
principles is not new [4, 5, 6, 15, 16, 17], but Mendel’s research is unique in the analogs he
chooses.!. Table 3-2 displays the economic-engineering analogs interpreted in the context of
business economics [25].

Table 3-2: Analogs in the economic domain

General Business economics
Variable Unit
Effort (e) Cost (p) 2
Flow (f) Flow (¢) %
Momentum (p) Price (p) %
Displacement (q) Asset position (q) #
Power (P) Growth (G) %
Energy (F) Cash flow (CF) —r

This choice of analogs directly yields two benefits. Firstly, economic variables have an intu-
itive interpretation.? Secondly, two major value drivers arise naturally from the framework:
Growth and cash flow.

3-2-2 Bond-Graphs Modeling for Business Dynamics

Bond graphs represent dynamical systems graphically. Karnopp et al. explain how to use
them for mechatronic systems in [12], and Brewer proposes their use in economics [5]. There
are three reasons for using this technique for modeling firm dynamics as economic engineer.

1. Graphical modeling: Economic models are mathematically not as sophisticated as
engineering models, as no economic equations of motion exist. A graphic representation
of economic systems allows us to capture its dynamics intuitively.

2. Domain neutrality: Bond graphs are domain neutral. As the economic-engineering
modeling approach is based on analogs, this domain-neutrality is essential. Figure 3-
2 represents both physical systems displayed in Figure 3-4, and is thereby capable of
representing a second-order economic system.

3. System derivation: The model allows for direct state-space or transfer function
derivation, so that systems and control theory can be applied.
1-Ports and Multi-Ports for Economic Laws

Table 3-2 states the analogs between economic and domain-neutral variables, enabling us to
map the economic variables to the bond graph:

!Brewer and Franksen juxtapose physical force to economic price, while Mendel interprets the economic
price as the physical momentum [25, 5, 15]

2There is a duality between the flow and effort, and the momentum and displacement. One can interchange
the variables, but then the economic intuition is lost. See for example [9].
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34 The Economic-Engineering Analogy in Business Economics

|

Figure 3-2: Bond graph model representing a second-order system that is equivalent to the
mechanical and electrical systems in Figure 3-4.

IK R

e The I-element stores the price, and the C-element stores the asset position.

The costs and flows are the two power variables working along the bonds.

Multiplication of the pair gives the economic growth over that bond.

Integration of either power variable gives the cash flow.

The 1-ports and multi-ports as described in [12] are analogous to the economic laws that are
mentioned in Section 2-4-3.

The law of conservation of money (Equation 2-3) states that having some product flow en-
tails one cost that is both paid and received. This law corresponds to the definition of the
multi-port 0-junction as Equation 3-1 states.

€] — €2 = €3
Zfln :Zfout

Market clearing (Equation 2-4) stipulates that no goods are lost in economic systems, which
is ensured by balancing out costs and benefits. The definition of the multi-port 1-junction
states this law (Equation3-2).

(3-1)

h=rfa=f
Z €in = Z €out
Costs and benefits acting upon a market determine the free market price (Equation 2-5). The

1-port I-element is the domain-neutral analog of the price, by doing this continuously instead
of discretely.

(3-2)

p= /e(t)dt (3-3)

Assets are accumulated by summing the assets coming in and subtracting the assets going out
(Equation 3-13). The 1-port C-element performs this action, again by doing this continuously
instead of discretely.

q= / f(t)dt (3-4)
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3-2 Signal-Based Modeling of Business Dynamics 35

Depreciation and Consumption through R-Elements

The R-element is the only 1-port element that does not store energy and directly links the two
power variables without integration. The element dissipates energy, and can be connected to
both junctions [12].

When connected to a 0-junction, the element returns a flow as a result of an imposed cost. This
phenomenon is known in economics as consumption [26]. When connected to a 1-junction,
the element returns a cost that is caused by a flow variable. In economics, this is known as
depreciation [26]. We shall see that the firms mainly dissipate energy through depreciation.

2-ports for Interconnecting Markets and Asset Capitalization

2-ports change specific attributes of the effort and flow while conserving power. They can
change the energy domain, power direction, or effort-flow ratio. There are two types of 2-
ports. The transformer maps flow variables to flow variables, and effort variables to effort
variables. The gyrator maps flow variables to effort variables, and effort variables to flow
variables [12]. The model for business dynamics needs 2-ports for two reasons.

1. Market interconnection: The firm connects different markets by buying factors of
production (labor, commodities, and capital assets) to develop its product. The amount
of labor, commodities, and capital assets that the firm needs per product differ, and so
transformers are needed to relate the product to the correct amount of these factors of
production. Figure 3-3 visualizes this by the example of a car producer.

Wheels

fle )

Plant

Figure 3-3: Firm use factors of production in a certain ratio to produce products. In this
situation, the firm needs four wheels, two fte, and 10% of the plant to product a single car. This
ratio is modeled by using gyrators.

2. Asset capitalization: The firm’s financials display its assets in terms of dollars, in-
stead of the number of capital assets, level of commodities, and labor force. Transformers
and gyrators capitalize the assets by expressing them in terms of money.

Figure 3-4a shows the tetrahedon of state that is used for modeling firm dynamics. Note
that the goods [#] could either indicate commodities [#], labor [FTE], capital assets [#], or
products [#].
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36 The Economic-Engineering Analogy in Business Economics

When modeling capitalized assets, one energy variable must express the assets in terms of
money [$]. This choice obliges the other energy variable to be dimensionless, and have the
units of [%], to preserve the power-conserving properties of the bond graph. Figure 3-4b
shows the tetrahedron of state in action-angle coordinates.

Cost [% Cash flow [v:;k]

AN AN

Price E] R Goods [#] Assets [$] R Performance [%]
I f dt I f dt

Flow [ -] Yield [ -]
(a) Momentum-position coordinates (b) Action-angle coordinates

Figure 3-4: The economic tetrahedra of state in two coordinate systems: Momentum-position
coordinates use costs, flows, prices and goods. The action-angle coordinates use cash flow, yield,
performance and assets.

The pair has the physical analogs of action and angle, therefore expressing the capitalized
assets in action-angle coordinates. In physics, C-elements conventionally store the angle
variable, and I-elements store the action variable [19]. To stay close to this agreement, I
assign their analogs to corresponding elements: Dollars are stored in the I-element, and
percentages are stored in the C-element.

3-3 Business Economics in the Energy Domain

There is one analog of particular importance: The energy-cash flow analog. In the physical
domain, energy plays a central role in Lagrangian and Hamiltonian mechanics. In business
economics, financial performance is expressed in terms of cash flows, which are ultimately
needed to determine the present value.

3-3-1 The Least Action Principle for Profit Maximization

The state of a particle at a given time ¢ consists of its generalized position ¢ and generalized
velocity ¢ [22]. This statement translates to business economics by asserting that the state
of a firm at a given time t is determined by its assets ¢ and product flow ¢. Parallel to the
utility Lagrangian for economic agents as defined in [21], I introduce the Profit Lagrangian
for firms:

L(q,q) (3-5)
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3-3 Business Economics in the Energy Domain 37

In physics, particles base their movement on the principle of least action. They do so by
minimizing the following integral [22]:

5= [ Lg. (3-6)

t1

Figure 3-5 shows the path of a particle in two dimensional space. ¢ is visualized as tangents
to the path of the particle, as it is the time derivative of q.

q: 1

qx(1)

‘I/I(f)

qi

Figure 3-5: According to Lagrange's least action principle, the motion of every particle is de-
scribed by minimization of the action integral over its path. The path is determined by its two
state variables: ¢ and gq.

Firms maximize their profit by maximizing this same integral.®> They trade off variable cost,
which is a function of the product flow ¢, and fixed cost, which is a function of their assets ¢
[25]. By assuming a concave profit function [26], and using the calculus of variations [22, 16],
the total profit is maximized if the first variation of S vanishes:

95 =0 (3-7)

This condition is in economic engineering considered as a fundamental principle and will be
referred to as the principle of maximum profit. By evaluating this principle with the calculus
of variations, we arrive at a maximum profit when the Euler-Lagrange equation is satisfied.

d 0L oL
Bl Gt “2Y=0 3-8

GG+ G0 (38)
From this equation, the characterizations of the marginal profits are obtained. The marginal
change of profit as a result of a change in product flow is the price that the firm is willing to
pay or receive for that change in product flow, expressed in [$/#]:

3This is explained in Section 2-4-1.
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38 The Economic-Engineering Analogy in Business Economics

oL

67q =p (3‘9)

The marginal change of profit resulting from a change in asset position, is equal to the cost
or benefit from holding that asset, expressed in [$/#wk]:

oL

9 =P (3-10)
The integration of the Euler-Lagrange equation shows how prices evolve dynamically in time.
The price at time t is determined by adding and subtracting the costs and benefits up to time
t to some initial price:

p(6)=p(0) + [ pat 1)

Reconsider the integral of Equation 3-6. The time horizon [¢1, t2] can economically be seen as
the investment horizon, which plays a significant role in business decisions. If the company
has a short investment horizon, the company aims for high returns, without any long-term
investments. If the investment horizon is long, the Profit Lagrangian allows these investments
as they yield higher returns in the future. This perfectly establishes the growth-profit nexus
2, 8].

The principle of least action provides a physical interpretation for rational firm behavior.
Newton’s equations are derived from the Lagrangian and the principle of least action, but
this principle is not axiomatically derived [3]. Coherently, it is known that firms trade off
their costs and benefits to achieve maximum profit. However, it is unclear where this profit
maximization comes from [18].

Apart from this theoretical explanation for profit maximization, the Lagrangian is of limited
use when modeling firm dynamics. This is due to the dependency between its two variables
q and ¢. When forces are not conserved, the physical Lagrangian is not conserved in time
and does not have a symplectic structure?. As a result, the Euler-Lagrange equation cannot
be used to determine the time evolution of particles. Similarly, when the costs of the Profit
Lagrangian are not conserved, the Euler-Lagrange equation cannot be used to determine the
dynamics of a firm [22, 3].

3-3-2 The Firm’s Earnings as the Kinetic Part of the Hamiltonian

The Hamiltonian is a function that gives the total energy of physical systems and is analogous
to the surplus of an economic system [25]. The Hamiltonian can always be retrieved from the
Lagrangian by application of the Legendre transform [13]:

4A symplectic structure posseses the geometry of a closed non-degenerative skew-symmetric bilinear form. A
bilinear form maps two vector spaces linearly in a scalar: V' xV — K. The closedness states that the structure
matrix is finite-dimensional, the non-degenerativeness assures that its determinant is 1, the skew-symmetric
part says that it is symmetric over the diagonal. A mathematical explanation of symplectic structures is given
by Cannas da Silva in [11].

X. A. van Ardenne Master of Science Thesis



3-3 Business Economics in the Energy Domain 39

H(p,q) = pq— L(q,q) (3-12)

The Hamiltonian uses two variables: The company’s assets ¢, and the price p. According to
Definition 2-2-1, only price variable p yields company value as this variable measures cash
flowing in or out of the business. Contrarily, the g-variable measures the cash stored in eco-
nomic systems, and does not contribute to the value of businesses. Business value is thus
determined by the kinetic energy of the Hamiltonian:

Earnings = H (p) (3-13)

Closed economies preserve cash (Section 2-4-3), making sure that the Hamiltonian is con-
served: % = 0. Using its description in independent p- and g-coordinates, the time-evolution

of systems can be visualized in phase-space, which shows its symplectic structure:

p“

A

QY

v

Figure 3-6: The time evolution of a conservative Hamiltonian system in phase space has a
symplectic structure. Consequently, Hamilton's equations can be used to determine its motion.

This allows us to use Hamilton’s equations to derive the dynamics of the firm:

OH )
87(] =D (3-14)
oH .

o = q (3-15)

The two equations have an economic interpretation. Equation 3-14 says that an increase in
earnings due to increased assets leads to a price decrease. This Equation is a mathematical
expression of economies of scale: Larger companies can produce cheaper [14].

Equation 3-15 states that increased earnings resulting from a price increase lead to asset ac-
cumulation. This statement says that profitable companies are bound to grow (profit-growth

nexus) [14, 8.

Master of Science Thesis X. A. van Ardenne



40 The Economic-Engineering Analogy in Business Economics

3-3-3 Depreciation causes Economic Systems to be Non-Conservative

Dissipation in physical systems converses energy into heat. It is an irreversible process, since
it is impossible to reverse the process without adding additional energy. This is analogous
to the economic phenomena of depreciation [10]. When depreciation occurs, it cannot be
reversed [25, 24].

We shall see in Chapter 4 that depreciation makes its appearance in the model for busi-
ness dynamics. Accordingly, the system is not conservative, which imposes restrictions on
the use of Lagrangian and Hamiltonian mechanics. More specificly, the condition of non-
degenerativeness no longer holds [11]. Figure 3-7 shows that the time-evolution of a non-
conservative Hamiltonian system no longer has a symplectic structure:

p“

QY

Figure 3-7: The time evolution of a non-conservative Hamiltonian system in phase space has
no symplectic structure. For this reason, Hamilton's equations cannot be directly applied to
determine its motion.

Since the Hamiltonian is not conserved, Hamilton’s Equations can no longer be used to
derive the system’s dynamics. In Chapter 5, this obstacle is overcome by expressing the
Hamiltonian in bicomplex coordinates, following the approach developed by Hutters in [7].
The bicomplex Hamiltonian preserves a symplectic structure in dissipative systems so that
Hamilton’s equations can still be used to derive the system’s time evolution.

3-3-4 Interconnection of Port-Hamiltonian Systems

Port-Hamiltonian (pH) systems theory combines the properties of a Hamiltonian system with
a geometric interconnection structure®. PH systems model the input-output behavior of the
subsystem and the system it is connected with. This system could either be another subsys-
tem, a resistive element, or the environment. The geometric structure allows interconnecting
multiple subsystems so that highly complex systems can be modeled [1].

5This geometric structure is called a Dirac structure [1].
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3-3 Business Economics in the Energy Domain 41

The pH framework is used in macroeconomic models [23].° By adopting the economic-
engineering analogs as listed in Section 3-2-1, the input and output of economic subsystems
are the product flow and cost or benefit. Bond graphs (Section 3-2-2) are a pH modeling
technique [1]. The economic pH interconnection is visualized in Figure 3-8.

Product flow

SlleyStem Cost/benefit

Figure 3-8: The conjugate input-output interconnection of economic subsystems returns an cost
or benefit to a product flow (or vice versa). Multiplication of the pair yields the economic growth
over that interconnection.

In this thesis, I model the firm and its connected markets as pH subsystems. The subsystems
have their own structure, but obey the economic law of conservation of cash. By doing this,
it is possible to add or remove markets straightforwardly. This is further explained in Section
5-4.

5Macchelli uses different economic analogs the the analogs adopted in this thesis. Machelli’s analogs are in
line with those of Brewer and Franksen [23, 5, 15].
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42 The Economic-Engineering Analogy in Business Economics

3-4 Conclusions and Next Steps

Profit maximization determines business behavior, the way the least-action principles de-
termines the motion of all particles. Due to this general definition, both Newtonian and
analytical mechanics can be used to model business dynamics.

Modeling businesses with Hamiltonian mechanics is economically fundamental: Energy is
used to determine the dynamics of physical systems, the way cash flow is used in current
valuation practices. However, as businesses are modeled with dissipative systems, regular
Hamiltonian mechanics do not give the equations of motion or business value. In Chapter 5,
I overcome this obstacle by using a complex port-Hamiltonian representation of the business
model.

By formulation of the business-economics analogy, Part 1 of this thesis is completed (putting
business valuations as a S&C problem). To develop the frequency-domain valuation theory, I
propose to complete Parts 2 and 3 in the following four steps:

2) A fundamental model for business dynamics

(a) Bond-graph modeling (Chapter 4): Create a model for business dynamics.
(b) Complex port-Hamiltonian mechanics (Chapter 5): Express business dy-
namics in terms of cash flows and determine which cash flow yields value.

3) Frequency-domain discounting and financial analysis

(¢c) A frequency-domain theory for valuation (Chapter 6): Use the Laplace
transform to develop fundamental frameworks for valuation and scenario
analysis.

(d) S€C tools for financial analysis (Chapter 7): Use systems and control tools
to perform financial analysis.
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Chapter 4

A General Bond-Graph Model for
Business Dynamics

4-1 Introduction

In this chapter, I develop a bond-graph model for firm dynamics by using the economic-
engineering analogs established in Chapter 3. The goal of this chapter is as follows:

Chapter goals:

1. Development of a bond-graph model for business dynamics.

The firm is connected to four markets', which are all modeled as port-Hamiltonian subsys-
tems. In Section 4-2 I model the firm, in Section 4-3 the commodity market, in Section 4-4 the
labor market, in Section 4-5 the capital asset market, and in Section 4-6 the product market.
In Section 4-7 I integrate the subsystems into the total business model, and in Section 4-8 1
conclude that the model predicts dynamics for businesses in general.

The modeling effort consists of four steps: (1) Subsystems’ behavior is derived from the
information presented in Sections 2-4 and 2-5, (2) bond-graph representations are given by
using the analogs of Section 3-2, (3) all signals and elements are given an economic interpre-
tation so that the model is intuitive to both engineers and economists, and (4) the state-space
representation is derived.

!This is explained in Section 2-5.
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46 A General Bond-Graph Model for Business Dynamics

4-2 The Firm as a Subsystem

The firm as a subsystem has four inputs: The costs (or benefits) of connected markets.? They
determine one output, which is then returned to the markets: The product flow. One state
determines the firm’s dynamics: The value-added. Table 4-1 gives an overview:

Table 4-1: Inputs, outputs and states of the firm

Inputs Outputs States
Product flow [#/wk] Value-added [$/#]

Order yield [$ ]
Economies of scale [$ ]
Production cost [$/#wK]
Unit labor cost (ULC) [$ ]

Figure 4-1 depicts the firm’s interconnections to different economic markets. Note that the
direction of the green and red arrows indicate causality and not the direction of positive flows.

e

Commodity market

Sl
-
]

Product market

Product flow Product flow

Production cost
Order yield

Product flow

m

Labor market

Economies Unit labor cost

of scale

&

Capital asset market

Figure 4-1: Firms are connected to four different economic markets: Product, capital asset,
commodity and labor. Firms impose a product flow on the markets, which then return a certain
cost or benefit.

Firms maximize profit by balancing off the costs against the benefits to determine an optimal

product flow (Section 3-3-1). This optimal flow is called the economic order quantity (EOQ)
[3]. T use the terms product flow and EOQ interchangeably.

4-2-1 Bond Graph for Profit Maximization

Figure 4-2 gives the bond graph of the subsystem that represents the firm. An I-element
keeps track of the state value-added, for which costs and benefits determine the increase or

2The four markets are described in Section 2-5.
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4-2 The Firm as a Subsystem 47

decrease. This state is the economic enhancement that the firm gives to its product. After
deducting taxes with an R-element, the product flow is obtained from the value-added and
returned to the markets.

Commodity market; I Value-added [$/#]

Production cost
Product flow

Order yield L Tnit lab S
Product market; A1l Unit labor cost — Labor market;
Product flow = Product flow

Economies of scale
Product flow

Capital asset market, R Government institution

Figure 4-2: The Bond-graph model of the firm consists of one state: The value-added. This
element measures the value that is created by converting factors of production into a product,
and weighs off the costs and benefits of the different markets.

Table 4-2 gives the economic interpretation of the elements and signals in the subsystem:

Table 4-2: The interpretation of definitions in the bond graph representing the firm

Value added tax (VAT)  Tax levied on each stage of production when value is added [14].  [$/#wk

Definition Interpretation Units

Elements

Value-added Economic enhancement that the firm gives its products [3]. [$/#]

Government institution System or method that controls the country [9].

Efforts

Order yield Average amount customers spend on products from the firm [18].  [$/#wK]

Production cost Cost incurred by a business from manufacturing a product [14].  [$/#wk]

Unit labor cost (ULC) Average cost of labor per unit of output [18]. [8/#wK]

Economies of scale Cost advantages through efficient production of large scales [14].  [$/#wk]
]
]

A Net economic force The change in economic enhancement of the product [3]. [$3/#wk
Flows
Product flow (Economic Ideal product flow to minimize costs [18]. [#/wk]

order quantity)
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48 A General Bond-Graph Model for Business Dynamics

4-3 Commodity Market

The commodity market receives the product flow as only input from the firm and returns the
production cost as only output. Three states determine the market’s dynamics. Table 4-3
gives an overview.

Table 4-3: Inputs, outputs and states of the commodity market

Inputs Outputs States
Product flow [#/wk] Production cost [$/#wk] Current assets [$]
Forward price [$/com]

Available commodities  [com]

The market consists of three parts: The firm’s inventory, the market itself, and the source.
Commodities flow from the source, through the market and inventory, to the firm. Cash
flows from the firm, through the inventory and market, to the source. Figure 4-3 gives an
illustration. Note that the direction of the green and red arrows indicate causality and not
the direction of positive flows.

. Product market /
"

~— / v‘ - N\ Production cost
( h Y
ol T

| aIxo | /
. - \_Labor market /
\_ Capital asset market / S

P Commodity market ------------- ;
7 (R (= |
I]\ ] ’] Product flow . Inventory Market :

Figure 4-3: Firms interact with the commodity market by buying commodities that moves from
the source, via the market and its inventory, towards the product market. In return, cash flows
from the firm in the direction of the source. The direction of the arrows indicates causality.

4-3-1 Bond Graph for the Production Cost

The bond graph representing the commodity market is given in Figure 4-4. The dynam-
ics of the inventory, market and source are explained below. Table 4-4 gives the economic
interpretation of the elements and signals of the commodity market.
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Competitor’s dem. Extraction cost

~ 0

79

Extraction cost Depletion

Competitors
Reserves [com|

Extraction cost

Futures contracts

1

Free market force
N -

Futures contracts

1
A
Forward price [$/com)

Carrying cost
Futures contracts

Waste Carrying cost

K

79
%
Y

Carrying cost Com. surplus

Inventory write down
G
Asset capitalization

Carrying cost
Secondary FOP
Yield

Inventory cash flow

Bill of materials
— TF |
L
K

Production cost
Product flow
Current assets [$] I

Figure 4-4: Bond-graph model of the commodity market. Production cost is determined by three
states: Current assets, forward price, and reserves. Cash is lost through its two dissipative ele-
ments: Inventory write down and competitors. Energy-routing elements are used for capitalization
and market interconnection (bill of materials).
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Table 4-4: The interpretation of definitions in the commodity bond graph

Definition Interpretation Units

Elements

Bill of materials Raw materials and components needed to manufacture a prod-
uct [15].

Current assets Assets that are expected to be sold or used for standard business  [$]
operations over the next year [14].

Asset capitalization Recording of an item as an asset, rather than an expense [14].

Inventory write down Recognition of a portion of a company’s inventory that no longer
has value [14].

Forward price Predetermined delivery price for an underlying commodity of a  [$/com]
forward contract [6].

Competitors Competing firms that secure the business offered by a supplier
[18].

Reserves Level of commodities in a (natural) reserve [7]. [com]

Efforts

Production cost Cost incurred by a business from manufacturing a product [18].  [$/comwk]

Carrying cost Total cost of holding inventory [13] 3/

comwk]

Inventory cash flow Cash flow spent on inventory increase [14]. [$/wK]

Free market force Unobservable market force that helps the demand and supply of  [$/comwk]
goods in a free market to reach equilibrium [17].

Extraction cost Cost at which raw materials are depleted [10]. [$/comwk]

Flows

Product flow (Economic Ideal product flow to minimize costs [18]. [#/wK]

order quantity)

Secondary factors of pro-  Inputs obtained from land, labor and capital [12]. [com/wk]

duction (FOP)

Commodity surplus Amount of an asset or resource that exceeds the portion that’s [com/wk]
actively utilized [18].

Yield Earnings generated and realized on an investment over a partic-  [%/wK]
ular period of time [14]

Waste Amount of raw materials lost in the production process [14]. [com/wk]

Futures contracts Agreement to buy commodity assets, at a predetermined price [com/wk]
and time in the future [6].

Competitor’s demand Competitor’s desire to purchase goods and services and willing-  [com/wk]
ness to pay a certain price [18].

Depletion Extraction of natural resources [6]. [com/wk]
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Inventory

The inventory stores commodities and links the firm’s product flow to its commodity demand
on the open market. The firm’s product flow is via a bill of materials linked to the amount
of secondary factors of production (FOP) needed. The production cost is similarly related to
a commodity’s carrying cost.

The firm’s inventory consists of an I-element that keeps track of the state representing the
current assets, and an R-element for modeling the write down. The carrying cost depends
on the current assets attained by the firm. The model determines this level by weighing off
the firm’s product flow against the market price of the commodity. Inventory is added to the
balance sheet by using a gyrator for capitalization.

Market

The open market consists of an I-element that keeps track of the state that represents the
forward price of commodities. The free market force weighs off the extraction cost against
the carrying cost to determine the price increase or decrease.

Source

A C-element keeps track of the state reserves, which is the level of commodities that are
available to the firm.?> An R-element represents the firm’s competition in buying those com-
modities. The firm is a price taker if the competitor’s demand is relatively high compared to
the firm’s demand. If this competitor’s demand is relatively low, the firm is as a price maker.

4-3-2 State-Space Equations for Commodity Market Dynamics

The bond graph allows for state-space derivation, which is done in Appendix C-1. By defining
state vector x = [ps g5 D5 ]T with pg the current assets, g5 the forward price, and ps the
reserves, the input u as the product flow, and output y as the production cost, the commodity
market has the following state-space equation:

~gy —GY;TF,
_ 1 1
T = 0 o IE T+ 8 u(t)
_GYs 0 18
1y Cs
- —_—— _
: ; (1)
TF,GY: 1
y=[T52%2 0 0|z+ [o]
- -
C D

3] assume a market in hard commodities in this model. Adding a flow source, the market trades in soft
instead of hard commodities.
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Economic interpretations of the state-space variables are given in Table 4-11.

4-4 Labor Market

The labor market takes in the product flow as input from the firm and returns the unit labor
cost (ULC) as output. Three states determine market dynamics. Table 4-5 gives an overview:

Table 4-5: Inputs, outputs and states of the labor market

Inputs Outputs States
Product flow [#/wk] Unit labor cost (ULC) [$/#wk| Goodwill/Intangibles [$]
Salary [$/FTE]
Labor force [FTE]

The labor market consists of three parts: The firm’s human capital, the market itself, and
the supply side. Labor is supplied to the market and flows through the human capital to the
firm. The cash flows from the firm, through the human capital and the market, to the supply.
Figure 4-5 illustrates. Note that the direction of the arrows indicates causality and not the
direction of positive flows.

N \\ Commedt |

\. Commodity market /

\ Product market
N e

Eﬂ ------------------ Labor market ------------------

Product flow

\_ Firm

\_ Capital asset market

Figure 4-5: Firms interact with the labor market by buying labor via the market and its human
capital from the labor force. In return, cash flows from the firm in the direction of the labor force.
The direction of the arrows indicates causality.

4-4-1 Bond Graph for the Unit Labor Cost

Figure 4-6 displays the bond graph of the labor market. The dynamics of the human capital,
market, and supply are explained below. Table 4-6 gives the economic interpretations of the
elements and signals of the labor market.
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Figure 4-6: Bond-graph model of the labor market. Unit labor cost is determined by the three
states of the labor market: intangible assets, wage, and labor force. Cash is lost through its
two dissipative elements amortization, and competitors. Energy-routing elements are used for
capitalization and market interconnection (labor intensity).
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Table 4-6: The interpretation of definitions in the labor bond graph

Definition Interpretation Units

Elements

Labor intensity Amount of labor needed to produce a product [9].

Goodwill/intangibles Assets that are not physical in nature [14]. (3]

Asset capitalization Recording of indirect labor as asset, rather than expense [14].

Amortisation Lowering of value of intangibles over time [14]. (1]

Wage Amount paid for working one full time equivalent (FTE) [18]. [$/FTE]

Competitors Competing firms that secure labor [18].

Labor force All persons that are available for work, external to the firm [5]. [FTE]

Efforts

Unit labor cost (ULC) Average cost of labor per unit of output [18]. [$/#wKk|

Labor productivity Value output per FTE [11]. [$/FTEwk]

Intangible cash flow Cash flow spent on goodwill/intangibles [14]. [$/wk]

Free market force Unobservable market force that helps the demand and supply of [$/FTEwK]
labor in a free market to reach equilibrium [17].

A Standard wage Difference in wage paid for laborers with a standard skill set [$/FTEwK]
[16].

Flows

Product flow (economic Ideal product flow to minimize costs [18]. [#/wk]

order quantity)

Direct labor Work done directly on producing products [1] [FTE/wk].

Indirect labor Work done on activities other than production (Proces optimiza- [FTE/wk]
tion, marketing, R&D) [1]

Amortised intangibles Value decrease of intangibles over time [14]. [FTE/wk]

Yield Earnings generated and realized on an investment over a partic-  [%/wK]
ular period of time [14]

Hired labor Amount of persons moving in or out of the firm’s employment [FTE/wk]
[1]-

Competitor’s demand Competitor’s desire to hire employees and willingness to pay a [FTE/wk]
certain price [18].

Employment rate Measure of the extent to which available labour resources are [FTE/wk]

used [5].

Human Capital

Human capital links the firm’s product flow to its demand for labor on the market and stores
indirect labor. The labor intensity states how many labor hours are needed to produce a
single product, linking the product flow to the amount of direct work required. Similarly,
labor productivity is mapped to the unit labor cost.

An I-element keeps track of the state representing the goodwill/intangibles, and an R-element
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represents the amortization. Labor productivity depends on the firm’s goodwill /intangibles.*
Goodwill /intangibles are added to the balance sheet by capitalizing indirect labor.

Market

An I-element keeps track of the wage, which is determined by the free market force. The
hired labor flows is then available to the firm.

Supply

A C-element keeps track of the labor force that is external to the firm®, and an R-element
gives the competitor’s demand for that labor. The firm is a price taker if the competitor’s
demand is high, compared to the firm’s demand. The firm is a price maker if this competitor’s
demand is low.

4-4-2 State-Space Equations for Labor Market Dynamics

The bond graph allows for state-space derivation, which is done in Appendix C-1. By defining
state vector x = [ ps q¢ pr |7 with pg the goodwill/intangible assets, g the labor force,
and p7 the wage, the input u as the product flow, and output y as the unit labor cost, the
commodity market has the following state-space equation:

_ 1 1
TR — 21/ mG T i = 0 u(t)
B L ¥ A S (4-2)
) B
Yy = 7TF‘"}§Y3 0 0:| T -+ [O_

——— ~—~
C D

Economic interpretations of the state-space variables are given in Table 4-11.

4-5 Capital Asset Market

The capital asset market has three inputs: The firm’s product flow, and the capital leases
and fixed investment controlled by management. There is one output: Economies of scale,
which is a benefit supplied to the firm. Four states determine the dynamics. Table 4-7 gives
an overview.

4For example, human capital that increases labor productivity are process optimization, R&D, and mar-
keting. See Section 2-5.
5T assume a decreasing labor force in this model. By adding a flow source, the labor force will be growing.
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Table 4-7: Inputs, outputs and states of the capital asset market

Inputs Outputs States
Product flow [#/wk]  Economies of scale [$/#wk] Constr. in progress [#]
Capital leases [$/#wk] Asset price [$/#]
Fixed investment [#/wk] Asset performance  [%)]
Fixed assets [$]

The capital asset market consists of two parts: the firm’s property, plant, and equipment
(PPE), and the market itself. The fixed investments and capital leases are inputs to the
market and determine how many assets are accumulated. The product flow determines as-
set utilization. Together, the three inputs decide on the amount of PPE, which yields the
economies of scale as output. Figure 4-7 gives an illustration. Note that the direction of the
arrows indicates causality and not the direction of positive flows.

2

Commodity market

202
.
] |

Product market

- Capital asset market - @
Product flow “

Economies
of scale

Fixed
investments

m

Labor market

Capital leases

Figure 4-7: Firms interact with the capital asset market by utilizing the plant property and
equipment (PPE) of the firm, and recieving the benefit of economies of scale in return. PPE
is accumulated through fixed investment or capital leases. The direction of the arrows indicates
causality.

4-5-1 Bond Graph for the Economies of Scale
Figure 4-8 gives the bond graph of the capital asset market. The dynamics of the market

itself and the firm’s PPE are explained below. Table 4-8 gives the economic interpretation of
elements and signals of the capital asset market.

Market
The market links the inputs fixed investments and capital leases to the cash flow for invest-
ments (CFFI) supplied to the firm’s PPE. A C-element keeps track of the assets in construc-

tion, and an I-element keeps track of the asset price by considering the construction cost and
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Figure 4-8: Bond-graph model of the capital asset market. Two states, construction in progress
and asset price, determine from the capital leases and fixed investments the cash flow for investing
(CFFI). Another two states, fixed assets and asset performance, determine from the product flow
and CFFI the economies of scale that is supplied to the firm.
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Table 4-8: The interpretation of definitions in the capital asset bond graph
Definition Interpretation Units
Elements
Management Party that controls the firm [14].
Government institution System or method that controls the country [9].
Construction in progress Non-current assets that are being constructed [4]. [#]
Asset price Price of an asset determined by demand and supply [18]. [$/#]
Asset capitalization Recording of an item as asset rather than expense [14].
Fixed assets Long-term tangible pieces of property or equipment used for in-  [3]
come generation [14].
Impairment Diminishing of long-term asset value [4].
Asset performance Profit generation of assets [4]. (%]
Leviathan effect Firms becoming too large to run efficiently [2].
Fixed asset turnover Efficiency of a business using its assets for sales [4].
Efforts
Construction cost Cost of constructing the fixed assets [4]. [$/#wK]

Free market force

Unobservable market force that helps the demand and supply of  [$/#wk]

fixed assets to reach equilibrium [17].

Capital leases Temporary use of assets in exchange for rent [14]. [8/#wKk]
Capital cost Cost for acquiring fixed assets [4]. [$/#wK]
Cash flow from investing Cash flow used to buy long-term assets [4]. [$/wk]
(CFFI)

Capital gain Increase in asset value [14]. [$/wk]
Impaired assets Diminished asset value [14]. [$/wk]
Utilization Use of fixed assets for production[4]. [$/wkK]
Economies of scale Cost advantages through efficient production of large scales [2]. [8/#wKk]
Flows

Fixed investment Purchasing of fixed capital, measured as flow variable [4]. [#/wK]
Risk-free investments Investments with no chance on default [3]. [#/wK]
A Construction in progress ~ Change in fixed assets that are being constructed [4]. [#/wk]
Investing activities Purchase and sale of long-term assets [4]. [#/wk]
Internal rate of Return Expected return of the fixed assets [14]. [%/wk]
(IRR)

A Asset performance Difference in the assets’ ability to generate profitable returns [4].  [%/wk]
Diseconomies of scale (DOS)  Efficiency decrease resulting from scale rises [2]. [%/wk]
Wear and tear Degradation of assets from usage [4]. [%/wk]
Product flow (economic or- Ideal product flow to minimize costs [18]. [#/wk]

der quantity)
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the firm’s capital cost. The R-element accounts for the risk-free return that cash could have
yielded when not invested.

6

The traded items are some nominal amount of fixed assets, having units [#].° A gyrator

capitalizes the assets so that the PPE is supplied with the CFFL

Property, Plant & Equipment

Two states determine the dynamics of PPE:” Asset position and asset performance. The asset
position determines the internal rate of return (IRR), which is given back to the market as
capital cost. The asset performance determines the utilization, which is transformed into the
output economies of scale.

Three processes decrease the value of PPE. The firm provides the product flow as input,
which causes the wear and tear of assets. Also, R-elements account for impairment, and
diseconomies of scale.

4-5-2 State-Space Equations for Capital Asset Market Dynamics

The bond graph allows for state-space derivation, which is done in Appendix C-1. The state
vectorisx =[q3 p2 qu p3 ]’ with construction in progress g3, Asset price po, fixed assets
ps and asset performance ¢4. The inputs are u = [ u;  u2 wug |, with fixed investments uy,
capital leases ug, and product flow us. Output y is the economies of scale. The capital asset
market has the following state-space equation:

1 1
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Economic interpretations of the state-space variables are given in Table 4-11.

4-6 Product Market

The product market has three inputs: The firm’s product flow, and the quantity demanded
and force of demand of the customer. There is one output: the benefit orders. Three states

5These units are not the same as the firm’s product, which is indicated by the same symbol.
"When management decides to divest, the CFFI will be negative, and assets decrease.
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determine market dynamics. Table 4-9 gives an overview.

Table 4-9: Inputs, outputs and states of the product market

Inputs Outputs States
Product flow [#/wk] Order yield [$/#wk] Competitors’ backlog  [#]
Quantity demanded  [#/wk] Product price [5/#]
Force of demand [$/#wkK] Backlog [#]

The product market consists of two parts: the firm’s backlog and the market itself. Quantity
demanded and budget constraint are inputs to the market, which determines the number of
sales that end up in the firm’s backlog. The backlog then produces the benefit orders to the
firm. Figure 4-9 gives a visualization. Note that the direction of the arrows indicates causality
and not the direction of positive flows.

Quantity
demanded

Commodity market

Product flow

Force of
demand

m

Labor market

axo
Capital asset market

Figure 4-9: Firms interact with the product market by receiving the order yield, and supplying
the product flow. Benefit orders is determined by the quantity demanded and customer budget
of the customer that end up in the backlog. The direction of the arrows indicates causality.

4-6-1 Bond Graph for the Benefit Orders

Figure 4-10 presents the bond graph of the product market. The dynamics of the market and
the backlog are explained below. Table 4-10 gives the economic interpretations of elements
and signals.

Market

The market links inputs quantity demanded and force of demand to the sales that end up
in the firm’s backlog. A C-element keeps track of the market backlog of competitive firms,
which returns the opportunity cost of the product. An I-element keeps track of the product
price by weighing off this opportunity cost against the benefit that the firm receives for its
orders.
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Figure 4-10: Bond-graph model of the product market. Customers interact with the market
by buying products through effort and flow sources. In return, cash is supplied to the system.
C-elements represent the amount of cash absorbed by competitors, and the number of orders
stored in the firm's backlog. The product price is determined by weighing off the benefit orders
against the opportunity cost determined by the competitive market.
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Table 4-10: The interpretation of definitions in the product market bond graph

Definition Interpretation Units
Elements
Customer Person or organization that buys goods or services [9].
Competitors’ backlog Share of the product market secured by competitors [18]. [#]
Innovation Improvements of existing products or creation of new products

[18].
Product price Price of a product determined by demand and supply [18]. [5/#]
Backlog Buildup of work that needs completing [14]. [#]
Stockout Exhaustion of inventory [14].
Efforts
Opportunity cost product Potential benefits the customer misses out on when choosing the  [$/#wk]

firm’s product [18].

Free market force Unobservable market force that helps the demand and supply of  [$/#wk]
the product reach equilibrium [17].

Force of demand The amount customers are willing to spend on the product [18].  [$/#wk]
Order yield Benefits from orders met by the firm [18]. [$/#wk]
Flows

Quantity demanded Customer’s demand to buy the product [18]. [#/wk]
Competitor’s supply The number of products that competitors supply [18]. [#/wk]
Declining product life cycle  Decrease in product demand due to its ending life cycle [14]. [#/wk]
Sales Exchange of products for money [14]. [#/wk]
A Backlog The change in buildup of work that needs completing [14]. [#/wk]
Expiring orders Orders not fulfilled in time by the firm [14]. [#/wk]
Product flow (Economic or- The ideal product flow to minimize costs [8]. [#/wK]

der quantity)

Customer demand fuels the product market and is modeled with a flow source and effort
source representing quantity demanded and force of demand. Product innovations cause the
market to contract, which I model with an R-element.

Backlog

The backlog connects sales to the product flow of the firm. If sales transcend the product
flow, the remaining orders end up in the C-element representing the backlog. Backlogged
orders either expire through the R-element representing stockout, are fulfilled by the firm,
or reclaimed by competitors. Product flows that transcends the sales result in a negative
backlog or product inventory.
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4-6-2 State-Space Equations for Product Market Dynamics

The bond graph allows for state-space derivation, which is done in Appendix C-1. The state
vector is defined as * = [ q1 p1 @ ]T, with ¢; the competitor’s backlog, p; the product
price, and ¢y the backlog. The input is u = [u; wuy w3 |, with quantity demanded w;, force
of demand us, and product flow uz. Output y is the order yield. the product market has the
following state-space equation:
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Economic interpretations of the state-space variables are given in Table 4-11.

4-7 The Total Business Model

The general bond-graph model for business dynamics is obtained by interconnecting the
five subsystems. Figure 4-11 depicts this total bond-graph model and Table 4-11 gives the
economic interpretation of the elements.

Table 4-11: Economic interpretations of the elements in the bond graph for business dynamics

Commodity market Labor market Capital asset market
Cs Reserves Cg Labor force Cs Constr. in progress
14 Current assets I Goodwill/Intangibles Cy Asset performance
I5 Forward price I; Wage I Asset price
R Inventory write down Rsg Amortisation I3 Fixed assets
R~ Competitors Ro Competitors Rs Government institution
TF;  Bill of materials TF3 Labor intensity Ry Impairment
GY, Asset capitalization GYs3 Asset capitalization Rs Leviathan effect

TF; Fixed asset turnover
GY: Asset capitalization

Product market Firm
Cq Comp. backlog Is Value-added
Cy Backlog Rio Government institution
Iy Product price
Ry Innovation

Ro Stockout
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Figure 4-11: Bond graph of the total model. Dynamics are determined by fourteen states and
four inputs. Useful outputs are the costs and benefits of the markets and the product flow.

Appendix C-1 provides the derivation of the state-space equations of the total model. The
state-space representations allow the application of the entire systems and control toolbox.
Analysis of the system’s behavior is performed in Chapter 7.

The four markets are capable of mimicking every business structure by adding or remov-
ing markets. Some businesses, like tech companies, do not use commodities. When modeling
these businesses, the commodity market is removed. Other businesses, like electronics compa-
nies, sell multiple products. When modeling these businesses, an additional product market
is added.

4-8 Conclusions

The bond-graph for business dynamics is based on economic theory, in contrary to current
business models. A set of differential equations describes business dynamics in a causal way.
Moreover, all elements and signals have direct economic interpretations, making the model
understandable to both engineers and economists. The state-space representation allows the
application of system and control techniques (See Chapter 7).

The model generally applies to all businesses, as adding or removing markets allows to mimic
different business structures.

The bond-graph model addresses the lack-of-data obstacle in current valuation models (Chap-
ter 2). The parameters of each subsystem can be identified with data from those particular
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markets. It is unnecessary to obtain large amounts of data of the business itself, as the firm
is only a small part of the entire system.

The model is not directly applicable to business valuations, as dynamics are expressed in
terms of product flow and costs, instead of cash flow. In Chapter 5, the model’s dynamics are
represented in terms of cash flow, so that the model can be applied to business valuations.

Contributions:

1. Development of fundamental models for the firm, product market, commodity
market, labor market, and capital asset market.

2. Formulation of economic interpretations of all signals and elements.

3. Definition of business dynamics as a set of differential equations.

Master of Science Thesis X. A. van Ardenne



66 A General Bond-Graph Model for Business Dynamics

X. A. van Ardenne Master of Science Thesis



Bibliography

[1] B. Chiang. Indirect labor costs and implications for overhead allocation. The College of
New Jersey, 2013.

[2] J. Drost. Microeconomics. Lumen Academy, 2018.
[3] R. A. Brealey et al. Principles of corporate finance. McGraw-Hill, 2014.
[4] R. Libby et al. Financial accounting. McGraw-Hill Education, 2019.

[5] L. S. Huisman. Modelling and control of a dynamical labour market system. Delft Center
for Systems and Control, 2019.

[6] J. C. Hull. Options, futures, and other derivatives. Pearson, 2015.

[7] Corporate Finance Institute. Introduction to commodities. CFI, 2018.

[8] W. Kenton. The economic order quantity - EOQ definition. Investopedia, 2020.
[9] Oxford Languages. Ozford dictionary of English. Oxford University Press, 2019.

[10] A. Marvasti. Resource Characteristics, Extraction Costs, and Optimal Ezxploitation of
Mineral Resources. Environmental and Resource Economics, 2000.

[11] OECD. Measuring Productivity. OECD, 2001.
[12] W. D. Nordhaus P. Samuelson. Economics. McGraw-Hill, 1948.

[13] B. W. Bernard R. S. Russell. Operations Management: Quality and Competitiveness in
a Global Environment. John Wiley Sons, 2006.

[14] T. Rietveld. Handboek Investeren & Financieren. Vakmedianet Management B.V., 2017.
[15] M. Rouse. Bill of materials (BOM). TechTarget, 2018.

[16] A. Smith. An inquiry into the nature and causes of the wealth of nations. W. Strahan
and T. Cadell, 1776.

Master of Science Thesis X. A. van Ardenne



68 Bibliography

[17] The Economic Times. Definition of invisible hand. Bennett, Coleman & Co. Ltd., 2020.

[18] H. R. Varian. Intermediate microeconomics: A modern approach. W. W. Norton &
Company, 2010.

X. A. van Ardenne Master of Science Thesis



Chapter 5

Complex Port-Hamiltonian Mechanics
for Cash flow-Based Modeling

5-1 Introduction

In practice, one does not use prices, stocks, flows, and costs to perform business valuations,
but the firm’s future cash flow.! This cash flow is used for two things: (1) Describe business
dynamics, and (2) give the business value.

In this chapter, the energy-cash flow analog and a complex port-Hamiltonian (cpH) [10]
system representation show that the bond-graph model agrees with the economic view on
business valuations. It is explained how cash flows determine bond-graph dynamics, and
which cash flow is determines present value. The cpH system thereby yields the following
benefits:

o Expression of firm dynamics in business cycles w; and contraction ; (Section 5-5).

o The resistive part of the complex Hamiltonian models the cash losses (Section 7-5-4).

o The possibility to perform cash flow-based control (Section 10-3).

I state the goals of this chapter as follows:

Chapter goals:
1. Representation of the bond graph for business dynamics as a ¢cpH system.

2. Determination of the valuable cash flow for present value.

1See Chapter 2.
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In Section 5-2, I use Hamiltonian mechanics to determine the dynamics of conservative sys-
tems. In Section 5-3, I use the bicomplex Hamiltonian to model non-conservative systems.
Complex Hamiltonian systems are connected in Section 5-4, using port-Hamiltonian mechan-
ics. The bond graph for business dynamics is represented with a cpH system in Section 5-5.
In Section 5-6, it is concluded that thesis objective 2 (modeling future cash flow) is completed
as the bond graph’s dynamics are derived from cash flows, and the valuable cash flow is
determined.

5-2 Hamiltonian Mechanics for Conservative Systems

Before extending the framework of Hamiltonian mechanics to non-conservative systems, I
show how regular Hamiltonian mechanics is used to derive the dynamics of conservative
systems. The harmonic oscillator is used as an example, of which Figure 5-1a shows the bond
graph.

I C )4 A
T~ N
—l
e T
\ . OH
p= —%
1k—0 7
(a) Bond graph of the harmonic oscillator (b) Phase space of the harmonic oscillator

Figure 5-1: Time-evolution of the undamped harmonic oscillator is determined by Hamilton's
equations as energy is conserved.

The system’s energy flows back and forth between the C- and I-element. The harmonic oscilla-
tor interchanges potential energy stored in position ¢, for kinetic energy stored in momentum
p [1, 11]. Energy is conserved, as there is no dissipation. The phase plane in Figure 5-1b
shows this energy flow.

The system is described using Hamilton’s equations and the Hamiltonian. The Hamiltonian
is:

2 2
¢ | p

H=2L 42 1
2C a1 (5-1)

In port-Hamiltonian mechanics, Hamilton’s equations use matrix notation [19]:

. oOH
a\ _ ;( o _
(3) () oy

J is a skew-symmetric matrix (J? = —1I).
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5-3 Hamiltonian Mechanics for Non-Conservative Systems

Dynamics of non-conservative systems are not only determined by Hamilton’s equations, but
by forces imposed by resistive elements as well. I use the example of the damped harmonic
oscillator (DHO) to show how this causes trouble for the Hamiltonian approach. Figure 5-2a
shows a DHO in series.

l1k—0
R q
(a) Bond graph of the damped harmonic oscillator (b) Phase space of the damped harmonic oscillator

Figure 5-2: Time-evolution of the damped harmonic oscillator is not determined by Hamilton's
equations due to the presence of dissipative force —Rg.

The phase space of Figure 5-2b shows the forces determined by Hamilton’s equations and the
resistive force imposed by the damper. Similar to conservative systems, the total energy is
stored in the I- and C-elements and is given by Equation 5-3:

2 2
g P

o0t or (5-3)

Energy is not conserved, and the symplectic structure of the Hamiltonian is lost.? There-
fore, considering only Hamilton’s equations does not yield the dynamics of non-conservative
systems. Port-Hamiltonian mechanics extends the Hamiltonian approach to non-conservative
systems by introducing a dissipation matrix R:

. oH
(§--n(Y
Jq

However, the R-matrix causes the dissipation obstacle in energy-based control techniques,
precluding its application [18, 19, 5, 8]. In Section 10-3, it is explained why the application
of energy-based control to business dynamics is particularly interesting.

5-3-1 Complexification of the Hamiltonian

I use a complex Hamiltonian to derive the dynamics of non-conservative systems by following
the approach of Hutters [10, 2]. The starting point is that every point in phase space cor-
responds to a point in the Z-plane. Therefore, the system’s time evolution can be described
with a single equation of a complex-valued state variable [9]:

2The symplectic structure is lost as the system is no longer non-degenerative [3].
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T = —iwx (5-5)

The complex-valued state variable and its conjugate are defined as follows:

Tw 7 B Tw )
zj = 7”((13’ + mpj)v T = 7"(%’ - mpj) (5-6)

wy, is the natural frequency of the system, here defined as w, = /1/IC. The bicomplex
Hamiltonian is:

H=12i=S5—iR (5-7)

The bicomplex Hamiltonian consists of two parts. The real-valued storage function S is the
system’s total energy and equal to the regular Hamiltonian. The resistive function R is imag-
inary and accounts for dissipation in the system.

Dynamics are obtained by using the complex-valued expression for Hamilton’s equations:
. OH
€T ==
x o
oz
0

With structure matrix J = L _OZ] . This structure matrix is symplectic as det(J) = —1 [3].

Equation 5-8 determines the dynamics of non-conservative systems [10, 2].

5-3-2 The Bicomplex Hamiltonian of Damped Harmonic Oscillators

We will see in Section 5-5 that the bond graph for business dynamics is an interconnec-
tion of DHOs. In this section, I explain how the bicomplex Hamiltonian is obtained from
the regular state space. I use the DHO in series as an example. Appendix C-2 shows the

derivation in more detail, as well as the derivations of the double- and parallel-damped DHOs.

The regular state space of a DHO in series is as follows:

-2

The bicomplex state-equations are as follows:

m _ l—(ﬁ:; iw) _(5—_51_00)1 m (5-10)

With o = ﬁ. Using Equation 5-8, we can equate the right-hand side to the partial deriva-
tives of the bicomplex Hamiltonian. We find the bicomplex Hamiltonian through integration:

X. A. van Ardenne Master of Science Thesis



5-4 Complex Port-Hamiltonian Mechanics 73

x? — 72

2
The bicomplex Hamiltonian can be used to split the state equations into the resistive and

storage functions. We shall see in Section 5-4 that this distinction is needed for interconnecting
the DHOs.

H = wzz —ifzxx — i( ) (5-11)

il 0 w iBip x

M =J Lu 0| T |- —iﬁ] M (5-12)
~— —_——— —m | ~~

X \ VR X

5-4 Complex Port-Hamiltonian Mechanics

In this section, I explain how bicomplex systems are interconnected using port-Hamiltonian
(pH) mechanics.®> The combination of the bicomplex Hamiltonian and port-Hamiltonian
systems theory is known as complex-port-Hamiltonian (cpH) theory [10].

5-4-1 The Influence of Bond-Graph Elements on States and Signals

The cpH formalism divides system elements in three categories: Energy-storing, energy-
dissipating, and energy-routing.* Table 5-1 summarizes:

Table 5-1: Classes of bond-graph elements and the influence they have on states and signals

cpH Formalism Bond-Graph Elements Influence on:

Energy-storing C&l States and signals
Energy-dissipating R States
Energy-routing TF & GY Signals

The column on the right-hand side states the fundamental difference between the elements:
Their influence on states and signals. Energy-storing elements influence both the states and
signals, as they store energy, and consequently return an effort or flow. Dissipating elements
disperse energy, thereby affecting only the state. Routing elements conserve energy but alter
the signal.

Structure matrix J is split into two parts, to dissociate the different influence that elements
have on states and signals:

X = (IsVS+ IrVR) x (5-13)
A

3See Section 3-3-4.
“This is in contradiction to what is stated in [10].
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Js and J,. both preserve the symplectic structure, contrary to the regular port-Hamiltonian
formalism. J; is structured exclusively by elements that influence the state, and J, con-
tains only elements that influence signals. As a result, the cpH-formalism allows for the
interconnection of subsystems.

5-4-2 Complex Port-Hamiltonian Interconnection

CpH-systems use physical inputs and outputs for their interconnection to allow measurements
and actuation [10, 2]. The input-state-output of the system is [19]:

¥ = VHx + Gu

5-14
Y= QTV’HX ( )

There is a standard approach to interconnect cpH systems, like the two DHOs displayed in
Figure 5-3. The systems are connected in five steps:

I C, I C2

‘|§ N T

1k ) A1k 0
X 4 4

\ R:; ) \ R2a Rap )

Figure 5-3: Bond graph notation of the interconnection of two DHOs. Elements C and I are
both connected to a resistive element, causing energy to be dissipated. This is accounted for
by splitting operator AH into storage part AS, which influences both states and signals, and
resistive part AR, which only influences the state.

1. Obtain the operator VH; from Appendix C-2 and use Equation 5-12 to split into VS;

and VR;:
VH; =VS; + VR; (5—15)
2. Construct the augmented VS;; and VR;; matrices:
Vs, 0 _|VR; 0
VS = [ 0 VSj] , VR = [ 0 VR]] (5-16)

3. Determine the input of the systems, and use Equation 5-6 to give the input a complex-
valued state variable:

Gi, G; (5-17)
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4. Determine the structure matrices Jg and Jg. Note that the input and output matrices
end up in the structure matrix Jg, as the storage function determines the signals:

gT
N
J K3

5. The augmented A-matrix for the interconnected cpH system is defined by equation 5-13:

Aij = JrVR;; + jSVSij (5-19)

To complete the cpH-interconnection framework, I add two notes of caution:

Energy-Routing Elements

Transformers and gyrators appear only in the storage structure matrix Jg, as they exclusively
influence signals. Gyrators map flows to efforts, and efforts to flows [6]. When situated
between two cpH-systems, they flip the power flow of one of the subsystems. As a result, the
sign of the respective storage structure matrix changes as follows:

(5-20)

GT
jszlj glgj]

nggi -J

The sign change does not influence the system’s eigenvalues. One verifies the system’s correct
interconnection by checking the time response.

Interconnection of Regular and Complex Systems
The cpH-interconnection framework allows the interconnection of regular to complex port-
Hamiltonian systems. It is necessary to express systems in their regular states when no

oscillating dynamics are present (bond graphs with only an I- or C-element).

Input matrices map physical signals to their complex representation. Regular port-Hamiltonian
systems have physical inputs and outputs, causing the use of input matrices to be unnecessary.

5-5 The Firm as a Complex Port-Hamiltonian System

In this section, I give the model for business dynamics a cpH representation, and I determine
which cash flow yields business value.

The bond graph for firm dynamics is divided into eight cpH-subsystems so that the system
almost exclusively consists of DHOs. Figure 5-4 shows the cpH bond-graph model:
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Figure 5-4: The bond-graph model for business dynamics as a set of DHOs. DHOs marked with
blue are either damped in series or double-damped, and need a cpH representation to obtain the
correct equations of motion. DHOs marked with red do not contain oscillating behavior, and use
the regular Hamiltonian expression.

Complex subsystems are marked with blue, and regular subsystems are marked with red.
Sources are external to the system and not included in the cpH system. The transformers
and gyrators between the subsystems are not part of any cpH subsystem but appear in input
matrices G;.

5-5-1 Economic Interpretations

In this section, I give economic meaning to each of the cpH subsystems, the way they appear
in the bond-graph model of Figure 5-4. The subsystems are interpreted as economic systems
in Table 5-2. It is thereby indicated whether the subsystems are part of the firm itself
(endogenous) or influence the firm from outside (exogenous) [16].

The cpH subsystems express dynamics in natural frequency w,, damping coefficient Go for
dampers in series, and damping coefficient 5; for dampers in parallel. Table 5-3 gives an
overview:

The cpH representation expresses the system in only 14 parameters. This amount is less than
half of the number of parameters needed for the regular bond graph. The subsystems that
represent markets (H1, Ha, Hr7, and Hg) have similar interpretations for their variables. The
literature only shows specified terminology for the capital asset market. Economically this is
intuitive, as economic models aggregate the different markets into a single economy.
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Table 5-2: Economic interpretations of cpH subsystems

cpH Economic System Endo-/Exogenous
Hi1  Product market [20] Exogenous

Ho  Capital asset market [15] Exogenous

Hs Operations [15] Endogenous

Hy  PPE [15] Endogenous

Hs  Inventory [15] Endogenous

He Human capital [13] Endogenous

Hr  Commodity market [17]  Exogenous

Hg  Labor market [17] Exogenous

Table 5-3: Economic interpretations of complex variables

cpH  wy Be Br

M1  Business cycle [14] Contraction [14] -

Ho  Investment cycle [15] Cost of capital [15] -

Hs  Inventory turnover [15]  Order expiration [15] Corporate taxation [15]
M4  Fixed asset life cycle [7] Impairment [7] Diseconomies of scale [4]
Hs - - -

He - - -

H7  Business cycle [14] Contraction [14] -

Hs  Business cycle [14] Contraction [14] -

5-5-2 Comparison of the Regular System with the CpH System

The parallel between the firm’s regular bond-graph and cpH representations is verified by
comparing the state responses to similar input. Figure 5-5 shows that both representations
show the exact same system response:

Appendix F shows the code used for calculating both system responses. Note that the
complex-valued states of the cpH system are transformed into their physical representations
by using the inverse of Equation 5-6. In Chapter 7, I perform analysis using the phase spaces
and Complex Hamiltonian.

The regular state-space model and the cpH model yield the same business dynamics. The
similarity in responses shows that both Newtonian and analytical mechanics can be used to
model economic systems. It is also shown that cash flow dynamics underlie the dynamics of

the bond-graph model of Chapter 4. Therefore, the model is concluded to be fundamental to
business dynamics.

5-5-3 Aggregation of Subsystems for Cash Flow Determination

In this section, I determine what cash flow yields business value.
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Figure 5-5: Comparison of state responses of the regular bond graph with the cpH representation
shows that both representations yield the exact same dynamics.

The system is split into two parts: An endogenous part defined as the business®, and the
exogenous part defined as the economy. Figure 5-6 shows this division:
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Figure 5-6: Division of the bond-graph model into the subsystems endogenous to the business,
and the systems that are exogenous and form the economy. Each market that is
the business has a similar structure: A DHO in series.

connected to

The aggregation of markets into a single economy is intuitive for two reasons: Markets attain
the same structure of DHOs in series, and interact with the business similarly by receiving
an effort from the firm and returning a flow. Figure 5-7 shows the block diagram of the
interconnection of the cpH systems for the business and the economy:

5As stated in Chapter 2, the terms firm and business are used interchangeably in economic theory. Here, I
use the different terms to emphasize the distinction between the indicated parts of the bond graph.
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l Uinvestments

H, Business

Revenue Total expenses

}[Economy

I Sdemand/supply

Figure 5-7: Block diagram resulting from aggregating endogenous subsystems into the business,
and exogenous subsystems into the economy. Cash stored in the business is equal to the revenue
minus the total expenses and represents the business’ earnings. Inputs supplied to the firm are
controllable as they represent the investments. Inputs supplied to the economy are uncontrollable,
as they represent the consumer behavior.

This representation shows that the bond graph is a fundamental cash flow modeling technique.
We know that the earnings of a firm are the total cash going in, also known as the revenue,
minus the total cash going out, also known as total expenses [15]:

Earnings = Revenue — Total expenses (5-21)

Not all cash flows in the business yield value: The cash flow for business value only consists
of the kinetic part of the Hamiltonian (Section 5-2), causing elements Ca, Iy, and I not to
yield value.b Also, the I3-Cy interconnection does not produce value as it represents the PPE
of the business. The cash flow that changes between kinetic and potential, represents the
fixed asset life cycle, and not real cash flowing in. As a result, only the cash flow stored in Ig
contributes to the business value:

Earnings = #H(I3g) (5-22)

5-6 Conclusions

The bond-graph model for business dynamics is fundamental to value determination. The
complex port-Hamiltonian (cpH) representation of the model has shown that cash flows un-
derlie the bond-graph model for business dynamics. This is in line with the economic view
on modeling businesses. Also, all elements and signals have economic interpretations, as was
shown in Chapter 4. This completes Part 2 of the frequency-domain valuation method.

51, and Is are gyrated I-elements, and have therefore the function of a C-element that stores potential
energy [6].
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The cash flow for business valuations is equal to the Hamiltonian of the value-added (Iy).
This cash flow is a measure for profits and is derived from economic principles. The recog-
nizing of this cash flow as valuable addresses the ongoing debate on what cash flow to use
for valuations. This cash flow is comparable to the net operating profit less adjusted taxes
(NOPLAT), which is used in some valuation methods [15, 14].

The cash flows that are modeled by the cpH system are not directly usable for valuation.
The cash flows are what economists call an ex-post quantity, which means that the quantity
is measured after the event. Because business value is determined by future cash flows, the
cash flows are to be considered as an ex-ante quantity, which means that the quantity is
predicted beforehand [12]. This problem is addressed in Chapter 6.

Contributions:

1. Development of a framework to express bond graphs in their bicomplex form and
interconnect cpH subsystems.

2. Formulation of economic interpretations for bicomplex variables.

3. Determination of the cash flow that fundamentally yields present business value.
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Chapter 6

A Frequency-Domain Theory for
Business Valuation

6-1 Introduction

In this chapter, a theory is developed for using frequency-domain concepts in economic sys-
tems. The chapter builds an analogy between business valuations and scenario analysis on
the one hand, and the frequency domain on the other. The analogs are developed by using
mathematical relations of the Laplace transform and definitions that economists use. The
goals of this chapter are as follows:

Chapter goals:
o Extension of the economic-engineering theory to the frequency domain.

e The use of frequency-domain tools for business valuations and scenario analysis.

In Section 6-2, I map the economic definition of net present value to the frequency domain. In
Section 6-3, I explain the analog between the complex frequency that appears in the Laplace
transform, and the internal rate of return. In Section 6-4, I show that the Laplace transform
of of future cash flows gives the ex-ante measure for the cash-flow equivalent. In Section 6-5,
I explain how this cash-flow equivalent is determined by using signals appearing in the model
for business dynamics. In Section 6-6, I show how transfer functions and Bode plots are used
to perform scenario analysis. In Section 6-7, I conclude that the use of frequency domain for
business valuations and scenario analysis is a useful extension to current approaches.
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84 A Frequency-Domain Theory for Business Valuation

6-2 The Net Present Value as a Frequency-Domain Variable

In this section, I express the net present value (NPV) as a frequency-domain variable. The
NPV gives the value of a series of cash flows, while accounting for the time value of money:
A dollar to be paid out tomorrow is worth less than a dollar paid out today. The decrease in
present value of future cash flows is based on a discount rate.

Without loss of generality, the discount factor can be written in an exponential manner. This
means that the NPV of a cash flow can be obtained with the Laplace transform of that cash
flow [19]. With discount rate s, the NPV is the Laplace transform of cash flow C(t):

[o¢]
NPV(s) = / C(t)e*tdt (6-1)
0
In Section 6-3, it is shown that discount rate s is equal to the internal rate of return.

The use of the Laplace transform for calculating NPV expresses the NPV as a frequency-
domain variable. Corporate and government decision makers are not so much concerned with
the timing of a project’s cash flows as with the profitability of the project. Therefore, ana-
lytical tools are needed to compare projects involving receipts and disbursement occurring at
different times, with the goal of identifying the largest eventual profitability [7].

Using the Laplace transform for NPV calculation has several benefits. Only a handful of
analytical solutions is found for the NPV problem, whereas more than a hundred solutions
exist for the Laplace transform [32]. In particular, cyclical cash flows have a surprisingly
simple representation [4]. Also, the continuous form of the Laplace transform uses less pa-
rameters that the currently used discrete discounting approach [44].

Economic equivalence is used by economists to compare alternatives. It is established when
we are indifferent between a future payment, or a series of future payments, and a present sum
of money. When cash flows are function of the discount rate, they are called cash flow equiv-
alent [14]. T use the Laplace transform of the time derivative of the cash flow to determine
the cash-flow equivalent:

Cls) = /0 T Cyetdt (6-2)

In Section 6-4, it is shown how cash-flow equivalent C(s) is determined from the model for
business dynamics.

Using the derivative property of the Laplace transform, we can express the NPV in terms of
the cash-flow equivalent by relating Equations 6-1 and 6-2 [27]:

C(s)

S

NPV (s) = (6-3)

This equation expresses the NPV as a frequency-domain parameter. With this insight, busi-
ness valuations are rephrased as frequqncy-domain problems. This expression for NPV is
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mathematically equivalent to the time-discrete formula of the net present value as is used in
the current practice [4, 32]. From the use of the Laplace transform for calculating NPV follow
simplifications known from control theory. Analytical solutions to NPV problems exist, and
cyclical cash flows have a simple representation [4].

6-3 A Complex Representation of the Internal Rate of Return

In this section, I explain why complex frequency parameter s is the internal rate of return
(IRR) of the business that we value. I show that s satisfies the economic definition of IRR,
and give economic meaning to its real and imaginary part.

The IRR on an investment or project is the rate of return that sets the net present value
of all cash flows (both positive and negative) from the investment equal to zero [10]. Given
a project, the net present value is a function of the rate of return. Equivalently, it is the
discount rate at which the net present value of the future cash flows is equal to the initial
investment. By rearranging Equation 6-3, we see that the discount rate satisfies this definition
of the IRR:

C(s)

S

NPV(s) —

=0 (6-4)

where the NVP is expressed as function of the IRR. Equation 6-4 is identical to the mathe-
matical relation between NPV and IRR as defined in the economic literature [10].

Economists need separate calculations for the NPV and IRR for their investment decisions.
The NPV method focuses on project surpluses, while IRR is focused on the breakeven cash
flow level of a project. Management pays close attention to the IRR, as it does not trust the
forecasts of the investment opportunity it receives [10]. Equation 6-4 gives both measures in
a single expression, without the need for separate calculations.

The Laplace transform is a function of complex variable s:

5=0+ 1w (6-5)

In engineering the real and imaginary part are interpreted as follows: The real part is respon-
sible for describing some dissipative behavior, and the imaginary part for describing some
oscillating behavior [18].

In economics, the NPV is calculated by using only the real part of the discount rate. This real-
valued rate is the proportional share of the amount owed, that must be paid to compensate for
payment delays [21]. The real-valued discount rate grows as the delay in payment is extended
[2]. This fact is directly tied to the time value of money and its potential earning capacity [21].

The imaginary-valued discount rate describes some oscillating behavior. Imaginary discount
rates do not appear in current NPV calculations, but the presence of oscillations is suggested
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by the economic literature [9, 37, 15]. The cycles appear for example in the Cobweb model,
which asserts that prices are subject to periodic fluctuations in certain types of markets [31].
Another example are porc cycles, which describe the phenomenon of cyclical fluctuations of
supply and prices in livestock markets [11].

For economic systems, complex frequency parameter s is analogous to the IRR. Laplace
transforms that discount projects with their IRR, result in an NPV of zero. This is precisely
how NPV and IRR are defined in the economic literature [10]. The use of a IRR extends the
current discounting approach. The imaginary part of the IRR models the oscillating behavior
of the economy.

6-4 The Cash-Flow Equivalent as an Ex-Ante Quantity

In this section, I explain the need for expressing the cash-flow equivalent C(s) as an ex-
ante quantity. C(s) is determined by taking the Laplace transform of C(t), which is the
time-derivative of the cash flow. I thereby show how C (t) appears in the model for business
dynamics, to derive from it the cash flow equivalent and NPV.

Cash flow forecasts are more widely demanded now, than historically [28]. It is a critical
tool to forecast future performance of businesses, for equity investors valuing firms, and for
assessing a firms ability to repay its loans [8, 42]. Accounting standards shape financial state-
ments in such a way that cash flow can be predicted [17]. However, even skilled analysts
cannot construct an accurate cash flow statement, because it is impossible to relate amounts
to particular income statement line items [22]. Even when using potentially more accurate
methods of estimating cash flows, estimating errors frequently remain, and continue to be
substantial [22, 38, 13]. Using known methods and more information, only lowers the fore-
casting errors by a small amount [23].

Cash flows are either ex-ante, which indicates the expectation of some future event, or ex-
post, which indicates the measurement of some past event [24]. In business valuations we
consider forecasts of future cash flows [12, 41], which means that we consider ex-ante cash
flows.

The ex-ante cash flow is not at parity with the ex-post cash flow, as it depends on the
time-dimension. Myrdal proposes to reduce the actual time-dimension of ex-ante cash flows

to a point of time [33].

I define the cash flow equivalent C(s) as the Laplace transform of the time derivative of
the cash flow C(t), as was seen in Section 6-2:

oo .
C(s) = / C(t)e*tdt (6-6)
0
The Laplace transform eliminates the time-dimension of the expected cash flow and expresses
the cash flow equivalent in terms of the discount rate. This approach is in line with Myrdal’s

view on ex-ante and ex-post cash flows [33].
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The dissociation between ex-ante and ex-post is seen in the bond graph for business dy-
namics. The state value-added keeps track of the operational profits that the business makes,
as is seen in Section 5-5. Figure 6-1 shows how this element appears in the model for business
dynamics:

Net economic force l
Product flow <~ |

I: Value-added

Figure 6-1: The operational cash flow appears is the model for business dynamics as the element
value-added. By considering the element itself, the cash flow is measured ex-post. By considering
the power-bond that connects the element to the system, the cash flow is measured ex-ante.

I define the ex-post cash flow as the Hamiltonian of the value-added that is stored in the
I-element. According to the definition of an I-element, value-added p(t) is obtained from Net
economic force e(t) with the following operation [6]:

p(t) = / " eyt (6-7)

The operation uses a backward-looking integral, making the cash flow that is extracted from
it an ex-post cash flow per definition [33].

I define the ex-ante cash flow as the Laplace transform of the power over the bond C(t),
that connects I-element Value-added to the system. With product flow f(t), this power is
defined as follows:

C(t) = e(t)f(2) (6-8)

With this equation, we express cash-flow equivalent C'(s) in terms of two signals that appear
in the model for business dynamics. The expression satisfies the ex-ante modeling approach
for cash flows. With this insight, the NPV of businesses is determined by a discount rate and
two signals (Equation 6-3): The net economic force and product flow.

6-5 Frequency-Domain Signals for Cash-Flow Determination

In this section, I show that the Laplace transforms of the net economic force e(t) and product
flow f(t) are used for determination of the cash flow equivalent, and consequently the NPV.

There is a dissociation between calculating economic quantities ex-ante and ex-post, as there
is with cash flows [33]. Net economic force and product flow are functions of time, which
makes them ex-post calculations. I use the Laplace transform of both signals, to eliminate
their time-dimension, and calculate the pair ex-ante.

I define the Laplace transform of the product flow f(t) as the total output Q(s):
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Q) = [ st (6-9)

In economics, factors of production are used in production processes to produce output [43].
Equation 6-9 calculates the total output of the business by integrating the product flow over
the entire future. The product flow is what the business makes available for sale, by using
factors of production form the commodity, labor, and capital asset market.

A discounting factor is applied to the product flow to account for the economic depreciation.
This is a measure of the decrease in market value of assets over time, caused by economic
factors. The depreciation is either physical, due to obsolescence, or due to changes in demand
for the good or service. In economics, this depreciation may be modeled as the present value
of the flow of services or goods [5]. This is identical to how Equation 6-9 calculates the total
output.

I define the Laplace transform of the net economic force e(t) as the unit value V(s):

V(s) = /0 - e(t)e stdt (6-10)

The unit value is the total value of sales, divided by the sum of the quantities. Unit values
may change over time as a result of shifts in either demand or supply [29]. These shifts appear
in Equation 6-10 in changes in the net economic force e(t).

Net economic force is discounted for unit value similarly to how cash flow is discounted
for NPV. The difference is that economic force and unit value are both measurements per
unit. The discount factor compensates for payment delays, and is directly tied to the time
value of money and its potential earning capacity [21].

An expression for cash flow equivalent C(s) in terms of total output Q(s) and unit value
V(s) is found by using the multiplication property of the Laplace transform [27]:

C(s) = Q(s) * V(s) (6-11)

This equation results from inserting Equation 6-8 into Equation 6-6 for C (s), and taking the
Laplace transforms of f(t) and e(t).

Convolution express the amount of overlap of a function as it is shifted over another function.
The observed quantity depends on the distribution of the desired quantity with the weighting
function, rather than of the quantity itself [3].

In economics, convolutions are used to aggregate different types of data into a single-dimensional
sufficient statistic, while preserving asymmetric distribution properties [30]. Total output and
product value both have an asymmetric distribution due to the shape of the Laplace trans-
form. This asymmetry is preserved in the cash flow equivalent, because of the convolution
integral.
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NPV is expressed in terms of total output Q(s), product value V(s), and discount rate s, by
using Equations 6-3 and 6-11:

Q(s) * V(s)

NPV(s) = ;

(6-12)
With this equation, business valuations are performed in the frequency domain. Equation
6-12 gives the NPV in terms of a discount rate and signals from the model for business
dynamics. The use of the Laplace transform has eliminated the time-dimension of the NPV,
and uses the discount rate as a parameter.

This expression of the NPV presents an analytical solution for many valuation problems.
Analytical solutions to the Laplace transform of many functions are found, and the model
for business dynamics provides analytical expressions for signals e(¢) and f(t). Apart from
offering faster and more reliable answers, analytical solutions show how variables relate to each
other. Consequently, one can see the effects of inputs on the output with strong mathematical
backing.

6-6 A Frequency-Domain Approach to Scenario Analysis

In this section, I show how scenario analysis of businesses is performed in the frequency do-
main. This approach uses transfer functions for measuring the liquidity between signals, and
Bode plots to visualize their frequency response.

In economics, the process of scenario analysis analyzes future events by considering multiple
possible outcomes, instead of showing one picture of the future. Scenario-building improves
decision-making by considering the implications of these outcomes [1, 16]. Scenario analysis is
no substitute for factual economic studies. Experience has shown that the use of around three
scenarios is most appropriate, as more scenarios make the analysis overly complicated [41].
Especially when analyzing complex businesses, factors and assumptions do not interact in a
similar way. Thereby, scenario analysis without reporting some parameters of measurement
accuracy calls the entire study into question [20] Another challenge of scenario-building is
that predictors influence the forecasting process, causing them to become self-contradicting
[35].

6-6-1 Transfer Functions for Liquidity, llliquidity, or Economic Efficiency

In this section, I explain how transfer functions relate to the economic concepts of liquidity,
illiquidy, and economic efficiency.

Engineers use transfer functions to analyze systems in the frequency domain. Transfer func-
tions are mathematical functions that model the device’s output for each possible input [26].
Transfer function H(s) gives the linear mapping of any two signals [25]. The following transfer
function gives the mapping of P(s), which is the Laplace transform of input e(t), to Q(s),
which is the Laplace transform of output f(¢):
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(6-13)

The descriptions are given in terms of complex discount rate s = o + iw, where o gives the
value-decrease of money over time, and w gives the frequency of some economic cycle. These
economic interpretations are explained in Section 6-3.

I give Q(s) and P(s) general economic interpretations, before considering transfer function
H(s). In Section 6-5, this was already done for two specific signals: Net economic force and
Product flow. The interpretations that I present here for Q(s) and P(s) are generalizations
of these signals, and follow the same arguments that were used in Section 6-5.

I interpret Q(s) as output. Output is the result of an economic process that uses inputs
to produce a product or service that is available for sale [39]. Output may change over time,
due to changes in product flow and depreciation. Output is depreciated linearly or exponen-
tially over time [41].

I define output Q(s) as the Laplace transform of some flow f(t):

Q) = [ vetar (6-14)

The Laplace transform expresses output as an ex-ante quantity, following the argument that
is explained in Section 6-4. f(t) is the time derivative of the goods that we consider, and
keeps track of changes in those goods. Discounting factor e~*! performs exponential depre-
ciation on the products. With this intuition, Q(s) satisfies the economic definition for output.

I interpret P(s) as economic value. Economists describe economic value as the benefit that
will be derived from a good or service [43]. Multiple theories on economic value suggest that it
is changed by economic forces [43, 45]. Similar to business value, economic value is discounted
over time [12].

I define value P(s) as the Laplace transform of some economic force e(t):

P(s) = /0 T e(t)e (6-15)

The Laplace transform expresses value as an ex-ante quantity, following the argument that
is explained in Section 6-4. e(t) is the time derivative of the economic value, and keeps
track of the economic forces that interact with it. Discounting factor e~*! performs exponen-
tial discounting. With this intuition, P(s) satisfies the economic definition for economic value.

Transfer function H(s) performs three sorts of mappings between economic value P(s) and
output Q(s).

The first mapping that H(s) performs, is from value P(s) to output Q(s). I interpret this
transfer function as the liquidity of that relation. Economists classify assets as liquid if those
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assets can be bought or sold without loss of value [24]. This economic definition coincides
with how H(s) relates output to value: High liquidity or high value for H(s) causes that value
P(s) changes only little, when output Q(s) is changed.

The second mapping that H(s) performs, is form output Q(s) to value P(s). This is the
inverse of liquidity of the relation, which I interpret as the illiquidity. Illiquid goods cannot
be traded without substantial loss of value [24]. With high illiquidity H(s)~!, or low liquidity
H(s), output changes result in large value offsets.

The third mapping that H(s) performs, is from output Q(s) to output Q(s), or value P(s) to
value P(s). I interpret this transfer function as the economic efficiency. Economists indicate
economic systems as efficient, if production proceeds at the lowest possible average total cost
[40]. With high efficiency H(s), the input-output relation has high value transfer in the case
of P(s), and high output transfer in the case of Q(s).

With these insights, all signals of the model for business dynamics are given economic mean-
ing in the frequency-domain. Transfer functions relate any pair of those signals in terms of a
complex discount rate. Transfer functions of economic systems are a tool to evaluate future
scenarios. As the functions have the discount rate as variable, it provides the response of the
business to multiple trading frequencies and time-values of money.

6-6-2 Bode Plots for Visualization of the Frequency Response

In this section, I show how Bode plots are used to visualize the response of the business to
different interpretations of the economic environment.

In control theory, a Bode plot is a graph of the frequency response of a system, and is
function of frequency w. It consists of a Bode magnitude plot, and a Bode phase plot. The
Bode magnitude plot gives the gain or amplification of the input signal at different frequen-
cies. The Bode phase plot gives the phase shift of the output with respect to the input at
different frequencies [46].

I interpret frequency w as the frequency of some business cycles that is present in the sys-
tem’s input. In the economic theory, business cycles are often ascribed to overproduction,
underconsumption, and in particular wealth inequalities [36]. By varying the frequency of the
business cycles of the input, multiple interpretations of the economic environment are shown.
For this reason, Bode plots are used to perform scenario analysis.

I interpret the magnitude of the frequency response of economic systems as the absolute
value of the liquidity, illiquidity or efficiency. This dissociation depends on the input-output
relation of the transfer function, as is explained in Section 6-6-1. The magnitude tells us how
much cash or products are transferred from the input to the output of economic systems at
different frequencies [25].

I interpret the phase of the frequency response as the immediacy of the input-output re-
lation. Economists define the immediacy a the speed at which orders can be fulfilled in a
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particular market, and is one of the dimensions of market liquidity [34]. The phase plot tells
us the delay between the input and output of the economic system at differences. This coin-
cides with the economic definition of immediacy.

With these economic interpretations of Bode plot variables, the frequency-domain response
of economic systems can be analyzed. This is done in Section 7-2. We shall see that the use
of Bode plots in economic systems is particularly useful for performing scenario analysis and
identifying optimal trading frequencies.

6-7 Conclusions

The entire valuation effort of businesses is translated to the frequency domain. This is done
by identifying key analogs between frequency-domain concepts, and the field of business val-
uations. The overall analogy that this chapter develops fits within the economic-engineering
framework. For the first time however, the economic-engineering theory is extended to the
frequency domain.

An important result of this chapter is the definition of the Laplace transform of some function,
as the ex-ante measure of that function. Laplace transforms discount future quantities with
some depreciation rate to account for the uncertainty of the future. This concept translates
to the model for business dynamics by considering the signals over the bonds, instead of the
energy stored in the elements. This signal-based approach is exactly how engineers do systems
analysis and control.

Contributions:
1. Extension of the economic-engineering theory to the frequency domain.

2. Use of frequency-domain tools to perform business valuations and scenario anal-
ysis.
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Chapter 7

The Systems and Control Toolbox for
Financial Analysis

7-1 Introduction

The economic-engineering approach to business economics opens the opportunity to use sys-
tems and control (S&C) tools to perform financial analysis. In this chapter, I show how these
tools apply to financial analysis. The goal of this chapter is as follows:

Chapter goals:

1. Find applications of systems and control tools in financial analysis.

In Section 7-2, I use Bode plots to perform scenario analysis and identify optimal trading fre-
quencies. In Section 7-3, I use pole-zero maps to identify the economic factors and cycles that
appear in economic systems. In Section 7-4, I use state-space trajectories for visual analysis
of business cycles. In Section 7-5, I use time-responses for model verification, comparison,
scenario analysis, and cash losses. In Section 7-6, it is concluded that the S&C toolbox shows
many applications in financial analysis.

The analysis is performed on qualitative data by using the parameters as stated in Ap-
pendix A. System responses use three types of models: The Simulink model of Appendix E,
the regular state-space description derived in Appendix C-1, and the bicomplex state-space
description derived in Appendix C-2. All three methods yield similar responses.
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7-2  Frequency-Domain Analysis for Optimal Trading Frequencies
and Scenario Analysis

In this Section, I use Bode plots to identify optimal trading frequencies and perform scenario
analysis. This analysis uses the general concepts that were derived in Section 6-6-2. The
model for business dynamics is crucial for performing this type of analysis, as it provides the
transfer functions needed for generating Bode plots.

The first Bode plot we consider, gives the frequency response of the commodity market.
The input is the product flow of the firm, and the output is the unit labor cost. The transfer
function that relates the pair is a measure of illiquidity, as it maps a quantity of output to a
quantity of value. Figure 7-1 shows the Bode plot:
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Figure 7-1: The Bode plot of the commodity market shows a resonance valley that indicates an
optimal trading frequency. When this frequency is attained, an exceptional low production cost
is returned to the firm. The phase plot shows that the immediacy of the labor market depends
on the trading frequency of the firm.

The frequency of the response is the trading frequency of the business itself, as the business’
product flow is the input to the commodity market.

The Bode magnitude plot shows with a resonance valley that the commodity market has
an exceptional low illiquidity at some trading frequency. I interpret this frequency as an
optimal trading frequency. The resonance valley tells us that there is an exceptional low
production cost for trading at a certain frequency. As we consider the commodity market, we
need valleys to show us at what frequencies low costs are made. When considering markets
that supply benefits to the firm, we need peaks to show us at what frequencies exceptional
high benefits are made. I give the general interpretation for resonance peaks and valleys as
follows:

Resonance peaks show the optimal trading frequencies.

The Bode magnitude plot shows a roll-off [9]. The roll-off shows that trading at higher fre-
quencies results in a lower illiquidity, and therefore a lower production cost. This is in line
with expectations as trading at lower frequencies generates longer business cycles, which en-
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tail higher storage costs [13].

The phase plot shows the immediacy of labor that occurs when trading at different frequen-
cies. This is useful information for the business when anticipating demand shocks [10]. The
input-output relation of the commodity market shows a negligible immediacy when trading at
low frequencies, and a immediacy of a quarter business cycle (90 degrees) at high frequencies
[18]. Around the market’s optimal trading frequency, mayor shifts in immediacy occur. The
peak in the phase plot shows that when trading exactly at the optimal trading frequency, not
only the absolute value of the market’s liquidity is optimal, but also the immediacy.

The second Bode plot we consider, relates the customer demand to the different costs and
benefits of the firm. The input is the customers demand, and the outputs are the order yield,
economies of scale, production cost and labor cost. The transfer functions are a measure of
illiquidity, as a quantity of output is mapped to quantities of value. The transfer functions
are based on the full model for business dynamics. Figure 7-2 shows the Bode plot:
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Figure 7-2: The Bode plot of the total model shows the effects of consumer demand on the
different costs and benefits. The optimal trading frequency has high economic efficiency for
benefit orders and economies of scale, and low economic efficiency for production and unit labor
cost. The phase plot shows that different markets impose different time-lags.

I interpret this Bode plot as a method to perform scenario analysis. The frequency of the
response is the frequency of the demand cycle in which customers interact with the business.
The plot shows how the costs and benefits of the firm react to different customer behavior.

The magnitude plot shows how the cost structure of the business depends on the customer
behavior. The plot shows how much of this customer demand is transferred to the costs and
benefits at different trading frequencies. We aim to find resonance peaks in the magnitude
plots that relate the customer demand to benefits, as these peaks indicate exceptionally high
benefits. We aim to find resonance valleys in the Bode plots that map the consumer demand
to costs, as these indicate exceptionally low costs.
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The phase plot shows the immediacy between the customer demand and the different costs
and benefits. The immediacy is useful information for the business, as it shows the time-lags
between a change in customer demand on the one hand, and the costs and benefits on the
other.

Bode plots are used to perform scenario analysis on economic systems and identify optimal
trading frequencies. The scenario analysis is a factual economic study, as the outcomes are
based on ex-ante measures of the model for business dynamics [24]. Also, Bode plots provide
a continuous presentation of the input-output response for all different trading frequencies,
instead of showing only a handful. These properties make Bode plots a useful extension to
currently existing tools for scenario analysis.

The presence of peaks, valleys and roll-offs in the Bode plots is determined by the causal
structure of the model for business dynamics. The parametrization of the model determines
the values of the plots, and can cause the disappearance of resonance peaks through pole-zero
cancellation [9]. This analysis is purely qualitative. Therefore, no conclusions can be drawn
on the differences in value of the transfer functions that relate the customer demand to the
different costs and benefits.

7-3 Pole-Zero Maps for Economic Factors, Cycles and Stability

In this section, I use pole-zero maps to identify economic factors and cycles that are present
in economic systems, and to verify stability. Poles and zeros are the roots of the numerator
and denominator of the transfer function of some input-output relation [4].

The first pole-zero maps we consider, uses the transfer functions that relates the inputs
and outputs of each market that is connected to the firm. The commodity market and labor
market are SISO systems. Here the transfer functions relate their only input, which is in both
cases the firm’s product flow, to their only output, which are the production cost and the unit
labor cost respectively. The capital asset market and product market are MIMO systems. For
these markets, the pole-zero maps are shown for the input-output relations that connect the
two markets to the firm. The input for both markets is again the product flow, the output
for the capital asset market is the economies of scale, and the output for the product market
is the order yield. Figure 7-3 shows the pole-zero maps of the markets connected to the firm.

The maps provide qualitative information about the system. Each market has poles in the
left-half plane, which ensures stability [4]. This stability is in line with expectations, as
economists define markets to be stable [7].

I interpret the presence of real-valued poles as having some stable form of depreciation in
the economic system. In engineering, real-valued poles in the right-half plane represent an
exponentially decaying component [9]. In economics, depreciation is often modeled with ex-
ponential functions [13]. I give a general interpretation for real-valued poles as follows:
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Figure 7-3: Pole-zero maps of the markets connected to the firm show what economic factors
and cycles are present in that market. Complex pole pairs indicate the presence of some cycle,
and real-valued poles represent the exponential decay imposed by an economic factor. As all poles
are situated in the left-half plane, the markets are stable.

Real-valued poles

Real-valued poles indicate the presence of some economic factor. Poles in the left-half
plane indicate depreciation, poles in the right-hand plane indicate appreciation.

I interpret the presence of complex pole pairs as having oscillating market dynamics in the
economic system. In engineering, complex pairs in the left-half plane represent some oscil-
lating decay [9]. In economics, the cyclical behavior and contraction of economic markets is
well known [7].! T give a general interpretation for complex pole pairs as follows:

Complex pole pairs

Complex pole pairs indicate the presence of some economic cycle.

The labor market, capital asset market, and product market have pole-zero cancellations.
These pole-zero cancellations eliminate dynamics that are modeled in the bond-graph model

[9]. If the pole-zero cancellation was situated in the right-hand plane, it would incur stability
[4].

!Decay only occurs with poles in the left-half plane. If the poles were situated in the right-half plane, they
would impose some unstable form of growth [9)].
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The economic interpretation of poles allows for quick insight into financial data sets. By
analysis of the pole-zero map, one knows how many economic cycles and factors that are
present in the system. This information can be used to decide upon what dynamics to model.
In the context of the model for business dynamics, poles help decides on what markets to
connect to the firm.?

7-4 State Trajectories for Visual Analysis of Business Cycles

In this section, I use the trajectories of the damped harmonic oscillators (DHOs) that appear
in the model for business dynamics for visual analysis of business cycles in equilibrium and
disequilibrium. State-Space trajectories display the time-evolution of two state variables [4].

The C- and I- elements that appear in the model for business dynamics are coupled to analyze
the cyclical exchange between kinetic and potential energy. In engineering, the interconnec-
tion (with damper) is known as a damped harmonic oscillator [10]. In economics, linear
forcasting is used to anticipate business-cycle turning points [14]. I show here how the cycli-
cal properties of the DHOs are used for anticipating business cycles by using the state-space
of the DHOs.

For this analysis, the model for business dynamics was given positive demand and invest-
ment shocks. Figure 7-4 shows the state-space responses of the six DHOs that appear in the
model (See Section 5-4).

This representation of the model’s state response underscores its ability to model economic
cycles. I give interpretations to the state trajectories in equilibirum and disequilibrium.

Business cycles in equilibirum show what cash-flow variable predominantly generates profit.
The trajectories converge to a stable cycle: This is the business cycle in equilibrium [7]. By
looking at the difference in the p- and g-variables, it is seen what cash-flow variable pre-
dominantly generates value. For example, the phase plane of operations (Figure 7-4a) shows
dp = 0.15 and dg = 1.5, indicating that the profit margin is relatively small to the amount
of products that are sold. Profits increase most from increasing the price instead of selling
more products [15]. In formulate a general interpretation for business cycles in equilibrium
as follows:

Show which cash-flow variable predominantly generates profit.

Business cycles in disequilibrium provides estimates of the amount of assets and cash needed
to take in economic shocks. The subsystems’ trajectory before entering the business cycles
in equilibrium is the business cycle in disequilibrium [7]. This trajectory shows the offset in
price and assets that result from the economic shocks. The trajectories provide an estimate

2Firms can be connected to multiple times or not at all to a certain market. See Section 2-5.
3The analysis is performed qualitatively, so the numbers do not represent any economic meaning.
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Figure 7-4: State-space trajectories of the damped harmonic oscillators in the business shows
dynamics of business cycles in equilibrium and disequilibrium. In equilibrium, the state-space
trajectories shows what cash-flow variable predominantly generates value. In disequilibrium, the
shows the offset in price and assets needed to take in economic shocks.

of the necessary assets and cash to take in these shocks. In formulate a general interpretation
for business cycles in disequilibrium as follows:

Business cycles in disequilibrium

Estimates the assets and cash needed to take in economic shocks.

State trajectories underscore the need for a dynamical system to model economic cycles. By
consideration of these plots, we can analyze system’s behavior in equilibrium and disequilib-
rium. However, the representation is not as effective as frequency-domain tools like the Bode
plot, as the state trajectories give the response of the system to a single frequency, while the
Bode plot shows the entire frequency response in a single plot.
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7-5 Qualitative Time Responses for Verification and Comparison

In this section, I perform qualitative analysis on the time responses of the model for business
dynamics.

7-5-1 Verification of the Bond-Graph Model

I use the time-domain response of the business to qualitatively verify the bond graph model.
I do this by comparing the input-output and state responses to how the economic literature
describes the behavior of the states and output.

Figure 7-5 shows the output response of the total system when given positive demand and
investments as input. The input causes an increased product flow as the costs and benefits
from the different markets change.

—Order yield [$/#t]
Production cost [$/#1]

—Unit labor cost [$/#t]
Economies of scale [$/#t]

—Product flow [#/1]

0 5 10 15 20 25 30
Time [wk]

Figure 7-5: The time-domain step response of the total model shows that increased customer
demand and investments results in increased costs and benefits. Costs are negative benefits,
and are plotted in the negative direction. The overshoot indicates the extra costs and benefits
resulting from the markets being in disequilibrium.

The input-output response of the full model is verified by comparing it to the economic lit-
erature. The order yield increases as a consequence of the increased product demand. This
is in line with the economic law of supply and demand [15]. Economies of scale increase due
to increased investments and increased fixed asset position. This is how economists describe
the relation between fixed assets and economies of scale [11]. Costs (negative benefits) for
production and labor increase due to the increased demand of the business. This is in line
with how economies define scarcity [15]. There is an increased product flow as the benefits
surpass the costs. The system’s response shows an overshoot before converging to a new
equilibrium. According to economic literature, economic systems exchange costs and benefits
in disequilibrium, until a new equilibrium is found [7]. With these insights, I conclude that
the outputs of the model for business dynamics behave according to the economic literature.

I use the time-domain responses of the model’s subsystems to verify the model in more
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detail. This verification is done for each subsystem. Here, I only analyze the time response of
the commodity market, but the other subsystems are done in a similar way (See Appendix B
for the time responses of each market). Figure 7-6 shows the input-output and state response
of the commodity market when subjected to an increased product flow.

Input-output response
T

T T T T

Production cost [$/#wk]
—Product flow [#/wK]

0 5 10 15 20 25 30
State response Forward price [$/#]
T ‘ —Current assets [$]
—Reserves [#]
| | | | |
0 5 10 15 20 25 30
Time [wks]

Figure 7-6: The time-domain step response of the commodity market shows that an increased
product flow causes an increased costs. The state-response is in agreement with economic theory:
Demand increase raises the price, and depletes the inventory and reserves.

The input-output and state response of the commodity market is verified by comparing them
to the economic literature. The production cost decreases as more money is paid to the firm,
resulting in higher benefits for the commodity market (cost = -benefit). This is in line with
the microeconomic law for supply and demand [15]. The states behave according to economic
theory as well: The increased product flow diminishes the current assets, as the number of
commodities in the firm’s inventory is depleted [5]. The increased demand for commodities
increases the forward price, agreeing to the law of demand [15]. Consequently, the law of
supply imposes that commodities are depleted from the source, causing a lower commodity
level in the reserves [15]. With these insights, I conclude that the input-output and state
response of the commodity market are in line with the economic literature.

The input-output response and the state response of the model for business dynamics are
in line with the economic theory. I conclude this after checking the economic intuition of
the state responses of each subsystem. With this insight, we have taken a huge step towards
the model’s verification. One last step can be taken to underscore the model’s validity. This
is the use of data to verify if the model is capable of mimicking the behavior of real-world
markets. By doing this, the model will be practically applicable.

7-5-2  Comparison of the Commodity Market with the Labor Market

In this section, I compare the time responses of the commodity and the labor market. The
two markets have the same structure, but use a different parametrization. In this comparison,
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I show how different parameters affect the time response of the market. Economic interpre-
tations for overshoot and state response are formulated.

Figure 7-7 shows the time response of the labor market to an increased product flow. This
input is similar to the input of the time response of the commodity market in Figure 7-6.

Input-output response

10
0 L |
-10- Unit labor cost [$/#t]
—Product flow [#/1]
-20 ! | I I I
0 5 10 15 20 25 30
State response
40 : Wage [$/FTE]
—Gooduwill/intangibles [$]
20+t —Labor force [FTE]
0
-20 ! ! ! I I
0 5 10 15 20 25 30

Time [wk]

Figure 7-7: The time-domain step response of the labor market shows an overshoot in the output
response, which is a measure for the liquidity of the market. The state-response gives the cost
breakdown of the unit labor cost: It is predominantly determined by the wage.

The time responses of the labor and commodity markets show two differences. There is a
difference in overshoot, and there is a difference in state response.

I interpret the overshoot of the output as a measure for the liquidity of the market. Overshoot
in physical systems refers to the output exceeding its final steady-state value, and measures
the system’s ability to take in inputs [1]. In economics, market liquidity is a market’s ability
to absorb economic shocks [15]. The unit labor cost has a large overshoot, showing that the
market is very costly in disequilibrium (temporary contracts, outsourcing), but cheap when it
reaches equilibrium (fixed contracts) [16]. Contrarily, the commodity market shows close to
no overshoot, which corresponds to continuous availability of the larger part of commodities
[2]. In this market, the increased demand only gradually heightens the price. I formulate a
general economic interpretation for overshoot as follows:

Overshoot of a market step response measure the liquidity of that market.

The state response is interpreted as the cost breakdown of the market. In engineering, the
state response shows how the energy that is supplied to a system is divided over the different
elements [9]. In economics, a cost breakdown shows where in economic systems or processes
cash is lost [6]. By following the energy-cash flow analog, the two are parallel. The state
response of the commodity market is equally distributed, which indicates comparable costs
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from its inventory, the open market, and the supply side. The labor market’s state response is
predominantly showing up in the wage increase, identifying it as the main contributor to the
increased unit labor cost. I formulate a general economic interpretation for the state response
as follows:

State responses give the cost breakdown of markets by showing where cash is stored.

With these economic interpretations for overshoot and state response, financial analysts re-
trieve abundant information from the time response of their models. This is a result of using
an economically interpretable model where each state and each element has economic mean-
ing. In economic modeling, line item of the financial statements is forecasted separately [12].
By taking this approach, all costs and benefits follow from a single state response.

7-5-3 Scenario Analysis of the Capital Asset Market with External Inputs

In this section, I perform scenario analysis on the capital asset market. I do this by giving
the model different inputs. Figure 7-8 shows the input-output response of the capital asset
market. In Figure 7-8a, the capital asset market is given high investments, and in Figure 7-8b
the market is given low investments.

Fixed investments [#/wk]
—Capital leases [$/#wk]
Product flow [#/wk]
| ‘ ) ‘ Economies of scale [$/#wk]

0 5 10 15 20 25 30

(a) High investments as input yield positive economies of scale

&/\-‘/’__\—N

1 |
0 5 10 15 20 25 30

(b) Low investments as input yield negative economies of scale

Figure 7-8: Input-output response of the capital asset market with equal product flow and varying
investments. High investments increase the level of capital assets, so that a higher benefit of
economies of scale is supplied to the firm. Low investments cause a lack of maintenance, causing
the level of capital assets to decrease and a lower economies of scale.

This time responses show the amount of investments that are needed to maintain certain
economies of scale. High investments increase the economies of scale supplied to the firm, as
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more capital assets are acquired, than that are depreciated or used up [11]. Low investments
cause a decrease in economies of scale, as more capital assets are depreciated or used up than
there are acquired [11]. The economic interpretation is that insufficient maintenance and
reinvestments cause deteriorations in the production process [17].

This type of scenario analysis can be performed on any market or on the complete sys-
tem. Besides varying the inputs, it is possible to change the initial state of the business.
However, it is challenging to dissociate the effect of each input on the output by using the
time response. To this extend, Bode plots are more effective as they provide insight into the
input-output relationships of specific signals (Section 7-2).

7-5-4 Complex Hamiltonian for Cash Flow Dynamics

In this section, I use the complex Hamiltonian to derive cash flow dynamics. The complex
Hamiltonian contains more information that the regular Hamiltonian. The complex Hamil-
tonian consists of real-valued storage function S, and imaginary-valued resistive function R
[3]:

H=S5—iR (7-1)

The storage function represents the energy stored in the system and is equal to the regular
Hamiltonian. According to the energy-cash flow analog, the real part is interpreted as follows:

Time-evolution of the total cash flow.

The resistive function indicates where cash is lost in the system. I propose the following
interpration:

Time-evolution of the irriversible cash losses in the system.

The resistive function consists of two parts: The contraction and the squeeze. The contraction
models the average cash losses over a cycle, and the squeeze provides the dynamics over those
losses.* Figure 7-9 shows the three components of the complex Hamiltonian [3].

The regular Hamiltonian and storage function of the bicomplex Hamiltonian behave in the
same way, confirming the storage function’s economic interpretation.

As the contraction function models the average cash losses over a cycle, it discloses the

“When considering the phase plane of a damped harmonic oscillator, the three components of the bicomplex
Hamiltonian are projected on the trajectory as follows; a rotation represents the storage function, the contrac-
tion works perpendicular to the rotation, and the squeeze forms hyperbolae. See [3] for more information and
a visualisation.
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Figure 7-9: Time evolution of the complex Hamiltonian of the firm’s operations consists of
a storage, squeeze and contraction function. The storage function is equivalent to the regular
Hamiltonian and represents the cash flow. The contraction function models the average cash
losses over a business cycle, and the squeeze function models the dynamics of those losses.

proportion between the losses through order expiration and corporate taxation. The function
is purely imaginary and always directed perpendicular to the business cycle’s direction in the
phase plane. Effects of the squeeze function cancel each other out over a business cycle, so no
cash is lost through this function. The function is real-valued so that the effects of the order
expiration and corporate taxation work along the p- and g-axis of the phase plane, thereby
imposing dynamics on the cash losses.

The time response of the complex Hamiltonian shows that there is additionally informa-
tion available about the cash losses of the system. However, this visualization is not effective
as no conclusions can be drawn on the cash dynamics. An alternative approach is to be found
to efficiently present this information: I recommend research on power density spectra, as
they have the physical analogs of business cycle length and growth their axis. These two
parameters are important quantities in business valuations [12].

7-6 Conclusions

Systems and Control (S&C) tools are particularly useful for economic analysis, as many of
those tools have a direct application to (business) economics. The number of parallels with
economic analysis is notable, but it is evident that the toolbox available to S&C engineers is
far more extensive.

Parallels between S&C and economic analysis show that economists could enhance their ex-
isting techniques of time-domain analysis, eigenvalues, and logarithmic scaling. Economists
perform all their examinations in the time domain but without the notion of overshoots or
state responses. Eigenvalues make their appearance in the principal component analysis, but
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the study uses the entire dataset’s covariance matrix for calculating eigenvalues. Also, the
eigenvalues are real-valued, which precludes the possibility to mimic economic cycles [8].

The S&C toolbox surpasses economic analysis with tools that are new to the field. Phase
planes visualize business cycles in equilibrium and disequilibrium. A complex function for
cash flow dynamics is provided by the complex Hamiltonian. Still, the application of many
other S&C tools in economics is to be researched.

The contributions of this chapter are the propositions of economic applications of S&C tools
for analysis. Table 7-1 summarizes:

Table 7-1: Applications of systems and control tools in business valuations

Systems and Control Economics

Resonance peak Optimal trading frequency
Overshoot Market liquidity

State response Cost structure

Real-valued pole Economic factor
Complex-valued poles Economic cycle

Phase plane Visualization of business cycles
Storage function Cash flow

Resistive function Cash losses
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Chapter 8

Conclusions

The goal of this thesis was to develop a develop methods for business valuation in the fre-
quency domain. To that effect, this thesis has one main contribution.

The main contribution of this thesis is the development of the theory needed to perform
business valuations in the frequency domain. This theory is a pioneering effort for extending
the current perspective on valuations. The current approach to business valuations makes
cash-flow forecasts in the time domain. However, decision makers are concerned with the
value of projects, and not so much with the timing of the cash flows. Huge efforts are made
to analyse value in the time domain, while it is not a time-domain variable. The key insight
of this thesis was that value is a frequency-domain variable. The frequency domain provides
the analytical tools to directly compare the value of projects. The development of this theory
indicates the dawn of an entire new method to perform business valuations in the frequency
domain. The challenging task remains to make this method fundamental to the field of
business valuations. Either economists have to revise their view on business valuations, or
engineers have to extend their perspective to the economic domain.

A crucial step towards frequency-domain valuations was the development of the model for
business dynamics. The model applies to all businesses, and replaces the current reliance
on professional expertise with economic laws. With its causal structure, the model mimics
the cyclical behavior of the economy and addresses the lack of data that prevents the use of
data-driven models. The approach is a translation of an economic problem to the engineering
domain, so that engineering tools are used to perform analysis, and control techniques can
be applied. Steps towards its practical application are limited, as only system identification
is left as a concluding task (Recommendation 10-2).

The theory is not only applicable to businesses, but to any type of financial instrument.
The theory extends the existing economic-engineering framework to the frequency domain.
The frequency domain can be used in conjunction with Newtonian and analytical methods
to increase the scope and insight of analysis of all economic systems. Instead of using the
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theory on a bond-graph for business dynamics, any micro- or macro-economic system can be
analyzed in the frequency domain.
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Chapter 9

Discussion

Fundamental Economics

In this thesis, I use the terms "economically fundamental" or "economic first-principles" to
describe models based on economic theory. The study of the economic literature, however,
suggests that there is not one single economic theory. In economics, there are different schools
of thought.! Economic theory developed from premodern, through early modern, to modern
economics. There are many schools of thought within modern economics, but the majority
follow mainstream economics. Even within mainstream economics, there is a distinction be-
tween micro- and macroeconomics. Contrarily, there is only one set of laws of nature to model
physical systems due to the presence of empirical evidence.

This thesis’s economic models are based on the school of mainstream economics while obeying
both micro- and macro-economic laws. Essential assumptions are market clearing, price as
the sum of the costs, and the firm’s interconnection to its four markets. Due to the model’s
economic interpretability, each assumption can be revisited without the necessity to build a
new model.

Verification

The model and tools developed in this thesis are verified by comparison to the economic
theory and by inspecting qualitative responses. As discussed above, economists do not agree
on one economic theory. By comparing the model and tools to some economic theory, they
are verified according to that theory and not to reality.

Qualitative analysis shows what dynamics are modeled and what dynamics are not. The
qualitative system response can be compared with existing models or economic intuition so
that the model is verified in more detail.

IThe presence of multiple schools of thought in economics is underscored by the quote at the start of this
thesis.
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Verification can be taken one step further by performing quantitative analysis. This anal-
ysis shows whether predicted business dynamics are in line with reality by using real data.
If dynamics are predicted correctly, it is shown that the model is capable of mimicking the
firm’s behavior. Although a data fit does not prove the model’s economic assumptions and
relations, it could serve as a basis for economic axioms.
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Chapter 10

Recommendations

10-1 Introduction

This thesis was focused on the development of an economic-engineering valuation method. I
recommend to perform the last step towards its practical application: System identification.
The research thereby produced many interesting research opportunities, which I recommend
to pursue: Control, economic engineering in the frequency domain, and model refinements.

10-2 System Identification

Identification of the system for firm dynamics enables its practical application and underscores
the verification of the model. I suggest to identify the system in two steps: Data collection
and the use of identification techniques.

10-2-1 Data Collection

The field of business valuations faces a severe lack of data. In contrary to physical systems, no
experiments can be performed on economic systems to excite them and generate measurement
data. Still, large amounts of economic data is available. It is shown that this data can be
used for the identification of the oil market [22], and macro-economic systems [18]. However,
financial data on businesses is concealed, to protect the competitive advantage of their cost
structures [11]. The only data businesses are obliged to publish comes in the form of financial
statements, which are updated yearly or quarterly [26].

I recommend research on the use of different data sources for the separate identification
of each subsystem. I suggest the use of the following data sources:

1. Commodity market: World bank commodity price data for data on commodity prices
[14].
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2. Labor market: World Bank data bank for labor force structure, or reports by the
International Labour Organization [15, 25].

3. Capital asset market: Capital assets mainly consist of property, plant and equipment.
I suggest the use of data on the real-estate market [3], or equipment specific to the firm.

For example trucks [1].

4. Product market: Financial data on the market of the product that the business sells.
For example smartphones [28].

5. Firm: Financial statements give the balance sheet, income statement and cash-flow
statement [26].

When using a data set, it is important to take into account the geographic location. Also,
data on financial markets is often paid for. I recommend research on finding suitable data
sources for system identification.

10-2-2 Identification Techniques

Matlab’s System Identification Toolbox provides extensive options to identify the system’s
parameters [20]. Orie identified the system representing the global oil market as follows [22]:

1. Set normalized parameters to an initial value.

[\

. Possibly bound parameters by a minimum or maximum.

3. Set search options.

S

. Use greyest() to perform greybox estimation.

This approach is an example of how greybox identification can be performed. I recommend
research on what identification technique is most effective to identify the model for firm
dynamics.

10-3 Control

The goal of this thesis was the development of an economic-engineering valuations method.
Although control is not a part of the research, I recognize many interesting applications
for its use. I recommend research on two controllers: An energy-based controller to assist
management on anticipating economic shocks, and a model predictive controller (MPC) to
maximizing growth or profits for investors.
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10-3-1 Cash Flow-Based Control for Anticipating Economic Shocks

Energy-based control has made its appearance in economics to control macro-economic sys-
tems [19, 16], and is by the energy-cash flow analog parallel to cash flow-based control. I see
its application to business economics particularly interesting for the following reasons:

1. Cash flow, the commonly used variable in business economics, is included as quantity
[16].

2. The Hamiltonian is leveraged as energy function so that system dynamics are exploited.
This results in a low control gain and thus low investment costs, compared to classical
control [9].

3. The ability to shape state-equilibrium [27].

An important restriction to the use of energy-based control techniques is the dissipation ob-
stacle [10]. However, this obstacle is overcome by expressing the model for business dynamics
in bicomplex coordinates [2], and the model is ready for energy-based control techniques.

The application in business economics is as follows: Management anticipates an economic
shock that causes an increase (or decrease) in demand for the firm’s product. As a result,
management wants to fill (or deplete) its inventories, while making the minimum amount of
costs. This objective is in line with benefits (2) and (3) of energy-based control.

I suggest the use of a passivity-based controller (PBC) for full-state feedback. An exam-
ple is stabilization via energy balancing [10], which uses a controller with energy H, to obtain
the desired energy function Hy:

Hy(z) = H(z) + Hy () (10-1)

Control by interconnection (CbI) controllers only use the output of the output signal of the
system, and are modeled as a port-Hamiltonian system with states £ € R. The closed-loop
energy function is as follows [10]:

He(z,§) = H(z) + He(§) (10-2)

Hutters shows that the PBC or Cbl controllers can assign arbitrary state-equilibria to dissipa-
tive systems by using a bicomplex system representation [2]. As the Hamiltonian is leveraged,
low investment costs are needed. Figure 10-1 shows the arbitrary offset of a damped harmonic
oscillator by using energy-based control:

10-3-2 Model Predictive Control for Profit and Value Maximization
I recommend the use of a model predictive controller (MPC) to assist investors on their
investment decisions for profit or value maximization. The MPC’s application to business

economics is specifically interesting for three reasons:

Master of Science Thesis X. A. van Ardenne



120 Recommendations

(a) Autonomous system and its equilibrium (b) PBC controlled system for a forced equilibrium

Figure 10-1: Signal trajectories of position ¢ of a damped harmonic oscillator [2]

1. The controller’s ability to optimize cost functions over a finite time horizon helps in-
vestors to formulate their strategy for a fixed investment horizon [5].

2. As the controller allows for the incorporation of constraints, it is possible to bound the
available cash flow for investments [5].

3. The functionality of the MPC in economic systems is shown [21, 7].

The objective function that is used to optimize profits of businesses has the following form:

T
Profits = » ~ CF, (10-3)
t=0

with investment horizon T" and cash flow C'F;. In Chapter 5, it was determined what part of
the system for business dynamics represent profits and yield company value. My suggestion
is to use this function for profit maximization.

Note that Equation 10-4 shows similarities to the fundamental definition of value (Equation
2-1). If the discount function is adopted in the cost function, the MPC controller maximizes
net present value:

NPV = sz d(t)CF, (10-4)
t=0

where NPV is the net present value of the business, and d(t) is the discount function.

10-4 Economic Engineering in the Frequency Domain

In this thesis, I extend the economic-engineering analogy to the frequency domain. I recom-
mend the further development of the analogy.
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10-4-1 Frequency-Domain Analysis for Valuing other Financial Instruments

In this thesis, a theory is developed that uses the frequency domain for business valua-
tion. This theory applies to all financial instruments that are valued with ex-ante measures.
Frequency-domain analysis applies to all sorts of valuations, as value is per definition depen-
dent on the future. The frequency domain measures quantities ex-post, as should be done
when considering quantities in the future. For example, the following instruments can be
valued in the frequency domain:

1. Real estate appraisal: The real estate market is huge. To profit from it, investors
must know how to value real estate and estimate how much profit each project will
make, whether through property appreciation, rent, or both [6].

2. Bonds: The value of a bond is the discounted stream of cash flows it is expected to
generate [12].

3. Future contracts: A futures contract is an agreement to trade something at a pre-
determined price at a specified time in the future [17]. Future contracts made their
appearance in the bond-graph model of the commodity market.

10-4-2 Development of Complex Bond-Graph Modeling Technique

It is shown in this thesis, that the regular bond graph of Chapter 4 is equivalent to the
bicomplex representation of Chapter 5. The parameters used by the bicomplex model (busi-
ness cycle and contraction) are in some economic fields (business economics, finance) a more
intuitive representation. Therefore, I recommend the development of a complex bond-graph
modeling technique, that allows for modeling in terms of business cycles and contraction.
As a starting point, I propose to use the three damped harmonic oscillators as bond-graph
elements to represent different economic markets:

/ Series: \ / Parallel: \ / Double: \

I C _I§ C _I{ C
]:I*'o' 1 lﬁt[ 1k——o0
-7 47
R R R, R»
i A | Y i P | 4 | R W o i |

N AN T

Figure 10-2: Three different damped harmonic oscillators and their state-space representations.
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This modeling technique then uses only three elements, and three different parameters. Reg-
ular 2-port elements are used for their interconnection [4].

10-5 Model Refinement

The model for firm dynamics is a simplification of reality, as all models are. Only after
the model’s identification it becomes clear if it is sophisticated enough to capture all firm
dynamics. If this is not the case, I suggest the following modeling refinements.

10-5-1 Capital Structure

The capital structure indicates what part of the business is financed by equity, and what
amount by debt. The ratio is useful for determining the riskiness of lending to the firm. I
chose not to model the capital structure of businesses, because the Modigliano-Miller theorem
suggests in its first proposition that present value is independent from the capital structure
[8]:

Vu=V5 (10-5)

where V77 is the unlevered business value (without debt finance), and V7, is the levered business
value (with debt finance). However, the second proposition states a difference in costs of
levered and unlevered equity [8]:

re(L) =re(U) + %(TE(U) —7p) (10-6)
where rg(L) is the levered cost of equity, 7g(U) is the unlevered cost of equity, D/E is the
part of the business financed by debt, and rp is the cost of debt. It appears that the levered
cost of equity is higher than the unlevered cost of equity to account for the higher risk of the
equity holders [8]. I recommend research on the impact of the firm’s capital structure on (1)
the business value, and (2) the risk.

10-5-2 Competition

In the model for firm dynamics, I model competition I follow Pareto by modeling the firm
either as a price taker or a price maker in its different markets [23]. In practice however, it
is most common to use Porter’s Five Forces model to analyse competition [24]. Figure 10-3
gives an illustration:

Due to the economic interpretability of the model for dynamics of the firm, the five forces
can be incorporated in the subsystems they act on. I recommend research on how to do so.
This recommendation is currently being pursued by the economic-engineering group.
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Bargaining Power of Suppliers

!

Threat of
—>
New Entrants
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9 .
Substitutes

f

Bargaining Power of Buyers

Figure 10-3: Porter's five forces model for competition. This figure is taken from [13].

Master of Science Thesis X. A. van Ardenne



124 Recommendations

X. A. van Ardenne Master of Science Thesis



1]
2]

3]

Bibliography

Roland Berger. Trends in truck & trailer market. Roland Berger GmbH, 2020.

M. Mendel C. Hutters. Owercoming the dissipation obstacle with bicomplex port-
Hamiltonian Mechanics. Delft Center for Systems and Control, 2020.

L. C. Delmendo. Strong house price rises continue in The Netherlands. Global Property
Guide, 2020.

D. C. Karnopp et al. System dynamics: Modeling, simulation, and control of mechatronic
systems. John Wiley & Sons, Inc., 2012.

D. Q. Mayne et al. Constrained model predictive control: Stability and optimality. Elsevier
Ltd, Inc, 2000.

L. Bourne et al. Urban Housing Markets :Recent directions in research and policy. Uni-
versity of Toronto Press, 1978.

M. Coroz et al. Automating Trades in Oil Futures using Model Predictive Control. Delft
Center for Systems and Control, 2020.

R. A. Brealey et al. Principles of corporate finance. McGraw-Hill, 2014.

R. Ortega et al. Energy-shaping of port-controlled Hamiltonian systems by interconnec-
tion. Conference of Decisions and Control, 1999.

R. Ortega et al. Putting energy back in control. University of Groningen, 2001.

T. Koller et al. Valuations. John Wiley and Sons Inc, 2015.

F. Fabozzi. Valuation of fized income securities and derivatives. John Wiley, 1998.

D. Fadeev. Creating and sustaining superior performance. New York Free Press, 1985.

Prospects Group. World bank commodities prices data (pink sheet). The World Bank
Group, 2020.

Master of Science Thesis X. A. van Ardenne



126 Bibliography

[15] World Bank Group. Databank world development indicators, labour force structure. The
World Bank Group, 2020.

[16] C. Hutters. The analytical mechanics of consumption. Delft Center for Systems and
Control, 2019.

[17] R. Keith. Financial Derivatives: An Introduction to Futures, Forwards, Options and
Swaps. Prentice-Hall, 1997.

[18] G. Kruimer. First-Principles Modelling for interpretable Economic Scenario Models.
Delft Center for Systems and Control, 2020.

[19] A. Macchelli. Port-Hamiltonian formulation of simple macro-economic systems. Confer-
ence on Decision and Control, 2013.

[20] MatLab. System Identification Toolbox. MathWorks, Inc, 2020.

[21] A. J. J. Meegdes. Scheduling the supply chain with a model predictive control algorithm
based on economic engineering systems theory. Delft Center for Systems and Control,
2020.

[22] N. G. Orie. Dynamic modelling and control of the oil market. Delft Center for Systems
and Control, 2019.

[23] V. Pareto. Manual of political economy. Oxford University Press, 1906.

[24] M. E. Porter. The five competitive forces that shape strategy. Harvard Business Review,
2008.

[25] Data Production and ILO Department of Statistics Analysis Unit. The global labour
income share and distribution. International Labour Office, 2020.

[26] T. Rietveld. Handboek Investeren & Financieren. Vakmedianet Management B.V., 2017.
[27] A. Schaft. L2 gain and passivity techniques in nonlinear control. Springer, 1999.

[28] Statista. Mobile Phones - The Netherlands. Statista, 2020.

X. A. van Ardenne Master of Science Thesis



Appendix A

Variables for Qualitative Analysis

Table A-1: Variables used for analysis of the model for firm dynamics

Commodity market Labor market Capital asset market Product market — Firm

Cs=5 Ce=12 Cs3=2.5 C1 =4.1 Iy
I, =3 Is = 1.6 Cy = 6.1 Cy=0.5 Rip =2
Ir=1.1 I; =3 Iy=14 I =21
Rg =2 Rs = 0.2 I3 =8.3 Ry =2.1
Ry =0.1 Ry=3 Ry =2.1 Ry =0.2
TFy =32 TF; =28 Ry=1.2
GY, =12 GY3=0.8 Rs =0.11
TF, =13
GY; = 1.1
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Appendix B

Time Responses of the Markets

B-1 Commodity Market

Figure B-1 shows the input-output and state response of the commodity market with input
u = 2.

Input-output response

5 | I
Production cost [$/#wk]
— Product flow [#/wkK] i
O -
_5 1 1 1 ! !
0 5 10 15 20 25 30
. State response
Forward price [$/#]
0 —Current assets [$] ||
—Reserves [#]

-1 0 | 1 1
0 5 10 15 20 25 30
Time [wks]

Figure B-1: Time response of the commodity market with increased product flow
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B-2 Labor Market

Figure B-2 shows the input-output and state response of the labor market with input u = 2.

Input-output response

5 | .
0 L -
=5 - ]
-10 1 Unit labor cost [$/#t][]
—Product flow [#/1]
_1 5 1 ! ! ! 1
0 5 10 15 20 25 30
55 State response
Salary [$/fte]
20+ —Goodwill/intangibles [$]|-
—Labor force [fte]
101 T
0 _|
_1 O 1 1 1 I I
0 5 10 15 20 25 30
Time [wk]

Figure B-2: Time response of the labor market with increased product flow
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B-3 Capital Asset Market

Figure B-3 shows the input-output and state response of the capital asset market with high
investments and input v = [10 8 5+ sin(t)]7. Figure B-4 has low investments and input
u=[2 1 5+ sin(t)]’.

16 Input-output response

Fixed investments [#/wk]
0 —Capital leases [$/#wk]
Product flow [#/wk]

5 ‘ , ‘ .| Economies of scale [$/#wk]

0 5 10 15 20 25 30

State response

100 Construction in progress [#]

—Asset price [$/#]
50+ —Assets performance [%]
—Fixed assets [$]

0 5 10 15 20 25 30
Time [wk]

Figure B-3: Time response of the capital asset market with high investments

Input-output response

10

1

Fixed investments [#/wk]
—Capital leases [$/#wKk]
5r Product flow [#/wk]
Economies of scale [$/#wk]

0
-5 | 1 1 | | J
0 5 10 15 20 25 30
State response
40

Construction in progress [#]
—Asset price [$/#]
20 —Assets performance [%] [
—Fixed assets [$]

|
5 10 15 20 25 30
Time [wk]

Figure B-4: Time response of the capital asset market with low investments
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B-4 Product Market

Figure B-6 shows the input-output and state response of the capital asset market with in-

creased product demand and input v = [ 15 + 3sin(t) 4 5]7. Figure ?? has decreased
product demand and input v = [ —15 — 3sin(t) —4 5]T.
00 Input-output response
10{
Quantity demanded [#/t]—

Product flow [#/]

0 —Budget constraint [$/#t]
‘ —Benefits orders [$/#t]

-10 1 L
0 S 10 15 20 25 30
Time [wk]
40 State response

Competitors position [#]
—Product price [$/#]
—Backlog [#]

|
0 5 10 15 20 25 30
Time [wk]

Figure B-5: Time response of the product market with increased product demand

Input-output response

19 ( Quantity demanded [#/1]
—Budget constraint [$/#t]
0 Product flow [#/1]
—Benefits orders [$/#t] |-
_1 0 L
-20 | 1 | | 1 J
0 5 10 15 20 25 30
Time [wk]
. State response

Competitors position [#]
—Product price [$/#]
—Backlog [#] C

1
0 5 10 15 20 25 30
Time [wk]

Figure B-6: Time response of the product market with increased product demand
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Appendix C

Derivations

C-1 State-Space Derivation from the Bond Graph Model

C-1-1 Commodity market

In this section the equations of motion, linked to the bond graph representing the commodity
market are derived. The bond graph is depicted in Figure C-1:

€4
I, % GY; Is Cs
J4
€1 €9 - €g €8 -
S¢t TF | 0 111 0
f1 fo fo 7 IE
I =[S
% %
RG 1?{7

Figure C-1: Bond-graph representation of the commodity market with numbered elements and

signals

Bonds and elements are numbered from left to right and top to bottom as depicted above.
The states are the current assets p4, forward price p5; and reserves ¢gs. The equations of motion
are using the method described by Karnopp et al. in Chapter 5 of [2]:

ps=eq = GYafs = GYa(—fo— f5+ fo) (C-1)
fo=TFfi =TFSf(t) (C-2)
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es ez [uGYy  GYy

fs= Ry Re Re  Reli (G3)
fo=[fr= % (C-4)
5
) GY- 1
pa = GYo(TFSf(t) — ——2ps — —ps)
Rely I5 (C 5)
GY$ GY; i
- o GY,TF
R(;I4p4 + I ps — GYoT Fou(t)
D5 = er = —eg + €3 (C-6)
GY-
e =e3 =GYafy = T2p4 (C-7)
4
1
€8 =€ = 05 (C-8)
GY, 1
Y2 —TM + ?5% (C-9)
45 = fo=—fs — fio (C-10)
1
Js=fr= 7.Ps (C-11)
5
1 1 1
- e — -12
fio R €10 = -9 R.C- qs (C-12)
1 1
o = fo = ——p5 — 1
ds = fo P Ra® (C-13)

By defining state vector x = [ps ¢5 ps ]|’ and the input u = Sf(t), equations (C-5), (C-9)
and (C-13) are summarized in matrix notation to obtain the A and B matrices.

_oy an —GY,TF,
614 5,
0= 0 _R7105 _% x4+ 0 u(t) (C-14)
_GYy 0 1 0
n Ch
1 B
The output is e; = %ﬁmm. The C and D matrices are derived as:
TF,GY:
y= "B 0 0zt o] (C-15)
R — -~
C D
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C-1-2 Labor market

In this section the equations of motion, linked to the bond graph representing the labor mar-

ket are derived. Figure C-2 shows the bond graph:

ey
16|fﬁ4(;Y3 I Ce
4

SIS fgl g2
€1 €9 - €6 €8 -
St ——— TF3 ——— 0 ——A 11 0

fi fa fo 7 fs
| =2
X X
Rg RQ

Figure C-2: Bond-graph representation of the labor market with numbered elements and signals

Bonds and elements are numbered from left to right and top to bottom as depicted above.
The states are the intangible assets pg, wage py and labor force gg. The equations of motion

are using the method described by Karnopp et al. in Chapter 5 of [2]:
pe = es = GY3f3 = GY3(—f2 — f5 + fs)
fo=TFs3fi =TF3Sf(t)

es ez f1GY3 GY3
fs=5 =5 = = ——"Dé6
Rg Rg RS RBIﬁ

L
fe = fq I
GYs |
6 = GYs(TF3S f(t) — —=pg — —
D6 3(TF3Sf(t) Rsfﬁpﬁ I7p7)
aYZ  GY,
= — —pr — GYsT Fau(t
R8[6p6+ A D7 3T Fsu(t)
pr=e7r = —es +eg
GY-
€6=€3=GY3f4=T63p6
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(C-21)
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1

€g — €9 — (3’76% (C—23)
GY; 1

o 1 24
D7 P + o (C-24)
g6 = fo=—fs — fio (C-25)

1
fs=fr= P (C-26)

7

1 1 1
_ Lt )
fio Rs €10 Rs €9 RioCo 6 (C-27)
6= fo=—pr— = (C-29)
g = fo = 171?7 RgC@-qG

By defining state vector z = [ ps g6 p7 )7 and the input u = Sf(t), equations (C-20),
(C-24) and (C-28) are summarized in matrix notation to obtain the A and B matrices.

SO an —GY3TF
816 7
=1 0 _RQIC(S _717 T+ 0 u(t) (C-29)
_GYs 0 1 0
Ig Ce
7 B
The output is e; = %{?%pﬁ. Then the C and D matrices are derived as:
L QY-
y— [TF;G Ya g 0] T+ Lol (C-30)
—_————
C D

C-1-3 Capital asset market

In this section the equations of motion, linked to the bond graph representing the commodity
market are derived. The bond graph is depicted in Figure C-3:

Bonds and elements are numbered from left to right and top to bottom as depicted above.
The states are the construction in progress gs, Asset price po, fixed assets ps and asset per-
formance qq.

The equations of motion are using the method described by Karnopp et al. in Chapter 5
of [2]:

3= f3=(fo—f1— fa) (C-31)
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€15
Sf; Se; R4 TF; —A Sf,
—_ <~ 15
| & S
€1 €4 e, eg=— el €14
Rs3 k 0 11, GY1 A1l 4 Ry
fi T fa f7 Js fir T fua
— |0 | o =2 =2
W » S s |= w |w
X X
Cs I I3 Cy

Figure C-3: Bond-graph representation of the capital asset market with numbered elements and
signals

€1 €3 1
= — = — = -32
1 R R R303Q3 (C-32)
f2=Sfi(?) (C-33)
ﬁzkz% (C-34)

2
s = ————g5 — ~p> + Si(t) (C-35)
q3 = R3Cs g3 12292 1 -
D2 =€ =e€4+ €5 —e€7 (C-36)
ey & (C-37)
€4 = €3 = Cs q3 -

€5 = 561 (t) (0_38)

GY;
e =GYifg = Tlps (C-39)

3
.1 GY,

P = 63‘]3 TSPS + Sei(t) (C-40)
P3 = €10 = €8 — €9 — €11 (C-41)

GY;
eg = GY1fr = T;pz (C-42)
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R
eg = Ry fg = T4p3 (C-43)
3
! (C-44)
e =€ = — -
= e = o
G Ry 1
= lp— Zpy - o 4
p3 I P2 I p3 Cy qa (C-45)
qa = f13=fi1 — fiz — fua (C-46)
1
fin= IRE (C-47)
3
fia = i fis = S Fall) (C-48)
12= g 5= 7 Sh -
1 1 1
= — = — = _4
f1a R T R T oM (C-49)
.1 1 S fa(t)
qa = 13;03 R5O4Q4 TR (C-50)

By defining state vectorz = [ g3 p2 qa p3 |’ and defining the input asu = [ Sfy

5161 Sf2 ]Ta

equations (C-35), (C-40), (C-45) and (C-50) are summarized in matrix notation to obtain the

A and B matrices.

1 1

e L0 0 10 0

| & 0 0o -“h ca |01 0
- 1 1 1
0 G’(})’ R5Cy I 0 0 T TH

o ¢ L 00 0

N——
A

The output is ejg = C%qQ. The C and D matrices are derived as:

y=1[0 0 m7ig|z+ 0]
—_— -~
c D
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C-1-4 Product market

In this section the equations of motion, linked to the bond graph representing the commodity

market are derived. The bond graph is depicted in Figure C-4:

Rl Se1 R2
~ ~
) 5 L 5 5
€1 €4 (Srd €10
Sfy | - 0 —A 1} - 0 ——j Sf,
fi T Ja I7 T Jio
el |8 |8
X
Ci I C,

Figure C-4: Bond-graph representation of the product market with numbered elements and

signals

Bonds and elements are numbered from left to right and top to bottom as depicted above.
The states are the competitors’ position ¢1, product price p; and backlog g2. The equations
of motion are using the method described by Karnopp et al. in Chapter 5 of [2]:

1= f3=(fi—fo— fa)

fi=5f(t)

f _ e ez 1
2_R1_R1_R101q1
_ g _ P
f4—fes—l1
1 1
o 1 ;
q1 RiC 0 11P1+Sf1()

P1=¢€¢ =e4+e5—ey
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(C-54)

(C-55)

(C-56)

(C-57)

(C-58)

(C-59)

(C-60)
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1
e7 = eg = C—qu (C-61)
= g1 — ——gs + Sex(t) (C-62)
p1 = @) q1 02612 €1 -
G2 = fo = fr—fs — fio (C-63)
1
Jr=1Je= 7P (C-64)
1
1 1 1
Js = BT RO T BG® (C-65)
fio = Sf2(?) (C-66)
b= p1— g — Sh(1) (C-67)
q2 = Ilpl R202qz 2 -

By defining state vector z = [ p1 g2 ] and defining the input as u = [ Sf; Se; Sfa]7,
equations (C-57), (C-62) and (C-67) are summarized in matrix notation to obtain the A and
B matrices.

_R1101 % 0 1 O 0
= C% (1) —é x4+ |0 1 0 |u(t) (C-68)
0 T T, 0 0 -1

as:

y=[0 0 &]z+ o] (C-69)

C-1-5 The Firm and Total Model for Busines Dynamics
In this section the equations of motion, linked to the bond graph representing the commodity
market are derived. The bond graph is depicted in Figure C-5:

Bonds and elements are numbered from left to right and top to bottom as depicted above.
The state is value-added pg. The input signals of the firm are the output signals of the market
models. Using equations (C-30), (C-15), (C-69) and (C-52):
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€1 = HQQQ (C‘70)
T (c-71)
n = 22, (72
s = 0 g (73

The equation of motion is derived by means of the method described by Karnopp et al. in
Chapter 5 of [2]:

Pgs =e4 =e1+ex+e3+eq+ep (C-74)
R
e6 = Riofe = Riofs = 17180298 (C-75)
. 1 1 TEFGY, TF3;GY3 Ry
_ - = C-76
ps s q2 + TF.Cy q4 + I P4+ To Pe A D8 ( )

The flow returned by element pg is the flow source Sf of the commodity- and labor market,
and the flow source S fo of the product- and capital asset market. The markets and firm can
be merged in a single state-space model by replacing these flow sources with f = ipg:

E=[d P1 G ds P2 da P3s Ps G5 Ps P ds Pt Ps ]’ (C-77)
The A matrix is structured as follows:
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e =0 0 0 0 0 0 zeros(6) 0
C% 0 C% 0 0 0 0 zeros(6) 0
0 Tll - R21Cz 0 0 0 0 zeros(6) — i
zeros(3) — R3lc3 —% 0 0 0 0 zeros(4) 0
zeros(3) C%, 0 701713/1 0 0 0 zeros(4) 0
zeros(3) 0 GI—? —%ﬁ‘ —C% 0 0 zeros(4) 0
zeros(3) 0 0 L wma O 0 zeros(4) —rin
zeros(6) — g:i GI—? 0 0 0 0 0 _ GYQI:;FFQ
zeros(6) 0 - R4105 —% 0 0 0 0 0
zeros(6) —92 0 & 0 0 0 0 0
zeros(6) 0 0 0 0 _ g:;z G%s 0 _ GY;;ICGFF:?,
zeros(6) 0 0 0 0 0 —ﬁ -+ 0
zeros(6) 0 0 0 0 _GI§6/3 0 C%a 0
o) & o) pho T o) THS serz) B
! (C-78)

The inputs are the flow- and effort input of the product market v = [ Sf; Se; |7, and the
flow- and effort input of the capital asset market u = [ S.fo Ses ]7. This gives the following
input vector:

Sh
561
Sfa
562

(C-79)

Then the B matrix belonging to the system is as follows:

0 00

(C-80)

S O OO o
o O O O
OO = OO
O = O O O

0 0 0 0]
—_——
B

The C matrix can be shaped to provide the desired information. For example, one could
derive the costs and benefits of the markets, leading to the following output vector:

€cons

y=| (C-81)

€comm

€lab
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The C matrix is then:

0 C% zeros(11)
zeros(h) ﬁ zeros(8)

C-82
zeros(7) TF§4GY2 zeros(7) ( )
zero(10) %fy?’ zeros(3)

C

The D matrix is a 4 x 4 matrix of zeros, as no outputs are direcly linked to the effort and
flow sources.

C-2 Bicomplex Hamiltonian Derivation

In this section, I derive the bicomplex Hamiltonians and state-space equations of the three
damped harmonic oscillators (DHOs) following Hutters [1].

C-2-1 Basic Formulas

Bicomplex Coordinates

T;wp 1
7j =\ (Qj+7lwkpj) (C-83)
Lwg 1
R ) (C-84)
Regular Coordinates
= (@t ) (C-85)
4= ZIZwk v * i
Iiw _
pj =i "5 (& —a) (C-86)
Constants
1
wj = I.C; (C-87)
R.
Bj = 272 (C-88)
Bi= — (C-89)
7 204R,;
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C-2-2 DHO in Series: H;
Bond-Graph Description

1 C
. J

k——0

Regular Hamiltonian and State-Space

2 2
_r o )
7‘[1—2I+ 5 (C-90)

= ek oo

System Dynamics in Bicomplex Coordinates

q(m,i):—é\/ﬁ(aﬁ—%x)—i—% %U(f—x) (C-92)
(@, 7) —% i(:ﬁ +2) (C-93)

Tw
Tw 1 1 i [ Tw 3 1
- 2(_01%\/m(x+$)+1 2<x‘x>‘mwv%u<“f”>)
_Jwf 1 J 1 i fw i [ 1 (C-94)
Va2 \"crV2rw T\ 2 " TCwVorw|®
PN ECN D T N - CO Ny N B
o \"crV2rw "I\ 2 T TCwVorw |

&= —(iw+ B)xr — Bz
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w
_ Iiw 1\/T(_|_ )_|_1 Iﬁ(*_ )+ i L(*_}_ )
Va2l TerVoas W T TN 2 T Y T ooV o T
_ e 1\/Ti fwo & /1 (C-95)
V2 \"crV2rw T\ 2 TICwV 21w ] ”
N ECH N CONS R S b
o \"crV2rw "IV 2 TIcw V21w | T

r=—PBx—(B—iw)x

-

Equating the right hand side to the general expression of the bicomplex state variables yields:

-5 —(B-iw)] |7

—(Btiw) =B ] m (C-96)

oH .
oz —(B + iw) -0 x
73| =" N C-97
o1 -8 —(B-w) |z (G97)
The complex Hamiltonian is obtained through integration:
2 =2
Hi = wzx — ifrx — z,B(ZE 5 ° ) (C-98)

C-2-4 DHO in Parallel: H,

Bondgraph Description

A
SH——~Q
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Regular Hamiltonian and State-Space

p2 C’q2
af_| 0 T |a (C-100)
b —-1/C —R/I| |p

System Dynamics in Bicomplex Coordinates

i(2,7) = % %"(a—; — ) (C-101)
(@, 7) = —% i(i ta)— ? %”(:z ) (C-102)

Bicomplex State Equations

) Iw,,, _ T .,
T = 7(Q($,$)+EP($7$)

Iw [ 1 [Iw 1 1 R [lw,_
=\ 5 ( \/7(3;—37) ICw” (@ —i—ar)—i—lzw 2(37—3;))
Tw Tw (C-103)
\/7 (_ 2 ICw V 21w 21 CPw \/7)
Tw Tw /
\/7< 2 ICw 2I 12 \/7>

& =—(iw+ p)x + Bz

—ﬁ 7,7) ~ (e, )
( Iiu(_é\/;(ﬂx)—}?\/g(f—w))
SR
* ( ICw 2] ER \/7)

— (—iw +
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147
| |—(B+iw) 6] x
G- Lt )
Equating the right hand side to the general expression of the bicomplex state variables yields:
IH :
0% —(B +iw) B x
i : _ C-106
o 5 —(p-iw)| |z (G-106)
The complex Hamiltonian is obtained through integration:
2 _ =2
Hy = wrF — ifzF + iB(E . ) (C-107)
C-2-5 Double-Damped DHO: #;
Bond-Graph Description
I C
=
1k——0
%
R4 Ro
Regular Hamiltonian and State-Space
2 2
_r e )
7'[3—2]+ 5 (C-108)
q —1/CRy 1/I | |q
i C-109
M [ —1/C —Ri/I| |p ( )
System Dynamics in Bicomplex Coordinates
oo 1 1 1 [lw,_
G(z,x) ——C—RQVE(%—HE)—FI 7(9:—:5) (C-110)
. N 1 1 _ ZRl Tw, _
p(a:,:n)——a m(m—i—:c)—Tw?(x—w) (C-111)
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C-2-6 Bicomplex State Equations

Tw )

T = 7(61(%@‘1'5
Tw 1 1 i [lw  _
V3 "emVau @tz @ -
7 1 _ R1 Tw _
ICwVi( +x)+_72w \/7(33_ ?) (C-112)
[7w / Tw /
2 C’Rg 2[ 2 ICw 2[ Izw

Iiw / 7@) /1 Iw
2 CRQ 2[ 2 ICw 2Iw 12w

= (P2 — B1 —iw)x + (= P2 + B1)T

p(x, 7)

:ﬁ(—czg@(xmwj %w(:ﬁ—x)

+ICi‘w\/T(+x) I];{;\/>(x_) (C-113)
:\/Z( CRQ\/;_\/E ICw\/; I%\/i)

+\/:( CRQ\/; \/E ICw\/; J%\r)

= (—P2+4 B1)x+ (—f2 — 1 + iw)T

:

Equating the right hand side to the general expression of the bicomplex state variables yields:

5 F}g} _ l_(ﬁg +htiw) (- B2) ] M (C-115)

| =Be+ B +iw)  —(B1— Ba) "
- l —(Br—B2) (Bt P iw)] M (C-114)

S —(Br—=B2) (Bt PL—w)||Z
The complex Hamiltonian is obtained through integration:

2 _ 72

Hz = wxx —i(f2 + f1)zr — (P — /32)(96 ) (C-116)
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Appendix D

Development of a Complex
Discounting Method for Cash Flows

In this section, a complex discounting method for cash flows is developed. The complex
discount rate consists of a real and a complex part: The real part accounts for the exponential
decay of the value of cash flows, which corresponds to the currently used discount rate. The
complex part accounts for the cyclicity of economic markets, cyclical debt and equity issuance,
and cyclical financial and fiscal constraints (Section 2-2-3). The discounting method has the
following form:

X@y_émxwpumt (D-1)

Where z(t) € R is a continuous cash flow, and D(¢) is the discount function with ¢ € R. The
discount function aggregates cyclical and non-cyclical risk functions as follows:!

D(t) = ﬂ dn (D-2)
n=1

with d,(t) the nth risk function, and N the number of risk functions. Risk functions have
the following form?:

dn(t) = e* 0 4 ¢, (D-3)

By setting constraints on parameters a,, b,, and ¢, risk functions can represent either cyclical
or non-cyclical risk. With Equation D-2, different risk functions are aggregated in a complex
discount function.

LFor aggregating risk functions, I wuse the following formula for multiplying exponential
functions:(a1e’")(a2e???) = ajae®*+b2)7 [4].
2This risk function uses the complex description for the motion of a particle [4]: M(t) = ae® + ¢ .
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D-1 Non-Cyclical Risk as a Complex Exponential

This risk function performs exponential discounting by using the following values:?

anp=-1, b,<0, ¢,=0

. (D-4)
with a,, ¢, € R and b, €1

The regular exponential discounting function is compared with the complex transform with
values satisfying Equation D-4 in Figure D-1:

11 T T T T T T T
——Regular exponential
1 - - Complex Non-cyclical | |
E‘
s
o )
091
2
808
g
00.7
O
8
e 0.6 A
05 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45
Time [wks]

Figure D-1: Comparison of the regular exponential discounting function to the complex expo-

nential for non-cyclical risk shows that the pair can be equal under the conditions of Equation
D-4.

D-2 Cyclical Risk as a Complex Exponential

Complex exponentials for cyclical risk functions have to satisfy two conditions. Firstly, the
value of money needs to decrease over time [1, 6]. Therefore, the risk function’s value is
constrained between zero and one:*

0<d,<1 (D-5)

Secondly, the present value of a cash flow paid out now needs to be equal to the undiscounted
value [1, 6]. The risk function at time zero therefore needds to satisfy:

dn(0) =1 (D-6)

Both conditions are incorporated in the discounting framework by adopting the following
constraints:

3Using the code displayed in Appendix F.

4This equation uses the complex description for the motion of particles and a modulus smaller than one:
|a| <0 [4].
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1
ap = —In(—) with 0<y, <0.5
Yn

cn=1—yn

with  ay,, b,, ¢, € R

(D-7)

Parameter a,, represents the amplitude of the risk function. The constraint ensures that the
function does not surpass the maximum amplitude of unity imposed by Equation D-5. b,
gives the frequency of the cyclical risk. The parameter can take any real value without vio-
lating the two above-mentioned constraints. ¢, gives the risk function an initial offset. The
constraint ensures that the risk function satisfies Equation D-6.

Figure D-2 shows the constraints on a, and b, graphically.

Complex
Discounting ROC

by,

'

1
—In (ﬁ)

Figure D-2: The constraints on a, and b,, lie inside the region of convergence (ROC) of the
complex exponential. As a result, the transform always ascribes a countable value to businesses.

Transforms for business valuations must converge, to ascribe a countable value to the busi-
ness. The plane spanned by a, and b,, is congruent to the s-plane known from the Laplace
transform, as the parameters represent the real and imaginary part of the exponential. An
exponential is convergent if s lies within the region of convergence (ROC): the left-half plane.
The constraints on the complex discounting function ensure that the parameters in the ex-
ponential lie inside the ROC. Therefore, the transforms always converge, and no additional
constraints are needed [4].

Figure D-3 shows how Equation D-3 is used to mimic the cyclical risk functions. As an
example, the risk functions represent risk imposed by fiscal policy, innovation shocks and
credit risk [2, 5, 3.

The cyclical risk function allows for modeling cyclical risks, while satisfying the constraints
on the regular discounting rate. As a result, the cyclical behavior that is seen in economic
markets, debt and equity issuance, and financial and fiscal constraints can be adopted in the
discount rate (Section 2-2-3).
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1.05 T T T T T
——Fiscal policy
——Innovation shocks
X Credit risk
32
= 1 N TN Ve NS <
2 \V% \,// \//\’\\/ \VZA\V% \,/> N
&
¥ / \ /
0095 1
3
2
0.9 1 1 1 | 1 L 1 1 1
0 5 10 15 20 25 30 35 40 45
Time [wks]

Figure D-3: Cyclical risk functions defined by Equation D-3 and following the constraints of
Equation D-7 allow to specify the amplitude with parameter a,, and frequency with parameter b,,.

D-3 A Cyclical Discount Rate as Aggregated Complex Exponen-
tials

Cyclical and non-cyclical risk functions are aggregated using the following function:®

D(t) = H dy (D—8)

Figure D-4 shows the aggregated discount function that combines the non-cyclical and cyclical

risk function of Figures D-1 and D-3. Note that the discount function can be used both
continuously and discretely.

T T T T T T T T T

g 1 —e—Discrete [
=~ ~——Continuous
50.9 =
8
8 0.8
g 0.7
8
.Q 06 [~
D 0 5 1 1 1 1 1 | | 1 ]

0 5 10 15 20 25 30 35 40 45

Time [wks]

Figure D-4: Aggregation of cyclical and non-cyclical risk functions produces the cyclical discount

function D(t). The function allows for continuous and discrete discounting and helps investors
decide on the length of their investment horizon.

The ability to perform discounting both continuously and discretely is key to comparing the
economic-engineering valuation method to current practices. The model created in this thesis
predicts cash flows continuously, and therefore is to be discounted continuously. However,
current valuation practice forecast cash flows on a yearly or quarterly basis, thereby using a

5Also Equation D-2.
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discrete discounting approach [1, 6].

The complex discounting transform surpasses currently existing discounting techniques, as
it mimics the real-valued discount rate and adds to it the imaginary-valued rate for cyclical
risk. The dynamics of this rate contain crucial information on the riskyness of investments in
certain moments in time. It can help investors to decide on the moment to buy or sell their
shares in businesses, while accounting for the cyclic behavior of the economy. As a result, the
investor can decide on the optimal investment horizon [6].

Complex discounting of cash flows can be used without the need for the dynamical model
of Chapter 4. However, this discounting method is not analogous to the Laplace transform.
This precludes the expression of business value in terms of the discount rate s. In the next
section, I show how this analog is preserved by performing signal-based discounting.

Summarizing, I state the complex transform for cyclical discounting;:

Complex transform for cyclical discounting

The present value X of cash flow z(t) is calculated as follows:

X = / 2(t)D(t)dt (D-9)
0
Using discount function:
N
D(t) =[] dn (D-10)
n=1

With N risk functions of the following form:
dp(t) = et tonit 4 o) (D-11)
Non-cyclical risk functions satisfying:

an:—l, bngo’ Cn:O

. (D-12)
with a,, ¢, € R and b, €1
And cyclical risk functions satisfying:
1 .
ap =—In(—) with 0<y, <0.5
Yn
D-1
cn=1—yn ( 3)

with  an, by, cp, € R
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Appendix E

Simulink Models

E-1 Full Model

P f_firm e_labour P e_labour

Labour market

f invest f_invest
e _maint e_lease e_cap e_capital
From
’—> f_firm
Capital market f_firm|—e
P f_firm
| f consumer_demand |-> f_consumer_demand e_consumer e_consumer
From
| e_consumer _rent |-> cons rent
From
Workspace2 Demand market
P f_firm e_commodity P e_commodity
Commaodity market
Firm

Figure E-1: Simulink model of the full system
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E-2 Commodity Market
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Figure E-2: Simulink model of the commodity market
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E-3 Labor Market

E-3 Labor Market
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Figure E-3: Simulink model of the labor market
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E-4 Capital Asset Market
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Figure E-4: Simulink model of the capital asset market
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E-5 Product Market

E-5 Product Market
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E-6 Firm

earnings

To Workspace11

K- |4

e_capit i f_firm
Integrator11 Gain19
e_demand
4 p_firm f firm
e_suppl
PPy To Workspace12 To Workspace1

Figure E-6: Simulink model of the firm
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Appendix F

%MATLAB SCRIPT THESIS XAVIER VAN ARDENNE
%2019-2020

%MASTERS SYSTEMS AND CONTROL

%»TU DELFT

clear; clc; close all;
%% SIMULINK MODEL

%Inputs

T_end = 30;

N = 10%T_end;

t = linspace(0,T_end,N);
u_step = omnes(1,N);
u_sine = sin(t);

u_zeros = omnes(1,N);

u_cons_dem = 2xu_sine;

u_cons_rent = 2xu_step;

u_e_inv = 2xu_sine;

u_f_inv = 2xu_step;

f_consumer_demand = [t; u_cons_dem]’;
e_consumer_rent = [t; u_cons_rent]’;

e_maint = [t; u_e_inv]’;

)

f_invest = [t; u_f_inv]’;
% Parameters

%Labor

m_labour = 3;

C_labourmarket = 1.2;
m_intangibles = 1.6;
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35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84
85
86
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Matlab Code

R_labourmarket = 0.1;
R_amor = 2;

TF_labour_eff
GY_human_prod =

|
O N

%Commodity
m_commodities = 1.1
C_comsource =
I_current = 3;
R_depl = 3;
R_storage = 0.2;
TF_comm_product = 3.2;
GY_stock_eff = 1.2;

(@3

% Consumer
m_product_market = 2.1;
C_compet = 4.1;
C_order_book = 0.5;
R_consump = 2.1;
R_cancel = 0.2;

%Capital

C_CIP = 2.5;
C_asset_perf = 6.1;
m_0OMV = 1.4;
m_fixed_assets = 8.3;
R_impair = 1.2;
R_riskfree = 2.1;
TF_FAT = 1.3;
GY_asset_act = 1.1;
R_levi = 0.11;

% Firm

m_firm = 2;

R_earnings = 2;
sim("full_modeld.slx",T_end)
% Data extraction

%0utputs

e_consumer_vec = e_consumer.data;
e_labour_vec = e_labour.data;

e_commodity_vec = e_commodity.data;

e_capital_vec = e_capital.data;

e_net_vec = e_net.data;
f firm_vec = f_firm.data;

e_opp_cost_vec = e_opp_cost.data;

e_invcost_vec = e_invcost.data;
f_fixedinv_vec = f_fixedinv.data;
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88

89

90

91

92

93

94

95

96

97

98

99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139

167

%Inputs

f_consumer_demand_vec = f_consumer_demand.data;
e_consumer_rent_vec = e_consumer_rent.data;
e_lease_vec = e_lease.data;

f_invest_vec = f_invest.data;

% States

%Capital asset

q_CIP_vec = q_CIP.data;

q_asset_perf_vec = q_asset_perf.data;
p_invest_vec = p_0MV.data;
p_fixed_assets_vec = p_fixed_assets.data;

%Labor

p_labour_vec = p_labour.data;
q_labour_source_vec = q_labour.data;
q_intan_vec = q_intan.data;

%Commodity

p_comm_vec = p_comm.data;
g_comsource_vec = q_comsource.data;
g_current_vec = q_current.data;

%Product
p_product_market_vec = p_product_market.data;
q_order_book_vec = q_order_book.data;

q_compet_vec = q_compet.data;

p_firm_vec = p_firm.data;
earnings_vec = earnings.data,;

%% STATE-SPACE MODEL

%Capital asset

C3 = C_CIP;

C4 = C_asset_perf;
I2 = m_Q0MV;

I3 = m_fixed_assets;
R3 = R_riskfree;

R4 = R_impair;

R5 = R_levi;

GY1 = GY_asset_act;
TF1 = TF_FAT,;

A_cap = [—1/(R3%C3) —1/12 0 0;
1/c3 0 0 —GY1/(13);
0 0 —1/(C4xR5) 1/I3;
0 GY1/(I2) —1/ca —R4/(I3) |;
B_cap = [1 0; 0 1;0 0;0 0];

C_cap = [0 0 1/(TF1xC4) 0];
D_cap = zeros(1,2);
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141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192

168

Matlab Code

capit

% Pro
Cl1 =
I1 =
c2 =
R1 =
R2 =

A_con
1
0
B_con
C_con
D_con

consumer_sys = ss(A_cons,B_cons,C_cons,D_cons);

% Com
I4
C5 =
I5 =
R6 =
R7 =

al_sys = ss(A_cap,B_cap,C_cap,D_cap);

duct

C_compet;
m_product_market;
C_order_book;
R_consump;
R_cancel;

s = [—1/(R1xC1) —1/I1 0;
/c1 0 —1/c2;

1/11 —1/(R2%C2)];
s=1[10;013;0 0];
s =100 1/c2];
s = zeros(1,2);

modity
I_current;
C_comsource;
m_commodities;
R_storage;
R_depl;

TF2 = TF_comm_product;
GY2 = GY_stock_eff;

A_comm = [-GY272/(I4xR6) 0 —GY2/I5 ;

0
G

—1/(R7%C5) 1/1I5;
Y2/14 —1/C5 0];

B_comm = [TF2xGY2;0;0];
C_comm = [(TF2%GY2)/I4 0 0];
D_comm = O0;

commo

% Lab
I6 =
I7 =
C6 =
R8 =
R9 =

dity_sys = ss(A_comm,B_comm,C_comm,D_comm) ;

or
m_intangibles;
m_labour;
C_labourmarket;
R_amor;
R_labourmarket;

TF3 = TF_labour_eff;
GY3 = GY_human_prod;

A_lab
0

= [-GY372/(I6%R8) 0 —GY3/I7 ;
—1/(R9%C6) 1/1I7;

GY3/I6 —1/C6 0];

B_lab
C_lab
D_1lab

= [TF3%GY3;0;0];
= [(TF3%GY3)/I6 0 0];

labour_sys = ss(A_lab,B_lab,C_lab,D_lab);
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% Firm

I8 = m_firm;
R10 = R_earnings;

% Full model
A_full = [—-1/(R1xC1l) —1/1I1 0 zeros(1,11);

1/c1 0 —1/c2 zeros(1,11);

0 1/11 —1/(R2%C2) zeros (1,10) —1/I8;

—1/(R3%C3) —1/I2 0 0 zeros(1,7);

(1,3)
(1,3) 1/c3 0 0 —GY1/(I3) zeros(1,7);
(1,3)
(1,3)

0 GY1/I2 —1/C4 —R4/I13 =zeros(1,7) ;

zeros (1,7) 0 —1/(R7%C5) 1/I5 zeros(1l,4);
zeros (1,7) GY2/I4 —1/C5 0 zeros(1l,4);

zeros(1,10) —GY3"2/(R8%I6) 0 —GY3/I7 GY3+TF3/I8;
zeros(1,10) 0 —1/(R9xC6) 1/I7 0;
zeros(1,10) GY3/I6 —1/C6 0 O0;

00 —1/(C4xR5) 1/13 zeros(1,6) —1/(TF1xI8);

—GY272/(R6%I4) 0 —GY2/I5 zeros(1,3) TF2xGY2/I8;

00 1/C2 0 0 1/(TF1%C4) 0 —GY2%TF2/I4 0 0 —TF3%GY3/I6 0 0 —R10/I8];

B_full =

C_full =

D_full =

u_full =

x0_full

full_sys

[Y_full ,T,X_full] = 1lsim(full_sys,u_full,t,x0_full);
%% ANALYSIS

% Pole-zero

(1,13) 1/18;
(1,2) 1/C2 zeros(1,11);
zeros (1,5) 1/(C4xTF1) zeros(1,8)
(1,7) TF2xGY2/I4 zeros(1,6)
(1,10) TF3%GY3/I6 zeros(1,3

)1
zeros (5,4);

[u_cons_dem;
u_cons_rent;
u_f_inv;
u_e_inv];

= zeros(12,0);

= ss(A_full,B_full,C_full,D_full);
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clc

tf_full = tf(full_sys);
poles_lab = pole(tf_full);
zeros_lab = zero(tf_full);

figure();
pzmap (full_sys)
%hgrid on

% Bode
TF_full = tf(full_sys)

figure(); % Consumer demand to costs and benefits

hold omn

bode (TF_full(2,1))
bode (TF_full(3,1))
bode (TF_full(4,1))
bode (TF_full(5,1))

legend(’Benefit orders’,’Economies of scale’,’Production cost’,’Unit

labor cost’)

figure(); % Fixed investments or leases

hold on

set(gca,’fontsize’ ,30)
bode (TF_full(1,3))
bode (TF_full(1,4))

legend(’Fixed investments’,’Capital leases’)

%% BICOMPLEX HAMILTONIAN SYSTEM

J = [0 —i;
i 0];

%H1H3

Wnl = sqrt(1/(C1xI1));
betal = 1/(2xC1xR1);

Wn3 = sqrt(1/(C2%I8));
beta3 = ((R10)/(2%(1I8)));
beta3a = 1/(2xC2xR2);

% Input matrices
% effort in

gle= [ ixsqrt(1
—ixsqrt (1

~

% flow in
glf = [sqrt(I1lxWn1/2);
sqrt (I1xWnl/2) |;

X. A. van Ardenne
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208 % effort in

299 g3e= [ ixsqrt(1/(2+I8%Wn3));
300 —ixsqrt(1/(2+xI8%Wn3))|;
301

302 % flow in

303 g3f = [sqrt((I8xWn3)/2);

304 sqrt ((I8%Wn3)/2)];

305

306 % Interconnection matrix

307 Js13= [—J —glextranspose(g3f);
308 g3fxtranspose(gle) —J];
309

310 Jr13= [J zeros(2,2);

311 zeros (2,2) JJ;

312

313 % Del(H1)/ x1

314 dS1 = [0 Wnl;

315 Wnl 0];

316

317 dR1 = [+ixbetal (+ixbetal);
318 (—ixbetal) —ixbetal];
319

320 % Del(H2)/x2
321 dS3 = [0 Wn3;

322 Wn3 0];

323

324 dR3 = [—ixbetad (+ixbeta3);(—ixbetal3) ixbetald]+[ixbetalda (+ixbetala);(—ix
betal3a) —ixbeta3a];

325

326 % Del(Htot)* xtot

327 dS13 = [dS1 zeros(2,2);

328 zeros(2,2) dS3];

329

330 dR13 = [dR1 zeros(2,2);

331 zeros (2,2) dR3];

332

333 Acl3 = (Js13)%(dS13)+Jr13+dR13;

334

335 ,H2H4

336

337 beta2 = 1/(2*%C3%R3);
338 Wn2 = sqrt(1/(I2%C3));
339 betada = 1/(2xC4xR5)
340 betad = R4/(2xI3);

341 Wn4 = sqrt(1/(I3x%C4));

342

343 Yinput matrices

344 ge2= [ ixsqrt(1/(2%I2%Wn2));

)

345 —ixsqrt(1/(2xI2%Wn2))];
346 gf2 = [sqrt(I2«Wn2/2);

347 sqrt (I2+«Wn2/2)];

348 ged= [ ixsqrt(1/(2%I3%Wnd));
349 —ixsqrt(1/(2xI3%Wn4))];
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gf4 = [sqrt(I3xWn4/2);

sqrt (I3*Wn4/2)

%hdel (H1) /x1
ds2 = [0 Wn2;
Wn2 0];

dR2 = [ixbeta2 (ixbetal2);(—ixbeta2) —ixbeta2];

%del (H2) /x2
ds4 = [0 Wn4;
Wn4 0];

I

dR4 = [—ixbetad (ixbetad);(—ixbetad) ixbetad|+[ixbetada (ixbetada);(—ix
betada) —ixbetada];

% Del(Htot)* xtot

dS24 = [dS2 zeros(2,2);
zeros(2,2) ds4];

dR24 = [dR2 zeros(2,2);
zeros (2,2) dR4];

%Interconnection matrix

Js24= [—-J —GYlxge2«transpose(ged);
GYlxgedxtranspose(ge2) J];

Jr24= [J zeros(2,2);

zeros (2,2) JJ;

Ac24 = (Js24)%(dS24)+Jr24%dR24;

%H5H7

beta7 = 1/(2xC5%R7)

Wn7 = sqrt(1/(I5%C5));
% effort in
ge7 = [ ixsqrt(1/(2%I5%Wn7));

_i*sqrt(l/(2*15*wn7))];

% flow in

gf7 = [sqrt(I5*Wn7/2);

)

sqrt (I5+Wn7/2)

%Del (Htot) *xtot

dss = 1;

ds7 = [0 Wn7;
Wn7 0];

dS57 = [dS5 zeros(1
zeros (2,1)
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% Interconnection matrix
Js67 = [0 —GY2xtranspose(ge7);
GY2xge7/I4 J];

Jr57 = [1 zeros(1,2);
zeros (2,1) JJ;

dR5 = —GY272/(R6xI14);
dR7 = [ixbeta7 (ixbeta7);(—ixbeta7) —ixbeta7];
dR57 = [dR5 zeros(1,2);

zeros (2,1) dR7];

A_comm_bicomplex = (Js57)x(dS57)+Jr57+dR57;
%HE6H8

beta8 = 1/(2*%C6%xR9);
Wn8 = sqrt(1/(I7%C6));

% effort in
ge8 = [ ixsqrt(1/(2+I7%Wn8));
—ixsqrt(1/(2xI7+Wn8)) |;

% flow in
gf8 = [sqrt(I7+Wn8/2);
sqrt (I7+«Wn8/2)];

%Del (Htot)*xtot

4s6 = 1;
ds8 = [0 Wn8;
Wn8 0];
dsS68 = [dS6 zeros (1,2

)
zeros(2,1) dS8];

% Interconnection matrix
Js68 = [0 —GY3xtranspose(ge8);
GY3xge8/16 J];

Jr68 = [1 zeros(1,2);
zeros (2,1) JJ;

dR6 = —GY3"2/(R8*1I6);
dR8 = [ixbeta8 (ixbetad);(—ixbetad) —ixbeta8];
dR68 = [dR6 zeros(1,2);

zeros(2,1) dRT7];

A_comm_bicomplex = (Js68)x(dS68)+Jr68*dR68;
B_comm_bicomplex = [TF3%GY3;

0;
0];
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C_comm_bicomplex = [(TF3xGY3)/I6 0 0];
D_comm_bicomplex = 0;
dSfull = [dS1 zeros(2,12);

zeros(2) dS3 zeros(2,10);

zeros(2,4) dS2 zeros(2,8);

zeros (2,6) dS4 zeros(2,6);
zeros (1,8) dS5 zeros(1

5) 5
zeros (2,9) dS7 zeros(2,3);
zeros (1, 11) dse6 zeros( ,2)
zeros (2,12) dss8];

b
dRfull = [dR1 zeros(2,12);
zeros (2) dR3 zeros(2,10);
zeros (2,4) dR2 zeros(2,8);
zeros (2,6) dR4 zeros(2,6);
zeros (1,8) dR5 zeros(1,5);
zeros (2,9) dR7 zeros(2,3);
zeros(l 1) dreé zeros( ,2
zeros(2,12) dR8];

Jrfull = [J zeros(2,12);
zeros (2) J zeros(2,10);
zeros (2,4) J zeros(2,8);
zeros (2,6) J zeros(2,6);
zeros (1,8) 1 zeros(1,5);
zeros (2,9) J zeros(2,3);
zeros(1,11) 1 zeros( ,2) 5
zeros (2,12) J];
Jsfull = [-J —glextranspose(g3f) zeros(2,10);

g3fxtranspose(gle) —J =zeros(2) (1/TF1)xg3extranspose(gfd) —
TF2+GY2xg3e/I4 zeros(2) —TF3xGY3xg3e/I6 zeros(2);

zeros(2) zeros(2) —J —GYlxge2xtranspose(ged) zeros(2,6);

zeros(2) —(1/TF1)xgfdxtranspose(g3e) GYlxgedxtranspose(ge2) J

zeros (2,6) ;

zeros (1,2) TF2xGY2xtranspose(g3e) =zeros(1l,5) —GY2xtranspose(
ge7) zeros(1,3);

zeros (2,8) GY2xge7/I4 J zeros(2,3);

zeros (1,2) TF3*GY3xtranspose (g3e) zeros (1,8) —GY3x
transpose(ge8);

zeros(2,11) GY3xge8/I6 J];

Acfull = (Jsfull)#(dSfull)+Jrfull*dRfull;
[eig(Acfull) eig(A_full)]
Bcfull = [glf gle zeros(2);
zeros (2,4);
zeros (2 ) gf2 ge2;
(

zeros (8,4) |;
Ccfull = [zeros(1,2) transpose(g3e) zeros(1,10);
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504 zeros (1,2) transpose(g3f) zeros(1,10);

505 zeros (1,6) 1/TFlxtranspose(gf4) zeros(1,6);
506 zeros (1,8) TF2xGY2/I4 zeros(1,5);

507 zeros (1,11) TF3xGY3/I6 zeros(1,2)];

508

509 sysc= ss(Acfull,Bcfull,[Ccfull*(dSfull)],0);

510 sysr= ss(A_full ,B_full,C_full,0);

511

512 %Initial states

513

514 Y%regular

515 gqs01 = 0; gs02 = 0; gs03 = 0; gs04 = 0; gs05 = 0; gs06 = 0;

516

517 ps01 = 0; ps02 = 0; ps03 = 0; ps04 = 0; ps05 = 0; ps06 = 0; ps07 = O;

ps08 = 0;

518

519 x0 = [qgs01;ps01;qs02;qs03;ps02;9s04;ps03;ps04;qs05; ps05; ps06;qs06;ps0T7;
ps08];

520

521 %Ladder

522 a01 = sqrt(I1xWnl1/2) *(qs01 + i/(Wnl%I1)*psO1l);

523 a03 = sqrt(I8«Wn3/2) *(qs02 + i/(Wn3+I8)*ps08);

524 a02 = sqrt(I2%Wn2/2) *(qs03 + i/(Wn2+I2)%ps02);

525 a04 = sqrt(I3x«Wn4/2) x(qs04 + i/(Wnd+I3)xps03);

526 a0b = ps04;

527 a06 = ps06;

528 a07 = sqrt (I5xWn7/2) %(qs05 + i/(Wn7+I5)+ps05);

529 a08 = sqrt(I7«Wn8/2) #%(qs06 + i/(Wn8+I7)xps07);

530 a0 = [a01; conj(a01l);a03; conj(a03); a02; conj(a02);a04; conj(ad4
); a05; a07; conj(a07); a06; a08; conj(a0d8)];

531

532 [ycfull,tt,xcfull] = lsim(sysc,u_full,t,a0);

533 [yrfull,tt,xrfull] = lsim(sysr,u_full,t,x0);

534

535 JPlots

536

537 % Hamiltonians for cash flow dynamics

538

539 JH1

540 Hlc = (Wnl—ixbetal)sxcfull(:,1).*xcfull(:,2)+i/2*xbetalx*(xcfull(:,1).72—
xcfull (:,2).72);
541 H1lcSt = (Wnl)xxcfull(:,1).s*xcfull(:,2);

542 HlcCo = —ixbetalsxcfull(:,1).xxcfull(:,2);
543 HlcSq = —i/2xbetalx(xcfull(:,1).72—xcfull (:,2).72);
544

545 Hlr = (1/(C1%2))sxrfull(:,1).”72 4+ xrfull(:,2).72/(2xI1);

546

547 %H3

548 H3c = (Wn3—ix(beta3+betalda))sxcfull(:,3).xxcfull(:,4)—i/2«(beta3—betala)
*(xcfull(:,3).72—xcfull(:,4).72);

5499 H3cSt = (Wn3)s*xcfull(:,3).*xxcfull(:,4);

550 H3cCoq = —ix(beta3)*xcfull (:,3).xxcfull(:,4);

551 H3cCop = —ix(betalda)*xcfull (:,3).xxcfull (:,4);

Master of Science Thesis X. A. van Ardenne



552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579
580
581
582
583
584
585
586
587
588
589
590
591
592
593
594
595
596
597
598
599
600
601
602
603
604

176 Matlab Code
H3cSqq = —i/2%(beta3a)*(xcfull (:,3).72—xcfull (:,4).72);
H3cSqp = —i/2%(—betala)*(xcfull (:,3).72—xcfull(:,4).72);

H3r = (1/(C2%2))*xrfull(:,3).”2 + xrfull(:,14).72/(2%1I8);

%% COMPL
clear; c

EX DISCOUNTING
lose all; clc;

% Exponential vs hyperbolic

htime

T = 48;

t = 0:0.01:T;

Te = length(t);

sParameters

r=[0.1:0.15:0.9];

N = length(r);

y = zeros(N,T);

%Discrete DCF

clearvars —EXCEPT t T Te

Q= 3;

Y = 12;

D = .05;

d =D/2:D:T-D/2;

y=Y/2:Y:T-Y/2;

q=0Q/2:Q:T—Q/2;

FCF = @(t) 10 +0.1xt+ 6xsin(0.4xt);

r = 0.01;

ry = r*Y;

rq = rxQ;

rd = r«D;

dcf_func_y = exp(—ryx*[1l:length(y)]);
dcf_func_q = exp(—rqx[l:length(q)]);
dcf_func_d = exp(—rdx*[1l:length(d)]);
riskl = riskf (0.01,0.05,1:1ength(d));
risk2 = riskf (0.03,0.02,1:1ength(d));
risk3 = riskf (0.02,0.07,1:1ength(d));
risk4 = riskf(l,—rdxi,l:length(d));
risktotal = riskl.xrisk2.+risk3.xrisk4;
riskld = riskd(0.01,0.05%Q/D,1:1length(q));
risk2d = riskd(0.03,0.02xQ/D,1:1length(q));
risk3d = riskd(0.02,0.07+Q,1:1length(q));
risk4d = riskd(1l,rq*i,1l:length(q));
risktotald = riskld.xrisk2d.xrisk3d.xrisk4d;
for 1 = 1:T/Y
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605 CF_an(l) = integral (FCF,Y#(1—1),Y*1) ;

606 NPV_an(l) = dcf_func_y(1)*CF_an(1);

607 end

608

609 for k = 1:T/Q

610 CF_mo(k) = integral (FCF,Qx(k—1),Qxk) ;

611 NPV_mo(k) = dcf_func_q(k)*CF_mo(k);

612 CD_mo_const (k) = risk4d(k)*CF_mo(k);

613 CD_mo_total(k) = risktotald(k)*CF_mo(k);

614 end

615

616 for m = 1:T/D

617 nl(n) = n;

618 CF_da(n) = integral (FCF,Dx(n—1),D%n) ;

619 NPV_da(n) = dcf_func_d(n)*CF_da(n);

620 CD_da_const(n) = risk4(n)*CF_da(n);

621 CD_da_total(n) = risktotal(n)*CF_da(n);

622 end

623

624 [sum(CF_an) sum(CF_mo) sum(CF_mo) sum(CF_mo) sum(CF_da) sum(CF_da) sum(
CF_da);

625 sum(NPV_an) sum(NPV_mo) sum(CD_mo_const) sum(CD_mo_total) sum(NPV_da)
sum(CD_da_const) sum(CD_da_total)]

626

627 Y%Discrete complex

628 clearvars —EXCEPT t T Te

629
630 Q = 3;
631 Y = 12;
632 D = .05;
633

634 d = D/2:D:T-D/2;
635 y = Y/2:Y:T-Y/2;

636 q = Q/2:Q:T—Q/2;
637 FCF = @(t) 10 +0.1xt+ 6*sin(0.4xt);
638

639 T = 0.01;

640 Ty = T*Y;

641 rq = T*Q;

642 rd = r*D;

643

644 dcf_func_y = exp(—ryx[l:length(y)]);
645 dcf_func_q = exp(—rqx[l:length(q)]);
646 dcf_func_d = exp(—rdx[l:length(d)]);
647

648

649

650 for 1 = 1:T/Y

651 CF_an(l) = integral (FCF,Yx(1—1),Yx1l) ;
652 NPV_an(l) = dcf_func_y(1l)*CF_an(1l);
653 end

654

655 for k = 1:T/Q
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CF_mo(k) = integral (FCF,Qx(k—1),Qxk)
NPV_mo(k) = dcf_func_q(k)*CF_mo(k);

)

end

for n = 1:T/D
nl(n) = n;
CF_da(n) = integral (FCF,Dx(n—1),Dxn)
NPV_da(n) = dcf_func_d(n)*CF_da(n);
% CD_da_const(n) = risk4(n)*CF_da(n);
% CD_da_total(n) = risktotal(n)*CF_da(n);
end

)

[sum(CF_an) sum(CF_mo) sum(CF_da) sum(CF_da) sum(CF_da);

sum(NPV_an) sum(NPV_mo) sum(NPV_da) sum(CD_da_const) sum(CD_da_total)]

%% riskf.m function

function r = riskf (ampl,freq,t)
off = l—ampl;

a = log(l/ampl);

r = off +exp(—a—freq*lixt);

end
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