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Equilibrium State for a Tailless Flapping Wing Micro
Air Vehicle in Forward Flight

Ernesto Sanchez-Laulhe , Guido C.H.E de Croon , Member, IEEE, and Anibal Ollero , Fellow, IEEE

Abstract—Flapping wing Micro Air Vehicles (FWMAVs) hold
great potential for real-world applications but are currently still
hard to model. In this article, a simplified analysis of the equilib-
rium state of a tailless FWMAV in forward flight is presented. The
definition of the equilibrium state complements previous dynamic
and stability analysis, adding new information about the flight
behavior of FWMAVs. A new aerodynamic decoupled model has
been used for the analysis, considering separately the thrust force
generated by the flapping movement and the lift and drag caused
by the forward velocity. The aerodynamic forces are included in a
dynamic model of the FWMAV, and the equilibrium state is derived.
The formulation obtained is explicit in terms of the pitch actuator
deflection, thus allowing its use for control corrections, and provides
an estimation of the flight velocity. The thrust needed to maintain
height is also formulated, demonstrating that forward flight is more
efficient than hovering. The results are validated experimentally for
the pitch angle, showing good agreement with the analytical results.
Then, the dynamics of the FWMAV are simulated, comparing the
results with experiments where the FWMAV goes from hovering
to a specific pitch reference while maintaining its height. Addi-
tional simulations are performed with basic control considerations,
showing how considering the equilibrium state for a feed-forward
control significantly improves the flight behavior compared to PI
and PID controllers, reducing the convergence time.

Index Terms—Biologically-inspired robots, aerial systems:
mechanics and control, dynamics.

I. INTRODUCTION

F LYING animals show a series of flight characteristics in
different scales which make them a source of inspiration.

Birds have high efficiency for long-range flight, whereas insects
or hummingbirds have the ability to hover in stable positions and
show great agility in closed spaces. FWMAVs draw inspiration
from animal flyers, using their flapping wing as their propulsive
system to maintain flight [1], [2], [3], [4]. These vehicles achieve
great performance with unique characteristics. For example,
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Fig. 1. FWMAV during flight.

they are safer for the environment than traditional multirotors,
as well as less noisy, due to the lack of propellers. These
advantages are mentioned in [5].. However, tailless FWMAVs
are also inherently unstable, using their wings for flight control
and stabilization.

Performing controlled flights in FWMAVs is a challenge.
Flapping wing propulsion exploits unsteady aerodynamics to
generate thrust. These unsteady aerodynamics depend on com-
plex fluid-structure interactions and are not yet fully understood.
Modeling the aerodynamics and arising forces is still an active
area of research, using both analytical and CFD models [6].

Preliminary work showed a basic maneuver control for stable
hovering and maneuver, but the precision was limited as they ne-
glected the flight dynamics [7]. With on-board feedback for the
attitude, PD controllers can perform well for simple maneuvers,
once the information about the pitch and roll moments generated
by the actuators is obtained [8]. Other works have also proven
controllability for hovering maneuvers or reduced pitch and roll
angles [9].

However, understanding the flight dynamics is basic for the
development of more advanced controllers and the optimization
of the design [10], [11]. Taking advantage of the fact that the
flapping frequencies in FWMAVs are normally of a higher order
than the characteristic dynamic frequencies, most models use
rigid body assumptions, considering just the average terms for
the flapping forces and neglecting the oscillations due to the flap-
ping itself [12]. Although certain studies also consider a more
complex approach with multi-body dynamics [13], the results
are similar in terms of characteristic dynamic times, identifying
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some additional complex behaviors leading to additional insta-
bilities. However, the complexity of these multi-body systems
is much higher and the added information can be neglected
for practical purposes in control and dynamic response, thus
simplifying the analysis. This is the approach followed here.

The first studies for flapping wing dynamics come from
biology and the analysis of the flight of insects and are focused
mainly on the stability and dynamic response, proving the insta-
bility of open loop flight [14]. Additional analyses have shown
that tailless FWMAVs are also unstable in open loop flight [15].
Instability has motivated further study of the dynamic responses
to the controller, to achieve a stable hovering [16].

Although most works are focused on hovering, mainly in
the dynamic response and stability and damping of perturba-
tions, other maneuvers have also been analyzed in the liter-
ature. For instance, a take off maneuver has been analyzed,
finding different stability modes compared to hovering [17]. The
work in [18] is focused on the stability of descending flight,
even though the same analysis shows the instability for the
opposite climbing flight. Forward flight dynamic response has
been also studied [19], achieving a stable control in forward
flight [20].

For this work, we propose a different approach, presenting
a basic dynamic model to analyze the equilibrium state of
FWMAV. The analysis provides an explicit formulation for
pitch and velocity in horizontal forward flight. The formulation
of the equilibrium state enables better feedforward control,
counting less on other control approaches, e.g. an integrator.
A simplified aerodynamic decoupled model has been used to
formulate the aerodynamic forces during the forward flight.
This model considers separately the thrust generated with the
flapping movement and the forces generated by the wing with
the incoming velocity neglecting the effects of the flapping.

Thus, the contribution of this work is a new formulation for the
equilibrium state of FWMAVs in forward flight, based on rigid
body dynamics commonly used for these aerial platforms. The
solution of the pitch has been experimentally validated, showing
a good agreement with our theoretical results. Results obtained
can be used for improving the performance of the controllers,
but also for optimizing the design to obtain the desired range of
pitch and velocity for the FWMAV in forward flight.

This letter is structured as follows: in Section II we develop
the aerodynamics and the dynamic model. Section III contains
the analysis of the equilibrium state. The validation of the
equilibrium pitch angle and velocity is shown in Section IV, as
well as simulations for the dynamic response, also validated, and
basic control simulations to show the potential of the proposed
analysis to improve flight behavior. Then, some final remarks
are provided in Section V.

II. FLIGHT MODEL

The analysis developed here is focused on the tailless FW-
MAV designed in TU Delft, the Delfly Nimble [4] or its bigger
size commercial version, the Flapper Nimble+ (Fig. 1). Those
prototypes, propelled by flapping wings in X configuration,
include 4 control variables for independent control of pitch,

yaw, roll and thrust. However, the formulation is general for any
FWMAV as long as the assumptions made here can be applied
to them. Those assumptions, used to formulate simple equations
to predict the movement of the FWMAV, are the following:
� The flapping frequency of the flapping movement is much

bigger than the characteristic frequencies of the system. As-
suming this hypothesis, the oscillation of the forces during
the flapping cycle can be neglected and the average terms
are used instead. Furthermore, the X-wing configuration
ensures that moments from the wing along the flapping
stroke direction are canceled. Namely, one wing moves up
at the same time that another identical wing moves down,
canceling reaction forces and moments.

� The aerodynamic forces, thrust, lift, and drag (T, L,D),
are centered in a fixed position on the wing surface. With
this hypothesis, we can assume that the sums of the forces
of each pair of wings are centered in the same position
during the flapping cycle, being modified just when the
pitch actuator moves. In addition, the aerodynamic center
positions for both pairs of wings are symmetrical with
respect to the longitudinal plane.

� The effects of moving the wings forward and backward
with the pitch actuation on the center of mass can be
neglected due to their relatively light weight (less than 10%
of the total weight). Furthermore, the effects of the moving
parts on the dynamic behavior of the FWMAV can also be
neglected, so that it can be taken as a rigid body.

� There are only two control actions with effects on longitu-
dinal flight, the deflection of the pitch actuation, provided
by a servomotor, and the frequency of the flapping move-
ment f , provided by the motors. The deflection of the pitch
actuation, the angle of the servo, displaces the neutral angle
of the flapping cycle, leading to a change in position for
the center of pressure. The displacement of the center of
pressure generates a moment by deviating the thrust force
from the alignment with the center of gravity (for more
details, see Ref. [4]). For succinctness, we will refer to
pitch actuation as the change in the position of the center
of pressure, defined by ld. The rest of the control actions
affect only the lateral dynamics and are actuated here only
to maintain constant yaw and no roll in the FWMAV.

A. Dynamic Model

The previous assumptions allow us to use the rigid body
equations for the FWMAV. We can obtain the dynamics of
the FWMAV using the Newton-Euler formulation in the body
frame. The aerodynamic forces, identified as X and Z for the
forces in both axes and M for the moment, are defined later in
Section II-B. The resulting dynamic equations are

mu̇ = −mθ̇w −mg sin (θ) +X, (1)

mẇ = mθ̇u+mg cos (θ) + Z, (2)

Iθ̈ = M, (3)

with the state variables being the velocities in the body frame, u
and w, and the pitch angle, θ. The mass m and the inertia I are
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Fig. 2. Scheme of variables and forces over the FWMAV.

characteristic parameters of the FWMAV, and g is the gravity
acceleration. The angle of attack, as well as the absolute velocity,
can be computed from the velocities in the body frame:

α = arctan

(−u

−w

)
; V =

√
u2 + w2. (4)

Note that velocities are defined with respect to air. In the presence
of wind, these velocities are not the same as the ground velocity.
Note also that, as well as the formulation is written with the
velocities in the body frame as the state variables, we could also
use the absolute velocity and the angle of attack alternatively.
In fact, for the equilibrium state analysis in Section III, the total
velocity is a state variable to compute and the angle of attack is
fixed with the pitch angle. Note that, given equations (1)–(3), the
characteristic dynamic time is approximately tc ∼ uc/gθc ∼ 1s,
with the characteristic velocity of order uc ∼ 1 m/s and the
characteristic pitch angle θc ∼ 0.1, estimated for low pitch angle
movements. This characteristic time is much longer than the
one associated with the flapping frequency (f ∼ 10 Hz), and
therefore the flapping oscillations can be neglected as proposed
in the initial assumptions. Note also that for higher pitch angles,
the aerodynamic model proposed here is expected to fail, as
commented in Section II-B.

A scheme of the forces and variables can be found in Fig. 2. We
see how the deflection ld moves the center of pressure, creating
an aerodynamic moment on the center of gravity. In this case,
the pitch angle and the angle of attack are negative, so the lift
is also negative as will be defined in Section II-B. However, the
formulation of the aerodynamic forces is needed to quantify the
relation between that deflection and the dynamic response of the
FWMAV.

B. Aerodynamic Forces

For hovering, the aerodynamic forces in a FWMAV are
well-defined. The flapping movement provides an instantaneous

incoming velocity on the wing, generating forces perpendicular
and opposite to the velocity (lift and drag). The design with
two pairs of flapping wings cancels the reaction force/moment
that would otherwise rock the body. Anyway, when the flapping
frequency is high enough, the forces are considered only with
average terms, generating an average force, usually defined as
a thrust force. The force direction is in the vertical axis of the
prototype zb, perpendicular to the flapping movement plane.
Based on previous works, the thrust force is considered as a
function of the flapping frequency alone, and is computed in
previous works [19], [21] as a linear function:

T = 2(c1f + c2), (5)

with c1 and c2 experimentally identified in [19].
However, there are different effects to consider for a FWMAV

moving in forward flight. The incoming velocity provides an
additional aerodynamic effect, modifying the resulting forces of
the wings. If flapping movement is neglected, the aerodynamic
forces can be expressed as lift L and drag D, perpendicular
and parallel to the incoming air. Then, we can compute the
dimensionless aerodynamic coefficients CL and CD with the
formulation from [22] for a flat plate at high angles of attack:

CL =
L

1
2ρSV

2
= π sin (2α), (6)

CD =
D

1
2ρSV

2
= 0.69− cos (2α), (7)

with ρ the air density, considered constant at sea level, S the
wing surface, and V the flight velocity which has been defined
in terms of the state variables in Section II-A, as well as the
angle of attack α.

The Strouhal number based on the flapping amplitude is the
non-dimensional term that relates the effects of the flapping
movement and the incoming velocity (St = fh0/U , with h0

the flapping amplitude). When this number is below 0.1, the
aerodynamics can be considered quasi-steady. For the range
0.2–0.6, the movement is in the unsteady aerodynamics [23]. For
our case, the number is in the range of 1–2. Then, the effects are
in the same order. The solution proposed here is to consider the
resultant forces as a sum of both effects, considering the thrust of
the flapping wings and the lift and drag generated by the forward
flight. Note that in the hovering case the aerodynamic forces due
to the forward velocity become 0, so the formulation would also
be valid. However, at higher pitch angles and faster velocities,
the unsteady aerodynamic effects of flapping wings in forward
flight become more important (see [24]) and the model would
start to fail.

Note that flexibility has not been considered as the deforma-
tions with the forces in forward flight are quite lower than the
deformations from the flapping movement. In fact, although the
aerodynamic effects are in a similar order, the inertial forces
of the flapping movement provide an additional deformation to
the wing that is key for the resultant thrust force. Flexibility is
not expected to play such an important role in forward flight
aerodynamics, as will be proven in experiments.
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Considering this, we can formulate the aerodynamic forces
and moment in the body frame, given in terms of the angle of
attack:

X = D sin (α) + L cos (α), (8)

Z = − T +D cos (α)− L sin (α), (9)

M = T ld −D [ld cos (α) + lz sin (α)]

+ L [ld sin (α)− lz cos (α)] , (10)

where lz is the position of the aerodynamic center from the center
of gravity in the zb axis, which is fixed, and ld is the deflection
for pitch actuation (see Fig. 2), measured with the distance in
the xb axis. With this formulation, we can define the equilibrium
state of the FWMAV.

III. EQUILIBRIUM STATE

For the equilibrium state, the derivatives of the state variables
are 0. Then we have 3 state variables to be defined (u,w, θ) with
two control variables (ld and f , or alternatively T ). However, if
we define an additional restriction, the thrust will be fixed and
we can obtain the state as a function of the deflection of the pitch
actuation ld. In this case, the equilibrium state will be solved for
a horizontal flight.

A. Angle Transformation

Once the horizontal flight case is imposed, the angle of attack
can be written as a function of the pitch angle in wind still
environments. Note that there are two cases. If the pitch is
negative, the angle of attack will be also negative as observed in
Fig. 2 and the FWMAV will move forward. On the other hand,
if the pitch is positive, the angle of attack will also be positive
and the FWMAV will move backward. The relation between the
angle of attack and the pitch angle in both cases is defined by:

0 ≤ θ ≤ 90 → α =
π

2
− θ; (11)

−90 < θ < 0 → α = −π

2
− θ. (12)

The transformation of the angles is similar in both cases. How-
ever, the solution will be similar in both cases, with the opposite
direction, even though the formulation is different. The angle
transformations are derived here for both cases. First, equations
(8)–(10) are expressed in terms of α, so they should be written
in terms of θ. For a positive pitch angle, we have:

sin (α) = sin
(π
2
− θ

)
= cos (θ), (13)

cos (α) = cos
(π
2
− θ

)
= sin (θ), (14)

and for the negative pitch angle,

sin (α) = sin
(
−π

2
− θ

)
= − cos (θ), (15)

cos (α) = cos
(
−π

2
− θ

)
= − sin (θ). (16)

Then, both the lift coefficient and the drag coefficient can also
be written in terms of the pitch angle. For a positive pitch angle,

the following formulation is obtained:

CL = π sin (2α) = π sin (π − 2θ) = π sin (2θ), (17)

CD = 0.69− cos (2α) = 0.69 + cos (2θ). (18)

In this case, the final expression of both coefficients is the same
for a negative pitch angle as (π − 2θ) = (−π − 2θ).

B. Derivation of Equilibrium State

Here the analysis is written for the case of a positive pitch
angle, obtaining the following system of equations:

0 = (L−mg) sin (θ) +D cos (θ), (19)

0 = (mg − L) cos (θ) +D sin (θ)− T, (20)

0 = T ld −D [ld sin (θ) + lz cos (θ)]

+ L [ld cos (θ)− lz sin (θ)] . (21)

The equation for the forces in both axes can be simplified using
the inertial reference frame:

mg = T cos (θ) + L, (22)

0 = T sin (θ)−D. (23)

From (23) we can substitute the thrust in (21), obtaining

0 = −D

[
ld

(
sin (θ)− 1

sin (θ)

)
+ lz cos (θ)

]

+ L [ld cos (θ)− lz sin (θ)] , (24)

and with a further simplification, we obtain

0 =

[
D

tan (θ)
+ L

]
[ld cos (θ)− lz sin (θ)] . (25)

Note that both drag and lift forces are positive magnitudes in this
case. Therefore, to obtain a solution to the equation the second
term has to be zero, providing an explicit formulation of the
equilibrium pitch angle as a function of the deflection of the
pitch actuation,

tan (θ) =
ld
lz
. (26)

In the case of a negative pitch, the tangent would be negative, but
also the lift from (17), so the solution is the same. This result is
independent of the formulation for the lift and drag coefficients,
so it would be valid also for an experimental identification of
those coefficients. Additionally, if we had considered a negative
pitch angle, the same solution would have been obtained, proving
that a negative deflection of the pitch actuation would lead to a
negative pitch angle. The velocity can also be obtained explicitly
from (22), substituting the thrust with (23),

V =

√√√√ 2mg

ρS
[

CD

tan (θ) + CL

] . (27)

We see that, to obtain the velocity in the equilibrium state, we
need the explicit formulation of the aerodynamics lift and drag
coefficients. Therefore, the correct formulation of the forces
leads to a more accurate estimation of the range of velocities
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during the design of the FWMAV. Once the velocity and the
pitch angle are known, the thrust force is obtained from (23):

T = D/ sin (θ). (28)

And, consequently, the frequency can be obtained from (5)
providing the necessary control actuation for maintaining the
height during flight.

IV. RESULTS

A Flapper Nimble+ [21] has been used for the experimental
validation, flying into the CyberZoo arena, the indoor flight zone
at TU Delft. The pitch angle is estimated on board with an
IMU [25]. The experiments are performed as follows. First, the
FWMAV takes off and keeps a hovering state during 5s. Then,
a certain pitch angle is commanded, keeping the height and the
yaw angle with no roll for the flight distance of the CyberZoo.
Simulation and analytical results have been obtained with the
specific characteristics of this FWMAV.

Open loop flight with the Flapper Nimble+ is unstable, so
a cascade PD controller is active during flight for the pitch
angle and the height. The experiments are performed with the
default parameters of the Flapper Nimble+, that can be consulted
online1. As further commented in Section IV-B, the controller
does not correct the permanent error in the pitch angle as it
has no integral term. Therefore, the commanded pitch attitudes
[10o, 20o, 30o] are not reached, and the Flapper stabilizes at
lower pitch angles. There are results from 11 flights, at least 3
flights for each commanded pitch, one for a reference pitch of
40o, for which the limited space provides less flight time and
therefore less reliability of the results. The height is estimated
in all flights, but only some of them have estimations for the
horizontal positions, so there are only reduced data on the flight
velocity. The height controller maintains the altitude of the FW-
MAV, performing a horizontal flight as described in Section III.

A. Equilibrium State

The results of equations (26)–(28) are presented here to ana-
lyze how the FWMAV behaves in forward flight states. As the
results are provided as decoupled equations, the implementation
is simple.

Fig. 3 shows the experimental results for the pitch angle in
the permanent state, compared to the analytical results for the
equilibrium state. The deflection ld is calculated from the PWM
signal to the pitch servomotor, with a transformation to obtain
the position of the center of pressure. Note that most experiments
reach a permanent pitch angle close to the analytical prediction.
The values are obtained with an average pitch angle and pitch
actuator deflection for each flight, after 1s for stabilization. The
dynamics provide the time of the transient phase and will be
explained in more detail in Section IV-B. Flight time varies
for each experiment due to the limited space. The average
pitch angle and pitch actuator deflection are computed for the
stabilized flight conditions (see Section IV-B), during variables
time lapses (from 3s to 1.5s). For the highest values of the pitch

1https://github.com/bitcraze/crazyflie-firmware

Fig. 3. Pitch angle as a function of the actuator deflection with experimental
comparison. ld is defined with a transformation from the servomotor signal
measured physically, and lz is measured with the center of gravity position and
the wing center of pressure, placed at a 50% of the chord from the leading
edge [22].

Fig. 4. Equilibrium state for the velocity and thrust required for maintaining
a constant altitude as a function of the pitch angle. Stars refer to experimental
values of the velocity.

angle, the velocity is higher and there is a shorter flight time,
providing higher uncertainty in the results. In addition, there are
perturbations during flights that add uncertainty to the results,
with standard deviations around 4o for low pitch angles and up to
8o for the higher pitch angles. Longer flight times are needed to
obtain more reliable values (and, therefore, larger flight areas).

Some of the flights also included velocity data from motion
capture system, validated with the analytical curve in Fig. 4. Note
again how the results for the lowest pitch angles (θ ∼ 5-10) have
less uncertainty for different flights, while for the highest pitch
angles the differences are higher between experiments. The trend
for the velocity curve with the pitch angle agrees quite well with
the analytical curve. The thrust curve, also plotted in Fig. 4, has
not been validated as it depends on the battery charge state and
these data were not recorded.

Note also from the analytical results in Fig. 3 that the relation
between the pitch angle and the deflection is almost linear for
low pitch angles. In fact, from (26), the linear approximation
can be obtained for the pitch angle, θ ≈ ld/lz for θ � 1, which
is valid for the experiments performed from Fig. 3. Note also
the influence of the design parameter lz . If this distance is small,
the range of pitch angles for level flight will be wider.

Analytical results for velocity and thrust also provide useful
insights into the forward movement of the flapper. For example,
Fig. 4 shows how the velocity increases rapidly at lower pitch
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angles but the slope decreases with a pitch angle of 10o. Due
to the low weight of the FWMAV, it needs to reach very high
pitch angles to have a high velocity in steady horizontal flight.
Increasing the thrust to get faster, would result in a climbing
flight state. However, the range of the actuator is a limit for
the pitch angle and, therefore, for the maximum velocity in
horizontal flight. The analytical velocity is obtained using equa-
tions (6)–(7) for the aerodynamic force. Note that, although
the formula used for the pitch angle was independent of the
aerodynamic forces, the results for the velocity depend on the
accuracy of the aerodynamic model.

There are also interesting details from the thrust in Fig. 4.
Note how the thrust needed to maintain the flight altitude gets
lower at higher pitch angles. This result agrees with the exper-
imental observation in [4]. This is because the lift generation
provided by the incoming velocity opposes the weight of the
FWMAV, reducing the necessity of the flapping wing thrust.
If the aerodynamic lift is not considered, the result would be
opposite, predicting a higher thrust for maintaining altitude. The
generation of drag due to the movement is not as important as the
lift, as the drag coefficient in (18) decreases with the pitch angle,
so the total thrust reduces significantly for pitch angles over 20o.
However, if the pitch angle gets higher, the Strouhal number
would decrease and the identified thrust force from (5) would
lose validity, requiring alternative models for the predictions of
aerodynamic forces.

B. Simulations

To test the dynamic model, the system of non-linear equations
(1)–(3) is implemented in MATLAB Simulink. Then, to add
the real flight dynamics of the experiments, the original control
architecture of the Flapper Nimble+ is included for both the pitch
angle and the height. The yaw and roll controllers are neglected
here as the lateral dynamics are not considered.

The pitch control of the flapper is performed through a
cascade controller. The outer loop is a PD. The input is the
pitch reference, and the output is the pitch rate. Then, this pitch
rate is the input for a proportional controller which defines the
PWM signal for the actuator. The dynamic response obtained
for the pitch angle for a step in the reference from 0o to 20o is
presented in Fig. 5, together with the experiments performed
for that reference. Note the three separate phases. First, the
FWMAV is in a hovering condition during 2s. Then, when
the reference is modified, there is a transient phase of 1s, as
commented before, where the pitch angle goes to a peak around
20o and then it reduces to approximately 10o. This transient
phase time agrees with the characteristic time of the dynamics
derived in Section II-A, quite slower than the characteristic
time related to the flapping frequency. The third phase is the
stabilization around the permanent flight state. This simulation
was implemented with the default controllers of the Flapper
Nimble+. In the stable phases, both for hovering and forward
flight, the experiments show bigger oscillations than the simu-
lations, probably due to small gusts or other perturbations not
considered in the model. However, the transient phase is very
similar for both the overshoot and the time for reaching the

Fig. 5. Evolution of the pitch angle for a step pitch control signal of 20o.

permanent state, showing the good alignment of the model with
the real dynamics of the FWMAV.

As commented before, and seen in Fig. 5, the pitch controller
has a permanent error. To correct it, two different strategies are
compared here in simulations. The first solution is to add an
integral term to the outer loop of the controller, so it becomes
a PID controller which should eliminate the permanent error.
The second approach is a feedforward control that includes the
computation of the equilibrium state ((26)) into the signal of
the actuator, so the controller is centered around the particular
equilibrium position in each case.

For the height control, the original architecture also includes
a cascade controller, with two PIs. The height permanent error
is corrected, even though the simulations show that the con-
vergence to the equilibrium state is slow. We follow the same
process as for the pitch control, adding the computation of the
equilibrium state ((28)) to the actuator output, in this case, the
signal of the motors. Then, the integral part of the controller is not
considered. Additionally, a derivative is added to the controller
to reduce the effects of sudden changes in the reference.

Fig. 6 shows the response of the system when a step in the
reference pitch angle is applied. The FWMAV is in an initial
hovering state and the reference for the pitch angle is modified
to 10o. The reference value for the feedforward controller is
modified progressively during 2s, avoiding a sudden change in
the trim point of the pitch controller. The controller parameters
for the pitch angle are kP = 15, kI = 15, and kD = 15. The
derivative part of the controller has been increased to avoid
an excessive overshoot. The transient of the pitch angle is
significantly faster by adding the reference of the equilibrium
state than with the integral term, going from approximately 6s
to around 3s. Furthermore, the pitch angle reaches the reference
with just a slight overshoot.

Those differences are even more significant for the height
control. In the case of the PID controller, the height goes over
the reference and slowly returns to the reference (note that z
is positive downwards as shown in Fig. 2). The transient here
takes more than 20s, with an overshoot of near 0.5 cm. Both the
transient time and the overshoot are reduced with the feedfor-
ward control. The transient time is reduced to approximately 3s,
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Fig. 6. Transient of the pitch angle and the height for a reference of 10o,
comparing a PID controller (blue dashed line) and a PD controller with a
feedforward term based on our equilibrium analysis ((26) and (28)).

Fig. 7. Transient of the pitch angle and the height for a reference of 30o.

with a slight deviation from the reference height, around 0.2 cm
downwards, due to the transient of the pitch angle.

The same effect, but amplified, is observed in Fig. 7. The
differences between both control strategies are similar, with the
same transient time. However, now the overshoot in the pitch
angle reduces to almost zero for the feedforward control. For
the PID controller, the pitch angle is always under the reference,
as the integral term takes longer to act than the proportional part,
due to the difference in the actuator equilibrium point from the
hovering state. For the height, there is a bigger overshoot for
both cases, due to the bigger step in the pitch angle, but it is still
much smaller for the feedforward control, less than 1 cm, than
for the PID controller, around 2.5 cm.

Note that the control tests performed here just intend to show
how the computation of the equilibrium state obtained in Sec-
tion III can improve the control of the FWMAV. A further anal-
ysis should be developed to improve the integration of the equa-
tions in the control actions. Furthermore, simulations adding
noise to the state estimation showed perturbations as those found

in the experiments in Fig. 5 in the stabilization phase, for both
the original controllers and the first approach control actions
included here. Those problems should be corrected for precise
control of the FWMAV. To implement the proposed controller,
feedback from pitch and height state would be needed, as well
as pitch rate and vertical velocity. Then, an additional control
effort would be needed for rejecting perturbations, avoiding the
oscillations around the stabilized state shown in Fig. 5.

V. CONCLUSION

This work provides an analysis of the equilibrium state for
a FWMAV. Results improve state-of-the-art models by not fo-
cusing only on the dynamic response of the controllers and
stability but also including information on the permanent regime
equilibrium state.

The proposed basic dynamic model includes the definition
of decoupled aerodynamic forces to define separately the thrust
generated by the flapping movement and the lift and drag forces
obtained by the incoming velocity when the flapper moves
forward. The formulation for the coefficients was obtained from
previous studies, but used here together to identify the effects of
both forces. This formulation, developed for high Strouhal num-
bers and high angles of attack, provides a simple approximation
for forward flight of tailless FWMAVs.

Given the dynamic model, the equilibrium state for leveled
forward flight of tailless FWMAV is derived for the first time.
The formulation presented is explicit in terms of the pitch actu-
ation, obtaining decoupled analytical expressions for the pitch
angle and the velocity, and providing an additional expression
for the necessary thrust/frequency to perform horizontal flight,
maintaining a constant height. In addition, the simplicity of the
solutions makes it possible to include them in the controller
design, eliminating permanent errors.

The analytical expression also shows a non-linear relation
with the velocity. A linear approximation can be used for low
pitch angles, losing validity as the pitch angle increases. For the
thrust, results show how forward flight improves the efficiency
of FWMAVs, reducing the necessary thrust to maintain the same
height as the pitch angles become larger. Consequently, hovering
is the least efficient state for a FWMAV, as observed in previous
works [4].

The results are experimentally validated for pitch angle and
velocity, showing good agreement even though the controller
was not designed to reach the desired pitch angle. The results
show how the model accurately predicts the equilibrium pitch
angle and velocity for a range of the pitch angle between0 − 30o.
Limits of the validation for higher pitch angle should be analyzed
in future work, but the model is expected to fail for lower
Strouhal numbers. The validation is also extended to simulations
of the dynamic response when a step in the reference for the
pitch angle moves the flapper from a hovering state to a forward
flight state. The transient phase is perfectly characterized in the
simulations, although the perturbations of real flights cause the
FWMAV to be less stable once the permanent state is reached.
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Some additional simulations are performed to compare the
response of the system when the equilibrium state characteri-
zation is included with the performance of an added integral
term for the pitch controller and the existing one for the height.
Results show how taking into account the equilibrium state
derived here significantly reduces the transient time. However,
the overshoot is also slightly increased. Those simulations show
how the formulation derived here can be used to improve the
flight control of FWMAVs. However, this work is not focused
on the development of control laws for tailless FWMAVs, and
the simulations performed are just a basic approach to include
our results to improve flight performance. Future work on the
controller should include perturbation rejection to avoid the
uncertainty in the flight state during stabilization phase, in order
to implement the feedforward controller in real scenarios.

To achieve higher performance from the controllers, the equi-
librium state formulation should be extended with a stability
analysis, leading to a better understanding of the dynamic re-
sponse of the FWMAV stable. Then, additional tests should be
performed to analyze the stability under flight perturbations,
as well as uncertainty and noise in the measures. Such future
analysis would further enhance the modeling and control of
FWMAVs.
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