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Quantum search algorithms provide a quadratic speed-up over classical search for unstructured databases.
While single-particle quantum search is well understood for a large set of graphs, considerably less is known
about the behavior of multi-particle quantum search algorithms. In this thesis, we consider continuous-time
quantum search of multiple bosons or fermions over arbitrary graphs and develop a method to identify the
marked vertex after multiple measurements. We investigate the performance of bosonic search as compared
to fermionic search by simulating this search algorithm and calculating the runtime numerically. It is found
that, though bosonic search is substantially faster than fermionic search, the fermionic runtime may not scale
as fast with the graph size N as was shown in [6], if our method of post-measurement marked vertex identi-
fication is used. Furthermore, it is shown that the optimal hopping rate for a quantum search is different for
bosons and fermions, and in general not equal to the optimal single particle hopping rate of [1].
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Introduction

Why would we be interested in quantum searches on graphs? This is because a graph represents a database,
and if that database is unstructured, a quantum search can find an element in that database faster than any
classical search algorithm.

Classically, if no information about the internal structure of the database is available, the marked element
can only be found by sequentially checking elements, resulting in a runtime that scales linearly with the
database size N. In [4] it was shown that for a complete graph, a discrete-time quantum search can achieve
a quadratic speed-up in finding the marked element. Farhi and Gutmann adapted the quantum search to
the continuous-time regime [3] and it was later shown that, using a single particle, this quadratic speed-up
can be achieved for a large set of graphs [1]. More recently, attention has shifted to multi-particle quantum
search. In [6] it was shown that for a multi-fermion quantum search over a complete graph the runtime scales
with N'/3 and for a multi-boson quantum search the runtime scales as N/4.

In this thesis we will consider continuous-time quantum searches of bosons or fermions over arbitrary
graphs. We use the same quantum search as in [6] and develop a method for determining the marked ele-
ment after measurement. We implement this search algorithm in a parallel computer program that is run
on the Delftblue supercomputer. Our aim is to investigate the effect that our method for post-measurement
marked element identification has on the runtime of the fermionic search. Furthermore, we assess whether
the optimal single-particle hopping rate as found in [1] is also optimal for the multi-particle search. Finally,
we consider how the connectivity of a graph influences the fermionic runtime as compared to the bosonic
runtime. Taking into account these results, we will better be able to compare bosonic with fermionic quan-
tum search.






Theory

Before we can start the analysis of quantum searches over graphs, we need to understand what graphs are
and how quantum systems behave. The goal of the following chapter is to introduce the graphs used in this
thesis and explain the quantum notation that is used.

2.1. Graphs
2.1.1. Graph theory

A graph is an abstract representation of a network. It consists of a set of vertices V and a set of edges E be-
tween these vertices. Together, these two sets form the graph G = (V, E). In this thesis, we will only consider
finite graphs with N vertices and we choose to name our vertices 1, 2, ... up to N, so that V ={1,2,...,N}. If
vertices i, j € V are connected by an edge in E, then we write (i, j) € E.

2.1.2. Deterministic graphs

A deterministic graph has a fixed structure. If we follow the rules to build it twice, we will get the exact same
graph both times. In this thesis we will use three types of deterministic graphs: line graphs, cycle graphs and
complete graphs. A line graph Ly of N vertices is a graph where the edges form a path from vertex 1 to N.

For example, L4 looks like
(N ()
® ©, (3) O

A cycle graph Cy of N vertices is a graph where the edges form a ring over the vertices 1, 2, ..., N, 1 in that
order. C4 looks like

A complete graph Ky of N vertices is a graph where every vertex is connected to every other vertex via an
edge. K, looks like
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2.1.3. Random graphs

A random graph is generated by a stochastic process. If we generate a random graph twice using the same
rules, the resulting graphs will generally be different. In this thesis we will use one type of random graph,
namely the Erdés—-Rényi random graph.

Erdés-Rényi random graphs The Erdés-Rényi (ER) random graph is denoted as G(N, p). As before N is the
number of vertices in the graph. What makes this graph random is that each possible edge in G(V, p) has a
probability p of being included in the graph. An instance of G(6, %) is shown below.

The graph G(IV, p) could in theory be any graph of N vertices, aslong as p # 0 and p # 1. However, usually
alarger p means more edges in the graph, so that each vertex is, on average, connected to more other vertices.

A graph is said to be connected, if for any two vertices 7, j € V there exists a path (along edges in the graph)
from i to j. In order to implement a quantum search algorithm on a graph, it is important that this graph is
connected. For an ER random graph, according to [8], the graph is connected with large probability for p
such that

log(N)
p> N 2.1)
2.2. Single-particle quantum systems
In order to understand the dynamics of a quantum search algorithm over a graph, one has to learn the lan-
guage of quantum mechanics. Specifically, the notation of states and operators. To this end, we start with the
simplest quantum system treated in this thesis, a single particle on a graph, and define a way to describe it in
bra-ket notation.

2.2.1. The state of a single particle on a graph

Let us consider an arbitrary graph G = (V, E) with V again the set {1,2,..., N}. Classically, a particle in this
graph has to be at exactly one vertex at each moment in time. Say at one moment it is at vertex i € V, then the
state of this quantum system at that time is |i). In quantum mechanics a particle can be at multiple positions
at the same time, meaning that only when we measure the system, the particle takes on a definite position.
Before measurement the particle is in a quantum superposition of states, and there is no way to find out
in which state it actually is. In fact, we do not even talk about the particle being in a specific state before
measurement. It is in all states of the superposition at once. A superposition of the particle being in both
vertex i and j, we can write as

V3

N
Iw>—7|z>+§|]> (2.2)

Here |v) is the state of the system, and we can express it as a superposition of the quantum basis states
i) and | ).

Importantly, a general quantum state |i) has to satisfy the following condition,

N
Z|<w|i>|2 =1 2.3)

i=1
so that it has probability 1 to be anywhere on the graph.
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2.2.2. Single-particle operators

A quantum operator acts on a quantum state and changes it. Quantum operators can be used to calculate
certain characteristics of a system, or to manipulate the state in a particular way. To illustrate these possibili-
ties, we consider the infinite line graph with vertices ...,—1,0,1,2,... given below.

OO

Projector operators Suppose a single particle is in a superposition |y) over this graph, and we want to
determine the probability that, upon measurement, we will find it on an even vertex, that is on vertex 0 or +2
or £4 or .... This can be done using an operator: the projector operator. Let us write out the arbitrary state
|y of the system as a superposition of the basis states |i) fori =...,—1,0,1,... as defined in section 2.2.1 (|i)
being the state of one particle localized at vertex i),

[y)=---4+a_1|-1D+apl0)+a|1)+az(2)+... (2.4)

where a; € C. An operator is defined by how it acts on the basis states of a system (here |i), i € Z). In the
case of a projector operator acting on a superposition, it removes certain terms and keeps the rest. Say we
define our projector operator as follows.

{ﬁm =iy ifiiseven
(2.5)

Pliy=0 ifiisodd
Then P removes all odd terms and keeps all even terms. Note that the basis states |i) are the eigen-

vectors of the projector operator P, with degenerate eigenvalues 0 or 1. The eigenvalue 0 has eigenvectors
..o,]=1),I1),13),... and the eigenvalue 1 has eigenvectors....,|-2),|0),(2),....

Why is defining a projector operator in this way beneficial? Well, if we let P act on 1), we now get

Plyy=-+a_s|-2)+ag|0) +az|2) +... (2.6)

Then,

(w|Ply) (~-+ai1(—1|+a; <0|+a}‘(1|+...)(-~+a_2|—2)+a0|0)+a2|2>+...

2 2 2
R S A e S 1o 7Y i S 10 7Y il S

cee P(particle ends up at vertex —2) + P(” at vertex 0) + P(" at vertex 2) +...

which equals the probability that the particle ends up at an even vertex. In this way a projector operator
can be used to calculate the probability that the system will be in some arbitrary sub-state after measurement.

Step operators Now that we have seen how an operator can be used to calculate characteristics of a quan-
tum system, let us look at how an operator can manipulate states. We are interested in an operator that lets a
particle move one vertex to the right. Such an operator is

(o)
S= Y i+l 2.7
j=—00
the step operator. Indeed, when Sacts on |7y, we get
N o0
S|i>=( Z |j+1)<j|)|i>=|i+1>(i|i>=|i+1) (2.8)

j==eo

In this manner an operator can be used to manipulate a quantum state.
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2.2.3. Vector notation of states and operators

In this thesis we will only consider quantum states from a finite dimensional Hilbert space. Furthermore, all
operators used are linear. In this case, it is convenient to write our quantum states as vectors and our opera-
tors as matrices.

To illustrate how a quantum state can be written as a vector and how an operator can be written as a
matrix, we consider the complete graph K3 as illustrated below.

A general state 1) can be expressed in vector notation as follows.

al
W) =a1ll)+az212) +a3l3) = | az (2.9)
as

The step operator S on this graph (walking clockwise) written as a matrix would be

0 0 1 0 0 1
S=12)(1+13)2l+I1EI=[1](1 0 0)+|0|(0 1 0)+|0f(0 0 1)=|1 0 0 (2.10)
0 1 0 01 0
2.2.4. The Hamiltonian and continuous-time evolution
As suggested before, operators can be used to create dynamics in a quantum system. As an example, a step
operator was introduced, manipulating a state in such a way that it lets the particle ‘'move’ from one vertex
to the other. To simulate the behavior of a particle 'walking’ over a graph, we could start with an initial state
[wo) and apply our step operator on this state over and over again, so that |y1) = S|y), [w2) = S|ly1), and so
on. In this way, our state evolves over time in discrete steps under the influence of $: it is called discrete-time
evolution.

In reality, however, a (closed) quantum system is governed by the Schrédinger equation

.0 .
i 1y () = Ay (1) 2.11)

Here |y(1)) is the state after time ¢ and H is the Hamiltonian of the system. The Hamiltonian is the
operator that determines the dynamics of the system. In the case of a particle walking over a graph, this could
be our step operator S. Note that, in this case, H is independent of z, so that we can solve the Schrodinger
equation.

ly () = e M 1y (0)) 2.12)
Here |y(0)) is the state of the system at # = 0: the initial state.

Here /1 = 1.054-10734 J-s. In our simulation, we work with a time unit § and an energy unit jsothath=17-5.
Then (2.12) becomes,

() = e 1y (0) (2.13)

We choose to use Joules J as our energy unit, so 1J = 1J. Then our unit of time is given by 1§ = 1.054 -
107345, to ensure /i = 1 J - §. Therefore, to convert from the time in our simulation to the time in seconds, one

e
can use f[s] = ﬁ.
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Using (2.13), one can calculate how a quantum state evolves under the influence of a Hamiltonian in
continuous time. This is how a real-world quantum system evolves and how we will simulate our quantum
system.

2.3. Multi-particle quantum systems

Quantum systems typically contain more than one particle. In this thesis we will eventually work with multi-
particle quantum systems. Therefore, we need to investigate the way in which multiple particles change the
dynamics of a system and what notation is used.

2.3.1. Distinguishable and indistinguishable particles

When talking about multiple particles in quantum mechanics, it is important to specify whether these parti-
cles are distinguishable or indistinguishable. The state of a system of two particles we can write as ¥ (x1, x)
(assuming the particles have no spin), meaning particle 1 is at location x; and particle 2 at x,. If the particles
are indistinguishable, interchanging them should not alter the probabilities of measuring any characteristic
of the system, so

P(x1,x2) = P(x2, x1). (2.14)

Since the probability is proportional to the wavefunction squared, we have

[P (1, x2)|° = [P (22, x1) | = P (x1, %2) = ¢ (22, x1), (2.15)

where ¢ can represent any complex number with norm 1. In 3D, swapping the particles twice should
result in the same state as we started with [7]. Thus W (x1,x2) = ¥(x1, X2), so that ¢ = +1. If ¢ = 1, then
W (x1,x2) = +¥(x2, x1) and we call the state bosonic. If ¢ = —1, then ¥ (x1, x2) = —W(x», x;) and we call the
state fermionic”.

The Pauli exclusion principle Suppose two fermions occupy the same position x;. Then ¥ (x1, x1) = =¥ (x1, X1),
so W (x1, x1) = 0: this state is not allowed. In general, no two fermions may occupy the same state. This is called
the Pauli exclusion principle.

From now on, when we consider multi-particle systems, we talk about multiple indistinguishable parti-
cles. Always all particles will be either bosons or fermions.

2.3.2. The Fock basis

In a system of M bosons or fermions a simpler notation is used than the one in 2.3.1. It is called the Fock
basis. Instead of writing the location of each particle, we write the number of particles on each vertex. In a
graph of four vertices 1, 2, 3 and 4, and three bosons, we can write the state |[1020), meaning vertex 1 contains
one boson and vertex 3 contains two. (Note again that the order is important here.). Any state written in this
way satisfies W (x1, x2) = +W¥(x2, x1) by definition (¥ (x;, x2) = —W¥(x2, x1) for fermions). A general Fock state
we can write as |11 1y ... ny), where n; is the number of bosons or fermions at vertex i.

2.3.3. Operators for multiple particles

As mentioned earlier, a single-particle operator is defined by how it acts on the basis states |i). Likewise, a
multi-particle operator is defined by how it acts on the Fock states |n; ... ny). For example, an operator Nigal
counting the total number of particles is defined by

Nootal 171 ... ) = (1 + -+ ny) |y ... nN) (2.16)

One can construct operators working on multiple vertices, like the one above, from operators working on
single vertices. Consider for example the number operator 72 working on a single vertex

iln) = n|n) (2.17)

*If we consider two particles with spin, the total state of the system can be written as the product of its spatial and spin components:
W(x1,S1,X2,82) =¥(x1,x2)®x(s1,52). Inthis case, the exchange symmetry requirement (bosonic or fermionic) applies to the total wave-
function ¥. Consequently, a fermionic state may have a symmetric spatial wavefunction provided that the spin state is antisymmetric.
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Here |n) is the state of n particles on our vertex. Then, if we want to apply this operator on the Fock state,
we use that a Fock state of N vertices is in fact a tensor product of N single-vertex states

[mny...ny)=[n)®|ng)®---®|ny) (2.18)

Thus, the operator N; that applies 72 on vertex i,is Ni=I®---® 7 ®---®I,as

at vertex i

N

Nilny..nyy=|I®-® 7 ®-&I||ln)e---on
ilni...nN) [n1) Inn)
at vertex I
=ln)e--e fln) @---®|ny)

——
at vertex i

=n;|n)®---®|ny)

Bosonic creation and annihilation operators Two important examples of multi-particle operators used
in this thesis are the creation and annihilation operators. The bosonic annihilation operator b; destroys or
deletes a boson at vertex i.

15,- Iny...nj...nNY=+v/n;lny...n;—1...ny) whenever n; =1 (2.19)

If n; =0, then acting b; on the state results in 0. The bosonic creation operator is the Hermitian conjugate
b: of the bosonic annihilation operator. It creates or adds a boson at vertex i.

B;Inl...ni...nm: vni+lin...nj+1...nyN) (2.20)

Bl- and @j have to satisfy the so-called canonical commutation relations (CCR).

[l:Ji,I:?;]=1:9il:?;—lfJ}1:7z=5ij

by, b1 =bib;—bib; =0 (2.21)
ottt _ptat —

(b}, b1 = b}b! - BB} =0

These relations make sure that when b; or E:.L acts on a bosonic state, the resulting state is bosonic as well.
Any operator used in a bosonic system has to satisfy the commutation relations.

Fermionic creation and annihilation operators The fermionic annihilation operator ﬁ and creation oper-
ator f;r are the fermionic counterparts of the bosonic annihilation and creation operators: they respectively
destroy and create a fermion at site i.

filni ... ...nyy=In1... 0 ...n

film N =np N)
vertex i vertex i

il

ny... 0 ...any=|ny... ...n

film N =1m Ny
vertex i vertex i

f,- and f; have to satisfy the so-called canonical anti-commutation relations (CAR).
{ﬁ,f;} = ﬁf; +f']Tf', = 5,‘]‘
Ui fit=fifi+fifi=0 (2.22)
Fih=ii+iil =0

These relations make sure that when f, or f; acts on a fermionic state, the resulting state is fermionic as
well. Any operator used in a fermionic system has to satisfy the anti-commutation relations.
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2.3.4. The Slater determinant

Writing a multi-particle state in the Fock basis ensures symmetry or anti-symmetry for bosonic and fermionic
states respectively. A way to write fermionic states without using the Fock basis is via the Slater determinant.
Suppose we have M single-particle states

lp1) =1 D + -+ P1(N) IN) (2.23)
: (2.24)
lpar) = pp (D)D) +- -+ Ppm(N) IN), (2.25)

where ¢(1),...,¢r(IN) € C are the coefficients of the k-th particle. Each particle is normalized, so (¢ |dx) =
1for k=1,2,..., M. The multi-particle state, we can write as

lwy= Y P, xm) X100 X0, (2.26)

where |x1,..., X)) is the state where particle 1 is at vertex xj, particle 2 at vertex x,, and so on. ¥ (xy,...,xp) €
C is the coefficient before each term. Since the state is fermionic, we need that
Wiy Xpyeoy Xppen) ==Y(., Xpy.n0, Xgy...) forall k, 1 =1,... M. (2.27)

We can build the multi-particle state from the single-particle states, by writing each coefficient ¥ (xy, ..., xp)
as a determinant: the Slater determinant.

d1(x1) ... Pp1(xN)
W(x1,...,xXpm) = —' (2.28)
Homx) ... dulxn)
Then,
b1(x) ... Pi1(xp)
w( : 1 |- Palxi) ... Palx) . d (2.29)
ey Xy ooy Xyeuo) = — . . an .
vVM! : :
dmxp) ... dmxp)
(2.30)
e 1(x) oo Pr(xp)
1 |- P2lxp) .. Palxp)
Wl Xt = e : : 2.31)
dmx) ... dumxg)

We see that switching the positions of particles k and [ corresponds to switching the columns of the de-
terminant. When the columns of a matrix are interchanged, the sign of its determinant is flipped. There-
fore ¥(..., xg,..., x1,...) =—-¥(..,xp,..., X, ...) is satisfied when we use the Slater determinant. The constant
1/v/M! in front of the determinant ensures the resulting multi-particle state is normalized, whenever the
single-particle states are orthogonal, so when (¢x|¢;) = 0 for all k # [. Thus, choosing ¥(xy,...,xps) as the
Slater determinant, results in a valid fermionic state.






A multi-particle quantum walk as search
algorithm

In the following chapter we will explain what a single-particle quantum search is and provide an analy-
sis showing the advantage this search has over a classical search algorithm in searching an unstructured
database. After this, we will develop the multi-particle quantum search model that is used in this thesis.

3.1. Quantum search in an unstructured database

3.1.1. Classical search in an unstructured database
Before starting on the quantum search, let us look at how a classical search of an unstructured database looks
like. Firstly, what is an unstructured database, and why can it be represented as a graph? Suppose we have a
database of N items, labeled 1,2,..., N, and a Boolean function

f:11,2,...,N} —{0,1} (3.1

such that for only one item w, we have f(w) = 1. This w we call the marked item, and it is the algorithm’s
job to find it. This database is unstructured, in the sense that there are no rules categorizing its elements,
no tricks one could follow to find a certain element faster. The only way to search this database would be
to manually check on each element i € {1,2,..., N} whether it is the marked element (whether f(i) =1). Ina
database of size N, this will take on average N/2 checks, so that the time it takes the classical search to find
this element scales as @(NV). This is the fastest classical search that is possible on an unstructured database.

The database of NV elements can be seen as a graph with N vertices. One of these vertices, vertex w, is the
marked vertex. The edges represent the possible steps one can take in a search of this graph. If the database
can be searched in any order, then this means that every vertex is connected to every other vertex, so that we
have a complete graph. The analogy between databases and graphs becomes more useful when considering
quantum searches.

3.1.2. Grover’s algorithm

An unstructured database could also be searched using a quantum search. We represent our database as a
complete graph, and consider a quantum system of one particle in this graph. The idea of a quantum search
is to construct the Hamiltonian of this system in such a way that the particle will ‘'move to the marked vertex’.
More precisely, we construct the Hamiltonian so that after evolving the system for a certain time, there is a
large probability that the particle occupies the marked vertex. After this time, we measure the location of the
particle, and this location becomes our guess for which vertex is the marked vertex. This is how a quantum
search can find an element in an unstructured database.

The single-particle quantum search considered in this thesis is evolved by the following Hamiltonian.

11
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H=-y Y 1i){jl-lw)(w| (3.2)
i,jev —
i#] oracle term

P —
walk term

where y > 0 is the hopping rate: a rate that determines how easily the particle hops from vertex to vertex.
This is the standard Hamiltonian used for Grover’s algorithm of a single particle on a graph, used in [2]. The
walk-term consists of a step operator for each edge in the complete graph, in both directions. Broadly speak-
ing, this term makes the particle move and 'spread out’ over the graph during the evolution. The oracle-term
lowers the energy of states that have a large amplitude on the marked vertex. This pulls the particle towards
the marked vertex (this is explained in section A). Grover’s algorithm consists of evolving the system under
this Hamiltonian and measuring it whenever the particle is most likely to be at w. Then, wherever we mea-
sure the particle to be, will be our guess for the marked vertex. It was found that, using this algorithm, one
finds the marked vertex after a time that scales as ©(v/N) [3], which is a considerable speed-up as compared
to the classical search. In appendix A it is shown why exactly this Hamiltonian draws the particle towards the
marked vertex and how it achieves the quadratic speed-up.

3.2. Multi-particle quantum search

Now that we have some intuition for the dynamics of a quantum search, we can define our model. As opposed
to the single-particle quantum search of before, our search uses M particles, introducing the new dynamics
of bosons and fermions. The search takes place on an arbitrary graph G = (V, E) of N vertices, with adjacency
matrix A.

Bosonic search The bosonic quantum search used in this thesis, following [6] has Hamiltonian

Hposon = —Yc Z Aij BIB] - l;){vl;w (3.3)
i,jev
Here the first term takes the place of the single-particle walk term. B:f b ; is the multi-particle equivalent of

the step operator |7) (jl: b ; destroys a particle at vertex j and lA)j creates one at vertex i, effectively moving the
boson from j to i. The second term in this Hamiltonian replaces the single-particle oracle-term.

The initial state we use, and that is used in [6] is the state of all bosons in a uniform superposition over all
vertices. The state of a single boson in a uniform superposition can be written as

R R 1 N
bt |[vacuum), where bl = — bT, (3.4)
tot tot \/N ; i

and |[vacuum) is the state with no bosons. Our initial state | (0)) consists of all M bosons being in this

superposition, and is therefore constructed by applying Bfot M times and normalizing:
(b )M
lw(0)) = —2— |vacuum) (3.5)
v vM!

Fermionic search The fermionic search has Hamiltonian,
I:Ifermion =Yc Z Aijf;fj _flj;fw (3.6)
i,jev

We cannot simply apply M uniform creation operators like lAJIm on the vacuum state, as this might violate
the Pauli exclusion principle. To get our fermionic initial state, we use the Slater determinant. To construct a
uniform state, we choose single-particle states that have equal amplitude on each vertex. Furthermore, they
need to be normalized and orthogonal. The following set of states suffices:

1 ﬂzm .
— ) en*™|jyfork=1,...,M. 3.7
\/Njev

We construct our initial state as described in 2.3.4, using the Slater determinant.

[y =



3.3. The critical hopping rate for an arbitrary graph 13

3.3. The critical hopping rate for an arbitrary graph

We assume that the critical hopping rate y. of our multi-particle quantum search, the hopping rate for which
the running time of the search is minimized, is equal to the critical hopping rate of the single-particle quan-
tum search on that graph. We acknowledge that this hypothesis may be incorrect. Simulations of the quan-
tum search algorithm using different hopping rates provided in section 5.3 will support or disprove this hy-
pothesis.

Thus, the problem becomes that of finding the critical hopping rate y. of the single-particle quantum
search,

Hgearch = —yA—|w)(wl, (3.8)

where A is the adjacency matrix of the graph.

In [1] the optimal hopping rate y/, for a different quantum search model, namely

A

A, = YH+w)(wl, (3.9)
was found to be
N-1 2
[{wlv;) |
!
Yyl =8 = - (3.10)
¢ o 1 —-A;

where H is a matrix encoding the structure of the graph with eigenvalues0 < 1; <---<Ay_; <Ay =1and
v; is its eigenvector corresponding to eigenvalue A;. One such matrix H is the adjacency matrix of the graph,
which is real and symmetric, so has real eigenvalues. Normalizing this matrix, we can ensure all eigenvalues
are between -1 and 1. By adding a diagonal matrix and dividing by 2, we obtain a matrix with eigenvalues
between 0 and 1. This optimality for y given by (3.10) holds only when the spectral condition is met, which is
treated in 3.3.2.

3.3.1. Conversion of y. between the two search hamiltonians

Now that we know the critical hopping rate y/, of ﬁ;earch,

Hgearch- To this end, we assume the spectral condition is met and start with the optimal quantum search

we want to know the critical hopping rate y. for

Hsearen = S1H + |w) (w|, (3.11)

We choose as our graph-encoding matrix, the adjacency matrix A. To make sure all eigenvalues are be-
tween 0 and 1, we normalize A as follows:

_1 ( 4 1) (3.12)
24aprr '
where || Al = max(|1;(A)]). Substituting gives,
A 31 Sl
H, =——A+ +—1 3.13
search 5 ||A||2 [w) {w| D) ( )

We will show that the I-term in this Hamiltonian does not change the dynamics of the search. Consider
two search Hamiltonians H and H' = H + cI, c € R. Starting in the same initial state, the evolution under H’
becomes

' (1) = e [y (0)) = e 1M e T |y (0)) = &7 [y (1)) (3.14)

Thus H' introduces a global phase and does not change the probabilities as compared with evolution
under H: H' and H result in the same dynamics, and must therefore have the same optimal hopping rate.
This means that,

A

search =

S1
——— A+ |wy{w| (3.15)
2| Al?
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is optimal as well.

To make the final step, we consider search Hamiltonians H and H' = — H. Starting again at the same initial
state, we get

' (1) = e ' [y (0)) = e* 1y (0) = Iy (- 1)). (3.16)

Therefore, evolution under H' is the same as evolution under H in reverse time. One can show that re-
versing the time does not influence the dynamics of the quantum search. To prove this, we consider the
projection of the state |y’ (#)) (the state evolved under H' for time t) onto a state |¢p),

@l (0) = (@let M 1y o) = (W @1 i) (3.17)

If we again assume the same initial state, so |¥(0)) = |y'(0)), and consider the probability of measuring

|¢p) after a time ¢ for the state |y’ (1)), we get
[y () P =1( ' @le Mgy ) P =1 wo)e gy 2= [y 01 1. (3.18)
Thus, we see that the probability of measuring |¢) is the same for both states. If the probability of mea-

suring any state is the same for both |'(#)) and |y (£)), we can conclude that if H' is optimal for some vy, then
H is optimal for that same y. Therefore,

Ja——
search 2 ||A||2

is optimal as well. Comparing with the search Hamiltonian of our thesis, we see that the optimal hopping
rate y, for our model is given by,

A—lw) (w] (3.19)

-3 (3.20)
T '
3.3.2. The spectral condition
The spectral condition states that
518
Ve< cmin{ﬁ,Asz} (3.21)
S3

has to be satisfied for some small constant ¢ > 0*. Here /e = (w|vy), with vy the eigenvector of H from
(3.9) corresponding to its largest eigenvalue Ay, A = Axy — An-1, and Sj, Sz and S3 given by

N2t wlvy) 12

Si=Y

2 oAk , k=1,2,3. (3.22)

According to Theorem 1 of [1], if this condition is satisfied and y = S;, and furthermore S1/v/S; = o',
then the quantum search of (3.9) is optimal. With optimal, we mean that the state in the quantum search
reaches a nonzero amplitude at the marked vertex in as short a time as possible. In [3] it is shown that a
quantum search can reach nonzero amplitude in at least T = Q(1/+/€) time. In Theorem 1 of [1] it is shown
that, if the conditions just mentioned are met, the state does in fact reach a nonzero amplitude at the marked
vertex in time T = ©(1/+/€), and therefore it is optimal.

“Interpretation of c. The constant ¢ > 0 has to be chosen small enough for an argument in [1] to work (smaller than 0.2, as will be
mentioned later). We could not find a physical interpretation for this c. However, given a certain graph, we can calculate the value of
¢ for which both sides of (3.21) are equal, written as ¢. Say for a graph ¢ > ¢ (so for example ¢ = 0.4), then the spectral condition is not
satisfied. This ¢ is calculated for multiple types of graphs and plotted in figure 3.1. We see that for sufficiently large graphs (N > 10), ¢
tends to be smaller if the graph is more connected. Thus, ¢ seems to depend on the connectivity of a graph.

fIn this thesis we use the following asymptotic notation: T = Q(n) means T grows at least as fast as n. T = o(n) means T grows less fast
than n. T = ©(n) means T grows neither slower nor faster than n.
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Figure 3.1: Plot of the value of ¢ for which the left and right-hand side of the spectral condition are equal, as a function of N for different
graph types. For the Erd6s—Rényi and the Barabdsi-Albert graph type, for each N, 1000 instances were analyzed, of which the central
60% are indicated with the colored region.

Whether the spectral condition is met depends on the structure of the graph and on the location of the
marked vertex in the graph. Furthermore, it depends on how small the constant ¢ has to be. It can be shown
that, for the argument that is used to prove Theorem 1 in [1] to work, ¢ needs to be smaller than 0.2. This is
explained briefly in [9]. To determine if the spectral condition is met for the graphs that will be simulated, we
calculate the value of ¢ for which the left and the right-hand side of the spectral condition are equal. These
values are plotted in 3.1 for different graph types as a function of N. For all c larger than this value, the spec-
tral condition is met. The graphs that will be used in this thesis contain at most 30 vertices. As can be seen in
3.1, the vast majority of these only satisfy the spectral condition if ¢ > 0.2, which is not allowed. Thus, we can
conclude that the spectral condition is not satisfied for the graphs used in this thesis.

For the graphs used in this thesis, we cannot say whether the quantum search of (3.9) is optimal, in the
sense that it might not reach nonzero amplitude at the marked vertex in T = ©(1//€) time. However, we
assume that in [1] the authors choose y (the y in (3.9)) so that the search is as fast as possible, even when
the spectral condition is not satisfied. Although the search might not be optimal for this y when the spectral
condition is not satisfied, it may still be as fast as possible. With this, we mean that the quantum search
reaches a nonzero amplitude at the marked vertex in as short a time as possible, though maybe not within a
time T = ©(1/+/€). This assumption may not hold in general, and will therefore be tested as well by simulating
the quantum search for multiple y. In the main simulations, however, the hopping rate given by (3.20) will be
used.






Overhead marked vertex identification

Simply evolving the quantum system just defined is not enough to find the marked vertex. After evolution, we
need to measure the system, and based on this measurement, produce a guess (or multiple guesses) for the
marked vertex. Alternatively, we could evolve the system multiple times and base our guess on multiple mea-
surements. Therefore, the total quantum search algorithm consists of a quantum evolution part, followed by
a classical marked vertex identification part. In the following chapter, we will describe our method of over-
head marked vertex identification (meaning identification of the marked vertex after measuring the quantum
system).

4.1. The total runtime of a quantum search algorithm

Translating our model into code and simulating the quantum search algorithm on a graph, we see that the
output of our algorithm is a quantum superposition of states. Each state is a Fock state, a certain distribution
of particles over the vertices. Now, in a real-world scenario, this superposition would be unknown. In order
to get information out of the system, it has to be measured. Upon measurement, the superposition collapses
into one of the states.

4.1.1. Classical oracle calls

To what state the superposition collapses is determined by the amplitude of each state in the superposition.
If our quantum search algorithm works well, it will draw the particles towards the marked vertex during the
evolution of the system. This means that the amplitudes of the Fock states that have more particles in or near
the marked vertex will grow. Then, at a time of choice, we stop the evolution. Very rarely does the system
evolve into a state with all particles on the marked vertex. In fact, for the fermionic algorithm, this is impos-
sible because of the Pauli exclusion principle, preventing more than one fermion from occupying the same
vertex. Therefore, upon measurement of the system, we might end up with a distribution where another ver-
tex has more particles on it than the marked vertex! If this is the case, the marked vertex might instead be
the vertex with the second-largest occupation, or third. To find the marked vertex, we would have to perform
oracle calls on the vertices from high occupation to low occupation, that is, manual classical calls.

4.1.2. Multiple evolutions

Another trick one could use is to independently evolve the system again from the same initial state and mea-
sure it. If, in a fermionic search, a certain vertex ends up occupied, this does not say much, as there will be
M vertices occupied by a fermion. If, however, one evolves the system again and that same vertex ends up
occupied, then this will more likely be the marked vertex. In this way, adding a measurement amplifies the
probability that our guess for the marked vertex will be correct. We will call this probability amplification.
How much this probability is amplified, depends on the quantum state of the system upon measurement.

The total runtime T of the search algorithm is then determined by how often one evolves and mea-
sures the system (Meyolutions), how long each evolution takes (feyolution) and how many oracle calls one per-

17
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forms (ngracles)- In this thesis, for each independent evolution of the system, we measure it at the same time
fevolution- The time the total search algorithm takes to produce a guess for the marked vertex, which we will
call the runtime T, is,

T = Neyolutions * Levolution + Moracles * Loracle (4.1)

where fyacle is the time it takes to perform one oracle call, which we consider a predetermined con-
stant. This expression for the total runtime is similar to the expression used in [1]. In this thesis however,
for simplicity, we decide to use only one oracle call. The last term in this expression for T then becomes
Noracles * Loracle = Loracle- AS Loracle 1S assumed to be the same for the bosonic search as for the fermionic search,
we can ignore it, as we will only compare these two algorithms. The expression for T thus becomes

T = Revyolutions * fevolution (4.2)

What remains is the seemingly complicated task of finding nevolutions and Zevolution SUch that T is optimal.

What we want to accomplish ultimately, after all those evolutions and oracle calls, is finding the marked
vertex. This cannot be guaranteed, as measuring the system produces a random state. However, the chance
Pgyccess that the total search algorithm (so including multiple evolutions and oracle calls) will eventually lead
to the marked vertex, can often be made arbitrarily high. Thus Pgyccess > [some probability threshold of choice]
is the constraint that we have to satisfy when trying to minimize T

4.2. The bosonic pile-up advantage
4.2.1. The hypothesis

As mentioned earlier, the fermionic search has a disadvantage. Due to the Pauli exclusion principle, at most
one fermion can occupy any vertex. This means that after a measurement of the system, there will always
be ambiguity as to which vertex should be the marked vertex, as M vertices will be occupied. The bosonic
search does not have this disadvantage. Any number of bosons can occupy a vertex. As the Hamiltonian
draws the bosons to the marked vertex, they will pile up there, making the marked vertex easy to distinguish.
This is called the bosonic pile-up effect, and it leads us to believe that the bosonic search should work faster
than the fermionic search. This hypothesis was worked out in [6] for bosonic and fermionic searches on a
complete graph in the large graph (N — oo) and large particle (M — oo) limit, using the same Hamiltonian as
in this thesis. Moreover, the same initial state was taken as in this thesis, and the hopping rate was chosen
Y = %, which is the critical hopping rate for a complete graph as predicted by [1] and (3.20) in the large N
limit. Importantly, the method for marked vertex identification in [6] is different from the one used in this
thesis, sometimes using multiple oracle calls or a different method of probability amplification. For the rest
of this section, we will consider the search algorithm of [6], unless otherwise stated.

4.2.2. Quantum search on a complete graph in the large particle limit

In [6] they found that, both for bosonic and fermionic search, the time it takes for such a system to evolve into
a state where the marked vertex has a nonzero probability to be occupied by a particle scales with v N/ M.
Immediately after this evolution, one would check each vertex containing a particle using an oracle call, so
that the number of oracle calls scales with M. (In [6] this is called the naive method: the method without
using probability amplification.). Using (4.1) and assuming the number of evolutions to be constant, we get

T=0(VN/M)+0(M)=6(VN/M+M) (4.3)

4.2.3. Analysis of the bosonic runtime scaling
However, the assumption that one has to check every vertex containing a particle may be incorrect because
of the bosonic pile-up effect. In fact, this hypothesis is proven in [6] using the following argument.

A key result of the analysis of the bosonic search in [6] is that whenever M <« v/N, the number of bosons
on the marked vertex follows a Poisson distribution, with mean A = )(2,
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/1k
pk(x)ze%ﬁ, A=y 4.4)
Here, the number of bosons on the marked vertex is k and y is a measure of the time of evolution Zeyoution-
To be precise, ¥ = fevolution V M/ N. The number of bosons on any other vertex follows a Poisson distribution
as well, but with mean p = % <« 1. We see that as time progresses and y increases, the Poisson distribution
of the marked vertex shifts to the right, which means that more particles occupy it on average. Furthermore,
for any other vertex, the Poisson distribution has a very small mean y, meaning that few particles will occupy

it.

Using this result, we determine the probability that two or more bosons occupy the marked vertex.

Plny,=2]=1-Plny=0o0rn, =1]
=1-(e*+e M)

=1- (67)(2 +e X )(2) (4.5)

Here n,, stands for the number of bosons on the marked vertex. This chance becomes greater than 1/2,
whenever y = 1.296. Now, the chance that there exists another vertex with two or more bosons is

P|there exists a vertex i (i # w) s.t. n; = 2] (4.6)

=1- P[forall vertices i (i # w): n; <2] =1—(e #+e FwN!
M? M?

== +0|=— 47

2N (Nz) (4.7

Again, n; is the number of particles on vertex i. When M <« V'N, this probability is < 1/2.

Given these two facts: that (1) the probability that the marked vertex contains two or more bosons is
> 1/2, and (2) that the probability that no other vertex contains two or more bosons is also > 1/2, we define
the rule: "Declare the unique vertex with n; = 2 to be the marked vertex"*. Now we evolve and measure the
system multiple times, and for each measurement note which vertex gets assigned the marked vertex via this
rule. Consequently, we take the vertex that gets assigned to be the marked vertex the most frequent as our
guess. According to [6], the probability that our guess is correct can be amplified to any desired probability in
this way. Thus, after evolving the system multiple times and declaring the marked vertex using this method,
only one oracle call is needed. The ®(M)-term in (4.3) vanishes, and the expression for the bosonic search
becomes

T = (/N7 (48

If one optimizes the runtime over the number of bosons by taking M = ©(v/N), this becomes

T = O(N'4). (4.9)

Note that it is assumed here that the number of evolutions needed, neyolutions, do€s not scale with N or
M, or at least does not dominate the scaling of the runtime.

4.2.4. Analysis of the fermionic runtime scaling

This argument cannot be made for the fermionic search, as P[n; = 2] = 0 for any vertex i of course. Therefore,
in [6], it is stated that in order to find the marked vertex from a measurement of the system, one has to clas-
sically check each vertex containing a fermion. Thus the ®(M)-term in (4.3) cannot be ignored. If again the

*Upon measurement, there may be multiple vertices containing two or more bosons. In this case, all vertices with two or more bosons
have to be checked by an oracle call. In [6] it is assumed that the time it takes to perform these extra oracle calls, does not dominate the
runtime scaling.
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runtime scaling is minimized over the number of particles by taking M = ©(N'/3), the following expression is
obtained:

T=0(NY3). (4.10)

One can conclude that the runtime of the bosonic search scales less fast with N compared to the fermionic
search, which means it works better on complete graphs in the large N limit.

4.3. Our method of overhead marked vertex identification

4.3.1. Motivation for further analysis

The method for overhead marked vertex identification of [6] exploits the bosonic pile-up advantage of the
bosonic search. As can be expected, such a bosonic search algorithm outperforms a fermionic search with-
out any probability amplification. If we would like to compare bosonic and fermionic search, we should for
each search try to find a method that exploits its particular advantages or characteristics. The task of finding
the best method of overhead marked vertex identification for each search (bosonic and fermionic) may be
a thesis in itself, so we will propose a method that will at least not completely inhibit the fermionic search,
whilst still making use of the bosonic pile-up advantage.

It is true that after one measurement of a fermionic search, there are still M candidates for the marked
vertex. If, however, we evolve the system three times, and three times we measure that vertex i contains a
particle, while no other vertex is occupied multiple times, then this makes vertex i likely to be the marked
vertex. This argument is especially convincing when the number of vertices is large compared to the number
of fermions. We will call our method of overhead marked vertex identification the majority vote method, and
it exploits this idea. From now on we consider arbitrary graphs again, and leave the setting of the large M,
large N limit.

4.3.2. The majority vote method

If one evolves the system #eyolutions times and measures each system after a time feyolution, ONE ends up
with Revolutions distributions of M particles over N vertices. From these measurements we want to obtain
a guess for the marked vertex. Since the Hamiltonian draws particles towards the marked vertex, it is nat-
ural to look at the sum of the particles of the different measurements on each vertex, and take a majority
vote over these sums. The vertex with the largest total number of particles is our guess for the marked ver-
tex. More concretely, we can write a single measurement of the system as (n;,ny,...,ny) = n, where n;
is the number of particles measured on vertex i. The total measurement after multiple evolutions is then

(ngl),...,ng\l,)),(niZ),...,nﬁ)),...,(nir),...,nﬁ\r,)) =n,...,n®, where we have abbreviated 7eyolutions as 7: the
number of rounds in the majority vote. Summing the measurements, we get (ngl) +oe ngr),..., nﬁ\ll) +o 4

n\))=n® +...+n®, so that our guess for the marked vertex is

W is vertex i such that ngl) 4ot ni.r) > n;.l) ot n;” forall j #i (4.11)

If there are multiple vertices that have the largest total amount of particles, then the majority vote method
produces no guess for w. In this case, we are always wrong. We could have also let our algorithm check all
these vertices that have the largest total amount of particles using oracle calls. Although this might improve
our algorithm, we choose not to add this extra step to the algorithm, for simplicity.

Implementing the majority vote method on r rounds of measurements is easy. We just calculate the sums
of the occupations of each vertex and find the maximum. However, if we want to determine how well the
majority vote method works for a quantum search on a certain graph, this is more complex. Specifically, we
would like to know for a general quantum state |y) and a given marked vertex w what the probability is of
guessing the right marked vertex using r rounds of the majority vote method. In other words, if |y) is our
quantum state and w our marked vertex, what is the chance that after »r measurements of |y), the vertex i
with ngl) +oeet ngr) > n}l) +---+n'" forall j #1i, is indeed vertex w. We will call this probability the success

probability P, (y). Since the state |y(?)) is a function of time, we will sometimes write P, ().
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4.4. Determining the success probability of the majority vote method

We present two ways of determining the success probability of the majority vote method, the first exact and
the second approximate. The exact method calculates the success probability as the expectation value of a
quantum operator. If |y) is our state, we can project it unto all Fock basis states where the marked vertex has
the largest occupation, to get the projected state |¢p). Then the success probability of a majority vote of one
round will be | (w|¢) 2. This idea is explained in detail in appendix B. Whilst this method enables fast calcu-
lation of P, (y), it takes up a lot of memory. In our code, a general fermionic state on a graph of N vertices
is stored using 2"V complex numbers. A majority vote operator of r rounds works on the total state, which is
this fermionic state tensored r times with itself. This total state therefore requires 2" complex numbers to
be stored. Applying a majority vote of five rounds on a fermionic search over ten vertices would require 9 PB
of memory, which is beyond modern processor capabilities.

Instead of calculating the success probability exactly, we can estimate it. Say we have a quantum state |y)
and we want to estimate the success probability for this state after a majority vote of r rounds. We can do this
by measuring the state r times (in the computer simulation that is), and repeating this n times. We end up
with n samples of r measurements, with each sample looking as follows

n = (ni”,...,ng\l,))
one sample:

n® = (ng”,..., n%))
Here ngj ) is the number of particles that was measured on vertex i in the j-th measurement. Then, on
each sample we perform a majority vote to find out what our guess for the marked vertex would be, based
on that sample. We keep track of how frequently our guess is correct and call this number s,, the number of
successes.

There is an underlying probability that a sample will produce a correct guess, namely the success prob-
ability P, (y). The k-th sample can therefore be seen as a realization of a Bernoulli random variable Xj with
success probability p = P, (y). In order to estimate this p, we use the maximum likelihood estimator for a
Bernoulli random variable, which is p = S,/ n, where S;, = Xj + X» +-- -+ X,;. As we take more samples, this es-
timate becomes more accurate. How accurate exactly can be determined via Hoeffding’s inequality [5], using
that E(p) = p,

S, —E(S
P(M > t) <2e2t* 4.12)
n
S s
P( 2 _g[22]] = t) <2¢72nt 4.13)
n
P(Ip-pl= 1) <2e72"" (4.14)

Therefore, the exact value of P, () will lie within a distance ¢ from our estimate s,/n with probability
1- 272" In this thesis we want to know with 99.99% certainty that our estimate is at most 0.01 away from
the true value of P, (), which means we have to take 7 = 5.0 - 10* samples.

This estimation method takes 10-100 times longer to compute as compared to the exact method, but uses
significantly less memory. In practice the size of the graph and the number of particles one can simulate is
now determined by the size of the quantum state, and not dependent on the number of rounds in the major-
ity vote. A fermionic state is stored as 2"V complex numbers and a bosonic state as (M +1)"N complex numbers.
Thus a typical processing core in DelftBlue with 4GB of memory could theoretically run a fermionic search
over 20 vertices or a bosonic search of 7 bosons over 7 vertices, assuming 400 time-points (so 400 quantum
states).

If we are only interested in at what time the success probability crosses a certain threshold, say 0.8, then
we do not have to know P, (1) at every time-point with 0.01 accuracy. We only want to know if we can say with
99.99% certainty whether P, (y) is above, below or within 0.01 distance of the threshold. This means we can
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take less samples for some time-points, which, when implemented in our simulation, results in a 4x speed-up.

Which method we use to determine the success probability, exact or approximate, depends on the type
of computer that is available. In the case of a supercomputer there is enough computing power. The limiting
factor is processor memory. Therefore, we will use the approximate method.



Analyzing the performance of a quantum
search algorithm

Now that we have defined our total search algorithm, we will describe how the performance of such an al-
gorithm can be measured. This measure enables us to analyze the performance of bosonic and fermionic
quantum search algorithms.

5.1. A measure for the performance of a quantum search algorithm

5.1.1. First results of the simulation

The quantum search as defined in chapter 3 together with the method for overhead marked vertex identifica-
tion of chapter 4 were implemented in a parallel computer program and run on the DelftBlue supercomputer.
Using this program, the success probability over time, P, (), of a quantum search algorithm can be estimated.
To make the distinction, we will write P, (¢) for our estimate and P, (¢) for the actual success probability. To
give an idea of how ﬁr(t) can look, we have run two simulations. The first is a bosonic search algorithm of
M = 2,3, and 4 particles over a complete graph of N = 5 vertices (this graph is shown in figure 5.1). The second
is a fermionic search algorithm of M = 2,3 and 4 particles over the same graph. For both search algorithms,
P, (t) was calculated with a majority vote of r = 1,2,...,12 rounds and for 400 time points between ¢ = 0 and
t = 40. The estimated bosonic success probabilities are shown in figure 5.2, the estimated fermionic success
probabilities are shown in figure 5.3. Dashed vertical lines indicate the times for which f’r (1) rises above the
probability threshold of 0.8 for the first time *.

oy

Figure 5.1: A complete graph of N =5 vertices, where vertex 1 is the marked vertex. The quantum searches of figures 5.2 and 5.3 were
performed over this graph.

*For the fermionic search of M = 3 particles over N = 5 vertices, shown in figure 5.3, the dashed line indicating this time for Pg(¢) can be
seen at ¢ = 15 in between peaks of the oscillation. Clearly, at ¢ = 15, p@(t) is well below the threshold. This dashed line is here because
Pg (1) just touches the threshold in the peak to the left of ¢ = 15 and finally crosses the threshold in the peak to the right, resulting in an
average of t = 15.
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Bosonic search (M=2) on the complete graph (N=5)
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Figure 5.2: The estimated success probability as a function of time for a bosonic search with M = 2,3, and 4 bosons (displayed in the
top, middle and bottom plot respectively) over a complete graph of N = 5 vertices. In each plot ﬁr (1) is displayed for r = 1,2,...,12 and
t € [0,40]. A horizontal, dashed, gray line indicates the probability threshold of 0.8. The vertical, dashed, colored lines indicate the times
at which 15, (1) rises above this threshold for the first time.

We see that the estimated success probability undergoes oscillatory motion. As the number of rounds
of the majority vote increases, the majority vote method tends to amplify the estimated success probability.
In this way, }31 (1), 132(1‘), ...and ﬁlz(t) oscillate together, that is, with the same phase. This amplification di-
minishes as the number of rounds increases. Whereas a two-round majority vote in the bosonic search of
M = 2 bosons amplifies the success probability substantially (P, () is substantially larger on average than
Py (1), see figure 5.2), for larger numbers of rounds the success probability seems to converge. Whether P, (¢)
converges as r — oo, and if so, to what function, is an interesting problem that is not treated in this thesis. For
some search algorithms, the majority vote method reduces the success probability (see the fermionic search
of M = 2 fermions in figure 5.3, looking at the lowest two curves between ¢ = 7 and t = 9). Note that for all
fermionic searches (of at least 2 fermions), P; (t) = 0 for all ¢ > 0. This is because upon measurement, there are
always at least two vertices occupied, so that the majority vote will result in a tie, which leads to no guess for
the marked vertex at all. It can be shown that in general, P, (¢) is not periodic, though a derivation is beyond
the scope of this thesis.
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Fermionic search (M=2) on the complete graph (N=5)
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Figure 5.3: The estimated success probability as a function of time for a fermionic search with M = 2,3, and 4 fermions (displayed in the
top, middle and bottom plot respectively) over a complete graph of N = 5 vertices. In each plot Py (¢) is displayed for r = 1,2,...,12 and
t € [0,40]. A horizontal, dashed, gray line indicates the probability threshold of 0.8. The vertical, dashed, colored lines indicate the times
at which P, () rises above this threshold for the first time.
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5.1.2. The runtime of our quantum search algorithm and its error

Ultimately, if we are interested in the performance of a search algorithm, we want to know how long that
algorithm takes to find its target. For a quantum search algorithm, this time is undefined, as one can never
know for sure whether the algorithm will find its target (the marked vertex) within a certain time. Therefore,
we define the runtime of a quantum search algorithm to be the time it takes the algorithm to find its target
with some minimal probability. In this thesis, we set this probability to be 0.8. This runtime, then, is our
measure for the performance of a quantum search algorithm. Consider, for example, the fermionic search of
M = 2 fermions over the complete graph of N = 5 particles in figure 5.3 using a r = 3 rounds majority vote.
The curve of P5(#) (the second lowest visible curve in the plotT) crosses the probability threshold at ¢ = 11.
We will call this time the crossing time ¢*: the time at which P, () rises above the threshold for the first time.
This is the time at which we would measure the system, and repeat the evolution and measurement r times.
Therefore, the runtime T of this algorithm becomes T =r-t* = 3-11 = 33, using (4.2).

From the simulation data we can extract an interval in which the actual runtime T has to lie with some
probability. As mentioned earlier, we estimate the success probability P, (#) until there is 0.9999 probability
that the actual value lies within 0.01 from our estimate. If we consider the time period where P, (1) crosses
the threshold (so near t*) and zoom in on the probabilities near the threshold, we see a situation similar
to the one sketched in figure 5.4. The error bars indicate the probability interval where we know P, (t) lies
with 0.9999 certainty, the center of each error bar being our estimate 15,(1‘). Looking at this sketch, we see
that if indeed P (¢) lies in the indicated interval for all ¢ € {10.2,10.6,11.0,11.4,11.8}, then P, (¢) has to cross
the threshold between ¢ = 10.6 and ¢ = 11.8, so that the crossing time ¢* has to lie in the interval (10.6,11.8)
(assuming this is the first time P,(f) rises above the threshold). This is the method used to determine the
interval for the crossing time in our simulation. If P, (¢) lies within 0.01 distance of our estimate P, (1) for all
simulated t, then we know that ¢* lies in this interval. Since we simulate for 400 time-steps, the probability
that P, (¢) lies within 0.01 distance from our estimate for all £ is (0.9999)%% = 0.96, so we know with at least 0.96
certainty that the crossing time lies within its interval. This is a conservative lower bound for the probability
that ¢* lies within its interval. For low P, (1)’s, say P, (f) < 0.6, even though P, () may be more than 0.01 away
from its estimate P, (1), P, (t) is still very unlikely to be near the probability threshold of 0.8, so that it will never
influence the crossing time. Thus, the probability that ¢* lies within the interval calculated by the program
will be larger than 0.96.
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Figure 5.4: A sketch of the success probability over time, for times near ¢* and probabilities near the threshold of 0.8 (indicated by the
horizontal dashed line). The center of each error bar is the estimated Py (¢) and the interval indicates the region in which P, () lies with
0.9999 certainty.

5.1.3. The problem with determining the runtime

There are two problems with our measure for quantum search performance. To illustrate these, consider a
plot of the success probabilities for a fermionic search with M = 4 fermions over a Erd6s—Rényi graph of N = 6
generated with p = 0.6, see figure 5.5. Note that P, (f) was plotted for ¢ € [0,40] and r € {1,2,...,12}, because it

TAs Pl (1) = 0, because this is a fermionic search.
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is computationally impossible to simulate the state for ¢ € [0,00) and estimate the success probabilities for all
re€{1,2,3,...}. Furthermore, suppose that we had estimated only the success probabilities for r € {1,2,...,11}
(so excluding 12) and ¢ € [0,20]. Then, according to our simulation, the success probability of the search al-
gorithm would never cross the threshold, so that we could say nothing about its performance. Say we ran
the simulation for ¢ € [0,40] instead, but still only estimating for r € {1,2,...,11}. Then P, (¢) would cross the
threshold at * = 25 (using a majority vote of 7 = 9 rounds), so that the runtime would be T ~ 9-25 = 225. How-
ever, if we did estimate for r = 12 as well, the success probability would cross the threshold already at t* = 5,
so that the runtime would be T = 12-5 = 60! We see that the runtime according to the simulation depends on
the time for which we simulate and the numbers of rounds for which we estimate. One can, therefore, never
be sure of the runtime of our quantum search algorithm, unless one simulates for all # >0 and r € N5;.

Fermionic search (M=4) on the erdos-renyi graph (N=6, p=0.6)
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Figure 5.5: A plot of Py (t) for a fermionic search with M = 4 fermions over an Erdés—Rényi graph of N = 6 vertices, generated with p = 0.6,
for multiple r =1,2,...,12.

5.1.4. Validity of the determined runtime

Let us investigate in what manner the runtime, calculated by the simulation, changes as we estimate P, (f)
for larger r. In figure 5.6 the estimated success probability of a bosonic search (N =5, M = 2) and a fermionic
search (N =4, M = 2) over a complete graph is plotted for the same ¢ and r as before. However, now the
calculated crossing time for each r is indicated with a vertical line that is colored as follows: as we estimate
P, () for larger r starting with r = 1, we only color the line indicating its crossing time if the corresponding
runtime (i.e. r- *) is smaller than all runtimes calculated so far (so forall ' = 1,2,...,r —1). All other crossing
times are indicated with a dotted, vertical, gray line. In this way, we get an idea of how the runtime changes
as we estimate P, (t) for larger r.

Note that in figure 5.6 for the bosonic search, the threshold is already reached for r = 1 in the first peak of
the oscillation, as indicated by the colored vertical line at ¢ = 3. For the following r = 2,3,..., the time ¢* that
P, () rises above the threshold for the first time, decreases slightly for every increment of r, but not enough
to compensate for the factor  in T = r - t* (which increases with 1 every time), so that T = r - t* does not
decrease. Consequently, these crossing times are indicated with dotted, gray lines. In the fermionic search in
figure 5.6, P4 (1) crosses the threshold in the fifth peak of the oscillation. Increasing r by one, the estimated
success probability Ps(f) crosses the threshold two peaks earlier. This decrease in ¢* is sufficiently large to
compensate for the r-term in T = r - t* which increases with one, so that T decreases. Hence this crossing
time is indicated by a colored vertical line. Increasing r once more, the time at which 136(1,‘) crosses the thresh-
old shifts to the first peak, decreasing T again. For all larger r (up to r = 12), the runtime does not decrease
anymore.

We hypothesize that this behavior holds for all of our quantum search algorithms, that is, that the run-
time T can only decrease as we increase r, if the crossing time t* shifts one or multiple peaks to the left. If
the crossing time decreases slightly, but stays on the same peak as we increase r (like in the bosonic search
of figure 5.6), we hypothesize that this decrease is too small to compensate for the r-termin T = r - t*, which
increases with one, so that T does not decrease. If this hypothesis were true, we would only need to estimate
P, (1) for larger and larger r until the first peak of the oscillation (as seen in the plot of P,()) rises above the
threshold. Then, the time at which P, (f) crosses the threshold for the first time, can never shift one or multi-
ple peaks to the left, as there are no more peaks to the left.
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Bosonic search (M=2) on the complete graph (N=5)
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Figure 5.6: A plot of P, (¢) for a bosonic search with M = 2 bosons over a complete graph of N = 5 vertices (upper plot) and a fermionic
search with M = 2 fermions over a complete graph of N = 4 vertices (lower plot). The probability threshold of 0.8 is again indicated with
a horizontal, dashed line. The crossing time of each r is now only indicated with a vertical, colored line if the corresponding runtime 7 is
lower than all previously calculated runtimes (so for r'=1,2,...,r —1). Otherwise the crossing time is indicated with a vertical, dashed,
gray line.

This hypothesis was checked manually for 136 fermionic quantum search algorithms (all search algo-
rithms analyzed in 5.2), for r = 1,2,..., 12. For these search algorithms, it can be seen in the plots of P, (¢) that
indeed the runtime T only decreases when the crossing time ¢* shifts at least one peak to the left. This was
verified for r up to r = 12, and our assumption is that this behavior continues for all r > 12. Furthermore, for
these quantum searches it was verified that for r = 12 the first peak of P, (¢) rises above the threshold. This
means that, for these 136 search algorithms, we reason that the runtime as calculated by the simulation is
correct, as the crossing time cannot shift one or more peaks to the left. In other words, we assume that one
may estimate P, (¢) for rounds r = 13,14,15,...,100 or more, but this will only decrease t* slightly (as ¢* stays
within the same oscillation), so that T will never decrease. We implicitly assume here, that the first oscillation
of P, (¢) is visible in the plot, and that there will not appear another earlier peak as we estimate P, (¢) for larger
r.

5.2. Scaling of the fermionic runtime

Estimating the success probabilities and validating the calculated runtimes manually as described in section
5.1.4, we can obtain an interval that contains the runtime with at least 96% confidence, making the assump-
tions stated in section 5.1.4. This interval was calculated for all fermionic search algorithms over the complete
graph of N = 3,4,...,16 vertices. For each of these N, a fermionic search was simulated of M =2,3,...,N—-1
fermions (for M = 1, bosonic and fermionic search is the same, and for M = N, all vertices are always occu-
pied, so that P, () = 0). For each N the fermionic search algorithm of M fermions and r rounds was selected
with the lowest calculated runtime?. These lowest runtime intervals were plotted as a function of N in figure
5.7. One can see that the lowest runtime for N =4 is T = 17, and is achieved in a fermionic search with M =2
fermions and using a majority vote of r = 6 rounds.

Notice first that each lowest runtime (for N = 3,4,...,16) is achieved using a fermionic search with M =2
particles. Secondly, we see that the plot shown in figure 5.7 does not follow a clear trend. At first sight, the low-
est runtime seems to decrease as a function of N, which is the opposite of what one would expect of a search

¥Here the runtime is taken to be the average of the minimum and maximum of its runtime interval
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Figure 5.7: A plot of the runtime interval of a fermionic search over a complete graph of N vertices, as a function of N. For each N, the
fermionic search using M fermions and a r rounds majority vote was taken, so that this runtime interval was lowest. This M and r is
shown above each corresponding runtime interval.

algorithm over a graph, when this graph gets larger (when N increases). However, when we look closer, we see
that the N-domain can be split up into several sections. For N = 3,4, 5, the lowest runtime decreases fast and
for every N the search algorithm that is fastest uses a different number of rounds, r = 5, 6,4 respectively. For
N =6,7,8,9, the search algorithm that is fastest uses r = 3 rounds, and the lowest runtime increases slightly.
Then from N =9 to N = 10, the lowest runtime drops again, and we enter the final section. From N = 10 up
to N = 16, the fastest search algorithm uses r = 2 rounds and increases again as a function of N.

We hypothesize that this increasing trend of the runtime as a function of N within each section, and the
decrease of the runtime over the whole simulated N-domain, can be seen as the result of two opposing effects.
One effect influences the average height of P, (f) and the other influences the frequency of P, ().

5.2.1. Influence of M/ N on the average height of P, (1)

From its plot of P, (#), the performance of our quantum search algorithm can be estimated visually by the
average height of P, (). If P,(¢) is high on average, it will need less rounds r to cross the threshold, so that
T = r-t* will be smaller and the performance of this search algorithm better. Consider for example the
fermionic searches of M =2 and M = 3 on the complete graph of N = 5 vertices in figure 5.3. The search
using M = 2 particles looks higher on average than the search of M = 3 particles. Indeed, the search of M =2
particles only needs r = 3 rounds to cross the threshold of 0.8, whilst the search of M = 3 particles needs r =6
rounds. Consequently, the runtime of the fermionic search using M = 2 particles is lower than the one using
M = 3 particles.

The figure 5.3 suggests that as we use more fermions, the function P, (z) is less high on average, so that
we need more rounds r to cross the threshold and the performance of the search algorithm worsens. To in-
vestigate how the runtime of a fermionic search changes as we use more fermions, a plot was made of the
runtime of a fermionic search over a complete graph of IV = 16 vertices, as a function of M, see figure 5.8. For
each M, r was chosen such that this runtime was lowest and this r is shown above each runtime interval. In
this plot we see that indeed the number of rounds necessary to cross the threshold increases with M. As a
consequence, the runtime T increases as well, confirming our theory®. It was verified, using the simulations
computed by DelftBlue, that for N = 1,2,...,16 the runtime increases as one uses more fermions. This ex-

SThe runtime interval corresponding to M = 11 is much wider than the other intervals. This is because in this fermionic search, the
curve Pyy(t) just touches the threshold at t = 6 and finally crosses the threshold multiple peaks later at ¢ = 32, leading to a wider
runtime interval.
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plains why, in figure 5.7, each lowest runtime is achieved by a fermionic search with M = 2 fermions, as this
is the lowest number of fermions possible (for M = 1, bosons and fermions act the same).

We hypothesize that, more generally, for a fermionic search P, (z) is higher on average as M/N decreases.
This can be supported briefly by the following idea. From figure 5.2 and figure 5.3 we see that P, (z) is higher
on average in bosonic searches as compared to fermionic searches on the complete graph?. Treating the par-
ticles classically, when M/N is small, the particles encounter each other less frequently, since the graph is
large and the number of particles small. In our quantum search, this might mean that the particles interact
less with each other. Since bosons and fermions only differ by how they interact with each other, this would
mean that as M/N gets smaller, bosons and fermions behave more and more the same. For a fermionic
search, this would mean that as M/N gets smaller, the search would look more like a bosonic search, so that
its estimated success probability would be higher on average.

For our best fermionic search (the one using M = 2 particles), M/ N decreases as the size N of the complete
graph gets larger. If our hypothesis were true, this would mean that P, (t) will be higher on average as N
increases. Consequently, as N increases, the best fermionic search would need less rounds, which is exactly
what we see in the plot of figure 5.7. As N gets larger, P, (t) becomes higher on average, until for some N the
number of rounds necessary to cross the threshold decrements and the lowest runtime 7 = r - t* decreases
sharply. This can be seen in figure 5.7 in between sections. Whenever the number of rounds decreases (for
example from N =9 to N = 10), the runtime drops.
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Figure 5.8: A plot of the runtime intervals for a fermionic search over a complete graph of N = 16 vertices, as a function of M. M for which
the fermionic search has a runtime interval that is unbounded are not included. Above each runtime interval the number of rounds of
the majority vote for which the search algorithm was fastest, is shown.

5.2.2. Influence of N on the frequency of P, (1)

Increasing N therefore can decrease the runtime T = r - t* by decreasing r via the effect described in 5.2.1.
The opposing effect causes t* to increase as a function of N, so that the runtime T increases, and it has to
do with the frequency of P,(t). To explain this second effect, let us consider P, (f) for a fermionic search
with M = 2 fermions over complete graphs of N = 4,10 and 16 vertices, see figure 5.9. Counting the number
of oscillations in each plot, we see that as N increases, the number of oscillations decreases, that is, the
frequency of P, (¢) decreases. In [6] a similar effect is discussed for fermionic search over a complete graph in
the large- N limit. It is proven that for this search, the probability of finding the marked vertex to be occupied
by a fermion (so after one measurement) has frequency

IM M2
=VR2+AZ= — + —;. 5.1
w Y2 (6.1)

YFrom figure 5.2 and figure 5.3 this follows for N = 5. However, this was verified for all N = 3,4,5.
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Fermionic search (M=2) on the complete graph (N=4)
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Figure 5.9: A plot of Py (¢) for a fermionic search using M = 2 fermions over a complete graph of N = 4,10 and 16 vertices (displayed in the
upper, middle and lower plot respectively). The crossing time for each r is indicated with a vertical, colored, dashed line. The probability
threshold of 0.8 is indicated with a horizontal, dashed, gray line.

This probability is not equal to P, (¢), as it does not include the majority vote method or any other method
for overhead marked vertex identification. However, we hypothesize that since P, (f) is clearly related to this
probability, its frequency will show similar scaling with N. Furthermore, this probability was calculated in
the large- N regime, and not for the regime of the data presented in figure 5.7, namely N < 17. Nevertheless,
making these assumptions, we conclude that the frequency of P, () must decrease as N increases.

What is the effect of a decreasing frequency of P, () on the runtime? When the frequency of P, () de-
creases, one oscillation takes more time to complete, so that P, (¢) rises and falls more gradually and each
peak in the oscillation shifts slightly to the right. If each peak shifts to the right, then the time ¢* at which
P, () rises above the threshold shifts to the right as well, causing T = r - t* to increase. This increase of t* is
gradual, as opposed to the large discrete decrements of r, so that its effect on the runtime as a function of N
is a gradual increase. Indeed, whenever r is constant (so in each section), the runtime in figure 5.7 increases
gradually.

5.2.3. Analyzing the scaling of the fermionic runtime

To analyze the runtime of this fermionic search as a function of N, we could fit it to some function. In [6],
it is shown that without a method for overhead marked vertex identification, this runtime should scale as
O(N''3). The same bosonic search as used in this thesis, but with a different method for overhead marked
vertex identification, was shown to have a runtime that scales as @(N'/%). In this thesis we decide to fit the
fermionic runtimes to the function T'(N) = a N® with parameters a and B determined via least-squares fit-
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Figure 5.10: A plot of the lowest runtime interval of a fermionic search over a complete graph of N vertices, as a function of N. The
dashed, purple curve indicates the function T(N) = aNP fitted to the runtime intervals of N = 10,11,...,16, using the method of least-
squares, giving @ = 4.817 and f = 0.290 with a root mean square error of 0.080.
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For N > 16, a decreasing M/ N should no longer influence the runtime. Even though the average height
of P, (t) may still increase, this will no longer lead to a decrease in r. This is because one needs at least a two-
round majority vote, since P;(¢) = 0 for any fermionic search (with M = 2), which is already achieved from
N =10 onwards. Thus, unless some other effect is overlooked, the only remaining effect for N > 16 will be
that of a decreasing frequency of the estimated success probability. Therefore, we expect that for N > 16, the
runtime will continue to increase gradually, following the trend of N = 10,11,..., 16, without sudden drops
like the one from N =9 to N = 10.

If we are interested in the scaling of the runtime for large N, we should therefore use only the data from
N =10,11,...,16 to perform a least-squares fit on, and ignore the runtimes for N < 10. Doing this, we obtain
the fitted function T(N) = 4.817N%2% which has root mean square error 0.080. Thus, according to this fit
the runtime of a fermionic search over a complete graph scales as ©(N°2%) which is still faster than for the
bosonic search, but slower than was predicted in [6] for the fermionic search. However, in order to produce a
sound estimate for the parameter 8, fermionic simulations for larger N are needed.

5.3. Optimality of the critical hopping rate

In all simulations so far, the hopping rate was set to the critical hopping rate for a single-particle quan-
tum search as predicted by [1]. In order to assess whether this hopping rate was indeed optimal, multiple
bosonic searches of M = 2 bosons over a complete graph of N = 5 vertices were simulated. Instead of using
the critical single-particle hopping rate of [1], the search evolved using multiple hopping rates in the range
Y € [0.10,0.45]. Plotting the resulting runtime intervals leads to the plot shown in figure 5.11. The same
was done for a fermionic search with M = 2 fermions over a complete graph of N =5 vertices, but only for
Y €10.10,0.35], and shown in figure 5.12.

In both plots, the critical single-particle hopping rate of [1] is indicated with a vertical red line at y = 0.17.
The hopping rate used in [6] is indicated with a vertical green line at y = 0.20. The hopping rate that was
found to be the optimal hopping rate for each search in this simulation, that is, the hopping rate for which
the runtime interval was lower than that for all other y € [0.10,0.45] or all y € [0.10,0.35], is indicated with a
vertical purple line. We see that for the bosonic search, the optimal hopping rate was found to be y = 0.24
which is larger than the critical hopping rate predicted by [1]. This could mean that the interactions between

I As runtime data, the center of each runtime interval was taken, and the function was fitted with respect to these points.
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Figure 5.11: A plot of the runtime intervals for a bosonic search with M = 2 bosons over a complete graph of N =5 vertices as a function
of the hopping rate y. Above each runtime interval, the number of rounds is displayed for which the runtime interval is lowest for that
particular hopping rate. The red, vertical line indicates the single-particle critical hopping rate as predicted by [1]. The green, vertical
line indicates the hopping rate used in [6]. The purple, vertical line indicates the hopping rate y = 0.240 for which the bosonic search
was found to be fastest (at least among the hopping rates that were simulated).

particles in a bosonic (or fermionic) search change the hopping rate for which the search is optimal. This
conclusion is further supported by the fact that the plot of the runtime as a function of the hopping rate looks
different for the bosonic search as compared to the fermionic search, even though both searches take place
using the same number of particles and over the same graph. Furthermore, it could mean that if the small
constant c in the argument of [1] is larger than 0.2 (which is the case for the complete graph of N = 5 vertices),
then because the spectral condition is not satisfied, the critical single-particle hopping rate is not given by
Yc = S1. Note that for the fermionic search, the hopping rate used in [6] is in fact equal to the hopping rate
that was found optimal as compared to the other y € [0.10, 0.35] for which the search was simulated. However,
this might be a coincidence.

It is clear that the hopping rate that was used in our model for a multi-particle quantum search, was not
the hopping rate for which this search is optimal. This makes comparison between bosonic and fermionic
searches, and even between two fermionic searches, less reliable. However, there is currently no alternative
for the critical single-particle hopping rate of [1]. What the critical hopping rate for a multi-boson or multi-
fermion quantum search is, is as yet an interesting open problem.

5.4. Influence of graph connectivity on the runtime

To investigate the influence of graph connectivity on the runtime of our quantum search algorithm, 256
searches of M = 2 particles were simulated on Erdds-Rényi graphs of N = 6 vertices, half of which were
bosonic searches, the other half fermionic. Each Erdés-Rényi graph was generated using a p drawn from
a uniform distribution between 0.4 and 1.0. Only graphs that are connected were used, and for each graph
the average shortest distance between two vertices was calculated. For the bosonic searches and for the
fermionic search two scatterplots were created with the runtime on the y-axis and the average shortest path
length on the x-axis, see 5.13.

As canbeseenin5.13, as the average shortest path length of a graph increases, the variation in the runtime
of a search increases as well. Furthermore, we see that the average runtime appears to increase slightly with
the average shortest path length as well, though too little graphs with a large average shortest path length
(say > 1.6) were simulated to say for sure. Comparing bosonic with fermionic search, we see that the bosonic
searches are on average significantly faster than the fermionic searches. Moreover, looking at the average
shortest path lengths smaller than 1.4, we observe that the variation in the runtime seems to grow faster for
fermionic searches than for bosonic searches (the points in the scatterplot spread out more quickly in the
right plot). This would mean that for Erd6s—Rényi graphs (and possibly graphs in general) of N = 6 vertices,
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Figure 5.12: A plot of the runtime intervals for a fermionic search with M = 2 fermions over a complete graph of N = 5 vertices as a
function of the hopping rate y. Above each runtime interval, the number of rounds is displayed for which the runtime interval is lowest
for that particular hopping rate. The red, vertical line indicates the single-particle critical hopping rate as predicted by [1]. The green,
vertical line indicates the hopping rate used in [6]. The purple, vertical line indicates the hopping rate y = 0.200 for which the fermionic
search was found to be fastest (at least among the hopping rates that were simulated).
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the performance of a fermionic search is less consistent than the performance of a bosonic search. However,
further data is required to draw definitive conclusions.






Conclusion

In this thesis, we have studied continuous-time quantum search algorithms using bosons and fermions on
arbitrary graphs. We used the many-particle search Hamiltonian from [6] with the single-particle hopping
rate from [1], and developed a method for overhead marked vertex identification. The performance of the
resulting search algorithm was analyzed via simulations run on the Delftblue supercomputer. Finally, the va-
lidity of the simulation results was discussed.

The runtime of a fermionic search over a complete graph of N vertices as a function of N was analyzed.
It was found that this runtime increases gradually with N but drops sharply at some N. It was argued that as
N increases, the frequency of the success probability of the search decreases, so that the runtime increases
gradually. Furthermore, it was reasoned that as M/N decreases, the average height of the success probabil-
ity increases, so that for some N less rounds in the majority vote are needed, causing the runtime to drop
sharply. Finally, the runtime was fitted to T(N) = aN® and  was found to be 0.290. This would mean that
the runtime of the fermionic search scales less fast than predicted by [6].

The runtime of bosonic and fermionic search over a complete graph as a function of its hopping rate y
was analyzed. It was found that the critical single-particle hopping rate from [1] is not necessarily optimal for
multi-particle quantum search. Furthermore, it was shown that the optimal hopping rate for bosonic search
and fermionic search can differ, even though the same number of particles are used and the search is per-
formed over the same graph.

Finally, the runtime of bosonic and fermionic search over Erd6s-Rényi graphs as a function of the average
shortest path length of the graph was analyzed. We saw that, as the average shortest path length of a graph
increases, the variation in the runtime of a quantum search increases as well. For fermionic searches this
variation appeared to be greater, implying that the performance of a fermionic search is less consistent than
the performance of a bosonic search on graphs that are less connected.

We can conclude that, for the quantum search algorithms analyzed in this thesis, bosonic search is sub-
stantially faster and possibly more robust than fermionic search. However, the results from the simula-
tion suggest that, using our method for overhead marked vertex identification, the runtime scaling of the
fermionic search may improve substantially as compared to [6].
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Discussion We provide some comments regarding the validity and possible errors of this thesis. Further-
more, we suggest interesting directions for further research.

In section 5.1.4, the validity of the runtime, as calculated in the simulation, is discussed. In short, we
hypothesize that whenever the first peak of the oscillation of P, (1) crosses the threshold, the lowest runtime
is reached. This means that, for all higher r that are not yet estimated in the program, the runtime would
be higher than the lowest runtime found so far. Although all 136 simulations inspected so far follow our hy-
pothesis for r up to r = 12, it is not guaranteed that this behavior will continue for r up to infinity. Thus, the
runtime as calculated in the simulation could be wrong.

In section 5.2.3 the fermionic runtime (M = 2) over a complete graph was analyzed as a function of N and
fitted to T(N) = a N, where  was determined to be 0.290. This fit was based on seven runtimes calculated
by the simulation. Although these data follow the fit well, more runtimes are needed to see if the trend of the
runtime that is set for N =10,11,...,16 continues, and to determine this f more precisely.

In section 5.3 it was shown that the single-particle hopping rate that is used in our quantum search is
not optimal. Since bosonic search and fermionic search may have a different optimal hopping rate, using
the single-particle hopping rate may impede one of these searches more than the other. Therefore, until this
optimal multi-particle hopping rate is found, we cannot compare bosonic with fermionic search.

In section 5.4 the influence of graph connectivity on bosonic and fermionic search is investigated. In or-
der to see better how the graph structure influences the runtime, we would again need more data. Moreover,
this data should come from a set of graphs where more graphs have a higher average shortest path length, as
this data is currently most scarce. Finally, it should be investigated whether the average shortest path length
is a good way to quantify graph connectivity at all. Perhaps the algebraic connectivity” or some other measure
for the connectivity of a graph is a better predictor of quantum search performance.

An interesting direction for further research would be, investigating the optimal hopping rate for multi-
boson or multi-fermion quantum searches, or finding the method of post-measurement marked vertex iden-
tification that works best for bosonic or fermionic search.

*The algebraic connectivity of a graph is the second-lowest eigenvalue of the Laplacian of that graph, and is a measure for its connectivity.



Analysis of Grover’s algorithm

To gain a better understanding of how a quantum search works, we will analyze the single-particle quantum
search as defined in section 3.1.2. We will show a way to simplify the dynamics of this quantum search over a
complete graph by a reduction of the Hilbert space to a two dimensional subspace. Next, we write the Hamil-
tonian in the basis of this subspace, and determine its eigenvalues and eigenvectors. Finally, we determine
the state | (?)) after evolution under this Hamiltonian, and calculate the probability that the marked vertex
will be occupied by the particle as a function of time. This leads to an expression for the optimal time at which
to measure the system, which we find scales with V'N. Thus, we have retrieved Grover’s result, that quantum
search achieves quadratic speed-up as compared to classical search, illustrating the potential advantage of
quantum searches.

A.1. Analysis of Grover’s algorithm

For the complete graph, it is known that the optimal value of the hopping parameter, the critical hopping
rate, is

Y= N (A.1)

Furthermore, we can write our walking-term more compactly as —y.A, where A is the adjacency matrix
of the complete graph. Our Hamiltonian thus becomes

H=—-y A-|w)(wl| A.2)
Our goal is to compute the probability

Pu(8) = [(wly() |2 (A.3)

and thereby show that the Hamiltonian dynamics draw the particle toward the marked vertex in time
scaling as v/N.

A.2. Reduction to a 2D subspace

In this system there is a symmetry that can be used to simplify the dynamics. Note that, because the graph is
complete, all the vertices other than the marked vertex are in a sense equivalent. We can define

|w) = |particle on the marked vertex) (A.4)

1
|r) = |particle in a superposition of all other vertices) = ——— Z |i) (A.5)

VN-1izw

Then, because all vertices i # w are the same, the system stays within the span of |w) and |r).
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40 A. Analysis of Grover’s algorithm

We would like to compute the Hamiltonian in the basis of these states: the effective Hamiltonian Heg. As
a step in-between, we determine A|w) and A|r). One can verify that

Alw)y=vN-11r), (A.6)
Alry=VN-1|lw)+(N-2)|r). A7)

Then the elements in the effective Hamiltonian become

(wl A w) = =ye (w] Alw) = wlw) wlw) = —ye wl (VN=1r) ) -1=-1 (A8)

Wl HIr) = =ye I Al = wlw) (wir) = =y Wl [VN=TIwy + (N=2)In) | ==yeVN=-1  @A9)

<rIPIIW>=—w(rlAlw}—(rIWHWIw}=—Vc<r|(vN—1|r>):—Yc N-1 (A.10)
<r|FI|r>=—yc<r|A|r>—<rIW><WIr>=—Yc<r|(vN—1|LU>+(N—2)Ir>)=—YC(N—2) (A.11)
so that
A -1 ~YcVN-1
Heff‘(—yc N-1 —mN—Z)) (A.12)

Forlarge N, VN -1=+v/N and N -2 = N. Using the optimal y. = 1/ N, we get

-1 L
Hee (_ 1 _ﬁﬁ) (A.13)
VN

A.3. Eigenvalues and eigenstates
The eigenvalues of this matrix are

1 1
Ey=-1-—  E=-1+— (A.14)
0 VN ! vN
Thus the energy gap is
2
AE=E;-Ey= _N (A.15)

The corresponding eigenstates for eigenvalues Ey and E; are respectively

= - lw) oy [P0 =191

= 7 A.16
NG vz NG (416

In order to evolve our system, we need to choose an initial state. Since we do not know which vertex
is the marked vertex, we cannot choose |w) or |r) as initial state. We can, however, choose the uniform
superposition |s) over all vertices as initial state:

1 N 1
= — [y = — +VN-1 17
|s) Ni§:1lz> N lw) +V [r) (A.17)

In the large- N limit, the |w)-component in |s) goes to zero, so we can approximate |s) = |r). Then,

|s) +w) _ o —1w) Is) ~ lvo) +lyn)

2 lw1) = T => NG

lyo) = (A.18)
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A.4. Time evolution and success probability
Using the above formula, the evolved state is

ity o it (WO YD 1 gy —iEt
[y (1)) = e~ ettt | g) ~ o1 Het (—\/§ ]~ \/E(e 0 [yrg) + e 11 le>) (A.19)
The amplitude on the marked vertex is
1 . .
(wiy (1) = \—E(e—”f‘)%wlw +e B iy ) (A.20)
_ Y[ Cigy (Yol —{yl _ibr e Wol = (w1l
_E(e 0 (T)|w0>+e I(T)W,l) (A.21)
- %(e*l'Eot _ e*iEl t) (A22)
- %(1 —eninr) (A23)
Thus
_ 2 _ | ~Linkr 1( liage  ~lingr\|> _ o 2 AEE) _ . of
Pu(0) = {wly (D) —‘e ; .E(ez —e2 )| = sin (T)—sm (ﬁ) (A.24)

A.5. Runtime and conclusion
We see that the Hamiltonian causes the system to oscillate between |s) and |w). In this sense, the Hamiltonian

draws the particle towards the marked vertex in the region \/—tﬁ € [0, 51. The success probability is maximized
when

= (A.25)

2l
T

ie.
T
=3 VN (A.26)

Thus, the time it takes this quantum search to find the marked vertex scales as ©(v N), retrieving Grover’s
result.






The majority vote projector

The success probability P, (¢), the probability that the majority vote method of r rounds performed on the
state |y (#)) results in a correct guess for the marked vertex, can be determined exactly using a quantum op-
erator. In this section, we construct this operator step by step, and explain how it is used to determine the
success probability. Calculating the success probability using a quantum operator enables fast implementa-
tion in a computer program. However, this method can only be used for quantum searches over small graphs
(N < 10) and using a minimal number of particles (M < 10).

B.1. The total measurement as measurement of a quantum state
In the following sections we will show that we can calculate the success probability P,(f) using quantum
operators. These quantum operators act on the total state

Wy ely)e---&ly)=y)®" (B.1)

~~
r times

The total measurement, consisting of r measurements of our state |1}, is in fact one measurement of this
total state. To illustrate this, consider a system of one boson walking over a graph of two vertices. A state this
system could be in, written as a Fock state, is

V3 1
lw)y = —10) + = |01). (B.2)
2 2
This state is visualized in figure B.1.
Py = % Py = %
110) |01)

Figure B.1: Representation of the graph of two vertices with a boson (indicated by a blue ball inside each vertex) in a superposition of
these vertices. The opacity of the blue ball inside each vertex depends on the probability of finding the boson at that vertex, indicated
with P; and P; for vertices 1 and 2 respectively.

In this system vertex 1 is the marked vertex. Suppose we want to apply two rounds of the majority vote
method on this system. The only way in which, after two measurements of |), vertex 1 has the largest to-
tal number of particles, is by measuring |10) twice. Thus, the probability that the majority vote method is
successful in this case is

9
[ (w10 * - | (w10 |* = = (B.3)

W
W
|

Now consider the total state of this system
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44 B. The majority vote projector

1
lyy®|y) = % [1010) + ? [1001) + ? [0110) + 2 [0101) (B.4)

Again, only if we would measure |1010) from this state the majority vote would be successful. The proba-
bility that this happens is
2 9
[{wl® (y|1010)| 16 (B.5)

Thus, measuring |y) r times is equivalent to measuring the total state |y)®" once. For a general system,
the total state is a superposition of basis states of the following form

D a D@
Ing)né)...ngv)ng)...n(n”) (B.6)

B.2. The majority vote method as quantum operator
The total state will be manipulated using a sequence of quantum operators, all wrapped up into a single
majority vote projector. The goal is to construct this operator so that it has the following property

M, |nm n(”) _ { Ingl) nﬁ?) if the marked vertex has strictly the largest total number of particles,
1 ny

0 otherwise.
(B.7)
Here M, is the majority vote projector of r rounds. Applying this operator on a total state [1)®", it selects
only those basis states Inil] . nx)) for which the majority vote method would guess the correct marked ver-

O}
1

tex. For example, if vertex 1 is our marked vertex, it would only select those basis states |n; ... n%?) for which

nil)+~-+n§” >n§.1)+-~+n§r) foralli=2,3,...N.

Letting M, act on the example total state of before, we get

V3 V3

- -~ (3 3 3 1 3
My ly) ® |y) = Mo Z|1010>+T|1001>+T|0110>+Z|0101> :4_1|1010> (B.8)

Thus, the probability that the majority vote method is successful becomes

Pao(y) = (y|® (w| My ) ® ) (B.9)

and for a general r rounds majority vote, we have

Pr(yp) = (y|®" M, |[w)®" (B.10)

Now, we have reduced the seemingly complex task of calculating the success probability of the majority
vote method to a simple quantum operation. What remains is finding the majority vote projector.

B.3. Constructing the majority vote projector

The majority vote projector M, of r rounds will be constructed in four steps.

W @ pln)

1. Firstwe would like to find a projector that, for a given vertex i, selects all basis states|...n non

for which
ni.l) =m
n§2) =my
(B.11)
ng.r) =my

where m; is the number of particles on vertex i in round j in this basis state. The number of particles
on all other vertices # i in each round is free: the projector should ignore this. The projector that does
this, we will call P[(ni.l), e nﬁr)) = (my,...,m;)], and is constructed as follows
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r .
Pi(n,...,n{") = (my,...,mp1 = [T Im))] (m;] (B.12)
j=1

It consists of a product of |m j)J. (mj|-terms. The /_notation in between the ket and the bra is an ab-

@) () () .
»(ml! )

breviation: written in full it would be |m;) * (m;|.”", meaning |m; is a basis state with m; particles

on vertex i in round j (the number of particles on the other vertices left open). Then |m j); (mj| be-
comes an operator acting only on the site in the basis state corresponding to vertex i and round j. As
an example, consider again the simple system of before, and the operator 1) ; (1|. Written in full, this
would be Inil) 1 n(z) (2) ) (ngl) 1 ngz) ngz)l (with n(l) (2) and n(Z) to indicate that the number of particles

on these sites is left open), or written differently I ® |1) (1l I® I. Each |m j>{ {mj|-term in the product
selects all basis states with m; particles at vertex i in round j from the superposition. The product of all

|m j)]. (mj|-terms selects all basis states for which the constraints of (B.11) are satisfied. This is because

()

if one of the constraints would be violated, say n;” #mj, then the term |m j){ (mj| acting on the basis

state |... gl) 22) nl. ...) would evaluate to 0, making the entire product equal to 0. Thus we have

found our first projector.

2. As a second step, we would like to find a projector that selects all basis states from |y)®" for which the
total number of particles on vertex i is m. Thus, we should construct a projector that selects all basis
states |.. (1) nﬁz) (r) ..) for which n(l) S+ n(” = m. This projector, written as P[ntOt m], is
given by

Pnf=m= Y  PIHV",...n")=(m,...,mp)] (B.13)

my+-+my=m

Each projector P[(n(l) . ng.r)) = (m,,..., m;)] in the sum selects all basis states such that (n(l) . ngr)) =
(my,...,m;). By summing over all possible ways to have m; +--- + m, = m, we get all bas1s states that

have a total of m particles on vertex i.

3. The following step is creating a projector P[n!S! > n'®!] that selects all basis states for which n'9' > n!®.,
where w is the marked vertex and i is a vertex of choice. To do this, consider the product of

Pndt=miP[n' =1 (B.14)

This is an operator selecting basis states that have both m particles in total on the marked vertex, and /

particles in total on vertex i, because if either P[n3' = m] or ﬁ[ng‘“ =[] is not satisfied (returns 0 when

acting on the basis state), the product becomes 0 as well. Now, for a general state [w)®", m can be at

most Mr, as in each round vertex w can be occupied by at most M particles. Thus we are interested

in selecting all basis states for which nj)' =1 and n{*' <0, or nj)' =2 and n{® < 1, or... nj)" = Mr and
n° < Mr - 1. The projector of interest therefore is

P[ntot>ntot] Z Z plntot = ]P[nwt ] (B.15)

4. Finally, we would like to select all basis states for which the inequality n!9' > n§°t holds for all i # w, as

only in this case would vertex w be guessed as the marked vertex by the majority vote method. More
tot tot tot tot tot tot

concretely, we would like 79" > n}°* and n{)' > n}** and ... and n}' > n{\" to be true (skipping nig' > np
of course). This results in our ﬁnal projector: the majority vote prOJector
M, = H Pt > n§°t] (B.16)
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