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1. Introduct ion 

Exper imenta l wave basins are used to measure wave effects 

o n various types of structures and vessels, i n c l u d i n g models o f 

ships, of fshore p la t fo rms , and other bodies. The usual object ive is 

to s imula te the open-water e n v i r o n m e n t where the f ree surface is 

unbounded , except by the body (or by m u l t i p l e bodies). In order 

to achieve this objecdve i t is necessary to e l imina te or m i n i m i z e 

h y d r o d y n a m i c effects associated w i t h the f i n i t e d imensions o f the 

basin. W a l l effects w h i c h are not related d i recdy to waves are 

negl ig ible i f the basin is su f f i c i en t ly large re la t ive to the body 

leng th scale. However the effects associated w i t h wave re f lec t ion 

f r o m the wal ls w i l l persist regardless o f the size o f the basin. Thus 

i t is essential to bo th generate and absorb waves in a con t ro l led 

manner , to s imula te the open-water condi t ions . 

Square or rectangular wave basins are usual ly equipped w i t h 

banks o f wavemakers on one or t w o sides. Beaches are used on 

the opposi te sides to avoid or m i n i m i z e ref lec ted waves. Mos t 

beaches consist o f s loping porous surfaces w h i c h absorb the wave 

energy t h rough a combina t ion o f viscous diss ipat ion and breaking. 

Partial r e f l ec t ion f r o m beaches is unavoidable, in some cases i t is 

necessaiy to l i m i t the t ime of an exper iment so tha t the ref lected 

waves do not affect the test area o f t h e basin. 

As an a l ternat ive to passive beaches, wavemakers w i t h suitable 

controls can be used as absorbers [ 1 - 5 ] . W e shall refer here to 

'wavemakers ' as devices w h i c h can be used ei ther to generate 
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or absorb waves, or to p e r f o r m bo th func t ions s imul taneously . 

Absorbing wavemakers have several advantages rela t ive to 

convent ional beaches. A t least i n l inear theory, l o w or zero 

re f lecdon can be achieved, and less space is r equ i red i n the 

expenmen ta l d o m a i n o f the basin. Another advantage is tha t 

waves w h i c h are ref lec ted back t o w a r d the generators can be 

absorbed. Absorb ing wavemakers can also be used to reduce the 

t ime requi red fo r residual wave a t t enua t ion be tween expe r imen ta l 

runs. 

In add i t ion to the i r use in physical wavetanks, absorbing 

wavemakers are also used i n numer i ca l wavetanl<s t o prevent 

wave ref lect ions f r o m the boundaries o f the compu ta t i ona l d o m a i n 

[ 6 - 9 ] . Usually this is achieved by m o d i f y i n g the free-surface 

boundary cond i t i on over a f i n i t e region near the boundaries . 

In this respect the numer ica l m ode l is s imi la r in the physical 

context to a pneumadc wavemaker , w i t h an osc i l la tory pressure 

appl ied to the free surface. Insofar as these numer ica l schemes 

rely on o p t i m i z e d constant parameters in the boundary condi t ions , 

they are more closely related to passive beaches as opposed to 

absorbing wavemakers w i t h active controls . 

The l inear analysis o f wavemakers and absorber con t ro l 

systems is re ladvely s t r a i g h t f o r w a r d i n t w o dimensions , bu t 

the s i tua t ion is m o r e compl ica ted i f the wave m o t i o n is three-

d imens iona l . In order to generate and absorb plane waves at 

obl ique angles i t is necessary to use a large n u m b e r o f w a v e m a k e r 

elements w i t h smal l w i d t h s compared t o the w a v e l e n g t h [ 1 0 ] . 

A more f u n d a m e n t a l p r o b l e m is to con t ro l the absorbers i n an 

effect ive manner f o r ob l ique or m u l t i - d i r e c t i o n a l waves. 

Wavemakers can be analyzed w i t h Havelock's theory [ 1 1 ] , 

w h i c h applies to a s e m i - i n f i n i t e f l u i d d o m a i n . In the case o f 

generators a rad ia t ion cond i t i on is imposed, and each w a v e m a k e r 
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radiates waves w h i c h propagate to i n f i n i t y . For absorbers the 

same theory applies, bu t w i t h the waves m o v i n g i n the opposite 

d i r ec t i on . As i n the case o f a f l o a t i n g body i n an i n f i n i t e f l u i d , the 

h y d r o d y n a m i c pressure force acdng o n each e lement includes bo th 

added-mass and d a m p i n g components . This approach is i n t u i t i v e l y 

logical i f the hor izonta l scale o f the basin is large compared to the 

wave leng th , and i f reflect ions are ignored. 

I t is m o r e radonal to consider the basin as a f i n i t e domain , 

b u t th is changes the linear invisc id t heo ry in a fundamen ta l 

manner . Waves are ref lected on the basin wal ls , and there is no 

energy radia t ion . Considenng each wavemaker mode separately, 

and assuming steady-state harmonic t i m e dependence, s tanding 

waves are generated and the f l u i d ve loc i ty t h r o u g h o u t the basin 

oscillates w i t h the same phase. There is no wave damping , 

and the pressure force act ing on each w a v e m a k e r e lement can 

be expressed comple te ly in terms of an added-mass ma t r i x . 

Nevertheless progressive waves can be generated, w i t h 'e f fect ive ' 

d a m p i n g and energy absorpdon, by c o m b i n i n g the morions o f 

d i f f e r e n t wavemaker elements w i t h appropr ia te phase differences. 

In th is paper l inear theory is used to s tudy the performance 

o f wavemakers in basins. W e restr ic t our a t t en t ion to basins w i t h 

a square or circular p l a n f o r m , and to 'h inged- f lap ' wavemakers 

w i t h ver t ica l surfaces w h i c h rotate about a submerged hor izonta l 

axis. The numer ica l results presented i n Sections 5 and 6 

are obta ined us ing the three-d imens ional r a d i a r i o n - d i f f r a c t i o n 

code W A M I T , w h i c h is based on the boundary in tegra l -equat ion 

m e t h o d . This facil i tates computa t ions to be p e r f o r m e d for a rb i t ra ry 

geometr ica l conf igurat ions , w i t h or w i t h o u t f l o a t i n g bodies or 

o ther obstruct ions w i t h i n the basin, and f o r d i f f e r e n t types o f 

wavemakers such as the 'p is ton ' type w h i c h is o f t e n used i n 

sha l low basins. Similar results are expected i n the la t ter case since 

the radiated waves generated by d i f f e r e n t types o f wavemakers 

are the same except f o r the i r amp l i t ude and phase. The results 

presented here are based on the h igher -order m e t h o d o f so lu t ion , 

w i t h exact representat ion of the geomet ry o f the t ank and body. 

The first p rob lem considered is tha t o f generat ing and absorbing 

a plane progressive wave system w i t h o u t the presence o f a body. 

The theore t ica l f r a m e w o r k is our i ined i n Section 2. Wavemakers 

and condir ions fo r o p t i m i z i n g absorbers are considered fo r t w o -

d imens iona l basins i n Secrion 3, fo r obl ique waves i n Secdon 4, 

and f o r three-dimensional basins in Secdon 5. The extension to 

inc lude a body is considered i n Section 6, w h e r e i t is s h o w n that 

close approx imat ions to the open-wate r forces on a f l o a t i n g body 

can be achieved w i t h suitable con t ro l o f the absorbers. In Section 7 

t w o - d i m e n s i o n a l wavemakers are analyzed in the t i m e domain , 

t o compare the t ransient effects of d i f f e r e n t absorber strategies. 

Section 8 gives a br ie f 2 descr ip t ion o f the c o m p u t a d o n a l methods, 

and Section 9 includes discussion and conclusions. 

Nonl inear effects may have special impor tance i n some cases, 

f o r example i f the a m p l i t u d e o f the wavemakers is large, the 

t ank dep th is shal low, or special features o f the tank or the body 

cause t h e m to be par t icular ly sensitive to sub- or super-harmonic 

resonance. Several o f t h e references c i ted above consider nonl inear 

effects based o n second-order pe r tu rba t ion analysis, cnoida l wave 

theory , or f u l l y - n o n l i n e a r spectral analysis. I t is no t possible 

to make general statements about the impor tance o f nonl inear 

effects, or the va l id i ty of l inear analysis. Nevertheless the l inear 

results presented here may provide qua l i tadve or quandta t ive 

ins ight i n many cases o f practical impor tance . 

2. Theoret ica l analysis 

Cartesian coordinates x, y , z are used, w i t h z = 0 the plane of 

the e q u i l i b r i u m free surface and the -|-z-axis d i rec ted upwards . The 

f l u i d dep th h is constant, w i t h the b o t t o m at z = -h. The sides 

o f the basin are assumed to be ver t ica l , and covered by an array 

of N wavemakers . The fluid doma in is enclosed by the b o u n d a i y 

surface S i n c lud ing the wavemakers and b o t t o m o f the basin, and 

by the free surface. The no rma l vector n is d i rected ou t o f t h e fluid 

d o m a i n on 5. The complex t ime- fac to r e'"' is assumed th roughou t , 

except i n Section 7. 

I f the J th wavemaker oscillates w i t h complex a m p l i t u d e the 

ve loc i ty po ten t ia l can be de f ined as 

N 

0 = i « ^ ? j 0 j . (1) 

j = 1 

Here 0,- is the rad ia t ion potent ia l for each wavemaker , sa t i s fy ing 

the boundary c o n d i t i o n 

9 ^ 

dn 
= Hi (2) 

on the submerged surface S, o f the j t h wavemaker , w h e r e rij is the 

n o r m a l d isplacement w h e n = 1. I f the wavemakers are h inged 

about the b o t t o m , 

n,- = 
z + h 

on Si. (3) 

The n o r m a l ve loc i ty 9 (^ j /9n = 0 on the other wavemakers , and 

on the b o t t o m o f the basin. I t is convenient to de f ine n j = 0 

everywhere on S except on S,, so that (2) applies eve rywhere on 

S. The n o r m a l displacement nj is real, w i t h the same phase at al l 

poin ts on the wavemaker . (More generally, i n cases w h e r e the 

m o t i o n of a wavemaker is complex, i t can be decomposed in to t w o 

real modes.) 
The l inear free-surface cond i t ion o n z = 0 is 

(4) 

w h e r e g is the grav i tadonal acceleration. 
The general ized pressure force act ing on the i t h w a v e m a k e r is 

= j j ^ p n i d S = -ipco j j ^ ( j > n i d S 

dS (5) 

w h e r e the l inear f o r m o f Bernoull i 's equadon is used to evaluate 

the pressure p, p is the fluid density, and there is no c o n t r i b u d o n 

f r o m the hydrosta t ic pressure since the wavemaker ' s n o r m a l 

d isplacement is hor izon ta l . In the present case F, is equiva len t to 

the m o m e n t about the hinge axis. 

Since the fluid d o m a i n is bounded and the on ly inhomogeneous 

boundary cond i t i on is real, i t fo l lows that (pj is real and the 

general ized pressure force act ing on the i t h e lement can be 

expressed i n the f o r m 

w h e r e 

(6) 

(7) 

is the added-mass ma t r i x . 

W e shall assume tha t the pr inc ipa l object ive is to generate a 

progressive ' inc ident ' wave system o f ampl i t ude A, represented by 

the po tenda l 

^ ig^COShko(Z-|-/l)^_i^.„(;,cos/)+ysin/i) ^g) 

' u> cosh/<oh 

w h e r e /3 is the angle of propagat ion relat ive to the 4-x-axis. The 

w a v e n u m b e r ko is the posit ive real roo t of the dispers ion re la t ion 

g 
= k t a n h kh. (9) 
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The wave sys tem (8) can be produced in a basin w i t h no 

obs t ruc t ing bodies i f the n o r m a l ve loc i ty everywhere on the wal l s 

o f the basin is equal to d(pi/dn. This ideal cond i t ion can be 

approx imated i f the wavemaker w i d t h is su f f i c ien t ly small relat ive 

to the wave leng th 27t/ko, and the ampl i tude o f each e lement is 

def ined by 

= (n ,cos/5 + n,sin/3)e^"*' '^- '"^^+^J^'"^' . (10) 

Here (Xj,yj) are the hor izonta l coordinates of the wavemaker 

cent ro id and (n^, n^.) are the components o f the no rma l vector. 

The cond i t ion w h e n (10) is used to define the wavemaker 

ampl i tudes a p r i o r i w i l l be refer red to as 'k inemadc ' absorpt ion. The 

pr inc ipa l app rox ima t ion i n this scheme is to neglect evanescent 

modes w h i c h are on ly s igni f icant close to the wavemakers , a region 

tha t usual ly is not used fo r experiments . 

Kinemat ic absorpt ion is not appropriate i f there are d is tur

bances o f the inc ident wave system, due to radiat ion and scat ter ing 

f r o m bodies w i t h i n the basin or any other cause. In expe r imen

tal applicat ions i t is cus tomary to control the absorbers based on 

measured values o f ei ther the i n c o m i n g waves, as in [ 1 ] , or the hy

d rodynamic force act ing on the wavemaker , as discussed i n [2 ,3] . 

F o l l o w i n g the la t ter approach, w e shall consider 'dynamic ' absorp

t i o n where each absorber responds to the pressure force i t exper i 

ences in accordance w i t h the equat ion of m o t i o n 

N 

^ / \ , j ^ j + ( m , - i d , / a ; ) ^ j ==0. (11) 

j = i 

Here m,- and d,- represent the iner t ia l and d a m p i n g coeff ic ients o f 

a l inear con t ro l system w h i c h restrains the absorber i . I f a subset 

o f the wavemakers (1 < j < act as absorbers and the others 

(N/1 - t - l <j< N) as generators, (11) is appl ied w i t h (1 < i < N a ) . 
to solve f o r the absorber ampl i tudes , and the ampl i tudes o f the 

generators are def ined by (10). 

3. Two-d imens iona l w a v e m a k e r s 

I t is u se fu l to consider the case o f two-d imens iona l m o r i o n w i t h 

t w o idenrical wavemakers at the opposite ends o f a rectangular 

basin. The f i rs t wavemaker , say a t x = 0, oscillates w i t h ampl i t ude 

^, and radiates waves i n x > 0. Neglect ing the evanescent near-

f i e l d m o r i o n , the po ten t ia l on the free surface is represented i n the 

f o r m 

^ , < / . , ( x , 0 ) ~ ? , « e - " ' " \ (12) 

w h e r e the coef f ic ien t a depends on co. I f the tank length is L and 

the second wavemaker is s tat ionary, perfect re f l ec t ion w i l l occur at 

X = L w i t h the ref lec ted wave system represented by the po ten t i a l 

< / ) r ( x , 0 ) - ^ l a e - " " ' ' ^ ^ " ^ ' . (13) 

The s u m o f (12) and (13) is a s tanding wave w i t h zero no rma l 

ve loc i ty o n the w a l l x = L. 

The second wavemaker , located at x = L and osc i l la t ing w i t h 

amp l i t ude §2. radiates a wave system m o v i n g t o w a r d x = 0 w i t h 

the f o r m 

^2</.2(x,0)^^2ae-"'°'^-^>. (14) 

This w i l l cancel the ref lected system (13) i f 

^ , = _ ^ , e ^ " ' ° ^ (15) 

This const ruct ion, based on the cancellarion of the ref lec ted wave 

system, gives the same result fo r the absorber a m p l i t u d e as i n 

the k inemat ic de r iva t ion represented in the more general three-

d imens iona l case by (10) . Note tha t the a m p l i t u d e § is de f ined 

i n the posirive sense w i t h reference to the n o r m a l vector on the 

73 

wavemaker element . Thus the minus sign i n (15) is consistent w i t h 

(10) . 

Reflections f r o m the wavemaker at x = 0 are ignored i n the 

above analysis.-To comple te the so lu t ion i t is necessary to add 

ref lected waves f r o m the periodic image boundaries at X = i fcnLfor 

al l integer values of n. This leads to a m o d i f i e d steady state, w i t h 

the sum of ( 1 2 ) - ( 1 4 ) replaced by 

—iof 
4,ix, 0) ~ — — [? i cos ;<o(L - x ) + ^2 cos /<:ox], (16) 

smkoL 

but the re la t ion (15) f o r the o p t i m u m absorber ampl i t ude is 

unchanged. In general the so lu t ion (16) is s ingular at the resonant 

's loshing' modes of the basin where koL = nn, bu t (16) reduces to 

(12) w h e n (15) is subsr i tuted f o r t h e absorber ampl i tude . Thus the 

absorber prevents the occurrence of resonant modes. 

Using (6) , the pressure force act ing on each wavemaker is g iven 

by 

Fl = « 2 ( ? , ^ n +^2/112) {An - e-^'^'Au), (17) 

F2 = (^,A,2 + ?2/l22) = 0/^2 {A22 - e ' ^ ° % , ) . (18) 

The last factors i n parenthesis can be in te rpre ted as the 'e f fect ive ' 

added mass and d a m p i n g o f each wavemaker by i t s e l f w h e n the i r 

mot ions are o p t i m i z e d according to (15) . F rom s y m m e t r y i t f o l l o w s 

t h a t A u =A22 andAi2 = A21. Thus the ef fec t ive added mass 

a = A, , -Ai2cos / s :o l . (19) 

is the same fo r bo th wavemakers . The effecr ive d a m p i n g c o e f f i 

cients are ± fa where the upper sign applies to the wave generator 

at X = 0, the lower sign to the absorber at x = L, and 

b/co = -AusinkoL. (20) 

I t is logical to expect that the d a m p i n g is posi t ive fo r the generator 

and negative for the absorber. This can be c o n f i r m e d f r o m the 

analysis in Append ix A, us ing (59) and neglect ing the i n f i n i t e series 

w h i c h is exponent ia l ly smal l for physical ly relevant values o f the 

l eng th L. 

Since there is on ly one absorber, the equat ion of m o t i o n (11) f o r 

dynamic con t ro l is 

^2(A22 + m - i c i / a ) ) = - A , 2 ? , . (21) 

O p t i m u m values fo r the inerr ia and d a m p i n g coeff ic ients can be 

der ived by subsr i tur ing (15) i n (21). Thus 

m = —a and d = b, (22) 

w h e r e (19) and (20) have been used. These relarions are no ted 

by Nai to [3 ] and a t t r i bu t ed to Bessho [ 1 2 ] . From the physical 

v i e w p o i n t , the external iner t ia force should cancel the added mass 

(or more generally, should be evaluated w i t h a cor responding 

sriffness coef f ic ien t to achieve resonance), and the o p r i m u m 

external d a m p i n g is equal to the h y d r o d y n a m i c damp ing . S imi la r 

relations are w e l l k n o w n i n the field o f w a v e - p o w e r conversion, as 

rev iewed by Evans [13 ] . 

4. Generat ion and absorption of oblique waves 

The analysis i n Secrion 3 can be extended f o r ob l ique wave 

generat ion and absorpt ion by 'snalce' wavemakers w h i c h ex tend 

t o y = ± 0 0 , w i t h the hor izon ta l d isplacement of each wavemaker 

p ropor t iona l to e"'''"^^'"'*. Neglec t ing the evanescent near - f i e ld 

m o t i o n , the po tenda l on the free surface due to the wavemaker at 

X = Ois 

^ ,0 , (x ,O)e- ' ' " '> '^ '"^ ~^ , c^e - " ' ° ' "™=/ '+^^ ' " ' * ' . (23) 

I n the case where the fluid doma in extends to x = 0 0 , analogous 

to the t w o - d i m e n s i o n a l wavemaker i n a s e m i - i n f i n i t e domain , the 
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PER=3 

0 30 60 90 

P 

Fig. 1. Effect of oblique incidence on the added mass of tlie 'snake wavemaker'. 

These results are based on (64), and normalized by the l imi t ing value for ^ = 0, 

which corresponds to the two-dimensional added mass (51). Wave penods (PER) 

are in seconds. ' 

d i f f e r e n t i a l hyd rodynamic pressure force act ing on the wavemaker 

can be expressed i n the f o r m 

F ; = (ft;2A ' -i«B')?,e^"'•°^^'"^ (24) 

w h e r e the added mass A' and d a m p i n g B' depend on /S. These 

coeff ic ients are der ived i n Append ix B. The dependence of A' on 

P is i l lus t ra ted i n Fig. 1. The dependence of B' on jS is g iven by the 

s imple r e l a t ion 

B ' ( ^ ) = B ' (0)csc/3 = B c s c / 3 , (25) 

w h e r e B is the two-d imens iona l damping coef f ic ien t (52) . Thus the 

d a m p i n g i n obl ique waves is greater than in t w o dimensions. 

I f the f l u i d d o m a i n is bounded by a w a l l at x = L, the re f lec t ion 

o f the wave system (23) can be canceled by an absorber at x = L i f 

^2 = _^^e-''o''°'P. (26) 

In this case 01 and 02 are real, and the d i f f e r e n t i a l force on each 

w a v e m a k e r is g iven by 

Fi = w'{^,A\,+^2A'u)e-'"°'''"P 

= co% {A\, - I'A',,) e- '""^™ ^ (27) 

= co'{^,A\, + ^2A'22)^-'"°'''"^ 

= ü?%2 - e"'"'"^ e-'^»^^'" (28) 

Thus the ef fec t ive added mass and d a m p i n g are 

a ' = / l ' „ - / \ ' , 2 C o s ( / < o L c o s i 3 ) (29) 

and 

b ' / w = -A ',2sin(;<ol.cos/3). (30) 

Neglect ing exponent ia l ly smal l te rms i n (66) and (67) , i t f o l l o w s 

f r o m the analysis i n Append ix B that (29) and (30) are equal to the 

coeff ic ients A' and B ' / w def ined by (64) and (65) . 

I f the equat ion o f m o t i o n for dynamic absorber con t ro l is 

?2(/l'22 + m - i d / a ) ) = - A ' , 2 t , , (31) 

o p t i m u m values o f the iner t ia and d a m p i n g can be der ived by 

subs t i tu t ing (26) i n (31). Thus 

m = - a ' and d = b ' , (32) 

as i n (22) , and o p t i m u m dynamic con t ro l can be achieved i n obl ique 

waves by using the corresponding added-mass and d a m p i n g 

coeff icients A' and B' i n place of the two-d imens iona l coeff ic ients 

A and 6. 

5. Three-d imens ional w a v e m a k e r s and basins 

The th ree -d imens iona l case is treated numer ica l ly , us ing the 

r a d i a t i o n - d i f f r a c t i o n code W A M I T . T w o examples are considered, 

a square basin 16 m by 16 m by 2 m depth, and a circular basin 

o f radius 10 m and dep th 2 m . Hinged wavemakers are d i s t r ibu ted 

u n i f o r m l y a round the per iphery, w i t h the hinges at the b o t t o m o f 

the basin. For the square basin the generat ing wavemakers are on 

t w o adjacent sides and the absorbing wavemakers are on the t w o 

opposite sides. For the circular basin the generat ing and absorbing 

wavemakers occupy opposi te semi-c i rcular arcs. I n Figs. 2 - 4 the 

generat ing elements are s h o w n in black and the absorbers i n red. 

Results are s h o w n fo r the square basin at the incidence angles 

yfi = 0 and = 3 0 ° , re la t ive to the -l-x-axis. For the circular basin 

the incidence angle is /3 = 9 0 ° . 

The results presented here are fo r a per iod o f 2 s, cor responding 

to a wave leng th o f 6.05 m . Figs. 2 - 4 show contour plots o f the 

wave ampl i tude over the free surface, exc lud ing a 1 m s t r ip 

adjacent to the wavemakers . For progressive waves o f the f o r m 

(8) the ampl i t ude is spatial ly constant. Reflections and other 

imper fec t ions in the inc ident wave system are indica ted by 

fluctuations o f the ampl i tude . The magni tude o f the fluctuarions 

is measured i n each p lo t by the standard dev ia t ion CT, de f ined as 

the square-root o f the variance over the computa r iona l d o m a i n 

displayed i n the figures and no rma l i zed by the mean value. 

Similar results are s h o w n i n [14] f o r basins w i t h a dep th o f 1 m . 

The ref lecr ion coeff ic ient , def ined as the d i f ference be tween the 

m a x i m u m and m i n i m u m elevations d iv ided by the i r sum, is 2 -3 

t imes larger than CT, bu t i n most cases the largest fluctuarions are 

near the outer boundary of the computa t iona l d o m a i n and the 

re f lec r ion coef f ic ien t near the center of the basin is smal ler than 

this est imate w o u l d indicate. 

Four separate contour plots are inc luded i n each figure. The 

upper l e f t plots (a) show the s tanding waves w h i c h are generated 

w h e n the absorbers are s tat ionary. The upper right plots (b) show 

the wave ampl i tude w i t h k inemat ic absorprion. The l o w e r l e f t 

plots (c) show the results w i t h dynamic absorprion using the t w o -

d imens iona l added mass and d a m p i n g to evaluate the absorber 

coeff ic ients m and d i n accordance w i t h (22). The l o w e r right 

plots (d) show the results w i t h dynamic absorpt ion us ing the 

ob l ique-wave added mass and d a m p i n g to evaluate the absorber 

coeff ic ients m and d i n accordance w i t h (32), where is de f ined as 

the local incidence angle relat ive to each absorber. 

Fig. 2 shows the wave ampl i tudes i n the square basin f o r /} = 

0. Two-d imens iona l s tanding waves are present i n Fig. 2(a). In 

Fig. 2(b) and (d) the absorpt ion is a lmost perfect, w i t h a = 0.004. 

The results i n Fig. 2(c) show the l i m i t a t i o n o f using dynamic con t ro l 

w i t h two-d imens iona l added mass and d a m p i n g fo r all o f the 

absorbers; i n this case w i t h ;S = 0 the absorbers on the l o w e r 

right w a l l should be stat ionary, as i n Fig. 2(b), bu t instead they 

react to the pressure o f t h e passing wave system to extract energy 

and d is tor t the waves. In Fig. 2 (d) this does no t occur since the 

local angle of incidence is 9 0 ° , resulr ing i n ' i n f i n i t e ' d a m p i n g o f 

the cont ro l le r according to (32) and (25). ( I n the post-processor 

used to compute these results a finite upper bound escyS < IO"* 

is employed to evaluate the damping . ) 

Fig. 3 shows the corresponding results For ^ = 3 0 ° . The 

s tanding-wave sys tem i n Fig. 3(a) is three-dimensional , w i t h 

substant ia l ampl i tude . This can be a t t r i bu ted to the p r o x i m i t y o f 

a resonant mode at 1.98 s w i t h f ive long i tud ina l nodes and t w o 

transverse nodes, not un l ike the ampl i t ude in Fig. 3(a). The results 
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0=0.004 

Fig. 2. Amplitude of waves in the square basin w i t h generators (blacl<) and absorbers (red). The waves propagate in the +A:-direction (fl = 0). The upper left plot (a) 

shows the standing-wave system wi thout absorption. The absorbers are (b) kinematic, (c) dynamic w i t h 2D added-mass and damping forces, and (d) dynamic w i t h oblique 

added-mass and damping forces. Note that different ranges of colors are used to represent the amplitude in each plot. The variance a indicates the magnitude of reflections 

and nonuniformity in the wave system. (For interpretation of the references to colour in this figure legend, the r eader is r eferred to the web version of this article.) 

0=0.012 

0=0.005 

Fig. 3. Ampli tude of waves in the square basin w i t h generators (black) and absorbers (I'ed). The waves propagate in the direction [fi = 30°) relative to the -l-x-axis. The 

upper left plot (a) shows the standing-wave system wi thou t absorption. The absorbers are (b) kinematic, (c) dynamic w i t h 2D added-mass and damping forces, and (d) 

dynamic w i t h oblique added-mass and damping forces. Note that different ranges o f colors are used to represent the amplitude in each plot. The variance a indicates the 

magnitude o f reflections and nonuniformity in the wave system. (For interpretation o f t he references to colour in this figure legend, the reader is referred to the web version 

of this article.) 

using dynamic absorpt ion w i t h t w o - d i m e n s i o n a l coeff icients , i n 

Fig. 3(c), are better than the corresponding results i n Fig. 2(c), bu t 

substant ia l ref lect ions are s t i l l present. The results i n Fig. 3(b) and 

(d) are clearly superior. I t is surpr is ing to note tha t the s tandard 

dev ia t ion i n 3(d) is smaller than 3(b), and this impl ies tha t the 

values o f a are no t accurate i n the t h i r d dec imal place. 

The results f o r the circular basin in Fig. 4 are s imi la r to 

the results fo r the square basin i n obl ique waves, w i t h s imi la r 

conclusions regarding the d i f f e r en t absorber schemes. 

For the results shown i n Figs. 2 - 4 a to t a l o f 128 wavemakers 

are used, w i t h a w i d t h of 0.5 m . Table 1 shows the effect on the 

variance a us ing d i f f e r e n t w i d t h s o f 1.0 m , 0.5 m , and 0.25 m , w i t h 

k inemat ic absorbers. The u n i f o r m i t y of obl ique waves is i m p r o v e d 

by reducing the w i d t h o f the wavemakers , as expected. 

6. Absorpt ion of radiated and scattered waves 

Floating or submerged bodies w h i c h are present i n the basin 

w i l l radiate waves due to the i r mot ions , and also scatter the 

inc ident waves generated by wavemakers . The radia ted and 

scattered waves propagate o u t w a r d t o w a r d the sides o f the basin. 

I t is necessary to absorb these waves i n add i t ion to the inc iden t 
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1.06 
1.06 =0.003 

Fig. 4. Ampli tude of waves in the circular basin, w i t h generators (black) in the sector (y < 0) and absorbers (red) in (y > 0). The waves propagate in the +y-d i rec t ion 

[ f i = 90°). The upper left plot (a) shows the standing-wave system wi thou t absorption. The absorbers are (b) kinematic, (c) dynamic w i t h 2D added-mass and damping 

forces, and (d) dynamic w i t h oblique added-mass and damping forces. (For interpretation o f the references to colour in this figure legend, the reader is referred to the web 

version of this articie.) 

Table 1 

Effect of the wavemaker w i d t h on the variance a at difterent incidence angles, for 

64, 128, and 256 wavemakers in the square basin. 

p 64 X 1 m 128 X 0.5 m 256 X 0.25 m 

0 0.0036 0.0036 0.0036 
22.5° 0.0324 0.0080 0.0032 
45° 0.0505 0.0127 0.0039 

wave f i e l d . Indeed, this more general r equ i remen t is the pr inc ipa l 

reason fo r using dynamic absorbers. 

I n order to i l lustrate this type o f p r o b l e m we consider the case of 

a f l oa t ing hemisphere o f radius 1 m at the center of the basin. The 

s imples t r ad ia t ion p r o b l e m to consider is heaving m o t i o n o f the 

hemisphere i n the circular basin, since the m o t i o n is ax i symmet r i c 

and the absorbing wavemakers can be assumed to have the same 

ampl i t ude and phase. Two al ternat ive approaches are used to 

op t imize the wavemaker m o t i o n in this case. 

First w e consider the t w o s tanding-wave systems generated by 

the separate mot ions o f the hemisphere and wavemakers . Their 

ampl i tudes can be represented in the f o r m 

(33) 

w h e r e / = 1 denotes the hemisphere, i = 2 denotes the wave¬

maker, Q is a complex coef f ic ien t and Cf denotes the conjugate. 

The f i r s t and second terms i n parentheses represent i n w a r d 

and o u t w a r d propagat ing r i n g waves, respectively. The i n w a r d 

propagat ing waves are canceled i f 

W f i = - ( C , / C 2 ) . (34) 

This is the o p t i m u m cond i t i on fo r the absorber, analogous to (15) 

i n t w o dimensions. In order to evaluate §2/^1, computa t ions are 

made of ii\ and ?;2 a long a radial l ine be tween r = 1.5 m and 

r = 9.5 m i n steps o f 0.1 m . The coeff ic ients Q are evaluated by 

Fourier in tegra t ion of th is data. Fig. 5 shows the ampl i tudes o f t h e 

t w o s tanding-wave components (33) fo r several wave periods, and 

also the radiated wave - (Ci/C2)?;2- Using (6) , the force act ing 

o n the hemisphere i n the la t ter cond i t i on is 

F, = « 2 § i [ / l n - ( C i / C 2 ) A , 2 ] . (35) 

The added mass and d a m p i n g are g iven by the real and imag ina ry 

parts of the fac tor i n square brackets. 

As an a l ternat ive procedure, analogous to (21) , the equadon 

o f m o t i o n fo r the absorber a m p l i t u d e is solved us ing the t w o -

d imens iona l added-mass and d a m p i n g coeff ic ients . This avoids 

measurement and analysis o f the free-surface e levadon, and is 

s impler to emp loy i n the exper imen ta l context . Fig. 6 shows 

the added-mass and d a m p i n g coeff icients o f the hemisphere, 

compar ing the results f r o m the t w o approaches w i t h computadons 

f o r the same body i n open water . The results based on the f i r s t 

approach are pracdcal ly ident ica l to the open-wa te r results. The 

second approach introduces a smal l osc i l la tory e r ro r f o r longer 

wave periods, w h i c h may be expla ined by the fac t that the t w o -

d imens iona l added-mass and d a m p i n g coeff ic ients are affected 

by the curvature o f the wavemaker to a greater ex ten t i n longer 

waves. 

Next w e consider the d i f f r a c r i o n p r o b l e m w h e r e the h e m i 

sphere is f i x e d and plane progressive waves are generated by the 

wavemakers w i t h yS = 0. T w o separate sets o f computa t ions are 

pe r fo rmed , w i t h and w i t h o u t the hemisphere present i n the basin. 

The f i r s t c o m p u t a t i o n is a ' ca l ibra t ion ' o f the basin and wavemak¬

ers, whe re the ampl i t ude | j o f the wavemakers is d e f i n e d by (10), 

as i n Figs. 2(b) and 4(b) . The resu l t ing inc iden t wave ampl i t ude A 

is c o m p u t e d at the center o f the basin, and the added-mass c o e f f i 

cients Alj are evaluated fo r the wavemakers . 

In the second compu ta t ion , w i t h the hemisphere present i n the 

basin, the added-mass m a t r i x Ay is evaluated i n c l u d i n g the h y d r o -

dynamic interact ions be tween the hemisphere and wavemakers . 

In general there are six addir ional modes, cor responding to the 

rigid-body mot ions o f the hemisphere, bu t i t is on ly necessary to 

account f o r surge and heave, denoted by the subscripts x and z re

spectively. The ampl i tudes for the wavemakers , de f ined as the 

so lu t ion of the l inear system (11) , can be expressed i n the f o r m 

(36) 



J.N. Newman/Applied Ocean Research 32 (2010) 71-82 77 

0.4 

0.2 

0 

-0.2 

-0.4 

2 

1 

0 

-1 

-2 

0.5 

0 

-0.5 

2 

1 

Ü 

-1 

-2 

0.2 

0.1 

0 

-0.1 

-0.2 

PER=1.5 
R = 0.026 

X 

PER=2.0 
R = 0.023 

PER=2.5 
R = 0.036 

6 

RADIUS 

10 

Fig. 5. Plots showing the amplitudes of the standing waves in the circular basin, 

generated by heaving motion of the hemispher e (green) and axisymmetric motion 

of the wavemaker (blue) for different periods in seconds (PER). The amplitude of 

the wavemaker motion is reduced by a factor of (1 /10) for convenience in plotting. 

The red lines represent the amplitude of the radiating wave f r o m the hemisphere 

w i t h op t imum absorption by the wavemaker. The abscissa is the radial distance r 

f r o m the center of the basin. The reflection coefficient R is defined by the relation 

R = ( ' ï i M x - ' ; m i , i ) / ( ' ; m i , x + ' / m m ) where (;/i„ax. ))„,in) are the maximum and m i n i m u m 

values of the radiated wave amplitude, mult ipl ied by -/kr, in the range between 

1.5 m and 9.5 m radius f rom the center. The hemisphere radius is 1 m and the basin 

radius is 10 m. (For interpretation of the references to colour in this figure legend, 

the I'eader is referred to the web version of this article.) 

Fig. 6. Added mass (red upper lines) and damping(blue lower lines) for the heaving 

hemisphere. The dashed lines are based on the op t imum absorber amplitude 

derived f r o m the free-surface elevations, using (35). The dot-dash lines are f rom 

computations w i t h dynamic control of the wave absorber. The solid lines are f rom 

computations in open water, The added mass is normalized by p and the damping 

by pai. The abscissa is the wave period in seconds. 

Fig. 7. Exciting forces for the hemisphere in surge (I'ed upper left lines) and 

heave (blue lower left lines). The dashed lines (square basin) and dot-dashed lines 

(circular basin) are based on computations using kinematic control to absorb the 

incident waves and dynamic control to absorb the scattered waves. The solid lines 

are f rom computations in open water. The exciting forces are normalized by pgA, 

where the wave amplitude A is evaluated at the center of the basin wi thou t the 

hemisphere. The abscissa is the wave period in seconds. 

where Sj is the correct ion to account fo r scattering. Since f j is the 

so lu t ion o f (11) w i t h Aij replaced by Aij, i t f o l l o w s tha t 

^ A i j S j + (mi-idi/co)Si 

1=1 

= - T . { ^ - ^ ) l ( ' • = 1 . 2 , , N ) . (37) 

Note that this l inear systein is appl ied for a l l N wavemakers , and 

the generators o f the inc ident wave also serve to absorb back-

scattered waves f r o m the body. 

The p r inc ipa l advantage o f so lv ing (37) fo r Sj is tha t the 

k inemat ic a m p l i t u d e (10) is used f o r the inc ident waves, and any 

approx imadons associated w i t h the absorbers are con f ined to the 

component Sj. In the f o l l o w i n g evaluat ion o f the exc i t ing force, 

the inerda and d a m p i n g coeff ic ients m,- and d, are replaced by the 

corresponding constant values f o r a t w o - d i m e n s i o n a l wavemaker . 

The added-mass coefficients/ \ ;<j ,Aq (j = 1,2,..., N) represent 

cross-coupling be tween the sphere and wavemakers . These 

coeff icients can be used w i t h the so lu t ion o f (37) to evaluate the 

exc i t ing force components 

(38) 

The values o f \Fx\ and \F^\ are s h o w n i n Fig. 7 fo r the square and 

circular basins, and compared w i t h the exc i t ing forces in open 

water . The m a x i m u m absolute d i f ference be tween the open-water 

computa t ions and basins is about 0.03. For the phase angles, the 

m a x i m u m di f fe rence is about 4 ° . The most not iceable differences 

i n Fig. 7 are fo r the circular basin, i n longer wavelengths ; these 

appear to be s imi la r to the larger dif ferences i n Fig. 6, w h i c h are 

a t t r i bu ted to the effects o f curvature i n longer wavelengths . Small 

differences are apparent also fo r the surge force at periods be tween 

1.0 and 1.1 s, w h i c h may be a t t r i bu ted to d iscre t izar ion errors at the 

shortest wavelengths . 
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The same computa t ions have been pe r fo rmed fo r the square 

basin us ing obl ique added-mass and d a m p i n g coeff ic ients , based 

o n the angle o f incidence f r o m the center o f the basin (va ry ing 

b e t w e e n 0" at the center o f each side and 45° at the corners). The 

exc i t i ng forces c o m p u t e d in this manner are pract ical ly the same 

as those based on the two-d imens iona l coeff ic ients . 

A d d i t i o n a l computat ions , not s h o w n here, have been pe r fo rmed 

w i t h the exc i t ing forces evaluated f r o m (38) using the ampl i tudes 

l j , w i t h o u t correct ing fo r the effect o f scattering. These results 

are h igh ly osci l latory i n bo th basins, compared to the results i n 

Fig. 7, c o n f i r m i n g that w h i l e the scattered waves may be smal l 

compared to the inc ident waves, large s tanding waves can result 

f r o m the i r reflect ions especially in the v i c i n i t y o f wave periods 

w h e r e resonant modes exist. 

7. Two-d imens iona l wavemakers in the t ime-domain 

Transient effects are s igni f icant i n physical exper iments , 

even w h e n the object ive is to produce a monoch romadc wave 

system. To i l lustrate these effects w e consider a two-d imens iona l 

w a v e m a k e r at x = 0, s ta r t ing f r o m rest at t i m e t = 0 and 

m o v i n g w i t h no rma l veloci ty ( 7 ( t ) / ( z ) . The ve loc i ty potent ia l can 

be represented by a d i s t r i budon o f sources over the surface of the 

wavemaker , w i t h the source densi ty equal to the n o r m a l veloci ty . 

To s i m p l i f y the analysis i t w i l l be assumed tha t the f l u i d dep th 

is i n f i n i t e , and thus the appropnate source po ten t i a l is g iven by 

Wehausen and Laitone [15, Eq. 13.54]. The free-surface elevat ion 

is represented by the convo lu t ion in tegra l 

U x , t ) = f U(T)k(x,t-r)dT, (39) 
Jo 

w h e r e the impulse-response f u n c t i o n is 

k(x,t) = - — f cosKXCos Jgict f f(z)e'"dzdic. (40) 
7t Jo J 

A hinged wavemaker is considered, as in the preceding sections, 

w i t h ƒ (z) def ined by (3) and the hinge axis 2 m be low the free 

surface. A f t e r evaluat ing the in tegral w i t h respect to z analyt ical ly, 

the r ema in ing integral w i t h respect to K is evaluated numer ica l ly , 

as expla ined i n Section 8. Fig. 8 shows plots of this f u n c t i o n at six 

successive t ime steps. These results are s imi lar to the waves due to 

a concentra ted impulse on the f ree surface ( c f Lamb [16] , Sections 

2 3 8 - 2 3 9 ) , usually referred to as the Cauchy-Poisson p rob lem. 

The longer waves propagate w i t h re la t ive ly large veloci ty , and 

shor ter waves f o l l o w behind . Unl ike the so lu t ion for a concentrated 

impulse , the shorter waves i n Fig. 8 d i m i n i s h i n magni tude due to 

the verdca l d i s t r i bu t i on o f the sources on the wavemaker . 

Hereaf ter i t is assumed that the wavemaker ve loc i ty U ( t ) 

= s i n w t f o r t > 0, w i t h the wave penod 27r/ai = 2 s. The 

generated waves are shown for a sequence o f t i m e steps in Fig. 9. 

The dashed lines in Fig. 9 c o n f i r m tha t the wave f r o n t moves 

w i t h the g roup veloc i ty and the i n d i v i d u a l wave crests move w i t h 

the phase veloci ty . The waves beh ind the f r o n t q u i c k l y approach 

t h e i r l i m i d n g sinusoidal f o r m . Figure 6.10 i n [17] shows a s imi la r 

sequence o f waves based on photographs in a smal l physical wave 

tank. 

I f the wavemaker is at one end o f a basin, w i t h an absorbing 

w a v e m a k e r at the opposite end, the synthesis described i n 

Section 3 can be repl icated in the t i m e doma in . For i l lus t ra r ion a 

basin of l eng th L = 40 m is used, w i t h the genera t ing wavemalcer 

a t x = 0 and the absorber a tX = 40 m . A n image wavemaker a t x = 

80 m is used to s imulate the ref lected wave, w i t h the same ve loc i ty 

L/(C) as the generator. The absorber ve loc i ty is —U(C — koL/co), 

w h e r e the t ime lag corresponds to the phase lag —ikoL i n (15). The 

superpos i t ion o f these three wave systems is s h o w n i n Fig. 10. By 

X 

Fig. 8. Plots of the influence function (40) at a sequence of t ime steps f between 1 

(top) and 6 (bottom) s. The distance x is in meters. 

X 

Fig. 9. Waves generated by the wavemaker at x = 0, at a sequence of time steps 

f between 1.5 (top) and 60 (bottom) in steps of 1.5 s. The wave period is 2 s. The 

slopes (dx /d t ) of the upper and lower dashed lines are equal to the group velocity 

and phase velocity, respectively. 

f o l l o w i n g the crests along the l o w e r dashed l ine i t can be c o n f i r m e d 

tha t a steady propagat ing wave system is achieved, bu t on ly af te r 

a substandal t i m e . Prior to this par t ia l s tanding waves are present. 

These are due p r i m a r i l y to s ta r t ing the wave absorber too soon, as 

indica ted by the waves that exist in Fig. 10 ahead of the o r ig ina l 

f r o n t (above the upper dashed l ine near the r i gh t end). This can be 

ant ic ipa ted since the phase lag —U<oL corresponds to a t i m e delay 

propagat ing w i t h the phase veloc i ty instead o f the g roup veloci ty . 

As an al ternat ive scheme the absorber ve loc i ty is assumed to 

be p ropor t iona l to the free-surface e levadon due to the wave 

generator, as measured at the absorber. Thus the c o n t r i b u t i o n by 

the absorber is 

^A{X, t) = C [ t)k{L-x, t - r)dr. (41) 
Jo 

Here the coef f ic ien t C is analogous to the transfer f u n c r i o n be tween 

U and i n the f requency doma in . The resul t o f us ing this absorber 

a l g o r i t h m is s h o w n in Fig. 11 . I t is clearly super ior to Fig. 10, 

w i t h close a p p r o x i m a d o n to a steady propagat ing wave system 

shor t ly a f te r the inc iden t -wave f r o n t reaches the absorber. In 

add i r ion to delaying the absorber response u n t i l the waves arr ive. 
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Fig. 10. Waves generated by the wavemaker at x = 0, w i t h an image wavemal<er 

atx = SOmandanabsorberatx = 40m, tos imula teabsorp t ion inabas inof i eng th 

L = 40 m. The siopes (dx/dt) of the upper and lower daslied lines are equal to the 

gr oup velocity and phase velocity, respectively. 

X 

Fig. 11. Waves generated by the wavemaker at x = 0, w i t h an absorber at 

X = 40 m. The velocity of the absorber is proportional to the elevation of the 

incident wave at the absorber, and the resulting waves are defined by (41). The 

slopes (dx /d t ) of the upper and lower dashed lines are equal to the group velocity 

and phase velocity, respectively. 

th is a l g o r i t h m also accounts for the gradual b u i l d - u p o f the wave 

system at the f ron t . Since the wave elevat ion and pressure are 

closely correlated, i t is l i ke ly tha t s imi lar pe r formance can be 

achieved w i t h replaced i n (41) by the pressure force act ing on 

the absorber. This w o u l d give a t i m e - d o m a i n representat ion o f 

dynamic absorpt ion. 

8. Computat ional details 

The numer ica l results s h o w n in Figs. 2 -7 have been obta ined 

us ing the r ad i a t i on /d i f f r ac t i on p rog ram W A M I T . This p rogram is 

in tended p r i m a r i l y fo r the analysis of wave interact ions w i t h 

bodies i n open water , but i t can be used fo r in te rna l f l u i d domains 

w i t h a free surface, such as p a i t i a l l y - f i l l e d tanks and wave basins. 

The p r inc ipa l requi rement is that the submerged surface of the 

basin, as w e l l as the body, is def ined in the geomet ry i n p u t to 

the p rogram. (For a basin w i t h constant depth , as i n the cases 

considered here, i t is not necessary to include the b o t t o m as 

part o f the i n p u t geomet ry since the boundary cond i t i on on the 

b o t t o m is sat isf ied by the Green func t ion . ) The results presented 

here are based on the higher-order m e t h o d of so lu t ion , w i t h 

exact representat ion of the geometry of the tank and body. The 

u n k n o w n ve loc i ty potent ia l on the boundary surface is represented 

by cont inuous B-splines, and the number o f degrees o f f r e e d o m to 

ensure accurate results is de te rmined by convergence tests. 

Each componen t (pj is evaluated as the so ludon o f a discret ized 

integral equa t ion over the domain inc lud ing the wavemakers 

and body. The m o d o n o f each wavemaker is represented by 

a generalized mode, w i t h the normal ve loc i ty assigned in a 

special subrout ine as a f u n c t i o n o f the verdca l p o s i d o n on the 

wavemaker . The h igher-order method o f so ludon is used, w i t h 

the u n k n o w n potentials represented by B-splines. The geomet ry o f 

the basins and hemisphere are represented analyt ical ly , w i t h o u t 

approx imat ions . Each wavemaker is represented by a separate 

patch, w i t h subdiv is ion used to achieve converged solut ions. 

Further details can be f o u n d in [18] . Special post-processing 

u t i l i t ies are used to conver t the standard outputs f r o m W A M I T to 

the results presented here. 

In a closed basin each component 0 should be real , as no ted i n 

Section 2. Since the exter ior Green f u n c t i o n used i n the p rog ram 

is complex, one test o f the numer ica l accuracy o f the s o l u d o n 

i n a closed basin is to compare the magni tudes o f the real 

and imag ina ry parts. Typica l ly the computed rados be tween the 

d a m p i n g and added-mass coefficients are on the order of 10"^ or 

smaller. The corresponding ratios fo r the wave ampl i tudes are on 

the order o f 10~^ or smaller. 

The t w o - d i m e n s i o n a l t i m e - d o m a i n computa t ions described i n 

Secdon 7 have been pe r fo rmed w i t h a p rogram w h i c h evaluates 

the impulse-response f u n c t i o n and convo lu t ion integrals by 

numer ica l quadrature . The impulse-response f u n c t i o n (40) is 

evaluated as the sum o f t w o separate integrals i n v o l v i n g the 

sum and d i f ference of the t r igonomet r ic arguments . These semi-

i n f i n i t e integrals are replaced by i n f i n i t e series o f f i n i t e integrals, 

de f ined such tha t the t r igonomet r i c arguments change by 27r 

i n each in terval (except for one in te rva l w h e r e the p o i n t o f 

s ta t ionary phase occurs). Adapt ive Romberg quadratures are used 

i n each in te rva l , w i t h a convergence tolerance of 10~^, and the 

summat ions are conr inued u n t i l the last t e n terms i n the series 

are smal ler than 10~^. The convo lu t ion integrals (39 ) and (41) are 

evaluated by the t rapezoidal rule w i t h t ime steps equal to 0.03. This 

value o f t h e t ime step gives converged results in Figs. 9 - 1 1 , w i t h i n 

graphical accuracy. 

9. Discuss ion a n d conclusions 

The generat ion and absorpt ion of waves i n a closed basin has 

been analyzed w i t h i n the f r a m e w o r k of l inear po ten t i a l theory . 

Wavemakers s i tuated i n the sides of the basin are used f o r b o t h 

generat ing and absorbing the waves. Specific results are presented 

f o r square and circular basins, w i t h wavemakers w h i c h are h inged 

at the b o t t o m o f the basin. Other geometr ica l conf igurar ions can be 

analyzed i n a s imi la r manner . 

In a closed basin i t is essendal to absorb the inc iden t waves 

generated by the wavemakers , as w e l l as radiated and scattered 

waves f r o m bodies w i t h i n the basin. T w o types o f controls 

are considered f o r the absorbers, referred to as ' k inemat ic ' 

and 'dynamic ' . In the Idnemaric case a l l of the w a v e m a k e r 

elements oscillate w i t h prescribed ampli tudes o f m o t i o n , and 

w i t h appropr ia te phases, to coincide w i t h the n o r m a l ve loc i ty 

o f a progressive wave at the center of each wavemaker . I f the 

wavemakers are su f f i c i en t ly smal l , compared to the wave l eng th , 

this s imple approach ensures tha t bo th the wave genera t ion and 

absorpt ion w i l l be ef fec t ive p rov ided there are no bodies or o ther 

sources o f radiar ion or scat ter ing w i t h i n the basin. 
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To p rov ide for more general wave absorpt ion, i nc lud ing 

rad ia t ion or d i f f r a c t i o n f r o m bodies, a dynamic scheme is 

in t roduced . Each absorbing e lement responds to the local pressure 

force f r o m the inc ident waves, w i t h an external l inear contro l ler 

w h i c h is represented by ine r t i a l and d a m p i n g forces. Solut ion 

o f the coupled equations of m o t i o n gives the ampl i t ude and 

phase for each absorber. O p t i m u m external con t ro l is achieved 

i f the iner t ia force is equal to the negative added mass and the 

d a m p i n g force is equal to the wave damping , based on Havelock's 

wavemaker theory. These o p t i m u m coeff ic ients are evaluated fo r 

n o r m a l incidence based on t w o - d i m e n s i o n a l theory i n Append ix A, 

and fo r ob l ique incidence by a general izat ion o f the same theory i n 

A p p e n d i x B. 

Computa t ions are p e r f o r m e d i n the f requency d o m a i n us ing 

the r a d i a t i o n / d i f f r a c t i o n code W A M I T . Contour plots o f the wave 

a m p l i t u d e t h r o u g h o u t the basin are s h o w n compar ing the results 

w i t h o u t absorbers, w i t h k inemat ic absorbers, and w i t h dynamic 

absorbers. The qua l i ty o f the absorbers is measured by the 

variance o f the wave ampl i tude . W i t h o u t absorbers there are 

severe s tanding waves due to re f lec r ion f r o m the wal l s opposi te 

to the wave generators, and f r o m the generators themselves. 

W i t h k inema t i c absorbers the variance is very smal l , and there is 

pract ica l ly no ref lec t ion . The effectiveness o f dynamic absorbers 

depends on the assumprions used to derive the added-mass and 

d a m p i n g coeff ic ients . For inc ident wave absorpt ion i n a basin 

w i t h o u t rad ia t ion and scattering f r o m a body, dynamic absorbers 

are as ef fec t ive as k inemadc absorbers w h e n obl ique added-mass 

and d a m p i n g coeff ic ients are used to account f o r the local inc ident 

angle at the absorbers. The use o f two-d imens iona l added mass 

and d a m p i n g coeff icients is less sadsfactory. 

In order t o s tudy the effects o f rad iar ion and scattering, 

computa t ions are p e r f o r m e d w i t h a f l o a d n g hemisphere i n the 

center of the basin. T w o specific applicat ions are considered, 

f i r s t to evaluate the added mass and d a m p i n g due to heaving 

m o t i o n o f the hemisphere i n a c i rcular basin, and then to evaluate 

the exc i t ing force i n inc ident waves f o r b o t h the square and 

c i rcular basins. In the heaving p rob lem the m o d o n is ax isymmetr ic , 

and the absorbing wavemakers a round the basin have the same 

a m p l i t u d e and phase. The absorber is o p t i m i z e d f i rs t by analysis 

o f the free-surface e levat ion i n the basin, and then by a dynamic 

approach. Bo th give good approx imat ions f o r the added mass 

and d a m p i n g o f the hemisphere i n open water , bu t the dynamic 

approach shows smal l osci l la tory errors i n longer wavelengths 

w h i c h may be a t t r ibu ted to the use o f t w o - d i m e n s i o n a l theory fo r 

the de t e rmina t ion o f absorber cont ro l . 

The evaluat ion o f the exc idng forces on the hemisphere is 

more chal lenging, since the three-d imens iona l scattered wave 

f i e l d is superposed on the inc ident wave sys tem and bo th mus t 

be absorbed to achieve sat isfactory results. The m e t h o d adopted 

here is to use k inemar ic absorpt ion fo r the inc ident waves, and 

dynamic absorpt ion fo r the dif ference i n the wave field due to 

scattering. This gives good results fo r the exc i t ing forces i n bo th 

the square and circular basins, based on comparisons w i t h separate 

computa t ions in open water . S imi lar ly good per formance can be 

expected i f dynamic absorbers are used f o r bo th the inc ident and 

scattered waves, p rov ided the i r angle of incidence is measured and 

accounted fo r using obl ique added-mass and d a m p i n g coeff ic ients . 

The two-d imens iona l t i m e - d o m a i n analysis in Section 8 

i l lustrates some transient phenomena that are relevant to absorber 

con t ro l . Comparison o f the results s h o w n i n Figs. 10 and 11 

suggests the u t i l i t y o f wavemaker con t ro l based on measur ing 

the instantaneous free-surface elevat ion at the absorber. S imi lar 

results are expected using the exc i r ing force i n place o f the 

e levat ion. In physical exper iments i t m a y be d i f f i c u l t to separate 

the c o n t r i b u t i o n due to the inc ident waves f r o m the to ta l e levat ion 

or force inc lud ing the absorber's o w n m o r i o n . Theoret ical and 

numer ica l analysis m a y be usefu l i n this context . 

The dynamic absorber con t ro l is f requency-dependent . This 

complicates applicat ions i n the d m e domain , as discussed by 

Maisond ieu and C l é m e n t [19] and also by Nai to [3 ] . Thus the 

present w o r k m a y represent an upper bound on the per formance 

of wave absorbers. 

Appendix A. Solution for two-dimens ional w a v e m a k e r 

A fluid of constant dep th h is bounded on the l e f t by a ver t ica l 

wavemaker at x = 0. The wavemaker oscillates w i t h a m p l i t u d e 

/ ( z ) c o s ( w f , and n o r m a l veloci ty -cof (z) sin wt. I f the ha rmonic 

t i m e dependence is represented by the complex factor e'"", the 

ve loc i ty po ten t ia l 0 satisfies the boundary condi t ions 

— = icofiz) o n x = 0, 
9x 

— = 0 o n z = —h, 
dz 

(42) 

(43) 

and the free-surface condi r ion (4). F o l l o w i n g Havelock [7 ] , the 

po ten t ia l can be expressed i n the general f o r m 

Co coshkoiz -\- ;i)e=^"""' -f- ^ C„ cos k„(z + h)e^''"\ (44) 

Here /<o is the posi t ive real root o f the dispers ion re la t ion (9) 

and kn denotes the posi t ive imaginary roots. The e igenfunct ions 

(cosh koiz 4- h), cos k„{z -\- h)) are comple te and o r thogona l in the 

d o m a i n {—h < z < 0 ) . 

I t is convenient to def ine the integrals 

Co 
ƒ " 

f(z)coshko(z + h)dz 

{kohsinhkoh - cosh/^o/i 4- l ) / ( /<o / i ) , (45) 

(46) 

C„ = I f i z ) cos kn{Z + h)dZ 

-h 

= (/<„/! sin/<„/! - i - COS/Cn/i - l ) / ( / < ^ / l ) -

w h e r e the last results in (45) and (46) apply fo r a h inged 

wavemaker w i t h ƒ (z) = (z + h)/h. 

For the usual case o f a s emi - in f in i t e fluid d o m a i n (0 < x < oo) 

a r ad ia t ion cond i t i on is imposed w i t h waves m o v i n g i n the +x 

di recdon . Thus 

OQ 

0 = Co cosh /;o(z + / j j e - ' " " ' " + cos k„(z + ; i ) e - ' " ' ^ (47) 

n = l 

where 

Cn = 
-4a>Co 

s inh 2koh -H 2koh 

-AicoCn 

(48) 

(49) 
s in2/<n/ i -F 2;<„;i 

The added-mass and d a m p i n g coeff ic ients f o l l o w f r o m the in tegra l 

o f the pressure force act ing on the wavemaker , 

- iwB = -ipo) I !(z)<p{0, z)dz. 
-h 

Thus 

J-h 

A = 4 P X ^ 
^ sin2k„h + 2knh 

B = Apw-
sinh2ko/i- | -2/<o/i 

(50) 

(51) 

(52) 
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More generally, i f the hinge dep th h is less than the f l u i d depth 

H, Eqs. (45) and (46) are replaced by 

Co [ 7 ( 2 ) cosh ;<o(z + H ) d z 
J-h 

= cosh /<Q(H - h)(koh s inh /<o/i - cosh /<o/i + 1) 

+ s inh ko(H - h)(koh cosh koh - s inh koh), j ( k l h ) (53) 

Cn = j Rz) cos k„{z + H)Az 

= cosk„(H — h)(k„h sin/<„/i + cos knh — 1) 

+ sin k„{H - h)(knli cos k„h - sin k„h) j (klh). (54) 

For a basin of f i n i t e length, w i t h the f l u i d doma in (0 < x < L), 

the rad ia t ion cond i t i on is replaced by the boundary cond i t i on (px = 

0 on X = L and the potent ia l is 

0 = Co cosh ;<o(z + h) cos (/<o(Z. - x ) ) 

oo 

+ ^ C„ COS k„(z + h) cosh (/<„(L - X ) ) e-""', (55) 

n=l 

where 

Co 

4cow 

Cn = 

( s inh 2/<o/i + 2/(0/)) s in koL 

-4c„we''"'-

(56) 

(57) 
(sin 2knh + 2knh) s inh k„L 

In this case there is no damping , and the added-mass coeff icients 

def ined in Section 3 are 

All = P f{z)<P(.0,z)dz 

-4p 
c^ cot koL c^„cothk„L 

s inh 2/(0/1 + 2koh ' ''' s in 2/<n/i -|- 2/(„;t 

• f -
J-h 

p I / ( z ) 0 ( L , z ) d z 
/ - / I 

c^csc/(oL 
= - 4 p 

c^cschk„L 

s inh 2/(0/1 -I- 2/<o/i ' ' ' ' ^ s in 2k„h + 2k„h 

(58) 

(59) 

The coeff ic ients (58) and (59) are s ingular w h e n koL = nn, 

but the e f fec t ive added mass and d a m p i n g (19) and (20) are 

nonsingular . W h e n L/h » 1 the differences be tween (19) , (20), 

(51) and (52) are exponent ia l ly smal l . 

Appendix B. Solution for oblique waves 

The analysis in Append ix A can be extended f o r ob l ique wave 

genera t ion and absorp t ion by 'snake' wavemakers in the planes 

X = 0 and x = L, w i t h s inusoidal va r i adon o f the ampl i t ude in 

the y -d i r ec t i on . Assuming the wavemakers extend to i n f i n i t y in 

b o t h direct ions, the ve loc i ty potent ia l can be represented i n the 

f o r m (/>(x, z)e-'''°y''" ^ . The boundary condi t ions (42) and (43) are 

unchanged, and (44) is replaced by 

0 = C^ cosh /<o(z + /7)e±'"ó'' + Ylc'„ cos k„ (z + /Oe*''"\ 

n=l 

where , i n order to sat isfy the Laplace equat ion, 

/(Ó = ka cos p 

(60) 

and 

k'„ = ^kl + klsm^p. 

For the case where the fluid domain extends to x 
replaced by 

CO 

<j> = C'Q cosh /<o(z + /t)e-'*ó.^ + c;, cos k„(z + /Oe

oo (47) is 

k'x 

w h e r e 

c; = CoCsc^, 

C'„ = C„ik„/k'„) 

and the coeff icients Co and C„ are g iven by (48) and (49) . The added 

mass and d a m p i n g coeff icients def ined by (24) are 

(61) 

(62) 

(63) 

A' = 4pJ2-
L—I Cl 

c,^(/^J/<,) 

sin2/<„/! 4- 2/(„/ i ' 

clcscp 

(64) 

(65) B' = 4p(ü-

s inh 2/(o/H-2/(0/1 
Thus the d a m p i n g coeff ic ient fo r ob l ique-wave generat ion is 
s i m p l y p ropor t iona l to esc /S. This can be c o n f i r m e d by no t ing f r o m 

the x-der iva t ive of (8) tha t the ampl i t ude of the generated waves, 

for u n i t wavemaker ampl i tude , is p ropor t iona l to esc Thus the 

energy densi ty is p ropor t iona l to csc^ / i . Since the componen t o f 

the group ve loc i ty no rma l to a con t ro l surface x = constant is 
p ropor t iona l to cos /S, the rate of energy flux is p ropor t iona l to 

csc/S. 
For a basin o f finite l eng th the added-mass coeff ic ients ( (58) , 

(59)) are replaced by 

A' , V ( z ) 0 ( O , z ) d z = - 4 p 4 ^ i i ^ 
_(, s inh 2/(0/1-F 2/(0/1 

nil 

+4PJ: 

4p-

« 

c„2 (/(„//(;,) coth/( '„L 

sin2/(n/)-I-2/<„/i 

0 

+ 4 p j : 

•4p 

c^(kn/k'„)cschk'„L 

sin2k„h + 2k„h 

CQ CSC /(QL CSC p 
p I f(z)<p(L,z)dz 

-'^^ ' ^ ' s inh 2/(0/12/(0/1 
n2r 

(66) 

(67) 

As i n the case of t w o dimensions, 0 is real and the local force act ing 

on the wavemakers is expressed comple te ly by the added-mass 

coeff icients . 
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