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Abstract

Accurate knowledge of the conductivity and permittivity of tissue is vital in the diagnosis of many diseases.
Magnetic resonance electrical property tomography (MR-EPT) reconstructs these using measurements of the
electromagnetic fields inside the MR-scanner. These properties are reconstructed using two-dimensional
contrast source inversion, due to a significant complexity reduction in comparison to its three-dimensional
counterpart, allowing for reconstructions in a reasonable amount of time. Data acquisition is usually per-
formed using a shielded birdcage coil. Current methods, however, disregard the presence of this shielding,
only accounting for it using a rough first-order approximation, as properly accounting for it would lead to
an intractable computational load. This thesis shows a method of analytically describing this shielding in
the Greens functions and its efficient implementation in the corresponding Greens operators for CSI-EPT,
exploiting the Greens functions being degenerate. This results in a significant increase in the reconstruction
performance both qualitatively and quantitatively, at the cost of a slight increase of the computational load.
The inversion problem being ill-posed leads to poor reconstruction performance on noisy data. This the-
sis presents a method for quantization of the tissue parameters, by enforcing a multi-modal distribution for
these parameters. Through simulation, the quantization method shows a significant increase in performance
for noisy data, at the cost of losing smaller details in the image. This improved model was tested on synthetic
E-polarized data, and realistic three-dimensional data, showing a more robust, and accurate reconstruction
of the electrical properties for both.

iii






Contents

Abstract iii
1 Introduction 1
1.1 Researchquestion . . . . . . . .. .. ... .. e 3

1.2 Contributions. . . . . . . . . . ... e 3

1.3 Thesisoutline. . . . . . . . . . . ... L e 3

2 Theory 5
2.1 Physicalmodel . . . . . . . .. e 5
2.1.1 Incidentfields . . . . . . . . . . . . L 7

2.1.2 Scatteredfields. . . . . . . . .. L e 9

2.2 Discretization. . . . . . . . . L L e e e e e e e e e e e 10
2.2.1 Complexity reduction by exploiting shift-invariance. . . . . . . . . .. ... ... ... 11

2.2.2 Accounting for thesingularity . . . . . . . . . ... Lo Lo 12

2.3 Optimization . . . . . . . . . L L e e e e e e e e e e e 12
231 Costfunctions . . . . . . . . . .. L e e 13

2.3.2 Nonlinear conjugate gradientdescent . . . . . . . . . . . ... ..o 13

2.3.3 ReconstruCtion. . . . . . . . . . . . .. 14

3 RF-Shielding 17
3.1 Physicsmodel. . . . . . .. L e e e e e e 17
3.1.1 Truncatingthe correctionterms . . . . . . . . . . . . . .. oo 20

3.1.2 Verification of the analytical shielded magnetic field expression. . . . . . . .. ... .. 21

3.2 Discretization. . . . . . . . . . ..o e e e e e e e e e 22
3.2.1 Complexity reduction using separablekernel . . . . . . . . ... ... ... ... ... 22

3.3 Optimization . . . . . . . . . L L e e e e e e e e e e e e e 25
3.3.1 Adjoint. . . . ... e e e e e e e e e e 25

4 Quantization 27
4.1 Constraints on the physical domain of tissue parameters. . . . . . . . . .. . ... ... ... 27

4.2 Constraints on the multi-modality of tissue parameters . . . . . . . . ... ... .. .. ... 27
4.2.1 Hierarchical clustering. . . . . . . . . . . . ... 29

4.2.2 Partitional clustering. . . . . . . . . . ..o 29

4.2.3 Spectralclustering. . . . . . . . . L. 29

4.3 QuantizationstepusingK-means. . . . . . . . . . ..o Lo 30
4.3.1 Mappingusingstackedsigmoid . . . . . . .. ..o Lo Lo Lo o o 31

432 Lownpassfiltering . . . . . . . . . .. 31

5 Simulation 33
51 MeIIiCs . . . . . o o e 33
5.1.1 Costfunction . . . . . . . . . . e e e e 34

512 MaskedMSE. . . . . . . . e 34

5.1.3 Histograminspection . . . . . . . . . . . . ..o e e e e e 35

5.1.4 Visualinspection. . . . . . . . . . L L e e e e e 35

5.2 Reconstructiononnoiseless2Ddata . . . . . . . .. ... Lo oo 36

5.3 Analysis to differentnoiselevels . . . . . . . . . .. Lo L 40

5.4 Reconstructiononnoisy2Ddata . . . . . . . . . ... L0 e e 43

5.5 Reconstruction3Ddataset . . . . . . . .. ... Lo 47

6 Conclusion 51
6.1 Futureresearch . . . . . . . . . . . . e 52



Contents

vi
A Scattering formalism 57
B Derivation for Fourier expansion term Bn 61
C Correction for shielded Greens function proposed in literature 63
D Analysis of standing waves 67
E Derivation for shielded magnetic field Greens function 71
F Extra results 73
E1 Reconstruction noisy 2D without quantization . . . . . . . . . . . .. .. ... ... ... .. 73
E2 Reconstruction3Ddataset . . . . . . . . ... L. e e 76
E3 Reconstructions for differentnoiselevels . . . . . . . . .. ... .. o 0oL 80
G Comparison CSI-EPT methods 85



Introduction

Electrical Properties (EPs) can be an aid in characterizing biophysical properties of different tissues. These
properties include water content, ion concentration, molecular composition, intracellular space, permeabil-
ity of the cell membrane (not to be confused with the electrical property of magnetic permeability), and cel-
lular structure [1]. These properties can help in the diagnosis of several types of cancer|[2], (malignant) cysts,
ischemic tissues[3], among many others. Knowledge of these electrical properties could therefore be vital in
the early detection and consequently the faster treatment for these diseases. Besides diagnosis, knowledge
on the electric properties are also important in personalized MR safety, where these can be used for local spe-
cific absorption rate (SAR) mapping[4], which tells us how much electromagnetic power introduced by the
MR-scanner is converted into heat.

These EPs can be mapped using several techniques, each with their own advantages and disadvantages.
Electrical Impedance Tomography (EIT) maps these properties by attaching electrodes to the the tissue of
interest, applying a current through them. This is limited by in the amount-, and the placement of the elec-
trodes, resulting is significant lower resolutions[5][6]. Ultrasound methods are also limited by their probes,
but are also limited by the ability to penetrate different (harder) tissues[7]. The Computed Tomography (CT)
methods can acquire higher resolution, but make use of dangerous ionizing X-Ray radiation[8]. To omit the
issues of low spatial resolution and/or the usage of dangerous radiation the non-invasive method of Magnetic
Resonance Electrical Properties Tomography (MR-EPT) was proposed[9], which uses the non-invasive data
acquisition of Magnetic Resonance Imaging (MRI).

There are several methods for MR-EPT which can be categorized in local or global methods and direct
or inverse methods. Local methods will find the properties of interest for a particular point using only the
data of that point and closely neighboring points, while global methods will find these properties using all
data points simultaneously. Local methods often fail for non-smooth surfaces, introducing large errors near
boundaries, for which the global methods often perform better. Global methods often also give more in-
formation about the system; instead of only reconstructing the electrical properties, also the corresponding
electric and magnetic fields are reconstructed, at the cost of a higher computational complexity and more
complex implementations. When considering MR-EPT, Maxwell’s equations must be solved often. The di-
rect methods will often use the differential form of Maxwell’s equation, such that the computationally much
more complex integrals do not have to be solved, and one can reside to the estimation of the spatial deriva-
tive of the magnetic fields by their numerical gradients. These methods are usually very noise-sensitive. The
inverse methods find these properties of interest by formulating an optimization scheme, iteratively solv-
ing the inverse MR-EPT problem. This is computationally more complex, but will be more robust in noisy
environments.

Using the benefits of both the global and inverse methods, this thesis will use the Contrast Source Inver-
sion method[10][11] for the reconstruction. This method is based on a physics based model, and iteratively
optimizing this model such that the simulated fields generated by this model will best approach the measured
fields.

While the data-acquisition, or the gathering of the measurements for MR-EPT, which is called Bf -mapping,
is a whole field of research on itself, some basic understanding of how the MRI-machine acquires the data is
required. The MRI-machine (in high-field MRI) consists of a strong super-conducting magnet, creating a
strong magnetic background field By, which puts all magnetic particles inside the body in the same orienta-
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Figure 1.1: Measurement setup showing the rungs of the birdcage coil, as well as the surrounding RF-shielding. A single slice is high-
lighted in red, since this thesis uses two-dimensional CSI-EPT which only uses information of a single slice. This figure also shows the
convention for the Cartesian coordinate system used throughout this thesis

tion, which in this thesis is in the negative z-direction. This state is the equilibrium state. These particles are
struck out of this equilibrium by a radio frequency (RF-)pulse, after which the particles will return to this equi-
librium. This relaxation back to equilibrium happens in a rotating manner, and the rates in which they relax
back to this equilibrium are described by the T; and T» relaxation time, for the longitudinal and transversal
components of the magnetization, respectively. These magnetically rotating regions can be measured by the
receive coils, and thus be measured.

Nowadays, the most commonly used antennas for transmitting the RF-pulse are antennas placed in a
birdcage coil configuration. Birdcage coils consist of two conducting rings on the top and bottom of the coil,
which are connected by an even number of rungs or legs. A schematic overview of such a coil is shown in
Fig. 1.1. These coils are used for the transmission of the RF-pulse, but could also be used in reception, given
that the object to be imaged is sufficiently close, which is a valid assumption for smaller birdcage coils such
as head coils, or knee coils. These birdcage coils are often shielded by an RF-shield to prevent any external
sources injecting interfering signals into the measurement distorting them, and vice versa to prevent elec-
tromagnetic (EM) radiation generated by these coils to cause interference in nearby (medical) devices. The
shielding present around these birdcage coils is sufficiently close to the object to image that it has a signifi-
cant impact on the electromagnetic fields caused by the antennas of the birdcage coils, and the effects caused
by object inside this shield. While some of the reconstruction methods approximate the effects of this shield
by means of mirror-sources[12], this is only applied on the current-sources in the incident field, and there
not accurately describe the effects this shielding has on the electromagnetic fields. According to [12], ana-
lytically modeling the effect of the shielding would severely increase the computational complexity. Yet, this
thesis will provide a better (analytical model) for the effect this RF-shielding has on the electric and magnetic
fields on both the incident and scattered field, and subsequently the reconstruction, and implementing this
shielding efficiently.

The optimization problem required for the reconstruction is ill-posed, and nonlinear. This means that
when the optimization algorithm converges to a (local) optimum, this optimum might not be truly feasible
physically; e.g. negative conductivities. These constraints have been implemented before by either applying
the Rectified Linear Unit (ReLU) function on, or taking the absolute of these strictly nonnegative optimization
parameters, to make sure they will satisfy the physical representation better. This thesis will provide a differ-
ent approach by using the knowledge that tissues have distinct electrical properties which can be assumed
constant in a patient.
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1.1. Research question
To achieve the goals mentioned in the section above the following research question is to be answered.

How can the effects of the RF-shield be implemented analytically for tissue parameter reconstruction in
two-dimensional CSI-EPT, while maintaining a tractable computational complexity?

This problem is decomposed into several subproblems, each with their own research question. These are:
¢ SQla: How can the effects of the shield be accounted for analytically in two-dimensional CSI-EPT?

¢ SQ1b: What improvements can be made to reduce the computational complexity without losing of
information?

* SQ2: How can the multi-modal distribution of tissue parameters be exploited to increase reconstruc-
tion accuracy?

1.2. Contributions
This thesis provides several contributions corresponding to the subquestions mentioned above. These con-
tributions are indexed according to the subquestion they are answering:

¢ Cla: The effects of the RF-shielding can be modeled analytically in the Greens functions, and subse-
quently the corresponding discretized Greens operators. This allows for a fully analytical description of
the fields within the PEC enclosed setup for E-polarized fields;

¢ Clb: While the shift-invariance for the new Greens operators is lost, the Greens operators can still be
calculated efficiently by exploiting the Greens function being degenerate;

¢ C2: While only implemented for two-dimensional CSI-EPT, the quantization method shows a signifi-
cant increase in performance for simulations on synthetic noisy measurements.

1.3. Thesis outline

The outline of this thesis is as follows. Chapter 2 provides the description of the standard two-dimensional
CSI-EPT method, and its current implementations. Chapter 3 then describes how this standard CSI-EPT
must be altered to analytically account for the effects of the RF-shielding. Chapter 4 will provide an analysis
of different segmentation methods such that these can be used to enforce the quantization for the tissue pa-
rameters interim the optimization algorithm. Chapter 5 presents the numerical results of several simulations
based on these methods, after which Chapter 6 concludes this work.






Theory

The technique used for reconstruction the electric properties of tissue is the Contrast Source Inversion (CSI)
method. CSI is global inversion method using the integral representation of the electromagnetic fields. The
externally applied currents, located in the birdcage coils’ rungs, are only z-oriented, which for the midplane
of the birdcage coil leads to the assumption that all fields in this plane are E-polarized. For body coils, the ob-
servation has been made that the longitudinal component of the electric field is an order of magnitude larger
than its transverse component[13]. This E-polarization allows for the use of the two-dimensional CSI-EPT
method, severely reducing the computational complexity w.r.t. the much harder three-dimensional CSI-EPT,
as described in [14]. This reduction from the three-dimensional formulation allows for convergence within a
couple hundred iterations to a few thousand, in comparison to tens of thousands for the three-dimensional
formulation. This reduced the computation time from several days to only a few hours (when modeling a
three-dimensional subject using a pseudo 3D approach).

The CSI-EPT algorithm iteratively solves the inverse electromagnetic scattering problem, optimizing for
the contrast source and contrast function (both containing information of the tissue parameters) alternat-
ingly. This optimization is performed by minimizing the mismatch between the fields generated by a physical
model to the fields acquired by measurement, while adhering to Maxwell’s equations. The values of the tissue
parameters can then be retrieved from these optimization parameters.

This chapter will describe the theory behind the contrast source inversion method used for electrical
property tomography, as well as the challenges for the implementation. It starts with building the physical
model. The space in which this physical model operates will then be discretized, such that it matches the
discretization of the measured data from the MRI-machine. Using this physical model in discretized space,
the optimization algorithm will be discussed which will reconstruct the electrical properties of tissue.

This chapter describes the two-dimensional CSI-EPT method as given by [15], which assumes all sources
to be radiating in a limitless homogeneous medium. In actuality this space is not homogeneous due to the
presence of the RF-shield enclosing the measurement setup, which in this case will be corrected for by mirror-
sources[12]. Chapter 3 describes how the standard two-dimensional CSI-EPT must be altered to properly
include the presence of the RF-shielding.

2.1. Physical model

In CSI-EPT the goal is to reconstruct the electrical properties o and €, (¢ is considered constant and equal
to Yo inside the human body) from the measured data, by matching the electromagnetic fields generated by
the model to the fields measured by the MR-scanner. Most EPT methods reconstruct the electrical properties
based on measurements of the left-hand rotating magnetic field Bf . The MR-scanner can only measure the
amplitude of the Bf -field, and measure its transceive phase, which is the superposition of the (left-hand
rotating) transmit field and the (right-hand rotating) receive field: ¢* = ZBT + Lﬁl‘ . This is corrected for
during the iterative process by performing the Transceive Phase Correction[12]. The goal now becomes to
formulate the physics such that the measured ﬁf field can be described according to the electrical properties
o and €, allowing for the optimization over these properties.

The electric and magnetic fields are described by Maxwell’s equations, where the equations of interest are
Faraday’s Law of Induction and the Ampere-Maxwell’s Law, as these describe the interaction between these.
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Figure 2.1: Schematic overview of a transversal slice for 2D CSI-EPT, using a standard birdcage coil for heads (Rpjrdcage = 0.155m, Rrr =
0.190m). The inversion region is now filled in with the conductivity of M32, slice 80 of the ADEPT dataset.

The phasor representation (denoted by a hat) of these fields, using a time factor e/®?, are given by:
~-VxH+AE= -] (2.1a)
VxE+ jou = -K™, (2.1b)

where ) = 0 + jwe denotes the per-unit-length admittance of the tissue.

Near the midplane of the birdcage coil the externally applied currents of the birdcage coil can be approx-
imated by z-oriented line currents. This leads to the assumption that all present wavesare E-polarized. This
perpendicular polarization means that the electric field is oriented only along z, while the magnetic field is
located only in the transversal (or in medical terms axial) (x, y)-plane. This assumption for E-polarization im-
plies an invariance along z; this assumption is therefore most valid when considering structures which do not
vary much along this direction (e.g. an arm or leg). Using this independence of z, the perpendicular polariza-
tion of the waves, and using the notion that magnetic currents K*** do not exist physically, the 3-dimensional
Ampere-Maxwell’s law (Eq. 2.1b) can be decomposed in its Cartesian components and simplified to:

A 1 .
Hy=-—0,E, (2.2a)
Jop
A 1 .
y = —0xE. (2.2b)
Jop

Substituting these into Faraday’s Law of Induction as given by Eq. 2.1a, results in the 2-dimensional Helmholtz
equation:

0x0xE;+0,0,E, — jou(o+ jwe) E; = jou™, (2.3)
which for sources radiating in free-space, characterized by € = €g, ¢t = o and o = 0, can be reduced to the
inhomogeneous Helmholtz equation:

(03+03) Bo BB, =~ 7, (2.4)

where the source f = —joue /™ and ko = \/eofip denotes the wave-number of the wave propagating in free-
space. Using an outward radiation condition (the boundary condition imposed by Sommerfeld radiation
condition), a unique solution exists to this differential equation, and is given by the well-known integral for-
mulation:

Ez(r) = f & (2.5)
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where g%/ (r,r') denotes the Greens function describing the electric field generated by an electric current
radiating in a homogeneous medium (air in this case). This Greens function for the electric field for the two-
dimensional Helmholtz equation is given by:

1
g wr) = 4—].H(§2’(k|r—r’|), 2.6)

where H((]Z) (+) denotes the order zero Hankel function of the second kind.

In inverse scattering problems, a clear distinction between the incident field and the scattered field must
be made. The incident field describes the fields without the presence of the object of interest, while the
scattered field describes the effect this object has on the fields. Both of these fields have their own sources
and should therefore be solved differently for, but the superposition of the two fields describes the total field:

E=E"+E“°  and HA=H"+% 2.7)

2.1.1. Incident fields

As stated before, the incident fields denote the fields without the presence of the object of interest. This is
the field induced by the antennas of the birdcage coil, with the presence of the RF-shielding (which for now
will be approximated). In clinical MRI applications birdcage coils are commonly used as these perform well
for data acquisition by allowing for quadrature drive, and providing a more homogeneous transmit field [16],
subsequently allowing for higher signal-to-noise ratios (SNRs).

The birdcage coil, or more specifically the collection of rungs can be approximated by a collection of z-
oriented line sources, each excited with its own phase and amplitude to reach a desired polarization. The
current induced by the birdcage coil can therefore be described as a super-position of Delta of Dirac sources
as:

Na - n
o = Y alMow-rlhel?" s, 28)

n=1

where a!™ denotes the amplitude of the current used in the excitation of rung n, and ¢!™ its phase. The most
commonly used excitation method for birdcage coils is quadrature, in which multiples of four antennas are
excited in such a way to achieve a circularly polarized incident field. This means for a setup with 4 antennas
that the phase shift between two neighboring antennas is 90 degrees, for 8 rungs this becomes 45 degrees,
etc. The amplitude a!™ in quadrature excitation is constant across all antennas.

For birdcage coils to reach a good signal-to-noise ratio (SNR) shielding is required, as without proper
shielding the RF coils might interfere with other coils present in the MRI machine, such as the gradient coils,
or receive signals from other medical equipment present nearby; both leading to a reduced image quality
[16]. In clinical MRI such a shield is usually made of a highly conductive material, such as copper. This
highly conductive shield can therefore be approximated by a shield made of Perfectly Electric Conducting
(PEC) material. Transverse components of the electric field must vanish at the PEC’s surface, which can be
achieved by applying the image theorem and placing a mirror-source at equal distance from the shield on the
other side of the shield with opposite polarization[17]. For a flat surface, this would result in the construction
of one mirror source while for the circular PEC surface, an infinite number of mirror sources would have to
be constructed. This in general is not tractable, thus an improved placement of this single mirror source is
proposed to provide a better first-order approximation for circular shields[12]. According to [12] this approx-
imation of the RF-shields avoids severe increases in computational complexity and computation time, at the
cost of aless accurate reconstruction. The improved placement of this mirror-source for a runglocated at the
cylindrical coordinates (rs,6) then becomes:

2

R
RE9), (2.9)
I's

Ims = (Fms, 0) = (

where Rrr denotes the radius of the RF-shield. The current source as given by these mirror-sources is then
described as:

Na .
Jom=-) cx[”]é(r—r%’]s)ef‘/’I '3, (2.10)

n=1
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Figure 2.2: Incident electric field generated using mirror-sources in a head sized birdcage coil. This image is generated using an inversion
region of 256 x 256 pixels where each pixel is Imm x 1mm. This figure shows the circular polarization transmitted by the birdcage coil,
with a zero in the center of the birdcage coil.

and consequently the total externally applied current source for the incident field can now be described
as:

J @) = 1) + 1 (). 2.11)

bc ms

Substituting this expression for the total externally applied current source in the integral expression of Eq.
2.5, the incident electric field can be calculated as:

) el H(()Z) (k|r-r)) ej‘/’m] . (2.12)

) Na
EX(r) = —a% Zl [HéZ) (k‘r—r%’]
n=

The incident electric field for a 16-rung head-size birdcage coil using a unitary current (a™ = 1) is shown in
Fig. 2.2, where the circular polarization is clearly visible. It also becomes rather apparent that in the center
of this inversion region, the magnitude of the incident field vanishes, due to the combination of oppositely
polarized antennas at each side of the birdcage coil.

The magnetic field can be expressed in a similar manner as the electric field, in the sense that it satisfies a
similar Helmholtz equation as defined for the electric field:

Hr) = f g (x,r) fr')dr'. (2.13)
r'eR2

Using the linearity of the used operators, and the relation between the electric and magnetic field of Eq.
2.2, the Greens function for the magnetic field from an electric current can be described as:

1 k
r—r'|4j(jow

~-(y-y)
(x—x)

¢ (r,1)
g xr)

g ) = H? (klr-1')). (2.14)

This Greens function can, subsequently, be used to calculate the incident magnetic fields induced by the
current source (which is still defined as the sum of the currents on the rungs and their corresponding mirror-
sources). This results in an incident magnetic field of:
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A

. U ) 1k "
A= || =—ay |7V yn]) = H? (kfe-r]) " (2.15)
ol (x—x |1. r[n] 4j
(V= Ying 1 &k H® (k|- rl]) /"
—(x—x ‘r 7 4]

The incident magnetic field of the same 16-rung head-size birdcage coil as for the incident electric field is
shown in Fig. 2.3.

The incident electric and magnetic fields are independent of the object later placed in the MR-scanner.
This means that these only have to be determined once, during the full CSI-EPT algorithm. When using data
from other sources, the excitation strength of the birdcage coil is often unknown, thus the @, and subse-
quently the strength of the incident electric and magnetic must be estimated.

2.1.2. Scattered fields

With this knowledge on the fields without the presence of the object of interest, the effects this object has on
the electromagnetic can be described. This object will often be denoted as the scatterer, also justifying the
name ‘scattered’ fields. The scattered fields contain the information of the electrical properties of the object
of interest.

In an analogous manner, the Helmholtz equation for the scattered field can be formulated, reaching the
same integral form as shown for the incident field in Eq. 2.5. Using the scattering formalism given in Appendix
A, one can define the equivalent current sources which introduce this contrast to the image as:

J°r) = () — o) E@), (2.16)

which can be used in the integral formulation of Eq. 2.5w reaching the following definition for the scattered
electric field:

Esca(r) :f " gE](r, r')fsca(r')dr’ — _jwuof . gE](r,r’)isca(r’)dr’. 2.17)
r'e r'e

This integral formulation for the scattered field can be simplified by introducing the contrast source w,
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which is defined as:
Ww(r) = {E®), (2.18)
where E(r), denotes the fotal electric field in point r, and the contrast function j is defined as:

L SR AU 2.19)
Mo weg

X

Notice that the (relative) permittivity and conductivity are independently present in the real and imaginary
part of this contrast function, respectively, which allow for the reconstruction of these properties from this
contrast source. Given the product with the total electric field in Eq. 2.18, the real and imaginary part of this
contrast function correspond with the displacement and conduction current, respectively.

With this contrast source, the scattered field can be calculated as:

ES(r) = GpiW}r) = k§ f y g% (x, /) Ww(r')dr, (2.20)
r'e

where ¥r{W} is the operator used to calculate the scattered field using the contrast source, which is often
called the object operator. Note that this scattered field does not take into account the effect of the RF-
shielding, as stated prior this was intentional to keep the computation time more tractable.

By following the same steps as for the scattered electric field, the operator for the scattered magnetic field
can be determined. The scattered magnetic field can then be calculated by as:

Ar) =1 f g™ (r,r'yW(r')dr'. (2.21)
r'eR?

This magnetic field is given in Cartesian coordinates, and are not describing the fields measured by the MR-
scanner, since the MR-scanner is measuring the transmit, left-hand rotating, Bf field. The total B; field, can

be decomposed into the left-hand rotating, transmit, field éf , and the right-hand rotating, receive field, BAl’ .
The transmit field can be found using[18]:

Bx(0)+jBy() . He() + jH, ()
= M0 .

Biw= 2 2

(2.22)

Note that the B -fields were not defined for the incident field, since strictly spoken the B fields can only
exist in the presence of an object in the MR-scanner. This incident By -field can be simulated mathematically,
but these would in practise not exist. Following the convention of defining the operators for CSI-EPT, the data
operator, which gets its name from the notion that it simulates the measured data, can be defined as:

BY*°(0) = G i) = 210 f L@ e+ jg e rywadr (2.23)
r'e

This section has now fully described how the fields are influenced by the excitation caused by the ap-
proximated ‘shielded’ birdcage coil, and how the electrical properties affect the contrast, and consequently
the (scattered) fields. This section shows that the physical description used in current methods only use
the mirror-source approximation in the incident field, while assuming radiation in a limitless homogeneous
medium for the scattered field.

2.2. Discretization

During the data acquisition of the MR-scanner called B; -mapping the data is only acquired at discretized
positions in space. This discretization is limited by the chosen amount of pixels for a particular Field Of View
(FOV). The amount of pixels chosen affects the SNR of the image, since when the pixel is larger more power
can be received in that pixel, and vice versa[19]. This discretization of the space in a single transverse slice by
using the midpoint method is given by:

) .
S 410
2 1, (2.24)

& .
5 +Joy
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where 6, and 6, are the spatial resolution in mm/pixel in the x and y dimension, respectively. This discretiza-
tion holds for all indexes i =0,...,M -1 and j =0,..., N — 1, where M denotes the amount of pixels in the x
direction, and N the amount in y.

Under the assumption that the pixels outside of the imaging domain do not contribute to the measured
signal, meaning that the scatterer is completely inside the imaging domain, an approximation can be made
for the integrals in the Greens operators derived in Sec. 2.1. These integrals can be approximated by perform-
ing a double Riemann sum, which for the scattered electric field results in:

M-1N-1
B ) =k§6x0y Y. Y & (i jytmn) Wi (2.25)

m=0 n=0

where the m, n subscript denotes the value of the quantity at r,;, , (equivalent Riemann sums can be formu-
lated for the magnetic field operators). This double sum can be converted to a vector dot-product by vec-
torizing the discretized terms for the Greens function, contrast function and electric field. The vectorization
itself is performed using the big-endian[20] convention. This results in Eq. 2.25 to be written as:

. . . T
gE](l‘i,j,l'o,o) gE](l‘i,j,l‘o,l) gE](l'i,j;rO,N—l)

gV wijmo &Y )

E;ca (r;)) = k(2)5x5yV8C vec(W) (2.26)

&9 i j,rm-10) o 8@ Mo n-)
_ 12 El.. 2T 4
= ki66y vec (G (r; ;)" vec(W),

where W denotes the contrast source defined for all pixels in the slice. This Riemann sum is now performed
to find the scattered electric field at one location in space, but can easily be extended to be performed for all
locations in space simultaneously by stacking the electric fields of all locations in one vector. This results in:

Ba(ry ) vec (G(ro)) ;
£59(xg, 1) vec (G(ro,1) . A
oo | B s, ( ' ) vec(W) = 6l vec(W), (2.27)
ES(rp-1,n-1) vee (Grar-1,x-1)"

where G/ € CMN*MN This method of calculating the fields using the full-matrix implementation of the dou-
ble Riemann sum will be called the naive implementation of the Greens operators. The computational com-
plexity of this naive implementation for calculating this scattered field using the contrast sources is defined
by the matrix-vector multiplication of order @(M? N?). This method of solving the electric field numerically
can be used analogously for the magnetic field, resulting in a numerical approximation of 9 {W}: GBI,

2.2.1. Complexity reduction by exploiting shift-invariance

The aforementioned method of applying the Greens operators, or solving for the scattered fields, requires the
computationally intensive task of computing this large matrix multiplication, which scales quadratically with
the amount of pixels in the imaging domain.

One might have noticed that the integral formulations in all Greens operators, resemble convolution in-
tegrals. The difference from the formulations present in these Greens operators, is that the Greens functions
are functions of 2 variables (r and r’), while the standard convolution integral must have this function as the
difference between the two, making the Greens function spatially (or shift-) invariant. Due to the symme-
try present in the definition of the electric and magnetic field Greens functions (Eq. 2.6, 2.14), it is possible
to write them as functions of this difference. The integral form for the electric field Greens operator then
becomes:

B = k3 f X & (r—r)w(r)dr, (2.28)

r'eR:

which in discretized space can be solved more easily and efficiently through the convolution theorem for the
Discrete Time Fourier Transform (DTFT). This DTFT (and its inverse) can be calculated efficiently by using
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the Fast Fourier Transform (FFT). The magnetic field Greens operators can be transformed using the same
method. This means this convolution can be calculated using:

E5°(r) = kpiffe (ffe (857) o fft (W(r))), (2.29)

where o denotes the Hadamard product. This method of finding £5°, reduces the computational complexity

from @ (M? N?) for calculating the scattered field for all observation points by using the double Riemann sum,
to © (M Nlog(MN)), when using the Fast Fourier approach.

This optimization is only possible when the Greens function is of the spatially invariant form, where it can
be written as the difference of the source and observation point. This transformation is only possible since
the contrast-source is assumed to radiate in free-space, leading to the spatially invariant Greens function.
The introduction of the RF-shielding into the Greens function will invalidate the assumption, resulting into
reverting to the naive implementation of the Greens operators.

2.2.2. Accounting for the singularity
The Hankel function present in the Greens function for the electric field, has a singularity at 0, which occurs
when the source and observation point are overlapping (r = r’). Integrating over this singularity in continu-
ous space does not pose any issue, but when considering the discrete implementation of these integrals, this
singularity will be stretched over the entire domain of a single pixel, providing a bad representation of the
electric field of that pixel. This means this Green’s function must be weakened, to provide a better represen-
tation for the electric field in- and near r =r’. This is achieved by replacing the source, which previously was
defined as a delta of Dirac source, by a current source spanning a small circle with radius a[21](in 3 dimen-
sions this would be a sphere with radius a). The amplitude of this current distribution is chosen such that its
total contribution equals the contribution of the delta of Dirac source. This results in the expression of the
weakened Greens function:
J

2kpa

sEJ, W

gV wr) = ——— N (kpa) H? (knlt —1')), (2.30)

with a self-patch element for the singularity at r' = r:

5
Wy =)= — ) H{Z)(kba)——] _ (2.31)

2kpa nkya
The Greens function for the magnetic field, also has this singularity. This singularity however is not only
caused by the singularity in the Hankel function at r = ¥/, but also due to the division by 0 at r = r'. Applying
the same weakening as for the electric field Greens function to the magnetic field Greens function results in:
k -y) 1
gt (r,r) :]l( ) (y y,) . H{z)(klr—r'l)fc+

2a  lr=1'll jop

—Jikpa) (x=x) 1
2a  |Ir=r| (jow)

H® (klr-1'D7, (2.32)

which still has a singularity at r = r'. Taking the limit towards the singularity, results in the self-patch element
for the weakened magnetic field Greens function:

sHI,W

g (r,r =1r)=0. (2.33)

The methods proposed in this section will be applied to all Greens operators, but throughout the remain-
der of this report the superscript W will often be omitted for the sake of readability.

2.3. Optimization

With this discretized physical model of free-space sources, the optimization technique for finding the electri-
cal properties can be discussed. The goal of the optimization algorithm now becomes to best fit the physical
model to the measured data, while adhering to the physical equations, such that the parameters given by the
optimization best describe the physical parameters.

It achieves this by optimizing over the contrast source and the contrast function alternatingly. The opti-
mization algorithm achieves this by minimizing a cost function, which penalizes the mismatch between the
measured data and the modeled data, and which introduces a penalty when the modeled data does no longer
adhere the physical equations.
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2.3.1. Cost functions

The first part of the cost function introduces a penalty when there is a mismatch between the measured and
modeled fields. This modeled field By is calculated by applying the data-operator on the contrast source (Eq.
2.23), such that it can be used to minimize the difference between the measured and simulated field given by
the data-residual:

p=B"? ~ G (W), (2.34)

The cost function corresponding to this data mismatch is then given by:

llello

|| "+ sca

Fp(w) =

(2.35)

+scaH

k- b

The second criterion was making sure that the reconstruction would still adhere to Maxwell’s equation. This
is achieved by minimizing the discrepancy between the modeled scattered field calculated by the object op-
erator, the total field stored in the contrast source, and the (assumed to be known) incident electric field. The
this discrepancy is given by the object-residual:

= 7 (B +Gpw)) - W (2.36)
This object-residual can now be used to define the object cost function:

2
ri2

B2

7 (B + Gptw}) —wl|2
EIIIC

Fow, ) = (2.37)

I#

Note that the normalization of the object cost function is dependent on the contrast function, leading to a
different cost function at every iteration.

There are different methods of using these cost-functionals to optimize for the electrical properties. Strate-
gies like naive CSI-EPT first optimize for the data cost-functional, followed by optimizing for the object-
functional[22]. There is traditional CSI-EPT, which optimizes for the sum of the two cost-functionals, and
there are regularized CSI-EPT strategies which scale this sum with another regularization cost-functional,
such as total-variation. For now, the super-position of the object and the data function will be used as the
total cost function leading to:

F(W, %) = Fp(W) + Fo(W, }) (2.38)

Now the goal of the CSI-EPT algorithm becomes to minimize this cost-function to find the model param-
eters W and j such that the resulting fields best match the measured fields, while still being able to adhere to
Maxwell’s equations.

2.3.2. Nonlinear conjugate gradient descent

In CSI-EPT, the aforementioned cost functions will be optimized for the contrast source and contrast function
alternatingly. The contrast source will be optimized for using a nonlinear conjugate gradient (NCG) descent
method, after which the contrast function will be determined using a least squares method. The contrast
source in nonlinear conjugate gradient descent is updated according to:

Wit = =1l glalylnl (2.39)

where v denotes the update direction of iteration n, and a'™ the step length. The bracketed superscripts
denotes the data of the iteration indexed by the number between the brackets.

In the nonlinear conjugate gradient method, the update direction can be calculated using different meth-
ods; this thesis chose the Polak-Ribiere conjugate gradient update direction:

Re{(VF["] vFH _yFln- l])D} [n 1]
V-1

[n] - VF[n]

(2.40)
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where VF" is the gradient with respect to the contrast source, and (:,-)p denotes the inner product over
domain D. The update direction at iteration 0 is v/ = 0. This gradient with respect to the contrast source,
according to[23], can be written as:

@t {p[n—ll} rin-1 _ gt )Z[”_l]r[n_ll
b= _ Bf R _ E{A' i }, (2.41)
1B/ ]] || Eine]|

where %g p+ ', denote the adjoint operators of the electric and magnetic Greens operators. When using the
1

matrix implementation for the Greens operators (GE/, GB1/), the adjoints are defined as the Hermitian of
the matrices (conjugate-transpose); for the adjoint for the efficient implementation of the Greens operators
(as given in Sec. 2.2.1) is shown in Algorithm 1.

With this update direction, the step-length to update the contrast source can be calculated by performing
the line-search over a to find the minimum of the cost function using the previous contrast. This minimum
can be calculated explicitly[23], resulting in:

gy = (2.42)

Re (VF[”], l/[”]>
a” = argmin [F (WY + av!™, § . [ ] >
a 1573l | | U 7 A U1

[|gln-1 Binc| |2

: 2
p+inc
Bl

With the update direction v, and step length a!™, the contrast source can be update using Eq. 2.39.
This, however, still needs an initialization of the contrast source w!?. This initialization step is crucial in CSI-
EPT, as this can cause or prevent the algorithm the converge to a local minimum[24]. This initialization can
be improved by including a priori knowledge. This thesis assumes no prior knowledge is available, thus will
use an initialization based on back propagation:

2

(Bf DT p+
||G 1By ‘ D (B Dt p+
GBI B (2.43)

w = >
‘ ‘@B{J)@Bfmgf

2.3.3. Reconstruction
This updated contrast source can be used to calculated the electric and magnetic scattered fields using their
respective Greens operators. Since the incident fields are assumed to be known, by either simulation or imag-
ing an empty MRI-machine, the total fields can be calculated easily.

Recall that the contrast source was the product of the contrast function (containing all electric properties)
and the total electric field. This means the contrast function can be approximated by solving the minimum
square error of the difference between the contrast source, and this product. This results in:
winl (E[n])H

2.44
B[ .

£ = argmin |17 — £ =
X

Finally, the electrical properties of interest can be recovered from this contrast function, due to the indepen-
dence of these electrical properties in the real and imaginary part, as shown in Eq. 2.19

o = —weolm(31") and e, =Re(3"™) +1. (2.45)

The standard two-dimensional CSI-EPT algorithm as described in this chapter is summarized in Algo-
rithm 2.
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Algorithm 1 Adjoint convolution theorem based Greens operator G, as done in Matlab’s implementation[25]

Require:
Spectral matrix G

G — ifft2(G)

G —10t90(G, 2)

G — conj(G)

G < circshift(G, [1,1])
G —fft2(G)

AN

Algorithm 2 General algorithm of 2D CSI-EPT

1: Calculate the incident fields E, B} ¢, B

2: Initial guess w!% using backpropagation

3:

4. forn=1,2,...do

5: Update contrast-source using NCG

6: g[n] =VF (W[n—l]’f([n—l])
Re[((g"—g"1).g")] in-1)

7 vl — g[n] + g |2 g
" ol — ~Re[(g" v")]
N5 1Ggar v V32+0 vin) — gln-Ngg o pulnly 2
9 W wlin-1 4 glnlyln
10:
11:  Update fields using contrast-source
12: EM — finc +Gp Wiy
13: Bf’[’” — E’.l*'mc'[’” +Gpe Wiy
14: B;‘[n] — B?;,inc,[n] +(gBl_ {W[Vl]}
15:
16: Update contrast-function using MLS
&l (plinlyH
17: A — %
18:
19:  Calculate cost functioﬁr:Sca o2 s T
20: Pl (@l g17)) = [I3y* I iy | 12" (E‘“Cﬁﬁjw” )=l
N 5 TR

22: end for







RF-Shielding

The physical model, and the techniques for reconstruction the electrical properties in Chapter 2, only use
the (rough) mirror-source approximation of the RF-shield present around the birdcage coil. In this method
the shielding is only accounted for in the incident field, by a (modified) first order approximation, and dis-
regarding the effects of the shielding in the scattered field. This approximation inherently leads to an error,
especially when considering that all relevant information about the patient’s tissue is given by these scattered
fields. For large coils, when both the shielding and rungs are located far from the patient, this assumption
becomes more valid. However, when considering birdcage coils for smaller objects, such as a head or limb,
this shielding is most definitely non-negligible.

This chapter will therefore introduce the changes that must be made to the CSI-EPT algorithm described
in Chapter 2, to account for this shielding analytically for E-polarized fields. This results in fully analytic
expressions for the electromagnetic fields in the shielded MR-scanner, where the only assumption is that the
fields are truly E-polarized.

This starts with first introducing how the shielding affects the physical model, and consequently the
Greens functions. Thereafter, the consequences to the implementation of the discretization and optimiza-
tion are discussed. The altered version, which accounts for this shielding, will be referred to as the shielded
CSI-EPT method.

3.1. Physics model
The presence of the RF-shielding alters how the sources (both the current-sources for the incident field and
the contrast sources for the scattered field) radiate in the space within the shielding. The highly conductive
RF-shield can still be assumed to be made of Perfect Electric Conductor (PEC), meaning the tangential com-
ponent of the electric field must still vanish PEC’s surface. Instead of constructing the (first-order modified)
mirror-sources, the Greens functions can be modified to fully analytically account for the RF shielding.
While this presence of the PEC enclosure changes the setup, the electromagnetic fields must still adhere
to Maxwell’s equations. Using the methods described in Sec. 2.1, the Helmholtz equation for this system can
be described, with the addition of the Dirichlet boundary condition of 0 at the PEC’s surface, and is given by:

(a§+a§) B0+ kb =—F reQ 3.1)
E.m=0 reoqQ,
where Q describes the region within the PEC enclosure, and 0Q its boundary. This Helmholtz equation has a

similar solution as the unshielded one, with the exception of a different Greens function in the integral. The
solution for the electric field is given by:

Ex(0) = f nghf (,r) f(r)dr'. 3.2)
r'e

This equation now uses the modified Greens function gf,{ which describes the steady-state electric field in-
side this PEC enclosure. This Greens function is constructed such that it is the superposition of the unshielded

17
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(radiating in free-space) Greens function g%/, as given in Chapter 2, and the correction term p%/ which cor-
rects for all effects this shield has on the electric field. This shielded Greens function for the electric field is
given by:

gf;{ (r,r) = g (r,x') + pr’ (r,x'). 3.3)

Using the linearity in the Helmholtz equation, one can define a Helmholtz equation for just this correction
term p/. This Helmholtz equation is a result from subtracting the homogeneous Helmholtz equation from
Eq. 2.4, from the shielded Helmholtz equation of Eq. 3.1. For the homogeneous setting, the sources radiate
an (tangential) electric field across the PEC shields’ surface, which must be counteracted exactly by the cor-
rection terms, since the tangential field at the PEC’s surface has to be 0. This new boundary value problem
then becomes:

vZpH )+ 2 pH Y =0 reQ
p ) =-g v r e oQ. (3.4)
This boundary value problem can be solved analytically[26][27], which is achieved by an eigenfunction ex-
pansion using separation of variables in the cylindrical coordinate system, and is given by:
~EJ N _ Ao o / / :
pr (r,r) = 7]0 (kr)+ Y. (An@®) ]y (kr)cos(nB) + By, (') J, (kr)sin (nf)), (3.5)
n=1

where r and 6 denote the polar coordinate representation of r, and the Fourier expansion coefficients A; and
B,, for all n (including 0) are given by:

-1 Pyl 20!
Ap(r') = AT [ Tn (kr") e " HP (kRgp,) + J_ (k1) /™0 H®) (kRsh)] (3.6a)
n S
-1 Py Y
By, (r') = o ek U (kr') e 7" H® (kRgp) — J_p (k') /" H?) (kRsh)] : (3.6b)
n S

where Ry, denotes the radius of the RF-shield. Note that there is a discrepancy between the definition of B;,
between [26] and [27]; Appendix B shows the derivation for the correct B, term, as it is shown in Eq. 3.6b.
Most literature provides an exception for the zero-th (‘DC’) Fourier expansion coefficient, while this thesis
does not require this exception.

Substituting the definitions of A,, and B, in Eq. 3.5 allows for a simplification of the definition of p*/ (r, )
(as shown in Appendix D) to:

& —HP (kRg) Jn(kr) Jn (k') cos(n(0 - 0"))
LEJ n_ n sh)Jn n
Pl = 3 47, (kRgy) '

(3.7)

This expression consists only of integer-order Bessel functions; the Hankel function of the second kind is a
linear combination of Bessel functions of the first and second kind, and will therefore often be denoted as a
Bessel function of the third kind. By applying [28, Eq. 9.1.5], this two-sided infinite sum can now be reduced
to a one-side infinite sum as:

~HP (kRsp) Jo (k) Jo (k1) . i —H® (kRgp) Jn (k1) Jn (k") cos(n(6 — "))
4jJo(kRgp) =1 2jJn(kRgp) '

pH ) = 5.8

Upon further inspection, the imaginary parts of g%/ and pf’/ are equal in size but opposite in sign, as
shown in Appendix D. This suggests that any (contrast)source located within the enclosed space produces a
standing wave in this space, and the only phase which can be introduced is the phase at which the source is
excited. Given that this Greens function does not have an imaginary part, it can be written as the sum of only
the real parts of the free-space Greens function and the real part of the correction term p(r,r’), resulting in:

. R -1 , S Yu(kRgp)
ghl o) =Re{gf/ )} +Re {p™ (1,1} = - Yolkle—r'D+ n:Z_wTkI;;)Jn(kr)Jn(kr’) cos(n(0 -0"),

(3.9
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Figure 3.1: Incident electric field generated using gfh] in a head sized birdcage coil. This image is generated using an inversion region of
256 x 256 pixels where each pixel is Imm x 1mm. This figure shows the circular polarization transmitted by the birdcage coil, with a zero
in the center of the birdcage coil.

where Y,,(-) denotes the nM-order Bessel function of the second kind. This absence of phase in the expres-
sion of the electric field Greens function becomes directly apparent when comparing the incident electric
field generated using this shielded Greens function to the incident field generated by the free-space Greens
function using ‘mirror-sources’. The incident electric field can be calculated using Eq. 3.2 using just the cur-
rents flowing through the line-currents of the birdcage coil (Eq. 2.8), and is given by:

Encr) = —a]w/.tOZg J(x,x). (3.10)

Fig. 3.1 shows the incident electric field calculated using the shielded Greens function, which shows the -,
crossover on the negative y-axis. This crossover for the implementation with mirror-source occurs at a slight
phase shift, as shown in Fig. 2.2, showing a clear difference between the two representations.

Now that this electric field inside the PEC enclosed birdcage coil is described completely analytically, the
description of the magnetic field can be derived. Using the two-dimensional form of Ampere-Maxwell’s law
(Eq. 2.2), the magnetic field is given by the scaled curl of the electric field, which also be applied to the Greens
functions as:

AH](l‘l‘)—

0,85 )i+ 0,85 )y (3.11)

quo Jjopo

By using the distributive properties of the derivatives, this can be split in the curl of the unshielded Greens
function (which is derived in Chapter 2), and the curl of the correction term ﬁE] . Solving these derivatives
analytically results in the expression for the correction terms for the magnetic field of:

00 (2)
pr)= 3 Lo W) Julkr),
nE=co4jIn(kRsp) jowpo

=sin(0) k Up-1(kr) = Jp+1(kr)) cos(n(0-6")) + %@]n(kr)nsin(n C] _el))) X+

(3.12)

08 () k Jn-1(kr) = Jns1(kr)) cos (n (6 -0')) + w]n(kr)nsin(n CELANIN

Combining Eq. 2.14 and Eq. 3.12, the Greens function for the magnetic field in presence of the RF-shield
can be found easily. The corresponding incident magnetic field (derived analogously to Eq. 3.10) is shown in
Fig. 3.2.
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Figure 3.2: Incident magnetic field generated using gf}{ in a head sized birdcage coil. This image is generated using an inversion region
of 256 x 256 pixels where each pixel is Imm x 1mm. This figure shows the circular polarization transmitted by the birdcage coil, with a
zero in the center of the birdcage coil.

3.1.1. Truncating the correction terms

These analytic descriptions of the shielded electric and magnetic field Greens functions include an infinite
sum of correction terms, which inherently make the problem intractable. A truncation of this sum is therefore
required, given that this truncated sum would converge to the same result as the full sum within a predefined
tolerance. The eigenfunction expansion used for solving the boundary value expansion of Eq. 3.4, results in
the converging[29] series of eigenfunctions of Eq. 3.5. This convergence rate of this sum is dependent on
location of the observation point r and the source r’. Figure 3.3 shows the maximum contribution of the next
term n of p¥/, when both the observation and source point are located on a circle of radius r. This figure can

now be used to choose a truncation for this sum T, given a chosen error tolerance.

Contribution of term n of pEJ

—r=0.1R_ r=0.6R,
—_— = 0.2RSh —_—= 0.7Rsh
r=03R,, —r=08R_
—r=04R, —r=09R_
—r=0A5Rsh r= 1RSh

Contribution

Figure 3.3: Contribution of the next term 7 in the sum of correction terms in ﬁE] . This figure shows that for observation- and source
locations close to the origin the sum converges very fast, but this sum converges very slowly to points close to the shield’s surface.

A tolerance often used is allowing for an error in the order of 107°[26]. When considering a birdcage
coil for which the rungs are located at approximately 80% of the radius of the RF-shielding, means this sum
can be truncated at T = 40. For a more probable convergence of this sum some extra terms will be taken
into account, leading to a truncation (which for the remainder of this report) is T = 50. While this method
only shows the truncation based on the contribution of the correction terms of %/, a similar approach can
be taken for the contributions of p*/, resulting in the same conclusion and the same truncation bound of
T =50.
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(a) Total magnetic field B;r derived using the analytical Greens operators of  (b) Total magnetic field B{ approximated using FDM as shown in Eq. 3.13
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Figure 3.4: Comparison between the BI’ -fields derived using the analytical expressions, and approximated by using an FDM. On the
naked eye the difference is hardly noticeable, but near tissue boundaries this difference becomes more apparent. These magnetic fields
are evaluated for patient M1, slice 80.

3.1.2. Verification of the analytical shielded magnetic field expression

Prior to this analytical description of the electric and magnetic field, the magnetic field was determined by
approximating the magnetic field from the electric field. Instead of calculating the exact gradients of Eq. 3.11,
they were approximated using a first order finite difference method. This first order finite difference method
for the gradient is defined as[30]:

E E
9. o5 ~ gs;{(l‘i+1,j,l")—gsh](l‘i—Lj,l")
<8, ©

" 20 (3.13)
0. o5 ~ gfh](ri,jﬂ,r’)—gfh](rl-,,-,l,r’) ’
Eh ¥ 26, :

The expected error this first order approximation introduces is in the order of sampling size 6?6_ y» can now be
reduced to the tolerance chosen in the truncation of the sum of correction terms.

This comparison serves two purposes; the first of which is to verify the derived analytical Greens function
is certainly correct, which is valid when the differences between the two implementations becomes small for
slow-varying regions. This second one is to show the error which is introduced by approximating this field
instead of applying the analytical expression.

Figure 3.4 shows the magnetic fields derived using these two methods. At first glance, these figures ap-
pear to be equal. As stated before for slow-varying regions, this difference should be negligible, but when
considering tissue boundaries, which introduce a significant difference in electrical properties, and therefore
the electric field will also rapidly change. These high derivatives are more difficult to capture with the finite
difference method. Figure 3.5 shows the error introduced in this image for all the field strengths in this image.
For the slow-varying fields electric fields, resulting in low magnetic fields, the error introduced by the FDM is
very low. The average error, while slightly trending down as the field strength increases, is still very close to 0,
having a standard deviation smaller than 10~8. When approaching the boundary between tissue, this electric
field will vary much faster. In Fig. 3.5, this is shown in the region where the true B field becomes larger
than 1.5. From here on, the average error introduced will follow the same trend as in for the slow-varying
regions, but the variance of these errors increases significantly. The errors, as expected, are mostly negative
showing an underestimation of the B;" field at these tissue boundaries. The largest errors introduced here are
of the order of 10% of the original signal, which shows that analytical expressions can provide a much better
representation of these fields for tissue boundaries.
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Figure 3.5: Error introduced by the FDM for different field strengths present in the Magnetic field of patient M1, slice 80

The finite difference method used here is of the first order, which means it is the most simple form of
approximating this gradient. This method is most commonly used due to its ease of implementation and low
computational complexity, at the cost of these large ‘FDM’ errors. While higher order finite difference meth-
ods exist, those often become instable when the solution is non-smooth. These higher order methods also
require more complex sampling schemes than just using the direct neighbors, which lead to very complicated
implementations near boundaries.

The first order finite difference method is the basis of many local methods like Helmholtz-EPT, which
solve the Maxwells equations in the differential form using these FDM methods. These differential based
methods usually perform poorly at tissue boundaries, or noisy environments where rapidly changing fields
become more prevalent. The analytical method proposed here should omit these issues at tissue boundaries,
since the analytical expression of the fields at these boundaries is now known.

3.2. Discretization

The discretization of the space, whether using the ‘unshielded’, or shielded description of the MR-scanner
remains the same, using the midpoint-sampling convention for all pixels, as described in Sec. 2.2. While this
new description does not affect the discretization, it does affect the implementation of the discretized Greens
operators.

In the unshielded description of the scanner, the Greens function could be described using linear spatially
invariant Greens functions (in the field of signal processing these would often be described as linear time
invariant (LTT) filters), and therefore could be implemented much more efficiently using the convolution the-
orem. The descriptions given for the fully shielded Green’s functions, however, do not have this property, and
therefore the inefficient, naive method of solving for the Greens operators by means of the double Riemann
sum must be used (Eq. 2.27), having the computational complexity of @(M?N?). For smaller inversion re-
gions, it is possible to calculate for these Greens operators, but for larger inversion regions this often becomes
impossible due to the increased computational load. This section will therefore propose a method of reduc-
ing the complexity of solving for these Greens operators by exploiting the fact that the kernel is degenerate or
separable.

3.2.1. Complexity reduction using separable kernel

Given the linear combination of the unshielded Greens function and the correction terms, the full Greens
function can also be solved for in those two parts. For the unshielded Greens function a very efficient method
of solving has been described in Sec. 2.2.1, using the Fast Fourier Transforms (FFTs) reducing that computa-
tional complexity to G (M Nlog(M N)). This method will from now on be used again to solve for the unshielded
term in the shielded Greens function, whereas for the correction terms a more efficient method is required.
This also implies that the shielded Greens function no longer follow Eq. 3.9 (where only the real parts are

considered), but will be calculated as the sum of the two complex function ¢/ and p*/.

The terms in p¥/ describe the parts which do not posses the spatial invariance property, which led to the
convolution theorem no longer being applicable, thus another (efficient) method for it must be proposed.
This means the electric field Greens operator can be defined as the sum of the efficient operator for the un-
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shielded part of the shielded Greens function and the naive implementation for the correction terms:

Gpiw) (r) =k3iffe (fft (87) o fft (W) + PE/ vec(W) (3.14)
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This method now includes both the convolution theorem method for the free-space component, as well as the
naive implementation for the double Riemann sum using the large matrix multiplication for the correction
terms. This implies a computational complexity of @(M?N?), is still required to calculate these operators.
The complexity of this matrix multiplication, however, can be reduced significant by inspecting the solution
for p¥/, in which one can show that the terms inside the sum can be decomposed to the multiplication of
two functions; one only dependent on the observation point r = [r,6]7, and to other only dependent on the
source location r’ = [r/,0']T. This results in:

—HP (kR Jo(kr) Jo(kr') L —HP (kR

+ )

pE (e, 1) =
P ( ) 4j]0(kRsh) n=1 8j]n(kR3h)

(Jntkr)el™ g terye =i + 1, (krye im0 1, kr'yel"”).
(3.15)

This separated form allows for the formation of P?/ as the sum of 1+ 27T rank-1 matrices (where T is given
by the truncation of the sum of p/), without the loss of any information. The definition of P/ then becomes:
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This can be written much more compact by introducing a few quantities; these are the column vectors in P£/
(which are here denoted as transposed row vectors):

L (1) = [Julkro0)el™0  Julkrone™or .. Ju(kryy,y-1)el"Oun-i]”
(3.17)
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where Ly ,,, Ly 5 € CMNx1 The row vectors in PZ/ can be denotes as:
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where Ry, Rz, € CY*MN and the scalars in front of the rank-1 matrices:
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These definition allow for the construction of PZ/ (without loss of accuracy) as a matrix multiplication of:
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where L/ € CMN*@T+D "\ e cCT+D>*RT+D) "and R e C2T+D*MN Note that the first entry in these matrices
describes the rank-1 matrix prior to the sum. This decomposition shows that the rank of P£/ is equal the
truncation bound for the sum in p¥/.

Using this decomposition of the matrix PZ/, of which all the matrices can be calculated prior to the itera-
tive algorithm, solving for the electric field Greens operator as shown in Eq. 3.14 can now be done using:

Griw} (v) =k3iffe (e (877) o fft (w)) + LE (MR vec(W)) (3.21)

which means the large matrix multiplication with the computational complexity of @ (M? N?) can be reduced
to a complexity of 0 (MNlog(MN) + MN@2T +1)+ (2T + 1)MN) = 0 (MNlog(MN) + MNT). Given that the
truncation T is independent on, and much smaller than the size of the inversion region denoted by MN,
a significant reduction in complexity can be reached. These operators can be defined in a similar for the
magnetic field components. Since only the L¥/ matrix has a dependence on the observation point r, the
operator for the correction term for the magnetic fields can be found much simpler since only the (scaled) curl
with respect to this L/ -matrix is required. The independence of the observation point allows for the reusing
of the MR matrices. Taking this scaled curl, or applying the gradients as shown in Eq. 2.2, the magnetic field
operators become:

Gt} =noifft (ft (¢77) o fft (w)) + L/ (MR vec(W)), (3.22)

where all entries in the L1 , matrix operator for the magnetic field L.’ are defined as:
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and likewise the entries for the L, ;, can be found as:
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These operators are still defined in the cylindrical coordinate system, but the eventual operators for the
B; and By fields require the Cartesians coordinates. Therefore the simple conversion 7 = cos(6) % + sin(0) y
and 0 = —sin(0) % + cos(0) 7 has to be applied. This allows for the magnetic field operators to have the same
computational complexity as the electric field Greens operators.

This reduction of computational complexity also allows for much larger inversion regions. Both the naive
method, and the decomposed methods are limited by the available storage space for the matrices. The stor-
age space required for this problem scales with the same order as the complexity, which means that for a fixed
truncation the inversion region for the decomposed matrix can be much larger. Considering a computer with
16 GB of RAM which 75% can be used (12 GB) for the operators, a square inversion region of 1118 x 1118
would be possible when using this low-rank method, while this region is only limited to 105 x 105 when using
the naive implementation.
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3.3. Optimization

These new operators do not have much of an impact on the of the whole optimization algorithm. The same
cost functions, which penalize a mismatch between the measured and simulated field and which penalize
not adhering to Maxwell’s equations, will be used. Also the same optimization scheme of conjugate gradient
descent will be used. The main (or only) difference introduced by these correction terms falls in defining the
gradient of the cost function, which is defined using the adjoints of the Greens operators.

3.3.1. Adjoint

For this section, the naive implementation of the shielded Greens operators will be considered first, after
which the complexity reductions will be applied. In the naive implementation of the Greens operators, the
operation is a large matrix multiplication. The adjoint operator for matrix multiplication is well-known and
is given by the Hermitian-Adjoint, which is simply the left multiplication with the Hermitian of the original
matrix. Using the knowledge that the naive implementation is the super-position of the ‘free-space’ Greens
operator and the correction term, this Hermitian adjoint operator can be defined by applying the distributive
property of the Hermitian as:

@' = 6Hw = GHw + PHw, (3.26)

which holds for both the electric as magnetic field Greens operators. Like the equivalency between applying
the double Riemann sum and the method based on the convolution theorem (Sec. 2.2.1), an equivalency can
be derived for applying the adjoint operator of this free-space operator. This means these adjoint operators
can be split in the adjoint for the free-space part, which could be solved using the adjoint of the convolution
theorem as shown in Algorithm 1, and the Hermitian adjoint using the Hermitian of the decomposed Greens
operators. This results in the adjoint of the operators to be defined as:

4"y =4ty + (RIMT) (L w). (3.27)

With this definition the effects of the RF-shield present around the birdcage coil is described for the
physics, and the implementation of these physics in the optimization algorithm. This improved physical
model should now results in better reconstructions of the electrical properties as this chapter provided a
better representation of the physical truth.






Quantization

The previous chapter showed the methods for reconstructing the electrical properties of tissue in a two-
dimensional shielded birdcage coil, under the assumption that the fields are truly E-polarized. Testing, as
will be shown in Chapter 5 and Appendix E1, showed (mostly) good results for noiseless measurements, but
showed poor performance when realistic noise was applied to the measurements.

The inversion problem, which the shielded CSI-EPT algorithm solves for, is ill-posed. In general this
means that there does not exist a unique solution to the problem, and that small changes on the input can
have extreme results on the output. The effects of small noise can have impact on the reconstruction, as
shown by the reconstruction on realistically noisy data in Appendix E1. Effects caused by this ‘ill-posedness’
can be reduced or mitigated by imposing constraints on the optimization problem, leading to a higher likeli-
hood of converging to the correct solution, and a more robust solution with respect to noise.

This chapter will first describe the constraints which have been applied to the CSI-EPT method, based
on the physical domain of certain quantities used. After this, a new method will be proposed which uses the
multi-modality of the tissue parameter, which will result in the introduction of the quantization steps of the
shielded CSI-EPT algorithm.

4.1. Constraints on the physical domain of tissue parameters

Physics tells us that conductivity and relative permittivity are bounded in magnitude. The conductivity is a
real quantity that is strictly positive, and the relative permittivity is a quantity that is larger than or equal to 1.
This a priori knowledge can be applied to the intermediate results produced by the reconstruction method
to guarantee the reconstruction algorithm only produces results which are feasible. Not applying these con-
straints could result in a reconstruction which converged to values which cannot occur in nature. These
positivity constraints [31] were previously used by applying (one of two) activation functions on the recon-
structed parameters. The activation functions used there were the absolute function and the Rectified Linear
Unit (ReLU) function, mapping the quantities which are physically impossible to the closest or another rep-
resentative one. Since the conductivity is lower-bounded by 0, no modification to the activation function has
to be applied, but this does not hold for the relative permittivity, which was lower-bounded by 1. The activa-
tion functions for the absolute and the ReLU function can be modified to max(je;|),1) and ReLU(e, — 1) +1,
respectively. Applying these constraints showed significant improvements in the accuracy of the reconstruc-
tion.

4.2, Constraints on the multi-modality of tissue parameters

Many researches, as summarized in [32], showed that different tissues have distinct electrical properties.
The electrical properties of these tissues can even be assumed constant per tissue type within one subject,
but may be varying from patient to patient. The IT’IS foundation’s database [32] provides the (electrical)
properties of may different tissues as the average of these many researches. Figure 4.1 shows a few of these
properties for the most commonly found tissues inside a human head . Since the dataset used for testing only
consists of brain models, the different tissues in the brain (gray matter, white matter, and cerebrospinal fluid
(CSF)) are highlighted in these figures.

27
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(a) Conductivity levels for different tissue types in the head (b) Relative permittivity levels for different tissue types in the head

Figure 4.1: Tissue parameters for different tissue types in the head as given by the database of the IT’IS foundation [32]. This figure
illustrates the quantized levels of the tissue parameters. The gray matter, white matter and cerebrospinal fluid are highlighted, as these
are most commonly used in segmentation of brain images

The true values of the electrical properties cannot be known a priori as these are patient specific, but
from this data one can assume that the tissue parameters can only take one of a few values. This means
the distributions of the tissue parameters become multi-modal, with one mode corresponding to one tissue
type. Of these modes however, the support (which pixels belong to this tissue type), and the exact value are
unknown and must be found during the optimization process of the shielded CSI-EPT.

In the two-dimensional CSI algorithm only data from a single slice is used, which inherently means that
there can only be a limited amount of tissue types present. When looking at the distribution of the tissue pa-
rameters in such a slice, this distribution becomes multi-modal, where each mode (assuming no variation for
a single tissue type) is infinitesimally narrow. Since the reconstruction still allows for a continuous amount
of levels for the tissue parameters, reconstructing such that these peaks are reached in the reconstruction
is very unlikely, and what most probably will occur is that those peaks will become wider, and the distribu-
tions corresponding to the different tissue types will have more variance. Figure 4.2 shows the distribution
of the tissue parameters after reconstruction for each of the different tissue types separately an a syntheti-
cally generated truly E-polarized data-set with realistic noise. These figures show that the distribution of the
conductivity levels is still multi-modally distributed, while no structure is present in the distribution of the
relative permittivity.

The goal of the quantization method now becomes to enforce this multi-modality on the intermediate
results, reducing the variance for each of these modes, allowing for a more robust and more accurate recon-
struction. This method might also lead to a better separation for the different modes.
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(a) Histogram of the conductivity for the different tissues (b) Histogram of the relative permittivity for the different tissues
Figure 4.2: Histogram of the electrical properties after reconstruction on noisy E-polarized measurement data for slice 80 of subject M1.

The dashed lines represent the ground truth of the value which should be reconstructed. This figure shows an increased variance for the
modes of the conductivity, while the modes of the permittivity do not show any structure.

Splitting an image into several regions based on certain properties is called image segmentation. In the
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medical field this is often applied to brain images, resulting in ‘brain image segmentation’. Image segmenta-
tion techniques, often also called clustering techniques, can be subdivided into several categories, each with
their own advantages and disadvantages. One must keep in mind that most of the techniques used in image
segmentation would usually be applied only once, while in our application the clustering must be performed
many times during an already computationally expensive optimization scheme. This section will describe
a few of these categories and provide motivation on the usability for this application. This motivation will
mainly be based on the computational complexity, noise-robustness, and the applicability to large-scale data
of the different methods.

A summary of these different methods, with a few commonly used examples from literature, is shown in
Tab. 4.1.

4.2.1. Hierarchical clustering
In hierarchical clustering, data clustering is achieved by finding a hierarchy of clusters. This hierarchy is based
on the similarity between the certain clusters and is found in one of two methods: agglomeratively or divisely.
In agglomerative clustering, each data point is considered a cluster, which will be merged together based on
a minimum inter-cluster distance, in a greedy approach. This inter-cluster distance, or cluster-linkage, can
be defined using many different methods[33], each with their own computational complexities. The clusters
will be merged until the desired number of clusters is reached. The second method, divisive clustering, starts
with all data belonging to one cluster, after which it will split the cluster based on the maximum inter-cluster
linkage, until it reaches the desired amount of clusters (or another clustering condition has been satisfied).
The computational complexity of most hierarchical clustering algorithms is @ (n%), where 7 is the number
of data points which in our case is the number of pixels, where the most efficient methods have a complexity
of @ (n?). Since data points are added to the clusters in a greedy manner, these points will not be reconsidered
after they have been added to a cluster, resulting in poor performance on noisy data[34]. Additionally, the
methods require knowledge of the number of clusters to be found, which in the application for this work is
unknown.

4.2.2, Partitional clustering

In partitional clustering all data points will be clustered such that each belongs to one (disjoint) cluster, with
the exception of fuzzy clustering where each data point can have a membership grade for multiple clusters.
This is most often achieved by minimizing a cost function iteratively, which is stopped either when a con-
vergence bound is reached, or a maximum number of iteration is reached. The most famous partitional
clustering method is the K-means clustering method. K-means partitions the data into K disjoint subsets,
such that the total distance from the data points to their clusters’ center is minimal. K-means clustering, as
most clustering problems, is an NP-hard problem. The iterative optimization process for a fixed K, given
by Lloyd’s algorithm[35], has a computational complexity of ¢(nKT), where T is the maximum number of
iterations allowed. This iterative process will converge to a local minimum, which does not necessarily coin-
cide with the global optimum. This method, similar to the hierarchical methods, requires knowledge of the
amount of clusters K. The low computational complexity of this algorithm allows for the implementation of
this algorithm on more large scale data. The K-means algorithm does perform significantly worse on noisy
data[34], or data infected with outlier, as these outlier may lead to the shifting of the clusters to incorrect
location, significantly impacting the clustering accuracy.

4.2.3. Spectral clustering
Spectral clustering does not cluster on the data itself, but on a lower-dimensional representation of the
data[36]. This is achieved by assuming all data points being nodes of a graph, and creating an adjacency
or similarity matrix for this graph. This matrix will be converted to the (normalized) graph Laplacian, of
which the first K eigenvectors are taken. These eigenvectors will be combined in a new matrix on which the
clustering will be performed, which is done most often using the partitional clustering method of K-means.
Spectral clustering methods were shown to outperform standard partitional clustering methods, such as
K-means, for noisy data and more complex cluster shapes. Where K-means works for round-, or for higher-
dimensional data (hyper)spherical-shaped clusters, spectral clustering is not limited to these shapes of clus-
ters and can be used for more arbitrarily shaped clusters. However, spectral clustering methods are compu-
tationally much more complex than standard clustering methods, due to eigenvalue decomposition, which
has to be performed with a complexity of @ (n®), making it less viable for larger-scale data sets.
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Table 4.1: Overview of several clustering methods. This overview includes few examples and shows the computational complexity,
robustness w.r.t. noise, and whether or not the method is applicable for large scale datasets.

Clustering Performance
Example - - Remarks
Category Computational | Noise L
. Applicability
complexity robustness
large scale
data
. . HAC 0((n) Medium No [33] showed an improve-
Hierarchical
ment for better results on
noisy implementations
SLINK G (n?logn) Medium Yes
Partitional K-means O(nKT) Low Yes
Improved | O(nKT) Medium Yes Filtering data before apply-
K-Means ing K-means
(37]
Spectral [36] 0 (n3) High No Limited by EVD of similarity
matrix

4.3. Quantization step using K-means

The hierarchical and spectral clustering methods are not feasible in this application due to their higher com-
putational complexities. This implicitly means that the interim clustering must be built upon a partitional
clustering algorithm, which in general have a lower computational complexity. This work will consider the K-
means clustering method. This algorithm is one of the most widely used clustering algorithms, even though
it has a poor robustness w.r.t. noise. To improve the performance w.r.t. noise, the improved K-means cluster-
ing[37] will be considered, which performs low pass filtering prior to the clustering.

K-means clustering separates a set [x1, X2, ..., Xy] of N samples into K subsets C = [Cy, Cy, ..., Ck] (or clus-
ters) such that the distance of the points belonging to the subsets is minimized. This is achieved by mini-
mizing a cost function such that the sum of Euclidian distances for each point to the center of its cluster is
minimal. This cost function is defined as:

K
T=Y % llx—Ml?, 4.1)

where Mj denotes the center of cluster Ci. The centers of these clusters can now be found iteratively by min-
imizing this cost function until either a minimum is reached or a maximum amount of iteration is reached.
The full K-means algorithm, given by Lloyd’s algorithm([35], is described in Algorithm 3.

Algorithm 3 K-means

1: Random initialization of the cluster centers My
2. fori=1,2,...do
3:  Assign all sample points x, to the nearest cluster

4 Recalculate the center of each cluster: M; = NL > x
xeCy

5. Calculate cost function: JUl = § Y |lx— Ml
k=1 xeCk
if Jil > jli-U orj > [, then
Stop
end if
end for

® @ N

The clustering method will be applied on the contrast function, to keep both the information of the con-
ductivity and the relative permittivity. The K-means clustering algorithm will find this Euclidian distance, by
splitting the complex contrast function into a vector, separating the real and imaginary parts. This means
x € C will be represented as y = [R(y), 3(x)]” € R?, which is equivalent to splitting one complex feature into
two real features. Priory it was already stated that the real part of the contrast function is much more sensitive
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to noise, and that much of the information about the relative permittivity is lost there. This therefore shows
that one of these features for the K-means, would mainly introduce errors.

Instead of representing the complex number as its real and imaginary part, the contrast function could
also be separated into its polar coordinates y = [|y|, Zy]” € R?, again splitting the one complex feature into
two real features. These features also occupy distinct levels for different tissue types. When the clustering
is performed on this representation, the calculation of the Euclidian distance has a different interpretation
than for using the Cartesian representation. Testing showed better performance for clustering on the polar
representation of the contrast source. This is most probably caused due to the smaller magnitude of the real
part of the contrast function (corresponding to the permittivity), which is affected more by noise as the noise
has an equal magnitude for the real and imaginary part, thus a relatively larger effect on the permittivity.

4.3.1. Mapping using stacked sigmoid

When applying the clustering of K-means, all parameters will usually be mapped using a staircase-type func-
tion, where the height and width of the steps are determined by the location of the clusters and the spacing
between clusters. This then becomes very similar to a multi-level thresholding problem[38]. Such a func-
tion will force all parameters to the cluster centers, resulting in chopping of the original signal. This effect
of this chopping might becomes larger than any step the CSI algorithm can take in one iteration, leading to
the CSI being stuck in the local minimum introduced by this clustering. Due to the computational load, and
the (very likely) chance of being stuck in a local minimum the clustering is only performed once every N¢
iteration, which is usually chosen such that the clustering is performed once every 20 or 50 iterations.

This stair-case style function is a piece-wise constant function mapping the continuous spanning input
parameters to the quantized levels found by the k-means. This mapping function inherently has jumps in its
gradient due to the jumps between the different levels. Values near the edges of the different levels will be
mapped towards the center of these cluster, which means that wrong classifications near cluster boundaries
will have extreme consequences.

To alleviate these issue introduced by the coarse mapping of the staircase-function, a smoother contin-
uously differentiable function can be found which still promotes these quantized levels. This function is the
stacked sigmoid, which is constructed by fitting a sigmoid function between each of the clusters centers. The
stacked sigmoid can be constructed as:

X . . Mj. + Mj._
XYout = My + Y (M — My_)sigmoid (a (xin - %)) 4.2)
k=2

where a denotes the steepness of the sigmoid function. Figure 4.3 shows such a sigmoid function for a = 0.5,
the staircase function it approximates, and their gradients.

This mapping function could now be added into the optimization problem of y, where y becomes a func-
tion over another parameter yi,, such that the optimization can be performed for yi,. Reconstructing the
contrast function from the contrast source would require another iterative process, as the minimum least
squares solution does not exist for this function. This thesis only use the mapping of this function, during the
quantization step not incorporating it in the gradients for the sake of a lower computational complexity.

4.3.2. Low pass filtering

Another major drawbacks of K-means clustering, besides its sensitivity to the chosen amount of clusters K,
is its susceptibility to noise. This means that clustering on the intermediate contrast function will be hard,
since the noise can cause for a wrong clustering, further increasing the reconstruction error. Therefore, steps
must be taken to reduce or remove this noise.

Most of the image of the resides in the lower frequency of the K-space representation of the image. Assum-
ing that the noise is somewhat frequency independent, much of the noise can be removed by only retaining
these lower frequencies, while limiting the contributions of the higher frequencies. Filtering for these higher
frequencies has been performed by first applying a averaging filter to the image[37]. This averaging filter cre-
ates a new image by averaging the pixel values of a small neighborhood of 3 x 3, 5 x 5, or 7 x 7 around the
pixel.

Instead of filtering in the imaging domain, the filtering could also be performed in K-space. Filtering for
these lower frequencies can be now achieved by placing a two-dimensional Gaussian bell over the K-space
representation of the image, gradually lowering the contributions of the higher frequencies. This filtering
does not only affect high frequency components of the noise, but also the high frequency components of the
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Figure 4.3: Example of a stacked sigmoid function where the cluster centers are defined asM = [0,77,117,162,218,273], and the steepness
parameter a = 0.5. The blue lines represent the staircase function which is approximated by the stacked sigmoid, which for the gradient
becomes a collection of delta spikes.-

original signal. These high frequency components represent the fast changes in parameters, which should
only occur at tissue boundaries. This manipulation of the K-space inherently causes for a worse performance
at the tissue boundaries and removes smaller details from the image, but allows for a much more robust
performance of the clustering algorithm.

The whole quantization process which is performed once every N iteration is summarized in Algorithm
4.

Algorithm 4 Quantization step

: Apply low pass filter on contrast function
X' =LPF(xin)

1
2
3:
4: Perform K-Means clustering on y'
5 C,M — KMeans(y")

6

7

: Create and apply stacked sigmoid function

K
b Kour=Mi+ & (M= My-)-sigmoid (a yin — 2431

9:




Simulation

The previous chapters described the problem, and mainly the methods on how to solve the problem. This
chapter will show and discuss the results for applying these methods in simulation. These simulations serve
for assessing the performance on a truly E-polarized simulation setup, assess its performance on different
levels of noise, and finally determine how well the shielded CSI-EPT reconstruction algorithm performs on
realistic three-dimensional (where the waves are no longer fully E-polarized). This performance assessment
shows the accuracy and robustness of the shielded CSI-EPT algorithm on truly E-polarized data, and can give
a good insight for its performance on more realistic data, such that it can be used in pseudo 3D form as a
good initialization for a three-dimensional EPT method.

The dataset used for these simulation is the ADEPT[39] dataset, consisting of 120 different brain models,
of which 84 are healthy and 36 contain tumors. For each of these models the conductivity and relative per-
mittivity levels are known, as well as the relevant three-dimensional electromagnetic fields for MR-EPT (the
magnitude of Bf and the corresponding transceive phase ¢*). These fields are calculated using the full-wave
solver Sim4Life [40]. The measurements for the E-polarized simulation setups will be generated using the
physics described in Chapters 2 and 3.

This chapter will start with the description and comparison of performance metrics used in literature,
and describing which performance metric will be used for the assessment. These metrics will subsequently
be used to assess the performance on a full E-polarized simulation setup. For this also the performance with
respect to noise levels will be determined. Finally, the performance on the full-wave solved three-dimensional
fields will be assessed. The results shown in this chapter are based on the reconstruction of subject M1, from
the ADEPT dataset, and for the metrics also the distribution of the results for all other subjects is shown. The
conductivity and permittivity of transversal slice 80 of subject M1 are shown in Fig. 5.1. The conductivit and
permittivity values of the different tissues in this (and all other slices for M1) are found in Tab. 5.1.

5.1. Metrics
As stated in the introduction of this thesis, the goal of the shielded CSI-EPT method can be split into two parts.
The first is purely based on accuracy, since high reconstruction accuracy means that the absolute values of
the electrical properties are found well. This performance can be tested well using several numerical metrics,
of which a few will be described and used in this chapter. The second goal is to produce an image which can
be interpreted well, meaning that the absolute values of the electrical properties might be incorrect, but the
overall shape (or support) of the image is found correctly. This difference results in the analysis of the results
both in a quantitative and qualitative manner.

This section will describe the different analyses that will be performed for all simulations, including a
small discussion regarding the performance metrics used. For the performance based on the different noise

Table 5.1: Ground truth tissue parameters for the different tissues of subject M1

Tissue type ‘ Air White matter Gray matter Cerebro Spinal Fluid (CSF)
Conductivity [S/m] 0 0.35 0.69 2.26
Relative permittivity [-] 1 51 73 80

33
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Figure 5.1: Ground truth of slice 80 for subject M1 of ADEPT. These parameters are to be reconstructed throughout all simulation in this
chapter.

levels, these will not be used directly. During the discussion of the results, the results for the quantitative met-
rics will be shown for all subjects from the ADEPT dataset, while the qualitative metrics will only be discussed
for subject M1.

5.1.1. Cost function
The first analysis which will be performed is on the progression of the cost function. During the calculation
of the cost function, no knowledge of the ground truth is available, which is why it will not be called a per-
formance metric directly. The cost function (by construction) gives insight in how well the reconstruction
matches the data, and how well the reconstruction adheres to Maxwell’s equation. While combined in one
value, this could give insight into how well the algorithm itself thinks the solution is correct and accurate.
Given that the problem is ill-posed, there is no guarantee that the algorithm will converge. This analysis
will also show whether or not the cost function will converge, or whether it will diverge from a minimum.

5.1.2. Masked MSE

The first true performance metric used is the masked Mean Square Error (MSE). The MSE is the average of
the absolute squared error of the reconstructed parameter and the ground truth, for both the conductivity
and relative permittivity separately. The standard formula for calculating the MSE is:

M N
MSE(0) = S Y 16 mn—0mnl®, (5.1)

1
MN m=1n=1
where 6 ,;,, denotes the estimated value of the conductivity at pixel (m,n), and o, is the ground truth at that
same location. The same calculation would be done for the MSE of the relative permittivity.

This standard form of the MSE would average over all pixels in the inversion region, also the pixels for
which no tissue is present. During data acquisition, the field can only be measured at the locations where
tissue is present. This inherently provides a mask showing all the location where tissue can be, and showing
the locations where only air is present. This information is available prior to the reconstruction, and is also
used during the reconstruction. Averaging over all pixels, including the ‘air-filled’ pixels, will give a skewed
result for the accuracy of the reconstruction. To correct for this the Masked MSE will be taken, in which only
the pixels containing tissue will be used for calculating the MSE. The masked MSE is calculated as:

Y3 16mn—0mnl®, (5.2)

m,n)eDobj

1

MSE(U) = W(



5.1. Metrics 35

where the domain DY contains all pixels with tissue. Since the pixels containing air will automatically be
estimated as such, the only difference between the masked and unmasked MSE is the fraction in front of the
sums. The conversion from masked to unmasked is therefore rather straightforward; this conversion will be
performed when comparing to results found in literature as there the unmasked variant is used most often.

The values which the conductivity can take (0 - 2.5 S/m) is generally much smaller than the values the
relative permittivity can take (1 - 90). Comparing the results of the MSEs for the conductivity and the relative
permittivity is therefore not fair, given that these have a completely different unit. Literature often only shows
the MSE for these separately, and does not compare them to one other. This work will also show the MSE for
the two quantities in the same ‘unit’. Since the conductivity is often the one which is reconstructed the best,
the unit of the permittivity will be corrected for by multiplying it with egw, which is the same multiplication
used in retrieving the conductivity from the contrast.

5.1.3. Histogram inspection

The third metric used is to see how well the different tissues are being reconstructed qualitatively. This is done
by looking at the distributions of the reconstructed pixels for each of the tissues. As stated in Chap. 4, the
tissues should be distributed multi-modally, meaning that each of the tissues should contain only one mode.
Instead of plotting the distribution of all pixels, the data is first divided into the different tissues using the
ground truth, and of those separate subsets the histograms are plotted. This will give more insight on how the
different tissues are reconstructed, whether lower- or higher-valued tissues perform better for reconstruction.
This also allows for showing the overlap of these modes after reconstruction, giving a good indication whether
the tissues can still be distinguished from one other.

5.1.4. Visual inspection

As a final assessment for the performance, the actual reconstructed image will be analyzed. This is also part
of the qualitative analysis. This analysis can show more about the shape, or support, of the reconstruction.
This assessment is also used to show whether or not the different regions can be recognized, whether small
irregularities in the ground truths’ electrical properties can be reconstructed accurately, and show potential
errors which might be introduced by the reconstruction algorithm.



36 5. Simulation

5.2. Reconstruction on noiseless 2D data

The first simulation assesses the performance of the shielded CSI-EPT algorithm, as described by Chapters 2
and 3, when performed on a noiseless truly E-polarized synthetic dataset. The purpose of this simulation is to
show the rate at which the shielded CSI-EPT algorithm converges to-, and how accurately it can reconstruct
the correct solution, when applied to idealistic measurements.

The synthetic data used for the E-polarized simulation setup are generated by solving the forward prob-
lem using the Greens operators of 3 knowing the ground truth of the contrast function in all locations. For
the simulations the incident fields are calculated using a unitary amplitude for each rung (a¢” = 1) in Eq.3.10
and its magnetic counterpart, which are subsequently used to find the total electric field using the known j}:

E:argmin||E—E€E{xE}—Ei“CHZ, (5.3)
E

which is solved using a Generalized Minimal Residual (GMRes) method. The GMRes method in this work is
allowed at most 100 iterations, and has a stopping condition when the supplied cost function reaches a value
below 1079, This total field can now be used in the magnetic field Greens operators to calculate the synthetic
measurements of the B] field (with the transceive phase).

For this ideal measurement the performance of the shielded CSI-EPT will be discussed. The shielded
CSI-EPT method has a maximum number of iterations of 2000, and has a stopping criterion when the cost
function becomes smaller than 1076,

Cost function
Figure 5.2 shows the progression of the cost function w.r.t. the iteration number; Fig. 5.2a shows this for
subject M1, and Fig. 5.2b shows this as the distribution for all other subjects.

The first thing shown in Fig.5.2a is that the cost function reaches a low value of approximately 107°. This
means that the reconstruction algorithm has found a solution for which the generated fields correspond ex-
tremely well with the measured data, while adhering to Maxwell’s equation (as is the definition of the cost
function). This is expected as the incident fields of the measured data and the ones supplied to the algorithm
are equal, and the same operators are used to calculate the scattered fields. When further analyzing the cost
functions definition, one can show that the data part of the cost function is equivalent to the (normalized)
MSE between the measured and reconstructed By -fields. A low value of this cost function thus inherently
means that the reconstructed fields are represented well.

While not necessarily shown in this work, the cost function in CSI-EPT is not guaranteed to converge. In
the standard CSI-EPT algorithm, as described by just Chapter 2, the cost function is not necessarily a always
descending function w.r.t. the iteration number. This is shown in [31]. The progression shown in that work
tend to ‘explode’ after a few hundred iteration. This exploding behavior caused by the ill-posed nature of the
CSI-EPT problem is not present in the shielded method presented in this thesis. This ‘proper convergence’
is not only present for subject M1, but also when considering the progression for all other subjects as shown

. Cost function for M1 . Cost function for all subjects
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(a) Progression of the cost function for subject M1 (b) Distribution of the cost function for all subjects. The black line shows

the mean of all cost functions, the red regions show the area span by once or
twice the standard deviation, while the dashed lines represent the maximum
and the minimum of all cost functions

Figure 5.2: Progression of the cost function as a function of the iteration number for the noiseless 2D, truly E-polarized simulation setup
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in Fig. 5.2b. This figure shows that all cost functions are always descending, and all reaching a minimum of
approximately 1072, after 2000 iterations.
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(a) Progression of the reconstruction error for the conductivity of subject M1  (b) Distribution of the reconstruction error for the conductivity for all sub-
jects. The black line shows the mean, the red regions show the area span by
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maximum and the minimum.
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Figure 5.3: Reconstruction errors for the electrical properties for the noiseless 2D, truly E-polarized simulation setup. The dashed lines
denote the ground truth values of the electrical properties

Reconstruction error

Figure 5.3 shows the reconstruction errors measured using the MSE for the conductivity and relative permit-
tivity; Figs. 5.3a and 5.3c shows these for subject M1, while Figs. 5.3b and 5.3d show the distributions of these
for all subjects.

The reconstruction error for the conductivity of subject M1, as shown in Fig. 5.3a, shows that the con-
ductivity converges to a good solution, whereas the MSE reaches a value of approximately 4 - 10~2 after 2000
iteration of the shielded CSI-EPT algorithm. This means that conductivity is estimated correctly with an av-
erage deviation of approximately 0.2 S/m. This accuracy is approximately consistent for all subjects, where
the worst case, which reaches an MSE of 5- 1072, deviates on average 0.22 S/m.

For the relative permittivity of subject M1, this convergence is also observed, where the MSE of the relative
permittivity reaches a value of approximately 30 after 2000 iterations, which results in an average deviation of
approximately 5.5. This error is significantly higher than the error for the conductivity due to the aforemen-
tioned mismatch in unit. This large difference in reconstruction accuracy is mainly caused by the ‘conduction
part’ of the contrast function, or the conduction current in the contrast source, being dominant over the part
corresponding to the relative permittivity in the contrast function, or the displacement current in the contrast
source. If field strength of the background field By increases (e.g. in a 7 or 14 Tesla MR-scanner), the Larmor
frequency w will also increase, shifting the dominance from the conduction current more towards the dis-
placement current, reaching a higher accuracy for the relative permittivity. The difference in unit between
the conductivity and permittivity also plays a role in the difference in the MSE between the two; applying
the correction however would result in the MSE for the relative permittivity to become approximately 1073,
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This value is significantly smaller than the reconstruction error of the conductivity, while (as will be shown in
the following subsections) the permittivity reconstruction is significantly worse. This is again caused by the
mismatch in amplitude between the two quantities.

In the distribution of the reconstruction errors of the relative permittivity, one outlier is present for which
the full progression is significantly higher than all other progressions. That subject (M69) is also omitted from
the calculation of the mean, and standard deviation for the plot, as that would give a skewed representation of
the distributions. This outlier shows that while the reconstruction algorithm converges to the right solution
for most of the subjects, this is not guaranteed, considering this is still applied to an ideal noiseless dataset.
This outlier is only visible in the reconstruction error of the relative permittivity; the reconstruction error for
the conductivity and the cost function do not show this outlier.
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Figure 5.4: Histograms of the reconstructed electrical properties per tissue after 2000 iterations for the noiseless 2D, truly E-polarized
simulation setup

Histogram inspection

Figure 5.4 shows the distributions of the tissue parameters for the different tissue by means of the histograms
plots.

For the conductivity, as shown in Fig. 5.4a, the different modes can easily be recognized, as these are com-
pletely disjoint, meaning completely non-overlapping. This allows for an easy distinguishing of the different
tissues. All three modes (for the white-, gray matter, and CSF) are located at the right value, having small vari-
ances. These variances are mostly a result from the averaging effect near tissue boundaries, shown by only a
right tail for the white matter, mainly a left tail for the gray matter, and the long left tail for the CSE

For the relative permittivity, the distributions of the tissue parameters, as shown in Fig. 5.4b, show a
slightly worse result. While the modes for the different tissues are located approximately correctly, their vari-
ance is much larger than shown for the conductivity. This causes the different modes, in contrary to the
conductivity, to no longer be disjoint. Especially the large left-sided tail of the CSF overlaps (fully) with the
mode of the gray matter poses an issue, resulting in an indistinguishability between these two tissues. While
not directly shown in these plots, this is mainly caused by an overestimation of the conductivity values near
the ‘air-CSF’ boundary, resulting in an underestimate of the permittivity values.

These histograms primarily show that the (dominating) conductivity can be estimated much more accu-
rately than the relative permittivity. While the relative permittivity reconstruction is less accurate, the values
are still reconstructed in (mostly) the correct mode.
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Figure 5.5: Reconstructed electrical properties after 2000 iterations for the noiseless 2D, truly E-polarized simulation setup

Visual inspection
Figure 5.5 shows the images of the reconstructed conductivity and relative permittivity of subject M1 in Fig.
5.5a and Fig. 5.5b, respectively.

The conductivity reconstruction shows a good reconstruction of the conductivity values. The support of
the different tissues is reconstructed well, and even the smaller features of the CSF are found. These smaller
features are enlarged due to the averaging around the tissue boundaries making them appear larger than
they actually are. The most notable difference between the reconstruction and the ground truth is this effect
of averaging happening at tissue boundaries due to the smoothness of the electromagnetic fields. While
the amplitude of the electric field at the origin vanishes, the shielded CSI-EPT algorithm is still capable of
accurately reconstructing the tissue parameters there.

As stated before, the permittivity reconstruction was less accurate than the conductivity reconstruction.
This is also shown qualitatively in Fig. 5.5b. While the gray and white matter regions can be found well, and
their values are reconstructed well, this is not true for the CSE As discussed in the histogram analysis, the
CSF is indistinguishable from gray matter in many places; this occurs mainly for the CSF surrounding the
brain where permittivity values are severely underestimated. This reconstruction does show some effect of
the electric field vanishing at the origin, due to a small gradient of the permittivity values occurring there.

Conclusion

This section showed the performance of the shielded CSI-EPT (without quantization) on ideal noiseless truly
E-polarized synthetic data. This section showed that the shielded CSI-ET converged to approximately the
right conductivity, while this is not guaranteed for the relative permittivity. The conductivity reconstruction
is in general more accurate, shown by the lower variance in the different modes of the histograms. This is most
probably caused by the dominance of the conductivity term (and consequently the conduction current) over
the permittivity term in the contrast function at 3T. Finally, the smoothness of the fields causes averaging
happening at tissue boundaries in both the conductivity and permittivity reconstruction, leading to a lower
reconstruction accuracy at these boundaries.

The shielded CSI-EPT operators analytically described the electric and magnetic field for E-polarized
waves in the PEC enclosed cylindrical shield. The methods described in Chapter 2 also solve for this sit-
uation using a few extra approximations. Appendix G will compare the standard CSI-EPT method to the
shielded CSI-EPT method, showing the effects these assumptions have on the reconstruction, and showing
the increase in reconstruction accuracy when correctly accounting for the shielding.
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5.3. Analysis to different noise levels
The first simulation had a purpose of assessing the performance using ideal noiseless truly E-polarized mea-
surements. The simulation described in this section will assess the performance based on different noise
levels, determining how robust the shielded CSI-EPT algorithm is to noise. This section will also compare the
standard shielded CSI-EPT method with the method that includes the quantization steps of Chapter 4. The
performance metric in this chapter will be the final value of cost function after 2000 iteration for different lev-
els of noise, as well as the reconstruction errors for these reconstructions at this final iteration (reconstruction
images for these different noise levels can be found in Appendix E1). During testing, it was observed that the
cost function always converged to a minimum, thus prior stopping of the iterative process was not necessary.
In Bl1-mapping the amplitude and phase are mapped separately, and thus the noise is also added inde-
pendently for the amplitude and the phase of the measured data. A realistic noise level for a 3T machine
is a signal which has a SNR of 54 (= 35dB) [12] (the performance of the algorithm at this noise level will be
discussed in Sec. 5.4). The measured signal is constructed by measuring the signal power of the original ]§1+,
and adding the respective noise to the amplitude and phase. The measured data which will be used as input
data is then calculated as:

S=1Bf + Ny el O+, (5.4)

where B and ¢* are the magnitude and (transceive phase) of the measured signal calculated in section
5.2, and A+ and .4y are the noise sources, sampled from a scaled white Gaussian distribution to reach the
desired SNR.

Cost function
Figure 5.6 shows the final values of the cost function for different noise levels; Fig. 5.6a shows this for subject
M1, while Fig. 5.6b shows the distribution for all subjects.

For measurements with extremely high noise levels (low SNRs) the cost function of the standard shielded
CSI-EPT (without quantization) is not able to converge to a low value. In this situation, the algorithm is unable
to model a field which accurately corresponds to measured fields. The rapid changing magnetic fields cannot
be constructed due to the inherent smoothness of the electric and magnetic fields, which means a low value
for the data residual cannot be reached. When the noise decreases (and consequently the SNR increases), the
reconstruction algorithm becomes much better at estimating these fields.

A similar trend can be observed for the method including the quantization steps, except that these meth-
ods converge to a cost function which is significantly higher. Especially when less noise is present, the quan-
tized method has a significantly higher cost function to which it converges. This is caused by the ‘chopping’
of the quantization step, which is not included in the properly defined nonlinear conjugate gradient descent.
Every 501" iteration, the quantization step maps the contrast function to the clusters, increasing the cost func-
tion significantly, as this was not accounted for by the gradient descent algorithm. Once the algorithm has
almost converged, this jump in the cost function becomes larger than the iterative algorithm can descend in
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Figure 5.6: Cost function values at the last iteration of the shielded CSI-EPT method for different noise levels
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50 iterations, leading to this increased cost function. Given that the amount of iterations (2000) is a multiple
of the quantization interval (50), the final cost function displayed in Fig. 5.6 is at the jumps, which is usually
10 times higher than the lowest value.
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(a) Progression of the reconstruction error for the conductivity of subject M1 (b) Distribution of the reconstruction error for the conductivity for all sub-
jects. The black line shows the mean and the shaded regions show the area
span by once or twice the standard deviation
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Figure 5.7: Reconstruction errors for the electrical properties for the noiseless 2D, truly E-polarized simulation setup. The dashed lines
denote the ground truth values of the electrical properties

Reconstruction error

Figure 5.7 shows the reconstruction errors measured using the MSE for different noise levels after 2000 itera-
tion of the (quantized) shielded CSI-EPT; Figs. 5.7a and 5.7b show the errors for the conductivity for subject
M1 and the distribution for all errors, while Figs. 5.7c and 5.7d show these for the permittivity.

When considering the performance on the conductivity reconstruction, the method with quantization
performs better for lower SNRs than the method without the quantization step. This is predominantly caused
by the ceiling introduced by the clustering method, limiting values which the conductivity can take. This
is shown by the plateau at the lower SNRs in Figs. 5.7a and 5.7b. For higher SNRs, the method without
quantization will eventually surpass the method with quantization. This crossover point is located at an SNR
of roughly 40dB. The low-pass filtering required for the clustering algorithm to work, does not only remove
high frequency noise, but also removes details from the image. This loss of detail will cause some pixels to
be misclassified, and thus will be given an incorrect value, which subsequently increases the reconstruction
error. This means that when the noise becomes sufficiently small, the quantization step is not required for
conductivity reconstruction.

For the permittivity reconstruction, however, the performance is in general higher with the quantization
step. As stated before, due to the dominance of the conduction current over the displacement current in 3T
MR-scanners, the conductivity can be estimated much more accurately than the permittivity. The quanti-
zation method couples the conductivity and permittivity, since the clustering is performed on the contrast
function. Small variation in the real part of the contrast function, can have large effects on the reconstructed
permittivity due to its relative small size, in comparison to the imaginary part. The magnitude component
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of the features used for clustering is mostly dominated by the imaginary part of the contrast source (corre-
sponding with the conductivity), which causes the clustering to be focused mostly on these conductivities.
Due to the better reconstruction performance for the conductivity, the clustering becomes rather accurate,
which means that the support for the permittivity is known, allowing for a better estimation. For higher field
strengths, the more dominant part of the cost function, and consequently the quantity which can be esti-
mated more accurately, will shift to the permittivity.

Conclusion

This simulation showed the robustness with respect to noise of the shielded CSI-EPT algorithm with and with-
out the quantization steps. Without quantization, the performance of the shielded CSI-EPT algorithm quickly
degrades once the noise increases slightly. While the quantization removes details from the reconstruction,
the algorithm becomes much more robust with respect to noise. Due to the coupling of the conductivity
and permittivity in the clustering method, the reconstruction accuracy of the permittivity is significantly in-
creased even for the almost noiseless situations.
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5.4. Reconstruction on noisy 2D data

The data acquisition performed by the MR-scanner is not perfect, which results in noise added to the mea-
sured signal. During data acquisition the amplitude and phase are measured independently, leading to two
independent noise sources: one for the amplitude, and one for the phase. A realistic noise level for a 3T MR-
scanner reaches a signal with an SNR of 35dB (factor 54) [12]. This section will show the reconstruction results
having a SNR of 35dB using the noise generation described in Sec. 5.3. The results shown in this section are of
areconstruction after 2000 iterations of the shielded CSI-EPT reconstruction algorithm with the quantization
step of Chapter 4.

Appendix E1 shows the results of the shielded CSI-EPT method without quantization for a signal with this
noise level. The ill-posed nature of the problem caused for a poor performance of this, showing the poor noise
robustness of the shielded CSI-EPT algorithm. This was the motivation for introducing the quantization steps
in the iterative reconstruction process. This chapter will show the results of the shielded CSI-EPT algorithm
with the inclusion of the quantization steps described in Chapter 4.

Cost function

Figure 5.8 shows the progressions of the cost functions of the shielded CSI-EPT reconstruction algorithm with
quantization step applied to noisy data with a SNR of 35dB for the amplitude and phase separately. For the
distributions of the cost function for all subjects, the largest peeks are removed from the progression, since
those would make the image less interpretable.

The quantization steps are clearly shown in the progression of the cost function by the spikes which are an
order of magnitude higher than the remainder of the cost function. The quantization is only performed on the
contrast function, not affecting the other quantities. The cost function and its respective analytic gradients
do not account for this, resulting in the introduction of these large errors. The continuous differentiable
stack sigmoid could be incorporated in the optimization for the contrast function, but this would lead to an
extreme increase in computational complexity as. Right now the contrast function can be reconstructed from
the contrast source by using the closed form minimum squares solution; including the stacked sigmoid in this
would require an iterative process to reconstruct the contrast function from the contrast source.

The final value of the cost function after 2000 iteration of quantized shielded CSI-EPT is approximately
1073, which is two orders of magnitude larger than the results shown for the ideal noiseless setup. This shows
that the algorithm is less capable of modeling the noise, resulting in a larger data-residual and thus a larger
cost-function.

Cost function for M1 Cost function for all subjects
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(a) Progression of the cost function for subject M1 (b) Distribution of the cost function for all subjects. The black line shows

the mean of all cost functions, the red regions show the area span by once or
twice the standard deviation, while the dashed lines represent the maximum
and the minimum of all cost functions

Figure 5.8: Progression of the cost function as a function of the iteration number for the noisy(SNR=35dB) 2D, truly E-polarized simula-
tion setup
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Figure 5.9: Reconstruction errors for the electrical properties for the noisy(SNR=35dB) 2D, truly E-polarized simulation setup

Reconstruction errors

Figure 5.9 shows the reconstruction errors measured using the MSE for the conductivity and relative permit-
tivity; Figs. 5.9a and 5.9c shows these for subject M1, while Figs. 5.9b and 5.9d show the distributions of these
for all subjects. The reconstruction errors are calculated once every 20 iteration, resulting in this sawtooth-
like line for the reconstruction error. This sampling is performed as it results in a lower computational load,
in comparison to calculating the MSE every iteration.

The progression of the MSE of the conductivity shows that the function always descending, reaching a
minimum of 0.12 after 2000 iterations, which results in an average deviation from the ground truth of ap-
proximately 0.34 S/m. The worst case amongst all subjects has a minimum of 0.16 after 2000 iterations, cor-
responding with an average deviation of 0.4 S/m.

For the progression of the MSE of the permittivity, the minimum is occurs not at the end of the iterative
process, but approximately around iteration 250. This shows that, while not visible in the progression of the
cost function, a quantitatively better reconstruction of the permittivity values is found during the iterative
process after which it converged to a worse solution. The final value of the MSE of the permittivity after 2000
iterations is approximately 250, resulting in an average deviation of 16. This shows that the reconstruction of
the permittivity becomes significantly worse when noise is added to the measurements, in comparison to the
performance decay of the conductivity.

In the noiseless simulation setup, subject M69 converged towards a wrong solution for the relative per-
mittivity, shown by MSE which was significantly higher then for all other subjects. This outlier is no longer
present in this simulation. The constraints imposed by the quantization steps leads to the algorithm not
being stuck in a wrong local minimum, and converging to a better reconstruction.
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(b) Histograms for the reconstructed relative permittivity of subject M1

Figure 5.10: Histograms of the reconstructed electrical properties per tissue after 2000 iterations for the noisy(SNR=35dB) 2D, truly E-
polarized simulation setup

Histogram

Figure 5.10 shows the distributions of the tissue parameters for the different tissues after 2000 iteration of
quantized shielded CSI-EPT. Due to the quantization the tissues can only take very specific tissue parameters,
leading to the histograms being collection of sharp peaks.

The histogram of the conductivity shows that most tissues are reconstructed well; the white matter is
slightly over estimated, most of the gray matter is reconstructed well, and the CSF is mostly underestimate.
In the histogram of the conductivity in the noiseless simulation, a low valued left-sided tail of the CSF was
present, which now became more present in the due to the influence of noise. The segmentation in the
quantization step now used several clusters to represent this large left-sided tail resulting in the smaller peaks
in the histograms plot.

The histogram of the permittivity shows that quantization step was able to distinguish the white matter
from the reconstruction well, while slightly being overestimated. The support of the gray matter and CSF
however were less accurately found. Both these tissues are segmented to having a value of approximately
67.5, which is a severe underestimation for both tissues. The overlap of the two tissues is as expected as the
noiseless simulation setup already showed that the CSF surrounding the brain is extremely hard to recon-
struct well.

The segmentation in the quantization step was performed on the contrast function, meaning that the
modes in the conductivity and permittivity are still linked. The segmentation method was able to accurately
find the support of the white and gray matter, shown by the large peaks for these tissues, while the support
of CSF was much harder to reconstruct as this is divided over many peaks. This is a result of a good magni-
tude reconstruction of the contrast source, while the phase is less accurately reconstructed. This poor phase
reconstruction caused for the wrong placement of the modes for the conductivity, and especially the relative
permittivity.
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(a) Reconstructed conductivity of subject M1 (b) Reconstructed relative permittivity of subject M1

Figure 5.11: Reconstructed electrical properties after 2000 iterations for the noisy(SNR=35dB) 2D, truly E-polarized simulation setup

Reconstruction image
Figure 5.11 shows the reconstructed tissue parameters for subject M1 after 2000 iteration of quantized shielded
CSI-EPT.

The large regions of the gray and white matter can easily be recognized, but many details are lost. This
is primarily caused by the low pass filtering required for the segmentation. The expected effect of a poor
reconstruction near the center, where the electric field vanishes is visible (in contrary to the noiseless simu-
lation setup), as shown by the variance of the reconstructed conductivity near the origin. Most of the smaller
CSF features in the origin can still be found, although these appear much larger , also having a much lower
amplitude. This smoothing at the tissue boundaries is caused by the smoothness of the continuous fields, in
addition to the low pass filtering. The noise also caused for the introduction of a few phantoms (small features
in the reconstructions where the conductivity is estimated too large). These phantoms could be interpreted
wrongly, and thus one should be careful drawing conclusions from them.

The reconstruction of the relative permittivity appears similar to that of the conductivity, in the sense
that the large regions of the white and gray matter can easily be recognized (while over estimated in general).
This is caused by the segmentation on the contrast function where the segmentation is performed jointly
on the conductivity and permittivity. In the permittivity reconstruction however, the performance of the
reconstruction of the CSF is extremely poor. Both at the center of the image, where the reconstruction is
expected to perform poor, as at the CSF surrounding the brain the values are underestimated. The CSF itself
is unrecognizable from this image, while the tissue between the CSF and the gray matter can be recognized
in the image.

Conclusion

The simulations in this section showed the performance of the quantized shielded CSI-EPT reconstruction
algorithm when applied to a noisy E-polarized dataset, using a realistic noise level of 35dB for the amplitude
and phase of the measured signal. This section showed that the quantization method significantly increases
the reconstruction accuracy, when comparing it to the reconstruction on the same data without quantization.
It also confirmed the conclusion drawn from the noiseless simulation, which stated that the conductivity
can be reconstructed more accurate than the permittivity, due to its dominance in the contrast source and
function.
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5.5. Reconstruction 3D dataset

While the geometry of the measurement setup allows for the assumption of full E-polarization of the electro-
magnetic waves, this is not necessarily true. This section will discuss the reconstruction performance when
the shielded CSI-EPT is tested on realistic three-dimensional fields supplied by the ADEPT dataset.

The electric and magnetic fields generated in the ADEPT dataset are generated using the Sim4Life electro-
magnetic full-wave solver [40]. This full-wave solver calculates the fields, taking into account the finiteness
of the birdcage coil and its shielding, and calculates the fields for all slices simultaneously. This results in
fields which are no longer truly E-polarized, meaning that that the electric field is no longer completely in the
longitudinal (z) direction, and the magnetic field is no longer only in the transversal (x, y) plane. The incident
fields are still calculated using Eq. 3.10 and its magnetic counterpart using an excitation factor a = ﬁ. This
term is now chosen heuristically, but could also be added as an extra optimization parameter for the iterative
process at the cost of a higher computational complexity and loss of accuracy.

As stated prior, due to a low-frequency artifact in the image caused by the model mismatch between
the two-dimensional E-polarized model and fully three-dimensional data simulated data, the quantization
method proposed in Chapter 4 is no longer viable. This means that the simulations in this section will be
based on just the shielded CSI-EPT method, without this quantization step.

Cost function
Figure 5.12 shows the progression of the cost function as a function of iteration number for 2000 iterations;
Fig. 5.12a shows the progression for subject M1, while Fig. 5.12b shows the distribution for all subjects.

Even when the E-polarization is assumed, the cost function still converges to a minimal value. However,
this value is significantly higher for this three-dimensional simulation than for the aforementioned truly E-
polarized noisy and noiseless measurement setups; the final value of this cost function is approximately 8-
1073, compared to the 7-10~% and 9- 107° of the noisy and noiseless E-polarized cost functions, respectively.
By definition of the cost function, this already means that either or both the simulated fields could not be
accurately matched, and/or that (the two-dimensional) Maxwell’s equations were no longer adhered. For the
assumption that the fields are E-polarized an invariance along the longitudinal z direction is assumed. For a
an arm or leg, this assumption can become rather valid, but for a vastly changing object such as a head, this
assumption becomes less valid. This dependency on z would lead to the Maxwell’s equations no longer being
separable in just the E and H polarized planes (for which we only consider the E-polarized wave).

The progressions of the cost functions of all subjects appear to be overlapping, leading to a distribution of
lines for which the variance is hardly noticeable (there is a small variance present between the lines). This lack
of variance sparked a further investigation into the ADEPT dataset, where it became apparent that while there
are 120 different subjects, these are created from the same 7 brains, altered by a slight translation, rotation,
are change in tissue parameters. This would result in a lower variation as the simulation setups become very
similar in this instances. This would inherently also result in an extremely low variance for the noiseless and
noisy simulations, where a higher variance is observed.
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(a) Progression of the cost function for subject M1 (b) Distribution of the cost function for all subjects. The black line shows
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Figure 5.12: Progression of the cost function as a function of the iteration number for the realistic 3D simulation setup
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(a) Progression of the reconstruction error for the conductivity of subject M1  (b) Distribution of the reconstruction error for the conductivity for all sub-
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(c) Progression of the reconstruction error for the relative permittivity of sub-  (d) Distribution of the reconstruction error for the relative permittivity for all
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Figure 5.13: Reconstruction errors for the electrical properties for the realistic 3D simulation setup

Reconstruction error
Figure 5.13 shows the reconstruction errors of the conductivity and relative permittivity; Figs. 5.13a and 5.13c
shows these for subject M1, and Figs. 5.13b and 5.13d show the distributions for all subjects.

For both the noiseless and noisy truly E-polarized simulation setups, the progressions of the reconstruc-
tion error of the conductivity followed the trend of the cost functions. This is caused since both represent an
MSE. The quantity of which the MSE is taken in the cost function (disregarding the normalization factors),
is the scattered Bj -field, which is calculated by applying a linear operator on the product of the contrast
function and the electric field. For these previous simulation all operators accurately described these, thus
these functions becomes very similar. For this simulation, where the operators do not accurately describe the
fields, this similarity is lost. For the reconstruction error of the conductivity this is shown by the increasing
error around 1000 iterations, and the function ending ascendingly (for all previous simulations these were
always descending functions). The lowest value of the MSE of the conductivity value, which now does not
correspond with the lowest value of the cost function, is 0.55, which is significantly higher than the 0.12 and
0.04 of the noisy and noiseless simulations. This MSE would result in an average deviation from the ground
truth of 0.75 S/m, which is larger than the absolute value of the gray or white matter. The large variance in the
distribution of the reconstruction errors shows an inconsistent performance across the different subjects.

As shown before, the permittivity was already much harder to reconstruct, and for the three-dimensional
simulation this is not different. The reconstruction algorithm, while converging to a solution, converges to a
completely wrong solution. The initial estimate generated by the back-propagation method performs quan-
titatively better, than any reconstruction in later iterations.
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(b) Histograms for the reconstructed relative permittivity of subject M1

Figure 5.14: Histograms of the reconstructed electrical properties per tissue after 2000 iterations for the realistic 3D simulation setup

Histogram
Figure 5.14 shows the distributions of the reconstructed tissue parameters for the different tissues; Fig. 5.14a
shows the distributions for the conductivity, and Fig. 5.14b display the permittivity distributions.

The histograms of the conductivity, as displayed in Fig. 5.14a, show a general underestimation of the
conductivity for all three tissue types. The means different modes of the tissues are ordered correctly, but
their absolute value is incorrect. The variance of these modes is also significantly higher, than for either the
noiseless of noisy simulations. The translation of these modes, and the higher variances caused for the modes
to be overlapping, meaning that the modes cannot be divided clearly based on only the tissue parameters.
This is also the reason why the quantization step of Chapter 4 is not viable.

The distributions of the permittivity values for the different tissues show a complete overlap of the modes
of the white and gray matter, and the CSF is mapped to the edges of the domain. Where the permittivity was
already are much harder to estimate parameter in the noiseless and noisy simulations, it has now become
nearly impossible to estimate them. The three-dimensional displacement current is not accurately repre-
sented by the two-dimensional field description of Chapters 2 and 3. Given that the displacement current
was already the smaller part of the equivalent current-source, small deviation (e.g. caused by noise) can lead
to extremer effects on its reconstruction.
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Figure 5.15: Reconstructed electrical properties after 2000 iterations for the realistic 3D simulation setup

Reconstruction image

Figure 5.15 shows the reconstructed tissue paramters of subject M1 after 2000 iterations using realistic three-
dimensional simulated measurements; Fig. 5.15a shows the conductivity, and Fig. 5.15b shows the relative
permittivity. Note that the color range in Fig. 5.15a (0 to 1.1 S/m) spans half the range of the colors shown in
Figs. 5.5 and 5.11, which span from 0 to 2.2 S/m.

The reconstructed conductivity values are structurally much lower than the ground truth. There is a sig-
nificant bright-spot near the center of the reconstruction. The vanishing electric field near the center of the
birdcage coil causes an significant increase in the contrast function here. While this underestimation, and
the presence of this low-frequency artifact leads to a quantitative poor performance, the conductivity is still
very useful qualitatively. The different tissue can easily be recognized, and most small features of CSF can still
be recognized by a sudden increase of the conductivity. The reconstructed conductivity images show more of
these small features, which are not present in the ground truth. An example of such a phantom feature is the
bright-spot around (x, y) = (0.03,-0.015). These features could easily be misinterpreted, or the other could
be interpreted as phantoms introduced by the reconstruction tools, as both are as likely.

As shown in the distributions of the permittivity values, the permittivity reconstruction no longer pos-
sesses any useful information. While the CSF surrounding the brain might be recognizable, no other tissue
boundaries can be seen. A better estimate of this permittivity would be to classify the different tissues using
the conductivity values, and using this classification towards the different tissues, map the most commonly
found permittivity value for each of those tissue types.

Conclusion

This simulation showed the results for the simulation on the realistic three-dimensional dataset from ADEPT.
The simulations showed a qualitative good performance for the reconstruction of the conductivity, where the
shape of the different tissues can be recognized, but the true values of these tissues is not reconstructed well.
Besides being generally underestimated, the modes of the different tissues are overlapping, leading to a quan-
titative inability if distinguishing between the tissues. The reconstruction of the permittivity showed a worse
performance, both qualitatively and quantitatively. In the reconstructions hardly any difference between the
tissues can be observed, and the histograms of the different tissues are completely overlapping.

Appendix E2 shows an increased reconstruction performance when the greens operators are multiplied
with 2 j. This ‘correction’ was achieved purely heuristically by committing inverse crime, thus the conclusion
will not be drawn based on it. Yet, the results are significantly better across several subjects, thus this require
more research.



Conclusion

This thesis presented a method for analytically accounting for RF-shielding in two-dimensional CSI-EPT us-
ing shielded birdcage coil. This was achieved formulating the boundary value problem, such that the effects
of the shielding could be taken into account in the Greens functions analytically. The presence of this shield-
inglead to theloss of a spatial (or shift) invariance of the Greens function, disallowing for the fast implementa-
tion of the convolution by the FFTs. This work proposed a method of efficiently implementing the discretized
Greens operators by exploiting the low-rank structure caused by the degenerate or separable kernel of the
correction terms for the modified Greens function. This allowed running the shielded CSI-EPT algorithm on
a standard laptop within a reasonable amount of time; otherwise specialized hardware and more time would
have been required to use the shielded implementation.

Due to poor robustness when applying the shielded CSI-EPT algorithm on noisy data, a method of in-
cluding the multi-modality of the tissue parameters has been proposed and tested for the E-polarized fields.
This work proposed a method of quantizing the space of the tissue parameters, constraining the optimization
process. The quantization achieved by applying the segmentation method of K-means clustering, achieved
a significant increase reconstruction accuracy for higher noise-levels, at the cost of a slight decrease in this
performance for noise levels, due to the low pass filtering required for the K-means to perform well.

The truly E-polarized simulations showed that the tissue parameters can be reconstructed well, even
when considering noise measurements. The conductivity can be reconstructed much better than the rela-
tive permittivity, since at 3T the imaginary part of the contrast function (corresponding to the conduction
current) is significantly larger than its real counterpart (corresponding to the displacement current). For
higher field machines (77T, 14T) this difference might become less. When applying the quantization method,
this difference already becomes smaller since the segmentation is performed jointly on the conductivity and
permittivity (since it is applied on the contrast function).

The application of the two-dimensional shielded CSI-EPT on more realistic three-dimensional simulated
data (ADEPT) showed useful qualitative results, while having a poor quantitative result. The support of the
different tissues inside the brains could be recognized well, but the actual conductivity and permittivity val-
ues could not be reconstructed well. Due to the model mismatch between the two- and three-dimensional
data, a low-frequency artifact is present in the reconstruction, disallowing for the quantization method. The
two-dimensional CSI-EPT method, due to the E-polarization, assumes an invariance along z, thus imaging
structures that are more invariant along this direction (e.g. an arm or leg) would improve the reconstruction.

In conclusion, the shielded CSI-EPT method described in this thesis is a more accurate description of
the E-polarized waves in a shielded birdcage coil, allowing for a more robust and accurate reconstruction of
the electrical properties. Its application on realistic three-dimensional data, while significantly better than
previous methods, does not provide a quantitative good reconstruction, suggesting the assumption of full
E-polarization is not fully correct. Qualitatively the shielded CSI-EPT is promising allowing for good identifi-
cation of different tissues visually (which could also be achieved by complex post-processing techniques).
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6.1. Future research
This thesis already showed promising results for the reconstruction of tissue parameters; yet further research
is required.

The birdcage coil in the shielded CSI-EPT method is assumed to be a collection of infinitesimally thin
line-currents. In reality, however, this current distribution is much more complex. Accurately modeling this
current distribution will lead to a more accurate incident field. The object of interest is in the near-field of the
rungs of the birdcage coil, which will load the antennas, altering the radiation of these antennas. This loading
will therefore also change the incident field.

The current method of quantization segments the image into a fixed K (often set to 6) amount of clus-
ters which corresponds to a certain amount of tissue types present in one image. K-means clustering and
many other clustering methods require an accurate estimate of this number. Therefore, an analysis must be
performed for accurately estimating this number of different tissues in an image, interim the optimization
process. As stated prior, more complex clustering methods could be applied in post-processing to further
increase the classification, and corresponding evaluation of the tissue parameters during or after reconstruc-
tion.

The reconstructions could be used in a pseudo-3D manner for an initialization for a more complex full 3D
(CSI-)EPT method. A good initialization could reduce the total computation time for such a complex method.
The segmentation methods (which are now defined for two-dimensional image images) could be extended
to three dimensions. The methods for the segmentation could then be used once on the final reconstruction
only for the three-dimensional approaches. Also an analysis on the reduction of the computational load for
the three dimensional methods using this as initialization would allow for (if the reduction is significant) an
easier application of these complex methods in the clinical domain.
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Scattering formalism

This chapter will describe the scattering formalism in the two-dimensional setting used throughout this the-
sis. This theory is used to describe the relation between the incident and scattered field operators in Chapters
2and 3.

The relevant time-domain Maxwell’s equations for contrast source inversion are Ampere-Maxwell’s and
Maxwell-Faraday’s equation, as these describe the interaction between the electric and magnetic fields. These
equations are:

VxH+0E+0E=-J™ A1)
V x E+ ud,H=-K* (A.2)
Instead of using the vector notation given above, one can write these equations for all the Cartesian com-
ponents separately. This results in:
—0yH,+0,Hy+0Ex+0,Ex=—J"
—0.Hy+0yH; +0E) +0,Ey=-J}* (A.3)
—0yHy+0,Hy+0E,+0,E, = -],

for Ampere-Maxwell’s equation of Eq. A.1 and:

0yE;—0,Ey +ud Hy = — K
0Ex —0xE; +pd, Hy = —K;* (A.4)
0xEy—0yEy +pd H, = —K,

for Maxwell-Faraday’s of Eq. A.2.

Decoupling E and H polarization
Introducing 2 as the direction of invariance, directly suggests that all derivatives towards z become zero:

d,=0. (A.5)

Applying this knowledge on the systems of equations for the component-wise Maxwell equations results
in two decoupled systems of equations; the first of which describes E-polarized waves, and the latter H-
polarized waves. The system of equations describing these E-polarized waves is:

OyE; +pd Hy = —K
—0E; +ud Hy = KX (A.6)
—0xHy+0,Hy+0E, +0:E; = —J

z
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58 A. Scattering formalism

and the system of equations describing the H-polarized waves is given by:

—0yH,+0Ey+0:Ex=—J3"
0yHz+0Ey+0.Ey=~J}* A7)
0xEy —0yEyx + o, H, = -K.

The magnetic current sources here are assumed to be zero, as a non-zero magnetic current would suggest
a current distribution of magnetic monopoles (which are physically non-existent).

When the object-of-interest, is being scanned using a birdcage coil, it can be assumed that only E-polarized
waves are present when considering the center of the birdcage coil. This assumption becomes rather valid,
since all currents near the center of the birdcage coil appear to be infinitely long Z-oriented line currents. This
shows only the system of equations given by Eq. A.6 has to be considered for the remainder of this report.

However, note that this assumptions breaks down when one considers that, while the line currents appear
to be invariant along 2, the object of interest might not. Thus, this assumption can be best made when
considering an object which has little variation along the 2-direction, such as arms or legs.

Scattering formalism
Bringing the system of equations of Eq. A.6, which describe the E-polarized waves in time domain, to the
frequency domain using the Laplace transform, results in:

—0xHy+0,H,+AE, = -]
OyE, +suH, =0 (A.8)
—0E,+suH, =0,
where 7) describes the per-unit-length admittance of the medium, and is defined as 7)(r) = o (r) + se(x). When
s = jo this describes the steady-state Fourier transform of the time-domain total electric and magnetic fields
(the r notation is omitted for sake of simplicity, but could be added after all quantities).
First, the situation for when the object is not there will be described, after which the ‘contrast’ will be
added by the influence of this object. This incident field is described as:
_axljliync + 6yI:IJiCnC + ﬁOEiznc — _]”gxt
OyEP+ suoHY© =0 (A.9)
a, Einc 4 suoﬁi,nc =0,
where all electrical properties (¢, ¢, o and consequently 1), are that of free-space denoted by the nought-
subscript.
Now the domain will be split in two, a subdomain which describes the space within the object, and a

domain which describes the space outside of the object. Inside the object no external sources are present,
thus Eq. A.8 becomes:

—0,Hy+0yH+AHE; =0
0y E, +suoHy =0 repo (A.10)
—0xE; + spoHy =0,
where 7) now contains the electric properties of this domain (¢ is assumed not to introduce any contrast).

Outside the object, the external sources are present, but the electrical properties are that of the background
medium, which in this case is that of free-space. This results in:

A

—0xHy+0yHy+foE, = —J
0y L, +spoHyx =0 r¢ DO (A.11)
—0xE; + spoHy = 0.
With this distinction of the waves inside and outside the object, the scattering formalism can be intro-
duced. This formalism states that the total field is the superposition of the incident field, and the field due to
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the scatterer (or the object). The scattered fields are then given by:
(H, HY®, By = {Hy - HYS, Hy — H), E, — B2} (A.12)
Using this formalism, the scattered fields outside the object’s domain will follow the following system of
equations:
0 I 40, I3 4+ B35 = 0
0y B + spg A = 0 r¢ DO (A.13)
0, B+ spg FI =0,
Inside the object’s domain, this same system of equations becomes:
—0 HY™ + 0y Hy* + )0 E5™ = — (7 — )0) E.
0y BS + spg S = 0 re DO (A.14)
—0, ES + syoﬁlf,ca =0,

implying the presence of a scattering source for the inhomogeneous Helmholtz' equation. This scattering
source is then defined as:

jzca _ {(f] _ﬁO)Ez when r e DY) (A.15)

0 when r ¢ D°Y






Derivation for Fourier expansion term Bn

In literature the B,, term of Gilmores analytic solution to the shielded Greens function has discrepancies. This
appendix gives the full derivation of B;, to show the correct result. This Appendix will include all the ‘z-terms,
which come from the orthonormal eigenfunctions in [26][27]. All these terms cancel on each other and are
therefore not present in Eq. 3.5 and 3.6. The derivation for the Fourier expansion coefficient is given by:

-1

Bp(t)= ————
o) = e

T
f &(a,0,v)sin(n0)do (B.1)
/4

N 1
g(rr)= 4—jHé2) (kolr—1'1) (B.2)
The Hankel function can be expanded in the following series according to [17]:

(e 9) 2 . !
Y Jmkr) HD (k') el™mO=9) for r < 1!
HY (klr—r') = m55™ (B.3)
0 2) im(0-6'
Y JIm(kr') H (kr)elmO0-9) for r = '
m=—o0

Since the Hankel function in the free-space Greens function gy is evaluated at r = a, where a is located at
the shield’s surface, r > r’ so only the second form of the Hankel series expansion is required.
Applying this series expansion of HéZ) on Eq. B.1 gives:

— T 00 X ,
n:TJI(k) Y Jmkr'YHZ (ka)e! ™09 sin (ng) do (B.4a)
IVTIplKa) J-1 m=—oco
_ o) NPV 2
:Tll(k) Y JmkrYHZ (ka)e /™ f e/™9 sin (n0) do (B.4b)
IV p(KaA) m=—co -

The final integral in equation B.4b will now be evaluated separately. First by decomposing the sine term
using Euler’s identity:

T T jnl _ ,—jn6
f e/ sin () d@z[ e]mGLdQ (B.5a)
-7 - 2]
n ,jm+n)0 _ ,j(m—n)0
_ f e © 0 (B.5b)
7 2j

This final integral consists of a term containing (m + n) and another term containing (m — n). The integral
will be solved for those separately. First the term containing (m + n) will be solved for m + n # 0:

4

T pitm+mo el(m+n)é
f A Ll (B.6a)
-7 2] —2(m+n) O=-7n
B elm+mm _ o= jim+n)n _ jsin((m+n)m) (B.6b)
—2(m+n) - —(mEn |
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, which equal zero as the sine function has zeros at integer multiples of #. For m + n = 0 this integral becomes
much simpler, resulting in:

T 1
—d0=—jn B.7)
f—n 2j !

The second term of Eq. B.5b containing the (m — n) term can be solved. First the integrals for when m—n #0
will be solved using:

T

b4 ej(m—n)B ej(m—n)G
f -——d=- | — (B.8a)
- 2j —2(m-n) |,
jim-nn _ ,—jim-n)nw s o3 _
_ e e __ jsin((m n)n)’ (B.8b)

—2(m—n) —-(m—-n)

which again equal zeros as the sine is only evaluated at integer multiples of 7. The integral for when m—n =0
is again much simpler:

T o1
—-—do=jn (B.9)
f—n 2j /

This shows that the infinite sum in equation B.4b only has a value at m = n or m = —n, which are scaled
with jm and — jm, respectively. This means Eq. B.1 can be written as:

Tkt YH® (ka)e 10" — 1_,(kr'Y H® (ka) e’ ™' (B.10)
n n

_ —7T
~ ayai,(ka)

Showing the correct form of B, should include the minus-sign at the second Hankel term.

By,



Correction for shielded Greens function
proposed in literature

This appendix will prove that the modified Greens function proposed by Gilmore in [26][27], does not solve
the differential equation it is trying to solve. After which a correction is proposed to make the corrected
Greens function solve the boundary value problem.

The first section gives the necessary theory and conditions which the Greens function must obey, where
the second section discusses the Greens function proposed in [26][27]. Finally a correction will be proposed
to make the Greens function described in literature solve the derived boundary value problem.

Since r > r/, which is valid since r is laying on the outer edge of the domain of interest and r’ is somewhere
within this domain, Eq. 2.6 can be written as:

1 & . '
gfs(r,r’)=4—j Y Jaklr DHP (kr)el "0, (C.1)
m=—oo

wherer = [r,0]T andr’ = [',0']T are the cylindrical representations of r and r'. This final equation will be the
goal for what p must reach when considering r € Q.

Greens function proposed in literature

In [26][27] the following eigenfunction is proposed as the solution for the correction term p:

Ao x cos(nf) sin(n0)
pr,r) = ;ﬁ Jo(kr) + n; An() (k) v +Bp () Jn(kr) i (C.2)
where A, and B, are given by:
An() = ztj\/ﬁ_—]”(ka) Tutkre " BP (ka) + (k1) el ™ HE) (ka) | (C.3a)
n
Bn(r) = WHUM) Tu(kre 1" H? (kay - J_, (kr')e! "9'H£2,1(ka)] , (C.3b)

where a denotes the radius of the RF-shield. Note in this appendix that the correct expression for By, is used,
which is derived in Appendix B.

The remainder of this section will use the fact that r = a when r € Q, and fills this and Eq. C.3a and C.3b in
the expression of p given in Eq. C.2 to show that this is not equal to —g*/, which was condition that must hold.
Substituting the expansion coefficients will be done in three parts: the order 0 term, the terms corresponding
with the cosine eigenfunctions, and the terms corresponding with the sine eigenfunctions.
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The first eigenfunction, with the order 0 expansion coefficient becomes:

Ay (r') - @ @
Jolkr) = ————|Jo(k )H (ka) + Jo(k )H (k)—](k)
\/_0 4]ﬁ]0(k)[ r a olKr a] olKa
_ 1 )
ﬁ[zfo(kr)Ho (ka)|
_\/Q

= Jo(krYHP (ka).

The terms corresponding to the cosine eigenfunctions become:

,21 An(€) T (k) Cof/(’_f)

= 2 4]\/_% Tnkr'ye 1" H® (ka) + J_,(krel ™ H® (ka)| ], (ka) co;(;@)
= g,l ;—] Tu(krye 1" H? (ka) +]-n(kr’)ej"9'H£2,)L(ka)] cos(nf)

= 2 ;—11 (kr'ye™ """ HP (ka) cos(nf) + 2 ;—;Ln(kr’)ef"@’ HY) (ka) cos(n6)

— .

-1 _ o
—Tatkre " H® (ka) cos(nf) + Y. 4—1, Jn(kre " H? (ka) cos(—n)

n=—00

1
18
“*I

S
1l
—_

~

= Z —]n(kr e int' H(Z)(ka) cos(n@),
n=l-ooeol\0} 47

and the terms for the sine eigenfunctions become:

,21 Bu(®) Jn(kr) Sili;;m

= :1 ™G ]:( T [nkr e I HE ) her e HE ) | ) Si‘iﬁ;e)
= ,21 - |Untkr Ne " H®) (ka) - J_ n(kr’)ef"e’Hiz,),(ka)] sin(n6)

= 2 _71] (kr'ye " HP (k) sin(n6) - 2 _Tllfn(kr')ej”e/ HY, (ka) sin(no)

= ni; _Tlln(kr’)e_f”H’HﬁlZ)(ka) sin(n0) — n_ioo_len(kr')e—jn(?’Hﬁlz)(ka) sin(=n0)
= > —]n(kr eI’ H? (ka)sin(nb).

n=[-o0,00]\{0} 4

(C.4a)

(C.4b)

(C.4¢)

(C.5a)

(C.5b)

(C.5¢)

(C.5d)

(C.5e)

(C.50)

(C.6a)

(C.6b)

(C.6¢)

(C.6d)

(C.6€e)

(C.60)

Adding the results of this first term, plus the results of both the eigenfunction expansions results in:

pr,r) = —_\/Z JokrhHP (ka)+ Y _—1 Jntkr'e "0 H? (ka)(cos(nf) + j sin(nd))

4j n=l-coeol\10} 4J

— -1 . .
V2t (kr)H(z)(ka)+ ]o(kr)H(z)(kaH Y —JukrYe " HP (ka)e! "
4j _ 4j

n=[—o0,00]\{0}

B Chs L ker NHP (ka)+ Y. _—1,]n(kr’)e*f"9'H,22’(ka)ef""
4j oo 4]

_‘;—] JotkrYHP (ka) - g7, v) # —g s (x,1)

(C.7a)

(C.7b)

(C.70)

(C.7d)

This shows that p # —grs when r € Q, suggesting that there will exist an electric field on the PEC surface,

which cannot occur due to the property of the PEC which tells that the electric field had to vanish.



65

Correction
As stated above, the problem arises from the order 0 zero term in the eigenfunction expansion: AOT(:;) Jo(kr). In

the denominator of this fraction, the factor v/2 does not cancel against the factor 2 coming from the Ag term.
If the first term was written as:

Ap(r)
2ym

these factors of two would cancel against each other, which would result in p being equal the negative of gy
when r € Q. Applying this correction makes sure that the shielded Greens function satisfies the boundary
value problem given in Eq. 3.1.

Note: in the appendix of [27], an exception was made to the definition of Ay, this means that this correc-
tion was already mentioned by the authors of the original paper.

Jo(kr), (C.8)






Analysis of standing waves

From testing it appeared that the Modified Greens function as proposed by Gilmore in [26], [27] provides a
constant phase response, and thus should that the Greens functions will result in a collection of standing
waves. This appendix shows why this phase is constant, and what this phase should be. The modified Greens
function, as shown many times before, is given by:

ghlar) =g )+ p ). (D.1)

This appendix will first focus on the derivation of the phase of the correction term p(r,r’), which is given
by:

A x cos(nb) sin(n@)
EJ (. 1y 210 k k A (r B, (r . D.2
p~(xr) 2\/—]0( r)+n§:1]n( r) | An(@) \/— + By (r) \/— (D.2)

Simplifying the correction term of the shielded electric field Greens func-
tion
Substituting the definition of A, and B, into Eq. D.2 results in:

B e,y =2 2]y (kr') B (k) | —=Jo (k
P ) = s (2R P | o+
o - cos(n0)
an(kr)(m Jntlerye " HP (k) + Jn(kr') el HE) (ka)] & D3
- i - sin(n6)
kr' ]n@H(Z)k — 7 (kr' ]n@H(z)k )
2T e ke H (ka) - L kre (ka)| 7
Collecting all terms which cancel against one other; these terms contain all 7 and /7 terms.
-1
p™ (x,r) =mfo(kr’)H(§2) (ka)Jo(kr)+
X —Julkr) 1 —jnd' ;2 " ind' 17(2)
24]] ) []n(kr)e H? (ka) + J_n(kr)e H_n(ka)]cos(n0)+ (D.4)
=1 n

j []n(kr/)efjne/HfZZ)(ka) - ]_n(kr/)ejnB/H(_Z,)l(ka)] sin(n@))
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Collect all positive ordered Bessel and Hankel functions, and collect all negatively ordered Bessel and Hankel
functions:

-1
p™ (') =Wfo(kr’)HgZ) (ka) Jo(kr)+

S —Julkr)
P

IACE Tk e 1" HP (ka) [cos(nB) + jsin(n6)] + (D.5)
n

]_n(kr’)ejnelH(Z)(ka) [cos(nB) — jsin(nb)]

Using Euler’s identity to convert the sine and cosine terms to there exponential representation, to con-
sequently combine it with the other exponential. This step also includes the conversion of the negatively
ordered Bessel functions using J_,(x) = (-1)"J,(x) [28], and Hﬁz,),(x) = e‘j””H,(f) (x)[28], which becomes
Hﬁzr)l(x) = (—1)”H£LZ) (x) for n € Z. This will result in:

-1
EJ / (2)
p (r,r)——4 Tolk )]o(kr)H (ka)Jo(kr)+

i": —Jn(kr)

.0 Tn(kr)el"0=0) H® (ka)+ (D.6)
= n

Ju(kr!)ed™ 00 5P (ka))

The exponentials in this term can be combined to form the cosine, and finally due to the symmetry in the
cosine the one-sided infinte sum can be converted a double-sided infinite sum.

p* ,x') —ﬁ]o(kr )H(Z)(ka)]o(kr) + Z Z_j]]"—((lfczl))(]n(kr’)H,(lz)(ka) cos(n(0 —0’))) D.7)
n=1 n
% —H? (ka)],(kr)J,(kr') cos(n(6 —6")
- D.8
n;oo 4j]n(ka) (D.8)

Phase of the shielded greens function is zero

This section will show that the imaginary part of g£/ and p*/ are equal, thus that the complete electric field
Greens function is real, thus produces a standing wave. The Bessel functions of the first and second kind are
real function (for real arguments). Applying the series expansion of the 0 order Hankel function of the second
kind[17] (for r' = r), and taking the imaginary part of the free-space Greens function results in:

3] =9 %jHéZ)(klr—r’I) (D.9a)
=3 %nioo]n(kr’)H,g?(kr)ej”(e_el)] (D.9b)
=3 %jnioo]n(kr’)(]n(kr) — jYu(kr))(cos(n@—-0") + jsin(n@-0"))) (D.9¢)
=3 Z Jn(kr") (k) cos(n(0 - 0"). (D.9d)

4 oo

The above mentioned separation of variable is only true when ' = r, but using the separation of variable for
when r’ < r results in the same, using the same method. Taking the imaginary part of the correction term p
results in:

®  —HP (ka)Jn(kr) ], (kr'") cos(n(® —0")
o "] = n 1 L
S[pr,r)] e 4jJn(ka) (10
0  _ . ! —pA
NS Un(ka) - j Yn(k{l))].n(kr)]n(kr ycos(n(6—0")) ] (D.10b)
= 4jJn(ka)
= —i Y Ju(kr)Ju(kr')cos(n(6 - 6"), (D.10c)

n=-—o00
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showing that the imaginary part of gf/ equals the negative of the imaginary part of p?/. Therefore adding
both the real and imaginary part g to the real and imaginary part of p results in just adding their real parts:

gl r) =Re{g"™ (r,r)} +Re{p" (r,r)} (D.11)
-1 x®  Y,(ka)
= Yolklr—r'D+ n:Z_OO 4]’;(]“1) Tn(kr) T (kr") cos(n(0 — 6"). (D.12)






Derivation for shielded magnetic field
Greens function

The derivation of the Greens operator which describes the Magnetic fiels as a result of an electric current/contrast
source, requires the curl of the (electric field) Greens function. Due to the distributive properties of the cross-
product, the calculation of the shielded Greens function can be written as:

VxGr,r') =V x gp(r,r') + V x p(r,r), (E.1)

where the curl of the free-space Greens function is known, as it is also used in the g}i] (r,r"). The curl of this
free-space Greens function is then given by:

y-y k

[lr—r'|] 4]'H§2) UCHI‘—r’H))AC+

Vx gfs(l’,l‘/) ==

x-x k
—— —HP (k|[e-r|]) 3. E.2
||1._1.I||4]' 1 ( Hl‘ l‘H)y ( )
Solving the curl of the correction term p(r,1’) is a little more involved. Since the correction term p(r,r’) is
mostly defined in cylindrical coordinates, taking the curl in cylindrical coordinates is more straightforward.
Taking this curl in cylindrical coordinates is done by:

10p, Gpe)ﬂ(@pr 6pz)é+1(6(rpe)_0pr)2

0z or

(E.3)

N r\ or 90

\% 1) =
xprr) (r %0 0z

Under the assumption that only a 2 component is present in this p(r,r'), this curl can be solved for the 7
and 6 components separately. The 7 component results in:

Love_om)_1op.
(r 00 9z ) r 40 E4)
10 & -nPka) : ,
=96, aj)ka) TJn(kr) T (kr') cos(n(@ —0") (E.5)
1 & HP(ka) . )
= ; n;wm]n(kr)]n(kr )nsin(n(@ -0%), (E.6)
while the 6 component results in:
opr B Opz) 3 _Opz
( 0z or)  or (E-D
S M} (kr)Jn(kr') cos(n(@-0") (E.8)
T Or W= Ajaka)’ " " ’
oS H(2) k
h— tka) Jn(kr")cos(n(@ —0")k (Ju-1(kr) = Jps1 (k7)) (E.9)

" B ka)
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72 E. Derivation for shielded magnetic field Greens function

X These can be easily converted to the Cartesian coordinate system by taking 7 = cos(@)x + sin(8)j, and
0 = —sin(@)X + cos(0) .



Extra results

This appendix provides extra results of simulations which are not directly present in the main body of the
thesis. The results presented here are divided in three sections: the first is the results of the simulation with-
out quantization on the synthetic E-polarized measurements using a realistic noise level having an SNR of
35dB; the second shows the results when a fixed scalar is applied to the greens operators to improve the re-
construction results; and the final section shows the reconstruction of the tissue parameters for the different
noise levels described in Sec. 5.3.

E1. Reconstruction noisy 2D without quantization

This section will describe the simulation results for a simulation where the noise is of the same level as de-
scribed in Sec. 5.4, using synthetic E-polarized measurements having a SNR of 35dB. This section will pri-
marily be used to show the poor performance of the shielded CSI-EPT reconstruction algorithm when the
quantization is not applied. All results use the same metris as described in Sec. 5.1.

Cost function
Figure E1 shows the progression of the cost functions of the shielded CSI-EPT for 2000 iterations. The distri-
bution and the progression of M1 are approximately equal, this will be dicussed as one.

The progression shows a very fast decay towards the minimal value of 4-10~*. Even considering this noisy
measurement, the shielded CSI-EPT algorithm converges to a minimal value for the cost function. The effect
of explosion caused by the ill-posed nature of the problem is also not observed here. The smoothness of the
fields inherently means that rapid changes introduced by high frequency noise cannot be modeled accurately,
leading to a mismatch between the modeled and measured fields, increasing the data residual.

. Cost function for M1 . Cost function for all subjects
10 ] ' ' 10
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=< =<
= =
B 107 B0
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500 1000 1500 2000 500 1000 1500 2000
Iteration n Iteration n

(a) Progression of the cost function for subject M1 (b) Distribution of the cost function for all subjects. The black line shows

the mean of all cost functions, the red regions show the area span by once or
twice the standard deviation, while the dashed lines represent the maximum
and the minimum of all cost functions

Figure E1: Progression of the cost function as a function of the iteration number for the noisy (SNR=35dB) 2D, truly E-polarized simula-
tion setup. These results are obtained using the shielded CSI-EPT algorithm without the quantization methods
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Conductivity error for M1 Conductivity error for all subjects
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(a) Progression of the reconstruction error for the conductivity of subject M1  (b) Distribution of the reconstruction error for the conductivity for all sub-
jects. The black line shows the mean, the red regions show the area span by
once or twice the standard deviation, while the dashed lines represent the
maximum and the minimum.

Permittivity error for M1

600 F ]

550 ]
o,
U 500f 1
K
C§ 450 1

400 ]

500 1000 1500 2000 500 1000 1500 2000
Iteration n Iteration n

(c) Progression of the reconstruction error for the relative permittivity of sub-  (d) Distribution of the reconstruction error for the relative permittivity for all

ject M1 subjects. The black line shows the mean, the red regions show the area span
by once or twice the standard deviation, while the dashed lines represent the
maximum and the minimum.

Figure E2: Reconstruction errors for the electrical properties for the noisy(SNR=35dB) 2D, truly E-polarized simulation setup. These
results are obtained using the shielded CSI-EPT algorithm without the quantization methods

Reconstruction errors
Figures E2 display the progression of the reconstruction errors for the tissue parameters; Figs. E2a and E2b
show the MSE for the conductivity for subject M1 and the distribution for all subjects, respectively; while Figs.
E2a and E2b show these for the relative permittivity.

Whereas the cost function converged to a minimum, both the reconstruction error of the conductivity
and relative permittivity increase after reaching a minimum after a few iterations.
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Histogram of conductivity per tissue type
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(a) Histograms for the reconstructed conductivity of subject M1
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(b) Histograms for the reconstructed relative permittivity of subject M1

Figure E3: Histograms of the reconstructed electrical properties per tissue after 2000 iterations for the noisy(SNR=35dB) 2D, truly Epo-
larized simulation setup. These results are obtained using the shielded CSI-EPT algorithm without the quantization methods

Histogram

Figure 5.10 shows the distributions of the tissue parameters for the different tissues after 2000 iteration of
quantized shielded CSI-EPT. As shown by the diverging MSE for both the conductivity and the relative per-
mittivity, the performance of reconstruction is poor. For both tissue parameters, the modes are overlapping,
not showing any resemblance to the expected multi-modality of these distributions. This poor reconstruc-
tion performace is also shown in the actual reconstructions of the conductivity and relative permittivity, as
shown in Figs. E4a and E4b, respectively.
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(a) Reconstructed conductivity of subject M1 (b) Reconstructed relative permittivity of subject M1

Figure F4: Reconstructed electrical properties after 2000 iterations for the noisy(SNR=35dB) 2D, truly E-polarized simulation setup.
These results are obtained using the shielded CSI-EPT algorithm without the quantization methods
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E.2. Reconstruction 3D dataset

During testing, it was observed that the magnitude of the contrast was under estimated by approximately a
factor 2. Also the contrast source appeared to be estimated with a 90 degrees phase shift, resulting in a phase
shift in the reconstructed fields. This section will describe the results using measurements from the ADEPT
dataset, where in this specific simulations the Greens operators are multiplied with 2j. The incident fields
are then also generated using these modified Greens operators.

Cost function
Figure E5 shows the progression of the cost function as a function of iteration number for 2000 iterations; Fig.
E5a shows the progression for subject M1, while Fig. 5.12b shows the distribution for all subjects.
Comparing this cost function to the progression of the original 3D reconstructions, as shown in Fig. 5.12
shows two things. The first is that the progression as shown in Fig. E5a is not a smooth function. Where
the step size for each iteration seemed to be getting smaller for the original 3D simulation, in the modified
simulation this is not necessarily true. The second, maybe more important, notion is that the final value of
the cost function is significantly lower when using the modified greens operator, reaching a value of approxi-
mately 2-10~3 in comparison to the final value of 8- 1073 for the original three dimensional simulation. This
shows that modified version is better at modeling the scattered magnetic field than the original.

Cost function for M1 Cost function for all subjects
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(a) Progression of the cost function for subject M1 (b) Distribution of the cost function for all subjects. The black line shows

the mean of all cost functions, the red regions show the area span by once or
twice the standard deviation, while the dashed lines represent the maximum
and the minimum of all cost functions

Figure E5: Progression of the cost function as a function of the iteration number for the realistic 3D simulation setup. In this simulation
the greens operators are multiplied with 2 j
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(a) Progression of the reconstruction error for the conductivity of subject M1  (b) Distribution of the reconstruction error for the conductivity for all sub-
jects. The black line shows the mean, the red regions show the area span by
once or twice the standard deviation, while the dashed lines represent the
maximum and the minimum

Permittivity error for M1 Permittivity error for all subjects
1400F \ ] ] ]
1300
5 1200
R
wn
= 1100
1000 ]
s . ; 800kt : : . ;
500 1000 1500 2000 500 1000 1500 2000
Iteration n Iteration n

(c) Progression of the reconstruction error for the relative permittivity of sub-  (d) Distribution of the reconstruction error for the relative permittivity for all

ject M1 subjects. The black line shows the mean, the red regions show the area span
by once or twice the standard deviation, while the dashed lines represent the
maximum and the minimum

Figure E6: Reconstruction errors for the electrical properties for the realistic 3D simulation setup. In this simulation the Greens operators
are multiplied with 2 j

Reconstruction errors
Figure E6 shows the reconstruction errors of the conductivity and relative permittivity; Figs. E6a and E6c
shows these for subject M1, and Figs. E6b and E6d show the distributions for all subjects.

For the permittivity the performance has not significantly increased, but the reconstruction performance
of the conductivity has improved. For the original simulations the MSE of the conductivity after 2000 itera-
tions only reached 0.56, whereas this ‘modified’ implementation reaches an MSE of 0.21. The progression of
the MSE for the original case was converging towards this 0.56 value, while the progression of this modified
implementation is shows local minima. This could be expected due to the model mismatch between the two-
and three-dimensional model.
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Histogram of conductivity per tissue type

N
o

o :[csF
D15 : [[1Gray matter
© : [Iwhite matter
- :
c : [EAir
o 10 5
bS] :
—
O 5 -
o ﬁ%/
0 ¥ i WA/‘—/M
0 0.5 1 1.5 2
Conductivity o
(a) Histograms for the reconstructed conductivity of subject M1
20 Histogram of permittivity per tissue type
: [TcsF

[ |Gray matter
[ Iwhite matter
T Air

-
[&]
T

Percentage
o o

i L [ENENNR e e |
10 20 30 40 50 60 70 80
Permittivity e,

o
o E

(b) Histograms for the reconstructed permittivity of subject M1

Figure E7: Histograms of the reconstructed electrical properties per tissue after 2000 iterations for the three-dimensional dataset from
ADEPT. These results are obtained using the shielded CSI-EPT algorithm with the modified Greens operator (which are multiplied by 2 j)

Histograms
Figure E7 shows the histograms for the different tissues after 2000 iterations of the shielded CSI-EPT algo-
rithm with the modified Greens operators. For the conductivity, as shown in Fig. E7a, the modes are recon-
structed closer to their ground truth values, while still having a large variance. This large variance causes the
gray and white matter modes to overlap. While overlapping, one can make a good distinction between the
two. The conductivity of the CSF is still severely underestimated. Such a reconstruction could now allow for
the quantization method to be applicable, which was previously not applicable due to the complete overlap
of several modes.

For the relative permittivity values, however, the variance of the modes is much too large. This means
the tissues cannot be characterized on their permittivity values alone, as the wide modes are overlapping
significantly.



E2. Reconstruction 3D dataset 79

Permittivity of M1

80
0.08 p
70
0.06
60
0.04
O
o 150
— g —_ 0.02 Y
5 2
E 4 E 0 140 2
> = > =
[% =
3 -0.02 130
-0.04 20
-0.06 10
2 -0.08
-0.05 0 0.05 -0.05 0 0.05
x [m] x [m]
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Figure E8: Reconstructed electrical properties after 2000 iterations of the shielded CSI-EPT algorithm performed on the three-
dimensional dataset. The Greens operators in this simulation are multiplied with 2 j

Reconstruction image

Finally, Fig. E8 shows the reconstructed tissue parameters of subject M1 after 2000 iterations of the shielded
CSI-EPT algorithm with the implementation of the ‘modified’ Greens operators. This primarily shows that the
conductivity values are reconstructed well qualitatively, while the permittivity values are not reconstructed
well (both qualitatively as quantitatively). In the reconstruction of the conductivity, the different tissues can
be easily differentiated from oneother. The low-frequency artifact near the center is still present, but signif-
icantly reduced in comparison to the original reconstruction of Fig. 5.15a. This shows that the assumption
of E-polarization is pretty accurate, allowing for good reconstructions (qualitatively) on three-dimensional
data.
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E.3. Reconstructions for different noise levels

Section 5.3 displayed the analysis of the shielded CSI-EPT methods without and with the quantization meth-
ods for different noise levels. That section showed the significance for the quantization step to higher noise
levels (thus lower SNRs), and the due to the coupling of the tissue parameters in the clustering on the magni-
tude and phase of the contrast function, instead of the clustering on the conductivity and relative permittivity
values, the performance of the permittivity reconstructed increased significantly for all noise levels (even very
low noise levels with high SNRs). The following figures show the reconstructions of these tissue parameters
for these different noise levels, with and without the inclusion of the quantization step. Figures E9 and E10
show the conductivity and relative permittivity reconstruction for different noise levels without quantization
respectively. Figures E9 and E10 shows these results when the quantization is applied.
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Figure FE10: Permittivity reconstruction for different noise levels after 2000 iteration of shielded CSI-EPT without quantization
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Figure E11: Conductivity reconstruction for different noise levels after 2000 iteration of shielded CSI-EPT with quantization
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Comparison CSI-EPT methods

This chapter will show the comparison between the CSI-EPT method without shielding as described in Chap-
ter 2 and the method with shielding as described in 3. Literature describes that the reconstruction accuracy is
strongly dependent on the estimation of the incident field. Thus, the reconstruction accuracy of for different
incident fields will also be shown.

All methods assume the presence of only E-polarized waves in a shielded birdcage coil, where the rungs
of the birdcage coil all represented as line currents. The analytical description of Chapter 3 is the correct
description of this, as this describes this particular situation analytically. For this comparison the measured
fields will be synthesized by solving the forward problem using the operators given by this analytical descrip-
tion, after which the reconstruction will be performed on these. The reconstruction will be performed using
two sets of Greens operators, and three incident fields, resulting in six different methods. For the Greens
operators the free-space operators and the shielded operators will be used. For the incident fields three situ-
ation will be created, the first is the rungs of the antennas radiating in free-space, the second is creating the
incident fields using the mirror-source approximation as described in Chapter 2, and the final is using the
analytical description of the shielding.

This comparison of the different implementation will be performed without noise. All results will be
shown as a the average of the first 60 models of the ADEPT dataset, for which 1000 iterations of the (shielded)
CSI-EPT will be performed.
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Figure G.1: Progression of the cost function for different noiseless simulation setups, such that the performance can be compared for
the free-space and shielded Greens operators, and the free-space, mirror-shield, and shielded incident fields.

Cost function

Figure G.1 shows the progression of the different simulation setups described in the introduction of the Ap-
pendix. Most notable in this figure is that all of the cost function are converging to their own respective
minimum, where the simulations with the shielded Greens operators reach a lower value of the cost func-
tion than the simulations with the free-space operators for the same incident fields. For the shielded Greens
operators, we can observe that the properly shielded incident field performs better than the mirror-sourced
incident field, which on its own performs better than the free-space incident field. For the free-space Greens
operators, however, the mirror-source incident field performs better than the properly shielded incident field.

The free-space incident field has in general a much higher amplitude than the (approximately shielded)
mirror-source incident field, and the properly shielded incident fields. The shielding will in first instance
cause for a destructive interference, due to the small distances the waves have to travel with respect to the
wavelengths.

The effect of explosion caused by the ill-posed nature, as has been observed in [31], is still not present in
these simulations. The major difference between the simulations in which this explosion is observed, and
these simulations is the sampling size in x and y, which in this simulation is 1 mm, while this is 2.5 mm, for
the simulation in this literature. This smaller sampling in space allows for a more accurate Riemann sum
representation of the required integrals.
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Figure G.2: Reconstruction errors for the different methods

Reconstruction error
Figure G.2a shows the reconstruction errors as measured by the MSE of the conductivity for the different
methods, and Fig. G.2b shows this for the relative permittivity.

The MSE of the conductivity converges to a minimum for all methods. As expected, the fully shielded
(where both the shielded incident field as the shielded Greens operator are used) performs significantly bet-
ter than all other methods, since the same operators are used for the measurements as for the inversion al-
gorithm. Due to the wrong scaling of the free-space incident fields, both methods using these incident fields
perform really poorly, since this too large (in magnitude field) causes for an underestimation of the magni-
tude of the contrast function from the contrast source, leading to an underestimation of booth conductivity
and permittivity.

What is most interesting from this analysis is that for the methods using the mirror-source incident fields
the method using the free-space operator performs slightly better than the method using the Greens oper-
ators, and that both these methods perform better than the method using the free-space Greens operators
with the fully shielded incident field.

The main disadvantage of the inaccurate greens operators, and inaccurate incident field is shown by the
progression of the MSE of the reative permittivity of Fig. G.2b. This shows that only two of the six methods
converge to a minimum, while the other methods have their minimum not at the final iteration. This shows
the importance of an accurate estimation of the incident field.

Reconstruction images

Figure G.3 shows the tissue parameters for the different method, along with the ground truths in the most
left images. The colorbars for the conductivities of images is located on the top of the image, whereas the
colorbar for the permittivities is found below the images.
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Figure G.3: Reconstructed tissue parameters for different methods. n the subscript of the titles the methods are described: the first two letters describe the greens operators used (fs: free-space, sh: shielded),
while the second two describe the used incident field (fs: free-space, ms: mirror-source, sh: shielded). The subscript GT for the most left parameters denotes the ground truth of the parameters
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