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ARTICLE INFO ABSTRACT
Keywords: A mixed-mode I/1I fracture criterion for predicting the fracture response of composite materials is proposed. This
Minimum strain energy density criterion is derived based on a comprehensive study and the consideration of the physics of fracture onset. The

Orthotropic materials
Midpoint of experimental data
Crack initiation angle

fracture phenomenon that causes the various damage mechanisms at the vicinity of the crack tip is examined. It
is elucidated that the stress distribution at the crack tip ought to be defined using the reinforcement isotropic
solid (RIS) stress state. This new criterion, which is called Improved Strain Energy Density with Mid-point
(ISEDM), includes the effect of the fracture process zone (FPZ) and T-stress, which remarkably affect the
mixed-mode fracture process, particularly, when mode II is dominant. Substituting the strain energy density in a
pure mode I with the strain energy density in the midpoint of mixed-mode I/II is the creative idea employed in
proposing this criterion. Because in pure mode I the effects of FPZ are minimal, change of fitting point on fracture
limit curve (FLC) from Kj. to midpoint critical stress intensity factors (CSIF’s) makes it possible to consider the
effects of FPZ more accurately. In the ISEDM criterion, fracture behavior depends on mechanical properties and
CSIF’s of the midpoint. Crack initiation angle is considered along minimum strain energy density and this angle is
derived in the midpoint of mixed-mode I/1I. RIS theory is used as an applicable theory for modeling orthotropic
materials in this paper and causes valid and reliable fracture behavior to be extracted. In addition, changing
fracture point from pure mode I to the mid-point of experimental data causes the effects of FPZ to be considered
without estimating the toughening mechanisms in this zone, and the fracture behavior is extracted with higher
accuracy. FLC’s in comparison with available experimental data prove that the ISEDM criterion anticipates the
fracture behavior of orthotropic materials well. Finding Ky, based on the analytical method is a valuable
achievement. In this article, Ky, can be predicted with appropriate accuracy, only by CSIF’s of mid-point and
using ISEDM criterion.

predicting the fracture behavior of structures is one of the most impor-
tant issues that scientists have addressed. Many studies have been per-

1. Introduction formed to predict the fracture behavior of structures [13-20]. In
addition, the estimation of fracture toughness in pure mode I [21,22],
Composite materials are widely used in the aerospace industry owing pure mode II [23], pure mode III [24,25], mixed-mode I/II [26,27], and
to their low weight and high specific strength and stiffness [1]. The mixed-mode I/III [28,29] is one of the most important topics in the
number of experimental, theoretical, and numerical studies on the fracture mechanics field. Many researchers experimentally predict the
composite materials subjected to various loading shed light on the sig- values of fracture toughness by performing experimental tests on
nificance of these materials in industrial applications [2-9]. Creating different specimens. The amount of fracture toughness can be theoreti-
different defects in the composite structures increases the possibility of cally predicted based on a specific criterion [30-32]. They evaluated
failure in these materials [10]. Therefore, achieving an efficient fracture their predictions by comparing them with experimental values.
criterion is essential to predict the fracture response of these materials. The fracture criteria are presented based on stress or energy to assess
As a result, a great number of researches have been conducted in order the fracture response of isotropic and orthotropic materials. Maximum

to evaluate the fracture behavior [11,12]. The issue of designing and
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Nomenclature

K Stress intensity factor

K1, Ky Mode I and II stress intensity factors

Ki,Kpe  Mode I and II fractrue toughness

K;,,Km, Mode I and II stress intensity factors of midpoint

G Maximum strain energy release rate

Gr,Gre  Maximum strain energy release rate for pure mode I and II

(Gue)ggp Maximum strain energy release rate for pure mode II
derived based on the relation of strain energy density and
strain energy release rate

(Gie)gyp  Maximum strain energy release rate for pure mode II
derived by conducting a test on End-Notch Flexure
specimens

S Strain energy density factor

Sic,Sue  Critical strain energy density factor for pure mode I and II

T T-stress

Cjj Compliance components of the composite material in the

on-axis coordinate system

Elastic module of laminated composite along the fiber and

across the fiber

V,Uxy,Vyx,Vm Poisson’s ratio, Poisson’s ratio in the plane xy, Poisson’s
ratio of the isotropic matrix

Exx;Eyy

Vi The volume fraction of fibers

af]?",ag’-"h Stress state of the crack tip of the isotropic and orthotropic
materials

oc The strength of (the isotropic matrix) material

& Reinforcement coefficients or ReSt factors in the on-axis
coordinate system

fii-8i Angular functions of the stress state in the vicinity of the
crack

r,0 Polar distance from the crack tip, Polar angle

re,0c Critical distance and angle where the crack growth occur

tangential stress [33,34], maximum strain energy release rate [35], and
minimum strain energy density [36,37] criteria are proposed for
isotropic materials.

Jernkvist [38] developed SER, SED, and maximum principle stress
(MPS) criteria by considering the crack growth in orthotropic materials
along the fibers [39] and investigated mixed-mode fracture for crack
along and across fibers.

Based on Van der Put’s theory, Fakoor et al. proposed a new concept
called the “reinforcement isotropic solid” (RIS) model for assessment of
crack behavior of orthotropic materials under mixed-mode I/1I loading
[40-42]. The main assumption of the RIS model is that orthotropic
material is considered as an isotropic material that is reinforced with
fibers. Applying the RIS concept to the conventional fracture criteria of
isotropic materials (such as SED, MTS, and SER) allows the development
of these criteria for orthotropic materials. The validity of the proposed
fracture criteria for orthotropic materials based on RIS is evaluated with
experimental test results [43-47].

Recently, it is proven that the fracture process zone (FPZ) signifi-
cantly influences the fracture process of composite materials [48-54]. In
the FPZ, several mechanisms such as the nucleation of micro-cracks
cause the dissipation of energy and prevent catastrophic failure
[55-59]. The effects of the FPZ, where micro-cracks nucleate and
propagate, have been studied and a criterion derived based on dissipated
energy in the FPZ [60]. Given the fracture toughness based on the
maximum strain energy release rate (SERR), a rather accurate approx-
imation of fracture based on the fracture mechanics becomes possible
[61]. The micro-mechanics approach to study the fracture behavior
displayed a fine description of the fracture process.

By investigating the micro-crack distribution in FPZ, using the
development of nonlocal stress criterion, Romanowicz & Seweryn [48]
presented a novel criterion to assess the crack behavior of cracked
wooden materials under mixed-mode I/II loading. Based on the rela-
tionship between the properties of undamaged and damaged solid, a
model for the damaged zone can be developed [51]. The shape, size and
density of the microcracks affect the properties of the damaged zone.
Using the properties of the damaged material, the fracture behavior of
the material can be predicted with acceptable accuracy [49].

Dissipated energy in the crack initiation phase is used to create a
damaged zone around the crack tip. To create microcracks and other
nonlinear mechanisms such as plastic deformation, significant damage
occurs in this phase [62]. In the crack propagation phase, a weak zone
called fiber bridge is created around the crack tip. This mechanism is
related to non-broken fibers bridging when crack exists [59]. As the
crack length increases, the bridging becomes weaker until the separation
of the fracture surfaces occurs [63]. This mechanism has an important

effect on the mixed-mode fracture behavior. The FPZ delays the fracture
of specimens by absorbing strain energy. In addition, it prevents cata-
strophic failure [64].

A great number of scholars attempted to interlink the macroscopic
fracture and the microscopic damage of composite materials through
SERR [65-71]. It is observed that the maximum energy release rate for
pure mode I and II is not identical. For mode II, the energy release rate is
reported much higher than mode I. To thoroughly consider the physics
of fracture more studies are carried out [72,73]. It is examined that
accurate approximation is possible when the fracture model explicitly
includes the physical procedure of the materials. Therefore, they related
the toughness of materials to the energy release rate by the SED criterion
[74]. These studies clearly show that microscopic behavior is well
established to predict the macroscopic behavior of fractures. However,
the discrepancy between their model and experimental study is
remarkable. They considered that the principal reason for this discrep-
ancy is that the derived Gy, by experimental study measured the energy
dissipated for the occurrence of the other damage factors ahead of the
crack tip before the propagation of the crack so that Gy does not indi-
cate the crack initiation, while G;. measures the initiation of the crack
growth. However, it is noteworthy that in composite materials, the crack
initiates and propagates in the matrix. Therefore, the crack onset and
growth occur in the matrix, which is isotropic material. This phenom-
enon thoroughly examined and proved that criteria based on the rein-
forced isotropic solid (RIS) improved the prediction of crack growth at
the orthotropic materials [40,42,44,45,63,75-77].

In this study, it is assumed that the crack initiation and propagation
take place in the isotropic matrix reinforced. The ratio of the fracture
toughness of composite materials, K;. andKjy, is obtained based on the
SED criterion and related to the ratio of G;, andGyy, respectively. Also,
the effect of T-stress at the crack tip at the fracture process is discussed.
In addition, the well-known SED criterion is extended to predict the
crack behavior of composite materials. In this paper, critical stress in-
tensity factors in the midpoint are substituted to the fracture toughness
at mode I that is prevalent in the previous fracture criteria. The validity
of this criterion is evaluated by comparing FLC’s with the available
experimental data. As a result, the proposed fracture criterion domi-
nantly envelopes the influence of mode II that plays the chief role in the
dissipation of the energy. The proposed criterion, consequently, well-
explain the discrepancy between the prediction of crack growth based
on Gr andGy.

2. Reinforced isotropic solid (RIS) concept

In the macroscopic framework, the failure of composite materials
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under mixed-mode loading is studied based on the linear elastic fracture
mechanics (LEFM) [37-39]. In these studies, several renowned isotropic
criteria [35,78,79] are extended to anisotropic materials using the
anisotropic stress state [80]. Extremely helpful as these criteria are, they
are too conservative and are not able to be applied for industrial engi-
neering applications. As a remarkable result of this study, some research
has been done to improve the extended criteria
[40,42,44,48-51,76,77,81,82].

To derive a correct failure criterion that describes the fracture
behavior of orthotropic materials with unidirectional fibers such as
wood, it is demonstrated that orthotropic materials ought to care as a
reinforced matrix [83]. It is mathematically proven that the Airy stress
functions of orthotropic materials do not satisfy the equilibrium condi-
tions and strength criterion of the matrix, as determining elements in the
matrix cracking. Therefore, the Airy stress function is solved for the
isotropic matrix [74]. As a result, other research has been conducted to
evaluate matrix cracking at orthotropic materials [74]. It is concluded
that the cracks embedded in the matrix initiate and propagate in the
isotropic medium, while it is significantly affected by the fibers. The
matrix of the orthotropic materials, thus, is referred to as reinforcement
isotropic solid (RIS). The isotropic solid is reinforced by fibers and dis-
plays more vigorous strength behavior at the crack tip. In this kind of
materials, the airy stress function of orthotropic materials transfers to
the airy stress function of the isotropic materials, while the influence of
the fibers on the matrix is regarded. In the other words, based on the RIS
concept, the isotropic stress state is substituted for the anisotropic stress
state of the crack tip, while including several coefficients that attributed
to the reinforcement effect of fibers on the matrix. Numbers of studies
recently have been carried out to study the coefficients to improve the
fracture criteria [43-45,49,75-77]. As a result of the RIS concept, the
theoretical relation between the mode I and II toughness and energy
release rate is obtained [74]. Also, based on various fracture criteria, the
theoretical relation between Kj. andKj,,which is called damage factor, is
obtained to facilitate deriving the value of the Ky according to theK.
The importance of establishing accurate theoretical relationship be-
tween K. andKp,, or damage factor, is to avoid the practically arduous
and equally costly experimental tests to deriveKy,, which are approxi-
mately impossible to achieve the correct value
[40,42,44,48-51,76,77,82].

Based on the RIS theory, the stress state of the crack tip defines as
below [44,74]:

Iso
O

§ = @

o

Iso
)

&L==2 ()]
: o5y

Iso
Oi

&H=— 3)
’ oty

Where ¢&; are called the Reduced Stress coefficients (ReSt coefficients)
that are derived based on RIS theories [44].

To generally study the fracture of composite materials, it is assumed
that they are subjected to mixed mode I/II loading. Therefore, it is
required to derive a failure model and criteria which anticipate the crack
growth of anisotropic materials under mixed-mode loadings. Strain en-
ergy stores in the structure when it is subjected to loading. The imposed
energy starts to de-cohesion the materials by initiation and propagation
of the crack when the strain energy reaches the critical value at a certain
local. Therefore, the strain energy density criterion is employed to
derive the criterion which not only is based on the energy dissipation in
the structure but also regards the stress distribution at the crack tip,
which plays a significant role in determining the damage mechanism in
fracture [66,84,85].

ReSt coefficients are defined as follow [75]:
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E,
=— 4
& E 4)
&H=1 (5)
E“ (1 + 1/21)
=(1-V)(l+—F——= 6)
& =(1-V)( En(1 %+ o)
The stress state at the crack tip in isotropic materials is [86]:
H)K +g11(0)K,,
O_Iso =f11( 1 7
s A )]
0K, + O)K,
o_észo :f22( )K; gzz( VK ®
2rr
0)K; + g12(0)K,
oo _f12(0Ki + 82 (0)Kn ©

\2nr

In which,f;(0) and g;(0) are angular functions of isotropic materials
and are written in Appendix A. Fig. 1 shows the stress field around the
crack tip in an orthotropic material under mixed mode I/1I loading. The
crack is along the fibers and is located between the fibers in the matrix
section. Because the matrix is weaker than the fibers, the crack propa-
gates along the fibers. Based on the RIS concept and ReSt coefficients in
Egs (4)-(6), the stress state at the crack tip in orthotropic materials is
[87]:

Fig. 1. Stress field around crack tip for orthotropic materials.
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Regarding Egs. 10-12, extended minimum strain energy density
(ESED) is as follows[88]:

(10)

1)

(12)

Se = An(0)K; +2A1(0)K Ky + An(0)K; 13)
In which:
Ci,o, Cun, Csg, Ci,
A”74,[( Zfll gfzz 2f12+2§§fl1f22) 14
1 Cy
Ap = E(?fugu + zfzzgzz + zflzglz + EE 2 (fi1g2 + fogn)) 15)
1
1 C C C,
n=-(4 5 £ +£g§2 -‘r—GGg%2 + 2 L elign) 16)

dn & & & 162

The critical strain energy density factor defines as S = S, at the crack
tip when the specimen is subjected to pure mode I [89].

Sic is pertinent to pure mode I, whenK; = Kj,Kj;. = 0, andd, = 0.
Therefore, Sic = A11(0)KZ in which:

1 Cll C22 2 C]Z

Ap(0) = E(ST% ST% @) a7
And:
1 Cy  Cyn Cia\ 0
Sie = — K, 18
I 47[(51 2 + 3 52) (18)

Sic depends on the material properties, fracture toughness, and fiber
fraction of the composites. 6. is obtained by solving the sets of two
following equations, and equals to the crack growth path at isotropic
materials [88].
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In pure mode I, . = 0 and the damage factor is:

C66

S— 23)
H(F+Ca+20)

p=

One should notice that based on the RIS concept all properties
including elastic properties and toughness in fracture of composite
materials are pertinent to the isotropic matrix where the crack initiates
and propagates. In the previous research, damage factor is derived for
various criteria [39,40,44,48-50,75,77,81,90,91]. Table 1 reports the
mechanical properties of all wood specimens used in this article. Table 2
indicates the criteria and the value of p i.e. the ratio of K;. to Ky, for
various types of wood.

The first row of Tables 2 and 3 contain the damage factor derived by
[48], which demonstrated the ratio of the stress intensity factors for pure
mode I and II based on the experimental study. This factor is extracted
based on the micro-crack density and the actual micro-crack size, thus it
is the real ratio. Comparing the value of the damage factor derived based
on LEFM [39] to the damage factor of criteria based on the RIS concept
[39,49,75,91], it is concluded that the RIS concept improves the pre-
diction of the Ky based on K|, using different criteria. It means that the
RIS concept is remarkably capable of describing the physics-based the-
ory of the fracture of composite materials. The strength approach esti-
mated the damage factor with high accuracy because the effect of FPZ
around the crack tip is considered in the extraction of the damage factor.

3. ESED criterion considering the effect of T-stress term

When fracture occurs in the composite material, the cracks growth in
the reinforced isotropic matrix following the RIS theory. However, it is
well established that the crack grows along a direction that maximum
energy release rate occurs, consequently, the crack does not co-linearly
distribute at mixed-mode loading [44]. In this case, therefore, it is well
established that T-stress significantly exerts an influence on the fracture
behavior of the materials. Consequently, the T-stress term is required to
be taken into account in the stress state at the crack tip. Some research
has been conducted to propose a criterion based on the description of the
stress state at the vicinity of the crack tip. It is comprehensively dis-
cussed that several phenomena at fracture mechanics are associated

0A(0) , . 0AR(6) 0Ax(0) , with T-stress [92]. The stress distribution around the crack tip for pure
oo Nt 2 a0 ! K+ 90 Ky =0 19 mode I is widely different from stress distribution for the pure mode II
although the stress level for both is similar [93]. It is well-known that the
AL (9) Py 0°A (0 ) KK A (0 )K2 >0 20) T-stress value is constant and independent of the distance from the crack
0r ! + Py + 0: I tip. It can be concluded that in mixed mode loading when mode II is
Eq. (13) in pure mode II is restated as follows: domlne‘mt, T-stress affects the damage 'rnec.harusms‘ln the vicinity ?f the
crack tip. It means that for a fracture criterion for mixed-mode loading to
) An(6.) ,, 1) be accurate and based on the physical phenomena of the fracture pro-
e Ay (0) T cedure, it must include the T-stress. Accordingly, in the SED criterion,
o . the T-stress term is taken into the consideration at the stress state of the
Where damage factorp, for ESED criterion is defined as. . o
crack tip, and subsequently, at the fracture criterion. The Extended
_ K _ Axn(6.) 22) strainl energy Density criterion (ESED) is stated as the following
K[21c‘ Ay (0) equation.
Table 1
The mechanical properties for various wooden materials.
Composite material E.(Gpa) Er(Gpa) Er(Gpa) Gir(Gpa) vLr URT VIR
Scots-Pine [38] 16.3 0.57 1.1 1.74 0.56 0.34 0.47
Norway-Spruce [39] 11.84 0.64 0.81 0.63 0.56 0.34 0.38
Red-Spruce [38] 12.7 0.63 0.98 0.8 0.42 0.37 0.3
Im7/977-2 [72] 143 9.2 9.2 4.8 0.3 0.3 0.5
IM7/8552 [72] 165 9 9 5.6 0.34 0.34 0.5
AS4/3501-6 [72] 132 9.7 9.7 5.9 0.28 0.28 0.52
G40-800/5260 [72] 173 10 10 6.94 0.33 0.33 0.49
Western Hemlock[106] 10,100 313 586 323 0.485 0.423 0.382
Douglas-fir [106] 13,600 680 925 870 0.449 0.292 0.374
Ponderosa-Pine[106] 9.5 0.788 1.159 1.311 0.4 0.337 0.359
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Table 2
2
Damage factor p =
IIc

K . .
% for various wooden materials.
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Criteria P Norway Spruce Red Spruce Scot Pine
Romanowicz [48] CRL 0.1456 0.0368 0.1378
CR
GSED [44] Az (o) 0.0517 0.0523 0.055
An (o)
SER_J [39] E 0.2616 0.2778 0.2598
En
SED_J [39] 6683, (0) 0.7138 0.6827 0.3601
c11f11(0) + c22f3,(0) + 2c12f11(0)g11(0)
MPS_J [39] 1 0.0684 0.0772 0.0675
f11(0)
MSS [91] ( 2 )2 0.5018 0.5918 0.4927
f11(0) — f22(0)
strength approach [50] T, T, 0.175 0.0582 0.1551
8 approach ¥ 2 + G’
M M
micro_RIS [49] (5 — V)(EVA + vird)? 0.0581 0.0531 0.0128
(10 — 30)(1 + 0.50.-(1 + A))?
SED [75] Co6 0.0572 0.0668 0.4884
€11 sz C12
== + —
S0z 52 & -5152)
Table 3
K2
Damage factor p = K—é” for various wooden materials.
Tic
Criteria p Western Hemlock Ponderosa-Pine Douglas-fir
Romanowicz [48] CRL 0.0609 0.0364 0.0561
CR
r_GSED [44] Az (p) 0.0485 0.0554 0.0434
A (p)
SER_J [39] E 0.176 0.3493 0.2608
En
SED_J [39] 0668%2(0) 0.5235 0.501 0.5754
113 (0) + c22f3,(0) + 2¢12f11(0)g11 (0)
MPS_J [39] 1 0.031 0.122 0.068
f11(0)
MSS [91] ( 2 )2 0.1826 1.1525 0.4979
£11(0) — £22(0)
strength approach [50] T T2 0.0527 0.0423 0.0514
2 + )
M M
micro_RIS [49] (5 —v)(EVA+ vird)? 0.032 0.0283 0.0437
(10 — 3)(1 + 0.5u8(1 + 2))*
SED [75] Co6 0.0105 0.1022 0.0419
& (Cn C22 0172)
3 &1é

S =An (G)KIZ +2A1,(0)K, Ky +A22(9)K121 +A;3(0)K; + Ay (0)Ky + Ass

249
In which, Aj; are defined as:
Ciiyo Cuny Gy Cn
An = 4”(ézf11 zfzz zf12+2§11f22) (25)
1 Cy
Ap = 4”( SEzfllgll + 2f22g22 + zleglz +§ (fllgzz +fnen)) (26)
1 C C C Cp
Ap = (511] g+ é—?g%z +§—6:8?z + 25 Z Zg1182) (27)
C]l C]6 C
A =T Ot + g+ g ) @
r Cy Cis Cp
Ay =Ty (g + gy + 2 29
23 2”( fgll +§]§3812 + 6152822) (29)
rC11 2
Ay =—5T (30)
33 25%

InA;;, the distance from the crack tip is put in the criterion, which is
defined for the isotropic material using SED criterion [94]:

( +u,)(5— 81/m)(&
¢ 4r 0.

) 3D

In this equation,vy,,0., and K;. are the Poisson’s ratio, strength, and
pure mode I toughness of the isotropic solid materials.

Eq. (24) is the general form of the ESED criterion that considers the
T-stress term. This criterion, however, fails to include the physical
procedure of the fracture. Since it only considers the stress state at the
crack tip. In composite materials, FPZ is created at the crack tip that
causes the nonlinear fracture behavior of the material and dissipates the
considerable amount of energy that is subjected to the material. Eq. (24)
excludes FPZ, consequently, excludes the important part of energy
dissipated at the crack tip and cannot precisely predict the fracture
behavior of the material. In the next section, a novel suggested idea is
thoroughly explained, which brings the effect of FPZ in Eq. (24).

4. Development of ISEDM criterion with the midpoint

The RIS concept is vigorously elucidated and regards the true failure
process in composite materials. A couple of fracture criteria are derived
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based on this concept. However, they fail to perfectly encompass the
physics of the fracture procedure. One must notice that at the crack tip of
the quasi-brittle materials, a FPZ is created that noticeably dissipates the
energy. In this FPZ, the material at the crack tip commences to non-
linearly behavior induced by some phenomena such as fiber bridging,
micro-cracking, and plastic transformation of the material that toughen
the material at the crack tip. These mechanisms absorb the energy of the
loaded structure, which prevents catastrophic failure and delays crack
growth [57,58,95]. Substantial as the FPZ is in the fracture phenome-
non, it was disregarded in the primary mixed-mode loading criteria.
Gradually, the effect of FPZ crawls into the research [48] so it is recently
displayed that considering the effect of FPZ in the fracture process
remarkably improves the accuracy of the failure prediction [55,96].
Therefore, it is of great importance to regard the FPZ in the fracture
study. In pure mode I, the size of the FPZ is trivially small. With the
emergence of pure mode II and the passage of pure mode I, the size of

Theoretical and Applied Fracture Mechanics 121 (2022) 103522

very close to each other. This point corresponds to mid-level mode
mixity. Considering the effect of T-stress, the SED criterion is restated as
follows:

Se = An(0)K; +2A1(0)K Ky + A (0)K;; +A13 (0)K; + A (0)Ky + A
(32)

According to the strain energy density criterion, fracture occurs
when the strain energy density reaches a critical value. The critical value
is the same in each loading mode. Mode I and II are inherently related.
So, a physics-based relationship between different loading modes can be
extracted. For each experimental data which is equivalent to a fracture
point in mixed-mode I / II loading, critical strain energy density is
constant. So the following relationship is established:

Si. = Su, = Sy, (33)

The outputs of the test are (Kjn,Kym), which are the critical toughness

ch -

—A13(0;) + \/1413(9)2 + 4411 (61)-[An (63)K, + 2A12(Ou) Ky, Ky, + A2 (On) KT, + Ar3(On) Ky, + Az3 (011) K, ]

(36)

2A11(0r)

FPZ becomes larger. Consequently, as the size of the FPZ grows, the
effect of the FPZ at the fracture procedure increases. Please note that the
size of FPZ at pure mode II is significant and much larger than the size of
FPZ at pure mode 1. The larger the size of the FPZ is, the tougher the
material is since more energy is required to create FPZ [93,97,98]. On
one hand, the available mixed-mode fracture criteria predict the crack
growth based on the mode I critical stress intensity factor, which is
derived using various methods. These fracture criteria overlooked the
effect of FPZ when mode II is dominant. Therefore, it is rational to
reconsider these criteria and derive the fracture criteria based on the
mode II critical stress intensity factor. However, the arduous experi-
mental conditions to simulate the pure mode II prevents scholars to
derive fracture criteria based on the value ofKj,. In addition, fracture
criteria based on merely mode II, overestimate the fracture behavior of
material when mode I is dominant. Hence, it is concluded that a precise
mixed-mode fracture criterion has to exploit an equivalent stress in-
tensity factor that equally includes the effect of the creation of FPZ, and
subsequently, toughening the materials at mode I and II.

To develop this novel criterion, one may take into account the energy
dissipated for the creation of the FPZ by employing the experimental
data of the orthotropic material in the midpoint, where the nonlinear
behavior of the material is more considerable. The midpoint of experi-
mental data in mixed-mode I/II loading is employed and can be
extracted by conducting the commonplace tension test, which follows

of the material at the midpoint. For pure mode I and a mid-point in
mixed-mode I / II loading, strain energy density are as follows:

S, = A (01)Kp. + A1 (01)Kie + Ass (34

Siyn. =Au(0n)K], +2A12(00) K1, Ky, + A (04) K7, +A13(00)Ki,

(35)
+ A3 (0) Ky, +Ass

Finally, mode I fracture toughness can be extracted as follows:

The general form of stress or energy fracture criteria for orthotropic
materials is as follows:
K} +pK; =K. 37)

The general form of the orthotropic material fracture equation and
the damage factor using midpoint (Kj,, Kpp,) is as follows:

K} +py (K — Kp,) = K, (38)
In which:
pu =S K (39
Kz,

In this way, the damage factor of the Improved Strain Energy Density
criterion with Mid-point (ISEDM) is extracted as follows:

2

In

_A13(01r) + \/AB(QIC)Z + 4’All (015)-[A11 (GM)I(2

+ 2412 (0m) Ky Kty + A (On) Ky, + A1 (On)Ki, + Az (O)Kiny ] K2

Pu = 24,,(00)K3,

the defined standard for obtaining the fracture toughness for anisotropic
materials.

In Ref [99], a new approach to develop the prediction of fracture in
orthotropic materials was proposed as the midpoint of experimental
data. The midpoint of experimental data is determined after testing and
examining mode I and II SIF’s.In the experimental test of specimens,
different mode mixities from pure mode I to pure mode II are possible.
The midpoint of experimental data is the point at which K; and Kj; are

(40)

-
KIIM

Thus ISEDM as a novel fracture criterion is developed. Damage factor
depends only on the SIF’s of midpoint (Kj,,, Ky, ) and crack initiation
angles at the midpoint and pure mode I.
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5. Crack initiation angle

Based on the ISEDM criterion, the crack will grow in a direction
where S(6) is minimum [86]. In this case, we have:

NOM

0 “n
3°s(6)

7o >0 (42)

In the absence of the T-stress term, the following relationship is
established:

05(0) _ 0An(0) , 0A12(60) 0Axn(0) 2
0 = 0 K; +2 %0 KKy + 30 Ku (43)
In which,Aj; coefficient is derived as follows:
0A(0) 1 Ci, df sz dn Cn 0fzz ofii
20 *2”(52]‘11 20 ngzz 7[}‘11 fzz ]) (44)
0A1,(0) Cn ag“ i sz 0gn ofn
9 47:( g igg T8 el t g g Temgglt .
45
C, 0, 0) C 0, 0) 9, 0)
- [fl2 glz + 12£] + = [fnﬁJr zzﬁ +f22 il +g11 g;z]
()Azz( ) Cn 0g11 Cy 0822 Cp, agzz 0g11
o0 271(5 + 2 825y f : [g11 0 8250 ) (46)

In pure mode I and II, crack initiation angles ;. and 0y, are extracted
as follows [86]:

98(0) _ 0A () . 0An(0) _
0 00 Kie=0 oo 0 “7)
0S(0)  0An(0),, . 0An(0)
0 00 e =0 00 =0 (48)

These equations have two roots and one of them can be satisfied in Eq
(42). By numerical solutions of Eq’s (47) and (48), ;. and 6y is derived.
These angles for any material properties are extracted.

6. Estimation of strain energy release rate with ISEDM criterion

Both stress intensity factor,K, and strain energy release rate,G, are
employed to predict the strength of a structure; however, they are
derived by completely different methods and their dimensions are
distinct. For engineering purposes and compliance with standards, the
measurement of K and G is important. The strain energy release rate is
developed based on the balance of total energy, or equilibrium equa-
tions [100], and the stress intensity factor is developed based on the
stress state at the crack tip [101]. Since both of these quantities, K and G
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therefore, encompasses the whole damage mechanism of the structure.
Nonetheless,K highly depends on the stress distribution in the vicinity of
the crack tip and is intensely sensitive to the geometry of the crack tip.
Therefore, K only includes the effects of the cohesion of the material at
the crack tip. Having well recognized the crack tip vicinity and geom-
etry, the value of the stress intensity factor is effortlessly obtained. The
relation between K and G has always been regarded. Not only does it
benefit to derive the value of the Ky based on the well-defined experi-
mental survey, but it also assists to evaluate the accuracy of the criteria
based on toughness.

A number of researches have revealed the relationship between G
and K [40,49,73-77]. However, a considerable discrepancy between
them is not well illuminated. A relationship between the ratio of strain
energy release rate of pure mode I and II, which is obtained through
experimental test, and the ratio of stress intensity factor for pure mode I
and II, which is formulated based on the SED criterion for anisotropic
material, are derived [72]. First, Amaral and Alderliesten [72] restated
that being independent of the loading mode, strain energy density
controls the brittle fracture of isotropic materials. The ratio of pure
mode I and II for sample rocks have a good agreement with the exper-
imental result of this ratio. Given the anisotropic stress state, the re-
searchers employed a relation between the SED and strain energy
release rate to earn the (Gyc)ggp Which means that Gy is theoretically
derived from the SED for orthotropic materials. They declared that the
strain energy release rate for pure mode I and II is not the same in
anisotropic materials, since several damage mechanisms in pure mode II
around the crack tips occur and cause the overestimation of strain en-
ergy release rate for pure mode II. Moreover, despite the value ofGy, the
value of Gy that is obtained by the experimental data does not indicate
the initiation of the damage, on the ground that there are a couple of
damage mechanisms ahead of the crack tip that toughens the material
before the crack growth [72].

For three composite materials, they displayed that the value of re-
ported experimental Gp. conducted by end-notch flexure specimens
(ENF) test [102,103] is much more than the reported(Gyc)ggp, the per-

centage of the G"‘ o 1s about 0.25. Carefully considering the equations

of strain energy release rate, Gr, = FiK2 andGy = FyK%,, it is clear-cut
that the value of the (Gyc)ggy depends on the value of the stress in-
tensity factor in pure mode I and II. To decrease the discrepancy between
(Gue)ggp and(Gure)gyp»> the precise stress intensity factor which includes
the effect of damage mechanisms at the far distance, ahead of the crack
tip, is required. Therefore, it is necessary to consider more precise the
physics-based fracture phenomena. The ESED and ISEDM criteria are
based on RIS, Egs. (23) and (40), is applied for the materials of [102].
The critical stress intensity factors, K;. and Ky, are obtained based on
ESED and ISEDM and replaced in the equations of strain energy release
rate for pure mode I and II. Therefore, (Gic)gggp and (Girc)gppy are ob-
tained based on the following formula:

are employed to anticipate the fracture behavior of materials, they must Fu Ay (0)
be pertinent to each other. Strain energy release rate has a global nature (Gue)gsep = A (0.) (49)
and defines as required energy for the creation of the crack surface.G, ¢
Fll
(Gute)ssipm = Gie F
2
K, (50)

\/Al3 0c)” +4A11(91c) [An(gM)K + 2A1,(0m)Ky,, Kny, +A22(9M)K?]M + A (0K, +A23(9M)KIIM]]

7A13 alc
‘ 24,1 (01

17 By
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Fig. 2. Fracture process based on micromechanical approach under pure mode II condition. (a) first microcrack phase (b) cusp formation phase (c) coalescence

phase [72].

Table 4

Calculated SERR for three composite materials.
Composite materials Gre(J/m?)[104] (Guie) g (J/m?)[104] (Gue)sgp (J/m?) [72] (Gue) psp (J/m?) (Gre)isepu (J/m?)
IM7/8552 200 800 195 632.21 769
G40-800/5260 240 900 237 839.31 873
AS4/3501-6 220 650 216 848.31 621

Table 5
Ratio between predicted SERR based on fracture criterion to the experiment
value of SERR for three composite materials.

Composite materials (Gie)sep [72] (Gute ) gsep (Gre)1sEpm
(GHC)ENF (Gue )ENF (Gire )ENF
V778552 0.24 0.79 0.96
G40-800/5260 0.26 0.93 0.97
AS4/3501-6 0.33 1.3 0.95

In which F; and Fj are equation based on the angular function of the
stress state of the anisotropic materials [80].

[C11Cx [Cry  2C15 + Ces1
F, = [ 12 1
1 2 L C“ + 2C|1 i (5 )
c? Cy  2C); + Cep,t
F, = 11 2 52
W “—2 [UC“—G- 2 ] (52)

Therefore, considering the extracted value of G, and ESED and
ISEDM criteria, Egs. (23) and (40), the value of Gy, can be estimated.

Damage mechanisms that act during fracture are a main part of the
crack growth process. Changes in damage mechanisms lead to changes
in dissipated energy in crack growth. So, to describe the dissipated en-
ergy in the fracture process, in addition to SIF’s, one needs a complete
stress distribution function. The description and distribution of stress are
done through the SED function.

As shown in Fig. 2 for HTA/6376C carbon/epoxy under end notched
flexure (ENF) test as reported in Ref [72], the first crack growth occurs
when the load is still less than the critical load and load drop is not
observed. The first crack growth cannot be seen with the naked eye. As
the load increases, cusps form. As the load increases again, the micro-
cracks merge and then a load drop is observed. So the onset of frac-
ture occurs before the specimen reach Gy, [72].

The important point is that G is related to the onset of crack growth
in mode I and is obtained experimentally, while Gy is related to when
the micro-cracks form coalescence in the front of the crack tip and is
obtained through experimental testing.

According to theGy, Eq. (49) and (50), the value (Gyc)ggs, and
(Gue)sgpy for the composite materials [104] are calculated in Table 4
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Fig. 3. FLC’s of ISEDM and ESED criteria in comparison with Norway-spruce experimental data [38].
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Fig. 4. FLC’s of ISEDM and ESED criteria in comparison with Scots-pine experimental data [39].

and 5.
Table 5 indicates that the value of SERR for pure mode II for three

materials is improved using RIS. In Table 3, the ratio of ((GG”I‘IC)W is almost

96 %, which is a satisfying prediction compared to the previous work

[72]. %ﬂiﬁ depends on the micro-cracks density in the fracture process

zone and the properties of the composite material. As it is observed, the
prediction for composite materials is reasonable. In Table 5, the ISEDM
criterion can provide a more accurate estimation forGy,. In explaining
the compatibility of the ISEDM criterion with the experimental results, it
is stated that the effects of the FPZ are considered using the midpoint of
experimental data. In addition, the RIS model is an acceptable model for
predicting the fracture behavior of orthotropic materials. In the RIS

theory, the ReSt coefficients are employed, which are valid and reliable
for highly orthotropic materials with unidirectionally aligned fibers.
Generally, for different materials and employed criteria, it is demon-
strated that the RIS concept is more compatible than the LEFM theory.
Therefore, the importance of the RIS concept is clear and it ought to be
involved in the study of fracture response of composite material. Also, it
is expected that regarding T-stress in the calculations of RIS theory
positively affects the anticipation of the(Gyc)ggp.

7. Results and discussion

The SED criterion is modified based on the midpoint stress intensity
factor derived based on the mixed-mode test. In addition, the fracture
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Fig. 6. FLC’s of ISEDM and ESED criteria in comparison with IM7/977-2 experimental data [105].

Table 6
Required parameters to investigate the fracture of the composite materials
(GPa).

Composite material O O (4% K, Kuy,
Scots-Pine 44.7 76.7 55.5 0.31 1.2
Norway-Spruce 34.2 79.1 56.5 0.32 1.22
Im7/977-2 36.9 80.4 58 1.6 5.8
AS4/3501-6 41.8 80.2 60 0.65 5.2

limit curve of orthotropic materials is extracted using strain energy
density criterion and midpoint. Finally, the validity of the proposed
criterion is evaluated by comparing fracture limit curves with experi-
mental data.

Figs. 3-6 depict the fracture behavior of unidirectional laminated
composites such as Im7/977-2 and AS4/3501-6 and wood specimens
such as Norway-Spruce and Scots-Pine under mixed-mode I / II loading
pertinent to ISEDM. FLC’s are compared with the experimental data
available in the references [38,39,105]. Tables 6 reports required

10

parameters to extract the fracture behavior of materials, respectively.
K;,, and Kj,, are the midpoint of experimental data in Ref [38,39,105].

Based on the ISEDM approach, crack deviates in the direction that
strain energy density reaches its minimum value. Thus, crack initiation
angles are extracted for these materials and they are very close to these
angles in reference [55]. The important point is related to the crack
initiation angle in the midpoint, the exact value of this angle has an
important effect on the prediction of fracture behavior for orthotropic
materials. Crack initiation angle in midpoint is considered the average of
crack initiation angles in pure mode I and II. The value of this angle is
obtained with:

O + O

Oy 7

(53)

Another important point in this section is that the fracture limit curve
depends on the midpoint in experimental data. Some experimental data
are lower or higher than the overall orthotropic fracture behavior. For
this reason, the relevant fracture limit curve may predict K. slightly
more or less than the value of this coefficient in the references.
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Establishing experimental conditions to extract Ky is very difficult.
Therefore, different values of Ky, have been reported in different ref-
erences. By setting the test conditions in mixed-mode without per-
forming the test in pure mode II, this criterion can be well estimatedKj..
So, this criterion is efficient for predicting the fracture behavior of
orthotropic materials.

The main improvements in evaluating the fracture behavior of
orthotropic materials by ISEDM criterion are:

1) Employing RIS concept to modeling orthotropic materials

2) Base on a precise physics-based assumption, crack initiates along
minimum strain energy density for the mid-point of experimental
data.

3) Changing fracture point from pure mode I to mid-point base on
minimum strain energy density causes the effects of FPZ to be
considered.

8. Conclusion

ISEDM as a new criterion for mixed-mode loading in accordance with
SED is proposed to predict the fracture response. Correctly considering
the physical phenomenon of the fracture, this criterion relates the
microscopic damage of the matrix to the macroscopic failure of com-
posite materials. The physical phenomena that involve in the fracture
find a place in the criterion using three items: RIS, T-stress, and FPZ.

It is observed that the crack initiates and propagates in the matrix
reinforced fibers. The isotropic stress state is replaced with the aniso-
tropic stress state in the vicinity of the crack tip based on the RIS theory.
The crack growth is assumed along minimum strain energy density, and
crack initiation angle in pure mode I and II at microscopic scale are
extracted. Crack initiation angle in mid-point is considered the average
of crack initiation angles in pure mode I and II. The effect of the creation
of FPZ at dissipating the energy of the loaded structure and toughening
the material, which is more noticeable when mode II is dominant, is
regarded using the strain energy density of a mixed-mode loading. To
equally include the effects of mode I and II at the formation of the FPZ,
the mid-point in experimental data is considered. The T-stress term,

Appendix A
£i(0) and g;(0) coefficients in Eqgs. (7)-(9) are defined as follows:

0 .0 . 30
Su () :cosi(l - smism?)

(4 6 . 30
=cos= (1 +sinzsin—)

f2(6) = cos3 (1 -+ sinsinS

.60 0 3
f12(0) = sin 5 C0s 5 08—~

.0 6 36
gn(0) = 7sm§(2+cos§cosj)

.0 [ 360
gn(0) = smzcosicos7

0 g . 30
=cos— (1 —sin=sin—)

g12(0) 2 2 P
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which directly affects FPZ and causes the emergence of the damage
mechanisms around the crack tip, particularly, when mode II is domi-
nant is regarded. This macroscopic fracture criterion finely encompasses
the micromechanical damage and precisely predicts the fracture
behavior.

The main reasons for improving the fracture behavior of orthotropic
materials based on the proposed criterion are as follows:

1) Applying the RIS concept to model orthotropic materials, which is
perfectly consistent with the nature of the failure in these materials,
is one of the important reasons for improving the prediction of
fracture behavior.

2) An important innovation of this criterion is to consider the effects of
the FPZ using the midpoint of the experimental data without calcu-
lating the energy dissipation in this zone.

Comparing the FLC’s of ISEDM criterion with the experimental data
proves the superiority of the proposed criterion and indicates that using
midpoint as a fracture point instead of pure mode I point is an important

step in accurately evaluating the fracture behavior of orthotropic
materials.
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