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Abstract

Origami has many advantages, such as deployability, low mass, and ease of miniaturization; it has potential
contributions in many applications. Specifically, origami that has been designed to fold into a target shape can
be used in deployable tents, bridges, grippers, packaging, and deformable mirrors for laser communication. This
work presents a two-step methodology for optimizing origami designs such that the distance between the bottom
side of an origami and its target surface is minimized—the origami will thus lay “on top” of its target surface.
The method combines the strengths of rigid origami and non-rigid origami: it starts with a non-foldable rigid
origami Miura-ori tessellation that matches the target surface and optimizes this design such that it becomes
foldable. Then it uses this crease pattern as the initial design for an optimization cycle that includes the
nonlinear N5B8 bar-and-hinge non-rigid origami model and converges to the crease pattern that folds into the
target shape, demonstrated in this work with a saddle, dome, and arch. The results show that for an 800mm
by 800mm design, the folded saddle origami has a maximum distance to its target surface of 24mm, with the
other tested shapes having similar outcomes. This performance will be sufficient for some use cases, but more
work is required for high-accuracy applications.
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1. Introduction

Origami is the ancient Japanese art of paper folding. The first paper material was made in China in the second
century BCE and this practice was transformed into a systematic process in the following centuries [1]. The
earliest decorative origami were “shide”—zigzag geometric shapes that are placed on shrines—and originated
in Japan around the fourteenth century [2, 3]. Recreational origami emerged in the sixteenth and seventeenth
century [2–5], with examples of a Japanese sword with a picture of an origami crane, and a poem mentioning
an origami butterfly [6]. In the eighteenth century, Friedrich Fröbel, inventor of the kindergarten, introduced
origami into western children’s education. This is also when Japanese origami was influenced by German ideas
and the concept of “pure” origami arose [7]. Pure origami is made from a square piece of paper with a different
colour on each side and does not allow any cutting nor adhesives. The counterpart to pure origami is kirigami,
where cutting is allowed, but even in kirigami, there is no gluing [8]. Another good distinction to make here is
rigid versus non-rigid origami. Rigid origami is a mathematical construct where all deformation of the structure
is concentrated in the fold lines—the facets of the origami do not deform, they are considered infinitely stiff.
In non-rigid origami, however, the facets can stretch, shear, and bend [9]. And although there have been
investigations into origami with thick facets [10], this research will be limited to thin facets.

While origami was originally just recreational, it has various properties that are interesting for engineers. The
structures can not only be made of paper-like materials, but also of more traditional engineering materials, such
as metals, where the deformation is much less concentrated in the pre-made creases [11]. By effectively placing
folds in metal sheets, structures can have high stiffness and strength, yet have low mass. Also, it is possible
to create moving mechanisms with less parts. That is a general property of compliant mechanisms, of which
origami can be considered a subset [12]. With the absence of components such as gears, bearings, and belts,
miniaturization is comparatively straightforward. Finally, in terms of manufacturing, origami structures or
mechanisms can be made cheaply by either laser-cutting the fold lines or using a mould [13]. Of course, origami
also has disadvantages: deforming origami requires energy and fatigue is a prevalent cause of failure [14].

In the late twentieth century, mathematicians and engineers began to see the potential of origami for engineering
applications. In 1985, a Japanese astrophysicist named Koryo Miura invented the Miura fold, or Miura-ori (ori
translates to fold) [15,16]. A flat sheet with a Miura fold pattern can be folded very compactly and then unfolded
with simple actuation. In 1995, this pattern was used to store a Japanese satellite’s solar panel array in a rocket
and subsequently unfold it to a flat sheet when in space [16, 17]. This example displays the deployability and
size-variability of origami. Another example is an origami stent that is folded to a small diameter when it is
inserted into the body. The stent can expand and hold open a blood vessel once it is in the correct location [18].

An origami field of research that emerged around 1990 is shape matching, which is the process of designing
origami crease patterns that, when folded, attain a required shape. A particular challenge within this field is
approximating non-developable surfaces, which are surfaces with a non-zero Gaussian curvature, which itself
is defined as the product of the two curvatures at a point on a surface. Gaussian curvature can be positive,
negative, or zero. Developable surfaces such as flat sheets and cylinders have zero Gaussian curvature and are
simple to approximate, or even exactly match, with a flat sheet of paper. Contrarily, non-developable surfaces
have a non-zero Gaussian curvature. Examples of these surfaces are saddles, spheres, and hyperboloids, and
these are more difficult to approximate. The total curvature (which is the surface integral of the Gaussian
curvature [19]) can never change by folding [8]. The global curvature (the curvature of the overall shape),
on the other hand, can be changed by folding, and that is how origami shape matching approximates curved
surfaces.

Applications of shape matching origami include many deployable structures such as tents, emergency shelters,
or even bridges. Additionally, grippers that are designed for specific objects with difficult-to-grasp shapes
could take advantage of such a methodology, as well as packaging that needs to absorb impacts and protect
oddly-shaped objects. One particularly fitting development that could be accelerated with this technology is
laser- (as opposed to radio-) communication, in particular in space. This is a developing research field that
provides secure and increasingly fast data transfer in communication systems that consist of satellites and
ground stations [20, 21]. These systems can use heavy solid mirrors with a non-symmetrical surface to process
the laser signals [20]. Those surfaces could instead be made by placing a reflective sheet on an origami structure
that was designed to fold into this target surface—creating a new design that is lighter and deformable, which
gives it more possibilities as an optical component.
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Before we move to the current state of origami shape matching, we first discuss origami modelling, as that
is a prerequisite for shape matching. The most basic representation of origami is a list of nodes and their
connectivity, similar to finite elements. And most models build on top of this representation to include folding
mechanics. In the realm of rigid origami, Zimmermann et al. explored 1-degree of freedom (DOF) origami and
presented the principle of three units (PTU) [22], which says that any vertex with n connected creases has n−3
DOFs. The framework considers inputs and outputs to every vertex and divides the vertex into three “units”,
which can be used to compute whether a design is rigidly foldable.

Non-rigid origami models are generally more involved than rigid origami models, as they must capture the
additional mechanics of bending and folding. This can be directly modelled with the finite element method,
using shell elements [23,24], which results in accurate displacement fields and stress distributions. But there are
drawbacks, such as the high computational cost and numerical artefacts such as shear locking and membrane
locking [25].

That is why Schenk and Guest introduced what would later be called the bar-and-hinge model—a pin-jointed
truss representation of origami with triangular and quadrilateral facets [26]. The key idea of bar-and-hinge
models is the following: “because of the relatively high in-plane stiffness of the sheets, a straight fold line
between surfaces tends to remain straight after adjacent material deforms. A panel surrounded by such creases
is highly resistant to buckling, and as a result, a triangular face tends to remain planar, while a quadrilateral
face tends to exhibit bending only along one of the diagonals” [27]. In this model, every fold line is replaced by
a bar with a finite stiffness. In quadrilateral facets, an additional bar is placed along the shortest diagonal, as
it is likely that the facet will bend along that diagonal. Rotational springs are placed within the quadrilateral
facets over the shortest diagonal and over the fold lines to simulate bending and folding stiffness, respectively.
This mechanical representation is translated into an elastic, linear, finite element-like model with a stiffness
matrix, nodal displacements, and nodal forces. To distinguish between these bar-and-hinge models, they have a
code in the format NXBX, where the X’s indicate the number of nodes and bars in the model per quadrilateral
facet. The model discussed in this paragraph is an N4B5 bar-and-hinge model, which means that there are four
nodes (one on each corner of the facet) and five bars (one on each side plus one diagonal).

Liu and Paulino proposed a nonlinear formulation for the N4B5 model [25], incorporating both geometric and
material nonlinearities. The nonlinear analysis is solved with the modified generalized displacement control
method, a variant of arc-length methods [25]. The method can accurately simulate folding and bending of
origami structures, even when there is bistability involved. Liu and Paulino implemented the formulation in the
MERLIN software [28]. A disadvantage of the N4B5 model is the anisotropy, resulting from the single diagonal
bar in every quadrilateral facet.

Filipov et al. improved on the N4B5 model by adding a second diagonal bar and rotational spring in each
quadrilateral facet [29], resulting in the N4B6 bar-and-hinge model. The addition leads to a more accurate
model when there are facets with diagonals of (almost) the same length. A disadvantage of the N4B6 model is
that it cannot accommodate large panel bending deformations.

In an effort to overcome the drawbacks of the N4B5 and N4B6 models, Filipov et al. introduced a fifth node
in the middle of quadrilateral origami facets, creating the N5B8 bar-and-hinge model [27], later implemented
in MERLIN2 [30]. Figure 1 shows how a sheet with fold lines is transformed into the N5B8 model. The
blue dots are the nodes, the black lines are the bars, and the green and orange coiled lines are the springs or
“hinges” for bending and folding, respectively. This model uses material properties as inputs for the model’s
parameters and can both isotropically simulate origami and accommodate large panel bending deformations.
To verify, the authors used a sufficiently discretized finite element model as the baseline. The N5B8 results
show almost the same global deformation modes as the finite element model in various load cases, such as
stretching, shearing, bending, and folding. Filipov et al. also described how to perform a nonlinear analysis
for large deformations. Limitations of the model include the inability to capture stress concentrations and the
reduced nodal displacement accuracy compared with a discretized finite element model. That is why the model
is primarily useful in early design processes or optimization cycles. In these situations, analysis speed is more
important than absolute accuracy with respect to stress distributions or displacement fields.
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Figure 1: Transformation from creased sheet to bar-and-hinge model

With the current state of origami models covered, we will now discuss how these models are applied to perform
shape matching. Historically, crease pattern design towards a desired folded shape was based on experience and
intuition [31]. The mathematician Robert Lang was the first to present an algorithm that can create a crease
pattern to form a wide range of shapes [31]. For this algorithm, the shape must first be represented as a main
body with appendages, a so-called stick figure. For example: a giraffe would be represented by a main body,
with four sticks for the legs, one for the tail, one for the neck, and one for the head. This stick-figure is then
projected onto a flat, square piece of paper and, using a constrained optimization, the paper is divided up by
crease lines into a base origami with the correct number and size of appendages [31]. Once the base is folded,
it is relatively easy to fold the details of the figure—for experienced origami artists, that is. This strategy is
very suitable for designs that can be appropriately transformed into stick figures. Examples of these are mostly
artistic and recreational: animals, plants, and human figures.

For approximating more general shapes that cannot necessarily be described by a stick figure, we require
other methods. Evans et al. described rigid folding principles with example configurations ranging from the
chicken wire tessellation to the generalized Miura-ori pattern [32]. Demaine and Tachi solved the problem of
“origamizing” any polyhedral surface in an efficient manner [33]. Whereas previous methods were very inefficient
(winding the polyhedron with a thin strip [34]) or could not fold all shapes [35], this method is efficient and
can fold any polyhedral surface. An important property of the crease patterns is that they are watertight. The
property of watertightness is satisfied when the boundary of the square piece of paper becomes the boundary of
the surface you’re trying to make—an origami bowl with this property will not spill any water. The algorithm
is implemented in software with the name Origamizer [36].

Next, both Zimmermann et al. and Walker and Stankovic used the previously discussed principle of three units
to build graphs of 1-DOF origami patterns [37, 38]. These graphs are a useful tool to build and vary origami
“topologies”. In both papers, the authors build, expand and optimize the origami designs for objectives like
following a path and shape matching.

Staying with 1-DOF rigid origami, Dudte et al. have worked on Miura-ori tessellations to create curved origami
surfaces [39]. They construct a grid of Miura-ori units and optimize the structure to make it foldable, resulting
in non-developable surfaces, with the global curvature matching the target surface. This work is the basis for
the first (rigid origami) part of the method in section 2.

Previous paragraphs discussed rigid origami shape matching methods, which is a well-developed field. But in the
field of non-rigid origami, there has been little work on shape matching. There is the work by Fuchi et al. using
the N4B5 bar-and-hinge model to perform crease topology optimization and obtain the desired deformation in
an actuator [40], which is similar to shape matching. And other non-rigid origami designs exist, but they do
not target shape matching at all. Take Filipov et al.’s work on optimizing stiffness ratios of eigenmodes of a
Miura-inspired origami tube [29]. And Li et al., for instance, designed a tunable origami structure made up of
two stacked units of the Kresling pattern [41]. Ye et al. also used the Kresling pattern and adapted it to design
radially closable origami valves [42]. All of these designs and design methods are interesting, but they are not
shape matching, and this leaves the field of non-rigid origami shape matching relatively underdeveloped.
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The absence of an accurate, non-rigid origami design strategy that helps with designing origami crease patterns
that can fold into a desired shape is a gap in the scientific knowledge that this research seeks to fill. The
term non-rigid is critical here, because by also considering stretching, shearing, and bending of the panels, the
method will be in better agreement with the material realities of origami engineered from sheets of metal, and
will also encompass a larger range of design options than rigid origami. The method is a step towards origami
becoming a more standard design direction in mechanical engineers’ toolboxes, and with origami’s advantages
and applications, that is a prospect worth looking forward to.

The design strategy’s inputs will be a desired shape, and the output is the crease pattern that can fold into
said shape. There are two parts to the method: first, a rigid origami part, inspired by the work by Dudte et
al. [39] that gives a rough design. And second, a non-rigid origami part that uses the fast N5B8 bar-and-hinge
model, the arc-length path-following method, and a zeroth order optimization algorithm to iterate on the rough
design and finish with a better performing detailed design. The method was tested with three target surfaces:
the saddle, the dome, and the arch, of which the saddle and the dome are non-developable shapes.
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2. Method

This section describes the design workflow, which can be split into two parts, depicted in figure 2. Following
the work of Dudte et al. [39], we place Miura-ori unit cells to construct rigidly-foldable crease patterns that
can match curved surfaces. The result of this rigid design (part 1) is then taken as the initial design for the
optimization cycle in part 2. This second part yields a crease pattern that matches the same target shape, but
the folding is modelled with the non-rigid N5B8 bar-and-hinge model.

Rigid origami
(part 1)

Non-rigid origami
(part 2)

Flat crease pattern 
that can rigidly fold 
into the target surface

Crease pattern that 
can non-rigidly fold 
into target surface

Target surface

1. Placing and merging 
Miura-ori unit cells

2. Making foldable and planar
3. Flattening

Optimization of crease pattern

(including simulation of folding 
with bar-and-hinge model)

Figure 2: Overview of the method

2.1 Rigid origami shape matching with Miura-ori unit cells

Since the non-rigid origami shape matching process is relatively slow, it is beneficial to have an initial design
that is close to the target surface. The rigid origami approach by Dudte et al. [39] is a fast and accurate way of
using Miura-ori-like unit cells to match a curved target surface. The approach consists of three parts: placing
and merging Miura-ori-like unit cells, making the pattern foldable and planar, and flattening the pattern. The
origami unit cells in the first part are referred to as “Miura-ori-like unit cells”, because they are artificially
formed, and are not formed from a flat sheet. After they have been optimized to make them foldable from a flat
sheet in the second part, they are referred to as regular Miura-ori unit cells. The three parts will be described
and visualized by means of a saddle shape.
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2.1.1 Miura-ori-like unit cell placement and merging

The formula for a saddle centered on the origin is z =
(
x
a

)2 − (yb )2, where the values for a and b determine the
curvatures in two directions—the smaller a and b, the stronger the curvatures. This saddle must first be tiled
with a number of quadrilaterals, see figure 3a. Every tile is then transformed by placing extra nodes in the
middle of the sides and one in the center, see figure 3b. The nodes are then moved such that the cell resembles
a Miura-ori unit cell. In figure 3c, one unit cell’s nodes have been coloured. Pairs of nodes with the same colour
correspond to the same node, but shifted. Unshifted nodes have a blue boundary around the coloured node and
the shifted nodes have an orange boundary. The black nodes do not shift at all. At this stage, there is a set
of disconnected unit cells on the surface. These unit cells need to be merged; which means that some pairs of
nodes need to be replaced by a single node, averaging their positions, see the red and purple nodes in figure 3d.
The result of this merger is an origami representation of the saddle surface (figure 3e); specifically, the nodes
at the corners of the Miura-ori-like unit cells are points on a grid projected on the surface. Figure 3f shows the
origami shape.

Figure 4 shows a graphic, adapted from the work of Dudte et al. [39], with a more clear depiction of the Miura-
ori-like unit cell generation and merging process, but on a flat surface and with only four unit cells. Figures
4a-b show the transition from a flat unit cell to a Miura-ori-like unit cell. In figure 4c, the green nodes in the
red boxes are to be averaged, and the blue nodes in the red boxes simply need to be merged into a single node.
A detailed view of the merging process is provided in appendix A.2.

a b c

d e f

Figure 3: Step-by-step construction of Miura-ori-like pattern on a saddle surface
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a b c

Figure 4: Simplified depiction of the unit cell generation and merging process

2.1.2 Transforming into foldable crease pattern

This newly formed origami representation, that is displayed in figure 3f, has two problems: it is not foldable
and the origami facets are not planar. In other words, this origami pattern could never be folded out of a flat
sheet of material. To overcome this, the design is passed through an optimization procedure that ensures the
foldability and planarity of the origami while remaining close to the original target surface. The structure of
this optimization procedure also follows Dudte et al. [39].

The design variables of this procedure are the x-, y-, and z-coordinates of the free nodes, which are marked
green in figure 5. The blue nodes are fixed to enforce their contact with the target surface. That blue “side” of
the origami will thus be the side that conforms to the target surface.

pi

pn2

pn0

pn3
pn1

clockwise

clockwise

pa

pb

pd

pc

Figure 5: Pattern with clarifications for design variables and constraints

The objective function to minimize is

f =

Nedges−1∑
i=0

1

2L0,i
(Li − L0,i)

2 (1)
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The function is the sum of the relative change in edge lengths, which include the edges that are seen in
the pattern, but also the diagonals that can be constructed in every quadrilateral in the pattern. With this
expression, the optimizer will try to keep the design as close as possible to the previously constructed origami.
The sensitivity of the objective function can be found in appendix A.3.

To overcome the problems of non-foldability and non-planarity of the origami, two sets of constraints are
introduced. Both can be expressed in terms of the vectors of the vertex locations of the origami.

The angles around every interior vertex must sum to 2π for the vertex to be foldable. That means there is a
constraint for every interior vertex, for which the surrounding vertices are ordered clockwise. This is expressed
as

gfoldable,i = 2π −
3∑

j=0

̸ (pnj − pi,pnj+1
− pi) = 0 (2)

with an example in the top-middle section of figure 5. The purple-circled node is the interior vertex and the
orange-circled nodes are its neighbours. The angle between the vectors is calculated with the two-argument
arctangent as in

̸ (v,w) = 2 atan2(∥v ×w∥ , ∥v∥ ∥w∥+ v ·w) (3)

The planarity constraint ensures that the four corner nodes of every facet of the origami are in the same plane.
This is done with an equality constraint that expresses the tetrahedral volume of the facet:

gplanar,i = ((pb − pa)× (pc − pa)) · (pd − pa) = 0 (4)

when this equality is satisfied, the facet is planar. There is an example in the bottom-right corner of figure 5
with the grey-circled nodes. There is one constraint for every facet in the design.

The sensitivities of these constraints are available in appendix A.3.

The objective function and constraints, along with their sensitivities are used in a Byrd-Omojokun trust-region
SQP optimization method [43,44], which gives an optimal design that is close to its original form, but satisfies
all constraints and is thus foldable from a flat piece of material.

2.1.3 Flattening the foldable crease pattern

The result of the above optimization process is a folded design. To advance with shape matching non-rigid
origami in section 2.2, we need a flat design to start with. Transforming into a flat design starts with making
one corner of the pattern lie in the xy-plane. Algorithm 1 shows a series of steps to make a quadrilateral lie in
that plane, while keeping the relative distances between the corners unchanged. The vectors p0,p1,p2,p3 are
the four corner nodes of the panel.

Algorithm 1 Steps to make a quadrilateral surface lie in the xy-plane.
p01 = (p1 − p0)/ ∥p1 − p0∥
p03 = (p3 − p0)/ ∥p3 − p0∥
n = (p01 × p03)/ ∥p01 × p03∥
z =

[
0 0 1

]⊤
a =

axay
az

 = (n× z)/ ∥n× z∥

θ = arccos(n · z)

R =

 cos θ + a2x(1− cos θ) axay(1− cos θ)− az sin θ axaz(1− cos θ) + ay sin θ
ayax(1− cos θ) + az sin θ cos θ + a2y(1− cos θ) ayaz(1− cos θ)− ax sin θ
azax(1− cos θ)− ay sin θ azay(1− cos θ) + ax sin θ cos θ + a2z(1− cos θ)


pi,flat = R pi ∀ i ∈ {0, 1, 2, 3}
pi,flat,z = 0 ∀ i ∈ {0, 1, 2, 3}

That first quadrilateral is the cornerstone to which all of the other panels will be attached. The panels lie in a
grid of rows and columns. We start by attaching the first column to the cornerstone: going sequentially from
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the panel adjacent to the corner, then to the one adjacent to that, etc. Figure 6 shows the sequence of working
through the panels (first column is the blue arrow). The panels are connected to the previous panel by first
making them lie in the xy-plane with algorithm 1, then rotating them in that plane so that they align with the
previous panel by means of the steps in algorithm 2, and finally, the panel is translated such that it actually
attaches to its predecessor. The subscripts r and l are for indicating the “root” and “leaf” panels, where the
root panel is the one already in the correct place and the leaf panel is the one that is being aligned.

Algorithm 2 Steps to make a quadrilateral surface align with its predecessor in the column
vr = (pr,2 − pr,3)/ ∥pr,2 − pr,3∥
vl = (pl,1 − pl,0)/ ∥pl,1 − pl,0∥
θ = arccos(vr · vl)
if (vr × vl)z > 0 then

θ = −θ

R =

cos θ − sin θ 0
sin θ cos θ 0
0 0 1


pl,i,aligned = R pl,i ∀ i ∈ {0, 1, 2, 3}

Figure 6: Sequence of the flattening process: first blue, then green

Once the first column is complete, it provides nucleations for every row. The panels in the rows are sequentially
attached in a similar manner to the panels in the first column. Each panel is first rotated to the xy-plane
(algorithm 1), then aligned (algorithm 3), and finally translated to attach to the previous panel. Again, see
figure 6 for the sequence of panels, the green arrows are the rows.

Algorithm 3 Steps to make a quadrilateral surface align with its predecessor in the row
vr = (pr,2 − pr,1)/ ∥pr,2 − pr,1∥
vl = (pl,3 − pl,0)/ ∥pl,3 − pl,0∥
θ = arccos(vr · vl)
if (vr × vl)z > 0 then

θ = −θ

R =

cos θ − sin θ 0
sin θ cos θ 0
0 0 1


pl,i,aligned = R pl,i ∀ i ∈ {0, 1, 2, 3}

Now that the first column and all rows are connected, we have a flat origami pattern that, when folded, has a
side with nodes that conform to the target surface. The black pattern in figure 6 is such a crease pattern.
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2.2 Shape matching with non-rigid origami

Starting from the rigid origami design, we work towards the more accurate, non-rigid origami design. The
bar-and-hinge model is used to simulate folding and an optimization algorithm minimizes an objective function
to find an optimized non-rigid design.

2.2.1 The bar-and-hinge model

We use the N5B8 bar-and-hinge model as developed by Filipov et al. [27] and implemented in the MERLIN2
software by Liu and Paulino [30], translated into Python for this work, see appendix A.1. What follows is a
high-level description of the method and the adaptations made to it. In some parts there will be examples based
on the simple “bump” configuration, a strip of material with a folded bump in the middle.

Placing bars, bends, and folds
As mentioned in the introduction, the bar-and-hinge model uses bars and rotational springs to represent the
mechanics of origami elasticity. The N5B8 model starts with a mesh-like representation of the origami that is to
be analysed, see figure 7a. In this model, only quadrilateral facets are allowed. The position of the fifth, or so
called “Steiner” node of every facet, is computed as the intersection of the facet’s diagonals. That is impossible
if the panel is non-planar, in which case the fifth node is placed such that the panel is bent along the shorter
diagonal. Figure 7b shows the Steiner nodes in purple. The bars of the bar-and-hinge model are then generated
by connecting the nodes, including Steiner points.

At this point, the triangular trusses can freely rotate around the bars’ axes, which is not representative of the
structure we try to model. Therefore, hinges are introduced, which will resist rotation of the triangular trusses
at either side of the hinge. The folding hinges are placed over the fold lines and the bending hinges are placed
over the bend lines, see figure 8.

(a) Quadrilateral facets (b) Steiner points in purple

Figure 7: Insertion of Steiner points for the N5B8 approach
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Figure 8: Nodes are blue, bars are black, folding hinges are orange, and bending hinges are green

The properties of the bars, bends, and folds are then derived from the material properties and thickness of
the origami. The selected parameters are suitable for paper, which is useful for quick experimentation and
validation. Paper’s Young’s modulus and Poisson’s ratio are very much dependent on the loading direction and
the type of paper [45], but, taking average values, we reach E = 4GPa, ν = 0.3, and t = 0.08mm [45].

Tangent stiffness matrix
For calculating the force-displacement relationship, we need the tangent stiffness matrix at every step of the
incremental process. Every static analysis is defined by three equations. The first one is the continuity equation,
which describes the relation between displacements and strains. The second equation is the material (constitu-
tive) model, which relates deformations to stresses. Finally, the equilibrium equation gives a relation between
the internal stresses and the externally applied loads.

In the calculation of the tangent stiffness matrix, these three equations together define a direct relation between
the applied loads and the displacements of the origami in the form of KU = F . The bar-and-hinge model has
three DOFs for every node—one DOF for each coordinate. The tangent stiffness matrix will thus have the shape
(3 ·Nnodes × 3 ·Nnodes) and is symmetric. The matrix contains a part that accounts for the bars’ stiffnesses and
a part that accounts for the bends’ and folds’ stiffnesses: K = Kb +Kh.

We now look at a single bar and define its contribution kb to the global bar stiffness matrix Kb with help of
figure 9. The local matrix kb with shape (6× 6) can be split into four parts:

kb = kb
el + kb

1 + kb
2 + kb

g (5)

where kb
el is the linear stiffness matrix, kb

1 + kb
2 together is the initial displacement matrix, and kb

g is the
geometric stiffness matrix [25]:

kb
el = EbAbLbB⊤

1 B1

kb
1 = EbAbLb((B2u

b)B1 +B⊤
1 (B2u

b)⊤)

kb
2 = EbAbLb(B2u

b)(B2u
b)⊤

kb
g = Sb

xA
bLbB2

(6)
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X

Y

Z Node 0
X0, Y0, Z0

Node 1
X1, Y1, Z1

x, ux
0

y, uy
0

z, uz
0

ux
1

uy
1

uz
1

Eb, Ab, Sx
b

Lb

Figure 9: A bar in the global and local coordinate system

Eb and Ab are the tangent modulus and section area, which are derived from the material properties and
thickness of the sheet of material that is modelled. Lb is simply the length of the bar, and Sb

x is the internal
stress in the direction of the bar’s longitudinal axis. Moreover, the vector ub contains the displacements of the
two connected nodes in the form

[
u0
x u0

y u0
z u1

x u1
y u1

z

]⊤, expressed in the local coordinate system, see

figure 9. Finally, B1 =
[
−1 0 0 1 0 0

]
, and B2 = 1

(Lb)2


1 0 0 −1 0 0
0 1 0 0 −1 0
0 0 1 0 0 −1
−1 0 0 1 0 0
0 −1 0 0 1 0
0 0 −1 0 0 1

 [25].

To assemble the contributions of all individual bars and place them into the global stiffness matrix, they need
to be transformed to the global coordinate system by substituting B̃1 = 1

Lb

[
−
(
X1−X0

Lb

)⊤ (X1−X0

Lb

)⊤] in B1’s

place in equation 6, where X0 =
[
X0 Y0 Z0

]⊤ and X1 =
[
X1 Y1 Z1

]⊤, which are the global coordinates
of the nodes at the ends of the bar [25]. Finally, the (6 × 6) matrix kb can be placed in the global stiffness
matrix for the bars, Kb, in the same way as in the standard finite element method, taking the relevant DOFs
into account.

With help of figure 10, we will now look at how the stiffness matrix for the hinges that represent the bends and
folds—Kh—is built. In essence, the bends and folds work the same way, only their rotational stiffnesses differ.
The stiffness matrix of a single hinge has shape (12× 12) and is expressed in

kh =
dM

dθ

dθ

dxh
⊗ dθ

dxh
+M

d2θ

(dxh)2
(7)

from Liu and Paulino’s work [25]. M is the hinge moment, θ is the dihedral angle (the angle between the
two facets) and dM

dθ is the tangent rotational stiffness, defined in the constitutional model. There are four
relevant nodes for a single hinge, illustrated as nodes i, j, k, and l. The derivative of the dihedral angle to

the nodes’ coordinates, i.e. the Jacobian dθ
dxh is expressed as


∂θ
∂xi
∂θ
∂xj
∂θ
∂xk
∂θ

∂xlj

, and the Hessian d2θ
(dxh)2

takes the form
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
∂2θ
∂x2

i

∂2θ
∂xi∂xj

∂2θ
∂xi∂xk

∂2θ
∂xi∂xl

∂2θ
∂xj∂xi

∂2θ
∂x2

j

∂2θ
∂xj∂xk

∂2θ
∂xj∂xl

∂2θ
∂xk∂xi

∂2θ
∂xkxj

∂2θ
∂x2

k

∂2θ
∂xk∂xl

∂2θ
∂xl∂xi

∂2θ
∂xlxj

∂2θ
∂xlxk

∂2θ
∂x2

l

. For the formulas for the entries in the Jacobian and Hessian, please

consult appendix A.4.

i

j

k

l

θ

Figure 10: A hinge and the relevant nodes for calculating stiffness

Since kh is directly expressed with respect to global coordinates, its contribution to the global hinge stiffness
matrix Kh can easily be inserted. And combined with the previously discussed bar stiffness matrix, we can
compute the full system stiffness matrix as K = Kb +Kh.

The arc-length path-following method
With linear systems, a single evaluation of the stiffness matrix is sufficient to know the entire equilibrium path.
Elastic origami deformation, however, is a highly nonlinear process, involving both geometrical and material
nonlinearities. To solve for such a nonlinear equilibrium path, we need a method that evaluates the stiffness
matrix multiple times to build the path step-by-step. In this work, we use the arc-length method, which is
an advanced incremental-iterative procedure that can track negative stiffness and snap-back behaviour. For a
wider-scope introduction into path-following methods, see appendix A.5.

Where the standard Newton method uses

dUt,j = K−1
t,j

(
F ext
t − F int

t,j

)
(8)

for the iterative change in displacement, the arc-length method uses a formula that splits the displacement step
into two parts:

dUt,j = dUI
t,j + dλt,j · dUII

t,j

dUI
t,j = K−1

t,j

(
F ext
t,j − F int

t,j

)
dUII

t,j = K−1
t,jF

(9)

where t is the increment counter, j is the iteration counter, λ is the load factor, and F is the nominal external
load—it is customary for this to be a unit load, but that is not necessary. The external load at a particular
iteration is computed as F ext

t,j = λt,j · F .

A key difference with Newton’s method is that the load factor step is not fixed, but is an extra variable that
changes at every iteration. Since we have an extra variable, we also need an extra equation to get a unique
solution:

∆U⊤
t,j∆Ut,j + β2dλ2

t,jF
⊤F = ∆l2 (10)
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which constrains the length (or L2-norm) of the incremental displacement vector step, augmented with the in-
cremental load factor step [46]. ∆l is the length of the augmented vector, ∆Ut,j is the incremental displacement
step, and β is a value that weighs the importance of the incremental load factor step in that augmented vector.
The symbols ∆ and d convey an incremental and iterative step, respectively.

Equation 10 gives two solutions for the iterative load factor step. Luckily, we can choose the solution that best
aligns with the direction of the previous increment. It is also possible, however, for the solutions to become
imaginary—in the sense of

√
−1—at which point we need to decrease the previous step size [47]. To avoid such

workarounds, we choose to linearize equation 10 to

∆U⊤
t,j−1∆Ut,j + β2dλt,j−1dλt,jF

⊤F = ∆l2 (11)

as described by Ramm [48]. With the help of equation 9, we can rewrite equation 11 to an explicit expression
for dλt,j :

dλt,j =
∆l2 −∆U⊤

t,j−1∆Ut,j−1 −∆U⊤
t,j−1dU

I
t,j

∆U⊤
t,j−1dU

II
t,j + β2dλt,j−1F⊤F

(12)

Now, since ∆l ≈ ∆U⊤
t,j−1∆Ut,j−1, and since we are linearizing anyway, we insert the expression into equation

12 and get

dλt,j = −
∆U⊤

t,j−1dU
I
t,j

∆U⊤
t,j−1dU

II
t,j + β2dλt,j−1F⊤F

(13)

which is greatly simplified with ∆l even completely removed. Finally, de Borst and Sluys write: “Numerical
experience indicates that the value of β does not seem to influence the performance of the method very much.
In fact, the simple version β = 0 seems to show the most robust behaviour.” [47]. We thus use β = 0 and reach

dλt,j = −
∆U⊤

t,j−1dU
I
t,j

∆U⊤
t,j−1dU

II
t,j

(14)

There are some additional considerations that can improve the arc-length method. First, there is the choice of
initial load factor step, which can influence which of multiple possible equilibrium paths the method will take.
Secondly, there is the possibility to change the load factor step while the algorithm is running; when there are
very many iterations within an increment, that means that convergence is slow or even not happening at all,
which is a sign that the load step is too large. We can set a maximum to the number of iterations, and if this
maximum is exceeded, we can reduce the load factor step and reset to the beginning of the increment to try
again. And there is the opposite case: if it takes very few (i.e. one or two) iterations to converge, we are wasting
computing power and we should increase the load factor step as we go to the next increment. Thirdly, suppose
we are not just looking for the general equilibrium path, but are instead interested in the displacement field at a
specific load magnitude. We are unlikely to reach this specific load if the load factor step is unpredictable. The
problem is that we might overshoot this specific load magnitude and thus never get to know the displacements
at that specific load. A solution to that problem is to take the increment that overshot, calculate the fraction
of the load factor step that overshoots the target load factor, and finally, subtract an equal fraction of the final
displacement step from the displacement vector to come to the displacement vector at the target load factor.
On a different note, another choice we can make is the value for the tolerance on the residual forces to reach
zero. That choice will control the number of iterations during each step, which in turn influences the speed and
accuracy of the solution. Finally, the calculations of the tangent stiffness matrix and the internal forces share a
lot of computationally expensive steps, and it is thus beneficial to combine the two calculations. This requires
some reordering of the algorithm, which reduces understandability but increases the speed.

Figure 11 shows how the arc-length procedure traverses negative stiffness and snap-back equilibrium paths, and
algorithm 4 is a complete arc-length procedure.
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Figure 11: Two extraordinary equilibrium paths that are tracked with the arc-length method

In MERLIN2, the authors implemented a linearization that transformed equation 11 into

∆U⊤
t,0∆Ut,j + β2dλt,0dλt,jF

⊤F = ∆l2 (15)

which leads to

dλt,j = −
∆U⊤

t,0dU
I
t,j

∆U⊤
t,0dU

II
t,j

(16)

as the expression for the iterative load factor step. The arc-length method implemented in this work was
rewritten and improved by removing said linearization from the MERLIN2 implementation. This was necessary
because the linearization led to convergence problems during the calculation of the equilibrium path of the
origami saddle.
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Algorithm 4 Pseudo-code of the arc-length method
t = 0 # increment counter
j = 0 # iteration counter
Ut,0 = 0 # initial displacement is zero
λt,j = 0 # initial load factor is zero
dλ1,0 = 0.01 # initial load factor step
tol = 0.00001 # tolerance of residual loads

while λt,j < 1 # until we reach a load factor of 1
t = t+ 1 # increase increment counter
Ut,0 = Ut−1,j # set first displacement of this incr. to the final value of the previous incr.
λt,0 = λt−1,j # set first load factor of this incr. to the final value of the previous incr.

j = 0 # reset iteration counter
∆Ut,0 = 0 # set incremental displacement step to zero
∆λt,0 = 0 # set incremental load factor step to step

F ext
t,j = λt,j · F # external load

calculate F int
t,j (Ut,j) # internal forces

Rt,j = F ext
t,j − F int

t,j # residual load

err = 1000 # any large number

while err > tol ·
∥∥∥F ext

t,j

∥∥∥ # until the residual loads are almost zero

calculate Kt,j(Ut,j) # stiffness matrix at last force-displacement point
dUI

t,j = K−1
t,jRt,j # first part of the displacement step

dUII
t,j = K−1

t,jF # second part of the displacement step

if j == 0 then # if we are in the first iteration of an increment
if t == 1 then # if we are also in the first increment

dλt,j = dλ1,0 # choose the user-given initial load factor
else # if we are not in the first increment

dλt,j = sign(∆U⊤
t−1dU

II
t,j)·

√
abs(∆λt−1·F⊤∆Ut−1)

abs(F⊤dUII
t,j)

# from De Borst and Sluys [47], page 46

else
dλt,j = −∆U⊤

t,jdU
I
t,j

∆U⊤
t,jdU

II
t,j

# equation 14, iteration number changed because of program’s structure

dUt,j = dUI
t,j+dλt,jdU

II
t,j # add up contributions to iterative displacement step

j = j + 1 # increase iteration counter
∆Ut,j = ∆Ut,j−1+dUt,j−1 # update incremental displacement step with iterative step
Ut,j = Ut,j−1 + dUt,j−1 # update displacement with iterative step
∆λt,j = ∆λt,j−1+dλt,j−1 # update incremental load factor step with iterative step
λt,j = λt,j−1 + dλt,j−1 # update load factor with iterative step

calculate F int
t,j (Ut,j) # internal forces at new force-displacement point

F ext
t,j = λt,j · F # external load at new force-displacement point

Rt,j = F ext
t,j − F int

t,j # residual loads at new force-displacement point

err = ∥Rt,j∥ # magnitude of the residual load

∆Ut = ∆Ut,j # save incremental displacement step for dλ calculation
∆λt = ∆λt,j # save incremental load factor step for dλ calculation



The bar-and-hinge model and arc-length method are used to calculate the equilibrium paths of origami designs.
First, the flat design (figure 12a) is compressed such that it gets its pre-folded Miura-ori structure (figure 12b).
After this initial folding, new loads are applied that fold the design into its target configuration (figure 12c),
which can be judged on its closeness to the target surface, illustrated here by a saddle.

(a) An initial design with the fold
and bend lines marked in blue

(b) A design that has undergone initial
folding towards a Miura-ori structure

(c) A design that has been folded
to the target surface (loads in red)

Figure 12: Three stages in the analysis of a design

There are examples of analyses that display the capabilities of the bar-and-hinge model and arc-length method
in appendix A.10.

2.2.2 Objective function

From the bar-and-hinge model and the method for discovering the equilibrium path, we now move to defining
a measure of “quality” of a design. For the purpose of shape-matching, we consider one side of the deformed
origami surface and change the design such that that surface is as close as possible to our target surface, which
is the same as was done in the rigid origami part of the method. The non-zero Gaussian curvature shape that
is a saddle will be used as an example here, but the results will also include a dome and an arch. Now, as we
have seen, a saddle can be defined as

z =
(x
a

)2
−
(y
b

)2
(17)

with parameters a and b giving the magnitude of the curvature.

We define the bottom side of the origami (figure 13) as the side that must be as close as possible to this
mathematical saddle. In other words, we want to minimize the maximum distance between the bottom of the
origami and the saddle; the maximum distance is defined as

dmax = max

(∥∥∥∥(xi

a

)2
−
(yi
b

)2
− zi

∥∥∥∥) ∀ i ∈ Ib (18)

where Ib is the set that contains the indices of the bottom nodes. This distance function is not smooth and, as
we will see in the results section, smooth functions can perform better in the optimization process than non-
smooth functions. We will thus smoothen this function with the so-called p-norm [49] and define the objective
function as

f =

(
N−1∑
i=0

∥∥∥∥(xi

a

)2
−
(yi
b

)2
− zi

∥∥∥∥p
) 1

p

(19)

where N is the number of nodes in the bottom of the origami, and p is a free parameter, which we will
experiment with to find the best-performing value. The smooth equation 19 approximates the non-smooth
equation 18 better as p → ∞. But minimizing the objective function with lower p’s will also minimize the
function that we actually want to minimize, which is dmax, and “push” the bottom nodes closer and closer to
the saddle, achieving our goal of making an origami design match a target surface.
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Figure 13: The nodes that are part of the “bottom” of the origami are marked green.

A folded origami design can be misaligned and misplaced such that it does not conform to the target surface,
even if it matches the surface very well (figure 14a). This rigid body motion difference must be filtered out for
the objective function to be effective in calculating the quality of a design. This filter will consist of three steps:
a rigid body translation to center the design on the origin, a rigid body rotation to give the design the correct
orientation, and finally another translation to make the bottom of the design touch the target surface, resulting
in a well-placed design such as in figure 14b.

(a) A misplaced design (b) A well-placed design

Figure 14: A design before and after filtering out the rigid body motion

The target shape’s middle point should be located on the origin—this is beneficial because it maintains sym-
metry. We can then start by also centering the origami onto the origin. The origami design is simply a set
of nodes, connected by lines to form panels. We calculate the center of mass of this set of nodes by taking
their average position, and subsequently subtract the center of mass’ position from all nodes, which results in a
design that is centered onto the origin. This method will not work for all origami structures and target surfaces,
but it will in this Miura-ori case that targets a saddle, dome, or arch surface. For a continuum approach to the
calculation of the center of mass, see appendix A.6.

With the origami centered onto the origin, we will change its orientation such that it aligns with the target
shape. We do this by applying a rotation matrix to its nodes. To calculate this rotation matrix, we start with
the symmetric pseudo-inertia tensor I, adapted from Vallery and Schwab [50]:

I =

 Ixx Ixy Ixz
Iyx Iyy Iyz
Izx Izy Izz

 =

Nnodes−1∑
i=0

 y2i + z2i −xi · yi −xi · zi
−yi · xi x2

i + z2i −yi · zi
−zi · xi −zi · yi x2

i + y2i

 (20)

It is a pseudo-inertia tensor because it does not calculate the actual inertia of the origami design. Instead, it
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calculates the inertia tensor of the set of nodes in the bar-and-hinge model, assigning them all a unit mass.
Since we are using this pseudo-inertia tensor only for geometric orientation, this approach is sufficient and we
will simply call it the inertia tensor. For a continuum approach to the calculation of the inertia tensor, see
appendix A.7.

From the inertia tensor, we calculate the principle axes of inertia by means of the following eigenvalue problem:
Iv = λv, where v is a principle axis and λ is a principle moment of inertia. With our three-dimensional design,
there are three eigenvector solutions to this equation: v0, v1, and v2. And by using the previously laid out rigid
origami method for the initial design, the design’s orientation is already close to that of the target surface (see
appendix A.8 for a more robust method that is to be used when this is not the case). That allows us to easily
order the principle axes such that the first one aligns most with the x-axis, the second one with the y-axis, and

the third one with the z-axis. As an example, axes v0 =

0.1500.966
0.211

, v1 =

−0.274
−0.164
0.948

, and v2 =

 0.950
−0.200
0.240

 will be

ordered as v2, v0, v1. The rotation matrix that we were looking for is then constructed as R =
[
v2 v0 v1

]⊤.
We apply this rotational transformation to all of the nodes’ displaced positions and obtain a design that is
aligned with the target surface. If any principle axis points in the negative direction, it needs to be flipped
during the construction of R, otherwise unwanted reflections occur.

The objective function measures how close the bottom side of the origami is to the target surface. The final
step in filtering out rigid body motions is thus to translate this bottom towards the target shape. Because the
middle point of all target surfaces discussed is at (0, 0, 0), we can take the middle of the bottom of the origami
and translate that towards the origin. The most appropriate translation is generated when we define the middle
by taking the average position of the three nodes in the center of the middle row.

During the optimization, some final rigid body motion parameters are optimized to further filter out rigid body
motion differences between the folded design and the target surface. These parameters are: the rotation around
the x-axis, the translation in y-direction, and the translation in z-direction.

2.2.3 Optimization algorithm

We consider a 4-by-4 Miura-ori unit cell origami design, as depicted in figure 13. During optimization, we
approach an optimized design by determining design variables that minimize our objective function. We begin
by listing the design variables:

• end points of the fold lines in the flat sheet of material;
• pitch (rotation around the x-axis);
• translation in y-direction;
• translation in z-direction;

We have been referring to the end points of the fold lines simply as nodes. The design’s symmetry can be
used to our advantage and allows us to only turn a little bit more than half of the design’s nodes into design
variables. To come to a full model, we simply reflect the coordinates over the yz-plane. These coordinates are
the largest set of design variables, so this reduces the design space by a factor of almost two. In the case of the
4-by-4 Miura-ori design, this creates a total of 2 · 36 + 9 + 3 = 84 design variables, where the 2 · 36 comes from
the x- and y-coordinates of the nodes to the left of the symmetry line, the 9 comes from the y-coordinates of
the nodes on the symmetry line (the middle column), and the final three design variables are for filtering out
the final rigid body motions that misplace the origami with respect to the target surface.

The general form of any optimization cycle looks like figure 15, where x is the vector of design variables, f is
the objective function, g is the vector of inequality constraints, and h is the vector of equality constraints. In
our case, there are no constraints (except for bounds on the design variables) and the model does not calculate
any derivatives. The design variables are continuous, as opposed to discrete, and we have a single objective
function that is nonlinear and non-convex. The model in our case is the combination of the N5B8 bar-and-hinge
model, the arc-length method and the rigid body motion filter. Regarding the optimization algorithm, there is
a wide range of algorithms available in engineering optimization. 2nd-order methods use the objective function’s
value, as well as its first and second derivatives to determine a new set of design variables. When derivatives
are difficult to compute, one can choose to compute them numerically using a finite difference scheme, but this

21



is normally slower than an analytical expression. Taking one step down, 1st-order methods use the objective
function’s value and only its first derivative. Finally, in 0th-order methods no derivatives are used at all and only
the objective function’s value is used. In appendix A.15, an attempt at using a 1st-order method is discussed,
but the optimizer that was ultimately selected is the 0th-order Nelder-Mead simplex method [51].

minimize f(x)

subject to g(x) ≤ 0
  h(x) = 0

model

optimizer

design
variables

responses:
f, g, h

derivatives of 
responses = 
design sensitivities:

∂f/dx, ∂g/dx, ∂h/dx

Figure 15: General depiction of an optimization cycle

The Nelder-Mead simplex method, as the name implies, uses a simplex to search the design space and find the
minimum of the objective function. A simplex is a shape that consists of n+ 1 vertices, where n is the number
of dimensions of the function’s argument; this simplex still exists in the n-dimensional space. In the case of an
objective function that takes two design variables, n = 2, the simplex is a triangle that lives on a plane, which
is the example by which the method will be explained here. Figure 16 shows a diagram of the Nelder-Mead
method. We start in the top-left corner of the diagram, where the simplex is formed around the initial design,
and the designs u, v, and w are named such that f(u) < f(v) < f(w). The worst design w is “reflected”
through the middle point between u and v to reach r. The objective function at r is then evaluated and based
on that result, one of three directions is taken. If r performs better than v, but not better than u, we take
r as the third point that, together with u and v, forms the simplex for the next iteration, marked in green.
That was the leftmost option in the diagram. Conversely, if r outperforms both v and u, we take the middle
route. Because the direction of the reflected point gave a better design, the reflected point is extended and a
new point, e, is generated. If f(e) is lower than f(r), e will be the third vertex of the new simplex; otherwise, r
will simply take that place. In the unfortunate event that r does not outperform u or v, the rightmost route is
taken. There, the vector from w to r is contracted to a quarter and three quarters of its length to form designs
ci and co, respectively. If one or both of those designs outperform v, the best of ci and co is chosen as part of
the next simplex. Finally, if ci and co do not outperform v, we move to the last option and shrink the simplex
towards the best vertex (u).
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x0

Figure 16: Diagram of the Nelder-Mead simplex method

The iterative transformation of the simplex continues until a termination condition is reached, which itself
consists of two sub-conditions. Firstly, the difference between the final objective function value and all previous
objective function values must be smaller than ftol. Secondly, the difference between any design variable in the
final design and the value of the same design variable in all previous designs must be smaller than xtol. The
magnitudes of ftol and xtol are both 10−5. When these conditions are met, the algorithm stops and outputs
the best discovered design. At that point, we say the algorithm has converged, which does not mean that it has
found the global minimum of the objective function, since it could have found a local minimum.

As previously discussed, the number of design variables for a 4-by-4 Miura-ori unit cell design is 84, which
means the simplex will have 85 nodes, and all nodes will exist in an 84-dimensional space.
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3. Results

We start with the results for the first part of the method, which uses rigid origami. Figure 17 shows the rigid
origami design as it is placed onto the target saddle shape, and its process of optimization towards a foldable
design. Figure 17b is the same as figure 3f. Further, the course of the objective function (equation 1) and
constraints (equations 2 and 4) are displayed in figure 18. Finally, figure 19 shows the flat origami pattern that
can rigidly fold into the target shape. In this section, only the results for the saddle target shape are included;
the results for the dome and arch target shapes are given in appendix A.9.

(a) Target shape
(b) Design made by placing Miura-ori-like unit cells (not
foldable)

(c) Intermediate design during optimization (d) Optimized design which is foldable

Figure 17: Sequence of steps for optimizing a rigid origami design such that it is foldable
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Figure 19: Flattened pattern of the optimized design

The optimization of a single rigid origami design with the “trust-constr” algorithm from SciPy’s optimize.minimize
library was terminated after 50 iterations, equivalent to around 30 seconds. The initial design has a perfect
objective function value but is not foldable. As seen in figure 18, for the first few iterations, the objective
function value increases as the optimizer greatly reduces the constraint violations. This Byrd-Omojokun trust-
region SQP method then quickly drives the objective function down to close to its final value while continually
reducing the constraint violations, to the point where the constraint violation is approximately one millionth of
the original value.

We now move to the non-rigid origami shape matching results, where we use the rigid origami results as initial
designs. In figure 20, we compare the performance of the optimization under different values for the parameter p.
This comparison was only done for the saddle target shape case. This figure does not show the actual objective
function values (which is the smoothened maximum distance; for that, see appendix A.14), but instead it shows
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the function we are truly interested in, which is the real maximum distance. If we simply use the maximum
distance as the objective function, the optimization reaches a maximum distance of 0.0288m after almost seven
thousand iterations. But if we instead use the smooth maximum distance as the objective function, it reaches
lower values for the real maximum distance as well. In this case (the saddle case), p = 3 and p = 5 outperform
the “no smoothing” strategy, while p = 1, p = 2, and p = 4 do not. We can see that p = 3 performs best, so
that is the value that was used for the remaining optimizations as well.
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Figure 20: Maximum distance function for a non-smoothened objective function and for smoothened objective
functions with different values of p
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Saddle

Figure 21a presents the development of the objective function and the maximum distance during the optimization
cycle of the saddle origami. We are most interested in the maximum distance, which starts at 0.0495m and
finishes at 0.0243m. The maximum distance between the folded origami and its target shape has thus more
than halved. For perspective: the size of the flat origami designs is around 800mm by 800mm, also for the
dome and arch shapes. Looking at how the flat origami design has evolved in figure 21c, we see that most nodes
have stayed close to their original position, but there are also relatively large changes to the design, mostly on
the outer nodes.
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(a) (Smooth) maximum distance over the
optimization iterations (b) Folded saddle on the target surface

(c) Flat origami design; initial design in green,
final design in black

Figure 21: Non-rigid shape matching results for the saddle

Watch the animation here: https://www.youtube.com/watch?v=o-_GPq-biL0
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Figure 22 shows the mechanical simulation results of a Miura-ori sheet folding into a saddle shape. To the
left are the physical configurations and deformed states of the origami, with the constrained nodes in green
(note that not necessarily all three components are constrained), the forces in red, and the relevant DOF for
measuring displacement in yellow. On the right, the figure depicts the development of the load factor over the
arc-length increments, and the force-displacement curve.

(a) Initial state of the origami

(b) Intermediate state of the origami

(c) Final state of the origami
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(d) Load factor over the increments of the arc-length method
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(e) Force-displacement graph

Figure 22: Mechanical simulation of a compressed Miura-ori sheet folding into a saddle shape

Watch the animation here: https://www.youtube.com/watch?v=6auzJVA97uI
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Dome

Figure 23 presents the results for the non-rigid shape-matching towards a dome shape. The origami targeting
the dome shows a reduction in the maximum distance from 0.0719m to 0.0271m. And the design has again
changed mostly on the outer nodes of the origami, with greater differences with respect to the initial design
than we saw for the saddle shape. It also took many more iterations for the optimization algorithm to converge
and terminate: 13277 for the dome case as opposed to 2031 for the saddle case.
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(c) Flat origami design; initial design in green,
final design in black

Figure 23: Non-rigid shape matching results for the dome

Watch the animation here: https://www.youtube.com/watch?v=xmVy3zccJeE
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Figure 24 shows the mechanical simulation results of a Miura-ori sheet folding into a dome shape.

(a) Initial state of the origami

(b) Intermediate state of the origami

(c) Final state of the origami
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Figure 24: Results of the mechanical simulation of a compressed Miura-ori sheet folding into a dome shape

Watch the animation here: https://www.youtube.com/watch?v=dlpCePKIHqs
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Arch

Finally, figure 25 presents the results for the non-rigid shape-matching towards an arch shape. The optimization
shows similar behaviour to the saddle and dome shapes, with the maximum distance starting at 0.0936m and
finishing at 0.0360m. The changes in this design are concentrated in just a few nodes, but the maximum
distance was still reduced by a factor of 2.6 in 2226 iterations.
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Figure 25: Non-rigid shape matching results for the arch

Watch the animation here: https://www.youtube.com/watch?v=QYko74TE6Uc
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Figure 26 shows the mechanical simulation results of a Miura-ori sheet folding into an arch shape.

(a) Initial state of the origami

(b) Intermediate state of the origami

(c) Final state of the origami
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Figure 26: Results of the mechanical simulation of a compressed Miura-ori sheet folding into an arch shape

Watch the animation here: https://www.youtube.com/watch?v=rvjcen-PpNk
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4. Discussion and conclusion

In this thesis we have introduced a two-step methodology for origami shape matching, where the first step uses
rigid origami and creates an initial design for the second step which uses non-rigid origami.

The results for the rigid origami shape matching process are satisfactory: the origami designs can rigidly fold
into a shape with its bottom touching the target shape. This process was proven to be successful for at least
the saddle, dome, and arch shapes.

While attempting to produce designs with larger curvatures, a problem arose. During the optimization towards
a foldable design, some of the quadrilateral facets would transform into unphysical shapes. Normally, all
quadrilaterals in the Miura-ori origami are convex, but they were transformed into concave and even complex
quadrilaterals during this process (figure 27). Those shapes do not fit within the Miura-ori pattern and must thus
be avoided. Some mitigation techniques were tested but these could not prevent the unwanted transformations,
so we limited the procedure to shapes with moderate curvature to avoid this problem.

convex concave complex

Figure 27: A convex, a concave, and a complex quadrilateral

Compared to the paper by Dudte et al. [39], this work is more limited in the types of shapes that are possible
to create with the rigid origami approach. Where the scope in this work is limited to shapes that can be
parametrized by a function of the form z = f(x, y), Dudte et al.’s results present differently parametrized
shapes such as a sphere and a curved vase. Their results also show origami designs with many more Miura-ori
unit cells than those presented here, but that is also possible with the method in this work, as illustrated in
appendix A.13.

Now we will discuss the bar-and-hinge model and the arc-length path-following technique. The results show
that this model is successful in simulating the mechanics of a compressed Miura-ori sheet folding into a saddle,
dome, or arch shape, with results for the “bump”, “curl” and the unfolding or compression of a Miura-ori sheet
in appendix A.10. The force-displacement graphs show smooth and nonlinear behaviour.

This work’s results are very close to the results obtained from the MERLIN2 method. In fact, they are identical
(to machine precision) when the originally implemented MERLIN2 arc-length method is used. As discussed
in the methods section, the path-following method in this work was rewritten and improved by removing a
linearization. It proved to be more robust and able to simulate the folding of Miura-ori sheets into the saddle,
dome, and arch shapes. Even with this improved arc-length method, the path-following technique still has a
major shortcoming: it is sensitive to the initial load factor. Depending on the initial load factor, the model will
choose different equilibrium paths. And for certain initial load factors, the method will not converge at all, also
for small load factors. It is thus required to experiment with this initial load factor until a desired and realistic
result emerges.

One other interesting observation was that with the changes in the design during the non-rigid origami opti-
mization cycle, the path-following procedure could act radically differently: on multiple occasions there was a
design of which the first incremental point in its equilibrium path could readily be computed in a few iterations,
but when this design was altered, it took multiple reductions in the initial load factor step for the equilibrium
equations to converge. The cause of this behaviour is not known, other than that the implemented arc-length
method is sensitive to the initial load factor. The final achieved equilibrium path of these two similar designs
would nonetheless also be similar.

The non-rigid origami model was checked for frame-invariance. This check was performed by rotating and
translating the problem, then calculating the displacements, and finally rotating and translating the resultant
displaced nodal positions back with the inverse transformation. These positions were compared to the results
of a problem that was never transformed and were found to be equal.
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With this project, the accessibility and openness of the N5B8 bar-and-hinge model was improved. It is now
available in the free and open-source Python programming language as part of the crease-machine project
available on GitLab. The URL to this repository can be found in appendix A.1.

Finally, we will discuss the shape matching results of the second part of the method, which use non-rigid origami.
The origami designs are subjected to loads, which causes them to deform towards their target surfaces. The
magnitudes of these loads have been chosen intuitively and are not optimized; the interested reader can find
the loads in the source code.

By comparing different values for the smoothing parameter p in the p-norm within the objective function, we
find that p = 3 gives the best results out of {1, 2, 3, 4, 5} for at least the saddle shape. It should still be
investigated whether this value is optimal for other shapes too, and experiments with higher values for p would
give a broader insight into the effect of the parameter. When inserting the final design, which was computed
with p = 3, into smooth maximum distance objective functions with other values for p, we see that this design
outperforms the optimized design that was directly obtained from an optimization with this other value for
p. This proves that the optimization process can converge to a local minimum, which can be expected of the
Nelder-Mead simplex method, because once it starts to approach a local minimum in a convex part of the design
space, the simplex will reflect, contract, shrink, and ultimately converge to that local minimum.

It is interesting that the lines in figure 20 are not monotonically decreasing, because this shows that if we use
smooth maximum distance functions, the optimizer sometimes changes the design such that the distance to the
target shape of one or multiple nodes decreases at the cost of increasing the distance to the target shape of a
different node (the furthest away node). That strategy leads to more possibilities to traverse the design space
and apparently performs better than directly minimizing the maximum distance.

The method is expected to work for many shapes that can be defined by z = f(x, y) and have limited curvature,
but we will now look at the shape matching results for the three investigated shapes: the saddle, dome, and
arch. The saddle and arch optimizations took around 16 hours to complete, and the dome optimization took
around 40 hours because of its slow convergence, all on a laptop computer with an Intel Core i7-8750H CPU
with six cores at 2.2GHz. The most computational time is spent on the matrix operations while building the
bar-and-hinge model’s stiffness matrix. The changes in the origami design are mostly concentrated on the outer
nodes, except for the design that approximates the arch shape, in which case the design’s changes are almost
exclusively concentrated in four out of the eighty-one nodes. And in all cases, the maximum distance from the
origami to the target surface was less than half of what it was at the start of the optimization.

This work has successfully demonstrated a novel two-step approach for Miura-ori origami shape matching, with
the resultant maximum distances to the target surfaces between 24mm and 36mm on origami designs that
are approximately 800mm by 800mm in size. We have seen that by including non-rigid origami techniques,
in addition to rigid origami techniques, the performances of the designs are improved. With that, Miura-ori
tessellations have reached new possibilities and can be more effectively used to design various technologies, such
as deployable tents, packaging, and solar panel arrays. Applications that are more sensitive to small deviations,
such as deformable mirrors for laser communication, require better accuracy than the presented method can
give at this moment.

Recommendations for researchers that would like to continue with this or similar work are:

• We are already taking advantage of the symmetry by using design variables for only half of the design.
Another way to take advantage of symmetric structures is to simulate the mechanics of only half of the
structure—you would need to set the proper boundary conditions in the bar-and-hinge model. This would
almost halve the number of DOFs for large structures with many Miura-ori unit cells and greatly reduce
the computational cost.

• Currently, the design variables are the locations of the nodes; it might be beneficial to instead use the de-
viations in the locations of the nodes with respect to their initial locations. By doing that, the magnitudes
of the design variables are no longer explicitly influenced by their proximity to the origin. Nodes near
the origin would no longer result in design variables that are much smaller than the design variables that
come from nodes that are further away. The initial design vector would contain only zeroes. Preliminary
tests with this strategy, combined with Nelder-Mead, did not improve the results, but combined with a
different optimizer, it did improve the results, see appendix A.15.

• Using a gradient-based optimizer could reduce the computational resources and improve the final design.
Some preliminary results, using SQP with BFGS updates, are shown in appendix A.15. Other gradient-
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based optimizers are also possible and they may be more successful in avoiding local minima.
• Exploring the effects of using other materials within this framework could give new insights. This research

was conducted with paper material only, but the mechanical simulation should be capable of producing
accurate results for more conventional engineering materials like steel or aluminium.

• The development of this method should be governed by performance criteria that are derived from the
specific application, thereby giving it direction and the potential to contribute to positive technological
innovation.
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A. Appendix

A.1 URL to the project’s source code

https://gitlab.com/niels_b/crease-machine

MERLIN2 is programmed in Matlab, a non-free and closed-source programming language. Contrarily, the
Python programming language is well aligned with the open philosophy of the scientific community, as it is
free to inspect, use, and modify—it is open-source. This means that anyone can run Python programs and see
what is happening “behind the scenes”. That is why I chose to translate the powerful MERLIN2 software into
Python.

A.2 Miura-ori-like unit cell merging procedure

Here, the merging of the separate Miura-ori-like unit cells that are placed on the target surface is explained in
more detail. We loop over all of the design’s nodes, determine where they fit in the pattern and derive their
coordinates from the existing Miura-ori-like unit cells. Figure 28 shows from which nodes of which Miura-ori-like
unit cells the nodes will inherit their positions. Figure 29 shows how the terminology of ith node, strip, column,
row, etc. are defined.

Is the column 
even or odd?

What type 
of column?

even

Is the row 
even or odd?

odd

Is the row 
even or odd?

Is the row 
even or odd?

Is the row 
even or odd?

leftmost interior rightmost

What type 
of row?

Node is ith in the 
column. Get the west 
node of the (i//2)th Miura 
unit in leftmost strip.

even

odd

Get the northwest 
node of the top 
Miura unit in 
leftmost strip.

Node is ith in the 
column. Get the 
northwest node of 
the (i//2 – 1)th 

Miura unit in the 
leftmost strip.

Get the southwest 
node of the 
bottom Miura unit 
in leftmost strip.

top interior bottom

What type 
of row?

Node is ith in the 
column. Get average 
of east node of the 
(i//2)th Miura unit in 
strip to the left and 
west node of the 
(i//2)th Miura unit in 
strip to the right.

odd

even

Get 
northeast 
node of top 
Miura unit in 
strip to the 
left.

Get 
southeast 
node of 
bottom 
Miura unit in 
strip to the 
left.

Node is ith in the 
column. Get 
northeast node 
of (i//2 – 1)th 

Miura unit in 
strip to the left.

top interior bottom

What type 
of row?

Node is ith in the 
column. Get east 
node of (i//2)th 
Miura unit in 
rightmost strip.

even

odd

Get northeast 
node of top 
Miura in 
rightmost 
strip.

Node is ith in the 
column. Get 
northeast node 
of (i//2 – 1)th 

Miura unit in 
rightmost strip.

Get southeast 
node of bottom 
Miura unit in 
rightmost strip.

top interior bottom

Node is ith in the 
column. Get 
middle node of 
(i//2)th node in strip.

What type 
of row?

even

odd

Get north 
node of top 
Miura unit in 
strip.

Get south 
node of 
bottom 
Miura unit 
in strip.

Node is ith in the 
column. Get 
average of 
north node of 
(i//2 – 1)th node 
in strip and 
south node of 
(i//2)th node in 
strip. 

top interior bottom

Figure 28: Detailed view of how a node’s coordinates are derived
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Figure 29: Explanation of terminology for merging

A.3 Sensitivities in the rigid part

The formula for the objective function was f =
∑Nedges

i=1
1

2Li
0

(
Li − Li

0

)2. Its sensitivity takes the form:


∂f
∂d0
∂f
∂d1

.

.
∂f

∂dn−1

,

where d0 is the zeroth design variable. The number of design variables here is n. The derivative of f to dk is

∂f
∂dk

=
∂
∑Nedges

i=1
1

2Li
0
(Li−Li

0)
2

∂dk
. Only edges that actually connect to the node with dk have a contribution to the

derivative; we need to filter for that during the calculation. Looking at a single edge: ∂fi
∂dk

=
∂ 1

2Li
0
(Li−Li

0)
2

∂dk
=

1
2Li

0
∗ 2
(
Li − Li

0

)
∗ ∂Li

∂dk
=
(

Li

Li
0
− 1
)
∗ ∂Li

∂dk
with ∂Li

∂dk
= 1

2
√

(xL−xR)2+(yL−yR)2+(zL−zR)2
∗ 2 (xL − xR) ∗ 1 = xL−xR

L

in the case that dk corresponds to an x-coordinate. If it corresponds to a y- or z-coordinate, the symbol in the
previous numerator must also be y or z. If dk is a coordinate of the node of the edge that is defined as ‘right’,
there is an extra factor of −1 in the equation. All contributions of connected edges must be summed to give
the value for ∂f

∂dk
.

The sensitivities of the constraints are more involved. They take the shape jac =


∂g0
∂d0

∂g0
∂d1

... ∂g0
∂dn−1

∂g1
∂d0

∂g1
∂d1

... ...

... ... ... ...
∂gm−1

∂d0
... ... ∂gm−1

∂dn−1


where m is the number of constraints and n is the number of design variables. There are two types of constraints:
the foldability and planarity constraints.

First, we’ll treat the foldability constraints, of which a single one could be expressed as gfold,i = 2π −∑3
j=0

̸
(
pnj − pi,pnj+1

− pi

)
= 0 with ̸ (v,w) = 2 atan2 (∥v ×w∥ , ∥v∥ ∥w∥+ v ·w). When calculating

the derivative of constraint gi to design variable dk, we must first check whether dk is in the equation for that
specific gi. If it’s not, we can put a 0 in the position (i, k) in the sensitivity matrix. But if dk is in the equation
for gi, we must calculate the sensitivity. atan2(x, y) is actually the same as arctan

(
x
y

)
up to a constant for
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non-zero x and y. The derivative of atan2(x, y) is therefore the same as the derivative of arctan
(

x
y

)
for non-zero

inputs—this derivative is 1

1+( x
y )

2 . Filling in the values for x and y and applying the chain rule, we get

∂atan2 (∥v ×w∥ , ∥v∥ ∥w∥+ v ·w)

∂dk
=

1

1 +
(

∥v×w∥
∥v∥∥w∥+v·w

)2 ∗ (∥v∥ ∥w∥+ v ·w) ∂∥v×w∥
∂dk

− ∥v ×w∥ ∂(∥v∥∥w∥+v·w)
∂dk

(∥v∥ ∥w∥+ v ·w)
2

(21)
Two terms in this equation still need to be expressed: ∂∥v×w∥

∂dk
and ∂(∥v∥∥w∥+v·w)

∂dk
, they are shown in equations

22 and 23, respectively. The expressions will be different, depending on whether dk is in pi, pnj , or pnj+1
and

whether it is an x-, y-, or z-coordinate. That is why there are multiple possibilities given in the equations,
the remainder of equations can be inferred from the stated equations and can be automatically generated in
computer code. The variable xi is the x-coordinate of node pi, znj+1

is the z-coordinate of pnj+1
, etc.

∂ ∥v ×w∥
∂xi

=
((znj − zi)(xnj+1 − xi)− (znj+1 − zi)(xnj − xi)) ∗ (−(znj − zi) + (znj+1 − zi))

∥v ×w∥

+
((xnj − xi)(ynj+1 − yi)− (xnj+1 − xi)(ynj − yi)) ∗ (−(ynj+1 − yi) + (ynj − yi))

∥v ×w∥
∂ ∥v ×w∥

∂yi
=
((ynj

− yi)(znj+1
− zi)− (ynj+1

− yi)(znj
− zi)) ∗ (−(znj+1

− zi) + (znj
− zi))

∥v ×w∥

+
((xnj

− xi)(ynj+1
− yi)− (xnj+1

− xi)(ynj
− yi)) ∗ (−(xnj

− xi) + (xnj+1
− xi))

∥v ×w∥
∂ ∥v ×w∥

∂xnj

=
((znj

− zi)(xnj+1
− xi)− (znj+1

− zi)(xnj
− xi)) ∗ −(znj+1

− zi)

∥v ×w∥

+
((xnj

− xi)(ynj+1
− yi)− (xnj+1

− xi)(ynj
− yi)) ∗ (ynj+1

− yi)

∥v ×w∥
∂ ∥v ×w∥

∂ynj

=
((ynj

− yi)(znj+1
− zi)− (ynj+1

− yi)(znj
− zi)) ∗ (znj+1

− zi)

∥v ×w∥

+
((xnj

− xi)(ynj+1
− yi)− (xnj+1

− xi)(ynj
− yi)) ∗ −(xnj+1

− xi)

∥v ×w∥
∂ ∥v ×w∥
∂xnj+1

=
((znj

− zi)(xnj+1
− xi)− (znj+1

− zi)(xnj
− xi)) ∗ (znj

− zi)

∥v ×w∥

+
((xnj

− xi)(ynj+1
− yi)− (xnj+1

− xi)(ynj
− yi)) ∗ (ynj

− yi)

∥v ×w∥

(22)

∂ ∥v∥ ∥w∥+ v ·w
∂xi

= −
(
xnj

− xi

)(∥w∥
∥v∥

+ 1

)
−
(
xnj+1

− xi

)( ∥v∥
∥w∥

+ 1

)
∂ ∥v∥ ∥w∥+ v ·w

∂xnj

=
(
xnj

− xi

) ∥w∥
∥v∥

+
(
xnj+1

− xi

)
∂ ∥v∥ ∥w∥+ v ·w

∂xnj+1

=
(
xnj+1

− xi

) ∥v∥
∥w∥

+
(
xnj

− xi

)
(23)

The individual derivatives ∂atan2(∥v×w∥,∥v∥∥w∥+v·w)
∂dk

need to be multiplied with 2 and summed over j = 0, 1, 2, 3
according to the formula for the foldability constraint to get the correct value for the sensitivity.

Now for the planarity constraints, we have seen that gplanar,i = ((pb − pa)× (pc − pa)) · (pd − pa) = 0. Again,
for every design variable dk we must first check if it plays a part in the specific constraint, i.e. is it one of the
corner nodes of the panel? Then we must take the derivative of gplanar,i, which can be rewritten to equation
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24.

gplanar,i = xdybzc − xdybza − xdyazc − xaybzc − xdyczb

+xdycza + xdyazb + xayczb + xcydzb − xcydza

−xcyazb − xaydzb − xbydzc + xbydza + xbyazc

+xaydzc + xbyczd − xbycza − xbyazd − xayczd

−xcybzd + xcybza + xcyazd + xaybzd

(24)

In this form, it is easy to take the derivative of the constraint. An example of a sensitivity for the case that
dk = yc is

∂gplanar,i
∂yc

= −xdzb + xdza + xazb + xbzd − xbza − xazd (25)

Other cases are easy to derive and can be automatically generated with computer code.

The sensitivities for the objective function, foldability constraints, and planarity constraints were all verified
with finite difference calculations.

A.4 Entries in the Jacobian and Hessian of the dihedral angle in a bend or fold

During the calculation of the hinge stiffness matrix in the bar-and-hinge model, we require the Jacobian and
Hessian of the dihedral angle θ with respect to coordinates of nodes i, j, k, and l, see figure 30. Here we will
explicitly express the entries in the Jacobian and Hessian, all from Liu and Paulino’s work [25]. First we define
the vector rab to be the vector from node b to node a, thus rab = xa − xb, where a and b are placeholders
for the nodes i, j, k, and l. We also define two normal vectors to the facets, not necessarily of unit length:
m = rij × rkj and n = rkj × rkl.

i

j

k

l

θ

m

n

Figure 30: A hinge and the relevant nodes and vectors for calculating stiffness

The entries in the Jacobian dθ
dxh =


∂θ
∂xi
∂θ
∂xj
∂θ
∂xk
∂θ

∂xlj

 are expressed as.
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∂θ

∂xi
=

∥rkj∥
∥m∥2

m

∂θ

∂xl
=

∥rkj∥
∥n∥2

n

∂θ

∂xj
=

(
rij · rkj
∥rkj∥2

− 1

)
∂θ

∂xi
− rkl · rkj

∥rkj∥2
∂θ

∂xl

∂θ

∂xk
=

(
rkl · rkj
∥rkj∥2

− 1

)
∂θ

∂xl
− rij · rkj

∥rkj∥2
∂θ

∂xi

(26)

There are ten independent 3×3 submatrices in the symmetric Hessian d2θ
(dxh)2

=


∂2θ
∂x2

i

∂2θ
∂xi∂xj

∂2θ
∂xi∂xk

∂2θ
∂xi∂xl

∂2θ
∂xj∂xi

∂2θ
∂x2

j

∂2θ
∂xj∂xk

∂2θ
∂xj∂xl

∂2θ
∂xk∂xi

∂2θ
∂xkxj

∂2θ
∂x2

k

∂2θ
∂xk∂xl

∂2θ
∂xl∂xi

∂2θ
∂xlxj

∂2θ
∂xlxk

∂2θ
∂x2

l

.

To be somewhat concise, we define A, B, and their derivatives:

A =
rij · rkj
∥rkj∥2

B =
rkl · rkj
∥rkj∥2

∂A

∂xj
=

1

∥rkj∥2
((2A− 1)rkj − rij)

∂B

∂xj
=

1

∥rkj∥2
(2Brkj − rkl)

∂A

∂xk
=

1

∥rkj∥2
(−2Arkj + rij)

∂B

∂xk
=

1

∥rkj∥2
((1− 2B)rkj + rkl)

(27)

And just as Liu and Paulino, we define the operator ⋄

a ⋄ b := a⊗ b+ b⊗ a ∀ a, b ∈ IR3 (28)

We can now express the ten independent submatrices of the Hessian:
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∂2θ

∂x2
i

= − ∥rkj∥
∥m∥4

(m ⋄ (rkj ×m))

∂2θ

∂xi∂xj
=

m⊗ rkj

∥m∥2 ∥rkj∥
+

∥rkj∥
∥m∥4

(m ⋄ ((rkj − rij)×m))

∂2θ

∂xi∂xk
=

m⊗ rkj

∥m∥2 ∥rkj∥
+

∥rkj∥
∥m∥4

(m ⋄ (rij ×m))

∂2θ

∂xi∂xl
= 03×3

∂2θ

∂xj∂xl
=

rkj ⊗ n

∥rkj∥ ∥n∥2
− ∥rkj∥

∥n∥4
(n ⋄ (rkl × n))

∂2θ

∂xk∂xl
=

rkj ⊗ n

∥rkj∥ ∥n∥2
− ∥rkj∥

∥n∥4
(n ⋄ ((rkj − rkl)× n))

∂2θ

∂x2
j

=
∂θ

∂xi
⊗ ∂A

∂xj
+ (A− 1)

∂2θ

∂xi∂xj
−

(
∂θ

∂xl
⊗ ∂B

∂xj
+B

(
∂2θ

∂xj∂xl

)⊤)
∂2θ

∂xj∂xk
=

∂θ

∂xi
⊗ ∂A

∂xk
+ (A− 1)

∂2θ

∂xi∂xk
−

(
∂θ

∂xl
⊗ ∂B

∂xk
+B

(
∂2θ

∂xk∂xl

)⊤)
∂2θ

∂x2
k

=
∂θ

∂xl
⊗ ∂B

∂xk
+ (B − 1)

(
∂2θ

∂xk∂xl

)⊤

−
(

∂θ

∂xi
⊗ ∂A

∂xk
+A

∂2θ

∂xi∂xk

)
∂2θ

∂x2
l

=
∥rkj∥
∥n∥4

(n ⋄ (rkj × n))

(29)

The other six 3× 3 blocks are found by:

∂2θ

∂xj∂xi
=

(
∂2θ

∂xi∂xj

)⊤

∂2θ

∂xk∂xl
=

(
∂2θ

∂xl∂xk

)⊤

∂2θ

∂xk∂xj
=

(
∂2θ

∂xj∂xk

)⊤

∂2θ

∂xl∂xi
=

(
∂2θ

∂xi∂xl

)⊤

∂2θ

∂xl∂xj
=

(
∂2θ

∂xj∂xl

)⊤

∂2θ

∂xl∂xk
=

(
∂2θ

∂xk∂xl

)⊤

(30)

A.5 Introduction to path-following techniques

Generally, there are two types of path-following strategies: load-control and displacement-control. Here we will
only discuss the load-control method, which itself can be split into two categories: purely incremental methods
and incremental-iterative methods [47].

The simpler of the two is purely incremental methods, illustrated in figure 31a and algorithm 5. In these
methods, we start by setting a target load factor for the first step, evaluate the tangent stiffness matrix and
compute the displacements. That gives a point on the numerical equilibrium path; that point is not on the true
equilibrium path, because of the nonlinearity. In the next step, we set a new target load factor, evaluate the
tangent stiffness at the newfound point and compute the new displacements, giving us a new point on the path,
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most likely even further from the true solution. We can continue this until we reach a load that is satisfactory
for the specific analysis goals.

The “drifting away” behaviour of the purely incremental methods are solved by adding iterations within the load
factor increments. These improved procedures are called incremental-iterative methods, illustrated in figure 31b
and algorithm 6. In those methods, we calculate the residual forces, i.e. the difference between the external
forces and the internal forces, to see if the computed equilibrium point is close to the true equilibrium path.
If it is not, the tangent stiffness matrix is evaluated at the most recently discovered point and displacement
values that are attributable to the residual forces are computed. This process repeats until the residual forces
almost equal zero, after which the next increment can begin with a similar cycle. Newton’s method is the easiest
variant of incremental-iterative algorithms and that is the method that is used in figure 31b and algorithm 6.

displacement of a relevant DOF
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 fa
ct

or

true solution
numerical solution

(a) The result of a purely incremental solution procedure

displacement of a relevant DOF

lo
ad

 fa
ct

or

true solution
numerical solution

(b) The result of an incremental-iterative solution procedure

Figure 31: Two categories of path-following methods to solve nonlinear problems

Algorithm 5 Pseudo-code of a purely incremental procedure
t = 0 # increment counter
Ut = 0 # initial displacement is zero
λt = 0 # initial load factor is zero
dλ = 0.01 # load factor step

while λ < 1 # until we reach a load factor of 1
calculate Kt(Ut) # stiffness matrix at last force-displacement point

t = t+ 1 # increase increment counter
λt = λt−1 + dλ # increase load factor
F ext
t = λt · F # setting new load

∆Ut−1 = K−1
t (F ext

t −F ext
t−1) # calculating displacement step

Ut = Ut−1 +∆Ut−1 # updating displacement with displacement step

45



Algorithm 6 Pseudo-code of an incremental-iterative procedure (Newton’s method)
t = 0 # increment counter
j = 0 # iteration counter
Ut,0 = 0 # initial displacement is zero
λt = 0 # initial load factor is zero
dλ = 0.01 # load factor step
tol = 0.00001 # tolerance of residual loads

while λt < 1 # until we reach a load factor of 1
t = t+ 1 # increase increment counter
Ut,0 = Ut−1,j # set first displacement of this incr. to the final value of the previous incr.

j = 0 # reset iteration counter
λt = λt−1 + dλ # increase load factor
F ext
t = λt · F # setting new load

calculate F int
t,j (Ut,j) # internal forces

Rt,j = F ext
t − F int

t,j # residual load

err = 1000 # any large number

while err > tol ·
∥∥(F ext

t

∥∥ # until the residuals are almost zero
calculate Kt,j(Ut,j) # stiffness matrix at last force-displacement point
dUt,j = K−1

t,jRt,j # calculating displacement step

j = j + 1 # increase iteration counter
Ut,j = Ut,j−1 + dUt,j−1 # updating displacement with displacement step

calculate F int
t,j (Ut,j) # internal forces at new force-displacement point

Rt,j = F ext
t − F int

t,j # residual loads at new force-displacement point

err = ∥Rt,j∥ # magnitude of the residual load

There are several extensions and variations on incremental-iterative algorithms that will be discussed now, most
are also applicable to purely incremental algorithms. Some are also discussed in section 2. First, there is the
choice of initial load factor step, which can influence the equilibrium path the method will take, particularly in
more advanced incremental-iterative methods such as the arc-length method. Secondly, there is the possibility
to change the load factor step while the algorithm is running; when there are very many iterations within an
increment, that means that convergence is slow or even not happening at all, which is a sign that the load step
is too large. We can set a maximum to the number of iterations, and if this maximum is exceeded, we can
reduce the load factor step and reset to the beginning of the increment to try again. And there is the opposite
case: if it takes very few (i.e. one or two) iterations to converge, we are wasting computing power and we should
increase the load factor step as we go to the next increment. This mid-execution changing of the load factor
step can bring problems. Suppose we are not just looking for the general equilibrium path, but are instead
interested in the displacement field at a specific load magnitude. We are unlikely to reach this specific load
if the load factor step is unpredictable. The problem is that we might overshoot this specific load magnitude
and thus never get to know the displacements at that specific load. A solution to that problem is to take the
increment that overshot, calculate the fraction of the load factor step that overshoots the target load factor,
and finally, subtract an equal fraction of the final displacement step from the displacement vector to come to
the displacement vector at the target load factor. On a different note, another choice we can make is the value
for the tolerance on the residual forces to reach zero. That choice will control the number of iterations during
each step, which in turn influences the speed and accuracy of the solution. We can also choose to add unloading
to the procedure, in which the load factor is reduced every step instead of increased. In fully elastic models, the
loading and unloading equilibrium paths will overlap. Finally, the calculations of the tangent stiffness matrix
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and the internal forces share a lot of computationally expensive steps, and it is thus beneficial to combine the
two calculations. This requires some reordering of the algorithm, which reduces understandability but increases
the speed.

The simplest incremental-iterative implementations (such as Newton’s method) will run into problems if there
is an extraordinary equilibrium path that must be followed: a path that includes negative stiffness (figure 32a)
or even snap-back behaviour (figure 32b) will lead to failure of the procedure.
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(a) An equilibrium path with negative stiffness
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(b) Snap-back behaviour

Figure 32: Two equilibrium paths that can not be followed using Newton’s method

A.6 Alternative method for calculating the center of mass

Instead of calculating the center of mass of the nodes that make up the bar-and-hinge model, we can also
calculate the center of mass of the origami design using

c =
1

Atotal

Ntriangles−1∑
i=0

ci ·Ai (31)

where we take the average of the centers of mass of the triangles in the bar-and-hinge model. The center of
mass of a single triangle can be computed by

ci =
1

3
(n0 + n1 + n2) (32)

where n0, n1, and n2 are the position vectors of the corner nodes of the triangle. And the area of a single
triangle can be computed by

Ai =
1

2
∥v01 × v02∥ . (33)

where v01 and v02 are the vectors from n0 to n1 and n2, respectively.

A.7 Alternative method for calculating the inertia tensor

Instead of calculating a pseudo-inertia tensor, we can also calculate the inertia tensor with a continuum approach
by summing the individual inertia contributions of the triangular surfaces that can be extracted from the bar-
and-hinge model. The inertia of a surface is expressed by the symmetric tensor

I =

 Ixx Ixy Ixz
Iyx Iyy Iyz
Izx Izy Izz

 =

 ρ
∫
A
(y2 + z2)dA ρ

∫
A
(−x · y)dA ρ

∫
A
(−x · z)dA

ρ
∫
A
(−y · x)dA ρ

∫
A
(x2 + z2)dA ρ

∫
A
(−y · z)dA

ρ
∫
A
(−z · x)dA ρ

∫
A
(−z · y)dA ρ

∫
A
(x2 + y2)dA

 (34)

We can also set the surface density ρ to 1 and reach

47



I =

 ∫A(y2 + z2)dA −
∫
A
(x · y)dA −

∫
A
(x · z)dA

−
∫
A
(y · x)dA

∫
A
(x2 + z2)dA −

∫
A
(y · z)dA

−
∫
A
(z · x)dA −

∫
A
(z · y)dA

∫
A
(x2 + y2)dA

 (35)

The triangle is defined by three points, n0, n1, and n2, and the end points of the longest side of the triangle
must be n0 and n1. These integrals over the triangle are difficult to compute, so we transform the triangle
to a position where these integrals become easier, see figure 33 for a schematic of the transformation process.
The first step in this transformation is making the triangular surface parallel to the xy-plane using algorithm
7, which uses the rotation matrix R1 to obtain the new node vectors nflat

0 , nflat
1 , and nflat

2 .

n0

n2
n1

n0flat

n1flat

n2flat

n0rot n1rot

n2rot

n0ori n1ori

n2ori

R1

R2

t1

z

x

y

Figure 33: A schematic of the transformation of a triangle

Algorithm 7 Rotating a triangular surface such that it is parallel to the xy-plane
v01 = (n1 − n0)/ ∥n1 − n0∥
v02 = (n2 − n0)/ ∥n2 − n0∥
n = (v01 × v02)/ ∥v01 × v02∥
z =

[
0 0 1

]⊤
a =

axay
az

 = (n× z)/ ∥n× z∥

θ = arccos(n · z)

R1 =

 cos θ + a2x(1− cos θ) axay(1− cos θ)− az sin θ axaz(1− cos θ) + ay sin θ
ayax(1− cos θ) + az sin θ cos θ + a2y(1− cos θ) ayaz(1− cos θ)− ax sin θ
azax(1− cos θ)− ay sin θ azay(1− cos θ) + ax sin θ cos θ + a2z(1− cos θ)


nflat

i = R1 ni ∀ i ∈ {0, 1, 2}

The second step in the transformation is another rotation such that the longest side of the triangle is parallel
to the x-axis, using algorithm 8.
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Algorithm 8 Rotating a triangular surface such that the longest side is parallel to the x-axis
v01 = (nflat

1 − nflat
0 )/

∥∥nflat
1 − nflat

0

∥∥
x =

[
1 0 0

]⊤
θ = arccos(v01 · x)

R2 =

cos θ − sin θ 0
sin θ cos θ 0
0 0 1


nrot

i = R2 nflat
i ∀ i ∈ {0, 1, 2}

And finally, the third step is a translation such that the triangle is positioned on the xy-plane, its longest side
is collinear with the x-axis and node nori

2 is on the y-axis, see algorithm 9 and figure 33.

Algorithm 9 Translating a triangular surface towards the origin

t1 =
[
−nrot

2,x −nrot
0,y −nrot

0,z

]⊤
nori

i = nrot
i + t1 ∀ i ∈ {0, 1, 2}

z

x

y
(0, b2, 0) 

(a0, 0, 0) (a1, 0, 0)

y = -b2 / a1 x + b2y = -b2 / a0 x + b2

(0, 0, 0)

left 
triangle

right 
triangle

Figure 34: A triangle for which we can compute the inertia

This conveniently-placed triangle is split into a left triangle and a right triangle, for which we can compute the
inertia tensors. Looking at equation 35, we can see that Ixz = Izx = Iyz = Izy = 0, since the triangle has
no z-component. By also looking at figure 34, where a0, a1, and b2 are defined, we can derive the integration
bounds and reach

Iori
left =


∫ 0

a0

∫ − b2
a0

x+b2

0 y2 dydx −
∫ 0

a0

∫ − b2
a0

x+b2

0 x · y dydx 0

−
∫ 0

a0

∫ − b2
a0

x+b2

0 x · y dydx
∫ 0

a0

∫ − b2
a0

x+b2

0 x2 dydx 0

0 0
∫ 0

a0

∫ − b2
a0

x+b2

0 (x2 + y2) dydx

 (36)

and

Iori
right =


∫ a1

0

∫ b2
a1

x+b2

0 y2 dydx −
∫ a1

0

∫ b2
a1

x+b2

0 x · y dydx 0

−
∫ a1

0

∫ b2
a1

x+b2

0 x · y dydx
∫ a1

0

∫ b2
a1

x+b2

0 x2 dydx 0

0 0
∫ a1

0

∫ b2
a1

x+b2

0 (x2 + y2) dydx

 (37)

which can be simplified to
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Iori
left =

 − 1
12a0b

3
2

1
24a

2
0b

2
2 0

1
24a

2
0b

2
2 − 1

12b2a
3
0 0

0 0 − 1
12a0b

3
2 − 1

12b2a
3
0

 (38)

and

Iori
right =

 1
12a1b

3
2 − 1

24a
2
1b

2
2 0

− 1
24a

2
1b

2
2

1
12b2a

3
1 0

0 0 1
12a1b

3
2 +

1
12b2a

3
1

 (39)

We sum these tensors to get the complete tensor of the left and right triangles combined: Iori = Iori
left + Iori

right.
This inertia tensor must now be transformed back, such that it represents the triangle we started with. The
higher level generalized parallel axis theorem [52] provides a method for accounting for the translation t1:

Irot = Iori +A

 t2y + t2z − 2tycy − 2tzcz −txty + txcy + tycx −txtz + txcz + tzcx
−tytx + tycx + txcy t2x + t2z − 2txcx − 2tzcz −tytz + tycz + tzcy
−tztx + tzcx + txcz −tzty + tzcy + tycz t2x + t2y − 2txcx − 2tycy

 (40)

where A is the area of the triangle, which is 1
2 (−a0b2+a1b2). tx, ty, and tz are the components of t1 and cx, cy,

and cz are the components of the center of mass of the triangle, c. This c can be computed by 1
3 (n

ori
0 +nori

1 +nori
2 ).

From Irot we work back to Iflat by

Iflat = R⊤
2 IrotR2 (41)

and finally to I with

I = R⊤
1 IflatR1 (42)

which is the inertia tensor of the triangle with corner nodes n0, n1, and n2. As discussed, the total inertia
tensor of an origami can be constructed by summing the inertia tensors of the individual triangles:

Itotal =

Ntriangles−1∑
i=0

Ii (43)

This procedure was tested by comparing the result with another approach to calculating the inertia tensor. This
approach involves meshing the triangles and summing the inertia contributions of the small elements, which are
considered point masses, located at their centroid:

Imesh
total =

Ntriangles−1∑
i=0

Imesh
i =

Ntriangles−1∑
i=0

Nelems−1∑
j=0

Aj

 c2j,y + c2j,z −cj,xcj,y −cj,xcj,z
−cj,ycj,x c2j,x + c2j,z −cj,ycj,z
−cj,zcj,y −cj,zcj,x c2j,x + c2j,y

 (44)

As the mesh was refined, the error between Imesh
total and the analytically expressed Itotal was reduced, which

indicates that the expression for Itotal is correct. The test was performed for a single triangle and a complete
origami saddle.
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A.8 Alternative method for orienting an origami design such that it aligns with
the target shape

In section 2.2.2, we assumed that the origami design’s orientation was already close to the target surface’s
orientation before we aligned it. Here we will discuss a more robust method of orienting the origami such that
the process also works when this assumption does not hold.

First, we start by calculating the inertia tensor of the target shape—either using the method in section 2.2.2 or
the method in appendix A.7—and name it Itarget. From this inertia tensor we compute the pairs of principle
moments of inertia and principle axes of inertia: {λ0,v0}, {λ1,v1}, and {λ2,v2}, ordered from smallest to
largest moment of inertia. We place the principle axes in a matrix Vtarget =

[
v0 v1 v2

]
and when there are

negative values on the diagonal, we multiply the affected column by −1, which removes unwanted reflections
that would otherwise occur at a later stage. We repeat this process for the origami design and retrieve Vdesign.
With these matrices, we compute a rotation matrix

R = VtargetV
⊤
design (45)

which is used to transform the displaced nodes of the origami design, in the same manner as described in section
2.2.2, whereafter the design is correctly oriented with respect to the target surface.
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A.9 Rigid origami optimization results for the dome and arch shapes

Dome

(a) Target shape
(b) Design made by placing Miura-ori-like unit cells (not
foldable)

(c) Intermediate design during optimization (d) Optimized design which is foldable

Figure 35: Sequence of steps for optimizing a rigid origami dome design such that it is foldable
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(a) Objective function during optimization
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Figure 37: Flattened pattern of the optimized dome design
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Arch

(a) Target shape
(b) Design made by placing Miura-ori-like unit cells (not
foldable)

(c) Intermediate design during optimization (d) Optimized design which is foldable

Figure 38: Sequence of steps for optimizing a rigid origami arch design such that it is foldable

0 10 20 30 40 50
iteration

0.00

0.05

0.10

0.15

0.20

0.25

0.30

ob
je

ct
iv

e 
fu

nc
tio

n 
va

lu
e

(a) Objective function during optimization
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Figure 40: Flattened pattern of the optimized arch design
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A.10 Bar-and-hinge model folding capabilities

Below are the mechanical analyses of the “bump”, the “curl”, the unfolding of a Miura-ori sheet, and the
compression of a Miura-ori sheet. These display the capabilities of the bar-and-hinge model and the arc-length
method. To the left are the physical configurations and deformed states of the origami, with the constrained
nodes in green (note that not necessarily all three components are constrained), the forces in red, and the
relevant DOF for measuring displacement in yellow. On the right, the figure depicts the development of the
load factor over the arc-length iterations, and the force-displacement curve.

A.10.1 Bump

(a) Initial state of the origami

(b) Intermediate state of the origami

(c) Final state of the origami
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Figure 41: Results of the mechanical simulation of the “bump” origami

Watch the animation here: https://www.youtube.com/watch?v=uZnq9s4437U
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A.10.2 Curl

(a) Initial state of the origami

(b) Intermediate state of the origami

(c) Final state of the origami
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Figure 42: Results of the mechanical simulation of the “curl” origami

Watch the animation here: https://www.youtube.com/watch?v=xnzffUaizFs
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A.10.3 Unfolding of a Miura-ori sheet

(a) Initial state of the origami

(b) Intermediate state of the origami

(c) Final state of the origami
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(d) Load factor over the increments of the arc-length method
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Figure 43: Results of the mechanical simulation of the unfolding of a Miura-ori sheet

Watch the animation here: https://www.youtube.com/watch?v=J7mLWyzeweE
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A.10.4 Compression of a Miura-ori sheet

(a) Initial state of the origami

(b) Intermediate state of the origami

(c) Final state of the origami
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(d) Load factor over the increments of the arc-length method
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(e) Force-displacement graph

Figure 44: Results of the mechanical simulation of the compression of a flat Miura-ori sheet

Watch the animation here: https://www.youtube.com/watch?v=GdJv5cU6e9Y
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A.11 Elasticity of the bar-and-hinge model

The bar-and-hinge model is an elastic model and that was verified. Using Newton’s method as the path-
following technique, an origami design was loaded and unloaded. In other words: the forces on the origami were
incrementally increased to a maximum and then incrementally decreased to zero. The force-displacement graph
of the loading and unloading sequences overlapped, see figure 45b.
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(b) Force-displacement graph

Figure 45: Graphs showing the elasticity of the bar-and-hinge model

A.12 Reducing the computation time of the bar-and-hinge model

The computation time of the model was reduced fourfold by the use of sparse arrays from SciPy’s library.
Different kinds of sparse arrays were used in the proper situations: diagonal arrays (dia_array) for diagonal
matrices, coordinate format arrays (coo_array) for constructing matrices, and compressed sparse column or
row arrays (csc_array, csr_array) for matrix arithmetic. The method can calculate the equilibrium paths of
the smaller models such as the “bump” and “curl” practically instantly, while the models with more DOFs take
around 5 seconds to complete.

A.13 Rigid origami optimization with more Miura-ori unit cells

While this work’s designs consist of a 4-by-4 grid of Miura-ori unit cells, the rigid origami optimization code
is capable of producing much more detailed tessellations: figure 46 shows an origami design with a grid of
16-by-16 Miura-ori unit cells, along with the graphs of the objective function and constraints that summarize
the optimization process, which is much more computationally expensive than with the 4-by-4 grid—it took 10
hours as opposed to 30 seconds.
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(a) Origami design that approximates a saddle (b) Flattened origami design

0 250 500 750 1000 1250 1500 1750 2000
iteration

0.0

0.2

0.4

0.6

0.8

1.0

1.2

ob
je

ct
iv

e 
fu

nc
tio

n 
va

lu
e

(c) Objective function during the rigid optimization of
the 16-by-16 Miura-ori unit cell design
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(d) Sum of the constraints during the rigid optimization of
the 16-by-16 Miura-ori unit cell design

Figure 46: Results of using the rigid origami optimization with a 16-by-16 Miura-ori unit cell design

A.14 Real objective function results in non-rigid origami shape matching

Looking at the graph for the smoothened objective function in figure 47, we see monotonically decreasing
functions for all values of p. The smooth maximum distance, however, is not the function we are truly interested
in; we are interested in the real maximum distance, which is plotted in figure 20.
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Figure 47: Smooth maximum distance function for different values of p

A.15 Sequential quadratic programming and relative design variables

In principle, the SQP optimization algorithm with BFGS updates from scipy.optimize.minimize(method=‘BFGS’)
calculates the expected optimal design by fitting a multi-dimensional quadratic function to the objective func-
tion and taking its minimum. In our case, this approximation to the minimum is already unphysical after the
first iteration, see figure 48. The changes in the design are too large, and the algorithm did not allow to put
bounds on the design variables.

Figure 48: The design after one iteration of SQP with BFGS updates

We explored a different way of defining the design variables to see if it would impact the performance of the
SQP optimizer. The new design variables use the relative coordinates, instead of the absolute coordinates—they
define the deviation of the coordinate from the initial design. Figure 49 shows the results for the saddle case.

62



The maximum distance is 0.0218m, which is lower than the result we obtained with the Nelder-Mead optimizer,
which was 0.0243m. The final design is similar to the previously obtained design, but the computational effort
is around double—it took 32 hours, whereas the Nelder-Mead process took 16 hours.
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(a) (Smooth) maximum distance over the
optimization iterations (b) Folded saddle on the target surface

(c) Flat origami design; initial design in green,
final design in black

Figure 49: Non-rigid shape matching results for the saddle, using the SQP optimizer with BFGS updates
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