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Learning Sparse Rational Feedforward Controllers

Tjeerd Ickenroth1 and Tom Oomen1,2

Abstract— Iterative Learning Control (ILC) with basis func-
tion techniques are capable of improving tracking performance
and task flexibility. The aim of this paper is to design a
systematic approach to enable automatic rational basis func-
tion selection for feedforward learning. A sparse optimization
framework is proposed to identify the most relevant rational
basis functions from a large candidate set. The ILC algorithm
that employs sparse optimization is able to automatically select
relevant rational basis functions and is validated on an example
motion system.

I. INTRODUCTION

Feedforward control requires both structure selection and
parameter tuning for high performance and varying tasks.
The structure of the feedforward controller is important to
enable approximations of the inverse system’s dynamics.
The corresponding parameters must be tuned carefully such
that the feedforward filter actually fits the inverse system’s
dynamics. If both are well executed, the system at hand is
able to accurately track varying tasks.

Iterative Learning Control (ILC) has proven in the past
that it enables outstanding tracking performance for systems
that operate repetitively, but that performance is limited when
extrapolating the task. Successful applications for a fixed task
are presented in various industries, including robotics [1],
and mechatronics [2] [3]. Despite excellent tracking accuracy
reported, the learned control signal is optimal for a fixed
reference trajectory only. Since extrapolation to different
tasks can lead to significant performance degradations [4],
it is essential to investigate extrapolation capabilities in ILC
to achieve high performance for multiple tasks.

Since traditional ILC lacks task extrapolation, several
directions have been explored to develop task flexibility
in ILC. In [5] task flexibility is achieved for a specific
predefined set of references. A more general approach for
task flexibility is ILC with polynomial basis functions, which
construct the basis functions based on the task at hand,
is successfully implemented in [6] [7] [8]. For polynomial
basis function ILC it is required to determine the basis
functions beforehand, and is mostly based on physical model
ideas via derivatives of the task, including snap [9] [10].
Recently, in the work of [11] the selection of polynomial
basis functions is automated based on data. All have shown

1Tjeerd Ickenroth (corresponding author) and Tom Oomen are with the
Control Systems Technology Section, department of Mechanical Engineer-
ing, Eindhoven University of Technology, Eindhoven, The Netherlands.
t.s.ickenroth@tue.nl

2Tom Oomen is with the Delft Center for Systems and Control, Delft
University of Technology, Delft, The Netherlands.

This project is co-financed by Holland High Tech, top sector High-Tech
Systems and Materials, with a PPP innovation subsidy for public-private
partnerships for research and development.

that task extrapolation is achieved in ILC, however, the use
of polynomial basis functions limits the ILC performance as
only the poles of the system can be approximated.

To overcome these limitations, ILC has been developed
towards rational basis functions, which include both poles
and zeros to approximate the system’s inverse dynamics.
ILC with rational basis functions for single-input single-
output (SISO) systems has initially been investigated in [12].
Follow-up studies further validated the efficacy of rational
basis function ILC, including stable inversion aspects [13].
In [14] an optimal and task-flexible ILC framework with
rational basis functions is established. ILC with rational
basis functions is first applied on an industrial flatbed printer
in [15], where it is shown to outperform polynomial basis
functions. However, a major trade-off is that introducing
rational basis functions makes the ILC optimization prob-
lem nonconvex, excluding the simple solution available for
polynomial basis functions [16]. In practice, dedicated it-
erative procedures, e.g., Steiglitz-McBride iterations [17],
are required to tune the rational coefficients, as shown in
[12]. Moreover, the choice of the rational basis functions
has until now relied on expert insight where one must select
the number and form of poles and zeros a priori based on
system knowledge. If this particular basis is mismatched to
the true system, performance will be suboptimal.

Although important developments have been made in task-
flexible ILC and several successful application have been
reported, the rational basis function parameterization for
performance and task flexibility is an open question. This
motivates an automated approach to rational basis function
selection in ILC.

The contributions in this work are threefold.

C1) The proposed ILC algorithm enables automatic ratio-
nal basis function selection using sparse optimization
techniques. This is the main contribution of this work.

C2) The proposed solution is able to deal with general
rational feedforward parameterizations allowing to pa-
rameterize a large library of rational basis functions
from which the relevant subset is selected.

C3) The results are numerically demonstrated on an example
motion system.

The key idea is to start with a large library of candidate
rational basis functions and to formulate the ILC feedforward
learning algorithm as a sparse regression problem. In addi-
tion, the approach directly extends to additional polynomial
terms or even friction [8]. Sparse subset selection methods
in dynamic systems have been investigated in the field of
system identification [18] [19] where it is a common problem
to estimate the dynamics of a real system with minimal
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parameters. Sparse estimation techniques have been success-
fully used for model structure selection in linear regression
problems. Previous research in sparse system identification
show that methods like the least absolute shrinkage and se-
lection operator (LASSO) [20] and least angle regression and
shrinkage (LARS) [21] can automatically identify a small set
of significant model terms from an over-parameterized model
structure, as demonstrated for polynomial basis functions in
[11]. In line with results from system identification of sparse
rational systems [22], in this paper a LASSO regularized op-
timization is developed to automate rational basis functions
for ILC. This yields automatic inclusion of the most relevant
rational basis functions and exclusion of irrelevant ones. The
result is a low-order feedforward controller that retains the
performance benefits of a more complex rational model.

Notation: In this paper, systems are discrete-time, lin-
ear, time-invariant (LIT), single-input single-output (SISO).
Furthermore, ∥x∥2W := x⊤Wx for W = W⊤ ≻ 0, and
∥x∥1 :=

∑n
i=1 |xi| with x =

[
x1 . . . xn

]⊤
. The support of

vector x is denoted by Supp(x) := {i ∈ In1 | [x]i ̸= 0}. For a
given T ⊂ In1 , xT denotes the projection of x to the support
T , i.e., [xT ]i := [x]i if i ∈ T and 0 otherwise.
∥x∥ℓp denotes the usual ℓp-norm, p ∈ N. Also, ∥x∥0 =∑

i(xi ̸= 0), i.e., the cardinality of x. Note that ∥x∥0 is not
a norm, since it does not satisfy the homogeneity property. It
relates to the general ℓp-norm by considering the limit p→ 0
of ∥x∥p.
Systems are generally rational in complex indeterminate z
and indicated with the argument z, for example H(z). Let
N ∈ Z+ denote the trial length, i.e., the number of samples
per trial. Let h(k) at time instant k ∈ Z be the impulse
response coefficients of H(z), with the infinite impulse
response y(k) =

∑∞
τ=−∞ h(τ)u(k − τ). Let u(k) = 0 for

k < 0 and k ≥ N to obtain the finite-time convolution
y(0)
y(1)

...
y(N − 1)


︸ ︷︷ ︸

y

=


h(0) h(−1) · · · h(−N + 1)
h(1) h(0) · · · h(−N + 2)

...
...

. . . h(−1)
h(N − 1) h(N − 2) · · · h(0)


︸ ︷︷ ︸

H


u(0)
u(1)

...
u(N − 1)


︸ ︷︷ ︸

u

,

with y, u ∈ RN and H ∈ RN×N is the finite-time con-
volution matrix corresponding to H(z). In case systems are
described by transfer functions in z it is always mentioned,
otherwise systems are described by convolution matrices.
Given a transfer function with parametric coefficients

H(θ, z) =

m∑
i=1

ξi(z)θ[i],

with parameters θ ∈ Rm, and basis functions ξi(z) with
i ∈ 1, . . . ,m. The finite-time response of H(θ, z) to input u
is given by

y = ΨHuθ, (1)

with ΨHu =
[
ξ1u, ξ2u, . . . , ξmu

]
∈ RN×m, here ξi ∈

RN×N are the convolution matrices corresponding to ξi(z).
Note that (1) is equivalent to y = H(θ)u, with H(θ) the
convolution matrix of H(θ, z).

II. PROBLEM FORMULATION

In this section, the problem addressed in this brief is
defined in detail. First, in Section II-A, the general ILC
setup is introduced. Second, in Section II-B ILC with rational
basis functions is introduced followed by a definition of the
problem that is addressed in this brief.

A. Control setup
Consider the closed-loop system shown in Fig. 1. The

system and stabilizing feedback controller are denoted by P
and C, respectively. Both are considered to be discrete-time,
single-input single-output (SISO), and linear time-invariant
(LTI) systems. The associated ILC system, in finite time
matrix notation, is described by

ej = S(rj − Pfj)− Svj , (2)

where the error signal ej ∈ RN of trial (or experiment) j ∈ N
of length N ∈ N is found as a function of the sensitivity
S = (IN + PC)−1 ∈ RN×N , the — possibly trial-varying
— reference signal rj ∈ RN , the command signal fj ∈
RN , and the trial-varying disturbances vj ∈ RN , including
measurement noise.
Similarly to (2), the error at trial j + 1 is given by

ej+1 = S(rj+1 − Pfj+1)− Svj+1, (3)

and under the assumption that the reference is trial invariant,
i.e., rj+1 = rj , the error propagation is given by

ej+1 = ej − J(fj+1 − fj)− S(vj+1 − vj), (4)

where J = PS ∈ RN×N is the finite-time convolution
matrix of a model of the process sensitivity.

B. Norm-optimal ILC with rational basis functions
Inspired by inverse model feedforward, task flexibility is

introduced in ILC via basis functions as

fj = F (θj)rj , (5)

where F (θj) ∈ RN×N denotes the matrix notation of the
feedforward filter parameterized by the learning parameters
θj ∈ Rm, as shown in Fig 1. Substituting (5) into (2) yields
ej = 0, ∀rj if F (θj) = P−1. Hence, through the correct se-
lection of parametrization F (θj) and the subsequent learning
of optimal parameter values θj , zero error may be achieved.

The ILC optimization criterion in the context of a basis
function parameterization of the feedforward model is typi-
cally defined as follows.

Definition 1 (Norm-optimal ILC with basis functions):
The optimization problem for norm-optimal ILC with basis

C P
ej

fj

rj

−

F (θj)

vj

Fig. 1. Control setup.
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functions is given by

J (θj+1) =
1

2
∥êj+1(θj+1)∥2We

+
1

2
∥F (θj+1)r∥2Wf

+
1

2
∥F (θj+1)r − fj∥2W∆f

,

(6)

where êj+1(θj+1) = ej −J(F (θj+1)r− fj) is the predicted
error propagation equivalent to (4), ∥x∥2W = x⊤Wx, and
We, Wf , W∆f ≽ 0 ∈ RN×N are symmetric positive
(semi-)definite weighting matrices, and J is an approximate
model of PS. Note that J must be sufficiently accurate, see
[23] or [24] for convergence results.

Let the rational basis function parametrization of the
feedforward update matrix be defined as

Definition 2 (Rational basis functions): The rational ba-
sis function parametrization of the matrix F (θj) (see (5))
in θj ∈ Rm w.r.t. reference rj as a basis, is defined through
the equivalent transfer function

F (θj , z) =
A (θj , z)

B (θj , z)
, (7a)

for

A (θj , z) = ξA0 (z) +

m∑
i=1

ξAi (z)θj [i],

B (θj , z) = ξB0 (z) +

m∑
i=1

ξBi (z)θj [i],

(7b)

where ξAi (z), ξ
B
i (z) ∈ R[z], for i ∈ {1, 2, . . . ,m}, are

polynomials in z, and A(θj , z) and B(θj , z) are linear in
the parameters θ.

Clearly, the substitution of (7a) into the criterion in (6)
reveals that the resulting problem is nonlinear in the opti-
mization variable θj+1, which does not allow one to directly
apply sparse optimization techniques, such as LASSO, to
control the number of zeros in the solution. The number
of nonzero elements in a vector are measured by the ℓ0
norm, i.e., ∥θj+1∥0. The addition of the ∥θj+1∥0 norm as
a constraint to (6) would lead to a nonconvex optimization
problem, which is difficult to solve. Then, the problem
addressed in this paper is formulated as

Problem 1: Consider the ILC criterion in Definition 1
together with the rational feedforward filter structure in (7a).
The problem is automatic selection of rational basis functions
in ILC by controlling the number of nonzero elements in
θj+1, i.e., by controlling ∥θj+1∥0, given the objective that is
nonlinear in the parameters θj+1.

III. APPROACH

Let the parameters that minimize the performance criterion
(6) when subject to a rational feedforward parameterization
be denoted as

θ∗j+1 = argmin
θj+1

J (θj+1). (8)

The use of rational basis functions instead of polynomial
basis functions yields a far more complex form of problem
(8).

Theorem 1 (No analytical solution): The minimizer de-
fined in (8), if the feedforward is parameterized as in (2),
cannot be computed analytically.

Proof: See [12].
In the following, we first introduce a generalization of

the convex solution method of [12] which is required to en-
force linearity in the optimization variable θj+1. Thereafter,
our main contribution is presented that enables automatic
rational basis function selection in ILC via LASSO, and is
summarized in an algorithm.

A. Convex solution to ILC with rational basis functions

This section first provides a generalization of the ILC with
rational basis functions solution from [12]. The main idea is
to solve a sequence of least-squares problems and to consider
the nonlinear terms as a priori unknown weighting functions.
Let us rewrite (6) as

J̄ (θj+1) =
1

2

∥∥∥B (θj+1)
−1

[B (θj+1) êj+1]
∥∥∥2
We

+
1

2

∥∥∥B (θj+1)
−1

[B (θj+1) fj+1]
∥∥∥2
Wf

+
1

2

∥∥∥B (θj+1)
−1

[B (θj+1) fj+1]− fj

∥∥∥2
W∆f

,

(9)
where B(·) is the matrix (lifted) equivalent of the B(·, z)
transfer function (7). Clearly, (9) is still nonlinear due to
the B(θj+1)

−1-term. Yet, all other terms (B(θj+1)êj+1 and
B(θj+1)fj+1) now do depend linearly on θj+1.

We then introduce an auxiliary index k ∈ N, describing
the approximate solution iteration number as θ⟨k⟩j+1, which we
use to create

J̄k
(
θ
⟨k⟩
j+1

)
=

1

2

∥∥∥∥B (
θ
⟨k−1⟩
j+1

)−1 [
B
(
θ
⟨k⟩
j+1

)
ê
⟨k⟩
j+1

]∥∥∥∥2
We

+
1

2

∥∥∥∥B (
θ
⟨k−1⟩
j+1

)−1 [
B
(
θ
⟨k⟩
j+1

)
f
⟨k⟩
j+1

]∥∥∥∥2
Wf

+
1

2

∥∥∥∥B (
θ
⟨k−1⟩
j+1

)−1 [
B
(
θ
⟨k⟩
j+1

)
f
⟨k⟩
j+1

]
− fj

∥∥∥∥2
W∆f

,

(10)
where

ê
⟨k⟩
j+1 = ej + Jfj −B(θ

⟨k⟩
j+1)

−1A(θ
⟨k⟩
j+1)Jrj .

Note that we recover (9) upon convergence, that is, for
θj+1 = θ

⟨k⟩
j+1 = θ

⟨k−1⟩
j+1 .

For known θ
⟨k−1⟩
j+1 , the criterion in (10) is quadratic in

the optimization variables θ
⟨k⟩
j+1, and hence can be calculated

analytically. The nonlinear B(θ
⟨k−1⟩
j+1 )−1 is thus fixed at

each iteration k, and interpreted as an iteratively adjusted
weighting function. By iterating over θ

⟨k⟩
j+1, it is aimed

that the a priori unknown weighting by B(θ
⟨k−1⟩
j+1 )−1 is

effectively compensated after convergence of the iterative
procedure [12]. As, given θ

⟨k−1⟩
j+1 , the least squares solution

clearly is able to solve criterion (10), the following theorem
manages to provide the analytic solution to finding the values
θ
⟨k⟩
j+1 that minimize in (10).
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Theorem 2: Given θ
⟨k−1⟩
j+1 , fj , rj , ej , and the rational

feedforward parameterization of Definition 2. The minimizer

θ
⟨k⟩∗
j+1 = L⟨k⟩ej +Q⟨k⟩fj +R⟨k⟩rj , (11)

with

L⟨k⟩ = Ψ−1
0 Ψ⊤

1 WeB(θ
⟨k−1⟩
j+1 )−1ξB0 ,

Q⟨k⟩ = Ψ−1
0

(
Ψ⊤

2 W∆f −Ψ⊤
1 WeB(θ

⟨k−1⟩
j+1 )−1ξB0 J

)
,

R⟨k⟩ = −Ψ−1
0

(
Ψ⊤

1 WeB(θ
⟨k−1⟩
j+1 )−1ξA0 J

+Ψ⊤
2 (Wf +W∆f )B(θ

⟨k−1⟩
j+1 )−1ξA0

)
,

(12)

where

Ψ0 = Ψ⊤
1 WeΨ1 +Ψ⊤

2 (Wf +W∆f )Ψ2,

Ψ1 = B(θ
⟨k−1⟩
j+1 )−1

(
ΨA

Jrj −ΨB
ej −ΨB

Jfj

)
,

Ψ2 = B(θ
⟨k−1⟩
j+1 )−1ΨA

rj ,

with the basis functions in lifted notation given by

ΨA
Jrj =

[
ξA1 Jrj ξA2 Jrj · · · ξAmJrj

]
, ∈ RN×m,

ΨA
rj =

[
ξA1 rj , ξA2 rj , . . . , ξAmrj

]
, ∈ RN×m,

ΨB
Jfj =

[
ξB1 Jfj , ξB2 Jfj , . . . , ξBmJfj

]
, ∈ RN×m,

ΨB
ej =

[
ξB1 ej , ξB2 ej , . . . , ξBmej

]
, ∈ RN×m,

finds a global minimum of (10).
Proof: Let

A(θ
⟨k⟩
j+1)Jrj = ΨA

Jrjθ
⟨k⟩
j+1 + ξA0 Jrj ,

A(θ
⟨k⟩
j+1)rj = ΨA

rjθ
⟨k⟩
j+1 + ξA0 rj ,

B(θ
⟨k⟩
j+1)Jfj = ΨB

Jfjθ
⟨k⟩
j+1 + ξB0 Jfj ,

B(θ
⟨k⟩
j+1)ej = ΨB

ejθ
⟨k⟩
j+1 + ξB0 ej .

(13)

Substituting the above expressions into (10), we note that
(10) is quadratic in θ

⟨k⟩
j+1. A necessary condition for optimal-

ity is ∂J̄k/∂θ⟨k⟩j+1 = 0. Solving for θ
⟨k⟩
j+1 through the use of

identity

d
(
1
2∥Ax+ b∥2W

)
dx

= (Ax+ b)⊤WA,

which holds for x, b ∈ RN , A ∈ RN×N , and W = W⊤ ∈
RN×N , completes the proof.

It is important to note that the parameter vector which
minimizes the weighted cost function in (10) is a stationary
point of that function, but is not guaranteed to be a minimum
of the original, unweighted problem in (6). This is because
the method’s weighting alters the objective function’s error
landscape, a key difference from methods that apply weight-
ing at the gradient level, as established in [14].

Remark 1: Note that Theorem 2 in [12] is recovered as
a special case of our Theorem 2 when ξA0 = 0N×N and
ξB0 = IN . This Theorem concludes contribution C2.

The specific choice of basis functions ξAi (z) and ξBi (z)
for i ∈ {1, 2, . . . ,m}, determines the feedforward filter
structure. Thus, this choice governs how well the feedforward
filter F (θ, z) will be able to fit the model class of the
inverse system P−1, i.e., whether our parameterization is rich

enough. For systems with complex dynamics, this selection
of basis functions is non-trivial. Even for simple dynamic
systems, if the set of basis functions is not rich enough to
match the model class of P−1, ILC performance can be
significantly limited as a result. The next section provides
our approach to automating the process of basis function
selection, presenting the main contribution of the paper.

B. Automated rational basis function selection via ℓ1 regu-
larization

This work connects the convex solution presented in
Section III-A with the sparsity promoting technique referred
as ℓ1-regularization. Automatic basis function selection is
achieved by promoting sparse solutions to optimization cri-
terion (10). Enforcing exact zeros in the solution vector
θ
⟨k∗⟩
j+1 after k∗ iterations, results in effectively canceling non-

relevant basis functions. Sparse solutions are obtained by
constraining the objective function in (10) as follows

min
θj+1

J̄k∗(θ
⟨k∗⟩
j+1 ) s.t. ∥θ⟨k

∗⟩
j+1 ∥1 ≤ s, (14)

where s ∈ ℜ>0 is an upper bound on the ℓ1 norm of the
parameters, i.e., a small s leads to highly sparse results.
The optimization problem in (14) is generally referred as
ℓ1 regularization, or LASSO, which is the convex relaxation
of the nonconvex ∥θj+1∥0 constraint.

The convex optimization problem in (14) is solved along
the regularization path via LARS, enabling exact sparsity in
the parameters controlled by a hyperparameter nθ, instead
of manually tuning the value for s in (14).

In order to solve (14) let us rewrite the objective in the
least-squares form, that is,

1

2
∥Yj −Xjθ

⟨k∗⟩
j+1 ∥

2
2 s.t. ∥θ⟨k

∗⟩
j+1 ∥1 ≤ s, (15)

where Yj the response vector and Xj the predictor matrix.
Substitute

ê
⟨k⟩
j+1 = ej + Jfj −B(θ

⟨k⟩
j+1)

−1A(θ
⟨k⟩
j+1)Jrj

and the expressions defined in (13) in (10), and use that
∥ · ∥2W = ∥W 1

2 · ∥22 to obtain the following expressions:

Yj =


W

1
2
e B(θ

⟨k−1⟩
j+1 )−1

(
ξB0 (ej + Jfj)− ξA0 Jrj

)
W

1
2

f B(θ
⟨k−1⟩
j+1 )−1ξA0 rj

W
1
2

∆fB(θ
⟨k−1⟩
j+1 )−1ξA0 rj −W

1
2

∆ffj

 ∈ R3N ,

and

Xj =


W

1
2
e B(θ

⟨k−1⟩
j+1 )−1

(
ΨA

Jrj
−ΨB

ej −ΨB
Jfj

)
W

1
2

f B(θ
⟨k−1⟩
j+1 )−1ΨA

rj

W
1
2

∆fB(θ
⟨k−1⟩
j+1 )−1ΨA

rj

 ∈ R3N×m.

(16)
The sparse rational basis function (SRBF-ILC) algorithm

is presented in Algorithm 1, which is the main contribution
C1 of this work. The algorithm enables efficient automatic
rational basis function selection via sparse subset selection.
This allows a large set of m initial basis functions to
be parameterized from which the algorithm selects the nθ
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Algorithm 1 Sparse Rational Basis Function ILC
Require: a defined set of m rational basis functions accord-

ing to Definition 2.
1: Select desired number of feedforward parameters nθ.
2: Initialize weighting matrices We, Wf , W∆f ≽ 0.
3: Initialize θj∈1,...,Ntrials

= 0m×1.
4: for j = 1 to Ntrials do
5: Perform a trial with fj = F (θ∗j )rj and measure ej .
6: Set k = 0, and let θ⟨1⟩j+1 = θj .

repeat
7: k ← k + 1 and determine L⟨k⟩, Q⟨k⟩, and R⟨k⟩ via

(12).
8: Determine θ

⟨k⟩
j+1 via (11).

until θ
⟨k⟩
j+1 has converged or the maximum number of

iterations is reached, resulting in θ
⟨k=k∗⟩
j+1 , proceed.

9: Determine Yj and Xj via (16) for k = k∗.
10: Obtain sparse estimate θSj+1 = LARS(Xj , Yj , nθ),

i.e., solve (14).
11: Select nθ non-sparse indices T ⊆ Supp(θSj+1).
12: Construct active set Xj,T ⊆ Xj .
13: Determine debiased learning parameters θ∗j+1,T =

(X⊤
j,T Xj,T )

−1X⊤
j,T Yj .

14: Set θ∗j+1 = θ∗j+1,T .
15: end for

most relevant that achieve high tracking performance. The
corresponding parameters θj are optimally learned in the
least-squares sense at each iteration j of the learning process.

Remark 2: Note that Algorithm 1 in [11] is recovered as
a special case of our Algorithm (1) when B(θj , z) = 1, i.e.,
for polynomial basis functions.

Remark 3: See [25] for a LARS implementation.

C. Implementation aspects

The sparse subset selection in Algorithm 1 is obtained by
solving the LASSO problem in (14) via LARS which results
in biased parameters, as is generally known for LASSO
regression. An additional debiasing step is added to the
algorithm to obtain the true learning parameter values by
solving an additional least squares problem for the selected
subset (see lines 11 till 13 in Algorithm 1.

Notice that there is no guarantee that the resulting feed-
forward filter F (θj) is a stable filter. If the plant P contains
non-minimumphase zeros, then it is directly seen from (2)
that the optimal F (θ∗j , z) is an unstable filter. If F (θj , z)
is unstable, the filtering operations cannot be performed in
the usual manner, since forward time-domain computation
leads to unbounded results. To obtain stable feedforward
signals via an exact inverse of the system stable inversion is
adopted, as shown in [15] and originates from [26]. The same
approach is used in case B(θ

⟨k−1⟩
j+1 )−1 in (12) is unstable.

IV. NUMERICAL EXAMPLE

In this section, a simulation example demonstrates that
the proposed algorithm 1 is able to automatically select the
relevant set of basis functions that describes the true inverse

Fig. 2. Reference signal.

of the plant. It is shown that the sparse solution consistently
achieves high tracking performance confirming contribution
C3. An open-loop system is considered (i.e., C = 0) with
the system defined as

P (θ, z) =
z5 − 4.8z4 + 9.4z3 − 9.1z2 + 4.4z − 0.8

z5 − 4.9z4 + 9.7z3 − 9.6z2 + 4.7z − 0.9
, (17)

with five poles including one integrator and five zeros, and
is plotted in Fig. 3.

The reference is plotted in Fig. 2, with trial length N =
1039. The weighting filters in Definition 1 are set to We =
I and Wf = W∆f = 0 in order to only weigh the error.
Zero mean normally distributed measurement noise vj ∼
N (0, σ2) with σ = 10−5 is added to the simulation, that is
trial varying, having an SNR of 96 dB.

The feedforward filter is parameterized as in Definition 2

F (θj , z) =
A (θj , z)

B (θj , z)
, θj ∈ R14, (18)

with A (θj , z) =
∑7

i=1 ξ
A
i (z)θj [i], and B (θj , z) = 1 +∑7

i=1 ξ
B
i (z)θj [i], where ξAi (z) = ξBi (z) = ( z−1

z )i the dis-
crete time derivative operator, and ξA0 (z) = 0 and ξB0 (z) = 1
to ensure a DC gain equal to 0 to fit the plant’s integrator.
Note that the feedforward filter has m = 14 learning param-
eters. Algorithm 1 has been executed for 6 ILC trials and
k = 10 iterations. The desired number of sparse feedforward
filter parameters nθ = 10, equal to the plant’s number of
parameters. Fig. 3 shows the resulting feedforward filters
after 3 ILC trials for F (θ, z) with θ ∈ R14 and sparse
filter F (θS , z) with ∥θS∥0 = 10. It is shown that the sparse
solution approximates the inverse systems dynamics almost
perfectly, whereas the overparameterized solution overfits the
system’s dynamics. Fig 4 (left) shows that the sparse solution
consistently achieves high tracking performance, whereas
the overparameterized solution is vulnerable to overfitting.
Especially in the high frequency range as is also clear from
the time domain error plot in Fig. 4 (right).

V. CONCLUSION

In this paper, a sparse rational basis function iterative
learning control (SRBF-ILC) framework has been developed,
incorporating automatic selection of rational basis functions
to enhance tracking performance and robustness to varying
reference trajectories. The proposed approach leverages a
LASSO-based optimization to identify a minimal yet ef-
fective subset of rational basis functions from a compre-
hensive candidate set, ensuring accurate system inversion
while mitigating overparameterization. This selection process
identifies the rational basis functions that contribute most
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Fig. 3. Bode magnitude plots for the plant P (θ, z) with θ ∈ R10 in ( ),
and the inverse feedforward filters F (θ, z) with θ ∈ R14 in ( ), and
F (θS , z) with ∥θS∥0 = 10 in ( ) after 3 ILC trials. The sparse filter
exhibits significantly lower sensitivity to overfitting and obtains almost a
true inverse of the plant dynamics.

Fig. 4. (Left) Error 2 norm for 6 ILC trials for the non-sparse solution
having 14 parameters in ( ), and for the proposed sparse solution with 10
parameters in ( ). (Right) Time domain error plot at trial j = 3 for the
non-sparse solution in ( ), and for the sparse solution in ( ). The sparse
solution consistently obtains high performance as the true plant inverse is
obtained.

to minimizing the tracking error, with the level of sparsity
directly controlled by the user. The SRBF-ILC algorithm is
validated on a numerical motion system example demonstrat-
ing that it is robust to overparameterization and consistently
achieves high ILC tracking performance while being robust
to task variations. Future research will focus on applying the
weighting at gradient level to enhance better convergence.
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[22] C. R. Rojas, R. Tóth, and H. Hjalmarsson, “Sparse Estimation of
Polynomial and Rational Dynamical Models,” IEEE Transactions on
Automatic Control, vol. 59, no. 11, 2014.

[23] D. Bristow, M. Tharayil, and A. Alleyne, “Survey of iterative learn-
ing control: a learning-based method for high-performance tracking
control,” IEEE control systems magazine, vol. 26, no. 3, pp. 96–114,
2006.

[24] J. van de Wijdeven, T. Donkers, and O. Bosgra, “Iterative Learning
Control for uncertain systems: Robust monotonic convergence analy-
sis,” Automatica, vol. 45, no. 10, pp. 2383–2391, 2009.
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