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Abstract

In recent years, there has been considerable interest in the Learning-Based Control (LBC)
of unknown linear systems in the Linear Quadratic (LQ) paradigm. In the field of optimal
control, the LQ control has been a benchmark for decades and is extensively used to control
systems in the real world. Moreover, the insights gleaned from studying LQ control prob-
lems can be translated into a critical understanding of more complex control problems. In
this setting of learning-based LQ control, the control action influences not only the control
performance but also the rate at which the system is being learnt, causing a conflict be-
tween learning and control (exploration and exploitation), which is particularly challenging
to address. Of particular relevance to most practical applications is the Linear Quadratic
Gaussian (LQG) control problem, which addresses the control of partially observable linear
dynamical systems driven by additive white Gaussian noises. The LQG control of unknown
systems poses a significant challenge when compared with Linear Quadratic Regulator (LQR),
where the states are measured. The primary aim of this thesis is to develop a novel LBC
algorithm for unknown partially observable systems in the LQG setting, that is computation-
ally efficient and can guarantee an optimal exploration-exploitation trade-off, quantified by a
metric called regret. The regret quantifies the cumulative performance gap over time between
the LBC policy and the ideal controller having full knowledge of the true system dynamics.
The contributions in this thesis involve a novel LBC algorithm that is deployed in a two-
phase structure. The first phase involves injecting Gaussian input signals to obtain an initial
model of the system. The subsequent second phase deploys the proposed LBC strategy in
an episodic setting, where for each episode, the model is updated, and the resulting updated
LQG controller is applied with additive Gaussian signals for exploration. In addition, the
thesis establishes strong theoretical guarantees on the regret growth of @(\/T), matching the
optimal regret growth in the LQR setting up to poly-logarithmic factors. This guarantee is
also validated in numerical simulations. With an aim to further reduce the exploration cost,
another LBC algorithm, as an extension to the above algorithm, is also developed to bridge
the gap between regret minimisation and experiment design techniques in the field of system
identification. Simulation results are provided in support of the proposed algorithm.
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Chapter 1

Introduction

In many applications, the system dynamics cannot always be determined due to the system’s
complexity or unmeasured disturbances. Hence in practice, knowledge about the system dy-
namics is generally known only with uncertainty if not completely unknown. There are several
real-world applications where control of unknown or uncertain systems is required: naviga-
tion of mobile robots in unknown environments [54], optimal multi-product inventory control
[42], or even analysing the anti-synchronisation behaviour of predator-prey populations [64].
These systems, which are generally nonlinear can however be sufficiently approximated by
linear models near their operating points. Working with linear models is ideal because of the
rich history of analytical solutions in stability analyses and optimal control strategies, and
moreover, they are easy to interpret and work with. To identify such unknown linear systems,
tools such as Prediction Error Method (PEM) [41], subspace identification [65], and maxi-
mum likelihood estimation have been developed. One could use such methods to first identify
the system, and then use the estimated model to develop optimal control laws. Learning
the system dynamics is of particular interest since the knowledge of system dynamics could
potentially aid in deploying various other model-based methods like disturbance rejection and
output feedback control, for instance. In many cases, the ‘estimate-then-control’ method is
impractical if there are strict limitations on the resources that are involved in running the
system, or if the system parameters can change over time. Further, it is not always necessary
to obtain a precise understanding of the system dynamics to design a control policy to satisfy
some performance criteria [67]. One of the solutions to this problem of controlling unknown
systems is through adaptive control or Learning-Based Control (LBC), where the controller
is updated online from the collected data, to satisfy some performance measures [44]. This
type of model-based reinforcement learning is particularly appealing given the significant
advancements in handling large quantities of data efficiently [47].

In recent years, several developments in the control over large state space in the field of
reinforcement learning have demonstrated tremendous success in various applications like
robotics [40], Atari [46], and Go [57], which have led to further developments in ensuring
reliability and sample efficiency, with an emphasis on non-asymptotic guarantees [58]. Failure
in such control systems could potentially lead to catastrophic consequences: loss of human
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2 Introduction

life as well as economic loss [53]. While the field of reinforcement learning has skyrocketed
with the development of model-free tools, the field of control theory has matured over the
years in the design of robust and reliable model-based tools that can guarantee performance
while adhering to the safety limitations of the system. Hence, the way forward is to combine
the effectiveness of the methods developed in reinforcement learning with the strong-theoretic
guarantees offered by control theory [53]. Moreover, the model-free methods of reinforcement
learning are not as sample-efficient as the model-based methods [63].

In the paradigm of optimal control, Linear Quadratic (LQ) control has been a benchmark
for decades and is extensively used to control complex systems [11]. Moreover, the insights
gleaned from studying LQ control problems can be translated into a critical understanding of
more complex control problems. Further, studying LQ control problems allows one to place
reinforcement learning and control theory on equal footing [53]. The significant research
that exists in the learning-based LQR control problem however dwarfs the research in the
learning-based Linear Quadratic Gaussian (LQG) setting [11]. The LQG control problem
which addresses the control of partially observable linear dynamical systems driven by addi-
tive white Gaussian noises, is one of the key issues in adaptive control [12]. Moreover, in most
practical applications, assuming full state-measurement can be restrictive. The seemingly be-
nign difference of not being able to measure the true states will in fact pose a significant
challenge when controlling the system with unknown dynamics [36]. The errors in state esti-
mates due to approximate models could potentially accumulate to have a significant impact
on the control performance. This is precisely why LBC in the partial observability setting is
a particularly challenging problem to address. The LBC strategies that do address this set-
ting either incorporate subroutines that require non-convex optimisation [37], [36], or require
restrictive assumptions on the optimal control policy [34].

Hence, this thesis aims to design an LBC algorithm in the LQG setting that is computationally
efficient, and can effectively balance the exploration-exploitation trade-off, quantified by a
metric called regret, detailed in Section 2-5. The proposed LBC algorithm is deployed in
a two-phase structure. The first phase involves injecting Gaussian input signals to obtain
an initial model of the system. The subsequent second phase deploys the proposed LBC
strategy in an episodic setting, where for each episode, the model is updated, and the resulting
updated LQG controller is applied with additive Gaussian signals for exploration. This thesis
establishes a theoretical guarantee on @(\/T ) upper bound on the regret growth for LQG-
NAIVE (Algorithm 2), which matches the optimal rate of regret growth in the LQR setting.
Further, this thesis also provides compelling simulation results for LQG-NAIVE.

The thesis is structured in the following way. In Chapter 2, the LQG control problem and the
various concepts relevant to model-based reinforcement learning, are introduced. The various
LBC strategies and their limitations in the current research landscape are also highlighted.
Following the preliminary details, Chapter 3 provides motivation for the proposed LBC al-
gorithms. Supporting this proposition, are finite-time stability and regret guarantees of the
LQG-NAIVE algorithm (Algorithm 2), in Chapter 4. Chapter 4 also provides simulations
validating the theoretical regret guarantee of LQG-NAIVE. As an extension to the thesis,
LQG-IF2E is proposed (Algorithm 3), which paves the way into incorporating ‘intelligence’
into the LBC strategy through the Fisher Information Matrix (FIM), as detailed in Section
3-3. In this thesis, only empirical validation of the FIM-based LBC policy is provided.
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Chapter 2

Background

2-1 Notations

The Euclidean norm of a vector x is denoted by ||z||. For a matrix X € R™*™ || X]|| denotes
the spectral norm, p(X) denotes the spectral radius, || X||r denotes the Frobenius norm, X
denotes its transpose, X' denotes the Moore-Penrose inverse, and Tr(X) denotes the trace.
The determinant of a matrix X is denoted by det(X). The j* singular value of a matrix X is
denoted by 0;(X), where omax(X) = 01(X) > 02(X) > ... > omin(X) = Tmin(n,m)(X) > 0.
Similarly, Amin(X) and Apax(X) have analogous meanings for the eigenvalues of X. The
identity matrix with the appropriate dimension is denoted by I and similarly, 0 is a matrix
or a vector of 0’s with appropriate dimensions. Further, N(u,Y) denotes a multivariate
normal distribution with a mean vector p and a covariance matrix 3. The expectation
operator is denoted by E, and P denotes the probability of an event occurring. The inequality
f S g denotes f < Cg for a universal constant C, and f 5 ¢ denotes informal inequality.
The informal inequality is used when it is required to hide some of the terms in ¢g. The
Kronecker product is denoted by ®, vec denotes the vectorisation operator. Further, Dy
denotes Jacobian, dg denotes differential, and V4 denotes gradient, with respect to 6.

In this thesis, X is used to denote an approximation of the true quantity X. Further, X, is
used to denote an approximation of the true quantity X, at time step ¢ or at the t'" episode.
The intended meaning of this notation becomes clear with the context. The ‘big - O’ notation
(O(.)) for two functions f(x) and g(x), is defined as f(x) = O(g(z)) if 3C > 0 and Z € R
such that | f(z)| < Cg(z) Vx > Z. The ‘big-omega’ notation (£2(.)) for two functions f(z) and
g(x), is defined as f(z) = Q(g(x)) if 3C' > 0 and Z € R such that |f(z)| > Cg(z) Vz > Z.
The notations O(.) and (.) ignores constants and poly-logarithmic terms.

2-2 Linear Quadratic Gaussian (LQG) control problem

In this setting, a discrete-time Linear Time Invariant (LTT) system is described by the state-
space equation:
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4 Background

Ti41 = Al’t + But + we, Wi ~ N(O,O’?UI),

(2-1)

yr = Cay + 2, 2z ~ N(0, agl),

fort=0,1,2,3,..., A€ R%=*"= B ¢ R"*" and C € R™*"=, At time step t, u; € R™ is

the input, z; € R™ is the state, w; € R™ is the process noise, y; € R™ is the system output,

and z; € R™ is the measurement noise. Let the system parameter © corresponding to the
true system be

©=(AB,C, L), (2-2)

where L is the Kalman gain as described in (2-6). To measure the performance of a controller,
the cost incurred c¢; at time step t is defined to be quadratically dependent on the outputs
and inputs as follows:

¢t =y Qui + u/ Ruy, (2-3)
where @) € R™*" is positive semi-definite and R € R™*™ ig positive definite. In this thesis,
the infinite-horizon setting is considered wherein the goal is to design an input signal such
that the long-term average expected cost is minimised. The long-term average expected cost
in this setting is given by

1 =1
J = lim TE [g ct] . (2-4)

T—o00

A linear system with parameter © is controllable if the controllability matrix denoted by
C(A, B,n;), where

C(A, B,ng) == [B AB AR . . . Aw=-lp],

has full row rank. Similarly, a linear system with parameter © is observable if the observability
matrix denoted by O(A, C,n,), where

C
CA
CA?
O(A,C,ny) = : ,

[cAm1]

has full column rank.

Assumptions 2.1 The thesis assumes the following about the true system:

1. (A, B) is controllable, (A, C) is observable, and (A, F') is controllable. Here, F' is the
Kalman gain in the innovations form (2-10).

2. (Q'/?, A) is observable and (A, o,,I) is reachable.

3. @ is positive semi-definite and R is positive definite.

Archith Athrey Master of Science Thesis



2-2 Linear Quadratic Gaussian (LQG) control problem 5

In system identification settings that guarantee the capability of accurate system parameter
estimates and in optimal control settings, the aforementioned assumptions are frequently
made [34], [36], [37], [50], [61]. If © is known, the Kalman filter can provide the state
estimate & given the measured inputs and outputs up to time step ¢ — 1, denoted by Z;;_1 e.
If the assumptions made in Assumptions 2.1 hold, the estimated state error variance X;;_;
converges asymptotically to [65]:

tliglo Yyjpo1 = tlggoE [(fﬂt — Zye-1,0) (Tt — ipt|t—1,®)—r} =X>0,
where ¥ is the solution to the following Discrete Algebraic Riccati Equation (DARE) [65]:
-1
S =02l +AnAT - ACT (C2CT +02) CnAT. (2-5)

At steady-state, i.e., after 3;;_; converges (exponentially) to X, the state estimates can be
efficiently estimated by the Kalman filter:

Ty0 = (I - LC)i’ﬂt—l,@ + Ly,
Tipipe = AZyeo + Buy, (2-6)
-1
L=xc'(cneT +a21)
where L is the Kalman gain. Then, an optimal control law of the form
Uy = _Ki‘t‘L@) (2—7)

minimising J can be obtained from the separation principle with K being the optimal feedback
gain matrix obtained from

K =(B"PB+ R)"'B"PA, (2-8)
where P is the solution to the following DARE [12]:

-1
P=CTQC+A"PA-ATPB(B"PB+R) B'PA. (2-9)

In (2-6), the two expressions concerning 2, ¢ and 2,10 can be combined to obtain the
innovations form:

Trppe=A4A ((I — LC)&y10 + Lyt) + Buy
= Ay 10 + Bur + Fey,
et =C (l’t — £t|t71,®) + 2,
er ~ N(0,C8CT + 021),

(2-10)

where F' given by F' = AL is the Kalman gain in the innovations form. Further, the innova-
tions form (2-10) can be expanded to obtain the one-step-ahead prediction model:

Prppe = (A= FC)2y—1,0 + Bus + Fy, (211)

?Jt+1|t,e = Cj;t+1|t,@v

Master of Science Thesis Archith Athrey



6 Background

where the Kalman gain here ensures A — F'C' is asymptotically stable. There exists a closed-
form expression for the optimal long-term average expected cost when applying the optimal
control law as described in (2-7) [36]:

Joi= min J=Tr(CTQCS) + 02T (Q) +Tr (P(S - ), (2-12)
UQ,UT 5.
where .

S=2-%C" (2T +02) O3 (2-13)

2-3 Learning-based control

In this thesis, a variant of the LBC technique is proposed, which addresses the problem of
controlling an unknown system, i.e., © is unknown whereas, () and R are user-defined (known).
In this setting, the acquired information about the system behaviour by the controller (or
agent) is used to approximate the system parameter, where the approximation of the system
parameter is denoted by e, thereby reducing the parameter uncertainty. As a consequence,
the control law is tuned appropriately to control the true underlying system with parameter
O, thereby achieving better control performance.

To be more precise, at time step ¢, the controller can access the past observations denoted by
T:, where

It = {y()vu()vylaula"'aytflautflayt}a (2'14)
based on which, a control input u; is computed. By injecting u; into the true system described

by (2-1), the state of the system transitions from z; to z;+1. Consequently, a cost ¢; is incurred.
The observation is then updated to Zy+1 = Z; U {uy, yi41}-

As mentioned before, only an approximate system parameter O is known, which can lead to
sub-optimal control performance. This sub-optimality in the control performance is quantified
with the sub-optimality gap (Ag) in the long-term average expected cost [43]:

Ag=J(O) - J., (2-15)

A

where J(©) is the long-term average expected cost incurred when using the control law that
is optimal for a system with parameter © onto the true system with parameter ©.

2-4 Exploration-exploitation trade-off

The problem setting considered here consists of two main goals, that are to be attained
simultaneously:

1. Controlling an unknown system in order to satisfy a certain performance criterion, be
it maximising the performance index or minimising the cost.

2. Learning the optimal control policy for the true system by learning the true system
dynamics.

Archith Athrey Master of Science Thesis



2-5 Regret minimisation 7

This problem comes with its own challenges. To effectively determine what actions to take
such that the performance index is maximised in the LBC paradigm considered here, the
agent (controller) must acquire the necessary information on the relation between current
observations and the corresponding performance index. In other words, the agent must be able
to simultaneously learn the dynamics and plan a control policy [10]. Therefore, it is necessary
to generate informative data to obtain better estimates of the system parameter. One must
also consider a caveat in generating informative data, which may lead to higher costs: in the
LQG setting, since the cost (2-3) is quadratically dependent on the outputs and the inputs,
perturbing the system behaviour to engender informativity may cause the output and input
sequences to deviate significantly from the optimal sequence, thereby incurring larger costs.
Hence, there is a need to develop methods that can optimally balance exploration (actions
that aid in estimating the optimal control policy by estimating ©) and exploitation (actions
that minimise the cost incurred). The essence of having a balance between exploration and
exploitation is called the exploration-exploitation trade-off.

2-5 Regret minimisation

2-5-1 Definition and a brief history

One of the quantitative measures of the exploration-exploitation trade-off is the cumulative
regret R(T) [3], which is given by

T—1
R(T) =" (cy = Ju). (2-16)

t=0
The cumulative regret (2-16) quantifies the difference between the cost of an LBC policy and
the optimal expected average cost J, under the full knowledge of the true system parameter
(oracle). The LBC policy converges to the optimal policy if its regret grows sub-linearly with
time, i.e., @ — 0, which is also called as the Hannan consistency [1]. Therefore, for any
learning-based policy under consideration, it is required to guarantee at least sub-linear regret
in order to pay the optimal expected average cost J,. The smaller the regret, the faster the

LBC policy is converging to the optimal policy.

Another formulation of the cumulative regret denoted by R(T) [22], is given by

R(T) =3 (e — ), (2-17)

where ¢; 4 = yt,*TQyt,* + u;r «Ruy « is the optimal instantaneous cost of the true system paid
at time step ¢ with ;. being the optimal input (2-7) for the underlying true system with
parameter O. In the current thesis, the regret definition (2-16) is used because the regret
formulation in (2-17) captures only the uncertainty associated with not knowing the true
system parameter but not the uncertainty associated with the stochastic behaviour induced
by the measurement and process noises. This is because R(T) can become negligibly small
when applying the optimal control action u¢ . = =Ky -

In the literature, for the sake of brevity, the regret bounds are generally presented in a way
that highlights only its dependence on the time horizon since the rate of the growth of the

Master of Science Thesis Archith Athrey



8 Background

regret with time is considered to be one of the important factors in comparing different LBC
techniques.

Regret minimisation was first studied in [32] and [33] for minimum variance controllers. The
proposed methods use white-noise probing inputs when the available information is inadequate
for parameter estimation thereby, guaranteeing an asymptotic rate of regret of O(log(T)).
Whereas for LQR control problems, it is shown that even when applying the optimal control

action u; » = —Kwz; to the true system with parameter O, the distribution of lim7_, iﬁ) is

T1
a Gaussian random variable centred at zero [20]. This implies R(T) = Q(+/T). This result,
which is also confirmed in [58], is not trivial as it provides a lower bound for the regret of

LBC policies in the LQR setting.

Whereas in the LQG setting, it was shown that given a set of convex reparameterisation
of linear dynamic controllers, persistently exciting the true underlying system and strongly
convex loss functions e.g. @, R > 0, a polylogarithmic regret upper bound on R(T) can be
achieved [34]. Complementing this result, [70] establishes that polylogarithmic regret is not
possible if KK T % 0 or in other words, if the optimal control law does not persistently excite
the true system in the LQG setting. In this case, the best regret upper bound that one can
achieve is O(v/T).

Remark 1 The regret lower bound of R(T) = Q(v/T) in the LQG setting derived in [70]
under the condition that KK T % 0, motivates answering a more fundamental question: which
system instances are easy to control, and which are easy to learn? To answer this, the work
in [70] shows that systems that are marginally stable or with large Kalman filter gain (poor
observability) are fundamentally hard to (be learned to) control. Further, the work in [62]
concludes that under-actuated and/or under-excited systems with weak state coupling are
hard to learn. More precisely, it is shown that the controllability index directly influences
the ease with which the system can be identified. Therefore, the performance of a regret
minimisation algorithm critically depends on the system properties.

2-5-2 Relation between the two regret definitions

In [23], the difference between the two regret definitions ((2-16) and (2-17)) is investigated in
the LQR setting, which shows
R(T) — R(T e — T,
lim sup —( ) (T) = lim sup =4=2 %,
T—o0 TI/QIOgT T—o00 TI/QIOgT
The result (2-18) implies that the difference between the two definitions of regret given by
St eis — Ty, grows at the rate O(T"/?logT’) with high probability. This is shown to hold
when the moment condition sup;s; E[||w(t)|[*] < oo is satisfied.

< . (2-18)

Corollary 2.1 If (2-18) holds, then R(T) = O(T"/?) if and only if R(T) = O(T"/?).

Therefore, if one were to provide a regret upper bound of O(v/T) for either definition of
regret, i.e., (2-16) or (2-17), it does not matter which definition of regret is used. Further,
establishing a regret bound of @(\/T ) for one expression of regret implies that the other
expression also scales at O(v/T). This result is presented in [23] but without proof. The
proof of this corollary is presented in Appendix A-3 for the sake of completeness.
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2-6 Open-loop vs closed-loop system identification 9

2-5-3 Regret bound under high probability vs under expectation

Most of the existing works on LQ-LBC provide regret guarantees that hold with high proba-
bility 1 — 4, where 6 € (0,1) [11]. This probabilistic regret guarantee is derived by considering
that certain event(s) holds with a probability of at least 1 —4¢ [3], [29]. Such an event could be,
for instance, when a certain confidence bound on the parameter estimate is satisfied [37], or
when the magnitude of the state vector remains bounded [3]. This implies that the algorithm
is parameterised by 9, i.e., the regret guarantees with high probability show that

P[R(T) < poly(ng, ny,ny, T,1/0)] > 1 — 6. (2-19)

On the other hand, the algorithms that derive expected regret require the consideration of
the case where the event fails to hold as well [29]. In short, expected regret [44] intends to
show that

E[R(T)] < poly(ng, nu, ny, T). (2-20)

However, by considering § as a function of T, it is possible to transform an algorithm that
provides probabilistic regret guarantees into the one that provides expected regret guarantees
[29]. In this thesis, a probabilistic regret upper bound is provided and the extension to an
expected regret guarantee is deferred to future work.

2-6 Open-loop vs closed-loop system identification

Since there is an emphasis on learning in the considered online setting, one must weigh
several factors to decide the kind of input signal to adopt for system identification. Some of
the relevant factors are mentioned below.

Process
noise Measurement
noise
output
Controller > System 7

Figure 2-1: Schematic of closed-loop system identification.

Process
noise Measurement

noise

output
System P

Figure 2-2: Schematic of open-loop system identification.
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10 Background

In closed-loop system identification as depicted in Figure 2-1, the correlation between the
input and output data is present especially when the closed-loop controller inherently uses
the past observations to deploy control actions [34]. Moreover, if the closed-loop controller
has regulating properties then the information obtained from closed-loop data is often less.
This could lead to a case where the collected data is not rich or informative enough to obtain
accurate model estimates [69]. That being said, there could be cases where the closed-loop
identification is preferred [39]:

o when there is a constraint on the system input or output [14], or

« if regulation is required, a stabilising controller may be required.

Moreover, it is possible to design input signals to address the potential lack of data informa-
tivity in closed-loop identification, as briefly discussed in Section 2-8.

On the other hand, in open-loop system identification as depicted in Figure 2-2, the correlation
between input-output data is significantly reduced with the use of independent inputs. To
elaborate, firstly roll back the output equation H time steps in the history as such:

H H
y=CA"z_ g +> CA 'Buy_i +> CA 'wyi + 2. (2-21)
=1 =1

Since A is assumed to be stable, the first term in (2-21) decays exponentially and becomes
negligible with large enough H. Therefore, from (2-21) we have

H H
Y = Z G[i]ut—z‘ + Z CAZ_lwtfi + zt, (2-22)
=1 =1

where the Markov parameters, G|;; = CA~'B, Vi > 0 with Glg) = 0, uniquely describes
the system behaviour. Moreover, G = {G[O] Gpu - G[H]} e Rw>nu(H+1) denotes the
H-length Markov parameters matrix. From the above formulation in (2-22), a least-squares

estimate of G can be obtained by taking u; = {ut e Up— H} as the regressor:
. T—1
G =argmin Y _ [Jy; — Xu||*. (2-23)
X =H

Ifi.i.d. Gaussian input signals independent of the noises are used as inputs then, a consistent
estimate of G can be attained using (2-23). From this estimate, one can obtain an estimate
of (A, B,C) up to similarity transformation by using the popular Ho-Kalman algorithm [28].

As a consequence of this, it is much easier to provide guarantees on the accuracy of the pa-
rameter estimates with open-loop input signals [37], [50]. Existing works which employ such
methods guarantee that the model estimation error diminishes at the rate O(1/v/T), after
collecting observation data for T' time steps [50], [56], [59], [61]. The regret minimisation
techniques in the partial observability setting that utilise this method of open-loop identifica-
tion, have proposed LBC strategies in the ezplore-then-commit framework [36], [59]. In this
framework, Gaussian input signals are injected during the explore phase following which, the
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2-7 Episodic policy update 11

system is identified. Using the identified system, the LBC strategy is deployed during the
commyit phase. These techniques incur a regret of @(Tz/ 3), which is larger when compared
with the well-established O(v/T) regret upper bound [34], [37]. As a consequence of this
fragmented approach, these techniques do not generalise well to the current setting where
the past observations are perpetually utilised to update the LQG controller. In closed-loop
system identification, the inputs will become correlated with the noise sequences and as such,
consistent estimates of the Markov parameters cannot be guaranteed by solving (2-23). To
address this challenge, [37] proposed an identification technique to estimate the Markov pa-
rameters both in open-loop as well as in closed-loop. This identification technique, which is
detailed in section 3-1, is adopted in the present thesis.

2-7 Episodic policy update

As the agent is exploring and learning more about the true underlying system, there is a
need to determine when to update the current estimate of the model to a ‘better’ estimate.
Such a need can arise if for some algorithms, switching the policy (updating the system
parameter estimate) too frequently or at every time step can degrade the control performance
[1]. Moreover, by making policy updates less frequent, the computational load can be reduced
[22].

The time steps within which a particular system parameter estimate (and the corresponding
optimal policy) is maintained is called an episode or an epoch. In LBC, the episodic policy
update is categorised based on the number of time steps in each episode, as follows:

e Varying episode length: The algorithm can increase the episode length geometrically,
for instance, in a doubling fashion (cf. [58]).

e Constant episode length: The algorithm maintains a constant episode length, that is
either given by the user or is estimated (cf. [48]).

o Step-wise episode: The algorithm updates the policy at every time step (cf. [29]).

o Anytime episode length: The policy can be updated at any time step (cf. [29]).

Moreover, switching control policies at the end of each episode may also provide the excitation
necessary for system identification [19].

2-8 Exploration strategies to address the exploration-exploitation
trade-off

There are three main exploration strategies in the LQ setting for LBC [11]:

1. Optimism in the Face of Uncertainty (OFU): Exploration driven by choosing
optimistic system parameters from a confidence set [3],[7], [37], [38]. In this exploration
strategy, exploration is engendered with the optimal control law of the optimistic system
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parameter estimate, i.e., 3 0; : J,(0;) == inforee, J+(©) < Ji, where C; is the confidence
set at time step ¢. Here, J«(0y) is the optimal long-term average expected cost of the
system with parameter ©;. The OFU-based LBC policy is given by

—K(©y)z, if C=1,02=0
Ut = ~
! —K(04)Z,,; 6,, otherwise

where K (0;) is the optimal feedback gain for ©.

2. Forced exploration: Certainty Equivalence Controller (CEC) with e - greedy explo-
ration [18], [21], [43], [58]. The certainty equivalence principle is based on one of the
most simple techniques for regulating dynamical systems with uncertain or unknown
dynamics: a model of the system is fitted by collecting its temporal history, and a
control strategy is then developed by taking the fitted model as the true system [8].
Whereas, with CEC with € - greedy exploration, the LBC policy is given by

—K(©)z +m,if C=1,02=0

up = R
t _K(Gt)i’t‘t 6, T 1, otherwise

where K ((:)t) is the optimal feedback gain for ©; and 7; being an additive excitatory

signal.

3. Thompson Sampling (TS): Here, either the true system parameter is assumed to
belong to a known prior distribution and the optimal policy of the sampled system
parameter from the posterior distribution is deployed (Bayesian setting), or with no prior
assumption on the true system parameter, an optimistic system parameter is sampled
from a confidence set around the system parameter estimate, and the corresponding
optimistic policy is deployed (frequentist setting) [4], [6], [30], [31]. Here, the LBC
policy is given by

—K(©)#y0,, O~ Dy, for the Bayesian setting
b —K((:)t)fﬂt 6, O, ~ (4, for the frequentist setting ’

where Dy is the posterior distribution of the system parameter at time step ¢, C; is the
confidence set around the system parameter estimate at time step ¢, and K (0y) is the
optimal feedback gain of the system ©;. The posterior distribution and the confidence
set are constructed such that ©® € D; or © € C;, with high probability. For the state
feedback setting, one can replace Z;; with z.

Many of the works employing the above-mentioned LBC policies adopt a two-phase structure:
the first phase consists of an initial system identification phase where rich excitatory inputs are
deployed to obtain a ‘good’ initial estimate of the model parameter following which, the LBC
strategy is deployed online, where system identification and control take place sequentially.

2-8-1 Related works

The early works of regret minimisation emerged for Auto Regressive Model (ARX) Single-
Input-Single-Output (SISO) systems, that use minimum variance controllers [32], [33]. These
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2-8 Exploration strategies to address the exploration-exploitation trade-off 13

works show that the regret grows at a rate O(log(7")) asymptotically whereas for LQR, the
regret is shown to grow at a rate O(\ﬁ ) asymptotically. In the learning-based LQR setting,
the seminal work of [3] incorporating OFU, achieving a finite-time regret guarantee of O(v/T),
reignited the research into regret minimisation for LQ control problems. A similar rate of
regret is also shown in the TS-based approach as well as in forced exploration [21], [30], [31],
[43]. In fact, O(V/T) regret upper bound is the optimal rate achievable for unknown systems
in the LQR setting [58]. Such a rate can be attained by a simple naive exploration, i.e.,
CEC with an additive white Gaussian excitatory signal, with a variance diminishing at a rate

O(1//1).

Remark 2 Although the v/T regret bound is rate optimal for the LQR control problem with
unknown dynamics, poly-logarithmic regret upper bound can be achieved for a known A or
B matrix, as a consequence of the extra available information [16], [29].

Both TS and naive exploration are a better substitute for OFU when considering the com-
putational complexity of computing the actions the agent must execute. To elaborate, TS
requires sampling only a single instance be it in the Bayesian setting or in the frequentist
setting and then, deploying the optimal control law of the sampled instance. Further, the
works in the Bayesian TS framework assume Gaussian posterior distribution, whose mean
and covariance can be updated from analytical expressions [25], [49]. Naive exploration only
requires the system parameter estimate to deploy the optimal control law of the estimated
system parameter with an additive perturbation. On the other hand, OFU requires either
solving a non-convex optimisation or solving a complex optimisation problem based on semi-
definite programming, which are not as computationally efficient as the routines in TS and
naive exploration [3], [7], [17].

Most of the works in the literature address the full-state measurement case, i.e., the LQR
setting, and there are very few works which address the LQG case [11]. Among those, [36] and
[37] use OFU, guaranteeing a O(v/T) regret upper bound but requires solving a non-convex
optimisation to find optimistic system parameters. Following these two works, [34] provides
guarantees of poly-logarithmic regret by deploying a disturbance feedback control law, which
is a convex reparameterisation of a linear dynamic control law, under the assumption that
the optimal policy persistently excites the true system. Recently, (’}(\/T) regret upper bound
has also been established with TS in the LQG setting [30]. Forced exploration has not yet
been investigated for regret minimisation in the learning-based LQG control problem.

There is a parallel line of research which focuses on designing algorithms, that deploy input
signals to generate the required data informativity necessary for estimating an accurate model
of the true system while accounting for various experimental constraints [13], [15], [27], [67].
This problem is called the optimal experiment design problem. Although these works in
optimal experiment design take the application into account, they are not particularly suitable
for regret minimisation [11]. Most of these works optimise some function of the FIM that
depends on the unknown true system parameter. To circumvent this issue, an adaptive
experiment design framework has been developed, where the initial estimate of the system,
as well as the corresponding optimal input sequence to identify the system, are improved as
more data is collected [13], [26], [27], [51], [66], [67]. The task-optimal experiment design
proposed in [67] is the closest to its application for regret minimisation: in this work, the
minimisation of the sub-optimality gap (2-15) is addressed. Further, the work in [67] designs
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an adaptive scheme to converge to a sequence of input signals that achieves a smaller sub-
optimality gap when compared with injecting Gaussian input signals. However, the cost of
running this algorithm is not evaluated online and therefore, it cannot be directly adopted
for regret minimisation [67].

Of the three methods, OFU can be said to incorporate some form of intelligence in engendering
exploration: OFU being a confidence-based method, selects control actions to explore the
regions of the parameter space that has the most influence on the control performance [7].
But as mentioned previously, OFU requires solving a non-convex optimisation problem. The
work in [18] bridges the gap between experiment design and regret minimisation by proposing
the following LBC policy for the LQR setting:

Uy = —K<@t)$t + M

= 47“0 for some v > 0 and rg ~ N(0, I),

= (2-24)
)\min (It(ét)>

where It(@t) is the FIM at time step ¢ evaluated on the estimated system parameter ©,. This
type of exploration is called the Inverse Fisher Feedback Exploration (IF2E). The motivation
for using the FIM is provided in Section 3-3. This work [18], guarantees an asymptotic regret
bound of O(v/T) since Amin (It(ét)) is shown to grow at a rate O(v/t) asymptotically. The
extension to the LQG setting is however lacking.

2-9 Additional assumptions and definitions

The following assumptions aid in simplifying the exposition of stability and regret analyses
in the LQG setting [36], [37]:

1. The system is assumed to be open-loop stable, i.e., p(A) < 1. Define ®(A) := sup, ‘U(AT)H .
It is assumed that ®(A) < co. This is a mild assumption that is necessary to quantify
the finite-time evolution of the system. The stability of the open-loop plant is assumed
to avoid explosive behaviour during the initial system identification phase. For details
on the initial system identification phase, refer to Section 3-2.

2. The unknown system parameter © is assumed to be member of a set S, such that,

p(A) <1
(4", B')
(A’,C") is observable,
(A", F')

is controllable

0)
N

is controllable.

The above two assumptions are standard in the majority of the literature on system
identification and regret minimisation [37], [43], [50], [56], [59].
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2-9 Additional assumptions and definitions 15

3. There exist real numbers p, v, D, I', and ¢ such that,

p =sup [|[A' - BK(©)| <1,

o'cS
v =sup ||A - ALO)| <1,

0'cS
D = sup [[P(®)]],

o'cS
I' = sup [|[K(&),

o'cS
¢ = sup [|L(O)]].

o'cS

The assumptions on p and v are restrictive because they constrain the type of systems
on which the proposed exploration strategy can be applied. The assumptions on D,
I', and ¢ are not restrictive because their existence can be ensured given that the set
S consists of system parameters that are controllable and observable. With a similar
reasoning, we have |[M||p < S. That being said, such assumptions can aid in simplifying
the stability and the regret analyses [37].

4. It is assumed that iﬁo|_1 6 = Toj-1,0 = 0. Further, the system is assumed to start at
the steady state, i.e., 7o ~ N(0,X). At steady state, we have eg ~ N (0,CECT + o21).
These assumptions are made to simplify the analysis and to streamline the exposition.

These assumptions hold throughout the thesis.
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Chapter 3

Learning-Based Control Strategy

This chapter provides motivation for the proposed LBC algorithm and for the selected system
identification technique. Firstly, the system identification technique chosen is based on a
recent work in closed-loop subspace system identification [37], as motivated in Section 2-6.
The proposed LBC algorithms are extensions to the LQG setting from the previously proposed
LBC strategies in the LQR setting, namely, the naive exploration strategy [58], and the IF2E
strategy [18].

3-1 System identification

As motivated in Section 2-6, this thesis adopts the closed-loop system identification technique
proposed in [37]. This system identification technique can be broadly structured into two
sequential phases:

1. Using the predictor form of the state-space equation as described in (2-11), estimate
the Markov parameters.

2. Estimating the system parameter © from the estimated Markov parameter by using a
variant of the subspace system identification technique.

Estimating the Markov parameters

Consider the predictor form of the state-space equation (2-11). Rolling back the evolution of
the system H-time steps back, we get

H-1
Zmr0=(A-FCO) "2 _pgu_n1e+ Y (A= FC)" [Bup_j_1 + Fyp_p_1]. (3-1)
k=0

For the sake of brevity, let A = (A — FC). Let us also define the matrices:
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18 Learning-Based Control Strategy

F::[CP’ CAF .. CAH>1F}GIWWX"M{
G:@B(MB”.QMAQGRWME
Now fort=H,H +1,...,T — 1, we have

Yy =Clyp 10+ et
=CA"3 e+ Y, CAF[Bup_p—1+ Fypp1] + e (3-2)
k=0

=M+ et + CAY 2 _py_p_10,
where

M:@GFWMWW?
T T T T T (ny+nu)H (3_3)
O = {yt—l oo Yo Uiy e “t—H} e R .

Since A is stable, the last term in (3-2) becomes negligible for large enough H. Specifically,
we need
log (\/ny/AegT?
(ympenT) : (3-4)
log(1/v)

which can also be written as H = O(log(T")) [37]. The expression of the constant ¢y can be
found in (4-53).

H > max { 2n, + 1,

Remark 3 Let the number of time steps in the &*™ episode be [j;. If the duration of the episode
is varied in a doubling fashion, i.e., ly+1 = 2k, then the requirement that H = O(log(T)) can
be relaxed to H = O(kgy), where kgy is the number of episodes [35].

Now with {y;}7—¢ and {u;}]_,, define the following matrices:

- T
Y, 1= _yH YH+1 - y”rfl} € Rany’
T
o, 1= [¢H bH41 - ¢T—1] € RV*(y+nu)H
- T (3-5)
E._1=leg egs1 - 67_1] ERany,
- _ _ T
N,y =|CA"2g 1o CAMiygg ... CAHG _y y, p se| €RN* ™,
where N = (1 — 1) — H + 1. Since N,_; is negligibly small,
Vi~ @ M +E . (3-6)

Therefore, from (3-6), the Markov parameters M can be estimated from the regularised least-
squares problem as follows [37]:

M = argmin [[Yr—1 — &7-1.X T[[E + Al X[

) (3-7)
— M = (&, + AR Yo,

where A > 0. Therefore, from the predictor form of the system description with H satisfying
(3-4), the Markov parameters can be estimated consistently.
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3-1 System identification 19

Estimating the model parameters ©
With the estimated Markov parameters at time step ¢, denoted by Mt, the system parameter
© is estimated from a variant of the Ho-Kalman algorithm [37] (refer to Algorithm 1). Recall
that M = [F, GJ. At time step ¢, we have

Mt = ﬁ‘t71 ﬁ‘t,H Gt,l ét H] 5

where ]?‘t,i is the i*® ny X ny block of f‘t, and Gt’i is the i*? ny X 1, block of Gt. Define the
Hankel matrix Hf“t as

Fi1 Fio ... Fid,+1
Fi2 Fts ... Fia,42
He = | - € Ry x(dztliny (3-8)
t .
Ftda;, Fta;+1 - Fem |

Analogously, He, has a similar definition as above.

Algorithm 1 SYSID [37]

1: Input: M, H, ng, Ny, N, d1 > Ny, do > 1y such that dy +do +1 = H

2: Construct two Hankel matrices Hy, € Rényx(d2+1)ny apd He, € Ry (A2 Dnu from Fy
and Gy respectively. Let H, = {Hfh Hét:| .

3: Obtain H; by discarding (dz + 1)th and (2dz + 2)th block columns of H;.

Perform SVD on #H; , and then obtain N, the best n,-rank approximation by setting all

but the first n, singular valLAles to zero.

Obtain Uy, S, Vi = SVD(N}).

Construct O(flt, C’t,dl) = UtZi/Q.

Construct [C(Ay, £y, do + 1), C(Ay, By, do + 1)] = B2V,

Obtain C,; from the first ny rows of O(flt, C, dy).

Obtain B; from the first n, columns of C(jlt, By, ds + 1).

10: Obtain F} from the first n, columns of C(Ay, £, dy + 1).

11: Obtain 7:[?' by discarding 15 and (da + 2)*® block columns of H,.

12: Obtain A; = O (A, Gy, dv) Hit [C(Ar, iy do + 1), C(Ay, By, do + 1)]T.

13: Obtain A, = 4, + £,C,.

14: Obtain L, from the first ng x n, block of AJOT (4, Gy, dy)H; .

15: Return: Ay, By, Cy, and L.

Lo

> jt :At—ﬁ‘tét
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3-2 Naive exploration-based LBC algorithm

In the present thesis, the focus is on designing an LBC algorithm in the LQG setting that

1. incorporates an LBC policy having a simple structure,

\V)

. provides an effective balance between exploration and exploitation,

3. is computationally efficient, and

W

. guarantees the boundedness of the inputs and outputs.

In Section 2-8, it was mentioned that the simple structure of the CEC with e-greedy explo-
ration attains a regret upper bound of O(v/T) in the LQR setting. The seemingly simple
implementation of the CEC is however sensitive to a model mismatch: the controller can only
be guaranteed to stabilise the system when the sub-optimality gap (2-15) is small [19], [31],
[43]. To circumvent this issue, an initial stabilising controller can be assumed with additive
exploration signals to enable sufficiently long exploration before updating the system param-
eter [58]. Instead of assuming an initial stabilising controller, [36] and [37], which implements
an OFU scheme in the LQG setting, incorporates an initial warm-up period (injecting Gaus-
sian input signals) to obtain an initial system parameter estimate such that the corresponding
CEC stabilises the true system. Following this warm-up phase, the LBC phase is deployed
where system identification and control with the proposed LBC strategy take place sequen-
tially. This modular scheme is considered for the present thesis given the well-established
finite-time guarantees on system parameter estimation error with the considered warm-up
phase [37], [50], [61]. An auxiliary feature of this modular scheme is that it gives the de-
signer the freedom to choose the type of input signals to provide during the warm-up phase,
depending on the application (cf. [67]).

Considering the above argument, the present thesis incorporates a LBC strategy that is
deployed in two phases:

1. Warm-up phase: Gaussian input signals are injected for 73, time steps to provide
informative data in order to obtain an initial system parameter estimate such that the
corresponding CEC stabilises the true system. The length of this phase depends on how
accurate the initial estimate needs to be [37].

2. LBC phase: Naive exploration, as briefly discussed in Section 2-8, is deployed in an
episodic fashion.

3-2-1 LBC phase

As mentioned previously in Section 2-8, naive exploration strategy, i.e., a CEC with an
additive Gaussian input signal whose covariance diminishes at a rate O(ﬁ), is sufficient to

attain a regret growth rate of O(v/T) in the LQR setting. Moreover, this LBC policy has
a simple structure and is computationally efficient to deploy, thereby making it a promising
candidate. Establishing a regret upper bound of O(v/T) with this scheme in the LQG setting
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3-2 Naive exploration-based LBC algorithm 21

is however in question. In this thesis, this question is answered in the affirmative in Theorem
4.4 with the LBC policy:

Ut = _Kkj}tlt,ék + e,
N = Unkrta Tt ~ N(OJ I)7 (3—9)
2 Y

Unk = ﬁ?fy > 07

where k is the episode number, and I, is the number of time steps in the k*" episode. Further,
K}, denotes the optimal feedback gain for the system parameter ©y. From (3-9), it becomes
evident that the covariance of the additive Gaussian exploration signal is kept constant during
each episode. This setting is considered to simplify the regret analysis.

Episode length

Following the warm-up phase, the algorithm proceeds in an episodic fashion wherein, the
number of time steps I, of the k™ episode satisfies I, = 2¥T, for k = 0, 1,2, 3..., kg, — 1. Since
lk+1 = 2lx, the number of episodes is approximately logs(7"). The use of such a ‘doubling’
episode length scheme can be motivated as follows.

The bulk of the algorithm’s regret can be expressed as the sum of the sub-optimality in the
control law and the cost associated with the additive exploration signal, as detailed in 4-75:

kan—1
R(T) S Y. W(J(O) = L) + lkoy, 1
k=0

kan—1 9
< D ko (HMt—MHF) + Lo,
k=0

- (3-10)

S Z lco
k=0

S Kfinco + VT,
~ logy(T)co + VTn,.

1 n 1
k="
Vi

I,

The third inequality is a consequence of Theorem 4.3. From the above exposition, it be-
comes evident that in order to ensure that the sub-optimality in the control law scales only
with logy(T), the doubling scheme of the episode length must be adopted. For the detailed
treatment of the regret upper bound, please refer to the proof of Theorem 4.4 in Chapter 4.

3-2-2 Algorithm with naive exploration

The LBC algorithm with naive exploration in the LQG setting is given below. The algorithm
consists of both the warm-up phase and the LBC phase. Specifically, it shows when the
system parameter is updated as well as the corresponding input signals of the warm-up phase
and the LBC phase.
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Algorithm 2 LQG-NAIVE

1: Initialise @, R,y > 0, H, Ty, ng, ny, Ny, 02, ken

2: procedure WARM-UP > An initial SYS ID phase
3 fort=0,1,....,Tw — 1 do

4 Inject uz ~ N(0,021)

5: end for

6 Store {y, us} g™

7: end procedure

8
9

: procedure LEARNING-BASED CONTROL > LBC phase

for k=0,1,...,kgy — 1 episodes do

10: Calculate M, using {y, ut}figw_l

11: Perform SYSID to obtain flk, f?k, C’k, Ly

12: Determine K}, from (2-8)

13 Let I, = 2F T3,

14: for t = 2FT,,, ..., 2f+1TW —1do

15: Inject uy = — Ky, o, + e, e~ N(0, ﬁ[}

16: end for

17: end for

18: end procedure

The finite-time guarantees that are critical for establishing a regret bound of @(ﬁ ) are
presented in Chapter 4. Further, the simulation results validating the theoretical guarantees
are also presented in Chapter 4.

3-3 FIM-based LBC algorithm

It was mentioned in Section 2-8 that experiment design incorporates the intended application
into account when designing the input signals. This is achieved by optimising over some
function of the FIM (cf. [13], [27], [67]). As promising as this scheme is, it is not suitable
for regret minimisation: the cost of deploying these algorithms is not evaluated online. Naive
exploration, on the other hand, has a simple and intuitive structure that can be easily de-
ployed for regret minimisation problems but lacks any form of ‘intelligence’ in designing the
exploration signal. That is, the exploration signal which is a Gaussian signal with a diminish-
ing covariance, does not take the application or any feedback from the system into account.
There is hence a need to combine the principles of experiment design with the LBC strategies
for regret minimisation to ‘intelligently’ design the exploration signal.

Recently, there have been such efforts in the LQR setting [18], [24], as shown in (2-24). As
an extension to this thesis, this LBC strategy which is based on the FIM, is extended to the
LQG setting from the LQR setting. The use of FIM is motivated in the following.

3-3-1 FIM

Since learning the system parameters is intimately tied to LBC, understanding the role of
the FIM in LBC becomes imperative in designing effective exploration strategies for regret
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minimisation [27], [52], [70]. The FIM quantifies the amount of information contained in a
random variable. For a sequence of random variables {Vt}?;ol, let the joint probability density
function be fr(v|0) = [T/=" f(vi|#). The FIM I7(6) after T time steps is given by

, (3-11)

Ip(6) = Var (azT(Vw')) .

00’

where I7(V]€’) is the log-likelihood of the joint probability density function. Alternatively,
the FIM can be defined as follows.

Definition 3.1 [69]  For a family of parameterised probability densities {py,t € 0}, 6 e RY,
FIM I,(0) € R¥*4 is given by

1,(6) = [ Vologpa(e) (Vo logpa(a)) " pala)da, (3-12)

whenever the integral exists.

Since the FIM quantifies the amount of information contained in the random variable about
some parameter , one can construct the FIM on the output signals to quantify the amount
of the information these signals have on the true system parameter ©.

The FIM has profound significance in the field of system identification and control. Exper-
iment design methods revolve around the FIM, which was briefly discussed in section 2-8.
Many works have used the FIM for control albeit not for exploration: in [5] and [49], FIM is
used to decide when the controller must be updated to a new one. Likewise, in [29], the FIM
is used to decide when to switch to a known stabilising controller. Finally, the recent work
of [18] uses the FIM to explicitly design the exploration signal, the motivation for which is
based on the works of [69] and [70], which emphasise the significance of the FIM in regret
minimisation in the LQ setting, where it is shown that the optimal policy renders the FIM
singular and that the smallest eigenvalue of the FIM is upper bounded by the regret of the
corresponding policy. This intuition is used to influence the rate of growth of the regret
through the smallest eigenvalue of the FIM, as shown in (2-24) for the LQR setting. In the
present thesis, the structure of the LBC policy in (2-24) is extended to the LQG setting by
constructing the FIM on the output measurements.

Lemma 3.1 For a partially observable system as defined in (2-1) with the output expressed
in an ARX form as shown in (3-6), the FIM under any policy 7 is given by

T-1

Lr (M) = Y Ee [¢i¢) @571, (3-13)
t=H

where ¥, = CXCT + 021

The proof of Lemma 3.1, which can be found in Section 3-4, is an extension to the LQG
setting from the earlier result in [70] for the LQR setting.

From (3-13), it becomes evident that the covariates ¢;¢; that directly influence the estimation
accuracy of the Markov parameters, as shown in the least-squares formulation in (3-7), appears
in the FIM formulation. Hence, the minimum eigenvalue of the FIM can be seen as a metric
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to measure both the informativity of the input-output signals in terms of system identification
as well as a measure of how much information the output measurements have about the true
system parameter O.

The literature corresponding to the LQR setting indicates that the minimum eigenvalue of
the FIM grows at a rate (’)(\/T), which is optimal when for instance, naive exploration is
used [24], [29]. Moreover, it has been shown in the LQR setting that, when

up = — Ky +

1
=0 () Vt=0,1,2,....,T — 1,
Ui \/%

the incurred regret R(T) = O(v/T) [43], [58]. It must be noted that the naive exploration
strategy satisfies (3-14). Using the result from the optimal growth of Ay, (FIM) and the
result corresponding to the incurred regret from naive exploration, it is possible to directly
incorporate the FIM in designing the additive exploration signal. The work in [18] leveraged
this relation to design an LBC as described in (2-24) to guarantee a regret upper bound of
O(VT), albeit only asymptotically. This is largely due to the behaviour of Ay, (FIM): the
work in [18] guarantees that Ayin(FIM) can only grow at a rate O(v/T) asymptotically.

(3-14)

Therefore, in this thesis, the FIM-based LBC strategy is validated only with empirical simu-
lations, which can be found in Section 4-2. Establishing finite-time guarantees on the regret
with this LBC strategy is an interesting direction to pursue for future work.

There is however a caveat in using the FIM: the FIM must be evaluated at the unknown true
system parameter ©, as seen in (3-13). To circumvent this issue, in [18] the FIM is instead
evaluated on (:)t, and as the system parameter estimates improve, we have O, — O in the LQR
setting and therefore, the ‘estimated’ FIM that is used will tend to the true FIM. But, such a
guarantee cannot be provided in LQG setting because O, can only converge to some similarity
transformation of ©. That being said, what is of consequence is the behaviour of Ay, (FIM)
when evaluated at the estimated model parameter since it directly influences the exploration
signal. Since the eigenvalues of a matrix are preserved under similarity transformation, one
can evaluate the FIM with @t.
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3-3-2 LBC policy and algorithm

Much like LQG-NAIVE (Algorithm 2), the FIM-based LBC algorithm proceeds in two phases:

1. Warm-up phase: Gaussian input signals are injected for 73, time steps to provide
informative data in order to obtain an initial system parameter estimate such that the
corresponding CEC stabilises the true system. The length of this phase depends on how
accurate the initial estimate needs to be [37].

2. LBC phase: CEC with additive FIM-based exploration signal, is deployed in an
episodic fashion.

The estimated FIM is given by the following expression:

T-1
Inr1(Mg) = > dud) @54, (3-15)
t=H

where

. 1 < . . T

Ze,t = m Z (yz - yi|i_1’éi_l> (yz - yi|i_1’éi_l> )
where gi\ifl,(:)i,l is as defined in (2-11) but for the estimated system parameter ©;_1. The
FIM cannot be constructed for the first H-time steps since the ¢; vector is defined only
after the first H-time steps. This is acceptable because the algorithm, which is based on a
similar structure to LQG-NAIVE, also utilises all the previously collected data for system
identification. Therefore, during the warm-up phase, sufficient data is collected, i.e., T, > H,
to construct the FIM that is to be used in the LBC phase. To ensure that the FIM is
not poorly scaled, the exploration strategy in (3-9) is used until Apipn (I Ht(Mt)) is greater
than some tolerance value. After achieving this minimum scaling, the FIM-based exploration
strategy is deployed.

That i, if Awin (L (Nb) ) < cio,

U = _Kk:i‘ﬂt,ék + Nt
N = O'nth, T ~ N(O,I),

2 g
o, =——=,7>0,
LV
else,
U = _Kki'ﬂt,ék + Nt ,
Tt = Ony Tt T’éNN(O,I), (3—16)
0'72” = = ,Oé > O,
Awin (Tr14(VI))
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where c) is the tolerance set by the designer. The proposed LBC strategy does not require
any optimisation procedure to be performed thereby avoiding any computational costs with
respect to computing the exploration signal. The FIM-based LBC algorithm in the LQG
setting is given below. The main difference between LQG-NAIVE and LQG-IF2E lies in
the exploration signal. LQG-IF2E uses the exploration signal as described in (3-16). The
structure of the algorithm, on the other hand, is identical to LQG-NAIVE.

Algorithm 3 LQG-IF2E

1: Initialise @, R,y > 0,a > 0, H, Ty, ng, Ny, Ny, 02, kfin, Ctol

2: procedure WARM-UP > An initial SYS ID phase
3 fort=0,1,....,Tw — 1 do

4 Inject uz ~ N(0,021)

5: end for

6 Store {ys, us} i

7: end procedure

8
9

: procedure LEARNING-BASED CONTROL > LBC phase

for k=0,1, ..., ksn, — 1 episodes do

10: Calculate M, using {yt, ut}?igwfl

11: Perform SYSID to obtain Ak, ék, C’k, ik

12: Determine Kj, from (2-8)

13: for t = 2T, ..., 21T, — 1 do

14: Compute I (M) from (3-15)

15: if Amin (IH,t(Mt)) < ¢t then

16: Inject uy = _Kk‘%t\t,@k + M, M N(O, ﬁf)

17: else

18: Inject us = _Kk"%t\t,ék +n, e~ N (O, >m(I:t(1\7It))I>

19: end if ’

20: end for

21: end for

22: end procedure

3-4 Proofs

3-4-1 Proof of Lemma 3.1

This proof is an extension from the state measurement case addressed in [69] to the partial
observability case. From Lemma B.6, we have for the sequences {y;}7_o and {u;}i

T-1
=) E[L(M)],
t=H

Tnr—1 (M) = Loy o))

where p ({yt}tT:_hl,, {1 tT:_I}> is a multivariate density function for the sequences {yt}tT:_hl, and
{0 tT:_I_}. Further,
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Li(M) = /VM logp (5 — My — 1) (Varlogp (§ — My — 1)) |
p (Y — My — e) dy,
where ¢ is a dummy variable for integration. From Lemma B.7, with y; = M¢; + e; we have
LiM) = Eo |((DmM) ) 5" (0mM) 61
Eo [(Vmvee(M))T (¢16) @ 5.1) Vavec(M))]
Eo [¢r6] @ 37!

Then
T-1

Inr—1(M)=> Ee [¢t¢2— ® Ee_l] .
t=H
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Chapter 4

Finite-Time Guarantees and Numerical
Analysis

This chapter provides a finite-time regret guarantee when deploying LQG-NAIVE. Several
auxiliary results are also provided, which provide support to establish the regret guarantee.
Simulation results are provided, which validate the theoretical regret guarantee. As previously
mentioned, this chapter also provides numerical simulations for LQG-IF2E.

4-1 Finite-time guarantees

To provide a finite-time regret guarantee when deploying LQG-NAIVE, several auxiliary
results are required. The two main ingredients involve guaranteeing the system parameter
estimation error to be monotonically decreasing, and the input-output signals of the system
to remain bounded during the LBC phase (Lemma 4.1). The first ingredient requires showing
that the Markov parameters estimation error is monotonically decreasing (Theorem 4.3),
which requires showing that a ‘persistence of excitation’ condition is satisfied (Lemma 4.2).

Now, since the model parameter estimation error can indeed be shown to decrease monotoni-
cally, the corresponding estimation error bound during the LBC period can be upper-bounded
by the estimation error bound after the warm-up period. This fact is extensively utilised to
simplify the analyses. The following provides a list of the results involved in providing a
finite-time regret guarantee:

1. Bounds on the input and output signals after the warm-up phase (Lemma A.1 [36]).

2. Persistence of excitation during the warm-up phase (Lemma A.2 [35]).

3. Bounds on the Markov parameter estimation error after the warm-up phase (Theorem
4.1 [35]).

4. Bounds on the system parameter estimation error (Theorem 4.2 [35]).
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30 Finite-Time Guarantees and Numerical Analysis

5. Bounds on the input and output signals during the LBC phase (Lemma 4.1).
6. Persistence of excitation during the LBC phase (Lemma 4.2).
7. Bounds on the Markov parameter estimation error during the LBC phase (Theorem

4.3).

To facilitate an easier understanding of how the various finite-time guarantees depend on each
other, a flowchart is provided below.

Theorem 4.1 Theorem 4.3

Corollary 4.1 Theorem 4.2

Theorem 4.4 |«

Figure 4-1: A flowchart showing the dependencies involved in providing finite-time guarantees.

For the ease of comprehension, some relevant terms are recalled here
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1. From Section 2-9, we have

[1A™]]
D(A) :=sup,>g——
“ = p(A)7

p=sup ||[A'— B'K(&)]| <1,
o'eS

v=sup ||[A - ALO| <1,
0'eS

I'= sup ||K(0)]],
o'esS

¢ = sup [|L(®)]].
0'eS

2. From (3-4), we have

log (,/ny/)\cHT2)

log(i/v) [’

H > max { 2n, + 1,

where the exact expression for ¢y can be found in (4-53).

3. From (A-3), we have
Ty = [|Cl|[Xw + Z + Uy,

where X, Z, and Uy, are as defined in (A-2).

4. From (4-46), we have
Tac = Yac + Uac,
where Uy and Y, are as defined in (4-35) and (4-37) respectively.

5. From (3-7), we have that A > 0, which is a regularising parameter in the least-squares
formulation.

4-1-1 Warm-up phase

Firstly, we state a result from the literature that provides guarantees on Markov parameters
estimation error after the warm-up phase.

Theorem 4.1 [35] The initial estimate of the truncated ARX model, M, obeys the following
bound with a probability of at least 1 — 2§ for § € (0,1/2), after the warm-up period of Ty,

time steps:
pOIY(ny) H7 nu)

M. — M| < , 4-1
M., = min{oy, 0., 04 0o/ Tw — H (1)

for some o, > 0. Specifically, if Ty, > T then
M, — M| <1, (4-2)

with Ty = R? where

‘warm’
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\/ 2n,||CDCT + 21| (log(1/0) + Hgtnsd og (Mnacm)HAITRTY )} o 2] (/93§

Rwarm = )

0o Min{ oy, 04,04}

(4-3)
where ||[M||p < S.

This theorem depends on two supporting results, namely, Lemma A.1 and Lemma A.2. Essen-
tially, Theorem 4.1 implies that after sufficient time steps in the warm-up phase, the estimate
of the Markov parameters is quite close to that of the true Markov parameters.

4-1-2 LBC phase

The next step would be to provide guarantees on the system parameter estimation error
after the warm-up phase, i.e., an upper bound on ||©7, — ©||. Theorem 4.2 provides such
a guarantee by generalising it for any ¢. This is to avoid redundancy in the results as the
following theorem shows that ||©; — ©|| = O(||M¢ — M]||).

Theorem 4.2 [35] Let H = {’HF ’HG} be the concatenation of two Hankel matrices obtained
from M. The notations Hr and Hg have analogous expressions to the definition in (3-8)
but with the true system parameter. Let A, B,C, L be the similarity transformed system
parameters obtained from M by using Algorithm 1. At time step t, let Ay, By, C,, L; be the
estimated system parameters obtained from M, via Algorithm 1. Then, for a given choice of
H satisfying (3-4), there exists a unitary matrix T € R™*" such that, © = (4, B,C,L) €
(Ca(t) x Cp(t) x Co(t) x Cr(t)), where

Ca(t) = { A" e R - |4, - TTA'T|| < Ba(t)},
Cp(t) = { B e R™*™ . ||B ~ T B'|| < Bp(t) }, )
Co(t) ={ " e R 1 [|C, - C'T|| < Bo(t) }
Cr(t) ={ L' e R™*™ :||L, = TTL'|| < Br(1)},
where
Vi H(|[H|| + o, (H -
gt = e (VR 000000 o —
20n.H | _~
_ cral|H]| Vi H(|[H|[ + on, (1))
BL(t) = mﬁfl(t) +crne 2 (30) My — M|,

for some problem-dependent constants ca,cr,1 and ¢y, 2.

Problem-dependent constants imply constants that depend on the true system parameter O.
The proof is provided in Appendix A-2 for the sake of completeness. During the LBC phase,
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it is imperative to guarantee that the input and output signals remain bounded to ensure
the safe operation of the closed-loop system. Such a guarantee can be provided with LQG-
NAIVE, as shown in the following lemma. Both Lemma 4.1 and Lemma 4.2 are extensions of
the results in [35]. The extension here requires accounting for the additive Gaussian excitation
signals.

Lemma 4.1 After a warm-up period of Ty, time steps, LQG-NAIVE satisfies the following
with a probability of at least 1 — ¢ for § € (0,1): for all t € [Ty, T — 1],

L 12, 6,1 < X,

2. 1216, 11 < Xestacs
3. |lyell < Yac,

4. |Jug]| < Use,

where X, Xest,acs Uac, and Yy are as defined in (4-33), (4-34), (4-35), and (4-37) respectively.

The proof of this lemma can be found in Section 4-3-1. It is important to show that the system
parameter estimation error is monotonically decreasing in the LBC phase. A critical piece to
ensure that lies in guaranteeing the persistence of excitation, which ensures the estimation
accuracy of the Markov parameters. Essentially, the persistence of the excitation ensures that

t—1
w

the cumulative sum of the covariates ( T ¢¢¢ZT) is positive definite. The significance of

the positive definiteness of the covariates becomes evident in the least-squares formulation
(3-7).

Lemma 4.2 After T,. time steps in the LBC period and for some o, > 0, with probability
of at least 1 — ¢ for ¢ € (0, 1), we have the following for all ¢ > T, + T,

t—1 205 f 2 2 2
otmin{o;, 0%, 07 }
Omin Z ¢z¢;r > (t - Tw) Z wé 2Tl ,

=Ty

(4-6)

where
51274 H2log (21(ytme) )
Tac -

104 (4-7)

4nind o4
oemin{og, 03, 0

A critical component of this proof is the ‘truncated closed-loop noise evolution parameter’
denoted by G, which captures how the noise sequences influence the trajectory of the system.
The proof of this lemma is deferred to Section 4-3-2.

Remark 4 An integral piece for proving Lemma 4.2 requires a perturbation bound on the
‘truncated closed-loop noise evolution parameter’ of the form, ||Gf! — G|, where G is the
‘truncated closed-loop noise evolution parameter’ with the true system parameter ©. This
perturbation bound requires representing the bound on ||Gf' — G°!|| as a function of the
system parameter estimation error, and a detailed derivation of the perturbation bound is
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not provided in this thesis due to lack of time and hence it will be consolidated in the future
work. Therefore, in this thesis, it is assumed that ||Gf' — G9|| can indeed be represented
as a function of the system parameter estimation error. This assumption is not far-fetched
when considering the form of G{!, as shown in (4-41). Further, the proof of Lemma 3.2 in
[35] on which Lemma 4.2 is based, also fails to provide sufficient details for deriving the
above-mentioned perturbation bound.

With Lemma 4.1 and Lemma 4.2, it is possible now to provide a bound on the estimation
error of the Markov parameters during the LBC phase.

Theorem 4.3 For any time step ¢ > max {Tyc + Tw, 2T — 1}, the estimate of the truncated
ARX model, M, obeys the following bound with a probability of at least 1—26 for § € (0,1/2):
pOIY(ny, H7 nu)

HMt_MH < 2,2 2,2 0202 .
V6~ H + 1) minfodo?, o202, o0, 7%k 722 %0k

(4-8)

The proof of this theorem can be found in Section 4-3-3. The structure of the proof follows
similarly to the proof of Theorem 3.2 in [35]. The difference lies in the terms that account for
the additive excitation signal. Theorem 4.1 along with the result in Theorem 4.3 implies that
the estimation error of Markov parameters is monotonically decreasing approximately at a
rate (9(%) This fact is leveraged in the following corollary to provide a bound for the model
parameter estimation error at time step ¢ with respect to the bound on the model parameter
estimation error after the warm-up phase.

Corollary 4.1 [35] After the warm-up period of Ty, time steps, for a given choice of H satisfying
(3-4), for a unitary matrix T € R"**"= with a probability of at least 1 — 26 for § € (0,1/2),
we have

Ca(Ty) = { A" e R=*"= 1 || A4, - TTA'T|| < Ba(T) },
Cp(Ty) = { B/ € R ™ :||B, = T B|| < f(T) }, o)
. 4-9
Co(Ty) = { ' e R . |6, — C'T|| < Bo(Tw) },
Co(Ty) = { L' e R™>™ o ||L, =TT L|| < Bu(T) ],
where
Ba(Tw) = %9”2(1@ if Tyy > Ta,
Be(Ty) = Bc(Tw) = 1if Ty, > T, (4-10)
M Vi H(|[H|| + 04, (1)) .
gty = LW g (1) 4oy VU2 00 (F0) s >

This corollary is a consequence of Theorem 4.2 and Theorem 4.3, and is from the literature as
cited above. The proof of this corollary along with the definitions of T’y and Tp are presented
for the sake of completeness in Appendix A-2, along with the proof of Theorem 4.2.
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With the boundedness of the input and output signals and with the guarantee of diminishing
model parameter estimation error, we are almost ready to address the regret bound. The final
piece in establishing the regret upper bound requires bounding the sub-optimality gap Ag
as defined in (2-15). This inherently requires a way to represent the (sub)optimal long-term
average expected cost incurred during the LBC phase denoted by J ((:)t) The following expo-
sition allows us to do just that by representing the (sub)optimal long-term average expected
cost as a function of the solution to a Lyapunov equation.

For a system as defined in (2-1) satisfying the assumptions in Assumptions 2.1, and for

A

an estimated system parameter © € § with the set S as defined in Section 2-9, define an
alternative formulation of the LQG cost function as follows:

J,(0) = lim ~E Tf w ][ o0 ot ¢
[ —

W
Ti41 = AﬂTt + BUt +we, wg~ N(Oa 0-121;1)7
yi = Cxp + 25, 2 ~ N(0,021),
Ty = (I - Lc)i't\tfl,(:) + Ly,

(4-11)

Te1t,6 = Awt\t,@ + Bug,

up = —Kiy, o,

where Q. = CTQC, K stabilises the true system, and A—FCis asymptotically stable.
Further, consider the following closed-loop state-space equation with extended states:

Tt . A ~-BK Tt—1 + I 0 (w1
itlt,é o iCA (I — f/é) (121 — Bk) — ﬁCBK i‘t—l‘t—l,é IA/C IA/ Zt ’
\—A,_/

Gl G2

and let S = dlyap(@l, W) > 0 be the solution of the discrete Lyapunov equation, as defined
in Definition B.1. Then, we have

A ATan 0210
Js(@):Tr<G2TSG2lO UEID' (4-12)

The proof of (4-12) is presented for the sake of completeness in Appendix A-3. Now, it is a
well-known fact that J4(©) = J(0) — Tr(Qo2I) [43]. This property can aid in quantifying
the sub-optimality gap Ag as shown in the proof of Theorem 3 in [43]. Now, we are ready to
state the regret upper bound.

Theorem 4.4 (The regret of the LBC phase) After the warm-up period of Ty, time steps,
with a probability of at least 1 — ¢ for 6 € (0,1), we have for any T in the LBC phase, the
regret of LQG-NAIVE is bounded as follows:
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kan—1
R(T) S 32 U (Ju(Ok) = J. ) + lnyo2Tr (Q) + Lo, poly (Ba(Tw), Ba(Tw), BL(Tw), [IS]])
k=0

+ VIgpoly (Ba(Tw), Be(Tw), BL(Tw)s IS]]s Xacs X ||Q|], [|BI|, T,
(4-13)

where [;, is the number of time steps in the k™" episode and kg, is the number of episodes.
The above bound can be refined to obtain:

R(T) = O(VT), (4-14)

where O(.) hides poly-logarithmic factors and problem-dependent constants.

Problem-dependent constants imply constants that depend on the true system parameter ©.
The proof of this theorem is deferred to Section 4-3-4. Here, an intuition is provided on how
the regret bound is derived. From Algorithm 2, it becomes evident that LQG-NAIVE operates
in an episodic fashion. Hence, the regret is also analysed episode-wise. Firstly, an upper bound
on the cumulative cost incurred by LQG-NAIVE in any episode is obtained. From this, we
can obtain an upper bound on the regret for any episode. This episode-wise regret bound is
then summed over the number of episodes to obtain the final regret upper bound incurred
by LQG-NAIVE during the LBC phase as shown in (4-13). From (4-13), we see that the
sub-optimality gap and the exploration cost (3'% term) have significant contributions towards
the magnitude of the regret since they are linearly dependent on the number of time steps in
the k' episode. To provide a bound on the sub-optimality gap, we use an earlier result in [43],
which essentially reduces the contribution from the sub-optimality gap to O(logy(7")). On the
other hand, the exploration cost essentially reduces to O(y/T) since 0,2”c = O(1//1;). We can
further see that the system parameter estimation error along with the established bounds on
the state and its estimate, also influences the regret upper bound. As was mentioned before,
the system parameter estimation errors are monotonically decreasing, and as a consequence,
it is possible to upper bound the system parameter estimation error at any time step ¢ with
the corresponding bound after the warm-up. This is evident in (4-13). Finally, it must be
noted that the regret incurred during the warm-up phase is O(T},) [36]. This result along
with the result in Theorem 4.4 gives the overall regret incurred by LQG-NAIVE.

Archith Athrey Master of Science Thesis



4-2 Simulation results 37

4-2 Simulation results

4-2-1 Simulation setting

Here, we validate the performance of LQG-NAIVE and LQG-IF2E through empirical simu-
lations. For the simulation, the web server control problem is considered, which is linearised
around its operating point [1], [9]. For more details about this control problem, refer to Section
3.4 in [9]. This problem, which is formulated for the full-state measurement case, is modified
to the partial observability case, i.e., the inclusion of the C' matrix and the measurement
noise. The system under consideration is given by

.54 —0.11 — 4.4
Tyy1 = [ 0.5 0 1%4—{ 85 up + we, wy ~ N(0,0.011),

—0.026  0.63 —2.5 28

102 0.3

=103 0.2

The cost matrices for the control problem are given by [9]:

5 0 L0
prng f— 502
Q lo 1] . R l 0 156] )

The optimal long-term average expected cost calculated from (2-12) is 0.0707046. The length
of the warm-up phase is set to Ty, = 25. During the warm-up phase, Gaussian excitatory
signals are injected, where u; ~ A(0,0.17). For the LBC phase, the number of episodes is

taken to be 11. The hyper-parameters for the LBC policies (3-9) and (3-16) are v = ‘{iow
and a = 1 respectively. To ensure proper scaling of the minimum eigenvalue of the FIM,
¢tol = 1. Finally, to obtain consistent parameter estimates, the length of the input-output
data history that is used to construct the ¢ vector is set at H = 12. The algorithms LQG-
NAIVE and LQG-IF2E are run 100 times to report the mean and the standard deviation of

the observations.

Tt + Zty Rt N(O, 001[)

4-2-2 Comparing the simulation results of LQG-NAIVE and LQG-IF2E

Figure 4-2 captures how the regret growth varies over the 100 simulations. The bold red
line signifies the mean regret of LQG-NAIVE whereas, the bold blue line signifies the mean
regret of LQG-IF2E. LQG-NAIVE incurs a long-term average cost of 0.074426 and LQG-
IF2E incurs a long-term average cost of 0.074203, averaged over the 100 simulations. The
LQG-IF2E algorithm switches to the FIM-based exploration strategy at the 35" time step,
on average. This means that with a delay of approximately one episode, the algorithm is
able to deploy the FIM-based exploration strategy. From Figure 4-2, it becomes evident that
LQG-NAIVE and LQG-IF2E have similar behaviour of the regret growth, this is primarily
due to the hyper-parameter tuning. An intuitive way to understand this similarity in regret
growth is to plot the evolution of the minimum eigenvalue of the FIM.
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Figure 4-2: Regret growth of LQG-NAIVE and LQG-IF2E.
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Figure 4-3: Growth of the minimum eigenvalue of the FIM estimated on M.

Figure 4-3 captures how the minimum eigenvalue of the FIM varies over the 100 simulations.
The bold blue line signifies the mean growth of Apin (I Ht(Mt)) of LQG-IF2E whereas, the

bold red line signifies the mean growth of Ay (I Ht(th)) of LQG-NAIVE. From the figure,
it becomes evident that the behaviour of the FIM is also similar between the two algorithms.
Since the FIM captures the informativity of the data, one can expect two algorithms to have
similar regret growth if their corresponding FIMs constructed on the input-output data, also
show a similar growth. The ‘bumps’ that are observed in Figure 4-3 closely correspond to
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the time steps where the system parameter estimate O, was updated. It is straightforward to
notice that the length of the ‘bumps’ corresponds approximately to the length of the episodes.

0 10 20 30 40 50 60 70 80 90 100

—ut = *Kfrt\z,(-)

Ut = ’Kfit\t,@y

0 10 20 30 40 50 60 70 80 90 100
time step (t)

Figure 4-4: Comparing the CEC of the last updated model with that of the optimal policy:
LQG-NAIVE.

or —w = —Kiye [

~ | —u = K2y, ¢
002 s

. NSV \ u '
<7 - | | | Z \
o 0.02 v | Y 'W \
\Vi my J
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0.02}- .
\ Ll \ \ \ \ \ \ \
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time step ()

Figure 4-5: Comparing the CEC of the last updated model with that of the optimal policy:
LQG-IF2E.

To validate the claim that the LBC policy is converging to that of the optimal policy, we can
compare the CEC controller, i.e., u; = —Klliﬂt 61 that is updated at the start of the last

(11*1) episode, with that of the optimal controller. For LQG-NAIVE, we have Figure 4-4,

Master of Science Thesis Archith Athrey



40 Finite-Time Guarantees and Numerical Analysis

which compares the average behaviour of the CEC controller of the ‘latest’ model with that of
the optimal controller for 100 time steps. Here, the average is taken over the 100 simulations.
From the figure, it becomes evident that the estimated control policy has converged quite close
to that of the optimal policy. Comparing the output data, we have a Root Mean Squared
Error (RMSE) of 14x10~% and 16 x 104, and a Variance Accounted For (VAF) of 96.56% and
94.52%, for output channel 1 and 2 respectively. Similarly, for LQG-IF2E, we have Figure 4-5,
which shows that the output behaviour of the two controllers is quite close. Comparing the
output data, we have an RMSE of 7.87 x 10™* and 9.36 x 1074, and a VAF of 99.72% and
98.42%, for output channel 1 and 2 respectively.

4-3 Proofs

4-3-1 Proof of Lemma 4.1

The present analysis abstracts away the episodic behaviour of the algorithm, that is, 61
could either be the system parameter estimate being used in the current episode at time step
t — 1 or it could be the system parameter estimated in the previous episode if the time step
t — 1 falls in the previous episode. The analysis is independent of when the system parameter
is being updated.

Since the behaviour of a system with parameter © and its similarity transformation is the
same, without loss of generality, we assume that the similarity transformation matrix T = I.
This proof is an extension of an earlier result in [35]. The cited parts in this proof can be
found in the proof of Lemma 4.1 in [35].

Based on (2-6), consider the following decomposition of ;f:t‘ +.0,

xf|t7ét - xt|t—17ét71 + Lt(yt o Ctxﬂt—l,étq)

= A2 - By 1 K%

t—1[t—1,0;_1 t—1[t—1,0;_1

+ B + Ly (yt -G (Atfljt,”t,l,@t_l - Btflktflit,”t,l’@t_l + Btflntfl) )

= (1= L6y (Ar = Biakin) 2y 6, + (1= LiCi) Bioama
+ Ly (C’aft +2—Chyy 6+ C‘%tlt—l,ét,l)
(1= 1) (A = Brakin) 3,y v, + (1 - £CY) By
+ L, (C:Ut —Ciyy 16, +C (AH - Bt,lfct,l) By pore,, + CBome + zt>

= (&—1 — By 1Ky — Ly (ét/it—l ~ OBy Ky — CAy_y + CBt—1f(t—1) )@—ut—l,étl

+ (I - fftét) Bi_1m—1 + L,C (xt - jt‘t—laét—l + Zyji-1,0 — £t|t71,®)
+ IA/tCBtflﬁt—l + Lz
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= (Atl — By 1Ky — Ly (étAtfl ~ OB Ky — CAy + Cétflkt71> ) Ty 141,604

Can be thought of as the dynamics

+ Lo (th - :i“t\t_L@) + L,C (it\t_L@ - i‘tlt*Lét—l) + Bioamr + Lz + Ly (C — ét) Bt .

Can be thought of as a process noise

(4-15)

We will bound ||.%t| +.6,!| by bounding each of the above terms in the decomposition. Define
the following event:

En = {|[NL, — M| <1}, (4-16)

which is assumed to hold when ¢t > Ty, > T, where T is as defined in Theorem 4.1. It will
be shown later in Theorem 4.3 that this event indeed holds with high probability. Assuming
this event holds, we have

1. © € Ca(t) x Cp(t) x Co(t) x Cr(t) for all t > Ty,
2. ||Cy = C||,||B; — B||, ||Ey — F|| < B5(Ty) = 1 when T, > Tp.
3. ||A — Al| < Ba(Tw) = 0, (4)/2 when Ty, > Ta.

4 ||l — ]| < Bum),

where the similarity transformation matrix T = I without loss of generality. We will use the
above bounds extensively in the current proof. The definitions of T4 and T’z can be found in
Appendix A-2.

Bounding the norm of the ‘dynamics’ term [35]

Let
Ny = (I — L (ét - C) ) (At—l - Bt—1f(t—1) .

Let T, =1Tg (l—p) This implies HC’t C’H < T” for t > Ty > Ty,. Then under event Em,
we have

N < 22 <1 (4-17)

Recalling from Section 2-9, we have
|1A7]]

®(A) = sup;»g

p(A)T
= sup 4~ FE@)] <1,

@I

v=sup ||A"— A'L(O)C'|| < 1,
e'cs

I'= sup ||K(8')],
e’'eS

¢ = sup [[L(O)]].
e'cs
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Bounding the norm of the ‘process noise’ term

The term L,C (:z:t — 53t|t—1,®) + Lz isac <|\C|H|E| 112 4 az) - sub-Gaussian random variable.
Therefore, from Lemma B.1, we get [36]:

|24C (20 = Bgemr0) + Eatl| < ¢ (HCMIZI2 + o) %nx o (222). (19)

for all ¢t > Ty, with probability of at least 1 — §/T. Re-parameterise §/7 — §. Now, under
Em, we have

HBt—lnt—l + L (C - C’t) Et—mt—lH

< (118l + || Bi—1 = B|) Il (1 + || Ee(C: = €)]])

< (IIB[l+ 1) [lne=1l[ (1 +¢) -

Recall from (3-9) that 7; ~ o, N (0, 1), where o7, = ﬁ with v > 0. Therefore, from Lemma
B.1, we have

2n,T
I s%%numg( L), (4-19)

which holds with a probability of at least 1 — §/T for all ¢ > Ty,. Re-parameterise 6/T — 4.
This implies

HBt—lnt—l + Ly (C - ét) Bt—lﬁt—l”

< o (1BI1 +1) (1 40) \/m log () (120)

< V(B[ +1) (1 +() \/2nu10g<

which holds with a probability of at least 1 — § for all ¢ > T3, under the event &y;. Finally,
we bound the spectral norm of the term A; = (fi‘t|t—1,e — ﬁ?t|t71 @til).

Bounding ||A,||

From (2-6), we have the following decompositions:

Zp0 = Ao + Buy
= Ai’t\t,@ - BKtj}ﬂt,ét + B?]t
= Ay e — BKidy e + BKidy e — BKt,, o, + B

= (A- BK,) iy — BR: (2,6, — Fre) + B
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Ty 11,6,
BthﬂCﬂt,@t + By

- (At+A—A) Zp0, + ( B,K, + BK, — Bf(t) 06, + By

= (Ai+ A= A= Bik, + BK, — BK;) &y, 6, + Bom

(At +A—-A-BEK, +BK, - BKt) ( By, — Tiito +:%t‘t’@) + Bumy
(A= A= BR, + BR) 2o + (A — B e

6ét

+ (A — A= Bk, + BK,) (2,6, — #0) + (A= BRY) (2,0, — #ure) + Bon-
Thus A1 is,
Ary1 = Ty1jr0 — §;t+1|t 6,
(A BKt) Tyt — BKt( Ty1.6, i“t\t,@) + By
—0g, 21,0 ~ 99, ( Li1t,64 xtlt@) (A - Bf(t) (it\t,ét - fctlt@)
- (A - Bkt) f?t|t,@ - Etnt
=4 (i“t|t,@ - fﬁt‘n@t) — 0, Zjt.0 + g, (i“ﬂt,@ - i“t|t7(:)t) + By — By
= (A + 5®t> (iﬂt,@ — itlt,@t> — 5@t'@t|t79 + (B — Bt) .

We will now decompose the term (ﬁt\m@ — 2y, é). From (2-6), we have [35]:

Be — By, = (I = LiC) Avt (L= L) er+ Li (Ci = C) dyporon

Now, substituting the above expansion into Asy1, we get

Arii= (A+5,) ( (1- EG) At (- L) ert 1 (G- C) @>
— b, Eqre + (B - Et) m
= (A+05,) (1= LiC) A+ (A+3g,) (L= L) e
+(A+0g,) L (Co = C) #pmr0 — 0, 3ure + (B — Bi) m
= (A+05,) (I - LiCi) A+ (A+3g,) (L= L) e
(A+6 )L( )xt|t19 8o, Eui-10 — 36 Let—|—<B Bt>
- (A Ny t) (I LtCt) A+ (AL ALy + 85 L —b5,Ls — 6@tL) er

+ ( (A+6q,) Li(Cr—C) - 5@)@“1,@ +(B=B)m
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~ () (1= L) ack (A (L 1) - g, L)
# (4486 (0 C) = o, Jauso t (8- B)n
(A + 5©t7j> (I — f;t,jé‘tﬂ) > (A (L — il) — 6@Zﬁl> €;

i=0 j
+ it_l_l ( (A + 5@—]’) (I . fzt—jét—j) ) ( <A + 591‘) IA/’ (CZ B C) - 5éi>§jii17@
i=1 7=0

(4-21)

The last equality in (4-21) comes from the assumption that Zo_; 0 = To_16, = 0. Let us
now decompose Z;;_1 @:

Zii—1,0 = ATi_q)i- 1®—Bf(z 12, 1i—1,8; _, T Bni
= AZ;_q)— 1o — BK; 13 1i-1,0 — BK;- 1( i1}i—1,0:1 — Ti-1]i- 1,6)+B77i71
(A BKz 1) Li—1]i— 1@+BKZ 1( Li-1]i-1,© — HJZ 1)i—1,0,_ )+B77i—1

= (A — BKi_l) (xz—1|z—2,® + Le,_l)
+ Bf(il( (I - ﬁifléifl) JAVERTES (L - ﬁifl) i1+ Liq (éifl — C) 501‘—1|z‘—2,®>
+ Bni—1

= (A — BK; 4 (I —Li (éifl - C)) >f1—1|z'—2,® + BK; 4 (I - f/ifléifl> AV
+ ( (A - BKFl) L+ BEK; (L - IA/ifl) >611 + Bni—1

—11—2—
Z 11 (A —~BK; 1+ BE; 1 L;i—1 (éi—l—k - C) )
k=0

j=0
(Bkj (I — ijéj) A+ ((A - BKJ‘) L+ Bffj (L - fq)) e; + B?b‘).
(4-22)
For brevity of representation, we can define the following terms:
i=(A+4g,) (1= LiCy)
o= (A= L) — 00, Li)
i = (A+05,) Li (Ci = C) — b,
= (B-5)
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fi=A-BR;+BR;L; (¢; - C)
gi = BEK; (I - LiC:) (4-23)
hi = (A= BR;) L+ BEK; (L - Ly).
Finally, using (4-21) with the equality given in (4-22), and with the definitions in (4-23), we
get
tot—i—1 t t—i—1

A= [ agbiei+Y [] aje (; li[ fic1-kg; A )

i=0 ;=0 i=1 ;=0

i—11—2—j t t—i—1 —1i—2—
ag—jC; (Z 11 fi—l—khjej) +> I a-je (Z H —1- kBUg)
=0 k=0 i=1 j=0 k=0

j:

t—1i

||’:]

t
t t—i—1

H 2771

(4-24)

The above expression is similar to the one in the proof of Lemma 4.2 in [36]. The main
difference lies in accounting for the additive excitation signal, i.e., the last two terms in the
above expression. Since the model parameter estimation error is monotonically decreasing
at every time step after the warm-up under the event Evp, we can upper bound the norm of
each of the above terms in the decomposition by the bound at the end of the warm-up [35].
The bound for the first three terms in the above expression follows analogously to the bounds
given in the proof of Lemma 4.2 in [36]. Further, it must be noted that the norm of the terms
in (4-23) are identical to the ones in the proof of Lemma 4.2 in [36]. Hence, in this thesis, a
detailed treatment of deriving the bounds on the norm of the terms in (4-23), is not provided.

Bounding the norm of Y!_, Ht 0! t—j5Ci (Z HZ T fican an])

Expanding the term, we see that

=0 k=0
= (atat—1...azc1) (Bno) + (arai—1...azc2) (fiBno + Bn) + (atai—1...asc3) (f2af1Bno + faBm + Bng)
+ (araz—1...ascq) (fsfofrBno + fafiBm + fiBn2 + Bns) +
+ct (fie1fe---f1Bno + fi—1fe-. foBm + ... + Bng—1)
= (ataz—1...a2¢1 + araz_1...a3c2 fi + arar—1...asc3 fa f1 + ... + i fro1 fe-. f1) Bno
+ (agaz—1...a3c2 + azag—1...asc3 fo + arai1...ascafof1 + ... + e feo1fi... f2) B
+ ..+ ceBni1.

t t—i—1 i—1i—2—j
Z H at—jCi (Z H fz‘—1—k:B77j)
i=1 j=0

(4-25)

We will first start with bounding the norm of a;. Recalling (4-23), we have
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(A

(A i At A— B, + BKt) (I - itét)
= (A~ (B~ B) &) (1 - L&y

( .

— (4, - AtLtC’t> - (Bt - B) K, (I - jité’t> .

Let 0 € R satisfy 1 > o > max{p,rv}. Under the event &v, we have |jas|| < o < 1 for all
t > Ty > T,, where

ra+cdell +1)))2.

(0 —v)

Ta:TB(

Similarly, we can bound the norm of f;. If
A) (14T +4+TC||B
1y = 7, B (LT CIBIY
4 oc—p
we obtain ||f|| < o < 1 for all t > Ty, > T¢. Furthermore, for T, > max{Ty, T}, we have

that for all ¢ > Ty, max{||al|,||fi]|} < o < 1. Further, a bound on the norm of ¢, exists
under the event &n:

ICtHSQ(@( )+ Ba(Tw) + T8p(T ))Cﬂo( )+2<5A( w) + IBp(T )) =c. (4-206)

Therefore, from (4-25) and using the above bounds, we have the following under event Enm:

t o t—i—1 i—1i—2—j
Z H at—;C; (Z H filkBUj>H

i=1 j=0 =0 k=0

S( Y (t—1)o t—2_|_...—|-20'—|—1) c|B|yﬁ\/2nu10g (2n§T)

=BV (1l+o+o*+..+o™h+ (0+02+...+0t71)+(02+U3...+0t71)+...+at*1)

(
oo

_ 1 o 2n, T
§c||B||\ﬁ<1_a+1_U+...)\/Qnulog( : )

e (5

(4-27)
which holds with a probability of at least 1 — 9.

Bounding the norm of 25:0 ;;"0’1 ag—jd;n;

The bound on this term follows a similar procedure as that of the bound in (4-27). It is

straightforward to see that ||d¢|| < 1 under the event En. Therefore, we have the following
under the event En:
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t t—i—1

ST a—jdin

i=0 j=0
which holds with a probability of at least 1 — 4.

<

9
Q
[\
S
<
<)
0
7 N

[\~
S
IS
S
N——

T (4-28)

Bounding the norm of Y_!_, H?;’b‘l a¢—jbie; [35]

Similar to the other terms, we can indeed say that a bound on the norm of b; exists under
the event &v:

|1e]| < 20(A)BL(Tw) + 264(Tw)C + 285(Tw)TC = b.

Observe that e; is a <HC Z[2 + 02) - sub - Gaussian random variable. Therefore, by using
Lemma B.1, for all ¢ > T3, with probability of at least 1 — 9, we have the following under
event Em:

t t—i—1

Z H at_jbz-ei

i=0 j=0

b 12 2n, T
< ——(lie= —I—UZ)\/Znylog( ) )

Bounding the norm of 3!_, ;;"0’1 ai—;c; ( ;;B ]_[2;207]4 fi_l_khj€j> [35]

Under the event Enp, we have
[[hel] < <2BA(TW) +p+ 2BB(TW)F>C +2||B||TBL(Tw) = h.

Similar to the previous bound, we have the following under event En:

b il il ch o 2n, T
Z H Gt—jCi Z H fic1—khje; Sﬁ(HCHHZH/ +Uz> \/2”y10g< — ),

i=1 j=0 J=0 k=0 -0

which holds with a probability of at least 1 — 9.

Bounding the norm of Y!_, ;;’;1 ar—jc; ( ;;B ]_[2;207]‘ fi_l_kngj) [35]

It can be shown under the event &y that, ||g:|| < g exists. Further, it can be shown through
the method of induction, that for all ¢ > T5,, under the event Eng, we have the following with
a probability of at least 1 — d:

=[lAdl < A,

th\t—L@ T Tye-1,6,_1

- b ch on, T
A=1 S|V 40 (20,1 ( Y )
0<1_U+(1_U)2>(HCHH I +a)\/ny og (= (31)

c||B 2n,T
(L ) (22T

For details on the derivation of the above expression, refer to the proof of Lemma 4.1 in [35].
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Putting things together

To recall, from (4-15) we have

t t—i—1

Ty16, = 21 1—[0 Ni—j (ﬁz‘c (:L’z - i’i\iq,e) +L;,C (@p’q,@ - i’m_l,@i_l) + Bi_1mi1
i=1 j=

+Lizi + L (C - éi) Bi—lm‘—1> .

From (4-17), (4-18), (4-20), and (4-31), we have the following under the event Enp:

i=1 j=0
+Lizi+ L (C - éz) Bz‘flmq) H
< max ’(E‘C (902 - 561'|i—17®) +LiC (i'i|i—1,® - i‘i\i_l,@i_l) + Bi_1nia
+Lizi + L; (C - éz) Eiflnifl)H it_ﬁl Ni—j
i=1 j=0
< <1 + ! —2Fp + (1 ; p>2 + ...+ (1—;/)>t_1> 1%1%: <L’C (l‘z - @'u—l,@)
+L,C (i'i\i—l,e - ﬁz‘\i—l,éi_l) +Biimio1 + Lizi + L (C - C’i) 31‘—1%‘-1) H
< =, 1max <LC (sz - @\i—Le) +L,C (@ui—l,@ - jili—l,éi_J + Bi1mia
+Liz + L (C — éi) Bz‘—lm—1> H
<X,

(4-32)
which holds with a probability of at least 1 — 3§, where

2@0@M2Wﬂ+%)2m¢g@%ﬂ+«wmﬁ+v@mmw4ﬂr+o %u%(%ﬁﬁ
X =

I—-p
(4-33)

Now, using (4-33), we can bound the norm of Ty4-16, , as follows. From (2-6), we have
Typ1,0,1 = (At—l - Bt—th—l) Ty 1j-1,6,, T Be-17m-1,
then

Wgro, 1 < [[ s = Beorkiea|| [y, || + || Bt [l

o, T (4-34)

<X+ v (Bl +1) \/2nulog< >r= Kest,ac,
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which holds with a probability of at least 1 — 34 under the event En. Now to bound the norm
of us, we recall the following from (3-9):

Ut = _Ktxﬂt,ét + Nt

then

2, T
[luel| < Tx + ﬁ\/%u log < né > = Uhe, (4-35)

which holds with a probability of at least 1 — 30 under the event &vp. To derive a bound on
the norm of x;, we do the following:

Tt =Tt — Lyj-1,0 T Teft—1,0 ~ Lyy_1,6,, T Lyjp—1,6,_,
=Tt — Ty-1,0 T Teji-1,0 — Lyp_1.6,_,

+ (At—l - Bt—lfft—l) {I}t_l‘t—Léz—l + Biimi-1.

Then,

[

el < || = 2-r0]| + ||Erp-10 = Zyp_r 6, ,

+ || B e |

+ H(flt_1 — Bt—lfft—l) H H‘%t—l\t—l,étfl

< Hwt — xt|t71,9H + Hwt\tfl,(% Ty 1,6, 4

+ (1181l + ||B = Bea[) el

om,T\ ~ o, T
< |zr|1/2\/2nmlog( ”5 )+A+px+ﬁ(||3||+1)\/2nulog( ") = X
(4-36)

which holds with a probability of at least 1 — 30 under the event En. Now for g, we have
Yy =Clyy g6, , +C (mt - ﬁjt\t—l,ét,l) + 2z
=0y 4, , +C (xt - jt\t—l,@> +C (itlt—l,@ - ‘%t|t71,©t_1> + 2
=C (At—l - Bt—lf(t—1> Ty qj4—1,6, 4 T CBy_ym—1+C (Ilft - @t|t—1,e)

+C (xt|t717@ - xt\t—l,é)t,l) + z.

Using similar analysis of z;, we get the following bound for y; for all ¢t > Ti:

_ 2n, T
Hyt\lSPHCHXJrﬁHCH(HHBH)\/2nulog( )

5
(4-37)

2n, T ~
+ (Il + o) \/m tog (2221 ) + 1C1IA = Ve

which holds with a probability of at least 1 — 3§ under the event &y;. By re-parameterising
30 — 6, the above bounds can be guaranteed with a probability of at least 1 — §. This
concludes the proof.
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4-3-2 Proof of Lemma 4.2

The proof critically requires the ‘truncated closed-loop noise evolution parameter’ This pa-
rameter captures how the noise and excitation signal sequences influence the input-output
data in the vector ¢. As mentioned previously, this proof is an extension of the result in
[35], and the extension lies in accounting for the additive excitation signal. Conceptually, this
proof follows similar steps as the one in [35] but, the terms involved are different. Firstly, the
expression for the truncated closed-loop noise evolution parameter is derived.

Truncated closed-loop noise evolution parameter

The truncated closed-loop noise evolution parameter derivation is an extension to the one
provided in [35], the difference lies in accounting for the additive Gaussian excitation signals.
The truncated closed-loop noise evolution parameter, which captures the effect of noises and
excitation signals on the vector ¢, will play an important role in establishing the persistence
of excitation during the LBC period. Consider a permutation of the vector ¢y, i.e., ¢ = Py,
where

" T
w)H
o = [yttl ull .. ytT—H utT—H} c R(y+nu) :

and P is the permutation matrix. The present analysis abstracts away the episodic behaviour
of the algorithm, that is, ©;_1 could either be the model parameter estimate being used in the
current episode at time step ¢ —1 or it could be the model parameter estimated in the previous
episode if the time step t — 1 falls in the previous episode. The analysis is independent of the
type of algorithmic behaviour in terms of when the system parameter is being updated.

Following the warm-up period, recall that the LBC policy u; = _Ktjtlt o, T is deployed,
where

up = *Kt$t|t,é)t + ¢,

v
m = —=T0, TUNN(07[)77>07
Vi

where [;, is the number of time steps in the k" episode. Recall the following relation from
(2-6):

Ty 1.6, = (Atfl - Btfth71> Ty 1,6, , T Br-1m-1

Lyp6, = Ty—1,6,, T Ly (yt - Ctxt\tfl,ét,1>

= (At—l — Bt—th—1> Ty qj-1,6, , T Br-1mt-1

+ L (Cﬂ?t +2-C ((At—l - 3t—1Kt—1> it—1|t—1,(i)t_1 + Bt—lnt—l) )
= (I - f/tét) ( (At—l - Et—1Kt—1) Ty qj-1,6,, T Bt—mt—1>
+ f/t (C' (A%f—l - BKt—Ni’t_”t_l?@tfl + Bng—1 + wt—l) + Zt>'
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Now,
L4116, L,CA (I - LtCt) (At—l - Btfthfl) — LiOCBK1| |T4_11-1,6, 4
Gy
Wt—1
I 0 B 0 2
+ | N A AN A N
LC L (I-LG)Bia+LCB 0] [
Gf;) Nt
Let f; = [Zt] Now, we can express f; as:
t
f CA ~CBK;_, Ti1
t= -K;L;,CA —-K; (I — LtCt> (At,1 — Btfth,1> + Ky LiCBK;_1 ‘%t—l\t—l,étfl
Wi—1
C 1 CB 0 2
+ A A . A AN A A
-k, -KL -K, (I—LtCt) B - K,L,CB I||n
Ui
Wt—1 Wt—1
C 0 | A T—1 C 0 |aAw)| = 0 I 0 0] =
= ~ | Gy | L + ~ | G +
[0 —Kt] 2 Fap-16, 0 —K:| 2 |m— 0 0 0 I |m-
Ng Y u Ul
I‘t Ft
_ Wt—1 Wt—1
& A - PPN 0 I 0O z
eIl P +0,60 | 7|+ t
s Lt 1)t—1,6_1 | e Nt—1 0 0 0 I||me—1
Mt Up
Rolling back in time Lﬁ J:tA for H-time steps, we obtain the following:
tlt,@t_
Wi—1
Tt A (t) Tt—1 A (t) zZt
. =G . +G
[$t|t,@t] 2 [xt—1|t—1,ét1] 8
’ e ) (4-38)
nE_1
il A(t—i) =l : At—j+2) | At—i+1)
=IG e+ 3 [ IIGe ™ | Ga™ 7 i
i=0 i=1 \j=2

e
Now, let us expand x{_p_;.

t—1 t i
e _ A=) | o A(t—j+2) | At—itl) e )
Ti—H-1~— izl;IH G, [Locoxo + Lozo] + i:Z (j Gy ) Gy Ni—i-  (4-39)
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The equality comes from the assumption that :fco|_1 6., = 0. Therefore, xy_;_, represents

Wi;—1

the effect of nzi for 0 <i <t— H — 1, which are independent with respect to the time.
i—1

i
Now f; can be rolled back H-time steps backwards, as follows:

o700,
00 0 1|1

1=0 i=1 \j=2
oo 01 e
t—1
0 00 I (4-40)
R H+1 i o e L
-0 S (ITes ) e
=2 \Jj=2
C I CB 0 . .
+ —KtﬁtC —IA(tI:t —IA(t (I — f/tét> Bt—l _ th/tCB T Ni—1 + T,
G
Wi—1
where r{ is the residual vector that represents the effect of nzi for0<i<t—H-1,
i—1
Ni

which are independent with respect to the time. Now f; can be compactly represented as
such:

- e A
Ni—1
e
Ni—2

fi =Gy ’ + g,

L7 i1

where

R (RN WelSTE i Wellelinul eI BN Welllel i eluminn il
€ Ry +nu) X (H+1)(natny)

We can now represent ¢; as follows:

=
C — C
fim1 i1 e i1
Ni—3
- Cl .
¢r = . + . =Gy + . )
fi—n rY_Hq e L 2
LMt —2H -1
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where

d— | . (4-41)

0 0 0 .. Gep

If the true system parameter is known, the optimal control policy can be deployed. Then, Qfl
captures the effect of the process and measurement noises as well as excitation signals on ¢,
while using the optimal control policy:

o O
o O

1 .
gC_ 9

where

G:[G1 I'G2Gs I'G22Gs ... erHeg}e}R("ﬁ”u)X(H“)(”ﬁ"y)

with

a_| © I CB of L_JC o0
V= |-KLC -KL -K(I-LC)B-KLCB I|’ =~ |0 -K|’
G [ a -BK

27 |LCA (I-LC)(A-BK)—-LCBK|’

G 1 o B 0

37 1Lc L (I-LC)B+LCB 0|°

With H chosen such that G is full-row rank, G¢ can be shown to have full-row rank with QR
decomposition [35]. Therefore, oyin (gd) > o, > 0.
The proof
The event En will be extensively used in this proof. To recall from (4-16), we have
& = {||¥1, — M| <1}, (4-42)

which is assumed to hold with high probability when ¢t > T, > Tn. This event will indeed
be shown to hold with high probability in Theorem 4.3. Now,
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-
i1 i1
E T T| CIE al . .
¢f¢t - gt w,z,ngt + : : )
C C
i ul 't-H
where Zw7z,77 c RQH(nw+ny+2nu)><2H(nx+ny+2nu) is
. K 2 2 2 2 2 2 2 2
Yo,z = diag(oy, 1,071, o olion 1, .yopnl,oll o 1, Um—zHI)'

The notation diag(.) signifies a diagonal matrix, where the diagonal elements are the argu-
ments in this operator. This implies

E 6067 | > O'SuznGs!

7T 2 1 : 2 2 2
— owin (E [0/ |) > 0%in (G min{o?,, 02,07, ).

To proceed, we require a lower bound on amin(ggl). To obtain such a lower bound, we can
first say that the following perturbation bound exists under the event En:

g
lgf' - g1 < %

if t > T\, > Tg for some Tg > H. It is possible to represent ||G¢' — G| as a function of system
parameter estimation error whose bound exists under the event &n. The detailed treatment
of this bound is deferred to future work. The above perturbation bound, which is based on
the proof of Lemma 3.2 in [35], also fails to provide sufficient details on the derivation of the
above-mentioned perturbation bound.

One of the fundamental results of Weyl’s inequalities on singular values is as follows:
0i(X)+0;(YV) <o (X+Y), j=1,2,...,min{m,n}, (4-43)
holds for any two matrices X,Y € R™*", Taking j = 1 and replacing Y with —Y", we have

Umin(X) - Umin(Y) < Umax(X - Y)
- Umin(X) - Umax(X - Y) < Umin(Y)-

Now taking X = Gland Y = Qtd, we have

Umin(gCl> - Umax(gCI - fl) < Umin( fl)

- O'min(ggl) el Umin(gCl) - Umax( gl - gcl) (4—44)
Oc
?.

— O'min(gtd)

With the above result, we finally have

7T Iy, -
Omin (E [#16/ ) 2 0250 (G ) min{o?,, 02,07} )
9 4-45
O¢ . 2 2 2
> Zcmln{o—w’ Oz ant—l}’
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for t > Ty. Since singular values do not change under permutation, opin (E {q;tqg;r D =

Omin (]E {qﬁtqﬁtT D To recall, we need to derive a lower bound for oy, (ZE:TW ZqﬁlT) Firstly,
we will derive a bound on || ¢; ||. From Lemma 4.1, we have

H
¢l = $Z ye—il[? + [l 2
i=1

< |H 12 12
<\ JH s, (il + il )

(4-46)

< —ill? il H — triangle i lit
< < max [lye—ill +\/1r<niag§{||ut ill )V riangle inequality

< (Yae + Une) VH,
T

which holds with a probability of at least 1 — § under the event Eng. We can re-parameterise
0 — §/2. This requires appropriately modifying the /log(.) terms of Y,. and U,.. The
reason for re-parameterising will become apparent shortly. We will now apply Lemma B.2.
In Lemma B.2, it becomes evident that the notations X = Ay = @d)?, and

t—1
o? =113 (¢ )]

=Ty
< (f — 2 T2
< (t—Tw) max 16|71l & |
— (f — 4
=(t-Tw) max [l¢: "

From Lemma B.2, we can set

g:H(ny+nu) exp(

oo |
Q .
) [\
\—/

> — 10 # — i
S\2H(n, +ny) ) ~ 802

2H (n, + ny 2
()

e mgwog (2l )

o

— t=24/2(t — Tyy,) max |]<;Si\|2\/log<

Ty<i<t—1

2H(ny6+ nu))‘

Finally by using Lemma B.2, we have

Amax ( tf 616 —E[9i6] ]) < 2y/2(t = TW) Yo H ¢ log (W) (4-47)

=Ty
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which holds with a probability of at least 1 — ¢ under the event Enp. Since (;Sigzﬁ;r is a symmet-
ric matrix, its singular values are the absolute values of its eigenvalues. Now using Weyl’s
inequality as described in (4-43), we get

t—1 t—1
Omin (Z ¢Z¢;r) 2 Omin (Z ]E[¢Z¢;r]>

Amax (Z ¢id; — Elid; ]) |

=T =T =T\
t—1 o2
2H (ny, + ny)
T y u
= Omin (ZETW Did; ) > (t—1T, ) 1 ¢ min{o?, 02, m = 24y/2(t - T W) Y2 H\/IO )

(4—48)

which holds with a probability of at least 1—¢ under the event En. Now we need to determine
the minimum number of time steps to ensure omin ( ';;%W z‘d%T ) > 0. Equating the LHS of
(4-48) to 0 we get,

2

21/2(t — Ty, )Y2.H \/log ny—i-nu ) > (t—T, )04 mln{aw,ag,aﬁt N

2H ( :
— 8(t — Ty) Y2 H?1 g(w> > U—C(t—T Vmin{c}, ol ot 1

5 1 wr Tz T Ng—1
12874 H2log (L (”y+”“))
— (t —Tw) > T
olmin{o}, o 0% 0p, N

Therefore, for all (t — Ty) > The where

51271, H2log (2Hytr))

e 4-49
T otmin{od,ot ol ) (4-49)
we have
§ é ¢T - 128T§CH2]og (w) 64T4 H210g (M)
Omin 1=T, (A - UgmiH{O' 0'270'72h 1} O-Zmln{a_w,o_g’a_%t 1}
W (4-50)

2

=1 o’min{c?, 02 02 }
= Omin ( Z ¢l¢;r) > (t - TW) e
7

8 9

=T

which holds with a probability of at least 1 — ¢ under the event En. This completes the proof.

4-3-3 Proof of Theorem 4.3

Recalling from Section 3-1, we have for a single input-output trajectory {y, u}_:

Y, =®M'" + E, + N,,

where
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M=[CF CAF .. CAM-'F OB CAB .. CA-1B|eRmtwini,
Y: = {yH YH+1 ytr € RU—H+1)xny

Dy = [¢H GH+1 - d)tr € RU-H+D)X(ny+na)H

By = [GH €H41 oo etr € RUE—H+1)xny

Ny = {CAH?A?M_L@ CAHJ%”O@ C’/_XH:%t_H‘t_H_L@}T € RU—HH+1)xny

where A = A — FC'. Further, recall that
~ T
M, = (®] ®; + )" 1d]Y;.
This implies
~ T
M, = (@, @+ AN 710/ (@M + B, + N, )|
.
= [(@/ @ + 2D O[ OMT + (8] By + A1) 1D/ (B, + Ny)|
T
+ M@ @+ A TIMT = A(@] B + A1) TIM]

.
= [(@] @+ AD)TIO[ By + (@] @+ ADTIO] Ny + M - A(@] @, + AN TIMT]

Now consider the following:

ITr(X (Mg — M) 1)| = [Te(X(®] &, + M) 7' 0, Ey) + Tr(X (] &, + X' ®/] N;)
— ATr(X(®] @ + XI)~'M )|
< |Te(X(®] @4 + M) 7o) Ey)| + | Te(X (@] @ + M) 710 V)|
AT (X (D] @) + A)"'M T,

where X is some matrix. Let My, My, M3 be three matrices. Using the property |Tr(M1M2M3T)| <
\/Tr(MlMngT)Tr(MgMgMJ) for a positive definite My, we have

ITr(X (Mg —M) )| < \/Ty(X(chbt +AD)TIX T (B @@ @y + M) 1] Ey)

+ T (X (D] B+ M) X T TR(N, @4(®] B, + AI) 18] Ny)

+ A TE(X (@] Dy + A1) LX) Te(M(®] B + A)~'MT)

— JTr(X (@] ®; + AD)~1XT)x

l\/Tr(EtTQt@;r(I)t + A1) Ey) + \/Tr(NtT@({)tT@t + Ao V)

+ A Te(M(®] B, + AI)lMT)] .

Substituting X = (Mg — M)(®; ®; + AI) and V; = (] ®; + AI), we get
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ITe((NL — M)Vi(NE, — M) )| < / Tr((8, — M)V, (ML, — M) T)x

VI (E] @,V 6] By) + 1/ Te(N] @,V ] Ny)

+ )\\/TY(MX/;lMT)].

Since V; is a symmetric positive definite matrix, the above expression reduces to

VT (N, — M)V(NE, — M)T) < |/ Tr(B] 0V, 0] ) + /Te(N] 0.V, 0] Ny)

+ )\\/Tr(MV;_IMT)]

V(B ®,V, 0] By +/Tr(N] &,V 0] Ny)

<

IV TeamT)

< [T (ET @V, @] Br) + 4/ Te(NT @V, 8] Ny)

+ﬁ§],

where ||[M||r < S. Now we provide bounds for each of the terms in the above expression.

Bounding \/Tr(E] &V, '] E,)

Since e; is |[CEC T 4 021|| - sub-Gaussian vector, from Theorem B.1 we have

(4-51)

1/2 ~1/2
VI E 0, 0] ) < @HCECT + 021 log (de“v” cerll) )

which holds with a probability of at least 1 — §. Here, V = AI. For the sake of convenience,
define the event &g, :

1/2 —1/2
€p, = {\/Tr(EtT‘I)tVt_I‘I)tTEt) < \lnyHC'ECT + 021||log (det(vt) ?et(V) ) } 7

which holds with a probability of at least 1 — 9.
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Bounding \/Tr(N, @,V '] N,)

Now, we provide a bound for the second term.

_ 1
VIR @0 0T N < | INT @

< [
— VA
The last inequality comes from the following property,

Umax(X) < HXHF < \/ min{man}amax(X)’

for any matrix X € R"™*". Now,
n ! -
\/Tr(NtT(I)tV;;l(I);rNt) </ Ty Z ¢i(CAHfUz'—H|i—H—1,®)T||
i=H

n
< (t— - ‘
<m0
mn A
< t\/EHCHVH pax [|il] [12i-nji-m-1ell

During the warm-up phase, i.e., t < Ty — 1, we do not have a bound on ||#,_;|| since there
is no model of the system during this phase. Therefore, during the warm-up phase, we can
bound [|#y;_1|| = ||#;|| < Xy. Further, recall from Lemma A.1 that ||¢¢|| < TwvH with a
probability of at least 1 — §/2. Therefore, during the warm-up phase, we have

t
> ¢i(CA" G _pi—m-10)" ‘ ’ -
i—H

¢z‘(Cf_1H55¢—H|i—H—1,®)T ’ ‘

plex il 1&i—rrji—rr—1,0]| < TwXwVH,

which holds with a probability of at least 1 — /2. Define an event £¢ warm:
Sd),warrn = {Hd)tH < TW\/—E}ﬂ

which holds with a probability of at least 1 — §/2. Further, define an event Epg, warm:

= T Ugmin{nguv Ug) 0-721
gPE, warm ‘— § Omin Z ¢l¢z > (Tw - H) 9 g¢,warm ,
1=H

which holds with a probability of at least 1 —§/2 if Ty, > T, where T, is as defined in (A-5).
This event is a consequence of Lemma A.2.

Now, during the LBC phase, recall from (4-46) that ||¢¢|| < YTacV H, with a probability of at
least 1 — 0 under the event Eyp. To recall from (4-16), we have

& = {|IN1, - M| <1}, (4-52)

which is assumed to hold with high probability. Therefore, during the LBC phase, we have
from (4-34):
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718X, @il 12— mji—r—1,0]] £ YacXestacVH,

which holds with a probability of at least 1 — § under the event Enp. Just like in the proof of
Lemma 4.2, § can be re-parameterised to § — /2, in the above result. Define an event £ ,c:

Esac = {1101l < TucVH|Em},

which holds with a probability of at least 1 — §/2. Further, from Lemma 4.2 we can define an
event Epg, ac, where
g¢,ac} y

which holds with a probability of at least 1 — 6/2 if t — Ty, > Ty, where T, is as defined in
(4-49).

o’min{c?, 02 02

t—1

=T

By setting

1
H _ log (\/ny/AICI maX{TWXW7Tachst,aC}T2> _ ].Og (\/m‘ |CH ma'X{TW‘XW7 TaCXGSt,aC}TZ)

log(v) log(1/v) ’
(4-53)

we have

_ t
\/Tr(NtT(I)tVt ')/ N;) < ﬁ\/ﬁa (4-54)

which holds under the event €4 warm N &4 ac-

Putting things together

Now, combining (4-51) and (4-54), we get

~ - det(V;)1/2det(V)~1/2 t -
\/Tr((Mt —~M)V;(My —M)T) < \lny|CZCT + 02I||log ( et(Vt) 66 ) ) + ﬁ\/E+ VAS.

Now,

Tr((My — M)Vy(My — M)T) > 000 (V)| M, — M|

2
. 1/2 —1/2 -
— uuan (V1) [N — M2 < (J nICSCT + 021 log (de“”) detl) ) + LV ﬁs) |

From Lemma A.2 and Lemma 4.2, we have

t
O'min(v%) = Omin (Z ¢t¢;r + AI)

t=H

t
> Omin <Z ¢t¢2—>
= 2 2 2

2 .
ocmin{oy, 07, 0,

8

2. s r 9 9 9
oimin{og, 0%, 05}
2

> (Ty — H) +(t—Tw+1)
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Therefore, from Lemma B.4, we have
\/ny||C'ECT + O-EIH IOg (det(Vt)l/leet(V)*l/Q) n %\/ﬁ n \/XS’
N e e R P e L O R )

W (CECT + 21| (log(1/8) + Htghtad jog (Mratm) U I D pelTidicd )) o oL V/H + VAS
<

IM; — Mg <

; Imin{o2,,02,02
\/(TW—H)W_F@_TW_FU%

\/ny|cch + 021|| (log(1/0) + Lgtns) jog (MrctnaflH T mes T Mok )) 4 VA 4 /3G

A(nu+ny)H

)
2 .

2min{o2 o2.02 min{o2,02,02 }
— . oomln{aw,az,cru} o¢ { wrT g
Vt—H + 1\/m1n{ 3 , 5

(4-55)

which holds under the event Epg, warm N EPE, ac N €E,. This concludes the proof.

4-3-4 Proof of Theorem 4.4

To recall from (2-16), we are trying to minimise the following definition of regret:
= Z ¢t — T J., where

Ct =Yy Qyt + uy [ Ru.

Since the LBC policy is deployed in an episodic fashion, as described in Algorithm 2, the
regret is also analysed episode-wise, i.e., the cumulative difference between the (sub)optimal
cost incurred by the LBC policy and the optimal long-term average expected cost Jy, is upper
bounded for every episode. This bound is then summed over the number of episodes to obtain
the final regret upper bound. The relation between the long-term average expected cost and
the solution to the Lyapunov equation is derived in Appendix A-3. This relation as described

n (A-15), is critical for establishing the regret upper bound. To recall, the estimated model
parameter is maintained durmg the length of each eplsode Therefore, for our present analysis
of the regret, let us denote O = @ Ky, = K and 0‘ = 02 for the sake of brevity, where &
is the episode number.

We will first decompose the cost. Consider the following decomposition of the cost at time
step t:

ul Qui + uf Ruy = (Cy + )" Q (Cmy + ) + u) Ruy
=2 CTQCxy +u Rus + 22 QCxy + 2] Q2

= o[ CTQC + &y, o K RK&y, o+ R — 20f RK &y, ¢ + 22 QCt + 2 Q2.

Ct,1 Ct,2

(4-56)
We will upper bound Zi;(l) ct,1 and Zi;(l] ct,2 separately. To avoid ambiguity in the present

analysis, it must be noted that we are not analysing the 0" episode: the time step starts at
0 just for the sake of convenience.
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Upper bounding Zi;é i1

From (2-6), we have

T A ~BK T
[@u,@] = [ECA (1-1¢) (A- BR) - ﬁCBK] [fct_w_l,@]

5/_/
Tt "1
N I 0 |w_q N B
ic Ll = (I - LC) B+LcB| Mt
—_——
Go €t—1 Gs

— 7= G171 + Gag1 + G37h71-

This implies,

,_.
-
|
—

t—

7= Glag+ Y G 'Gae + Y G G

For simplicity of exposition, let us define for [ € N and 5,1 > 1,

;> A1 [ A'li>o A s AT ]

Ii>p A'2 A5 Al e AT
COli,j(A) = . , Toepi,j,l(A) — : )

1>, A7 ] (A iy AT i o ATy ]

and diag,(A) == I; ® A,
(4-57)

where I is the indicator function and with a slight abuse of notations, we have I; as the
identity matrix with ¢ rows. This implies

L AL 0 1 Gy G2 . . . GY7 .
Tt—1 glfl ! 0 0 Il Gl é,::l_g €t—1
ZTy—2 G§_2 Lo 1 €t—2
= |zo+|. I; @ Go
_ 0 0 O 0 I ,'
L Zo | 1 L €0
5,—/ - - _0 O 0 0 0 | ,H/_/
T[t—1:0] €[t—1:0]
01 G G2 . G -
00 I G ... G =1
Nt—2
+ 1. I;® G
0O 0 O 0 I 77
oo 0o 0o ... 0| N
Mt—1:0]

Archith Athrey Master of Science Thesis



4-3 Proofs 63

= Tj-1.0] = Coly 4 (G1)Zo + T06P71,t71,t71(Gl)diagt(éz)é[t—m]

A (4-58)
+ Toep_q ;_1,—1(G1)diag,(Gs)njy—1.0]-
Finally, Z?;OI c¢t,1 can be decomposed as:
t—1 t—1 . .
e = ijTch;%@LéKTRK@W@
t=0 t=0 ’
-1
=Yz Wz,
t=0
= Zpy_1.0)diag (W) Z 1.0
== Colzt((A}l)diagt(W)Colt,t((A}l) Zo
Az
+ g[Iflzo] diag;r(é'z)Toepl—l,t—l,t—l(Gl)diagt(V_V)Toepfl,tfl,tfl(Gl)diagt(GZ) €[t—1:0]
Ae
+ W[Iflzo} diag;r(é3)Toep1—1,t—l,t—1(é'l)diagt(W)Toepfl,tfl,tfl(Gl)diagt(é3) Mt—1:0]
A"]

+ 2€[I—l:O] diag:(GZ)Toep——rl,t—l,t—l(Gl)diagt(W)COIt,t(él) Zo

Across,l

+ 277[1_1:0] diagtT((A}g)ToepILt_Lt_l(Gl)diagt(W)Colt,t(Gl) T

Across, 2

+ 2€[I—l:O] diag:(GZ)Toep——rl,t—l,t—l(Gl)diagt(W)Toepfl,tfl,tfl(Gl)diagt(é3) Mt—1:0]»

Across,B

(4-59)

cTQC 0

where V_V = 0 KTRK

]. We will now upper bound each of the above terms individ-

ually.

Bounding E[Iflzo}l\gg[tq;o]

This term can be upper-bounded using the Hanson-Wright inequality. To do so, firstly we
require the following bounds. From Lemma B.12 we have

N 2 — A 2
Il < ol [ o a0
A 2 — N 2
< el ],

The above bound depends on the estimated system parameter ©. To use the Hanson-Wright
inequality, we need a bound on ||Ag|| that is not a random variable. Now,

6] < 62 - 6o+ ea

Master of Science Thesis Archith Athrey



64 Finite-Time Guarantees and Numerical Analysis

+

o 1)

The above bound exists under the event . This event, which was defined in (4-16), is
recalled here for convenience:

En = {|I¥1, - M| < 1},

where P{Em} > 1 — 20 if t > Ty, > Ty with Ty as defined in Theorem 4.1. This event is a
direct consequence of Theorem 4.3. Under this event, we have

1. © € Ca(t) x Cp(t) x Co(t) x Cr(t) for all t > Ty,.
2. ||Cy — C||,||B; — B||, ||Ey — F|| < B5(Ty) = 1 when Ty, > Tp.

3. ||Ar = Al| < Ba(Tw) = 0, (4)/2 when Ty, > Ta.

4 |[Le = L|| < Bu(m),

where the similarity transformation matrix T = I without loss of generality. Similarly, we can
bound HGIHH < cg, under the event Em- For Hanson-Wright inequality, we also require

the following bo(gund, which exists under the event En:

[1Al[p =/ Tr(AeAT)

S/ t(ng +ny) = ca,.
Consider the following:

[wll=| |

KTRK] H
< HCTQC+KTRKH
<[|ICIP QI + T? | R| = cyy-

Finally, from the Hanson-Wright inequality as defined in Theorem B.3, we have

t? t
Pler oheeri_1.0 — E €} 1.oMe€_r0| >t} < 2exp |—cmin | ———, )
{ [t—1:0]2€€] ] [ [t—1:0] €€ ﬂ } a4cig “262@262@16W

where c is an absolute positive constant. Since, €[;_1.g] consists of Gaussian random variables,
the constant a exists. Now we can simplify the above expression as follows. Let,
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0 e cmin £ t
C —exp | —
2 P a46?\g’ a%éq Cél Cw
1 log <2) . t2 t
- — | = min —
c ) a4c%€ 2G 2G Cw
a’c CQA CyR 2
= tzaQC/H/ log( ) = 2 G Wlog () .
c )
This implies with a probability of at least 1 — ¢,
_T - _T - - 2 2 2 2
E[t—l:O}AEG[t—I:O] S E {E[t—l:O}AEG[t—kO]] + O CAE log g +CG2CGICW log g
_ _ . o2l 0
= 6?;71;0}/&56[15—1:0] <Tr <A€d1agt <[ 0 o2f
_ 2 2
+0 (cAg log (5) + czézcélcw log (6)) .

(4-60)

2
Bounding Tr (Aediagt < 081 0%]))

) -
Tr <A€diagt <[06’I 02 It ))

o2l 0
=Tr (dlagt (G2)Toep 1t—1,t— I(Gl)dlagt( )Toep_y ;14— I(Gl)dlagt(G2)dlagt ([

Now, consider the following:

Tr (Toepjl,tfl,tfl(é'l)diagt(W)Toep—l,t—l,t—l(Gl))
N A T . - N A

_ ([Coloﬂg(Gl) .. Coli_ys(Gy)|  diag, (W) [Coloy(Gy) .. Coltl,t(Gl)D

= ZCO] 1)diag, (W) Col; +(G1)

<t-dlyap (G1, W),
where the last inequality comes from Corollary B.11. Further, we have the following re-
lation. For any positive semi-definite matrices X, Y, and any matrix P, if X < Y then,
PTXP < P'YP = Tr(P'XP) < Tr(P"YP). Further, for another diagonal matrix Z,
Tr(PTXPZ) = Te(Z'?PTXPZY?) < Te(Z/?PTY PZ'/?). Considering these relations, we

have
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. o2l 0
Tr (Agdlagt ([ 0 o2l

. TA T A . = A . A . 03)[ 0
= Tr | diag, (G2)Toep—1,t—1,t—1(Gl)dlagt(W)Toep—Lt—l,t—l(Gl)dlagt(Gz)dlagt 0 o2

R N _ . 2
< tTr <G§d1yap (Gl,W) Go [a I D

0 o2l
2
= Ty <G§5G2 l”gl 0_(2) / )

= tJ,(0),

where the last equality comes from (A-15) and to recall, J(©) is an alternate formulation of
the LQG control problem defined in (A-14) as

_— -
A .1 T T
Js(©) = Th_r)lgo TE g xy Qexy + u, Ruy

T-1 7
o1 Z T |Q 0 -
= ].lm TE — l’t OC R,TRI%. aft S.t.
| —

L W

Tip1 = Az + Bug +wy, w ~ N (0, 012”—7)7
yi = Cxy + 2, 2 ~ N(0,021),

Ty o = (I - Lc)jﬂtfl,é) + Ly,

Tep1|t,6 = Axtlt,@ + Buy,
Up = —Ka:t|t7©,

where Q. = CTQC, K stabilises the true system and A-FCis asymptotically stable.

Putting things together

From (4-60), we have the following under the event Eng:

which holds with a probability of at least 1 — 4.

Bounding ng,l:o]f\nn[tfl;o]

This term can also be upper-bounded using the Hanson-Wright inequality. Under the event
Em, and from Lemma B.12, we have
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a 112 (]= ~ 2
g1 < [| G| [W][ || Toep 1 101(G)
2 2
Scé3célcw.

Now from Theorem B.3, we have

. 2 2
ngfl:o}Ann[t_m] <Tr (Andlagt (0371)) + 0 ( tn, log (5> + cé3célcw log (5)) , (4-62)

which holds with a probability of at least 1 — 4.

Bounding Tr (Andiagt (a%]))

It is a standard fact that, for any positive semi-definite matrix X and any matrix Y,
TH(XY) < Te(X)|[Y ]I

Now from Corollary B.11, we have the following under the event Eng:

Tr (Andiagt (a%])) < Tr (Ay) 0727

= Tr (diag,(Ga) "Toep_y 1, 1(G1) diag, (W) Toep_ ,_y,_; (G1)diag,(Gs) ) o2

<tTr (G;dlyap (G‘q, V_V) Gg) 072,

< itny

(A};—S(A}gH 072,

< tnucé3 15| a%.

Putting things together

Under the event &y, and from (4-62), we have

N———
+
—
g
e

[

g
N
-y

o)

S
N—
—

)

09
7 N\
STl V]
N———"

N——

2
n[l——l:O}Aﬁn[t—lz()] < tnucés S]] 03] + O ( tn, log (5

(4-63)
2 2
< tnucé3 S]] 0727 +0 < tn, log <6) + log (5> (céscélcv—v)] ,
which holds with a probability of at least 1 — 4.
Bounding ] Az, %o
From Corollary B.11, we have
g Az To = Z( Col/,(G1)diag,(W)Col/,(G1)Zo
< 7 dlyap (C‘q, VV) Zo
= Ty ST (4-64)

IN

[ENIRIE
< (XZ+x2)8ll,
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which holds with a probability of at least 1 —§ under the event Enp. The last inequality comes
from Lemma 4.1. It must be noted that although zy = 0 is assumed, we do not consider that
for the above bound. The reason is that xy here represents the state of the system at the
start of each episode. For instance, the above bound will make sense if we consider the 29
episode. For the sake of convenience, define the following event:

Eo = {[[ze|| < Xac| Em},

which holds with a probability of at least 1 — §. Under the event &;, the bound in (4-64)
becomes deterministic.

Bounding 26[t 1:0] Aeross, 170

Firstly, notice that

E [ngtr_l;o}/\cros&ljo} =0,

_T _ _T AT . 0'121,1 0 _
Var (26[1‘/71:0} Across,ll‘o) = 4% Agyoss 1diagy 0 o2 Across,170.

It can be verified that there exists a matrix X such that XX = A¢ and a matrix Y such
that YYT = Az, to obtain Acoss1 = XY T [58].

”Across,li'OH = \/i'(—)rYXTXYTi'O

< VIXTX||- 2] YY Tz

< VIIAl] - 2§ S,

which holds since Ag is symmetric positive semi-definite. The last inequality comes from
(4-64). Now, from arithmetic mean-geometric mean inequality, we have the following under
the event &y N Ey:

HAcross 1IOH S HA H +$0 S$O

2 2 = =
< ¢4 G CW‘i‘xOsxO

~ G,
< &, ¢, cw + |1Zol*19]]
S ok ew + (X2 + 3P ISl
Now observe that 26[t 1:0] Across,1Z0 is cé cé ew + (X2, + 2 2) ||S]| - Lipschitz. Using Lemma

B.5, we have

T _
26[t_1;0]Across,1$0

9 2
< 9 9 2 2 _ 4 )(2 =2 _
~ 2 2max{aw,az} (CGzc 1CW log (6) + ( ac T X ) HSH log (6)> (4-65)
< 2 = 1 2 2 . S 1 2
< max{oy, 0.} cA 206, cw [ 1og | 5 + <X ) 15114 /1og 5/

which holds with a probability of at least 1 — § under the event &y N E,.
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Bounding 277[171:0}1\“055,250

In a similar fashion to the previous cross-term, we obtain the following bound under the event
EmNEL:

277[1—7 1:0] Across,2i'0

2 ~ 2 (4-66)
S oy, ew 08 (5 ) + o (X + ) Il o (5 ).

which holds with a probability of at least 1 — 9.

Bounding 265_1;0}Across,377[t—1:0]
Recalling from (4-59), we have

2EE;71;0] Across,B'r][t— 1:0]
= 2€[171:0}diagt(G2)TT06P71¢71¢71(Gl)Tdiagt(W)Toepfl,tfl,tfl(Gl)diagt(é3)ﬁ[t—1:o}-

Now in a similar fashion as the previous cross terms, we have the following from the arithmetic
mean-geometric mean inequality:

HAcross,Sn[thO} H < \/HAEH : 7][1_1:0]/\7]77[1‘/71:0}
S Al + 710 Anige—1:01-

From (4-63), we have

2 2
S cézcélcv-v + tnucé3 [1S]] 02 + < tn, log (5> + log <6)) (Cé?.CélCW) ,

Across 37t —1:0] ‘ ’

which holds with a probability of at least 1 — § under the event Enp N E,. The above bound is
indeed deterministic since ¢ here represents the number of time steps in a particular episode,
which is known a priori. Now using Lemma B.5 on the entire term, we have
_T
26[75_1;0} Across,377[t71:0]

2 2
< max{oy, 02}026;262@1 eyt /log (6) + ifnucér3 [|S]] 072, max{oy, 0, }/log (5) (4-67)

+ (\/tnu log (?) + log? (2)) <Cé3célcw) max{oy, 0},

which holds with a probability of at least 1 — 26 under the event En N E;.
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Putting things together

Finally, we have the following bound under the event En N &, :
t—1 R 9
E)Ct,l < tJg(O) + tnucé3 [|S]] 0727 (1 + max{oy, 0, }/log (5))
t=
2, =2 2
+max{o, 00} (X2 452 1] (1 +log (5)>
2
+ <\l (t(nx + ny) + max{o2, o2 ) log ( > + log <5)) = ) (4-68)
2
+ ( tn,, log ( ) <\/tnu max{o2,02} + 1) log (6)) )
2 2
+ (O‘n log <5> + max{oy, 0, } log? <5>> (Cé3célcw) ,

which holds with a probability of at least 1 — 64.

Upper bounding Ei;(l) Ct2

To recall, from (4-56) we have
t—1

Z Cto = n;—Rnt - QntTRf(g%t't’é + QZ;FQCxt + thta.
t=0

Upper bounding Zt éQz;QC’xt

Bounding this term follows analogously to the previous cross-terms. Under the event &, we
have:

|[diag,(QC)z; 1| < QI 2] gydiag (CTQRC)ay 1
< QI - ldiag,(CTQO)| - [l (11|
< \IQIl- 11CTQCI| - ViXe.

Now from Lemma B.5, we have

t—1

2
> 2/ Qi 5 Vi Q] - [C] Xacy log 5 ). (4:69)
t=0

which holds with a probability of at least 1 — § under the event &,.
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Upper bounding — Y"1} QTIstRKi’t\t 6

N ~ T
Let us define, Zj;_1.q) == {th—l\t—l,@ xoﬂo,é} . Bounding this term is again similar to the

previous cross-terms. Under the event &£, we have:

Hdiagt(RK)j}[tflzo]H < \/HRH ‘ @[1_1:0]diagt(KTRK)ff[tﬂ;o}

< IR |diogy (BT RE)|| - v

< IR TVtx.
From Lemma B.5, we have
t—1 A A
Z —QU;RK@H,@ = 2(_77[1‘/71:0})Tdiagt(RK)j[tfl:O]
=0 (4-70)

2
< o Vi 1| Ty flos (5 )

which holds with a probability of at least 1 — § under the event &,.

Upper bounding Zi;é n Rn;

From Hanson-Wright inequality (refer to Theorem B.3), we have

t—1
Z mTRnt = U[I_1:0]diagt(R)77[t—1:o]
t=0
) 2 P
< tnyo, Tr (R) + O | | [tny log 5 + || R|| log 5 (4-71)

2 2
< tn,o?Tk (R) + O ( 1y, log <5) + log (5>> 1R,

which holds with a probability of at least 1 — 9.

Upper bounding Zi;(l) 2] Qz

From Hanson-Wright inequality, we have

t—1

Y2 Qu = 2 _yqdiag,(Q) 210

t=0

< tnyo2Tr (Q) + O ( tn log (?) +11Q]|Tog (?)) (4-72)

2 2
< tnyo?Tr (Q) + O ( tn, log (5> + log (5>> 1@,
which holds with a probability of at least 1 — 9.
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Putting things together

We have the following bound under the event &,:

2
ch<\fozu@|r rcuxac,/log 5 +aMuR\|rx\/log

+ tnyop Tr (R) + ( tny log (?) + log <2>> |R|| (4-73)

bty ot Tr (@) + ( tnzlog (5 ) +1os (5 )) el

which holds with a probability of at least 1 — 44.

Final upper-bound on the cumulative cost

Combining (4-68) and (4-73), we have

t—1

Z Yy Que + uf Ruy
t=0

S1,(0) + tnuch_[IS]] o2 (1 + max{ow, 0.}/ log (?))
2, =2 2
+ masx{ow, 0205} (X2 + %) |19] (1 T\ flog (5))
2
+ (\l <t(nm + ny) + max{o2, a§}> log <5> + log (
+ ( tn, log < ) <\/tnu max{c?2,02} + 1> log (
+ < log <6) + max{oy,, o, } log? <6)> (Cés &, CW
2
4 VE@I] (1€ Xacy 10g (5 ) + oV 1 T flog (5
2
+tn,o;, 2Tr (R) + ( tny, log (5> —Hog( )) [|R||

2
+ tnszTr Q)+ < tng log (5) + log ( )) | Q] = Ccost ks

which holds with a probability of at least 1 — 100 under the event En N E,. Further, we can
say that there exists an event E.ust, which holds with a probability of at least 1 — 10§ such
that, on Envg N Ex N Egost the following bound holds:
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Z y;Qyt + uy Rut S Ccost, k-

Now, Em N Ex N Eqost holds with a probability of at least 1 — 135. We can re-parametrise
0 — m. The reason for doing so will become apparent in the following section. The
bound in (4-74) holds for one episode. This bound can be used to determine the upper bound
on the cumulative cost for the entire horizon by summing the established bound in (4-74)
over the number of episodes, i.e., by taking the union bound. This will be addressed in the

following section.

Regret upper bound

To recall, the regret is defined as such:

T—1
R(T) =Y (%' Qys + u) Ruy — J.).
t=0

To recall, the system parameters are estimated at the start of each episode. Hence, the system
parameter being used during the k*" episode is denoted as Oy Further, as a reminder,
the number of time steps in each episode is double the previous episode. Hence, we can
approximate the number of episodes to be logy(7"). Also, to recall I is the number of time
steps in the k'™ episode. From (4-74), we have

logs (T)—1

N 2
R(T) < Z Ik (JS(@k.) — J*) + lknucéa S]] ‘7727k (1 + max{oy, 0 }/log (5>>

k=0

2
+max{w, 72,0, } (X + 1) 115] (1 +f1og (5)>

(4 (et ) s (2) 10 (2)) (.
(s (5) + (Vionamatt ot i (5)) (uctw)
+<% log(§>+max{aw,az}10g2(§>>(G3 & ow)
Vi |Qll- ||0||Xacm + o 1B Ty o (5 )
+ o, T () + ( tonatos (2 + 1o (2)> 17|

+ by 2T (@) + ( tina o () + o (5 )) el

which holds under the event Envg N E, N Ecost- Now, we will refine the above bound. To recall,

0,27k = ﬁ Combining with the result in Theorem 4.2, we have the following result from

Theorem 4 in [43]:
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J(Or) = Ju = Ju(Or) = J:(O)
A T A T A - T 2
< co (max{||A = T"AT|le. || B: = T"Blle, [|C, = CT|r, ||Le = T Le})

€2

where cg is some constant dependent on the true system parameter. Now, we have

A

Jo(Or) — Ji = J,(0y) — Js(©) — 02n, Tr(Q)

Seo (o ) — o2, Tx(Q).
Combining the above result with the bound in (4-75), we obtain the final regret upper bound:
2
R(T) <logy(T)co + \/f'ynucéa S]] (1 + max{oy, 0, }1/log <5>>

+ logy(T) max{ow, o=, T4} (X2 + x2) ||| (1 +/log @)

+ ($ (T(nx + ny) + max{c2, o2 > log ( + log 2 ) é
2 2
+ ( Tny log (5> <\/Tnu max{o2,02} + 1 log >> G

+VTo.||Qll - IICIIXac\/bgTvL\ﬁHRIFXm

+ VT Tr (R) + < Ty log (3) +log (2)> IR]|

+< T o (2) 4 10s 2 )) el

which h0~1ds under the event v N E; N Eqost- The regret bound in (4-76) suggests that
R(T) = O(V/T) with a probability of at least 1 — §. This concludes the proof.

(4-76)
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Chapter 5

Conclusions and Future Work

5-1 Conclusions

In this thesis, we have analysed learning and control in one coherent framework. In particular,
we have focused on the learning and control of unknown partially observable LTI systems
in the LQG setting. With a focus on designing computationally efficient LBC algorithms,
we proposed LQG-NAIVE and LQG-IF2E in Chapter 3. LQG-NAIVE, which is based on
the naive exploration strategy, is argued to be computationally efficient with the ability to
guarantee a regret growth of O(v/T). On the other hand, LQG-IF2E extends the setting of
‘open-loop’ additive excitation signal in LQG-NAIVE to a setting of ‘closed-loop’ additive
excitation by incorporating FIM in designing the covariance of the external signal. The
FIM, which has a significant presence in the field of system identification, is argued to show
potential in adapting the magnitude of external signal to the degree of informativity in the
output signal. In Chapter 4, we proceeded to derive finite-time guarantees on the persistence
of excitation of the input-output signal and regret growth of @(ﬁ ) for LQG-NAIVE, which
matches the rate of regret growth in the LQR setting up to poly-logarithmic constants. We
further validated the finite-time regret guarantee of LQG-NAIVE with numerical simulations.
Providing finite-time guarantees for LQG-IF2E is however significantly more challenging:
although the optimal rate of growth of the FIM has been shown to be O(v/T) in the ‘open-
loop’ setting, proving a similar finite-time result in the ‘closed-loop’ is significantly more
challenging due to the additive excitation signal not being i.i.d. Therefore, in this thesis,
we presented sufficient numerical results for LQG-IF2E, showing its potential to perform
competitively with LQG-NAIVE, with a hope to engender sufficient motivation to pursue
deriving finite-time guarantees for FIM-based LBC strategies such as LQG-IF2E.

5-2 Possible future directions

Firstly, the regret guarantee of LQG-NAIVE as detailed in (4-76), can be refined further by
representing the terms in the regret upper bound as a function of the solution to DARE or
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a function of the controllability /observability matrices. This makes it easier to understand
the relative difficulty in learning to control a specific instance of the system parameter. In
the LQR setting, the solution to the DARE in (2-9), is generally present in the regret upper
bound (cf. [58]). Unlike the LQR setting, the LQG setting requires the solution to two
DAREs, (2-5) and (2-9). It would be an interesting direction to pursue to further refine the
stated regret upper bound in terms of such quantities.

Secondly, the LQG-IF2E algorithm lacks finite-time guarantees on the persistence of excita-
tion and regret growth. These guarantees require analysing the correlations in the external
signal through mathematical tools that cater to such settings. Given the significance of the
FIM-based input signal in system identification and regret minimisation, bolstered by the
empirical results of LQG-IF2E in this thesis, addressing this challenge of deriving finite-time
guarantees is a promising direction to pursue in the future.

Finally, it must be noted that the LBC algorithms proposed in this thesis rely on the fact
that a regret growth of @(\/T) can be guaranteed if the additive excitation signal to the CEC
diminishes at a rate O(%) Although this rate of regret growth is optimal, it is more intuitive
to design the exploration signal directly by minimising the regret. Recently, the work in [24]
addresses this challenge in the LQR setting by first decomposing the regret as a sum of an
‘exploitation cost’ and an ‘exploration cost’ followed by, determining the optimal value of n;
by directly minimising over this alternative regret formulation. However, this optimisation
problem is non-convex. Reformulating the regret in a similar fashion and convexifying the
resultant optimisation problem for the LQG setting is a promising direction to pursue.
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Appendix A

Technical Background

A-1 Finite-time guarantees during the warm-up period

Lemma A.1 [36] Let ®(A) be as defined in Section 2-9. For any § € (0,1/6), with a probability
of at least 1 — §/6, the following bounds hold when controlling the system as defined in (2-1)
with u; ~ N(0,021) for all t € [0, T, — 1]:

|ze]| < X, [ue]| < Us, [l2e]| < Z, (A-1)
where
: P(A)p(A)
Xw = (Uw + UU‘BDl_p(A)Q\/QnJ: 10g<12n1’Tw/6)a
Uy = au\/2nu log(12n,Ty/90), (A-2)
7Z = az\/Qny log(12n,Ty/6).
As a consequence of the above bounds, we have
<
lléel < (IC]1 Xw + Z + Uy) VH, (A-3)

Tw
which holds with a probability of at least 1 — §/2 with § € (0,1/2), for all t € [H, Ty, — 1].

Lemma A.2 [35] For some o, > 0, if the warm-up duration 7y, > T,, then for all ¢t €
[To, Tw — 1], and for any ¢ € (0,1), with a probability of at least 1 — d, we have

Tw—1 2. 2 2 2
oimin{ocy, 0%, 04
Omin ( Z QSI(Z)'LT) > (TW - H) { 9 }7 (A_4)
i=H

where
327, Hlog ((2yt))

T, =
oimin{cl, ot ot

(A-5)
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A-2 Confidence set construction

Pro?f of Theorem 4.2 For brevity, we have t}}e following notation O = O(A, C,dy), O =
O(4;,Cy,dy), Cp = C(A, F,dy 4+ 1), Cp, = C(Ay, Fy,dy +1), Cg = C(A, B,dy + 1), Cp, =
C(jt,ét,dg +1). Let Ty = TM#}(IH), then for Ty, > T, we have opin(N) > 2 HN—./\A/}H
Here, N denotes the best rank - n, approximation of H. Applying Lemma B.9 with ¢t > Ty, >
T, the following result can be obtained:

2

00— 0] + | €r, Co-17(Ce Ca|f < NN
’ o, () =[]V = A%
Snx‘N—M‘z
<
2= = [l -
10n, ./\/—./\AftH2
T .V

Here, 0, (N) = omin(N). Since C,—CT is a submatrix of O —OT, B, — T B is a submatrix
of Cp, — TTCB, and F; — T'F is a submatrix of Cr, — TTCF, we get

N = N;
Unz(N)

2
10n,; ‘

ICt — CT|, [|B: = T BJ|, |F; = T F|| <

Now applying Lemma B.8 with d;j,dy > H/2, we get

& = || < 2¢/min{dy, da} || N1, — M|
<2y -]

< V2 |[¥F, - M|
This implies
o [t
O, (N)

V20m, H ||V, — M|
B o ()

|Gt = CT|, [|1B, = T BJ|, |}, = TTF|| <

Equation (A-6) provides the advertised bounds in the theorem. From Theorem 4.3, we observe
that ||[My — M||p = O <i> That is, the estimation error is monotonically decreasing.

NG
Therefore, if T = Tm 33"%”7% and Ty > T, we have

ICe = CT||, 1B, = TTBJ|, |, = TTF|| < 1.
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Before we can bound |A; — TTAT||, we will first bound H/ﬁlt - TT;lTH. To recall, ;lt =
A —FCand A=A—FC. Let X =0T and Y = T'[Cr Cg]. Therefore,
[As = TTAT(|r = [|O}#] [Cr, On,J’ - X'H Y|
< (04~ XT) A (Cey Gnul|, +|[X (3 ~ 1) (Cr, Co
+[[xtHr (1Cr, Cp,)f - YT)

F

We will now provide a bound for each of the above terms. The first and the third terms can
be bounded from the perturbation bound presented in [68] and [45], as follows:

10n,
Unx (N)

|0f = x| < [|0g = x||_max {|1x7T|2 [|O]|I?} < [N -Nq| max {[|X1[2,[|O|*}

Since oy, (N) > 2|V — Ny||, we have ||Nf|| < 2||V]| and 20y, (N;) > op, (NV) from Lemma
B.10. Using this result, let us now analyse the following term:
}

(Uzl/QTT)T

e (07} = e " |weoery

— max {HUE:—WTTH2 , HUtzt‘l/QITHZ}

_max{ Lo }
B O-nz(-/\/’)’O'nz(./\A/t)
2

= N)

In a similar fashion, the third term can also be bounded. Therefore,

ot [[€n, Gt -1, = - e

Using the above individual bounds, we obtain the following:

| X7 (7 =) [Cr, Ca,Jf

<[ -], e, G

(7 =),

2
S oV

it (1Or, ' =y, < [l [fper

(e Go =y,

< oot W -l ]
= 2 =l ]
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H((A)I_XT> ﬁ?[éFt éBt]T P

Combining these, we obtain

< |0t - x|, ][ 1Ce. Go

< ||v - A% 40?;/ A || || €, Calf

= o) oy o I

< o=l i o
el

< oo I =l (e + [ = 2+ ) — inngt mequatiy.

e =27 Al < V0 |l = ]| (e ([ =)+ 5 v | (= )|
2 o -] ]
= R I e+ 2 o e
N R
< S W -l g b -l
n %Q(N) H — Using the condition in Lemma B.9
fmf N o+ 2 |
ﬂmjw) o I
< ol v - M\mwuu% e
Now consider A; = A; + £,
|4 - TTATHF —||4, + ¢, — TTAT - TTFCTHF

<

<

Archith Athrey

A, — TT/:lTHF 4 HE@ _ TTFC‘THF

A, — TTZT‘ ‘F + HF,:C’t _TTECT - TTFC, + TTFét‘ ‘F

A=A +[| (£ - TTE) G| + [T (G- C)
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<[4 - Tz + |[(£ - 2T F)| |6 - ol + || (7 - T F | [lC]

+ HTTFH H(C’t — C’T) ‘ ’F — Triangle inequality

31/, 13/, . 10n, N =N, ?
< ST ]+ 2 ]+ e
10n, ~
+ (el [T A ) 5= I =]
Finally, from Lemma B.8 we have
31\/ﬁ 13vngH ||~
|4, —TTAT|| < 207 n HMt MHH’HH+2W ”( A [Nt - M| o
20n.H ||My — M B
L T N

Similar to the bounds in (A-6), define T'4 such that HAt - TTATH < o, (A)/2 when Ty, > Ty,
where

B 0 + T+ [l (R (7] + ]|

O (/I)

Ty =Tm

Now we will focus on Hﬁt — TTf/“F.

Hzt - TTEHF = ||AjofH; - TTZUOTH*HF

—||Ajo}#, — TTAITO[H, + TTAITOM, — TTAITX A,
+TTAtT X, - TT/ITOTH_HF

— ||AjojA; — TTAITOM; + TTATOH, — TT AlTX M,
+TTAMEX T — TTAMTX 3 || — Since X = OT

IN

(Al —TTAtT) ()WL;H + [T AtT(O] - xhag ||

+

|TTATTX (R - )|

IN

(A} - wr A, [|Of] |[#7]| + [T Are(|[[0F - XD, |[#7]]
+ ] |xT]| oz - 2o,
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<[l - rrArm|, HOTIH!#?\HWH@* X[, |17
+ /e[| o -

< (|lat - = a2 HN Al e
Ve THWH |

A - 2 A 40n,
< (lat - 1A, s - ]

~ 1 ~ _
[

#) |

A1) Qe+ [ )
+ | |A

From Lemma B.10, we have o, (A;) > 0,,,(A)/2. Now using the perturbation bounds of the
Moore-Penrose inverse under the Frobenius norm [45], we obtain the following:

(4] =TT AMT)|| < ||(A - TTAT)|| max {||TT AT, || 4|7}

= H(/Alt - TTAT)HFmaX { U%:(A)7 U%;At) }
2 || - TTAT)|

< _
= o5, (4)

Now using Lemma B.8, we have

A ) 9 A _ 9 ~ 40,
HLt —TTLHF < <0721x(121) H(At _TTAT)HFW_'_ HN_MH m

)
(e =)+ v || s e =00

2 N - 2 N 40n,
< (U%Z(A) H(At_mT)HFm+mHMt—MH Es

)
H |~ H - N
e | R e [ !
(A-8)

With Ty, > T4, we have

A N e e

ATH> (HH!+\/§> + 20175\/) 41|

(A-9)

This concludes the proof.
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A-3 Regret minimisation

Proof of Corollary 2.1

From (2-18),
T-1
S et =TT = O(T"*1ogT)
t=0

T—1 T—1 T—1
— Z Ctx + Z Ct — Z g —TJ, = O(Tl/QIOgT)
=0 =0 =0

— R(T) — R(T) = O(T?1ogT).

R(T) — R(T) = O(T"?logT)
— R(T) = O(T"?10gT) + O(T"/?)
— R(T) = O(T"?)

The proof showing R(T) = O(T/?) when R(T) = O(T'/?) can be derived in the same way
as above.

Representing the (sub)optimal long-term average expected cost as the solution of a
Lyapunov equation

The following analysis will prove to be a critical component in establishing the finite-time
regret upper bound. Roughly speaking, the regret is analysed episode-wise i.e., the cumulative
difference between the (sub)optimal cost incurred by the LBC policy and the optimal long-
term average expected cost J, incurred by the optimal control policy (assuming the full
knowledge of ©) during each episode, is upper bounded. This bound on the cumulative
difference in the cost incurred in each episode is then summed over the number of episodes to
obtain the final regret upper bound. The final piece in establishing the regret upper bound
requires bounding the sub-optimality gap A@k as defined in (2-15), where k is the episode
number. This inherently requires a way to represent the (sub)optimal long-term average
expected cost incurred during the LBC phase denoted by J ((:)k) The following exposition
addresses this problem through a Lyapunov equation.

Since the estimated system parameter is maintained during each episode, for the sake of
brevity, we will consider O = © and K = K. To recall, the LBC policy as described in
(3-9), is of the form

U = _K£t|t7é + M.

From (2-6), we have
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Ty 1,6 = (A - BK) Ty 16t Bny_1,
ot L (yt C‘ﬁ:ﬂt_l é)
:<A BK) Lo1)t— 19+B77t 1

Typ6 = Ly

+ ﬁ(C’gjt + 2 — C ((/Al — BR') jt—l\tfl,é + Bnt—l) )
= ([ - ﬁé) ( (fl - Bk) ‘,i‘t71|t71,@ + BUtl)

+ ﬁ(C (Al'tfl — Bf(ift,l‘t,l’@ + Bni—1 + wt,l) + zt>.

Now,
Te | _ A -BK Lt—1
——
{Z‘t Gl
N I 0 [wy N B
ic L (1-L¢)B+LcB) ™!
—_——
Go €t—1 Gs
— 7 = G171 + Ga&1 + Gsnt—l-
Let us consider a case where u; = —K 7 Ty o Then, Z; = G171 + Gaé_1. Now consider an

alternative formulation of the finite- homzon LQG control problem:

-1
js(é) =K Z x;ch.%'t + uZ—Rut + f}—foT]

L t=0
T-1
~ Qc 0 ~ ~T ~
—F g N N t.
;)a:t lo KTRIC T+ TpQpar| st
[ —
L W (A-10)

Tip1 = Az + Bug +wy, wy ~ N(0,0621),
ye = Cxy + 2, 2 ~ N(0,620),
£t|t,é) = - ié)jt\t—l,é + Lys,
£t+1\t,© = Ait\t,@ + Buy,
= _Rﬁﬂt,év

where ()7 is the terminal cost weighting matrix, ). = crQc, K stabilises the true system,
and A — F'C is asymptotically stable. The reason for considering this alternate formulation

(A-10) becomes clear in the regret analysis, as detailed in Section 4-3-4. Define the finite-
horizon value function as
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T-1
V(Z,k) = Eu} fo) [Z i Wiy + 20Q iy | i) = x] , (A-11)
t=k

and given that it can be assumed to have a quadratic form as V(aﬁ, k) = 27 S,% + ¢, with
qgr = 0 [12], we can deduce from Bellman’s principle of optimality that

V(3 k) = & Wi + Eay [Vf((fkﬂ, k+1) | @) = az]

= ¥f Spdy + qr = ¥4 W +Ezy [f;+15k+15k+1 + Qk+1]

—> T STk + ar = 7 Wi + 2] Gf Sp11Gadn + E [6] 63 Spar Gadr| + ana (A-12)
— S, =W+ G{ Sp1161

AT A 0'1201— O
= qi = tr G2 Sk+1G2 0 O'zf + Qk+1-
We find that G is a stable matrix since it is assumed that the control law u; = —K2

t|t,®
stabilises the true system and A — F'C is stable. Further, W can be verified to be symmetric
positive semi-definite. This implies that (A-12) converges to a unique symmetric positive
semi-definite solution S such that [12]:

S=W+G|5G, (A-13)

From Definition B.1 we have, dlyap(G1, W) = S. Now, the expected cumulative cost given
by Js(©) = V(Z,0) can be expressed as:

Jo(0) = E [ Soo| + ao

=E [tr (Soxoaso )} + Z tr <G2 St+1(;2 [ ol Ugj])

t=0

- - .
= [tr | So|.""
( ’ _xo|o,(1)1 [3700 @] )

i i T AT
ZTox 3701:0'0 )
=FE|tr| S |. . AT

ol R
Loj0,6%0  L00,6%0)0,6

O > xCTLT
B Ylicy L(esCT 4+ 02)ET

where the last equality comes from the assumption that zo ~ N(0,X) and :%0|_1 6 = 0. Now

consider the following infinite-horizon setting of js((:)):
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R = 7
Js(0©) = lim fE Z x:cht + utTRut
Lt=0 _

T—oo =0 0 KTRK_
N——
L w (A-14)

Tip1 = Axy + Buy +wy, wy ~ N(O, O'?UI),
yr = Oy + 21, 2~ N(0,021),
Ty o = (I - Lc)ﬁﬂt—l,é + Ly,

Lip1|t,6 = A$t|t,@ + Buy,

Ut = _K‘rt|t,@'

Since Sy — S as T — oo, we have
Jo(©) = lim 1 tr | S, > DCTLT +Tz:_1tr GJ 511G owl 0
S T e T YILes L(esCT +02D)LT 2RI g2

t=0
A A 2
= tr (G.;SG,2 [“161 0(2) ID .

This concludes the proof.
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Technical Tools

Definition B.1 [58] (Discrete Lyapunov equation) Let X,Y € R™*™ with Y = YT and
p(X) < 1. We let Tx[P] = X"PX + Y, and let dlyap(X,Y) denote the unique positive
semi-definite solution 7x[P] = P.

Lemma B.1 [3] Let v € R? be an entry-wise R-sub-Gaussian random variable. Then with
probability of at least 1 — 4, ||v|| < R\/2d log(2d/?).

Lemma B.2 [60] Consider a self-adjoint matrix martingale {Y : £ = 1,..,n} in dimension d,
and let {X} be the associated difference equation. Consider also a fixed sequence {Ay} of
self-adjoint matrices that satisfy

Eip_1X; =0 and X% < A% almost surely.

Compute the variance parameter

o =l DALl
k

Then for all ¢ > 0,
2

P{Amax(Yn —EY,) >t} < d =3

Lemma B.3 [3] Let Xj,..., X; be random variables. Let a € R. Let S; = 22:1 X, and
Sy = Zé:l Ix,<qaXs where Ix,<, X, denotes the truncated version of X. Then it holds that

P{St>;C}§]P’{ln<1?§tXSZa}+IP’{St>x}.
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Lemma B.4 (Regularised design matrix Lemma) [2] When the covariates satisfy ||z|| <
D, with some D > 0 with probability 1 then,

det(V}) Ad + tD?
< dlog [ 22T
98 Jet(A ) = ( YA

where V; = X[+ 3F_, ziziT for z; € RY.

-
Lemma B.5 (Gaussian concentration inequality) Let X = [Xl, ceey Xn} be a vector with

iid. standard Gaussian entries and F' : R" — R a L-Lipschitz function (|F(z) — F(y)| <
Li|x — yl|, for all z,y € R™). Then, for every ¢ > 0

P{IF(X) ~ E[F(X)]| > £} < 2exp (;}f) |

Lemma B.6 (Chain rule for Fisher information) [69] For a density p, consider the
following FIM for a bivariate density pg(z,y):

Ly (0) Z//Ve log po(x,y) (Vo logpo(x,y)) " pelx,y)dzdy.

Define the conditional FIM as

e ®) = [ [ Vo og pa(aly) [V (o po(aly))) po(aly)do poly)dy.

Then

Lp(ay)(0) = Lp(aly) (0) + L) (6),

assuming that Vylogpg(z|y) and Vylogpg(y) have mean zero.

Lemma B.7 [70] Let u : R% — R% and V : R% — R4 with V > 0 for all § € R%, and

define
1 1

x) = exp [ —=(x — (@) V() z—pub)).
W)= ) p (=5 = nO) VO (@~ )

Then

1,(6) = (Doa(6)) V(0)™" (Dou(6)) + 5 Dyvec (V(0))) " (10 V(6) ) Dyvec (V(6))

Lemma B.8 [50] Let H, H, and NV, N; be as defined in Algorithm 1. They satisfy the following
perturbation bounds,

maX{HH—" —7:[?‘

H—H ||} < ||H = A| < /min{dr, d> + 1}||N1, — M|
|V =i | < 2| = A7|| < 2y/minfar, o} ||Mr, — Ml
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Lemma B.9 [50] Let \/ and N; be as defined in Algorithm 1. Suppose pin(N) > 2 HN —N;

Let rank n, matrices N/ ,J\A/} have SVDs UEVT and ﬁtfltVtT respectively. There exists a
unitary matrix T € R™*"= guch that

2

N - N,
Omin(N) — ||\ = N5

5Ny

o osa v visial]

Lemma B.10 [50] Let A and N, be as defined in Algorithm 1. Suppose omin(N) > 2N =N I.
Then, ||NV| < 2/[NV]| and 20min(N;) = omin(N).

Lemma B.11 [58] Let Toep; ;;(X) and Col; j(X) be as defined in (4-57) for X € R™*™. For
any i < j,l, and for Y € R™*™ and diag;_;(Y') denoting a j — i block matrix with blocks Y’
on the diagonal, we have the bound

Tr (Coli ;(X) " diag,_;(Y)Col; ;(X)) < Tr(dlyap(X,Y)).
Corollary B.11 [58] Let Toep;, ;;(X) and Col; ;(X) be as defined in (4-57) for X € R"™*™.

For any i < j,1, and for Y € R™*™ and diag;_;(Y') denoting a j —1 block matrix with blocks
Y on the diagonal, we have the bound

Col; ;(X) "diag; ;(Y)Col; ;(X) < dlyap(X,Y).

Lemma B.12 [58] Let Toep; ;;(X) and Col; j(X) be as defined in (4-57) for X € R™*™. For
any i < j,1, we have ||Coly; (X)]| < |[Toepy .y (X)I| < [|X| ..

Theorem B.1 [3] Let (F;;k > 0) be a filtration, (my;k > 0) be an R? - valued stochastic
process adapted to (Fg), (nx; k > 1) be a real-valued martingale difference process adapted to
(Fk). Assume that 7y, is conditionally sub-Gaussian with constant R. Consider the martingale

t
Se =" mkmi_1
k=1
and the matrix-valued processes

t
Vi=> mp_imi_y, Vi=V+V, t>0.
k=1

Then for any 0 < § < 1, with probability 1 — 9,

7\1/2 ~1/2
STV, LS, < 2R?log <det(vt) det(V) ) Vit > 0.

J
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Theorem B.2 (Azuma’s inequality) Assume that (Xs;s > 0) is a supermartingale and
| Xs — Xs—1| < ¢ almost surely. Then for all ¢ > 0 and € > 0,

P{|X: — Xo| > €} < 2e — | .

(1%~ Xo| 2 ¢} < 2exp (221 5

Theorem B.3 (Hanson-Wright inequality) [55] Let X = (X,..., X;,) € R” be a random
vector with independent components X; which satisfy E[z;] = 0 and || X;[|y, < k for all
i =1,..,n, where |[.||y, = sup,>; p~/2(E[.]?)'/? is the sub-Gaussian norm. Let A be an n xn
matrix. Then, for every ¢ > 0,

t? t
P{IXTAX —EXTAX| >t} < 2exp [—cmin( , )1 ,
{ } KAHIAJR k2| Al

where c is a positive absolute constant.
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List of Acronyms

ARX
CEC
DARE
FIM
IF2E
LBC
LQ
LQG
LQR
LTI
OFU
RMSE
SISO
TS
VAF

Auto Regressive Model

Certainty Equivalence Controller
Discrete Algebraic Riccati Equation
Fisher Information Matrix

Inverse Fisher Feedback Exploration
Learning-Based Control

Linear Quadratic

Linear Quadratic Gaussian

Linear Quadratic Regulator

Linear Time Invariant

Optimism in the Face of Uncertainty
Root Mean Squared Error
Single-Input-Single-Output
Thompson Sampling

Variance Accounted For

List of Symbols

2 © Db >

™

Probability of an event not occurring

Sub-optimality gap in the long-term average expected cost
Estimated system parameter

Big - Omega notation

Solution to the DARE in (2-5)
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98 Glossary

© True system parameter

Q(.) Big - Omega notation ignoring constants and poly-logarithmic terms
R(T) Secondary formulation of cumulative regret in the LQ setting

M, Markov parameters estimated at time step ¢

M Markov parameters of the true system with parameter ©

@() Big - O notation ignoring constants and poly-logarithmic terms

T The observations available to the controller until time step ¢

o(.) Big - O notation

S A set of system parameters of interest (refer section 2-9)

C(A, B,n;) Controllability matrix with n;-block columns
O(A,C,ny) Observability matrix with nz-block rows

A € R %"= State matrix of the true system

B € R"™*" Input matrix of the true system

C € R™"*"s  Qutput matrix of the true system

Ctol Tolerance value to switch to the FIM-based LBC strategy

cy Cost incurred by the true system at time step t

F Optimal Kalman gain in the innovations form

H Length of the input-output data history to construct the ¢ vector

I7(0) Fisher Information Matrix (FIM) after T' time steps evaluated on 6

J (é Long—germ average expected cost incurred when using the control law computed
from © on the true system with parameter ©

Jy Optimal long-term average expected cost of the system with parameter ©

J.(6;) Optimal long-term average expected cost of the system with parameter ©,

K Optimal feedback gain for the true system parameter

L Optimal Kalman gain for the measurement and the time update of the state
estimate

Iy Length of the k" episode

P Solution to the DARE in (2-9)

Q € R™*™ QOutput weighting matrix

R € R™*™ Input weighting matrix

R(T) Cumulative regret in the LQ setting
up € R™ Input at time step ¢

wy € R™ Process noise at time step t

x € R State of the system at time step ¢
yr € R™ System output at time step ¢

2z € R™ Measurement noise at time step ¢
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