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Abstract

We present a powerful approach for learning about uncomputability and undecidability in information
theory. Our approach is to use automata from automata theory that have undecidable properties to
construct channels for which an information-theoretic quantity is uncomputable or undecidable. We
demonstrate this approach by showing that, for channels with memory, capacity is uncomputable and
information-stability is undecidable.
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1 Introduction

Information theory encompasses the study of communication channels. A communication channel is
any medium through which information can pass; for example, a telephone line, or an optical fiber. In
general, communication channels can be put into two categories: channels that change every time they
are used, and channels that do not. The former are known as channels with memory, because they
way they change depends in general on the input they received in past uses; the latter are known as
memoryless channels.

Suppose we are given a communication channel W that we are told we can use a limited number of
times. A natural question we might ask is the following: What is the maximmum amount of information
we can transmit over W if we use it as efficiently as possible — if we do not send any unnecessarily
redundant information? In the limit in which the number of times we are allowed to use the channel
approaches oo, the maximum amount of information that we can transmit per channel use is known as
the channel’s capacity. The capacity of memoryless channels is given by the formula [23]

C(W) :m}z}XI(X;Y), (1)

where I(X;Y) (see Section 2.2) is called the mutual information, and represents the amount of
correlation between the random-variable input to the channel, X, and the random-variable induced at
the output of the channel, Y. As given by (1), the quantity C(W) is known to be efficiently computable:
given any memoryless channel, we can use the so-called Blahut-Arimoto algorithm [3, 1] to efficiently
approximate C(W) to within any desired precision.

In terms of computability of capacity, the situation for channels with memory is different: It has
long been unknown whether an algorithm like the Blahut-Arimoto algorithm exists, and, hence, whether
capacity is computable. Although algorithms have been found that approximate the capacity of channels
with memory ([19, 8, 22, 2, 24, 16, 14, 21, 27, 10| and more recently [28]), these algorithms either only
work for special cases or cannot guarantee the precision of the approximation.

The aim of this paper is to present a powerful approach to studying the decidability and computability
of information-theoretic properties of communication channels with memory. And as a demonstration of
this approach, we will resolve the aforementioned open question: we will show that capacity is, in fact,
uncomputable for channels with memory. A second demonstration of our approach will be to show that
another information-theoretic property of channels, called information-stability, is undecidable.

The channels we use to prove our theorems are instances of what are known as finite-state machine
channels (FSMC), which are channels whose behavior is dictated by a finite-state automaton. More
precisely, the memory of an FSMC is modeled by the state of the finite-state automaton, and the way
the memory of the channel changes after each input follows how the underlying automaton transitions
between its different states in response to different inputs. This is the essence of our approach: by
choosing the underlying automaton to be one that has a certain undecidable property, we can construct
a channel that has an uncomputable or undecidable property.



2 Communication channels

Mathematically, a communication channel W is a sequence of conditional probability distributions:

W = (Wi(y1|z1), Wa(yzl|z2), Wa(ys|zs),...) . (2)

The ith conditional probability distribution in the sequence determines the probability that the ith
output of the channel will be y; if the ith input was z;. For memoryless channels, because the channel
does not change from one input to another, all the conditional probability distributions in the sequence
are equal: Wi (ylz) = Wa(y|z) = --- = W(y|z). On the other hand, for channels with memory the
distributions are not in general equal, because the ith conditional probability distribution depends on
the state of the memory in the ith use.

The set of input symbols that can be input to a channel is its input alphabet; the set of symbols
that it can output is its output alphabet. For example, a channel with input alphabet {0, 1} and output
alphabet {0,1,2} can receive 0 or 1 at the input and produce 0, 1, or 2 at the output. In addition to
input and output alphabets, channels with memory have a set of memory states.

2.1 Finite-state machine channels (FSMC)

Finite-state machine channels (FSMC) are a type of channels with memory whose memory is modeled by
a finite-state automaton. Let X, ), and S denote finite sets that represent the FSMC’s input alphabet,
output alphabet, and the set of states, respectively. An FSMC can be fully characterized by a set of
conditional probabilities {p(y, s|z,s")}sy 2,5, Where each p(y, s|x,s’) is the probability that the FSMC
is going to output y and transition to the state s given that the input was x and it was in the state s,
where 5,8’ € S, x € X, and y € Y. The sequence that determines the action of the channel (Eq. (2))
then satisfies W;(y;|z:) € {p(y, sz, s) }s,y,z,5-

2.2 Mutual information and information-stability
2.2.1 Mutual information

For any communication channel, the information transmission capability of the channel can be quantified
in terms of the amount of correlation between what we input to the channel and what it outputs. This
correlation is captured by the concept of the mutual information I(X;Y’) between a random variable
X that we input to the channel and the random variable Y that the channel outputs. The mutual
information appears in formulas for the capacity, like Eq. (1) and Eq. (5).

Mutual information is defined as follows. For any two random variables X and Y with joint probability
distribution px y (z,y), define the random variable ix y (z;y) as

ixy(z;y) = log

The random variable ix y (z; y) is called the information-density, and its expected value is the mutual
information I(X;Y’) between X and Y

V) = (i v (2 _ o ) log P
I(X;Y) = (ixy(z;9) xy ZZ;P( ,y) log o)

The mutual information is also given by the following expression in terms of the Shannon entropy:
1(X:Y) = HY) = H(Y|X),

where, for any sequence of random variables X™, H(X"™) — the Shannon entropy of X™ — is the
expected value of hxa(2") = —log(px=(z™)).



2.2.2 Information-stability

There are several formulas for computing the capacity of communication channels. Although all of them
involve mutual information, the formula to be used to compute the capacity of a given channel depends
on whether the channel is information-stable. Here is a rough intuition for when a channel is information-
stable. Suppose there is a store that sells channels. In the store there are boxes arranged on the shelves,
and all of them contain the same channel W. Someone goes into the store, buys one instance of W,
takes it home and starts using it. After a while of using the channel, the owner gets a feeling for the
"usefulness" of the channel for transmitting information — how often the channel successfully passes the
input to the output. If this "usefulness" is equal to the average "usefulness" of all the other W channels
in the store, then W is information-stable.

To illustrate this intuition, here is an example of a channel that is NOT information-stable. Consider
a channel W that, when the "on" button is pressed, becomes an noiseless channel with probability 1/2
or a completely noisy channel with probability 1/2, and stays like that forever. Suppose a channel store
is stocked with this channel W. A customer comes in and buys one instance of W. On the first use, the
channel, unbeknownst to the lucky customer, switches to being a forever noiseless channel. After using
the channel for a while and seeing how the channel is perfectly useful, this person might guess that all
the store only sells perfect channels. However, this guess would be misplaced, because approximately
half of channels in the store, when used, are completely noisy and useless. Since the usefulness of one
instance of W leads to a wrong guess on how useful, on average, a store-bought channel W is going to
be, W is not an information-stable channel.

This intuition is captured precisely by the following mathematical definition of information-stability.

Definition 2.1. (Information-stability [5, 25]) A channel W is said to be information-stable if and only
if there exists a sequence of inputs {X;}:2, that satisfies the condition that, for any A > 0,

Z‘Xn,Wn (Xn, Yﬂ)
supxn I(X®;Y™)

lim Pr [

n—oo

—1’>>\]:0. (3)

The random variable ixn wn (X"™; Y™) represents the "usefulness" of a single instance of W that a
customer takes home from the store in the example above; the term supxa I(X™;Y™) represents the
average usefulness of all the channels in the store. The information-stability condition (3) then just
means the following: in the limit of infinitely many uses, the probability that the usefulness of a single
instance of the channel is different from the average usefulness of all the channels in the store is 0.

Another way of saying this is that a channel is information-stable if and only if the input process that
maximizes the mutual information and the process it induces at the output of the channel both behave
ergodically. It is because of this ergodicity that the random variable ixn w=(X";Y™) converges (for
the right input process) by the law of large numbers to its average supxn I(X™;Y™), thereby satisfying
condition (3).



3 Statement of the results and sketch of their proofs

Now that we have formally defined what communication channels are — basically a sequence of condi-
tional probability distributions (W;(x;|y;)) —, we are ready to state our results.

In a nutshell, our results are the following: The first result is that there exist channels with memory
whose capacity is uncomputable; the second result is that there exist channels with memory whose
information-stability is undecidable.

Formally, our results are the following.

Theorem 3.1. (Capacity is uncomputable) Any function that takes as input the probability assignments
{p(y, s|z,s") }syes = {p(ylz, s )p(s|z,s) }s,y,2,s of an information-stable finite-state machine channel W
with input, output, and number of states point-wise equal or larger than (7,2, 30) and outputs a rational
number ¢ such that the capacity C(W) satisfies

[C(W) —¢| <1/4
must be uncomputable.

Theorem 3.2. (Information-stability is undecidable) Given the probability assignments {p(y, s|z, s') }s.y.z,s' =
{p(y|z, s")p(s|x,s") }s,y.2,s of an finite-state machine channel W with input, output, and number of states
point-wise equal to or larger than (7,2, 30), it is undecidable whether W is information-stable or not.

To arrive at the above results, we use FSMCs whose memory is based on finite automata that have
been shown in the automata theory literature to have an undecidable property. Let us be more specific:
The automata we use are called probabilistic finite automata (PFA). These are finite automata for which
the transitions between the different states are probabilistic. Given a PFA, its so-called value is the
supremum — over all possible strings of input symbols — of the probability that the automaton ends up
in a certain state.

In Ref. [7], a family of PFAs B, was given for which it is undecidable whether the value is 1 or a,
with a € [1/2,1). In Section 4.3 we update the construction of B, to reduce its number of states; we
call the new construction B/,. With B/, in hand, we can construct an FSMC as follows (full details in
Section 2.1). In each use, we can input a symbol from {a,b,c,c*,0,1,rt} into the channel input. A PFA
B!, has two types of states, accepting states and non-accepting states. Right after a symbol is input, two
things happen. The first thing that happens is that the channel checks if B/, is in an accepting state or
a non-accepting state; if non-accepting, the channel outputs 0 or 1 uniformly at random; if accepting,
the channel checks if the input was 0 or 1, or if it was one of the other symbols; if 0 or 1, the channel
passes the input to the output as is; if one of the other symbols, the channel outputs 0 or 1 uniformly
at random. The second thing that happens is, after the channel produces an output, B/, transitions to
a new state depending on the input.

This particular channel construction allows us to relate the expected information transmission capa-
bility of any of these channels to the value of the underlying PFA (Lemma 6.7):

1
lim —sup I(X™;Y"™) = valp . (4)
n—00 N, Xn «
The expression on left-hand side of this equation, as it turns out [26, 5], gives the capacity of information-
stable channels; i.e, for information-stable channels

1
C(W) = lim sup —I(X™;Y"). (5)
n—0o0 xn M
Using this fact, we connect the undecidability in valg; to the capacity of our channels by showing
that those of our channels whose memory is modeled by PFAs B, with o = 1/2 are information-stable
(Lemmas 7.1 and 7.2). Upon doing so, we will be able to write

1
C(W) = lim —sup I(X*;Y") =valg, _ . ©)

n—,oo N Xn

Then, since it is undecidable whether valg, = o = 1/2 or vals; = 1, it is undecidable whether C(W) = «
or C(W) = 1; this implies that C(W) is uncomputable to any precision < 1_Ta = 1/4, proving our first
result.

10



As for the second result (Theorem 3.2), we prove it as follows. In Section 7 (Lemmas 7.1 and 7.2)
we prove that the channels built on top of some PFAs B/, are information-stable when B/, has value 1
and is not information-stable when B/, has value a. Then, since it is undecidable whether vals, = o or
valp, = 1, it is undecidable whether these channels are information-stable or not.

11



4 Probabilistic finite automata (PFA)

It is time to lay down the technical foundations we will need to build our results. This section is devoted
to reviewing PFAs in general (Section 4.1), reviewing the PFA family B, from Ref. [7] in particular
(Section 4.2), and finally presenting a PFA family B/, with a smaller number of states than B, (Section
4.3); recall that B/, is the family of PFAs with an undecidable property on which our channel construction
(next section) is based. This section can be skipped on first reading. However, the reader is advised to
read the statement of Lemma 4.8 and to look at the design of the PFA B, in Fig. 2, as they will be
referred to throughout the rest of the text.

4.1 Definition

A PFA P is given by a tuple P = (Q, N, K, v, F), where Q is a finite set containing the states of P, N’
is a finite set containing the input alphabet of P, K is a finite set containing stochastic matrices — one
matrix for every input symbol in N, v is a vector containing the initial probability distribution over
the states Q, and F C @ is the set of accepting states of P.

We denote by plg, — gs] the probability that the PFA transitions from the state g, to the state g,
upon reading the input symbol w; this probability is given by

Plga = @) = 74, Kuy,,

where 7, is a column vector with one in the position of the state ¢ and zeroes elsewhere, and K,, € K
is the stochastic transition matrix corresponding to the symbol w. Using this notation, the probability
that a PFA transitions from ¢, to ¢, upon reading the word w = wy ... w}w| € N'Wlis given by

Plga ~ @] = 7Tg;Kw‘w‘ v Ky g, -

We denote by wvalp(w) the probability that the PFA P accepts upon reading the word w: the
probability that P starts from the initial probability distribution v and, upon reading w, ends up in any
of the accepting states F of P. valp(w) is given by

valp(w) = Z F%lew‘ ceoo Ky v
FeF

The supremum of acceptance probabilities over all input words to a PFA P is called the value of P,
and is denoted by valp:

valp = sup wvalp(w),
wEN*

where N'* is the set of finite length words in V.

In our diagramatic representation of the different automaton constructions (Fig. 1, Fig. 2, and Fig.
4) we will adopt the following conventions. A state is represented by a circle. If the state is accepting,
the circle has a double line around it. Initial states are represented by circles to which origin-less arrows
point. If the automaton transitions from a state g, to a state g, with probability p upon reading the
letter w, this transition is depicted on the diagram by an arrow 2Py that points from ¢, to g,. To
avoid clutter, we do not show self-loops that occur with probability 1, and if a transition occurs with
probability 1 but is not a self-loop we drop the probability and simply write —. Additionally, if all input
symbols trigger the same transition with the same probability p we simply depict that transition with
2,

Moreover, if after the first use one of the PFAs in this paper started in the upper(lower) branch, i.e.
started in the state qi(qs) shown on the figures, we will use val,,(ow)(W) to denote the probability that
the PFA ends up in an accepting state when the word w is read. It will be clear from context which
PFA we are talking about.

12



Figure 1: The PFA construction on the left (with « fixed to 1/2) is originally due to [7]. Note that this
construction has 6 states. The PFA A from Lemma 4.1 is embedded in the construction on the left to
give the construction on the right, which we refer to as B,. Note that this construction has 6 4+ 2n 4,
where n 4 is the number of states of A and in this paper will take values 20,25, 30, ..., according to
Lemma 4.3. The symbol ¢ in B, takes B, from A to a state outside A; the double line denotes that
the transition was from an accepting state in A and the dashed line denotes that the transition was
from a non-accepting state. Besides the symbols shown on the figure, B, has a reset symbol which takes
it to gy if it started in upper branch and to ¢4 if it started in the lower branch. Transitions inside A
are triggered by the symbols 0 and 1, which are the same symbols that constitute the channels’ output
alphabet. t is a rational number that is chosen such that the symbol ¢ causes B, to transition from A
to ¢1(gs) with maximum probability val 4 + t(1 — val4). In particular, ¢ is chosen to be a fixed number
such that the symbol ¢ causes B, to transition from 4 to ¢1(g5) with maximum probability > 1/2 when
val 4 > § and with maximum probability < 1/2 when valy < §, where ¢ is a rational number such that
it is undecidable whether val 4 > § or val4 < d. This is needed for the proof of Lemma 4.7. The PFA
B, has input alphabet {a,b,¢c,0,1,rt}: 6 symbols.

13



4.2 The PFA family B,

In Ref. [7], the authors presented a family of PFAs for which it is undecidable whether the value is 1
or a, where « is some number such that 0 < a < 1. To construct B, the authors of [7] start with the
PFA shown in Fig. 1(a), which they show (see Lemma 4.4) has value 1 when x > 1/2 and value o when
x < 1/2. To get B, the PFA in Fig. 1(a) is then modified such that it is effectively undecidable whether
x > 1/2 or x < 1/2. This is accomplished by embedding another PFA due to Hirvensalo [13] — which
we refer to as the PFA A — in the PFA in Fig. 1(a), in a way such that, for some rational number §,
val 4 > ¢ has the same effect as x > 1/2 and valy < § has the same effect as < 1/2. This produces the
PFA B, shown in Fig. 1(b). Because A is such that it is undecidable whether val > 6 or val4 < 4, it
is then undecidable whether valp, =1 or valg, = a.

4.2.1 The PFA A
The undecidability in val 4 obeys the following lemma:

Lemma 4.1. [13] Let A be a PFA with (5k — 10) states and an alphabet of size 2, where k is an integer
such that &k > 7. And let § be a rational number such that § > 1/(5k — 10). It is undecidable whether
valy > 0 or val4 < 6.

The PFA A inherits this undecidability in its value from Post’s Correspondence Problem (PCP),
which is defined as follows:

Definition 4.1. (PCP) Given k pairs of words (u;,v;), where u;,v; € £¥* and ¥ is a finite alphabet,
decide whether there exists i1,...,4, € {1,...,k}T such that w;, w;, ... w;, Wi, =00y ...V, V4 -

At the time [13] was published, PCP was known to be undecidable for & > 7, and to prove Lemma 4.1
Hirvensalo [13] basically mapped an instance of PCP to a PFA. Recently, Neary [20] improved the PCP
undecidability result by showing that it is undecidable for five pairs of words (k > 5). More precisely,

Neary proved the following:
Lemma 4.2. ([20]) Given the five pairs of words

{(p1,q1), (P2, 42), (P3,43):(P4, qa), (P5,45) }
= {(1,1u), (10 5 01,110), (10 5 01,0),(1,0), (10 5 01111,1111)},

where u € {0,1}*, 8 € N, and 8 > 1, it is undecidable whether there exists i1,...,i, € {1,2,3,4}*
such that p1pi,pi, - - - i, = €140, iy - - - Qi -

This recent result can be used to modify Lemma 4.1 so that it applies to PFAs with smaller memory
sizes. This is straightforward but has to be done with care, since Hirvensalo [13] uses what are known
as Claus instances of PCP to prove Lemma 4.1, while the the five pairs of words in Lemma 4.2 do not
constitute such an instance.

The Claus formulation of PCP can be defined as follows.

Definition 4.2. (PCP: Claus) [4, 9] Given k pairs of words (u;,v;), where u;,v; € ¥* and ¥ is a
finite alphabet, decide whether there exists iy,...,4, € {2,...,k — 1}* such that wyu;, ... u; ur =
V1V . V4, Uk

In other words, the standard PCP (Definition 4.1) and the Claus formulation of PCP (Definition 4.2)
differ in that the latter requires that the first and last word pairs, (u1,v1) and (ug,vx), be used only at
the beginning and end of the string.

The five pairs of words in Lemma 4.2 are almost a Claus PCP instance in that the first pair is fixed.
To adapt Lemma 4.2 such that it is usable in Lemma 4.1, we can simply add a dummy pair of words to
the set of five words, resulting in a Claus PCP instance of six pairs of words where the first pair is fixed

to the beginning and the dummy pair is fixed to the end. This gives us the following new lemma for the
PFA A:

Lemma 4.3. Let A be a PFA with (5k — 10) states and an alphabet of size 2, where k is an integer
such that k > 6. And let ¢ be a rational number such that § > 1/(5k — 10). It is undecidable whether
val g > or val g4 < 4.

14



4.2.2 The value of B, is undecidable

To derive the undecidability in the value of B,, we begin by showing that the PFA in Fig. 1(a) has
value 1 when = > 1/2 and value « otherwise (Lemma 4.4), then we embed A in the PFA in Fig. 1(a) —
producing B, (Fig. 1(b)) —such that val4 > J has the same effect as x > 1/2 and val 4 < § has the same
effect as < 1/2, from which it will follow that vals, = 1 when val4 > 6 and valp, = o when valg < §
(Lemma 4.6). It will then immediately follow that it is undecidable whether valg, = 1 or valg, = «
(Lemma 4.7).

Lemma 4.4. ([7]) The value of the PFA in Fig. 1(a) is 1 when # > 1/2 and « when = < 1/2.

Proof. First we are going to show that for the PFA in Fig. 1(a) val = o when z < 1/2. Note that if
we enter b, the upper branch ends up in an accepting state and the lower branch ends up in ¢g with
certainty, and so for this word the acceptance probability is a. We can check that this is the maximum
acceptance probability from the following chain of inequalities:

val(wi) = avalyy(wWi) + (1 — a) valiow (Wi)
<a(l-e+(1—a)e
<a(l—e)+tae
= a’
where the first inequality follows from Lemma 4.5 below. Thus, since « is the maximum probability
that any word could give when x < 1/2, we have that the value is @ when = < 1/2.

Now we are going to prove that the value is 1 when 2 > 1/2, and we do that by showing that for any
€ € (0, ) there exists a word wy, of the form given in (13) such that

plgs — qo] < € (7)

plan = @3] > 1—e (8)

Let the lengths na,...,ng in (13) be given by

1
ng = ’Vloga: % + Ce-‘ ) 9)

where C, = %logx (b;ble), and let b > 1 be a number such that z* = 1 — 2. The following chain of
inequalities holds:

Plas = qol = (1= )™ + (1= (1= 2)")(1 =)™ +---
k
<> (-

_ Z 20 [log, 1+C]

< beF Z l‘b log, 1
"
bC.
=2

Note that the sum in (10) when k goes to oo is very similar to the Riemann zeta function evaluated
at a real argument strictly larger than one, which can be upper bounded by [15] ¢(b) = >_°7, n% < bfbl.
If we apply this bound to Eq. (10) we obtain
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k
1
li — g6 < lim 2"y —
Jm plos = o] < Jim 25

b
< bC.
=Ty

=e. (11)
Eq. (11) remains an upper bound for any finite & since we are only dropping positive contributions.

Hence, ineq. (7) holds for all k.
Now let us check that (8) also holds. Consider the following sum

k

E s 2 E xlogw ,17+C€+1

=2
1
xcg +1 E J),logw i

k
1
=20y "= 12
' i:2i ()

This sum diverges for any non-zero x and finite C¢, which implies that limy_, ., HLQ(I —a") =0

and that there exists finite k such that Hfzz(l —z™) < e Then, plgg = q3] >1—e.
O

Lemma 4.5. When z < 1/2; any input word that causes the PFA in Fig. 1(a) to accept with probability
1 — e if it started in the upper branch must cause it to accept with probability < e if it started in the
lower branch; i.e., if val,,(w) =1 — € then valjp, (W) < e.

Proof. Note that any word that ends with a ’b’ cannot cause the lower branch to end up in the accepting
state g5, and for these words too the statement of the lemma holds because valj, (W) = 0 < € no matter
what € is. The same holds for any word that contains two consecutive '’ and any word that starts with
a'l.
Next, note that any word that does not contain any ’d’ cannot cause the upper branch to accept
(valyy(w) = 0), and for these words the statement of the lemma holds trivially because valjo, (W) < € = 1.
Besides those words, any remaining word that we could enter must be of the form

wy = a"?ba"b...ba"". (13)

We know that for any word w, val,,(w) = plg1 — ¢3] and

valiow (W) = plga — gs]
=1—plas = q6] — plas — q4]
<1-—plga — gel
We can also easily see that, for words of the form given in (13), we have that p[gy — ¢3] = 1 —

¥, (1 —2™) and plgs — g¢] = 1 — ¥, (1 — (1 — x)™). Since < 1 — x whenever x < 1/2, it follows
that

1T (1 — ™) <1 —TF (1 — (1 —a)™). (14)

Thus, if val,,(Wi) = plgi — ¢3]) = 1 — €, ineq. (14) says that plgs — ¢g¢] > 1 — €, which implies that
Valjow(Wr) <1 —plgs — gs] < e O

Now we are going to embed the PFA A from Lemma 4.1 into the PFA in Fig. 1(a) to get the PFA
B, shown in Fig. 1(b). The main idea is that z is replaced by the probability that A accepts a word
WA.
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Lemma 4.6. The PFA B, shown in Fig. 1(b) has value 1 when valy4 > ¢ and value a when valg < ¢
(recall from Lemma 4.1 that § is a rational number such that it is undecidable whether valy > § or
val 4 <90).

Proof. First, note that B, transitions to A it continues inside A until the symbol ’¢/, which is a symbol
outside the alphabet of A, is entered. Let w 4 be an arbitrary input word into .A. Suppose we enter the
symbol ‘a’, followed by w 4, followed by the symbol '¢’. Then

plan 25 q1] = plas =25 gs) = vala(wa) + (1 — vals(wa)),

where ¢ is a rational number chosen such that § + ¢(1 — ) = 1/2, which has the effect that the
probability that the symbol ‘¢’ takes B, to the state g(gs5) with probability > 1/2 when valy4 > 6 and
with probability < 1/2 when val4 < 0.

Let us assume first that val 4 > §. Then there exists some word w 4 such that val4(w4) > 6. Hence
we can construct the input word

Wi = (aw4c)™ ... (aw_40)"* (15)

with the lengths no...ny given by Eq. (9). As with the automaton in Fig. 1(a), we have that for
€ > 0, there exists a k such that wy, satisfies conditions (7) and (8).

Now let us assume that val 4 < §. Since the word "bb” still gets us value y, we can restrict our attention
to words of the form (awyc)™b...b(aw¥ c)™. Furthermore, letting g(w) = val 4(w) + t(1 — val 4(w)),
for any word w4 we have that g(w4) <1 — g(w4) and in consequence

k k
1= —gwi)m) <1=T(0 = (1= g(wiy)™)),
i=1 i=1
just like in ineq. (14).
For € > 0, the above inequality implies that for any word wy, such that plg; — ¢4] = 1 — € we have
that p[gs — g6] > 1 — € and valg, (W) < «, as is the case with the PFA in Fig. 1(a).
So far, we have not considered any word that contains the symbol rt. However, note that any word
w =wyrtwart...rt wy, where w; are words that do not contain rt, has acceptance probability val(wy),
and any word that ends with a rt has acceptance probability 0.
Thus, valp, =1 when val4 > 0 and valp, = a otherwise.
O

Note that it follows from this proof that Lemma 4.5 also holds for B,, with @ < 1/2 replaced by
val 4 < d; i.e. the following corollary holds

Corollary 4.6.1. When valg < ¢ (or equivalently when valg, = «), any input word that causes the
upper branch of B, to accept with probability 1—e must cause the lower branch to accept with probability
< ¢ e, if val,,(wW) = 1 — € then val;pu (W) < €.

Now we are finally prove the undecidability in the value of Bg:
Lemma 4.7. It is undecidable whether the PFA B, has value 1 or a.

Proof. From Lemma 4.6, B, has value 1 when valy > 6 and value o when valy < 4. Since it is
undecidable whether valgq > § or valy < 6 (Lemma 4.1), it is undecidable whether valg, = 1 or
valp, = a. O

4.3 The PFA family B/ (like B, but smaller)

One of the main contributions of this work is to present a new PFA family whose value is undecidable
but with fewer states than B, from [7]. Whereas the smallest PFA B, has 46 states, the smallest PFA
B!, has 30. We achieve this reduction by modifying the construction of B, so that, instead of using two
A automata in parallel, the new PFA construction B/, (shown in Fig. 2) uses only one .4 automaton
sequentially. Recall from Section 4.2.1 that A is the source of undecidability in the value of B,. The
PFA B!, is designed to emulate B,, in the sense that when val 4 > § the automaton B/, has value 1, and
when val 4 < § it has value a.
The new PFA family B/, allows us to update Lemma 4.7 into the following:
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Lemma 4.8. Tt is undecidable whether the PFA B/, has value 1 or .

Proof. Let us begin with Lemma 4.6. Lemma 4.6 says that the automaton B, (see Fig. 1(b)) has value
1 when val4 > J, and has value @ when val4 < &, where J is some rational number. We would like to
show that this lemma holds also for the automaton B!, (Fig. 2). First, it is easy to verify by looking at
Fig. 1(b) and Fig. 2 that words of the form

Wi = (aW "W 40)"%D. .. b(aw 4C"W 4¢)"F (16)

cause B/ to transition to the same states (with the same transition probabilities) as B, when the
latter reads (aw.4c)™2b...b(aw 4c)™. More precisely, if we examine what happens to the automa-
ton B, and the automaton B/, when the former reads (aw.4c)"2b...b(aw 4¢)™ and the latter reads
(aw 4c*W 40)"2D ... b(aw 4c*W 4¢)™, we will find that both automata have identical probability distribu-
tions over the states ¢1, g2, g3, g4, g5, and Sink. This observation implies that, since a word of the form
(aw.4¢)"?b ... b(aw 4¢)™ causes B, to have value 1 when valgq > ¢ (Lemma 4.6), a word of the form
(aw Ac* W 40)"2D ... b(aw 4c*W 4¢)™ causes B!, to have value 1 when valy > §. Thus, the first half of
Lemma 4.6 holds for B,,. Let us see how the second half also holds.

When valy < §, we can easily verify by looking at Fig. 2 that the word 'd’ causes B., to ac-
cept with probability a. We need to check that this is the supremum of achievable probabilities
when valy < ¢. From the same observation used above, since (by Lemma 4.6) any word of the
form (aw4¢)™b...b(aw 4¢)™ cannot cause B, to accept with probability greater than «, any word
of the form (aw4c*w 4¢)™2b. .. b(aw 4c*W 4¢)™* cannot cause B., to accept with probability greater than
«. Finally, lemma 4.9 below shows that no other word can perform better than words of the form
(aw 4c* W 40)"2b. .. b(aw 4c*W 4¢)™ . Thus, Lemma 4.6 also holds for B,.

Since it is undecidable whether vala > ¢ or vala < 4, it is undecidable whether valg, = 1 or
valg, = a.

O

Lemma 4.9 (helper lemma to Lemma 4.8). Any word not of the form (aw 4¢*w 4¢)™2b. .. b(aw 4c*W 4¢)™*
causes B/, to accept with probability at most «.

Proof. Note that any word that causes either branch of B/, to end up in the sink with certainty leads to
an acceptance probability of at most o. The question now is, which words do not cause B/, to end up
in the sink with certainty? We will use a set of rules based on the automaton in Fig. 3 to eliminate all
words that cause B/, to end up in the sink with certainty, eventually showing that the only words that
remain are words of the form (ac*c)™b...b(ac*c)™, where in between the symbols we may insert w4 —
recall that w4 € {0,1}*.

The rules, which can be straightforwardly deduced (and verified) by looking at Fig. 3, are the following:

n nx . n

1. any word that contains "aa", "bb", "cc", "c*e*", "ab", "ac", "bc*", "c*a", "c*b" causes B, to end

up in the Sink with certainty.

2. If the automaton reads "bc" it will always end up in the same state as it had read a "b"; i.e., a "c¢"

does nothing when it comes after a "b". Similarly, if the automaton reads "cc*¢" it will always end
up in the same state as it had read a "¢".

9 0

3. any word that does not take the automaton to Sink with certainty must begin with an ”a”.

To verify the first rule, it is sufficient to check that it holds for any state the automaton can be in.
This can be done using Fig. 3. For example, to verify that any word containing "aa" takes either the
upper or lower branch to Sink with certainty, we start from the state ¢;/q4 in Fig. 3 and check that
it goes to Sink when "aa" is read; then we do the same check but starting from the state ¢;/A; then
starting from all the other states. That is it. To verify that words containing "bb" takes either the upper
or lower branch to Sink with certainty we go through the same procedure. And similarly for the rest of
the sequences listed in the first rule above. These checks do not take long to perform, and are left as an
exercise for the reader. Thus, the first rule is verified.

To verify the second rule we similarly start from every state in Fig. 3 and check that entering "bc"
has the same effect as just entering a "b"; and similarly for "cc*c" and "c".
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Verifying the third rule is easy. The automaton begins in the state ¢1/qy4, as indicated by the free
arrow near the top of Fig. 3. From this starting position, we can easily see that the automaton can
proceed to the next state (that is not a Sink) if and only if it reads an "a".

With the rules verified, let us now try to construct a word that does not cause B., to end up in the
sink with certainty. From the third rule, we know that we have to begin with an "a". Then, from the
first rule we can see that to avoid falling in the Sink "a" must be followed by nothing but a "c¢*", and

"¢*" must be followed by nothing but a "c¢". Therefore, we have that our word can only begin with

"ac*c". Now, from the first rule above, "¢" cannot be followed by another "c¢", therefore we are left with
three possibilities: 1) "ac*c a", 2) "ac*c b", and 3) "ac*c ¢*". The third possibility can be discarded:
Since "¢*" can only be followed by a "c¢", "ac*c ¢*" can only continue on to be "ac*c ¢*c¢", which by the
second rule above is equivalent to "ac*c", taking us back to where we were. This leaves us with the two
possibilities 1) "ac*c a" and 2) "ac*eb". Let us think about the first possibility. Like before, we must
follow the "a" by "c*c". In fact, any "a" must be followed by "¢*c¢" from now on, and so "ac*c" can be
seen as a block of symbols that must occur together. Moreover, a "ac*c" block can be followed by another

"ac*c" block, so we can have "ac*cac*cac*cac*c...". Now let us think about the second possibility. By

the first rule, "0" must be followed by an "a". Since "ac*c" must come together as a block, the second

possibility continues on to be "ac*c_ b ac*c¢". So we can see that "b" acts as a separator between blocks
i N i

of "ac*c". To conclude the above discussion, we have that after the initial "ac*c", we can build our word

only using "ac*c" blocks and the separator "b". The only words that we can build using these two are
words of the form "(ac*c)™b...b(ac*c)™".

Thus, we can see that any word that does not cause B, to end up in Sink with certainty (and hence
have its acceptance probability limited to «) must be of the form "(ac*c)™2b...b(ac*c)™". Plugging
back the w4 words we get words of the form shown in (16). O

The new B, construction also allows us to update Corollary 4.6.1 to the following:

Corollary 4.9.1. When valq < 0 (or equivalently when valg, = «), any input word that causes the
upper branch of B/, to accept with probability 1—e must cause the lower branch to accept with probability
< e, if val,,(wW) = 1 — € then val;pu (W) < €.
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Figure 2: The PFA construction B, shown in this figure is designed to emulate B, in Fig. 1(b) for input
words with a specific form. It requires only one A and so has fewer states than B,. More precisely, it
has 10 + ny4, where n 4 is the number of states of A and can take values 20,25, 30,.... Note that all
Sink states are one state. B!, has input alphabet {0,1,a,b,c,c*,rt}: 7 symbols. The reset symbol "rt"
takes the automaton to the state g if it started from ¢; (upper branch) in the first use and takes it to
the state gy if it started from g4 (lower branch).
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Figure 3: The automaton shown in this figure represents the behavior of the automaton B, in Fig. 2:
each state of this automaton contains the state of the PFA B/, if it started in the upper branch is written
on the left and if it started in the lower branch (written on the right). For example, the situation in
which a word causes B/, to transition from the state g, to the state ¢; if it started in the upper branch
and to transition from g4 to g5 if it started in the lower branch corresponds to this automaton starting
from the state ¢1 /g4 then transitioning after each symbol so that it ends up in the state ¢; /g5. The Sink
nodes on the graph correspond to either of the upper or lower branches of B!, ending up in the state
Sink.
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5 Our channel construction

Now that we have a family of PFAs B/, with an undecidable property let us construct channels on top
of them. We will see in the next sections how this channel construction causes the undecidability in Bl
to be inherited by the information-theoretic properties of the channel.

5.1 The construction

Recall from our definition of FSMC in Section 2.1 that we use X, ), and S to denote finite sets that
represent the FSMC’s input alphabet, output alphabet, and the set of states, respectively. Recall also
that an FSMC is fully characterized by a set of conditional probabilities {p(y, s|x, s’)}s.y,5,s', Where each
p(y, sz, s’) is the probability that the FSMC is going to output y and transition to the state s given
that the input was x and it was in the state s’; where 5,8’ € S, v € X, and y € ). Moreover, to
eliminate any ambiguity regarding whether our uncomputability result is due to problems with approxi-
mating p(y, s|x, ), in this paper we only consider (w.l.0.g) FSMCs for which the probabilities p(y, s|x, s’)
are rational. For simplicity, we also only consider (w.l.0.g) FSMCs for which p(y, s|z, s") factorizes to
p(ylx, s")p(s|x, s'); that is, FSMCs for which {p(y, s|z, s')}s.y.2,s = {p(Ylz, s")p(s|z, ") }s,ym.5 -

All channels in this paper will be built on top of B, and these channels have the input alphabet
X ={0,1,a,b,¢,c*,rt} and output alphabet Y = {0,1}

For all FSMCs in this paper, p(y|x, s’) can be expressed as follows:

dys  if s" is accepting and x € {0,1}

17
1/2  otherwise, (17)

p(ylz,s') = {

where 6y, is 1 when = y and 0 otherwise. After the channel produces an output, the underlying

PFA transitions to a new state with probability p(s|z, s’), the value of which is shown on the figures; for
example, from Fig. 2 we can see that p(c3|'a’,q2) = 1.

5.2 Upper channel and lower channel

For channels in this paper, it will be useful to think of the channel as a mixture of an "upper channel",
the one based on the upper branch of the PFA B/, shown in Fig. 2, and a "lower channel", the one based
on the lower branch of B;,. Mathematically, we can express the channel as W (y"[z") = a W, (y"[2") +
(1—a) W[, (y"x™), where W™ (y"|a™) = Wi(y1|z1)Walyz|ze) - - - Wi (yn|zn) is the probability that the
channel is going to produce the output sequence (yi1,¥yo,...,¥y,) when it gets as input the sequence
(x1,22,...,%n), and W;(ys|z;) € {p(y,s|z,s")}s,y,z,s- In other words, the channel can be thought of
as a switched channel: After the first use, the channel either switches to being the upper channel (in
which case the underlying PFA can only be in one of the states of the upper branch) with probability
a, or switches to being the lower channel (in which case the underlying PFA can only be in one of the
states of the lower branch) with probability 1 — a. And then the switch position does not change for the
duration of the transmission. In the following sections, we will employ this interpretation of the channel
as a switched channel via the following lemmas.

Lemma 5.1. Given the mixed channel W™ (y"|z") = a; W, (y" |2") +a2 W}, (y"|2"), where oy +ag = 1,
it holds that
I(X™"Y™) > al(X™ Yhp) + (1 —a) I(X™; Yigw) — 1. (18)

Proof. Let Z be a random variable that takes value 1 when the PFA goes to the upper branch and
value 0 when it goes to the lower branch, and so p(Z = 1) = a and p(Z = 0) = 1 — a. Note that Z is
independent of the input X™, so I(X™; Z) = 0. We can write

[(X™ Y™ = [(X™ Y1 2) + [(X®; Z) — [(X™; Z[Y™)
> (X" Y"|Z) - 1
=al(X"Yy,) +(1—a) [(X™ YY) — 1,

where the inequality follows because I(X™; Z|Y™) < 1. O
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Lemma 5.2. Given the mixed channel W™ (y"[2") = a; W, (y" |2") +a2 W}, (y"|2"), where oy +az = 1,
it holds that
I(X™Y") < al(X™ Yqp) + (1= ) I(X™; Yigw) (19)

Proof. Let Z be a random variable that takes value 1 when the PFA goes to the upper branch and
value 0 when it goes to the lower branch, and so p(Z = 1) = « and p(Z = 0) = 1 — «. Note that Z is
independent of the input X™, so I(X™; Z) = 0. We can write

I(XP Y™ = [(XP;YP|Z) + [(X™; Z) — [(X™; Z|Y™)
< I(X™Y"(2)
aI(Xn7YEp) + (1 - a)I(Xn;Yﬂ)w)'

The two lemmas above can be seen as special cases of the following more general lemma.

Lemma 5.3 (adaptation of Lemma 1.4.2 and Remark 1.4.1 in [11]). Given the mixed channel W™ (y™|z™) =
Wi, (y" |z™) + aa Wi, (y"2™), where a1 + ap = 1, and an arbitrary sequence of functions f"(-), the
following holds for any A:

a1 Pr {f” (iixn,wgp (@™ Yup) — B2 + 51) > A} + asPr {fn (iixn,w;w ("3 Ylow) — B3 + 51) > )\}
>Pr [f" (ixn,wn(2"y")) > Al >
ai(l—e ™™)Pr [fn (:Lixn,wgp (@™ Yup) — B2 + 51) > ’\}
+ ag(l — e ™")Pr [f” (Tllix‘“’wﬂ)w (™ ypow) — Ps + 61) > )\} , (20)
where {7"} is an arbitrary sequence such that v > 72 > ... > v, > 0, 7, — 0 and ny,, — oo,
0 < B1 < co/n, cg = —logmin(ay, az), and 0 < fBa, B3 < 7.

Proof. We use the following simple inequality from [12]:

1 1
—logmin(ay, az) + max(u, v) < —loglage™ + aze™] < max(u, v). (21)
n n

By setting u = +log W% (y") and v = +log W, (y™), where W"™(y") = 3 . pxn(z™)W"(y"|z"),
we have 1
c
= A" < log W) < Anly”), (22)

where ¢g = —logmin(ay, az) and A, (y) = max (L log W7, (y), = log W}k, (y)) -
Now, given the sequence {7"}, it holds that

1 1
Pr {n log W, (Yu) — - log Wigw (Yup) < —n

= > WL

yEBy

< D Wihu(y)e ™

YyEBn
<e ™ = 0(as n — 00),

where B, = {y € Y"|tlogW;,(y) — logWp,(y) < —7yn}. This implies that with probability
>1—e ™

1 n (,n 1 n n
E IOg Wup(yup) > 5 IOg VVlow (yup) — Tn-
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Therefore, with probability > 1 — e~ "7 we have
E IOg W (yup) < max E log Wup(yup)7 E IOg Wlow (yup) < E IOg Wup(yu;n) + Tns
ie.,

1

Similarly, we have that with probability > 1 — e~ "7

1 n n n 1 n n
ﬁ log Wlow(ylow) < An(ylow) < ﬁ 10g Wlow (ylow) + Yn- (24)
Equation (22) implies that
1 n n n
—logW™(y") = An(y") = f1, (25)
where 0 < 31 < . Equations (23) and (24) respectively imply that with probability > 1 —e™"7"
1 n n
ﬁ log W (yup) An(yup) - 52 (26)
and that with probability > 1 —e™ """

1
ﬁ IOg Wl’Zw(y%w) = An(ylnow) - 637 (27)

where 0 < B9, 83 < 7,. Note that 81, 82, 83 are all random variables.

p(e™y") .
p(z™) °

We can now finally write the following chain of inequalities. Let L(y) = + log

Pr [f” (Tllixn,wn(x”;y”)) > )\} =Pr {f" (L(y") - %log W"(y”)) > )\}
=Pr[f" (L(y") — An(y"™) + B1) > A
= a1 Pr [f" (L(ysp) — Dn(yay) +51) > A+ aoPr [ (L(Yiow) — An(Wipw) + 51) > Al

> (1 — e ™")Pr [f” (vi,) — - 1og W (Yap) + B1 — 52) > )\}

3

Fag(l— ) Pr[f" (E0t0) ~ 3 108 Wi o) + 51— ) > A
=ai(l—e"")Pr [f <lxn wa,, (2" Yup) + 51— 52) > )\]

+ a2(1 —e " Pr |:fn <an wn

low

<%mm+m—@)>ﬂ

where the third equality follows from Lemma 5.4. This establishes the lower bound in (20). Noting
that, trivially, (26) and (27) also hold with probability < 1, so we can also write
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Pr [f” <1ixn,wn(x”;y")) > )\} =Pr {f” (L(y") — %log W"(y")) > )\}
=Pr[f"(L(y") — An(y") + B1) > A]
(L yup 7l(yup) + ﬁl) > /\] + OQPI‘ [fn (L(yﬁ;w) - An(yﬁ)w) + ﬂl) > )\]

1
< a;Pr |:fn (L yup . — log Wﬁp(y;‘p) + 61— 52) > )\:|

= OqPI‘

"
=+ O‘QPr |:.fn <L ylow ,i 1Og Wlow(ylow) + ﬁl /83> > >\:|

= a;Pr {f" (n ixnwa (2" Y1) + B —ﬂz) > )\}

low

+ aoPr [f (an wi (2" Yiow) + B — 53) > A} ;
which establishes the upper bound in Eq. (20). O

Lemma 5.4 (helper lemma to Lemma 5.3. [17]). Let ( (1)) and ( ,(f)) be two sequences of
n=1 n=1

random variables taking values in Z,, and define (Z,),-, by

Pz, (Z) = OélPZ(l) (Z) + OéQPZ(z) (Z)

for all z € Z,. Then for an arbitrary sequence of functions (f,),., defined over Z,, we have that
for any A

Pr[fo(Zn) > Al = a1Pr | £ (Z(0) > )\} + asPr [fn(z,g?)) > Al
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6 Relating mutual information of the channel to the value of the
underlying PFA

Here is an intuitive argument for why the way we have defined the channels in Eq. (17) might allow us to
relate the information transmission capabilities of the channel to the value of the underlying automaton:
Eq. (17) just means that if the underlying automaton is in an accepting state and the input is 0 or 1
the channel is going to act like an ideal channel; and if the underlying automaton is in a non-accepting
state the channel is going to be completely noisy. Suppose for the sake of argument that the value of
the underlying automaton is vals, = 0. This implies that the automaton can never be in an accepting
state, and hence the channel is always going to be completely noisy. Since you cannot transmit any
information over a channel that is always completely noisy, the mutual information between the input
and the output is always going to be I(X™;Y") = valg;, = 0. On the other hand, if the underlying
automaton had value valg, = 1 then the automaton is always in an accepting state, and the channel is
always ideal. This corresponds to I(X™; Y™) = valp; = 0. In this section we are going to show that this
intuition holds not just for vals, = 0 and valg, = 1 but for all intermediate values as well.

More precisely, the main aim of this section is to prove that the supremum of all values of mutual
information that the channel can create between the input and the output is equal to vals si.e.,

1
lim —sup I(X™;Y") = valg: .

n—,oo N Xn

To prove this relation we need to prove two things: 1) we need to prove that lim,, % supxa [(X™;Y"?) <
valp:; and 2) we need to prove that lim, %supxn I(X™Y"™) > valg, .

Let us begin with the latter. There are only two possible values for valg, : 1 and a. If we can prove
that lim, e L supxa I(X™;Y™) > valg, for both of these cases, we would be done.

Lemma 6.1. For channels built on top of B,: when valg, = 1, for any € > 0 there exists an arbitrarily
long input sequence X™ such that LI1(X™;Y",;) > 1 —eand +1(X™Y"%0,) >1—¢

Proof. We have from the proof of Lemma 4.8 that for any 1 > 0 there exists a word w with length m
(i.e., W = w1 ... wy,) such that val,,(w) > 1 —n and valjp, (W) > 1 —n. Consider the sequence

X = (w,data,rt), (28)

where the data symbols data € {0,1}* are chosen uniformly at random. (From this point on, when
a word w is part of a sequence that gets input to a channel, it is to be understood that what is actually
input to the channel is a random variable that takes value w with certainty. This is because, formally,
an information channel takes random variables as input). If we enter the sequence (28) into the channel
input the following chain of inequalities holds simultaneously for the upper and lower channels:

m—+k+1
H(Yup(low) |X) = Z H(Yup(low)i |Yup(low) [1,i—1]X)
=1

=+ 1+ H(Yupiow) 41, 47| Y up(low) 1 X[1.m+4])
<m+1+ H(Yup(low) [m+1,m~+k] |X[1,m+k])
<m+ 2+ kn,

where the first equality follows from the chain rule, the second equality from the fact that the channel
output is uniformly random and independent of the input during the first m uses and the last use (see
Section 5), the first inequality by removing the conditioning on Yyp(10w) ]’ and the final inequality
by bounding the entropy by the following bound:

after the first m uses, the channel behaves like a noiseless channel with probability at least 1 — 1 and
like a completely noisy channel with the complementary probability, so we can bound the conditional

entropy of the output of the uses m 4+ 1 to m + k as follows:
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H(Yup(low)[m.;,_Lm_;,_k] |X[1,m+k]) <H((1-n+ 7727]6)(25 +n(l— 27k)p)
=h(1—=n+n2"%) +n(1 —27%)log(2* - 1)
<1+ kn,
where ¢ = (1,0,---,0) is a vector with length 2¥, p = (0, ﬁ, cee ﬁ) is a vector of length 2F — 1,
and h(p) = —plog(p) — (1 — p)log(1 — p) is the binary entropy function. Using the above and the fact

that H(Yyup(low)) = m + k41 because the output of the channel is completely uncertain if one does not
know the input, we can now write

I(X§ Yup(low)) = H(Yup(low)) - H(Yup(low) |X)
=m-+k+1-— H(Yup(low) |X)
>k(l—n)—1.

For any given n > 0, by choosing any k larger than (1 + (1 — 2n)(m +1))/n we get

1

mI(X§Yup(low)) >1-2n,

which implies that, for any given € > 0, there always exists an arbitrarily long input sequence X™
such that %I(X“;Ynup(low)) >1-—c O

Knowing how the upper and lower branches of the channel behave, we can use the lemmas we
developed in Section 5.2 to say the following about the whole channel.

Lemma 6.2. When valp, = 1, it holds that lim,, %supxn I(xX»y»?) > valp, .

Proof. When valg, =1, it follows from Lemma 6.1 that, for any € > 0, there exists an arbitrarily long

(arbitrarily large n) input sequence X" such that 1 I(X“ Y?,,)>1—¢cand I(X“ Yo >1—¢

Inputting that sequence into the channel, Eq. (18) gives us L[(X®;Y"?) > 1o — 1 Since 1/n can

be made arbitrarily small, we have that there is always an input sequence X™ such that 1 SI(X?Y?) >

1 —n =walp, —n for any n > 0. O
The proof for the vals, = a case proceeds similarly.

Lemma 6.3. For channels built on top of B,: when valg, = a for any € > 0 there exists an arbitrarily

long input sequence X™ such that £7(X™ Y5 ) >1—¢ and LI(X™YR,) =0.

Proof. Recall from Section 4.3 that a word that achieves value o is w = ’b'. Using this word w in
the sequence in (28), we have from Lemma 6.5 below that I(X;Yiow) < valjo,((b,data)) =

valjow(b) = 0. To get the

1
mtk+1
I(X;Yyp) term, we can write

T
m-+k+1
HYwX)= Y Hup,[Yupp, yX)
=1
=m+ 1+ HYup i1 k)| Yoo i m Ximk)
=m+1,

where the last equality follows because after entering b’ we know with certainty that the PFA is in
the accepting state if started in the upper branch, and so the channel output is completely known if we
are given the input. Then, since H(Yyp) = m + k + 1 (because without knowing the input the output
induced by sequence (28) is completely uncertain), we have

1 1
— IX;Yup) = ————— (H(Yup) — H(Y 4| X
10X Yap) = s (H(Yup) — H(Yup X))
k
> —
T m4+k+1
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This implies that for any given € > 0, by choosing any k larger than (m + 1)(1 — €)/e we get

1
m+k+1

IX;Yyp) >1—e
Lemma 6.4. When vals, = «, it holds that lim,, % supxa [(X?;Y"?) > valg: .

Proof. When valp: = «, it follows from Lemma 6.3 that, for any € > 0, there exists an arbitrarily long

input sequence X™ such that % IX™»Y",) >1—¢€and % I(X™; Y™ ,5) = 0. For this sequence Eq.

(18) becomes 2I(X™;Y™) > o (1 —€) — L. Since 1/n can be made arbitrarily small, we have that there

is always an input sequence X™ such that %I(Xn; Y") > a—mn=wvalg, —n for any n > 0. O
Now let us prove that lim,,_, %Supxn I(X™Y"?) <walg, .

Lemma 6.5. Let X be an arbitrary sequence of the form

X = (X1,...,Xp,1t).

Let X be input to a channel built on top of some PFA P such that the channel acts as a noiseless channel
when P is in an accepting state and as a completely noisy channel otherwise, and the reset symbol erases
all memory of previous uses of the channel. Then we have that

1
n+1
Proof. Consider the following chain of inequalities:

I(X;Y) <walp (X)) (29)

n+1
H(Y|X) =Y H(Y;|Yu;-yX)
=1

n+1
= p(Sj1 € F)H(Y;|X, 81 € F)+p(S;1 ¢ F)H(Y;|X,S; 1 ¢ F)
j=1

n+1

> ZP(SJ‘—1 ¢ F)H(Y;|X, Sj—1 ¢ F)
7j=1
n+1

= ZP(Sj—l ¢ r)

> (n+ 1)(1 —valp(Xpn)))-

The first equality follows from the chain rule. The first inequality follows from the fact that knowing
the state of the PFA tells us at least as much about what the next output could be as knowing the
previous outputs. The second equality is clear. The second inequality is clear. The third equality follows
from the fact that if the automaton is in a non-accepting state, the output is random regardless of the
input. The final inequality follows from the fact that the probability of not being at an accepting state
is always at least as big as 1 — valp (X1 ))-

Knowing that, trivially, H(Y) < n + 1, we can finally write

1 1
L IGY) = L (H(Y) - HY[X))
S | (n+l—(n+1)(1- valp(X[Ln])))
= valp(X1,n))-
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The following corollary follows from Lemma 6.5:

Corollary 6.5.1. Let X be a length n sequence of the form
X = (X“1+1,X“2+1, o, Xm ), (30)

where X™ = (Xy,..., X,,,,rt), and note that > .(n; + 1) = n. Let X be input to a channel built
on top of some PFA P such that the channel acts as a noiseless channel when P is in an accepting state
and as a completely noisy channel otherwise, and the reset symbol erases all memory of previous uses of
the channel. Then we have that

1 1
ZIXY)< = i+ 1D valp X+, 0. 31
SIXY) < Y (1) valp (XM ) (31)

%

Proof. The presence of the reset button at the end of each X®*1 makes the channel outputs correspond-
ing to all X™ 1 independent of each other, which allows us to write [(X;Y) = Y, [(X™i+1; y™+1) By
Lemma 6.5 it then follows that 11(X;Y) = L 37 7(X™ L, y™+l) < LS (n; 4 1)valp(X™H 1 ). O

Lemma 6.6. For channels built on top of ., it holds that lim,,_, %supxn I(X™Y™) <walgr, .

Proof. We can write

1 n n 1 n,yn 1 n,yn
EI(X ;Y ):aEI(X qup)+(17a) EI(X 7Y10w)

1 n; 1 n;
<a— > (ni 4 1) valyp, (XM ) + (1 - a) - D (i + 1) valion (XM )

%

1 N
= Z(nz + 1) valp (X ‘+1[1’ni})
i

1
S UG’ZB&E Z(’ﬂz + 1)

?

= valp; (32)

where the first equality follows from Lemma 5.2, the first inequality follows from Corollary 6.5.1 and
we used that any sequence X™ can be written in the form (30). O

Now the relation we set out to prove at beginning of this section follows immediately.

Lemma 6.7. For channels built on top of B.,, it holds that
. 1
lim —sup I(X™;Y™) = valg: .
n—00 1, Xn @

Proof. Since valp, = o and valp; = 1 are the only two possible values for valg, , we have from Lemmas
6.2 and 6.4 that lim,_ o %supxn I(X™;Y™) > valg,. Additionally. from Lemma 6.6 we have that
lim,, 0o %supxn I(X™;Y") <walp, . This proves the lemma. O

Discussion

Lemma 6.7 constitutes the first of two steps towards relating the capacity of the channels we constructed
in Section 5 to the value of the underlying PFA B/, via Eq. (6). The second and final step will be taken
in Section 7. The ultimate goal is to prove Theorem 3.1.
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7 The information-stability of our channels

Our results depend on the information-stability of the channels we have just constructed (see definition
of information-stability in Section 2.2.2). The PFAs B/, on which the channels are built are parametrized
by a number «, which is the probability that the PFA enters the upper branch in the first use (see Fig.
2). As we will see in this section, the information-stability of our channels depends on the parameter «
of the underlying PFA.

The proofs in this section will require that we treat the upper and lower branches of the PFA as
supporting channels of their own, i.e., and upper channel and a lower channel, and prove the results for
these channels individually. We introduced Lemma 5.3 in Section 5.2 in preparation for this.

7.1 When valg, =1, the channels are information-stable
Lemma 7.1. FSMCs based on PFAs B/, are information-stable when vals, = 1.

Proof. From Lemma 6.1 we have that when valg, = 1 there always exists an input sequence X™ such
that

1
EI(X“;YEP(IOW)) >1—e=vwalp, —¢ (33)
for any € > 0. Assuming without loss of generality that n:11 > ns, this implies that there exists an
I(X%Y?
input sequence X% = (X1,..., X, _1,rt) such that (ni“:’(m‘”))

we concatenate these sequences to get the following sequence:

> wvalp;, — 47 for any p > 0. Suppose

ve= | XX XS XE X X X ] (34)

m1 times m; times K times

For this sequence, each use of the channel can be uniquely identified by the triple (¢, k, 7), with ¢t € N,
k € [0,m¢1 — 1], and 7 € [0,n441], and for the triple that corresponds to the n-th use of the channel the
following holds:

t
n= Z min; + Kney1 + 7. (35)

=1

The numbers m; are chosen such that

IV W2 ow)) u
nup( ow) > valg;, — > (36)
where Wﬁp(low) is the random variable induced by V™ at the output of the upper(lower) channel,

and n is related to ¢t by (35). Note that the input sequence V™ is composed of independent random
variables because each X' ends in a reset, and hence

t

W) = DSy TR, T ¥ O
Also, note that for all ¢ and 7 € [0, n;], we have 0 < ixt[lyr]’Yt‘paow)[l,T] <T.
Eq. (37) implies the following:
t
I(V™, Wb ow)) = Z m; [(X; Yli.lp(low)> +RI(XTH Ya;%low)) (X g Yg(llownm])
ijl
> mei(vallgg - %) + kngy1 (valg, — ;T)

i=1

From that, we can see that (36) is verified if m; is chosen to be larger than
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i=1

so that Z§=1 min; (valB& - Qﬂ) > (Z§=1 min; + nH_l) (valgla - 2,5%) .

However, for technical reasons pertinent to the bounds that follow we choose

my = max{Eq.(38), (ns11)*}. (39)

Recall the definition of information-stability in (3), and let C,, = 1/nsupxn [(X™; Y™). From Lemma
5.3 we can write

iVan
Pr||——— —-1| >
|| 1]z
iva,wa — (B2 — B1) ivawr — (B3 — f1)
<aP ~-P -1 > 1—-a)P L low —1| > . 4
<a rl nC. >nu| +(1—a) r{ oC ‘ Tl#} (40)
For the first term we can write
ivn Wn — —
Prl vewn, — (B2 — A1) . >77/~L]
nC,,
tvn Wn_ — — Ivn Wwn — —
_pp | v, (B2 ﬁ1)71277lu e |1 Y (B2 61)277#
i n n +C n Z n n_ — Yp
cpp | VmWa FOO/m [ VW, — T (41)
nC, nC,,

For the input sequence described above the following bounds hold:
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<1+¢ (42)
<1
“l—-e—1/n
(V™ Wi ow)) /7
- l—e—1/n

IV WD o)/7

< “ 43
Tal-e+(1-a)l—€)—1/n (43)
. FV5 W) 7
T al(VyWhL)/n+ (1 —a) IV W) /n—1/n
< [V Weaptow) )/ (44)
= supyn (@ I(V W) /4 (1 —a) (VR WR L) /n—1/n)
IV W)/
supxn I/n
’Z:Vn wn
E > " up(low)

[ nCy, ]
.- iV"7W:p<low>]
- nvalp,

1 %

> , —
~ walg, (UalBa 2t*1>
S R — (45)

t—1°
valp: 2

for any number ¢ > 0, and where (44) follows from (18) and (43) follows from (33). Note that ¢ can
be made to go to 0 as n goes to co. Substituting by the upper bound in (42) and the lower bound in
(45) into the first and second terms in (41), respectively, we get

|

<Pr |:Z.Vn,WEp —E |:Z.Vn7W:]1p:| > nunCy, — co/n — nC’nC}

ivewn, — (B2 — 1)

—1
nC,

»

+ Pr E {ivn,ng} —iva,wn > nC, (nu - valBZZt—l> - %}

<Pr {ivn,w&, -E {ivn,w&,] > nCy (77# (- valBiLZt—1> —co/n — W’n]
+Pr :E {ivn,wgp} —ivawn, = nCy (nu —(¢— 11(11552t1> —co/n— ’yn}
=Pr { ivawy —E I:iV“,Wﬂp:| ‘ > nCy (nu —(¢— Ual[;:Qtl> —co/n— ’yn}

Now we use the fact that ivn,wgp can be expressed as sum of [ = 22:1 m; + Kk + 1 independent

random variables. For these sums we can bound the two-tailed probability via Hoeffding’s inequality.
More concretely, let {X;}._, be a sequence of | independent random variables, let d > 0, and let

a; S Xz S bi7 then
—2d?
Zd] <200 ()
2= [bi —aif?
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We can bound the denominator in the exponential as follows:

! t
2 2 2 2
> b —ail* =) mi(ni)® + K(ne)® + 7
i=1 i=1
t
< E MMMy 1 + KNgp 1M1 + TNyt
i=1
3/2
<n®?

where the last inequality follows because, from Eq. (39), we have (n;11)? < my < n. Now the
exponential becomes

2
2 (”Cn (UH*C* W) *Co/n*’Yn)
2exp | — n372 ) (46)

which goes to 0 for all n > 0 as n — oo.
The exact same can be done for the second term in (40), and hence we have that, when vals, =1,

ZV:C‘:’" - 1‘ > nu} = 0, and so the channel is information-

there exists a sequence for which lim,,_,,, Pr {

stable.
O

7.2 When valg, = «, channels parametrised by o = 1/2 are information-stable
and channels parametrised by 1/2 < a < 1 are not information-stable.

Lemma 7.2. FSMCs based on PFAs B], with a = 1/2, are information-stable when valg, = «.

Proof. We are going to show that the following input sequence causes the channel to be information-stable
when o = 1/2:

X = (Wo,data, rt,w', data, rt) , (47)
where w° = w! . .. w%g is a word that causes the PFA to accept with probability 1 if it started in the
upper branch and with probability 0 if it started in the lower branch, wl = wi .. .w,lnl is a word that

causes the PFA to accept with probability 0 if it started in the upper branch and with probability 1 if
it started in the lower branch, m = mgy + m; and n = ng + ny, and the data symbols data € {0,1}" are
chosen uniformly at random. For the above sequence we have that H(Yyup) = H(Yiow) = m +n + 2,
because the output of the channel is completely uncertain if one does not know the input. Moreover, for
the upper channel we can write

m—4+n+2
H(Yup|X): Z H(Yup,;‘Yup[u—l]X)

i=1

=m+2+Y H(Yu,[Yupp ;1 X)

i=1

ni
<m+2+4 Y HYup, [Yuppy,;_1yX)
i=1
<m+2+n,
where the first inequality follows from bounding the entropy of the uses in which wy and w; and the

two resets are entered by m + 2, the second inequality follows from the fact that when the upper branch
accepts with probability 1 there is no uncertainty in the output given the input, and the final inequality

follows by bounding the entropy of the n; uses by n1; and so mI(X; Yup) > #&m
Similarly, for the lower channel we have m1 (X; Yiow) > #(;‘F’ﬂl
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We can equate both of these lower bounds to get the ng and n; at which the lower bounds are
simultaneously > 1/2 — e for any € > 0. If we let n, = ng = n1, we can see that there always exists an
n, such that mﬁgm > % —e=valp, —e.

The rest of the proof is exactly like the proof in the previous section starting from Eq. (34).

O
Lemma 7.3. FSMCs based on PFAs B], with 1/2 < a < 1 are not information-stable when vals, = a.

Proof. Letting C,, = L supxa I(X™;Y™), recall that a channel W is said to be information-stable if and
only if there exists a sequence of inputs {X;}2, that satisfies the condition

ixn;wn
nln

lim Pr [

n— oo

—1‘>)\} =0, (48)

for any A > 0. For 1/2 < a < 1, we are going to show that condition can never be satisfied when
valp = a, or, equivalently, when val4 < 4.
Consider the following chain of inequalities:

pr[w_ll >)\]
nC,,
=Pr ﬁixn’wn—cn >>\Cn:|

1 1
=Pr E’l:xn7Wn - Cn > )\Cn:| + Pr |:Cn - E’l:xn7wn > )\Cn

1
> Pr Cn - 77;X“,W“ > )\Cn:|
n

1
>Pr|C, — Eixn)wn > )\:| s (49)

where the last inequality follows because C,, < 1.

Since we have from Lemma 6.7 that when valg, = «a it holds that lim, .. C,, = valg, = a, we
know that for a sufficiently large n we have that C,, > a — € for any € > 0. At one such n, the chain of
inequalities above continues on to be

1
Pr |:Cn - *iX“,W" > )\:|
n

1
> Pr |:Oé — ganVWn > A+ €:| (50)
1
> Oé(l — e*TL’Yn)PI‘ |:O( — ﬁixn7w‘r;p + ,82 — 61 >\ + 6:| (51)
1
+ (1 _ Oé)(l . e—n’m)Pr [a — gixnyvlnow + 83— B1 > A+ 6:| , (52)

where the second inequality follows from Lemma 5.3.
Lemma 7.4 below implies that max (a — 21(X™; Yip),a— LI(X=;YR,)) = a—1/2. Let us assume

that we are in the case

1 1
a— EI(XH;YEP) >a— EI(XH§YII:)w) >a—1/2, (53)

and let us choose A = (o — LI(X™;YR,)) /4 and € = (a — LI1(X™;YR,)) /4 + (B2 — B1). Before
proceeding let us check that with this choice of € the chain of inequalities starting from (50) still holds.
From (53) we have that € > (o —1/2)/4 + (B2 — 1) > (o — 1/2)/4 — ¢p/n. As n increases, the co/n
term vanishes, and we have that € is bounded away from 0 by a constant, which guarantees that at a
sufficiently large n we can have that C,, > a — €, and hence that the chain of inequalities holds. Now,

with that choice of A and ¢, (52) becomes
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1
O[(]. o e—n"m)Pr [a — ﬁixn’wgp + ﬁg — Bl > A+ 6:|

1
+ (]. — Oé)(l — efn’Y")PI‘ |:Oé — Eixn7wﬁw —+ ﬁg — /31 >\ + €:|
a— %I(Xn;Yﬁp)
2

1
2 Oé(]. _ e—”L’Yn)Pr la — —ixn’wn > (54)
n ue

Now, note that o — %I(X“; Yﬂp) =K {a - %ixnngp} . Denoting the random variable o — %ixnngp
by V, (54) can be rewritten as (1 —e """ ) Pr [V > @} . Since V=a — %iX“,Wﬂp (X™Y5,) <1, we
have from Lemma 7.5 below that

EV]

a(l—e ") Pr [V > 2} > a(l — e ™M) EV]

2-E[V]
From (53) we have that 1 > E[V] > a—1/2 > 0, and so the right hand side of (55) is always strictly

positive, and all that finally means that there exists a A at which condition (48) does not hold for any
sequence of inputs when n is sufficiently large. The same conclusion holds in case

(55)

1 1
——IX" YRy Z2a——I(X"Ya ) >a—1/2
& n( ) low)—a n( ) up)—a /7

and we chose A = (o — 2I(X™ YR ) /4 and € = (o — LI(X™;YR,)) /4 + (B3 — B1). Note that

both (82 — 1) and (83 — 1) can both be made arbitrarily small for a sufficiently large n.
O

Lemma 7.4 (helper lemma to Lemma 7.3). For the PFA B!

o> When valg, = « it holds that for any
input process X™

: 1 n n 1 n n
min (nI(X ;Yup>7EI(X ;Ylow)) <1/2.

Proof. Recall that we can think of the upper branch and lower branch of B!, as two channels whose
reset erases all memory of previous uses. We have from Corollary 6.5.1 that LI1(X™;Y%,) < + > (n; +
1) valy,(X™ T ) and 2I(X™ YR L) < 230 (i 4 1) valiow(X™ 1y ,,)). From Corollary 4.9.1 we

low

then have TI/(X™Y5,) <+ . (ni+1) (1 —¢) and 21X YR ) < 25 (ni+1) 6.

low

Note that £ >, (n;+1)(1—¢;) = L 3 .(n;+1)— L 3" .(n;+1)e; > 1/2 implies that £ >, (n;+1)e; < 1/2,
and conversely £ 3~ (n; + 1) ¢; > 1/2 implies that = >.(n; +1) (1 — ¢;) < 1/2. From this it follows that
if LI1(X™;Y5,) > 1/2 it must be that 21(X™;YR,,) < 1/2, and that if 27(X™; Y ) > 1/2 it must be

low low

that 27(X™; Y},) < 1/2. Hence the statement of the lemma. O

Lemma 7.5 (helper lemma to Lemma 7.3. [18]). Let V be a random variable such that V' < 1. Then

E[V E[V
Pr|v > 2] > E

Proof. If we introduce the random variable Z which takes value 1 when V' > EV] and value 0 otherwise,

2
we can write

EV]=pZ=1)E[V|Z=1]+(1-p(Z=1)E[V|Z=0]
<p(Z=1)+01-p(Z=1)E[V|Z=0]
E[V
<p(z=1)+01-p(z=1) 2,
From this chain of inequalities we have that p(Z = 1) = Pr [V > @} > f][g?‘]/]
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Discussion

The take-away from this section is the following: The channels we constructed in Section 5 are information-
stable when the value of the underlying PFA is 1 or 1/2 (Lemmas 7.1 and 7.2, respectively), and not
information-stable otherwise (Lemma 7.3).
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8 Capacity is uncomputable

proof of Theorem 3.1. We saw in Section 5 that we can build FSMCs on top of the PFAs B! such
that the channels have input alphabet, output alphabet, and memory size pointwise equal to or greater
than (7,2,30). For PFAs B/, with a = 1/2, Lemmas 7.1 and 7.2 tell us that the channels are always
information-stable. Combined with Lemma 6.7, this allows us to write

1
C(W) = lim —sup I(X™;Y") = valp . (56)

n—00 1, Xn

Then, since it is undecidable whether vals, = o = 1/2 or valp; = 1, it is undecidable whether C(W) = «
or C(W) = 1; this implies that C(W) is uncomputable to any precision < 152 = 1/4. O
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9 Information-stability is undecidable

proof of Theorem 3.2. We saw in Section 5 that we can build FSMCs on top of the PFAs B/, such that
the channels have input alphabet, output alphabet, and memory size pointwise equal to or greater than
(7,2,30). For PFAs B/, with 1/2 < a < 1, Lemma 7.1 tells us that the channel is information-stable
when valg, = 1 and Lemma 7.3 tells us that the channel is not information-stable when valg, = a.
Since it is undecidable whether vals, = 1 or valg; = a (Lemma 4.8), it is undecidable whether the
channel is information-stable or not. O
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10 Conclusion

We have demonstrated a new approach for exploring uncomputability in information theory. In this
approach, we use tools from automata theory to show, for channels with memory, that capacity is in
general uncomputable, information-stability is in general undecidable. Both of these results have been
shown to hold for channels with input alphabet, output alphabet, and number of states point-wise equal
or larger than (7,2, 30). We expect that our approach can be used to show other problems in information
theory and quantum information theory undecidable or uncomputable.

In the appendix, we present two corollaries that follow from our results. The first corollary, which
follows from Theorem 3.1, is the following. Suppose you are given an information source X and a channel
W. It is undecidable whether it is possible transmit X over W such that the receiving party receives X
with arbitrarily small error. The second corollary, which follows from our new PFA construction shown
in Fig. 2, is the following. For a PFA with input alphabet of size 5 and 36 states, it is undecidable
whether the value of the PFA is 1. This is known as the value-1 problem, and it is a well known problem
in automata theory. In fact, it has already been shown before that the value-1 problem is undecidable.
Our corollary only improves the undecidability result so that it applies for PFAs with input alphabet
with size 5 and 36 memory states, instead of the previous best of 5 and 61 [7].

11 For future research

11.1 Reducing the memory size further

The capacity of channels with 1 memory state (memoryless channels) is computable [3, 1]. The capacity
of channels with 30 memory states is uncomputable (Theorem 3.1). At what number of memory states
does capacity transition from being computable to being uncomputable? This is an interesting question
to answer in future research.

The channels we use to prove Theorem 3.1 inherit the uncomputability in their capacity from Post’s
Correspondence problem (see section 4.2.1), which we know is undecidable for k¥ > 5 pairs of words.
At the time of writing this paper, it is unknown whether Post’s Correspondence Problem is decidable
for 3 < k < 5 pairs of words. If it turns out to be undecidable for £ > 3, it would immediately follow
from our analysis that the results hold for channels with input alphabet, output alphabet, and number
of states point-wise equal or larger than (7,2, 15). This is one way through the memory size of channels
with uncomputable capacity could be reduced.

Another way is find a cleverer PFA construction than ours (shown in Fig. 2). Such a construction
would presumably still have be based on an undecidable problem, although it might not need to be Post’s
Correspondence Problem..

In section C of the appendix we detail some of our failed attempts to reduce the memory size of the
channels. These failed attempts eventually led to the automaton shown in Fig. 2.

11.2 Proving other problems in (quantum) information theory undecidable
11.2.1 Quantum channels with uncomputable capacity

Since classical channels are special cases of quantum channels — they are quantum channels that can only
transmit classical information and no quantum information —, the results of this work trivially apply to
quantum channels as well.

Non-trivially, however, the results might be extensible to quantum channels that can transmit quan-
tum information. That is, it might be possible — and we suspect that it is — to show, for instance, that
quantum capacity for quantum channels with memory is uncomputable. This could be done using the
same technique we used in the work: simply by defining the channels built on top of the automata to
take qudits as input and produce qudits at the output instead of classical symbols.
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Appendix

A Corollary of Theorem 3.1: Reliable transmission is undecid-
able

As a corollary from Theorem 3.1, it follows that it is undecidable whether an information source can be
reliably transmitted over a channel.

A source is said to be reliably transmissible over a channel if it can be decoded at the output of
the channel with arbitrarily small error in the limit of infinitely many uses of the channel. A necessary
and sufficient condition for a (stationary) source to be reliably transmitted over a channel was given in
[25]. We show that for the family of states in Theorem 3.1, it is undecidable whether that condition is
satisfied. The corollary can be stated precisely as follows:

Corollary A.0.1. Given a stationary information source X with minimum source-coding rate 1/2 <
T(X) < 1, and an information-stable FSMC W with rational product probabilities and with input,
output, and number of states point-wise equal or larger than (7,2, 30), it is undecidable whether X can
be reliably transmitted over W or not.

Before proving Corollary A.0.1, let us first make some definitions.

Definition A.1 (limsup in probability). Define the limsup in probability of a sequence of random
variables A™ = {A,,} to be the smallest extended real number 3 such that, for all € > 0, lim,,_, o, Pr[4,, >
B+e =0.

Definition A.2 (source coding rate). An (n,M,¢) fixed-length source code for X™ is a collection of
M n-tuples {a?,---,a%,} such that Pr[X™ ¢ {a7,---,a%;}] < e. R is an e-achievable source coding
rate for the source X if for every v > 0 there exist, for all sufficiently large n, (n, M, ¢€) codes with
LlogM < R+~. R is an achievable (fixed-length) source coding rate for X if it is e-achievable for all
e > 0. We denote by T'(X) the minimal achievable source coding rate for X.

If we replace "for all sufficiently large" by "for infinitely many" in the definition above, R becomes
the "optimistic" achievable source coding rate. We denote by T(X) the minimal optimistic achievable
source coding rate for X.

For an expression for the minimal achievable source coding rate, we have the following lemma.

Lemma A.1 (Theorem 4 in [25]). For any finite alphabet source X, T(X) = H(X), where H(X) denotes
the sup-entropy rate, which is given by the limsup in probability of the sequence of random variables

{(1/n)hxen (X?) 525

One of the main components of our proof is a source-channel coding theorem. The classical source-
channel coding theorem proved by Shannon in [23] was only proved for memoryless channels, so we
cannot use it. Instead, we are going to use a more general source-channel coding theorem from [25],
which applies to any channel provided that the source is stationary. We re-construct this theorem below.

Lemma A.2 (Theorem 6 in [25]). For any source X and channel W, if the condition T'(X) < C(W) is
satisfied then X can be reliably transmitted over W.

This lemma constitutes the direct part the general source-channel coding theorem. We are now going
to re-construct the converse part.

Lemma A.3 (Theorem 12 in [25]). Let T (X) = infyey C(W), where V is the set of all channels over
which the source X can be reliably transmitted. For any source X and channel W, the following two
conditions are equivalent:

o To(X) = T(X).

e If X is reliably transmissible over W, then it must hold that T(X) < C(W).
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Note that the second condition is the converse part of the general source-channel coding theorem.
For a source X, if this second condition holds, then (with Lemma A.2) we have a source-channel coding
theorem. It turns out that this converse part does not hold in general, but it does hold for stationary
sources (because the first condition holds for stationary sources) [25], and so (with Lemma A.2) we finally
have that a stationary source X can be reliably transmitted over any channel W if T'(X) < C(W) and
only if T(X) < C(W)

We are now ready to prove corollary A.0.1.

proof of corollary A.0.1. From Theorem 3.1, it is undecidable whether the capacity C(W) is 1/2 or 1. It
then follows trivially from the above discussion that for any stationary source for which 1/2 < T'(X) < 1,
it is undecidable whether the condition T'(X) < C(W) is satisfied, and hence it is undecidable whether
reliable transmission is possible.

Such source can be very simple: for example, an i.i.d source that outputs 0 with probability p and 1
with probability 1 — p, for which it holds that 1/2 < —plog(p) — (1 — p)log(1 — p) < 1. This is because
for such a source we can write

T(X)=H(X)
= H(X)
= —plog(p) — (1 — p)log(1 — p),
where the first equality follows from Lemma A.1, the second equality follows from the fact that for

an i.i.d source H(X) = H(X) [11].
O
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B New automaton for the value 1 problem

In this section we show that the new automaton B/ — after a few minor modifications — improves on
the undecidability result of the value 1 problem [7]. The value 1 problem is a well-known problem in
automata theory. It can be defined as follows:

Definition B.1. (The value 1 problem [7]) Given a PFA P, determine whether it has value 1.
The new PFA construction above allows us to prove the following corollary about the value 1 problem.
Corollary B.0.1. The value 1 problem is undecidable for a PFA with 36 states and 5 input symbols.

Proof. We modify the automaton in Fig. 2 so that it has 5 input symbols instead of 7. This results in
the PFA B” shown in Fig. 4, which has 5 input symbols and 36 states.

Since we are now concerned with building a PFA for the value 1 problem and not for information
transmission purposes, the reset symbol is not needed. After removing the reset symbol, we have 6
symbols. Next, we are going to remove the symbol ‘a’, and we do this as follows. Taking B/, as a starting
point, we are going to replace every ‘a’ transition (e.g. ¢ — ¢1) by a ’b transition to an intermediate
state then a ’1’ transition to the final state. And we replace every ‘b’ transition by first a b’ transition
to an intermediate state then a ‘0’ transition to the final state. For example, the transition ¢; — ¢; in

Fig. 2 is replaced by the transition g LN ds EN c1 in Fig. 4, and the transition ¢; LN qs is replaced by
the transition ¢ LN ds > qs- Note that for transitions in B/, in which ‘a’ and 'V’ lead to the same state,

no intermediate state is required; e.g. the transition A a—’b> Sink.

Recalling that ‘0’ and 1’ are the control symbols for A, one might think that entering a control
word with the symbols ‘0’ and '1” intended to trigger transitions outside of A might cause unintended
transitions if B” happens to be in .A. However, note that for all words that achieve the value in B/, namely
words of the form (16) and the word ¥/, the symbols 'a’ and ’d’ are never entered when the automaton is
inside A, and so replacing 'a’ and 'b’ by ‘b1’ and b0/, respectively, does not lead to unintended transitions
inside A. Moreover, any word in which 'b0" or ’b1’ is entered when the automaton is inside A causes the
automaton to fall into the sink, and these words can never lead to a higher acceptance probability than

1 and y.

Thus, B” emulates B/, and therefore has value 1 when val 4 > 6 and value « when valy < 4. So, the
value 1 problem is undecidable for a PFA with 36 memory states and 5 input symbols. O
Discussion

We have improved on the undecidability result of the value 1 problem [7] by making it apply to smaller
automata: the value 1 problem is now undecidable for automata with input alphabet, and number of
states pointwise equal to or greater than (5, 36) instead of the previous (5,61) in [7].
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Figure 4: The PFA construction B.: designed to emulate B, in Fig. 2 but with 5 input symbols instead
of 7 (the symbols rt and a are removed). If any symbol except 0 and 1 is entered while the PFA is in one
of the states d; it goes to the Sink. This is not shown on the figure to avoid clutter. B has 16 + states 4
states.
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C Reducing the memory size of the channels: failed designs

The automaton shown in fig. 2 is smaller than the original automaton used in the paper [6], and so allows
for smaller channel constructions with uncomputable capacity. In this section we detail our analysis of
some of prototypes of the automaton design shown in fig. 2.

At first, I did not have an idea how to begin making a smaller automaton, but I was intrigued by the
fact that the when x < 1/2 (see fig. 1) the automaton has value 1/2 and when > 1/2 it had value 1.
This jump in the value is essential for eventually showing capacity uncomputable. I started to wonder if
we could still get a gap if the z in the upper branch and lower branch of the automaton were different
(see fig. 5 left). Not having to have the same x in the upper and lower branch would mean that we
might be able to make do with only a single A automaton instead of two as in the original desgin. This
thinking led to the following analysis.

C.1 Failed design 1

//’_'\\
&
N
b
a;1 —=x,
y - 4
a, T4 C‘\G‘l ) [ @
y N b y
_,Gnit —=| 1nit
/\ b Y b
o \/"__‘\V.'f = ~§\ /, \\/“__\-\}(///,:3-"-?&-\\\
al—x ( q4 (g5 ) Cl—ie 44 ) (a5 )
2 — \\§:_ 4 : e d v\\;:. /j
a ; I > C, ./I: 2

Figure 5: Here, y = x5 = 1/2
Consider the automaton in fig. 5, with y = 29 = 1/2. We aim to show that the value of the automaton

jumps from one value to another as x; transitions from < 1/2 to > 1/2; i.e. that there is a gap in the
value. We begin with the following lemma.

Lemma C.1. The value of the automaton in fig. 5 is 1/2 when z; < 1/2.

Proof. We know that
1 1
val(4,w) < Splar = a3] + 5 (1 = plas = ae)),
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and that the upper bound is reachable.
Note that

play = gs) = 1 =T, (1 — =),

and
plas — g6 =1 =TI (1 — (1 — z0)™).

Consider the case 1 < 1/2. In that case, 1 <1 — 29 = 1/2, and therefore

11 (1—af") < 1-TG_ (1 — (L—2)™).

plar—qs] plqa—qe]
We can then use that to write

val(A,w) < = plg1 — gs] + % (1 —plas — ge])

< L plar = a5+ = (1—plar — as))

2

N =N =N =

Since the upper bound is reachable — simply by entering '’ into the automaton—, we have that the
value is 1/2. O

If we can now show that when x; transitions to z; > 1/2 the value jumps from 1/2 to some other
value, we would be done. For this we have the following lemma.

Lemma C.2. The value of the automaton in fig. 5is > 1/2 + € (for some finite 0 < € < 1/2) when
x> 1/2.

Proof. We are going to prove the lemma by giving a word w for which
val > val(A,w) > 1/2

for any z; > 1/2.
This word is w = aabaaa - - - until co. For this specific word we can easily see that

N | =

1 i ) 1
Val(A7W): 5(1—(1—x1))—|— I%Z(1_$2)12%+1
i=0

—————
1/%2

Thus, for 1 = 0.5+ € and any 0.5 > € > 0,

val(A, w) = 0.5 + % > 0.5.

The term (1 — (1 — 1)) is the complement of the probability that the upper branch of the automaton
will go to the state g; when the second "a" in w is entered. The "a'"s after the "b" do not add to the
acceptance probability of the upper branch.

As for the acceptance probability of the lower branch: if we label the event that automaton loops
back to g4 when it is in g4 by "Ip", the event that the automaton goes forward from ¢4 to g5 by "fd",
and the event that the automaton goes back from gs to g4 by "bk", the term 23 > ;2 (1 — x2)" is the
addition of the following probabilities:
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3 ia — )" =p(fd — bk — fd)

=0
+p(fd = bk — lp— fd)
+p(fd — bk = lp —lp — fd)
+p(fd—=bk = 1lp—ilp—lp— fd)
+p(fd—=bk = 1lp—ip—lp—lp— fd)

The 22 factor is there because in all the terms there are two "fd"s.
O

With Lemma C.1, we have that the value of the automaton is = 1/2 when z; < 1/2. With Lemma
C.2, we have that the value of the automaton > 1/2 + ¢/2 when 21 = 1/2 4+ € > 1/2. We have
indeed established a gap in the value. However, the usefulness of this gap for the purpose of proving
uncomputability of the capacity is questionable for the following reason. As x; gets arbitrarily close to
1/2, the gap becomes arbitrarily small, and this leads to an ambiguity: is capacity really uncomputable
or does it just seem so because we can never in principle compute the value of any function to within
infinitely small precision in a finite amount of time?

Therefore, this is a failed approach.

However, the idea of using a single 4 automaton instead of two inspired the approach detailed in the
next section.
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C.2 Failed design 2

Figure 6: The automaton on the left is the operational equivalent to the one of the right.

Consider the automaton in fig. 6 (left). This corresponds to the design in fig. 6 (right). Like before,
we would like to know if we can get a gap in the value using this design. Below, we will investigate what
happens when we enter the general word a™?b---ba™, where n; can assume any non-negative integer
value. This word form includes all possible words that we could enter into the automaton.

First, let’s think about what happens when the part a™2 is entered. The probability that the au-
tomaton is going to end up at ¢ is that same regardless of whether the automaton went from init to ¢;
or q4, because a has exactly the same effect regardless of whether the automaton is in ¢; or g4. Now, the
probability of ending up at ¢ is equal to the probability that the first a took us to go (15%), plus the
probability that the first a took us to g, or ¢4 and the second a took us to g2 ((§ + 1_T’”)(%)), and so
on... This all adds up to

1—x)+1(1—x 1 1—=z
2 20 2
-1

Panz (q2) = (

n2

2 5i(—5—)
_(d-2@™-1)
AL

Similarly,
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pralas) = (5)+ 5 (5) -+ g (3)
I
=Y 5
2(2m — 1)
_ e

Now, when the first b is entered, if the automaton was in ¢; or ¢4 it will end up in the final states
g3 or gg, and if that happens the probability of ending up at ¢ drops to 0 and nothing that comes
afterwards can change that. However, if the automaton was in ¢y or g5 (which happens with probability
Darz2(q2) + Pan2(g5) = 1 — 2,%2), the b takes the automaton to g; or g4, respectively. Then, the same
reasoning as above gives us that the probability of ending up at ¢» and g5 for the word a™2ba™® is

RENEE TR

Pan2bams (q2) = (1 -

2n2 2n3 ’
and
1 z(2™ —1)
Parzpans (q2) = (1 — oz )T’
respectively.

So, after the entire word a™2b- - -ba™* is entered, the probabilities of ending up at ¢o and g5 are

k 1
plg2) = (1—2) H(l — )
and
k 1

Now let’s calculate p(q1) and p(qs). Let’s think about what happens when the part a2 is entered.
Note that to get to ¢1, it must be that none of the a’s took us to g2 or g5, because once we enter these
two states there is no getting out until a b comes. The probability of ending up at ¢; after the a™2 is
equal to the probability of going to ¢; then going to ¢; then going to ¢; --- then finally going to ¢
(($)"2), plus the probability of going to ¢4 then going to ¢ then going to g; --- then finally going to
g1 (( 15“’)(%)"2’1), plus the probability of going to ¢; then going to ¢4 then going to ¢; --- then finally
going to ¢1 ((£)(45%)(%)"272), and so on, adding up to

b = 3 (”2 - 1) )5

i=0 v
ng—1
T\n no—1\ , 1 —x;
~@e > (M) ED
i=0
T\n 1—1' no—1
NG
T
on2’

Similarly,
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Now, when the b comes, the automaton will go to g3 if it was in ¢1, S0 pan2p(q3) = panz(q1) = x/2"2.
S0, Panzbanspb(gs) is equal to the probability that the automaton went to g3 when the first b came, plus
the probability that the automaton was in g or g5 before the first b and that it went to g3 when the
second b came, which adds up to

T 1 T
RS

).

Pan2banzb (q&) =

Following this reasoning, we get that after the whole word is entered (note that a™* does not contribute
to the probability of ending up in g3 since no b comes after it), the probability of being at g3 is

k—1 1 1 1
= 1——).
i) =23 g 110 55)

Also,
k 1 i—1 1
Mql):xz AL H( _2nj)
i=2 j=2
Similarly,
k—1 i—1
1 1
plas) = (A —2) ) o | 1-55)
=2 j=2
and
k 1 i—1 1
sy = (1-0)Y = [T~ .
i=2 j=2

From all of the above, we can write that the value of the automaton, given a word w of the form
a™b---ba"*, is

val(w) = plas) +plas) =2 Y 5o [[(~ g+ [[1 - ). (57)

This expression can be simplified as follows. Note that
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1= p(q1) +plg2) +p(g3) + p(gs) + p(gs) + p(ge)

1 1 1
:$22m ( _an)—i_(l_x)H(l_Qm)
=2 j=2 =2
k—1 i—1 k i—1
1 1 1 1
1— 1— -
=2 j=2 =2 Jj=2
k 1 k—1 1 i—1 1
erH(l—ﬁ)Jr(l—x)Z% (1= 5
i=2 =2 Jj=2
k i—1 k—1 i—1
1 1 1 1 1
:ZQmH( _2n])+22m ( _2n1)+H( _2nz‘)
=2 j=2 =2 j=2 =
k—1 k—1 1—1
1 1 1 1 1
- _ 2 \a9 1— _
LTl ey AT - o+ TTa- )
ji= =2 Jj=2 =2
k—1 k—1 i—1
1 1 1
Mozt e 0o
So,
k—1 i—1 k—1
1 1 1
S0 =1 Ta-
i=2 j=2 =2

which implies that

val(w) < x

regardless of x. The conclusion is that the automaton shown in fig. 6 cannot get us a gap.

The failure of this design to get us a gap in the value might be rooted in the fact that a word could
cause the automaton to begin in the upper branch and then "leak" into the lower branch or vice versa.
The design analysed in the next section was made to address this particular problem.

52



C.3 Failed design 3

Figure 7

The failure in the design in the previous section — the absence of a gap in the value — was in part
due to the fact that the branches could move between each other; there was a connection between them.
The design in this section takes the first steps towards patching this problem.

We begin by modifying the automaton so that we use different entry and exit (into .4) symbols "a, ¢"
and "a*,c*" for the upper and lower branches, respectively, as shown in fig. 7. The leakage problem is
not fixed yet because the word "awc*" could take the automaton from the upper branch to the lower
branch.

Before proceeding further, let us consider exactly how the leakage problem harms our ability to prove
uncomputability. Note first that, using the automaton in fig. 7, we can still get value 1 when Ly~ /5 is
not empty. This can be achieved using a word of the form

"(awac)(a*wac®)])"?b[(awac)(a*wac™)]"3b- - - bl(awac) (@ wac™)]™ ",

because this word causes the automaton to behave exactly like the automaton in fig. 1, which we know
can achieve value 1. We do not get a gap, however, because, if L)1/, is empty we can use the word
"a*w4bbc*" to get value 1. So we have no gap from which we can get uncomputability. The value is
always 1.

Let’s think about what the word "a*w 4bbc*" makes the automaton do. Suppose the automaton was
in init, then slid up to ¢;. When a*w, is entered the automaton remains in ¢;. Then when bb is entered,
the automaton accepts. Now suppose the automaton was in init, then slid down to g4. The automaton

just acts normal, and repeating the same word for infinity gets the automaton to accept. The problem
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Figure 8

can be stated as follows: when one of the branches is operating, the other branch can just do whatever
it wants without affecting the other branch. The branches are decoupled, which is bad because it gives
the automaton the ability to always accept. This particular hole can be fixed by adding the states c;
and cg, and the Sink as shown in figure 8.

By making sure that the upper branch is debilitated when the lower branch is operating, the de-
coupling problem is fixed. And by making sure that leakages from one branch to another are punished,
other problems are fixed. Generally speaking, by patching the automaton such that the presence of a
connection between the upper and lower branches cannot be exploited to get value more than 1/2 in the
case Ly~1/2 empty, we eventually arrive at the automaton shown in fig. 2, which we prove to have value
1/2 when Lys1 /o is empty.
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