
DELFT UNIVERSITY OF TECHNOLOGY

REPORT 00-05

PARALLEL GMRES AND DOMAIN DECOMPOSITION

K. DEKKER

ISSN 1389-6520

Reports of the Department of Applied Mathematical Analysis

Delft 2000



Copyright  2000by Departmentof AppliedMathematicalAnalysis,Delft, TheNetherlands.

No partof theJournalmaybereproduced,storedin aretrievalsystem,or transmitted,in any form
or by any means,electronic,mechanical,photocopying,recording,or otherwise,without the
prior written permissionfrom Departmentof Applied MathematicalAnalysis,Delft University
of Technology, TheNetherlands.



Parallel GMRES and Domain Decomposition

K. Dekker
�

Abstract

Solutionof largelinearsystemsencounteredin computationalfluid dynamicsoftenleads
to someform of domaindecomposition,especiallywhen it is desiredto useparallelma-
chines.To solve suchproblemswe introducea partitionedmodificationof GMRES,which
hasthepropertyof minimisingthethenormof theresidualvectoroveraKrylov subspaceof
largerdimensionthanthe onein GMRES.We prove that the new methodconvergesfaster
thanGMRES,if thesubdomainproblemsaresolvedexactly. Moreover, lesscommunication
is requiredin the computationof inner productsin a modifiedGram-Schmidtorthogonal-
isationprocess,which makesthe methodsuitablefor parallelcomputing. The additional
computationalwork is negligible, asaresultingleastsquarescanbesolvedefficiently using
Givensrotations.Numericalexperimentsfor two fundamentaltestproblemsshow that the
new methodrequiresabout30%lessiterationsthanGMRES.

Keywords: Domaindecomposition;Krylov subspaces;ParallelGMRESmethods;Orthogonali-
sationmethods;Givensrotations

1 Intr oduction.

Domaindecompositionarisesnaturally in computationalfluid dynamicsapplicationson struc-
turedgrids: complicatedgeometriesarebrokendown into (topologically) rectangularregions
anddiscretised,seee.g.[12, 16], andby solvingsubproblemson theseregionsonearrivesat the
solutionon theglobaldomain.This approachprovideseasyexploitationof parallelcomputing
resources,andadditionallyoffersa solutionto memorylimitation problems.

In his thesis[2] Brakkeedescribesa serial implementationof a nonoverlapping,one-level
additive Schwarzmethod,which is accelaratedby the Krylov subspacemethodGMRES[11].
Onadistributedmemoryplatform,however, thisapproachhasadrawback,becausethemodified
Gram-Schmidtprocessin GMRESrequiresthe global communicationof many separateinner
products.As theothermainoperations,preconditioninganddistributedmatrix-vectormultipli-
cation,usually requireonly nearestneighbourcommunication,andhencemay be efficient on�
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a parallel system,mucheffort hasfocusedon the efficient parallelisationof Krylov subspace
methods.Severalauthorshave tried to overlapinnerproductcommunicationwith computation
[4], othersincreasethe numberof inner productsthat canbe computedwith a singlecommu-
nication [1, 9, 4], or apply the classicalGram-Schmidtmethodtwice [8, 7]. However, these
approachesusually increasethe amountof computationor diminish the numericalstability of
theorthogonalisationprocess.

In thepresentpaperweproposeapartitionedversionof GMRES,calledP-GMRES,in which
thesolutionspaceis constructedfrom two orthonormalKrylov subspaces.As independentmodi-
fiedGram-Schmidtprocessescanbeperformedto obtainorthonormalbasesfor thesesubspaces,
the amountof communicationis substantiallyreducedcomparedwith GMRES.We will show
that theapproximatesolutionin P-GMRESminimisesthenormof the residualvectorover the
solutionspace,which hasdimensiontwice aslarge as the Krylov subspacein GMRES.Con-
sequently, fasterconvergencecanbe expected.The approximatesolutionis obtainedfrom the
leastsquaressolutionof ablocksystem,composedof two Hessenberg matricesandtwo identity
matrices,whichsystemcanbesolvedefficiently usingGivensrotations.

In Section2 we briefly review theSchwarzdomaindecompositionmethodrestrictedto two
subdomains.In Section3 we recall somepropertiesof GMRESandintroducethe P-GMRES
method. We show in Section4 that the minimisationproblemin P-GMREScanbe solved by
a QR-decompositionusingGivensrotations.Thecomputationandcommunicationcostsof the
domaindecompositionmethod,combinedwith GMRESor P-GMRES,arediscussedin Section
5. In Section6 we comparethe convergencebehaviour of both methodsappliedto a Poisson
problemandanadvection-diffusionequation.

2 Schwarzdomain decomposition

Considera largesystemof linearequations,

Au � b (1)

whiche.g.originatesfromthesemi-discretisationof anadvection-diffusionequationonadomain
Ω. Hence,the coefficient matrix A is large andsparse,andan iterative solutionmethodmay
be appropriate. In a domaindecompositionapproach,the domain Ω is divided into several
subdomainsΩ1 ��������� Ωp. Groupingtogetherinto blocksthoseunknownswhich sharea common
subdomain,producesablock system��	 A11 
�
�
 A1p

...
. . .

...
Ap1 
�
�
 App

��� ��� u1
...

up

���� � ��� b1
...

bp

���� � (2)

whereu j denotesthevectorof variablesdefinedonΩ j . Thissystemmaybesolvedin aniterative
wayby solvingeachof thesubsystemsseparatelyfor u j , while takingtheremainingvectorsfrom
thepreviousiteration:
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A j ju � i � 1�
j � b j � ∑

k �� j

A jku � i �k � j � 1 ��������� p 

This so-calledadditive Schwarzdomaindecompositionapproach(cf. [13]) is particularlysuit-
ablefor a distributedcomputingenvironment,asall subsystemscanbesolvedin parallel.

In [17, 18] it is shown thatthelargesystem(2) canbereducedto a muchsmallersystemfor
theso-calledinterfacevariables.Eachvectoru j is dividedinto twoparts:thefirst partzj contains
thevariableswhich appearin thesubsystemfor Ω j only, whereastheremainingvariablesform
thesecondpartx j . For thesakeof simplicity werestrictourselvesto thecaseof two subdomains.
Let us introducethe operatorsQi andPi , which restrict the vectorui to the vectorof interface
variablesxi andinternalvariableszi , respectively. System(2) thencanbereformulatedas�

A11 A12QT
2 0

0 A21QT
1 A22 � ���� z1

x1

x2

z2

����� � � b1

b2 ! 
 (3)

A subdomainsolutioncannow beregardedasa multiplication of (3) by thepreconditioner
(cf. [18])

K � � A" 111 0
0 A" 122 ! �

yielding thepreconditionedsystem���	 I 0 P1A" 111 A12QT
2 0

0 I Q1A" 111 A12QT
2 0

0 Q2A" 122 A21QT
1 I 0

0 P2A" 122 A21QT
1 0 I

���� ���� z1

x1

x2
z2

����� � ���� P1A" 111 b1

Q1A" 111 b1

Q2A" 122 b2

P2A" 122 b2

����� � (4)

Obviously, we canrewrite (4) asa separatesystemfor theinterfacevectorsonly�
I Q1A" 111 A12QT

2
Q2A" 122 A21QT

1 I � � x1
x2 ! � � Q1A" 111 b1

Q2A" 122 b2 ! � (5)

anda systemfor theinternalvariables,�
I 0
0 I � � z1

z2 ! � � P1A" 111 # b1 � A12QT
2 x2 $

P2A" 122 # b2 � A21QT
1 x1 $ ! � (6)

which can be solved after the interfacevectorshave beencomputed. In the next sectionwe
considerthesolutionof (4,5)by aKrylov subspacemethod.
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3 Krylo v subspaceacceleration

In thissectionwepresentanew iterativemethodto solvethesystem(5) efficiently. Wewill show
thatthismethodrequiresat mostthenumberof iterationsof a GMRES-accelerator. In section4
it will beshown thatthecomputationalcostsperiterationarecomparable,whereastheproposed
methodrequiresmuchlesscommunicationon adistributedplatform.

First we describea standardmethodto solve the systems(4) or (5). Both systemscanbe
written as

Bu � f (7)

for whichastationaryiterationmethodreads

uk � 1 � f % # I � B$ uk 

3.1 GMRES acceleration

It is usualto acceleratethe stationaryiteration by a Krylov subspacemethod,e.g. GMRES
[11]. Let u0 be thestartingvectorfor the iteration,andr0 � f � Bu0 the initial residual.Then
we constructapproximationsuk � k � 1 � 2 � 
�
�
 � suchthatuk is thememberof the(shifted)Krylov
subspace

uk & u0 % Kk ' u0 % Span( r0 � Br0 � 
�
�
 � Bk " 1r0 ) (8)

whichminimisestheresidualnorm*
f � Bu

* � u & u0 % Kk 
 (9)

This method,appliedto (5) is calleda Krylov-Schwarzdomaindecomposition[2]. In [11] it is
shown that theapproximationuk canbe obtainedefficiently usingthe GMRESalgorithm. We
briefly recallsomepropertiesof GMRES,in orderto facilitatethedescriptionof thenew method
in thenext section.

Let v1 � 
�
�
 � vk denotean orthonormalbasisfor the Krylov subspaceKk. This basiscanbe
formedby a standardmodifiedGram-Schmidtprocess.In eachiterationstepa new vectorBvi is
calculated,andorthogonalisedagainstthepreviousbasisvectors.This leadsto therelation

AVk � Vk � 1Hk (10)

where
Vk �,+ v1 �������-� vk .

andHk is a # k % 1 $0/ k Hessenberg matrix.
Now, in orderto solve the leastsquaresproblem(9), we setu � u0 % Vky, andconsiderthe

function

J # y $ � * f � B + u0 % Vky. * � * r0 � BVky

* 

Usingβ � * r0

*
, r0 � βv1, (10)andtheorthonormalityof Vk � 1, this functioncanberewrittenas

J # y $ � * Vk � 1 + βe1 � Hky

* � * βe1 � Hky

* 
 (11)
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w � Bvk �
for i � 1 � 
�
�
 � k

hi 1 k � wTvi

w � w � hi 1 kvi

end
hk � 1 1 k � * w *
vk � 1 � w2 hk � 1 1 k

Figure1: ThemodifiedGram-Schmidtalgorithm

Hence,thesolutionof theleastsquaresproblem(9) is givenby

uk � u0 % Vkyk �
whereyk minimizesthe function J # y$ , for y &43 k. Due to the specialform of the Hessenberg
matrixHk, theleastsquaressystem(11)canbesolvedveryefficiently, usingplanerotations(see
[11]).

Although theGMRES-accelerationis very efficient on sequentialmachines,the implemen-
tation on a parallelplatform hasdisadvantages.The main drawbackherelies in the fact that
the preconditioningis very well parallelisable(the two subdomainsolutionscanbe computed
independently),but theorthogonalisationof thebasisvectorsfor theKrylov subspacerequires
excessive globalcommunication,andthereforedo notscale.In thekth iterationstepof theGM-
RESmethodwe have to performthecomputationsfor themodifiedGram-Schmidtprocess(cf.
[6]) asgiven in Fig. 1. Hence,we must computek % 1 inner productsof vectorswhich are
distributed,After thesubdomainsolution,over theprocessors.Parallelcomputationof theinner
productsthenrequiresk % 1 communicationsteps,in whichpartialsumsareexchangedbetween
the processors.In caseinter processorcommunicationis slow comparedto the computation
speed,thespeedupmight deterioratesubstantially.

In the literatureseveral approacheshave beensuggestedto alleviate this problem(cf. [6]).
Onestrategy is to computeall innerproductssimultaneously, andusetheclassicalGram-Schmidt
process.This approach,however, is lessstable,andleadsto lossof orthogonalityof the basis
vectors[3, 8]. Then,the orthogonalisationprocessshouldbe performedtwice, increasingthe
amountof computation[7]. Anotherapproachis to generatea numberof successive Krylov
vectorsand orthogonalisetheseas a block [1, 4, 9]. The algorithm we proposein the next
sectioncontainstwo independentorthogonalisationprocesseswhich canbedistributedover the
processors,therebyreducingtheamountof communication.

We concludeour descriptionof the GMRES-accelerationby observingthat applicationto
(5) is cheaperthan applicationto (4). In the first casethe dimensionof the solutionspaceis
equalto thenumberof interfacevariables,which is usually(much)lessthanthetotal numberof
variables.Hence,themodifiedGram-Schmidtprocessrequiresmuchlessoperationsfor (5) than
for (4). However, whenwerestrictourselvesto theinterfacesystem(5), wehave to calculatethe
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completesolution,using(6), afterconvergence.

3.2 P-GMRES acceleration

In thepartitionedmethodthesolutionof (7) is approximatedby

uk � u0 % u � 1 �k % u � 2�k �
whereu � 1�k andu � 2�k belongto two orthogonalsubspacesK � 1 �k andK � 2�k . Recall that (7) canbe
written in theblock form �

I B12

B21 I � � u � 1�
u � 2� ! � � f � 1�

f � 2� ! �
andthattheinitial residualcanalsobedecomposedas

r0 �65 r � 1�0

r � 2�0 7 
 (12)

Then,we definethesesubspacesrecursively by

K � 1�1 � Span( r � 1�0 ) � (13a)

K � 2�1 � Span( r � 2�0 ) � (13b)

K � 1�i � K � 1 �i " 1 8 B12K � 2�i " 1 � i � 2 � 
�
�
 (13c)

K � 2�i � K � 2 �i " 1 8 B21K � 1�i " 1 � i � 2 � 
�
�
 (13d)

Orthonormalbasesfor thesesubspacescan be constructedrecursively, like in GMRES. Let
v � i �1 � 
�
�
 � v� i �k denotean orthonormalbasisfor the Krylov subspaceK � i �k � i � 1 � 2. In eachitera-

tion stepa new vectorBi jv � j �k � j 9� i is calculated,andorthogonalisedagainstthepreviousbasis
vectors.This leadsto therelations

B12V � 2�k � V � 1�k � 1H � 1�k �
B21V � 1�k � V � 2�k � 1H � 2�k � (14)

where
V � i �k �6: v � i �1 � 
�
�
 � v� i �k ;

andH � i �k � i � 1 � 2 are # k % 1 $</ k Hessenberg matrices.
Now thenew iterateuk will bethememberof the(shifted)subspace

u0 % K � 1 �k 8 K � 2�k
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whichminimisestheresidualnorm*
f � Bu

* � u & u0 % K � 1�k 8 K � 2�k (15)

If we set u � u0 % V � 1�k y1 % V � 2�k y2, we can view the norm to be minimisedas the following
functionof y1 � y2:

J # y1 � y2 $ � * f � B + u0 % V � 1�k y1 % V � 2 �k y2 . * � * r0 � B +V � 1�k y1 % V � 2�k y2 . * �
which is written,usingtheblockdecompositionof B, as==== 5 r � 1�0

r � 2�0 7 � � I B12
B21 I � 5 V � 1�k y1

V � 2�k y2 7 ==== 

Introducingβi � * r � i �0

*
for convenience,weobtain,using(14)andtheorthonormalityof V � i �k � 1 � i �

1 � 2
J # y1 � y2 $ � ==== 5 β1V � 1�k � 1e1 � V � 1�k y1 � V � 1�k � 1H � 1�k y2

β2V � 2�k � 1e1 � V � 2�k � 1H � 2�k y1 � V � 2�k y2 7 ==== �� ==== � β1e1
β2e1 ! � 5 Ik � 1 1 k H � 1�k

H � 2�k Ik � 1 1 k 7 � y1
y2 ! ==== (16)

Here,Ik � 1 1 k denotesa # k % 1 $</ k matrix,obtainedfrom theidentitymatrix by addinga zerolast
row. Hence,thesolutionof theleastsquaresproblemis givenby

uk � u0 %>5 V � 1 �k y� 1�k

V � 2 �k y� 2�k 7 � (17)

wherey � 1�k � y� 2�k minimisesthefunctionJ # y1 � y2 $ definedby (16), for y1 � y2 &?3 k. Thisminimisa-
tion problemhasdimension# 2 # k % 1 $@/ 2k $ , andcanbesolvedefficiently, asdescribedin Section
4.

In thepartitionedmethodthedimensionof thesubspaceincreasesby 2 in eachiterationstep.
Hence,it is moreexpensive to solve the resultingleastsquaresproblem(16) then(11) in the
GMRESmethod.Ontheotherhandonemightexpectthatthekth iteratein P-GMRESis abetter
approximationto thesolutionof (7) thanthecorrespondingiteratein GMRES,aswesearchin a
subspaceof largerdimension.We confirmthis expectationin thenext section.

Finally, we observe thateachiterationof P-GMREScanbeimplementedon two processors,
almostwithout any communication.All innerproductsinvolvedin themodifiedGram-Schmidt
processcanbecomputedlocally, andweonly needcommunicationfor theexchangeof thebasis

vectorsv� 1�k andv� 2�k . Thekth iterationthenconsistsof thecomputationsgivenin Fig. 2.
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Processor1 Processor2

w1 � B21v � 2�k w2 � B12v � 1�k
for i � 1 � 
�
�
 � k for i � 1 � 
�
�
 � k

h � 1�i 1 k � wT
1 v � 1 �i h � 2�i 1 k � wT

2 v� 2�i

w1 � w1 � h � 1�i 1 k v � 1 �i w2 � w2 � h � 2�i 1 k v � 2 �i
end end

h � 1�k � 1 1 k � * w1

*
h � 1�k � 1 1 k � * w1

*
v � 1�k � 1 � w1 2 h � 1�k � 1 1 k v � 2 �k � 1 � w2 2 h � 2�k � 1 1 k

Figure2: ModifiedGram-Schmidtprocessesin P-GMRES

3.3 Convergencepropertiesof P-GMRES

Let theKrylov subspacesK � 1�k � K � 2�k bedefinedby (13a-13d),andthesubspaceKk by (8). Then,
from (12) wehave

Lemma 1

K1 A K � 1�1 8 K � 2 �1 
 B
Next, wewill show thatasimilar relationholdsfor thehigherdimensionalsubspacesKk. To that
endwe need

Proposition 1 Letx1 & K � 1�k , x2 & K � 2�k . Define� z1
z2 ! � � I B12

B21 I � � x1
x2 !

Thenz1 & K � 1�k � 1, z2 & K � 2�k � 1.

Proof: Wehavez1 � x1 % B12x2, wherex1 & K � 1 �k andx2 & K � 2�k . Hence,z1 is anelementof K � 1�k � 1,

by definition(13c).Similarly, it is provedthatz2 is anelementof K � 2�k � 1. B
Lemma 2

Kk A K � 1�k 8 K � 2�k 

Proof: (by induction)Supposethe assertionholds for k � m. Let y & Km� 1 be arbitrary, and
decomposey asy � u % Bx� with u � x & Km. Then,by assumption,

u & K � 1 �m 8 K � 2�m � x � � x1

x2 ! � x1 & K � 1�m � x2 & K � 2 �m 
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FromProposition1 it follows thatBx & K � 1�m� 1 8 K � 2�m� 1, andconsequentlyy & K � 1�m� 1 8 K � 2�m� 1. B
As a consequence,thenormof theresidualvectorin P-GMRESwill be lessor equalto the

onein GMRES,
min

u " u0 C K D 1Ek F K D 2Ek

*
f � Bu

*HG
min

u " u0 C Kk

*
f � Bu

* 

4 Efficient QR-decomposition

We now describea few importantdetailsconcerningthe efficient solutionof the minimisation
problem(15). Theapproachis quitesimilar to themethodusedin GMRES[11], althoughmore
complicatedbecauseof thestructureof theproblem(16):

min
y1 1 y2

=== 5 β1e1 � y1 � H � 1�k y2

β2e1 � H � 2�k y1 � y2 7 ===
A classicalwayof solvingthisproblemis to factorthematrix

Hk �JI Ik � 1 1 k H � 1 �k

H � 2�k Ik � 1 1 k K
into QkRk usingplanerotations,whereQk is orthogonalandRk is a (permuted)uppertriangular
matrix. However, like in GMRES,it is desirableto updatethefactorisationof Hk progressively
aseachpairof columnsappears,i.e. atevery iterationstep.Thisenablesusto obtaintheresidual
normof theapproximatesolutionwithout actuallycomputingthesolutionuk.

We now show in detail how sucha factorisationcan be carriedout. Let F # i � j � 0 � 0 � c � s$
representa Givensrotationwhich rotatestheunit vectorsei andej by theangleθ:

F # i � j � 0 � 0 � c � s$ �
�������������	

1
...

c s
. . .� s c

. . .
1

Ik � 1

��������������
wherec � cos# θ $ ands � sin# θ $ . Sucha rotationwill transformthe upperpart of Hk. Let us
similarly denoteby F # 0 � 0 � i � j � c � s$ arotationwhichactsonthelowerpartof Hk, rotatingtheunit
vectorsek � 1� i andek � 1� j, andby F # i � 0 � j � 0 � c � s$ atransformationwhich rotatestheunit vectors
ei andek � 1 � j.

Assumethatrotationshave beenpreviouslyappliedto Hk " 1 to produce

Rk " 1 � � R11
k " 1 R12

k " 1R21
k " 1 R22

k " 1 �
9



wheretheRi j
k " 1 areall uppertriangularmatricesof dimensionk / # k � 1 $ , andR21

k " 1 is strictly
uppertriangular. Hence,e.g.,for k � 4

Rk " 1 �
�����������	

x x x x x x
0 x x 0 x x
0 0 x 0 0 x
0 0 0 0 0 0
0 x x x x x
0 0 x 0 x x
0 0 0 0 0 x
0 0 0 0 0 0

� ����������� 

Theletterx standsfor a (possibly)nonzeroelement.At thenext step,two columnsandrows of
Hk appear, andareinsertedin theabove matrix,yielding

R̃k �
���������������������	

x x x 0 x x x h � 1�1 1 k
0 x x 0 0 x x h � 1�2 1 k
0 0 x 0 0 0 x h � 1�3 1 k
0 0 0 1 0 0 0 h � 1�k 1 k
0 0 0 0 0 0 0 h � 1�k � 1 1 k
0 x x h � 2�1 1 k x x x 0

0 0 x h � 2�2 1 k 0 x x 0

0 0 0 h � 2�3 1 k 0 0 x 0

0 0 0 h � 2�k 1 k 0 0 0 1

0 0 0 h � 2�k � 1 1 k 0 0 0 0

� ���������������������



In orderto obtainRk we first premultiply thenew columnsby thepreviousrotations.Note
thattheupdatesof bothcolumnsareindependentof eachother, sothey canbeappliedin parallel.
Now, we obtaina # 2k % 2 $</ # 2k $ matrixof theform���������������	

x x x x x x x x
0 x x x 0 x x x
0 0 x x 0 0 x x
0 0 0 g3 0 0 0 h1

0 0 0 0 0 0 0 h2

0 x x x x x x x
0 0 x x 0 x x x
0 0 0 x 0 0 x x
0 0 0 g1 0 0 0 h3

0 0 0 g2 0 0 0 0

� ��������������� 

The largek / # k � 1 $ submatricesarenothingbut Ri j

k " 1, andh2, g2 standfor h � 1�k � 1 1 k, h � 2�k � 1 1 k,
resp.,which are uneffectedby the previous rotations. The next stepconsistsin eliminating
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the elementsg2, g1, 0 andh2 in the positions # 2k % 2 � k $ , # 2k % 1 � k $ , # 2k % 2 � 2k $ , # k % 1 � 2k $ ,
respectively. This is achievedby four rotationsdefinedby (x̃ denotesanelementchangedby a
previousrotation.)

F � 1�k � F # 0 � 0 � k � k % 1 � g1 2 # g2
1 % g2

2 $ 1L 2 � g2 2 # g2
1 % g2

2 $ 1L 2 $ � (18a)

F � 2�k � F # k � 0 � k � 0 � g3 2 # g̃1
2 % g2

3 $ 1 L 2 � g̃1 2 # g̃1
2 % g2

3 $ 1L 2 $ � (18b)

F � 3�k � F # 0 � 0 � k � k % 1 � h̃3 2 # h̃3
2 % 0̃2 $ 1L 2 � 0̃2 # h̃3

2 % 0̃2 $ 1L 2 $ � (18c)

F � 4�k � F # k % 1 � 0 � k � 0 � h̃3 2 # h̃3
2 % h2

2 $ 1L 2 � � h2 2 # h̃3
2 % h2

2 $ 1L 2 $ 
 (18d)

Note,thatin thecomputationof thenew rotationsonly3 elementsof eachof thenew columns
areinvolved. After applicationof thesefour rotationsto thenew columns,we obtainthematrix
Rk, which is of theappropriateform. Next, thesuccessive rotationsshouldalsobeappliedto the
right handside + β1e1;β2e1 . . Thiscanalsobeachievedin astepby stepfashion,applyingthefour
newly computedrotationsin eachiterationstepto themodifiedright handside.

Thus,afterk stepsof theabove process,we have thefollowing decompositionof Hk

QkHk � Rk

whereQk is # 2k % 2 $M/ # 2k % 2 $ , beingtheaccumulatedproductof the4k rotationmatrices,while
Rk is a (permuted)uppertriangularmatrix of dimension# 2k % 2 $</ 2k, whose # k % 1 $ st andlast
row arezero.SinceQk is orthogonal,wehave

J # y1 � y2 $ � === � β1e1

β2e1 ! � Hk � y1

y2 ! === �� === Qk

� � β1e1

β2e1 ! � Hk � y1

y2 ! � === � === fk � Rk � y1

y2 ! === � (19)

where fk � Qk + β1e1;β2e1 . is thetransformedright handside.Sincetwo rows of Rk arezero,the
minimisationof (19) is achievedby solvingthe(permuted)uppertriangularsystemwhichresults
from removing thezerorows from Rk andthecorrespondingcomponentsof fk. This provides

y � 1�k � y � 2�k andtheapproximatesolutionuk is thenformedfrom (17).
Just like in the GMRES [11] it is possibleto obtain the residualnorm

*
f � Buk

*
of the

approximatesolutionuk while performingtheabove factorisation,without explicitly computing
uk. From the definition of J # y1 � y2 $ it follows that the residualnorm is nothingbut J # y1 � y2 $ ,
which, from (19), is in turn equalto

*
fk � Rk + y� 1�k ;y � 2 �k . . But, by construction,this is equalto the

normof thetwo componentsof fk correspondingto thezerorowsof Rk. Hencewe have

Proposition 2 The residualnorm of the approximatesolution uk is equal to the norm of the# k % 1 $ st and # 2k % 2 $ ndcomponentof fk,*
rk

* �,N ( fk # k % 1 $O) 2 %P( fk # 2k % 2 $O) 2 �
where fk is obtainedby premultiplying + β1e1;β2e1 . by the 4k successiverotations(18a-18d),
which transformHk into the(permuted)uppertriangular matrix Rk. B
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5 Computation and communicationcosts

Fromthepreviousdescriptionof P-GMRESit is clearthat themethodrequiresonly few com-
munication. However, P-GMRESis computationallymoreexpensive thanGMRES,asa least
squareproblemof larger sizehasto be solved. In [11] it is claimedthat the costsof solving
the leastsquareproblemof sizek in GMRESis negligible comparedto the amountof work
in thematrix-vectormultiplicationandin theGram-Schmidtprocess,asthe leastsquaresprob-
lem is usuallyof muchsmallerdimensionthantheoriginal system.Nevertheless,we will also
takethesecomputationsinto account,to demonstratetheeffectof theincreasedsizeof theleast
squaresproblem.Thetotal costsof computingtheapproximatesolution,then,canbedividedin
four tasks,threeof whichareto beperformedin eachiterationstep:Q The matrix-vectormultiplication, involving the interfacevectors,andthe subsequentso-

lution of thesubdomainproblems.Here,we first have to communicatethe two interface
vectors(bothof dimensionm). Then,all computationscanbeperformedin parallelfor the
subdomains.Of course,theamountof computationdependson the sizeof theproblem,
andthestructureof thematrixA.Q Thecomputationof theothonormalbasisvectorsfor theKrylov subspaces,usingthemod-
ified Gram-Schmidtprocess.In thekth iterationof GMRESthis amountsto k innerprod-
uctsandvectorupdates(of dimension2m), andonenormandscaling.Thesecomputations
canbe performedin parallel,althougheachinner productthenrequiresthecommunica-
tion of a partialsum.In theP-GMRESmethodwe have twiceasmany innerproductsand
updates,but eachfor vectorsof dimensionm, sothenumberof floatingpoint operationsis
exactly thesame,andno communicationis necessary.Q Thefactorisationof thematrix Hk. In P-GMRES,theupdateof thefactorisationrequires
the applicationof 4k planerotationson two newly addedcolumns,to be performedin
parallel,whereaswe needonly k rotationson onecolumnin GMRES.Moreover, oneor
four new rotationshave to be constructedandappliedto the right handsidein GMRES,
viz. P-GMRES.In thelattermethodwealsoneedcommunication,if thesecalculationsare
to beperformedin parallel.

Finally, uponconvergence,we have to solve the leastsquaresproblemby backsubstitution
with Rk, whichhassizek / k in caseof GMRES,andsize2k / 2k for P-GMRES.With theleast
squaressolutionyk, resp. y � 1 �k � y � 2�k , we canconstructthe approximatesolutionu0 % Vkyk, resp.

u0 %R+V � 1�k y � 1�k ;V � 2�k y � 2�k . . Usingtheseinterfacevectors,we obtainthesolutionof (6) by anaddi-
tionalmatrix-vectormultiplication,followedby aparallelsolutionof thesubdomainproblems.

In Table 1 we comparethe numberof sequentialandparallel floating point operationsin
thek-th iterationof GMRESandP-GMRES.We have restrictedourselvesto two simplemodel
problems,suchthat the matrix-vectormultiplication andsubdomainsolvesdo not completely
dominatethecomputation.In bothcasesweconsideraPoissonproblemonasquaregrid, with N
unknownsand2m interfacevariables.In thefirst problem,denotedby matvec-full, we simulate
a”larger” problemby performingall operationson full matrices,whereasin thesecondproblem
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GMRES P-GMRES
parallel seq parallel seq

matvec-full N # N % 4 % 2m$ % 2m N # N % 4 % 2m$
matvec-sparse N # 3m % 7

2 $ % 16m � 5m2 N # 3m % 7
2 $ % 14m � 5m2

Gram-Schmidt 8km % 10m 8km % 10m
rotations 10k 64# k � 1 $ 4k % 64

Table1: Numberof parallelandsequentialfloatingpoint operationsin thekth iteration.

GMRES P-GMRES
parallel seq parallel seq

LSQsolve k2 % 2k 4k2 % 4k
Computeuk 4km 4km
matvec-full N # N % 4 % 2m$ % 2m N # N % 4 % 2m$
matvec-sparse N # 3m % 7

2 $ % 16m � 5m2 N # 3m % 7
2 $ % 14m � 5m2

Table 2: Numberof parallel and sequentialfloating point operationsto obtain the complete
solutionafterthekth iteration.

a sparse(banded)LU-factorisationis usedfor the solution of the subdomainproblems. The
numberof operationsto obtainthecompletesolutionafterthek-th iterationis givenin Table2.

Fromthetablesaboveit is clearthatmostof thecomputationsin GMRESandP-GMREScan
bedistributedovertheprocessors.As weconsideronly theSchwarzmethodfor twosubdomains,
we will restrictourselvesto two processors.In orderto assessthetimespentin communication,
it is assumedthatthetime for amessageof lengthl is givenby (cf. [14])

Tmes � s0 % s1l

In Table 3 the communicationtime requiredin the iterationsof GMRES and P-GMRES
is summarised.Note, that in caseof parallelcomputationeachprocessorhasonly part of the

factorisedmatrix Rk at its disposal.In orderto obtaintheleastsquaresolutiony � 1�k � y� 2�k , wehave
to distributetheremainingpartof Rk. Wedo thisaftertheiterationhasconverged.Alternatively,
it is possibleto communicatethe two new columnsof Rk in eachiteration,after the rotations
havebeenperformed.Finally, it is necessaryto distributetheapproximateinterfacesolutions,in

GMRES P-GMRES
matvec 2s0 % 2s1m 2s0 % 2s1m
Gram-Schmidt 2 # k % 1 $ # s0 % s1 $
rotations 2s0 % 6s1

Table3: Communicationtime in thekth iteration.
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GMRES P-GMRES
LSQ solve 2s0 % 2k # k � 1 $ s1

matvec 2s0 % 2s1m 2s0 % 2s1m

Table4: Communicationtime to obtainthecompletesolutionafterthekth iteration.

Problem(N � m2) GMRES GMRES P-GMRES
(full) (interface)

full, m � 6 45 27 30
full, m � 10 266 154 157
full, m � 20 3662 2130 2133
sparse,m � 6 24 13 16
sparse,m � 10 83 44 47
sparse,m � 20 507 306 309

Table5: Numberof operationsfor 10 iterations(in Kflops).

orderto computethesolutionof (6). In Table4 wesummarisethecommunicationtimesrequired
to obtainthecompletesolution.

The total numberof floating point operations,asmeasuredby MATLAB [10], for 10 itera-
tionsof GMRESandP-GMRESandthesubsequentcomputationof thecompletesolution,are
givenin Table5. For thesakeof completenesswe alsopresentthenumberfor GMRESapplied
to system(4), which methodis obviously lessefficient astheGram-Schmidtprocessis applied
to vectorsof dimensionN.

Theseresultsindicatethat P-GMRESis computationallyslightly moreexpensive thanthe
GMRESmethodappliedto theinterfaceequations.Therelativeperformance,however, depends
not only on thecomplexity of the(preconditioned)matrix-vectormultiplicationandthesizeof
theproblem,but alsoonthenumberof iterationsto beperformed.To assesstheinfluenceof this
factorwe presenttheaverageamountof work per iteration,which dependson thetotal number
of iterations,for a small problem(m � 6) in Fig. 3. The numberof flops in the (precondi-
tioned)matrix-vectormultiplication is takenasunit of work. In thesparsecasewe canclearly
observe that thecomputationaloverheadin P-GMRESincreasesfasterthanin GMRES.As the
full matrix-vectormultiplication is ratherexpensive, the influenceof the overheadis lesspro-
nouncedin the full case.Note, however, thatboth problemsareunrealisticallysmall, andthat
theseresultsarepresentedhereonly to show thecomputationaloverheadin theparallelmethod.
For morerealisticproblemstheoverheadbecomesnegligible, asTable5 shows.

The averagecommunicationtime per iteration is presentedin Fig. 4. Here, we assume
that the latency of the communications0 is equalto the time for the transmissionof 4 double
precisionnumbers(cf. [15], formula(1)). Again, the time necessaryfor communicationin the
matrix-vectormultiplication,i.e. thetimeto communicatetheinterfacevariables(two vectorsof
lengthm), is takenasunit of time.
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Figure3: Average#flopsper iteration,scaledby the #flopsin matvec,usinga full (left) anda
sparsematrix-vectormultiplication(for it � 0 theoverheadin initialisationandcomputationof
thefinal residualis given).

Finally, we comparetheperformanceof P-GMRESwith respectto GMRES,appliedto the
interfaceequations.We assumethat in both methodsthe computationsaredistributedover 2
processors,wheneverpossible.We alsoassumethatthecostof communicationis givenby

s0 � αt f l

where t f l is the time for one floating point operation. Of course,for small valuesof α the
performanceis completelydeterminedby the computation,whereasthe communicationcosts
dominatefor large valuesof α. In Fig. 5 we presentthe relative performanceof P-GMRES
for variousvaluesof α for the largerproblem(m � 20). We notethateven for the rathersmall
valueα � 100 P-GMRESis moreefficient thanGMRES,whereasin caseof moreexpensive
communicationtheiterationsin P-GMRESarealmosttwiceascheapasthosein GMRES.

6 Numerical experiments

In this sectionwe reporta few numericalexperimentsin orderto comparethe convergenceof
P-GMRESwith GMRESaccelaration.The first problemis a Poissonequationwith Dirichlet
boundaryconditions:� uxx � uyy � 0 � # x � y$ & Ω �,+ 0 � 1. 2 �

u # x � y $ �TS 1 � y � 0 U # x � 1 V y W 0 
 5 $ �
0 � y � 1 U x � 0 U # x � 1 V y

G
0 
 5 $ 
 (20)

A uniform meshwith # m % 2 $X/ # m % 2 $ gridpointsis used.Takingsecondordercentraldiffer-
ences,anddividing thedomainΩ into two subdomains

Ω � Ω1 % Ω2 � Ω1 �,+ 0 � 1. / + 0 � 0 
 5. � Ω2 �Y+ 0 � 1. / # 0 
 5 � 1. �
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Figure4: Averagecommunicationtime per iteration,scaledby thecommunicationtime for the
matrix-vectormultiplication.

yields two subsystemsof dimensionm2 2 2 each. In theSchwarzmethodthesesubsystemscan
be reducedto the smallersystem(5) of dimension2m for the2m interfacevariablesonly. We
solvedthis systemfor variousvaluesof m, usingGMRESandP-GMRESacceleration.In Table
6 we list thenumberof iterationsnecessaryto reducetheinitial residueby a factorε. In Fig. 6

GMRES P-GMRES
m ε � 10" 3 ε � 10" 6 ε � 10" 3 ε � 10" 6
6 6 10 4 6

10 8 12 6 8
20 10 17 7 12
40 13 23 10 16

Table6: Numberof iterationsto reducetheinitial residualby ε for (20),m / mgrid.

theconvergencebehaviour of GMRESandP-GMRESis shown for thesmallestgrid (m � 6) and
the largestgrid (m � 40). Thesuddendropof theresidualnormafter6 iterationsof P-GMRES

for thesmallestgrid follows easilyfrom the theory: after 6 iterationsthesubspaceK � 1�k 8 K � 2�k
hasdimension12 andthusequalsthecompletesolutionspace.For thesamereasonwe obtain
theexactsolutionafter12 iterationsof GMRES,too. Thesecondfigureshows thatdoublingthe
dimensionof thesubspacealsoleadsto a fasterconvergenceon thelargestgrid.

As a secondproblemweconsiderthe2D advection-diffusionequation(cf. [2]):� uxx � uyy % vuy � 1 � # x � y$ & Ω �,+ � 1 � 1. 2 �
u # x � y$ � 1 � y � � 1 U x � � 1 �

uy # x � y$ � 0 � y � 1 U x � 1 
 (21)
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Figure5: Relativeperformanceof P-GMREScomparedto GMRES,20 / 20grid, usingfull(left)
andsparsematrix-vectormultiplication.

A uniform meshof 40 / 40cellson Ω is used.Again we took secondordercentraldifferences
anddecomposedΩ in two subdomains,

Ω � Ω1 % Ω2 � Ω1 �Y+ � 1 � 1. / + � 1 � 0. � Ω2 �,+ � 1 � 1. / # 0 � 1.Z

Theflow magnitudev in they-directionis givenby thedimensionlessmesh-Ṕecletnumberp �
vh, which is variedin thetests.In Table6 welist theaveragereductionfactorsafter10 iterations,

ρ �[( * r10

* 2 * r0

* ) 0 \ 1
for p � 0 � 1 � 3 � 5 � 10. We did not includethecasep � 2, becausethenthesystemis decoupled
(B12 � 0), sothesolutionis obtainedin 2 iterationsof P-GMRES.Again,thepartitionedmethod

Péclet 0 1 3 5 10
GMRES 0 
 59 0 
 29 0 
 18 0 
 22 0 
 21

P-GMRES 0 
 36 0 
 16 0 
 08 0 
 09 0 
 09

Table7: Averagereductionfactorsfor differentmesh-Ṕecletrangesin problem(21).

convergesfasterthanGMRESappliedto theinterfaceequations.Wealsoobservethattheconver-
gencerateof thepartitionedmethodis comparableto theresultsin [2] for theSchwarz-Schwarz
coupling. However, therea multiplicative domaindecompositionmethod(block Gauss-Seidel)
is usedto solve (5), which is notparallelisable.We show theconvergencebehaviour of GMRES
andP-GMRESfor mesh-Ṕecletnumbersp � 1 andp � 10 in Fig. 7.
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Figure6: Convergencebehaviour for problem(20),6 / 6 (left) and40 / 40(right) grid
.

7 Conclusions

ForapplicationswhichrequiredomaindecompositionwehaveintroducedapartitionedGMRES-
typemethod,calledP-GMRES.Thenew methodoffersadvantagescomparedto GMRES,both
with respectto convergenceandto communicationcosts. It is shown thatP-GMRESdoesnot
requireany communicationfor theinnerproductsin themodifiedGram-Schmidtorthogonalisa-
tion on two processors.Therefore,thecommunicationtime in a P-GMRESiterationmight be
considerablylessthanin GMRESasaperformancemodelin Section5 indicates.

Themainadditionalcomputationsin P-GMRESstemfrom solvinga leastsquaresproblem
of higherdimensionthanin GMRES.The solutioncanbe obtainedefficiently, using4 Givens
rotationsin eachiterationstep,followed by a backsubstitution. Therefore,the differencein
computationcostscomparedto GMRESwill benegligible, if thesubdomainsarenot too small;
we observeda 2%increasefor aproblemconsistingof 100grid points.

WeprovedthatP-GMRESconvergesasleastasfastasGMRES,dueto its higherdimensional
solutionspace. In the numericalexperimentsthe convergencebehaviour of both methodsare
comparedfor a2D Poissonproblemandanadvection-diffusionequation.In all testsP-GMRES
convergedconsiderablyfaster, e.g. 30%lessiterationsfor thePoissonproblemwith 1600grid
points.

In the presentpaperwe have assumedthat the two subdomainproblemsin the additive
Schwarzmethodaresolved exactly, usingan LU-decomposition.In a forthcomingpaper[5]
weshow thatthemethodis alsoapplicablein themoregeneralcase,with many subdomainsand
inaccuratesubdomainsolvers.
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Figure7: Convergencebehaviour for problem(21),Péclet=1(left) andPéclet=10(right).
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