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Abstract

Structural Health Monitoring (SHM) is increasingly being considered for predictive maintenance of aircrafts. This study
investigates the use of strain and displacement measurements obtained from a limited number of sensors as input to a
calibration matrix (CM) algorithm to compute the shapes of structures undergoing geometric nonlinear (GNL) struc-
tural deformation. To evaluate CM, GNL benchmark problems from the literature were expanded with sensors at spe-
cific locations on these structures. Two problems used for GNL inverse finite element methods (iFEM) in the literature
were implemented as well, for comparison. Each problem was modeled using ABAQUS and subjected to significant
deformations, resulting in strain and displacement measurements from simulated sensors. A novel GNL CM variant is
presented that converts virtual sensor data into accurately reconstructed strain/displacement distributions and applied
loads, achieving superior accuracy for the two state-of-the-art GNL iFEM problems. The accuracy was assessed for each
problem based on the number and type of sensors employed. Under noiseless conditions, the presented method
achieves a force reconstruction error of 1% or less for all problems utilizing 96 strain sensors and of 2% or less for all
but one problem when employing 96 displacement sensors or a combination of strain and displacement sensors. A dis-
placement error of 0.34% or less is achieved for all benchmark problems, using just 32 sensors of either type. When sub-
jected to noise, the accuracy is comparable or better than the iFEM results with 96 sensors of either type for all but one
of the benchmark problems, and superior when using a greater number of sensors, reaching median errors of less than
1%. A median force error of 2.5% is reached with 720 strain sensors when subject to 10% noise. This level of accuracy is
achieved for both isotropic and composite laminate materials, and for structures undergoing buckling deformation.

Keywords
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Introduction the displacement, strain, stress and load distributions
that occur throughout the entire structure. As these
estimates are made repeatedly over time using various
“shape sensing” algorithms, the results can be fed into
other models that predict the structural integrity and
life of the components. As such, these components can
then be targeted individually for inspection, mainte-
nance and repair, before the accumulated damage starts
to reach potentially critical levels.

The aircraft industry is always looking for ways to
reduce how much time and money needs to be spent on
inspection, maintenance and repair, while maintaining
the same (or achieving a better) level of safety.! One of
these methods is the Digital Twin concept,™® which
aims to continuously collect sensor data and other
information on a per tail number basis. This data is not
only used to monitor aircraft but is also fed into the
Dlglta]. Twin: a corpputer mOdt:l of the entire alrcra.ft 'Faculty of Aerospace Engineering, Delft University of Technology, The
that aims to predict how this complex system will it oiiands
behave in the future, thus enabling proactive and effi-  2Department of Mechanical and Aerospace Engineering, University of
ciently targeted inspection, maintenance and repair. Tennessee-Knoxville, UT-Space Institute, Tullahoma, TN, USA

Part of the Digital Twin is a model of the aircraft c g hor:
structure. Base,d on sensor and flight data from parts of Cg:r:;isspg:l"llgfij?::cﬁt'; of Aerospace Engineering, Delft University of
the structure, it has been demonstrated under research  rechnology, Kiuyverweg I, Delfc 2629 HS, The Netherlands.
conditions* that it is possible to make estimates about  Email: info@cornelisdemooij.com
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Traditional sensors, such as metallic foil strain gages,
are too limited to achieve these goals: as each sensor
only measures strains at a single point and along a sin-
gle axis, thus, too little data is available to make accu-
rate estimates of the structural conditions for the entire
structure. With the arrival of new types of sensors, such
as fiber optic strain gages and experimental mechanics
techniques like digital image correlation (DIC), strains
and displacements can be determined for many points.
These new technologies have allowed shape sensing
algorithms to mature and deliver highly accurate esti-
mates of displacement, strain and stress, which com-
bined with novel inverse methods have been able to
monitor the load distributions at every point within a
structure.>®

The lack of good sensors did not stop researchers
from trying to determine accurate reconstructions of
(deformed) structural shapes. As early as 1983, shape
sensing was mentioned in the literature: Carl G.
Saunders used Moiré patterns and an interactive com-
puter program to improve how prostheses would fit
patients.> '®  Similar techniques were applied by
Weathers et al.'! just a few years later to study struc-
tural problems, both numerically and experimentally,
using laser speckle patterns.

The fundamental theoretical challenges of shape sen-
sing were first described by Maniatty et al.'*: Using dis-
placement measurements for shape sensing has the
challenge that small measurement errors often lead to
much larger errors when strains and stresses are calcu-
lated, because the displacement is differentiated. Using
strains instead'® comes with its own challenge: it is an
inverse problem to translate strain measurements into a
complete distribution of structural displacements. Such
inverse problems are ill-posed and do not, in general,
have solutions that are unique, stable or even exist at
all 1417

Various alternatives were proposed to solve these
issues and to replace the methods of Saunders and
Weathers, which were unsuitable for large scale appli-
cations. These methods included objective function
minimization with regularization,'>'®!? Bayesian sta-
tistics,'"® polynomial fitting,'"”?> dynamic program-
ming,”® modal transformation®* and direct integration
of the strains and curvatures measured by multicore
optical fibers.”> 2® Most of these alternatives have the
drawback that their parameters needed to be tuned for
every individual problem, which made it challenging to
apply them as a general method. The direct integration
method for multicore optical fibers was an exception,
as it did not require tuning, but this method only
solved part of the problem: the method only deter-
mined the shape of the fiber, not the shape of the entire
structure to which it was attached.

In 2001, a more general approach for shape sensing
was demonstrated by Tessler et al. at NASA: the
inverse Finite Element Method, or “iIFEM,” aimed at
reconstructing the shape of deformed aircraft based on
in-flight strain measurements. In 2002, Tessler et al.

proposed to apply iFEM to Structural Health
Monitoring (SHM) problems.*** Numerical demon-
strations for beam, plate and shell structures in 2003*°
were quickly followed by experimental validation.*'
Additional iFEM studies showed the use of fiber optic
strain gage data to find structural anomalies® and to
provide input for SHM.® Real-time performance was
demonstrated for SHM purposes in 2007 and 2009.%>-
Tessler and researchers from Politecnico di Torino
applied iFEM to beam, truss and frame elements in
2011,*”*® dynamic loads with numerical simulations in
2012* and examined how sensor placement and mesh
density affected accuracy in 2014.%° Earlier iFEM work
with simple shell elements turned out to have a severe
limitations for sandwich and laminate structures, which
was shown and addressed in 2013*"*? using Refined
Zigzag Theory.*** In 2018, Tessler et al.*’ presented a
linear incremental iFEM that could reconstruct GNL
deformation for a cantilever plate and a clamped plate,
both subjected to uniform pressure.

Kefal and Oterkus demonstrated iFEM using quad-
rilateral shell elements for maritime applications in
2016**® and other structures.**>® Other variants of
iFEM have been demonstrated on off-shore drilling
platforms®' and wind turbines.’” In 2022, Li et al.?
showed, together with Kefal, how a linearized iterative
iFEM algorithm could be used to reconstruct the geo-
metrically nonlinear deformation of a simple and a stif-
fened plate, both subjected to a uniform bending load.
Until a few years ago, it was challenging to compare
the merits of various shape sensing methods, as each
method was demonstrated for different structures,
materials, loads, boundary conditions, sensors and
finite elements. While standardized Finite Element
Method (FEM) problems have existed in the literature
for many years for both linear>* and geometric non-
linear™ FEM algorithms, a standard set of linear shape
sensing problems was presented only in 2019.°° The
first comparison of two different shape sensing algo-
rithms in the same paper using these standard problems
was presented in 2024. So far, a standard set of geo-
metric nonlinear shape sensing problems has not been
documented in the open literature.

In addition to iFEM, another general approach for
shape sensing is the Calibration Matrix algorithm
(CM). Rudimentary versions of this algorithm date
back to 1954 and relied on costly and time-consuming
calibration processes that involve applying many indi-
vidual loads at different points on the physical structure
while recording the measurements made by the sensors
attached to this structure. More recently, it has become
feasible to replace this calibration process with a
numerical alternative, where the effects of these individ-
ual loads on the structure and resulting sensor measure-
ments are simulated instead, as demonstrated by
Nakamura et al.>® on a cantilevered thin flat plate
subjected to a distributed pressure load. Numerical
demonstrations of this algorithm on more complex
three-dimensional structures were presented in various
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papers.’’°*%2 An experimental demonstration on an
unmanned aerial vehicle (UAV) was presented by
Colombo et al.’> The method was extended to recon-
structing dynamic loads on beams, plates®® and wings,**
with an experimental demonstration for a cantilevered
plate by Jiang et al.®

In this study, a novel variant of the Calibration
Matrix (CM) method is presented that can reconstruct
the deformed shape and the applied loads for a struc-
ture undergoing geometric nonlinear (GNL) deforma-
tion. The method is demonstrated numerically for
several new GNL shape sensing benchmark problems,
which are based on well-known GNL benchmark prob-
lems for FEM algorithms that were presented by Sze
et al.>.

The accuracy of this new GNL CM method is com-
pared to two GNL shape sensing methods from the lit-
erature, specifically the linear incremental iFEM
method presented by Tessler et al.*> and the iterative
GNL iFEM method by Li et al..>* to determine the
most reliable method for finding the deformed shape of
structures undergoing large deformations and rota-
tions, while still experiencing only elastic strain.

The linear incremental iFEM method that was
numerically evaluated and presented by Tessler et al.*
had displacement reconstructions errors up to 6.3%
under noise-free conditions. Two structures were ana-
lyzed: a wing-shaped cantilever plate and a clamped
square plate, both of constant thickness and loaded by
uniform distributed loads on their top surface. Each
structure was instrumented with up to 200 simulated
strain sensors on the top and bottom surfaces. The
clamped square results, which are examined in more
detail in Section ‘1IFEM results from literature’, demon-
strate that GNL iFEM can achieve an error of 6.3%
with a sparse distribution of 29 strain sensors, which
improves to 1.6% when using 100 sensors. The results
then level out, improving no further when more (200, 2
for each element) sensors are used. For the wing-shaped
cantilever plate, results are only presented for the case
with the maximum number of sensors (88, 2 for each
element), for which an error of 0.95% is reached.

The iterative GNL iFEM method that was numeri-
cally evaluated and presented by Li et al.”® had
displacement reconstruction errors up to 6.3% under
noise-free conditions and up to approximately 6.6%
with 3% noise, 7.2% with 5% noise and 7.7% with
10% noise for two structures: a cantilever plate and a
stiffened cantilever plate, each loaded by a uniformly
distributed load and instrumented with up to 2016
simulated strain sensors on the top and bottom sur-
faces. The results of Li et al. are also examined in more
detail in Section ‘iIFEM results from literature’ and also
appear to reach their maximum accuracy with a rela-
tively small number (60—180) of sensors, obtaining little
to no improvement in accuracy from the use of larger
numbers of sensors. The algorithm appears to be resili-
ent in the face of random noise, as the average error only
increases by approximately 0.17% for each additional

1% of noise. Similarly, this study will show how the
accuracy of the GNL CM method is affected by the
number of sensors and the level of noise for a variety of
benchmark problem types.

Nonlinear benchmark problems

Seven geometric nonlinear benchmark problems were
created to test the developed geometric nonlinear CM
algorithm. These problems were based on existing
benchmarks for geometric nonlinear FEM algorithms
from the literature.’>°*®” Figure 1 shows the geometry
of the selected problems and the direction(s) of the
actual load(s). The actual load values for each problem
can be found in Table 1. The calibration loads are
applied in the same direction(s) as the actual load(s), in
increments ranging from 0% to 100% of the actual
load.

Additionally, Figure 2 shows the geometry of the
problems selected from Tessler et al.** and Li et al.>
The edges marked in red reflect the clamped boundary
conditions of these structures.

The properties of each problem are listed in Table 1.
Any system of consistent units can be used to analyze
these benchmark problems; here, unprefixed SI units
were used. All structures were meshed with four node
shell elements with reduced integration, specifically
S4R in ABAQUS CAE, to match how they were ana-
lyzed by Sze et al.’> Most of the materials are isotropic,
with the exception of the “Laminated Shell” variants of
the semi-cylindrical shell and the hinged cylindrical
roof. While the displacements and rotations are large,
no material nonlinearity is considered.

To provide input data to the GNL CM analyses,
sensor data was needed. Strain and displacement sen-
sors were used for this study, which were placed on the
surfaces of the benchmark structures. The sensors were
distributed in regular grid patterns, to facilitate repro-
duction of the sensor locations. All sensors were
mounted on the top and bottom surfaces of the struc-
ture only, that is, no sensors were embedded within any
of the structures. The same numbers of sensors were
used for each structure: 16, 48, 96, 160, 240, 336, 448,
576 and 720, which are the total numbers of sensors
resulting from 2X2X4, 2X3X8 2X4X12,
2X5X16, 2X6X20, 2X7X24, 2X8X28,
2 X9 X 32and 2 X 10 X 36 grid patterns, respectively.

In lieu of real sensor data, sensors were simulated
based on the FEM results. This simulation process uses
linear interpolation for both the displacement sensors
and the strain sensors. Specifically, for the displacement
sensors, it works by: (1) Finding the nearest node in the
mesh; (2) Finding every element that includes that par-
ticular node; and (3) Interpolating the FEM displace-
ments from every node of those elements based on their
distance to the displacement sensor.

For strain sensors, the process is slightly different. It
works by: (1) Finding the nearest Gauss node; (2)
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Figure I. Selected benchmarks problems from Sze et al.>

Finding the element that contains that Gauss node;
and (3) Interpolating the FEM strains from the four
closest Gauss nodes of that element based on their dis-
tance to the strain sensor.

The CM analysis also needs multiple load cases as
input, as the actual load case is reconstructed as a linear
combination of calibration load cases. The calibration
load cases for the GNL CM algorithm are not just mul-
tiple load cases applied in different directions, but also
multiple load cases applied in the same direction with a
different load magnitude, including both positive and
negative loads for some of the benchmark problems.
The different load magnitudes of each calibration load
case correspond to the loads applied at the various
incremental steps that were made during the FEM anal-
ysis on the way to the final maximum load. The points
and directions in which loads were applied are listed for
each benchmark problem in Table 2:

Lastly, for each benchmark problem, a specific load
case needed to be picked that would be reconstructed
with the CM algorithm. The same choice was made for

each of the benchmark problems: A load magnitude of
90% of the maximum load, as listed in Table 1 and
applied in the same direction as shown in Figure 1.

Methodology

In this study, the GNL FEM analyses were carried out
in ABAQUS CAE 2024 using S4R and S3R elements,
which are shell elements with reduced integration, con-
sistent with the approaches of the papers from which
the problems were obtained. The results of these analy-
ses were exported as RPT and TXT files, which were
then imported into an in-house C+ + programmed
CM algorithm. The algorithm was developed specifi-
cally for running the GNL CM analyses on benchmark
problems. The GNL FEM analyses determined how
each benchmark structure responded to the applied
loads, verifying the correct implementation of the stan-
dard problems and providing detailed displacement
and strain results. These results are used both for simu-
lating the sensor data that are needed as input for the
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Table I. Benchmark problem properties from Sze et al.,>> Tessler et al.*® and Li et al.>*

Problem Load
number  Name Element shape E & (v) Dimensions case & BCs Mesh size
I Cantilever Regular 1.2 X 10 (0) L=10 Po=El/L%=| 8 elements
subjected to end b=1 Prax =4Py =4
shear force h=0.1
2 Slit annular plate Trapezoidal 21 X 10° (0) Ri=6 Prax=0.8 6 X 30 elements
R,=10 (force/length)
h=0.03
3 Hemispherical shell ~ Trapezoidal 6.825 X 107 (0.3) R=10 Prax =400 16X 16
subjected to h=0.04 elements (one
alternating radial 0cutouc = 18 quarter)
forces
4 Pullout of an open-  Regular 10.5 X 10° (0.3125) R=4.953 Prnax = 40,000 24 X 36
ended cylindrical L=10.35 elements (one
shell h=0.094 eighth)
5 Pinched cylindrical  Regular 30 X 10° (0.3) R=100 Prax= 12,000 40 X 40
shell mounted L=200 elements (one
over rigid h= eighth)
diaphragms
6 Semi-cylindrical Regular Isotropic: 2068.5 (0.3) R=101.6 P=2000 40 X 40
shell subjected to Laminated: E, =2068.5 L=304.8 elements
an end pinching E+=517.125 h=3
force G 1=795.6 (0.3)
Laminations:
[0°/90°/0°]
or [90°/0°/90°]
7 Hinged cylindrical Regular Isotropic: 3102.75 (0.3) R=2540 Prmax = 3000 16 X 16
isotropic and Laminated: E, =3300 L=254
laminated roofs E+=1100 6=0.1rad
G =660 (0.25)
Laminations:
[0°/90°/0°]
or [90°/0°/90°] h=127
8 Tessler’s clamped Triangular 200 X 10° (0.2) L=10 Uniform 10X 10X2
square plate b=1 pressure: triangles
h=0.1 5MPa
9 Li’s stiffened plate Regular 206 X 107 (0.3) L=0.9 Uniform 1152 elements
b=0.7 pressure:
h=0.0125 | MPa
rib height=0.03
¥ aw, s 1 ,,'/“
" // . \I
® g //“, i " £ \y ¢ Reference pont
s avd ) 90cm
5m

8. Tessler's Clamped Square Plate

9. Li's Stiffened Plate

Figure 2. Selected problems from Tessler et a

GNL CM analysis and to evaluate the accuracy of the

45
l.

reconstructed loads and deformed shapes.

and Li et al.>3

Figure 3 shows a flowchart of the GNL CM method,

which uses the GNL FEM results from ABAQUS CAE
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Table 2. Load directions used for the calibration load cases for each benchmark problem.

Problem
number Benchmark problem Load directions Description
| Cantilever subjected to end shear force X,z Loads applied at tip in positive X, Yand Z
directions.
2 Slit Annular Plate X%z Loads applied along line A-B in positive X, Y
and Z directions.
3 Hemispherical shell subjected to alternating XY——, XY—+, Pushing inward (—) or pulling outward (+) at
radial forces XY+—, XY++ points A and B along the X and Y
directions, respectively.
4 Pullout of an open-ended cylindrical shell Z—,7+ Loads applied at point A in positive and
negative Z directions.
5 Pinched cylindrical shell mounted Z—,7+ Loads applied at point A in positive and
over rigid diaphragms negative Z directions.
6 Semi-cylindrical shell subjected to X, Yz Loads applied at point A in positive X, Yand
an end pinching force Z directions.
7 Hinged cylindrical isotropic and laminated roofs Z—,7+ Loads applied at point C in positive and
negative Z directions.
8 Tessler’s Clamped Square Plate Y- Uniform pressure applied on top surface in
negative Y direction.
9 Li’s Stiffened Plate Y-, Y+ Uniform pressure applied to bottom surface

in positive and negative Y directions.

Abaqus Results:

- Mesh elements load vectors

- Mesh nodes

- Applied forces

- Constraints

- Nodal displacements
- Gauss point strains

For each iteration up to and
including maximum load, for
each direction, from the GNL
FEM analysis.

Legend: G e

load vectors

Calculate calibration

Define sensor

Calculate actual

Simulate sensors
for calibration loads

Solve for coefficients

distribution & reconstruct loads

Export results &
calculate errors

Simulate sensors
for actual loads

[ Input Definitions ] Calculations

Figure 3. Methodology flowchart showing the GNL Calibration Matrix method based on the ABAQUS CAE GNL finite element

results.

to simulate displacement and strain sensor data for the
actual load cases and the calibration load cases. For some
of the results, the simulated sensor data was adjusted by
1%, 3%, 5% or 10% noise, for both the calibration loads
and the actual loads. This noise was uniformly distribu-
ted and randomly generated using the mtl19937 64
Mersenne twister engine from the Microsoft Visual
C+ + standard library, version 14.36.32532. New ran-
dom noise values were generated and applied to each sen-
sor data point and for each load case.

The calibration load cases include loads applied in
different directions and at a range of magnitudes, from
small loads that induce only linear deformation to large
loads that induce geometrically nonlinear deformation.

The algorithm then solves for the calibration load case
coefficients, that is, how much does each calibration
load case contribute to the actual load case that is being
examined. The applied loads of each calibration load
case are multiplied by these calibration load case coeffi-
cients and then summed to reconstruct an approxima-
tion of the actual load case.

The reconstructed load case is then compared to the
actual load case to determine the reconstruction error,
for example, how much do the reconstructed applied
forces differ from the actual applied forces. Similarly,
the reconstructed displacements and strains are com-
pared to their actual values. These errors and the other
results are then exported for further processing.
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Whereas the result of the FEM analysis is a predic-
tion of the structural response, the result of the CM
analysis is instead an estimate of the structural
response, as the number of experimental measurements
on which it is based is limited. The results of both anal-
yses are stored and compared to determine the error
between the FEM results and the CM results. As such,
a smaller error indicates a more accurate estimate of
the deformation.

Since sensor data are not available for every point
throughout the structure, the CM results are expected
to not exactly match the FEM results, even for the
results based on noiseless sensor data. In real life, sen-
sors would also suffer from various sources of further
inaccuracies, such as noise, bias, inaccurate placement
or misalignment. In this study, no experimental errors
are present because the sensor data was simulated using
linear interpolation of the FEM results. The noiseless
CM results, which are still affected by numerical and
interpolation errors, serve as a proof of concept of the
degree of accuracy that the GNL CM method can
achieve under ideal conditions. The CM results based
on noisy data give an impression of how the accuracy
is affected by more realistic and suboptimal conditions.

To simulate the sensor data for a particular strain
sensor, the element was found that contained the Gauss
nodes that are closest to that sensor. Linear interpola-
tion was then carried out using the locations and strain
values of all the Gauss nodes of that element, based on
the distance between the strain sensor and each Gauss
node. The simulation of displacement sensors followed
a similar process by finding the elements that include
the node that was closest to that sensor. Linear interpo-
lation was then carried out using the locations and dis-
placement values of all the nodes of those elements,
based on the distance between the sensor and each
node. These methods of interpolation produced the
most accurate results for linear iIFEM and CM algo-
rithms®®>” and were not modified for the nonlinear
method presented here to ensure consistency.

Theory

Just like the linear variant in de Mooij and Martinez,>’
the geometric nonlinear calibration matrix method
(GNL CM) works by assuming that the actual load
case can be reconstructed by a linear combination of
calibration load cases. The difference is that these cali-
bration load cases include not just loads applied at var-
ious locations and in multiple directions, but also much
larger loads that cause GNL deformation of the struc-
ture. The calibration load cases with these larger loads
can be applied at the same location and in the same
direction as other calibration load cases, as long as the
load magnitude is different.

The resulting displacement and strain distributions
for the reconstructed load case are a linear combination

of the displacement and strain distributions that
resulted from the individual calibration load cases, that
is, using the same calibration load case coefficients that
are needed to combine the calibration loads to recon-
struct the actual load. Similarly, the (simulated) displa-
cement and strain measurements for the actual load
case will also be equivalent linear combinations of the
measurements that were made for the calibration load
cases, provided that the same sensor locations and
orientations are used.”’

As for the linear method, when the actual load case
can be reproduced as a linear combination of the cali-
bration load cases and there are at least as many sensor
data points as calibration load cases, then it will be
possible for this method to make accurate reconstruc-
tions of actual load cases.’”> In general, this principle
of superposition does not apply to GNL deformations:
scaling and adding together small linear applied loads
and the corresponding deformations generally does not
result in an accurate picture of the nonlinear deforma-
tion that would occur for the equivalent nonlinear
applied loads. However, as will be demonstrated here,
when the collection of calibration load cases includes
nonlinear loads that result in deformations that are suf-
ficiently similar to those resulting from the actual load
case, the relationship between these similar loads and
the actual nonlinear load case will be approximately
linear.

To be sufficiently similar, this representative set
should include calibration load cases for both linear
and nonlinear behavior of the structure. Linear inter-
polation between adjacent calibration loads is utilized
to develop a piecewise linear approximation of the load
curve(s). The steps along this load curve(s) should be
sufficiently small: sufficient here meaning that the error
between this piecewise linear approximation and the
actual GNL load curve(s) is smaller than the desired
level of accuracy. Here, this level of accuracy was set to
0.5% for the residual force and 1% for the displace-
ment correction, which matches the default ABAQUS
settings for nonlinear problems.

This piecewise linear approximation is not an
approximation of a 2D load curve that plots the magni-
tude of a single measurement s of displacement (or
strain, or other measurements) against the magnitude
of a single applied load. Instead, it approximates one
or more load curves through an n-dimensional space,
where n is the number of sensor datapoints, as shown
in equation (1):

s= (51,52, ...,5,) €ER" (1)

For instance, when a distributed fiber optic strain sen-
sor is used that measures strains at 1000 points along its
length, the set of strain measurements for each individ-
ual calibration load case i corresponds to a particular
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point s¢@/ibration jn 3 1000-dimensional space, as shown in
equation (2):

calibration — ( calibration calibration 1000
Si = (s¢] CsTo ") € R (2)

When that same fiber optic strain sensor is used to
obtain strain measurements for the actual load case,
the result is another point s in that same 1000-
dimensional space, as shown in equation (3):

actual _ ( actual actual 1000
spetal = (seeqe. . sii600) € R 3)

The calibration matrix method effectively determines
which of the calibration load case points are closest to
the actual load case point in this 1000-dimensional
space, and performs a barycentric interpolation to find
how much each calibration load case contributes to the
actual load case: the closer that a calibration load case
point is to the actual load case point, the higher it’s
contribution.

The central assumption of the method is that the
calibration load case coefficients that produce an accu-
rate reconstruction of sensor measurements will also
produce an accurate reconstruction of displacements,
strains and applied loads. This assumption will hold
(approximately) if the following condition is met: the
actual load case point is within the region of validity
formed by the collection of calibration load case points
in the 1000-dimensional space.

To illustrate this, Figure 4 below shows a simpli-
fied and fictitious example, where strains are mea-
sured at three points instead of 1000. This makes each
load case a point in a 3-dimensional space. The strain
measurements for three different load curves are
plotted in Figure 4(a). The region of validity in which
interpolation between these measurements is assumed
to result in accurate reconstructions is shown in
Figure 4(b), along with three example points corre-
sponding to the measurements for actual load cases.
Point 1 is within the region, which is expected to
result in a reconstruction with the desired level of
accuracy. Point 2 is outside the region but still close
to it, which is expected to give a result that is still rea-
sonable, but with a lower accuracy. Point 3 is far out-
side the region, which is expected to result in a low
degree of accuracy.

The reconstruction is approximate even when the
condition of being within the region of validity is met
because the set of calibration load cases are only a pie-
cewise linear approximation of this nonlinear space: the
actual relationship between applied loads and displace-
ment and strains is still nonlinear.

A collection of calibration load cases that span the
entire expected range of GNL deformations will effec-
tively provide a piecewise linear basis for reconstructing
any actual load case that is within or close to this
range.®® The quality of this approximate approach will

be evaluated here for various nonlinear benchmark
problems.

For this study, it was ensured that it would be possi-
ble to reconstruct the actual load cases through linear
combination of calibration load cases. This was
achieved by defining the actual load case as a load equal
to 90% of the maximum load. The displacements and
strains of this actual load case were then found through
a linear combination of the two ABAQUS CAE load
increments that were evaluated for a total applied load
just below and just above the 90% mark. For example,
two calibration load cases at 87% and 92% would be
multiplied by 0.4 and 0.6 respectively and then added
together to reach an actual load case of 90%.

For each benchmark problem, GNL FEM analyses
were carried out for each load case, both calibration
and actual, to determine the resulting displacements
and strains throughout the structure. Ideally, an actual
load (or load distribution) ™ can be reconstructed
by a linear superposition of m calibration loads (or
load distributions) f ,ﬁ”’ib’”’i””, each multiplied by the
corresponding calibration load case coefficient ci"’”‘”,
as shown in equation (4):

f actual _

m actual gcalibration ( 4)

k=1"k k

Similarly, with the same calibration load case coeffi-
cients, the actual displacement distribution & and
actual strain distribution E“"““ can be constructed from
the calibration displacement distributions u{®/®r o and

calibration strain distributions E{“Mrfn - respectively,
as shown in equations (5) and (6):
actual _ m actual , calibration
u =D i G (5)
m
ctual _ actual gyealibration
E“M = E M E, (6)

k=1

It is not possible in practice to measure every displacement
and every strain that occurs throughout a structure.
Instead, only a select number of values are measured at
certain points on the structure. As these measured displa-
cement and strain values will be a subset of the complete
displacement and strain distributions, their values for the
actual and calibration load cases will follow the same rela-
tionship as shown in equations (4)—(6). As these measure-
ments can be made for both the actual and each of the
calibration load cases, it would be possible for equations
(5) and (6) or a combination of both, to be solved for the
calibration load case coefficients ¢ as if the measure-
ments were perfect. In actuality, the coefficients that are
determined with the calibration matrix method will
approximate the true coefficients, ¢/«”*"d_due to mea-
surement errors (for real sensor data) or interpolation
errors (for simulated sensor data).

Different types of sensor data, or even a mix of dif-
ferent types, can be used as input for the CM algorithm,
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as long as the collection of sensors and their locations
and orientations are consistent between all the load
cases. This makes the algorithm flexible and robust, as
it can adapt to sensors failing by leaving out the missing
or invalid sensor data components for each load case.
For general applicability, all types of sensor data com-
ponents s; will be lumped together here into a single
sensor vector s as shown in equation (7), which can be
determined for both actual and calibration load cases:

s=[s1...5]" (7)

In equation (7), n is the number of measured or simu-
lated sensor values. For displacement data, this would
mean that s; through s3 are the three displacement com-
ponents u, v and w of the first displacement sensor, and
so on for the subsequent triples of sensor values for the
corresponding sensors. For strain data, it would mean
that s; through s¢ are the six strain components of the
first strain sensor, and so on for the subsequent sextu-
ples for the corresponding sensors. For the simulated
sensor measurements that are used here, the displace-
ments or strains that would have been measured are
determined with barycentric interpolation of the FEM
results from the nearest four mesh nodes (for displace-
ments) or the nearest four Gauss nodes (for strains).
The sensor simulations based on m calibration load
cases result in a set of m calibration sensor vectors
sqalibration - Similarly, the same type of simulation for the
actual load case results in an actual sensor vector s“™®.
Similar to equations (4)—(6), the actual sensor vector
should be related, by approximation, to the calibration
sensor vectors by the reconstructed calibration load
case coefficients ¢"ecs’ed 35 shown in equation (8):

m
sa(,‘)‘ualg 2 C]};ecanxtructed s;;ulibratwn (8)
k=1

Rewriting equation (8) in matrix notation results in
equation (9):

Sz?alibratian . s(?alibrali()n
1-1 m—1
actual reconstructed _
D= Yo =
Scalibration . Scalibration
1-n m—n

Jreconstructed
€

reconstructed
cﬂl

©)

In equation (9), S is an n-by-m sensor matrix contain-
ing the n sensor values from each of the m calibration
sensor vectors. This matrix is generally not invertible
because it is not square. By making sure that the
number of sensor values # is larger than the number
of calibration load case coefficients m, this system

becomes overdetermined. For an overdetermined sys-
tem of linear equations, the optimal approximate
solution can be found using ordinary least squares,®
as shown in equation (10):

cl'ecanstru(rl‘ed — ( ST S) -1 ST sa(rtual (10)

The reconstructed calibration load case coefficients
creconstructed should approximately equal the actual cali-
bration load case coefficients ¢**“ as shown in equa-
tion (11), provided that a sufficient number of sensors
are used and that the set of calibration load cases span
a range of loads that includes or comes close to the
actual load:

cl‘ec()nsrructed o ca(?rual (1 1)

To evaluate the quality of the approximation, the rela-
tive two-norm error for the coefficients eqr can be
determined with equation (12). Smaller errors indicate
a more accurate reconstruction:

m reconstructed actual\2
_\/Zkzl("k — ¢

Ecoeff =

: (12
27: . (Clz:ctual)

The reconstructed calibration load case coefficients
creconstructed can be used to determine the reconstructed
loads freconsiucied from the known calibration loads

calibration \which should approximately equal the actual
loads ™ as shown in equation (13):

m

reconstructed _ reconstructed g calibration actual
f = E Ck fr =f (13)
k=1

Similar to the error for the coefficients, a relative two-
norm error &, can be calculated for the load recon-
struction, as shown in equation (14):

\/Z;ﬂ . (f‘kl'ecansrructed _ f/actual)z
— K= K

Eforce =
” m (fuctuul ) 2
k=1Vk

(14)

Similarly, two-norm errors can be calculated to deter-
mine the quality of the reconstruction of the displace-
ments, strains, or sensor values.
In an attempt to reduce the magnitude of these errors,
a variant of the method was developed that applied
Tikhonov regularization. Similar to the approach by de
Mooij et al.>® for linear iFEM, this type of regularization
is intended to bias toward smaller solutions, as shown in
equation (15). In this equation, Cj is the regularization
weight and 7 is the identity matrix:
cl'ecanstrucled _ ( ST S + CO I)_l STsa(?rua/

(15)



Journal of Strain Analysis 00(0)

o
®

o
)

Load curve A
Load curve B
Load curve C

Q
»

Sensor 3 (1 0® microstrain)

=]
N

0.2 0.2

0 o
Sensor 2 (103 microstrain)

Sensor 1 (103 microstrain)

()

1
34
€ 08
[
®
[e]
S 064
€
mO
T 04/
[s2}
S
2
5 024
7}
0
b
1 \
08 ™\ // 1
06 \\ P
e
04 ™ 05
0.2
0 o
Sensor 2 (103 microstrain) Sensor 1 (103 microstrain)
(b)

Figure 4. (a) Three fictitious calibration load curves plotted in a 3-dimensional strain space and (b) region of validity formed by
interpolating between the measurements of the calibration load curves, along with three example points representing actual load

cases inside the region of validity, close to it and far from it.

Results and discussion
Calibration matrix results

Using the methodology and theory as described in
Sections ‘Methodology’ and ‘Theory’, the CM method
uses the FEM results of each benchmark problem to
determine the calibration and actual load vectors,
f ,ﬁ,“”b”"""” and %™ to simulate the strain and/or displa-
cement sensors for each load case, to construct the sen-
sor matrix § and the actual sensor vector s“™“_ These
are used to determine reconstructed calibration load
case coefficients ¢'e«omtucted which are combined with
the corresponding calibration load vectors f@raiion o
find the reconstructed load vector freoiucted and the
reconstructed displacements and strains throughout the
mesh. The reconstructed forces and displacements were
compared to their actual counterparts to determine the
reconstruction error, which enabled a comparison to
the GNL iFEM algorithms from the literature.

The FEM result for the actual load of problem 1,
the cantilever beam loaded in shear, can be seen in
Figure 5(a), colored according to the displacement
along the z-axis. Figure 5(b) shows the corresponding
CM reconstruction along with the 720 displacement
sensors that produced the input data. The sensors are
colored according to their displacements as well, using
the same color scale, but with a greater reflectivity to
stand out against the backdrop of the structure itself.
Note that all the actual and reconstructed load cases
were performed at 90% of the maximum load, so the
deformation is smaller than in the FEM results of Sze
et al. This percentage was chosen instead of 100% to
make it possible for a reconstruction to both underesti-
mate or overestimate the load.

When the FEM and CM results are compared, the
deformed structures and full field distributions are
nearly indistinguishable to the naked eye, for both this
benchmark problem and the subsequent ones. As such,
these will not be shown here for the remaining problems
but can instead be seen in the original Sze et al.” paper
or in the research data published for this paper on the
4TU Research Data website through the links provided
in the Data availability section (https://data.4tu.nl/
datasets/7dc3b79a-5571-4337-bde4-19¢0622a5¢6b).

Instead, to assess the differences between the FEM
and CM results more precisely, the reconstructed force
and displacement vectors were compared to the actual
force and displacement vectors using the two-norm
force error & shown in equation (14). The resulting
error values were plotted against the number of sen-
sors, as shown in Figure 6, for three different variants
of the CM algorithm: a variant that uses only strain
sensor data, one that uses both strain and displacement
sensor data and another that uses only displacement
sensor data.

Figure 6 shows the force reconstruction errors on
the left and the displacement reconstruction errors on
the right for the first benchmark problem, the cantile-
ver beam loaded in shear. For each type of error, there
are 15 curves grouped into three groups of 5. The three
groups correspond to the type of sensors that were
used: blue curves are based on strain sensors only, red
curves are based on both strain and displacement sen-
sors, and yellow curves are based on displacement sen-
sors only. The five curves within each of these groups
correspond to a particular level of noise that was
applied to the sensor data, each marked by a unique
symbol: circles for 0% noise, pluses for 1% noise,
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Figure 5. Benchmark problem | cantilever shear at 90% load: (a) FEM result colored by displacements in Z and (b) CM
reconstruction colored by displacements in Z, with 720 displacement sensors.
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Figure 6. Force (a) and displacement (b) errors plotted versus the number of sensors for problem 1, cantilever shear, for
reconstructions based on only strain sensors, both strain and displacement sensors and only displacement sensors.

triangles for 3% noise, stars for 5% noise and x’s for
10% noise. The curves for the intermediate noise levels
generally lie between those for 0% and 10% noise for
all the problems. To make the results easier to read,
Figure 7 shows the same results with the intermediate
curves omitted as to show only the upper and lower
bounds. Later figures for the other benchmark prob-
lems follow the same format.

As can be seen in Figure 6(a), for the noiseless data,
the CM algorithm quickly reaches and stays at a recon-
structed force error of around 2% or less. Figure 6(b)
shows a reconstructed displacement error of around
0.2% or less, with just 48 sensors of either type or a

combination of both types of sensors. However, even
for just 1% of noise, both types of error jump up by
more than an order of magnitude. Further increases in
the level of noise result in smaller increases of the recon-
struction errors. For this first problem, any level of
noise significantly deteriorates the algorithm’s perfor-
mance to the point that noisy displacement data is not
suitable for force reconstruction. Displacement recon-
struction is more resilient, still achieving an error of
around 1% when the data is contaminated by 10%
noise, reaching good results with as few as 96 displace-
ment sensors. Noisy strain data can be compensated for
by using a larger number of sensors: with 5% noise,
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Figure 7. Force (a) and displacement (b) errors versus the number of sensors for problem I, cantilever shear, using only strain
sensors, both strain and displacement sensors and only displacement sensors, for 0% and 10% noise.
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Figure 8. Force (a) and displacement (b) errors versus the number of sensors for problem I, cantilever shear, using only strain
sensors, both strain and displacement sensors and only displacement sensors, for 0% and 10% noise, with regularization.

force errors of 11% and displacement errors of 2% can
be reached by increasing the number of strain sensors
to 720.

All of the problems were also analyzed with the CM
algorithm variant that includes Tikhonov regulariza-
tion, as described in equation (15), with the regulariza-
tion weight Cy set to 10~*. The results of this alternative
approach are shown in Figure 8 for problem 1.

While regularization can lower the force reconstruc-
tion errors when using a small number of displacement
sensors, reduce the variability of errors across different

numbers of sensors and slightly lower the errors for
noisy data, it also causes a significant deterioration of
the results when there is little to no noise, particularly
when using strain data, and provides little to no benefit
when the number of sensors is large. For brevity, this
graph will be omitted for the other problems, as these
results are quite representative for the effects of
regularization.

Figure 9 shows the errors for problem 2, the slit
annular plate. The force error based on displacement
sensors only or on both types of sensors combined is
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Figure 9. Force (a) and displacement (b) errors versus the number of sensors for problem 2, slit annular plate, using only strain
sensors, both strain and displacement sensors and only displacement sensors, for 0% and 10% noise.
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Figure 10. Force (a) and displacement (b) errors versus the number of sensors for problem 3, hemispherical shell, using only strain
sensors, both strain and displacement sensors and only displacement sensors, for 0% and 10% noise.

higher than for problem 1 for the noiseless results but
still reaches errors below 10% as the number of sensors
is increased. The force errors for these types of data are
lower than for problem 1 when noise is introduced but
still become prohibitively large. The results are better
for the force error based on strain sensors and for the
displacement error based on any sensor type: the noise-
less results reach errors that are just fractions of a per-
cent. Unlike problem 1, these results are only gradually
deteriorated by noise: force errors based on 336 or
more strain sensors are 10% or lower, and the

displacement errors reach approximately 2% for 96
sensors of any type even at the highest noise levels and
continue to gradually improve as the number of sensors
grows. Overall, these results are more consistent than
those of problem 1, converge to similar levels of quality
as the number of displacement sensors increases, and
reach a better quality when using strain sensors.

Figure 10 shows the errors for problem 3, the hemi-
spherical shell, which are both 2% or lower for any
number of sensors when undisturbed by noise. While
noise still deteriorates the results, the effect is far less
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Figure 11. Force (a) and displacement (b) errors versus the number of sensors for problem 4, open-ended cylinder, using only

strain sensors, both strain and displacement sensors and only displacement sensors, for 0% and 10% noise.

pronounced than for the previous two problems: for 96
sensors or more, the force errors drop and stay below
40% when using displacement data and below 10%
when using strain data, even at the highest levels of
noise. Similarly, the displacement errors drop and stay
below 3% when using displacement data and below
10% when using strain data and continue to decrease
to 1% as the number of sensors is increased. Overall,
these results are better than those of problems 1 and 2,
especially for force reconstruction based on noisy data.

Figure 11 shows the errors for problem 4, the open-
ended cylinder, showing a pattern similar to problem 3.
The noiseless results show force errors below 10% that
decrease to below 1% for all approaches as the number
of sensors increases, on par with the force errors of the
hemispherical shell. The noiseless displacement errors
are even lower, at 0.01% or less, reaching a level of
quality similar to that of the slit annular plate. Like
problem 3 and unlike problems 1 and 2, the results
based on noisy data are relatively close to the noiseless
results. The force errors are higher than for problem 3,
reaching 25% or less when using noisy displacement
data and 14% or less when using noisy strain data. The
displacement reconstruction quality is similar, reaching
errors of around 1% or less at the highest levels of
noise.

Figure 12 shows the results for problem 5, the
pinched cylindrical shell. The error curves show a rapid
descent for all variants, reaching errors mostly below
0.1% under noiseless conditions. At the highest noise
level, the force errors drop below 20% at 96 sensors or
more, and below 10% at 320 sensors or more.
Similarly, the displacement errors drop below 5% at 96
sensors or more and eventually reach errors around
1%. These results are similar to problems 3 and 4, with

better force reconstruction results and better results
overall when using strain sensors only.

Figure 13 shows the errors for problem 6, the
pinched semicylinder, for the isotropic material. The
results are similar between the isotropic and laminate
variants, so the laminate results are not shown sepa-
rately here for brevity. Like problem 5 and unlike prob-
lems 1-4, both sets of error curves are clustered closely
together, showing consistent results for different types
of sensors when using data undisturbed by noise. Like
problems 3-5, the noisy results are again relatively
close to the noiseless results. The errors rapidly decline
and stabilize as the number of sensors is increased.
Most of the noiseless errors converge around 0.01%,
except the force error for the isotropic variant, which
hovers around 1% for the variants using only displace-
ment sensors or both types of sensors. For the isotropic
variant, the noisy results for the force reconstruction
drop and stay below 3% when using 96 strain sensors
or more but stay high when using displacement sensors
or both sensor types, only reaching 10% when using
the maximum number of sensors and noise levels of
5% or less. The displacement errors at any level of
noise drop below 1% at 48 strain sensors and below
4% when using 96 displacement sensors or both types
of sensors. Similar levels of quality result under noisy
conditions for both laminate variants of the structure.

Figure 14 shows the errors for problem 7, the hinged
cylindrical roof, for the isotropic material. The results
are again similar between the isotropic and laminate
variants, so the laminate results are not shown sepa-
rately here. Like problem 5 and 6, the curves are again
clustered closely together. Under noiseless conditions,
almost all errors are below 0.01%, even lower than for
the other problems. The noiseless trends are again
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Figure 12. Force (a) and displacement (b) errors versus the number of sensors for problem 5, pinched cylindrical shell, using only
strain sensors, both strain and displacement sensors and only displacement sensors, for 0% and 10% noise.

6. Pinched Semicylinder, Isotropic
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Figure 13. Force (a) and displacement (b) errors for problem 6, pinched semicylinder (isotropic), using only strain sensors, both
strain and displacement sensors and only displacement sensors, for 0% and 10% noise.

similar for each material, except that the errors based
on only strain sensors are slightly higher for the 90/0/
90 laminate. The results based on noisy data are similar
to those of problem 6, except that the force errors are
lower: these reach 5% or less at 96 sensors or more for
all structural variants and each type of sensor, and
eventually drop to around 1%, even at the highest lev-
els of noise. Both types of error based on only strain
sensors are again better than those based on only dis-
placement sensors or on both types of sensors.

To show the performance of the GNL CM algorithm
over all the benchmark problems, the results are sum-
marized in Figure 15 below by determining the median
force and displacement errors. Medians were taken over
all the benchmark problems for results that share the
same type of sensor data, noise level, and number of
sensors. The error bars indicate the lower and upper
quartile of each group of results. In Figure 15, the noisy
results (10%) are the upper three lines in each graph.
Counterintuitively, these noisy results have less



Journal of Strain Analysis 00(0)

(b) Displacement Error

—=&— Strain Only 0%
—— Strain Only 10%
—&— Strain & Disp 0%
——— Strain & Disp 10%
1 Disp Only 0%
Disp Only 10%

7. Hinged Cylindrical Roof, Isotropic
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Figure 14. Force (a) and displacement (b) errors for problem 7, hinged cylindrical roof (isotropic), using only strain sensors, both
strain and displacement sensors and only displacement sensors, for 0% and 10% noise.
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Figure 15. Median force (a) and displacement (b) errors over all the benchmark problems for 0% and 10% noise.

variation in the error magnitude between all the bench-
mark problems analyzed. As seen in these figures, while
the median noisy results have higher reconstruction
errors overall, the magnitude of those errors has less
variation between different benchmark problems than
the noiseless results. This is most pronounced in the dis-
placement errors, shown in Figure 15(b), where the
error bars of the upper three lines are visibly smaller
than those of the lower three lines.

To separate the overall effect of noise on the quality
of GNL CM reconstructions, the noiseless errors were
subtracted from the corresponding errors based on
noisy data. Medians were again determined over all the

benchmark problems for results that share the same
type of sensor data, noise level, and number of sensors,
as shown in Figure 16. The additional error introduced
by noise is largest for few sensors and appears to
decrease exponentially as more are used.

At a low sensor count, the magnitude of this addi-
tional error corresponds approximately to the magni-
tude of the noise that was introduced for most cases,
except for the force reconstruction error based on dis-
placement data only, which is approximately an order
of magnitude greater. As the number of sensors
increases, the additional error shrinks to the same order
of magnitude as the noise that was introduced for this
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Figure 17. Force and displacement errors versus noise level for all benchmark problems, based on 720 sensors.

case and for the force error based on combined sensor
types. The force error based on strain data and the dis-
placement errors based on displacement data or com-
bined data shrink to an order of magnitude smaller
than the introduced noise, and the displacement error
based on strain data shrinks by almost two orders of
magnitude.

To provide additional insight into how force errors
and displacement errors grow for each benchmark
problem as the noise level is increased, the errors have
been plotted against the noise level in Figure 17 below,
showing only the results for the maximum number of
Sensors.

The force errors are generally higher than displace-
ment errors, especially as the noise level is increased.

For the simpler structures, namely Cantilever Shear
and Slit Annular Plate, the force error exceeds 100%
even at just 1% noise when using displacement sensors
or both types of sensors. When using only strain sen-
sors instead, the force errors are more similar to the
displacement errors, peaking at 47% at 10% noise for
the Cantilever Shear problem. The more complex struc-
tures achieve lower force errors of around 1% at 10%
noise for all types of sensor data.

The displacement errors are generally lower than the
force errors and clustered more closely together. Unlike
the force errors, the displacement errors reach their
highest level when using strain data only, peaking at
15% at 10% noise for the Cantilever Shear problem.
The displacement errors for the other problems and



Journal of Strain Analysis 00(0)

15%

10%

Accuracy and Displacement Error

» ° 1 d
oo .
s% | 8 3 s s
o®
=]
o |
| ]
0%
0 500 1000 1500

Number of Strain Sensors

GNL iFEM: Accuracy and Displacement Error vs Sensors

e Li Accuracy: 0% Noise, Fine, Linear
» Li Accuracy: 0% Noise, Coarse, Linear
® Li Accuracy: 0% Noise, Fine
# Li Accuracy: 0% Noise, Coarse
8 ® Li Error: 0% Noise
e Li Error: 3% Noise
Li Error: 5% Noise
® Li Error: 10% Noise

m Tessler Error: Clamped Plate, 0% Noise

2000 2500

m Tessler Error: Cantilever, 0% Noise

Figure 18. Reported accuracy and maximum z-displacement reconstruction errors of the linear and nonlinear iFEM results plotted
against the number of simulated strain sensors that were used, for both the fine and coarse meshes of the stiffened cantilever plate of

Li et al. and both structures of Tessler et al. Adapted from Table | and Figures 12 and 15 of Li et al

sensor types peak between 0.2% and 1.7% at 10%
noise.

iFEM results from literature

Tessler et al. presented results for two structures: a
wing-shaped cantilever plate and a clamped square
plate. Results for the first structure are only presented
for 88 sensors, reaching an error of 0.95%. For the sec-
ond structure, results are presented for different num-
bers of sensors, ranging from 29 to 200, reaching a
maximum error of 6.3% that decreases to 1.6% as the
number of sensors is increased, as shown in Figure 18.
All of these results were obtained for sensor data undis-
turbed by noise, so the results of the linear incremental
iIFEM method can only be compared to the noiseless
results of the GNL CM method.

An interesting pattern stood out in the data pre-
sented by Li et al: the stiffened cantilever plate is ana-
lyzed using both a fine and a coarse mesh, each with
four different variants for the number and locations of
the simulated strain sensors that are applied to the top
and bottom surfaces of the plate. The listed accuracy
percentages for the comparison of the final deforma-
tion between the iFEM and FEM results can be plotted
against the number of sensors, as shown in Figure 18
below. Similarly, the maximum z-direction displace-
ment reconstruction errors from the figures can also be
plotted against the number of sensors, shown in the
same figure. The accuracy and errors appear to be
approximately constant for the nonlinear iFEM algo-
rithm as the number of sensors increases. The linear
iIFEM algorithm does appear to show an improvement
in accuracy, but this could also be due to the finer mesh
that is used along with the larger number of sensors.

53 45
l. l.

and Figure 12 of Tessler et a

The displacement reconstruction errors of GNL
iFEM do increase as the noise level increases, which is
shown in Figure 19, along with how the errors of GNL
CM increase with noise. A linear fit was performed for
each problem to estimate how the errors increase with
the level of noise, shown as dotted lines and equations
in the same color as the corresponding data.

While the nonlinear iFEM results were obtained for
just a few problems, some preliminary conclusions can
be drawn, to which the GNL CM results of this study
can be compared: The GNL iFEM algorithms appear
to reach their maximum accuracy with a relatively
small number (60—180) of sensors, obtaining little to no
improvement in accuracy from the use of larger num-
bers of sensors. The algorithm appears to be resilient in
the face of random noise, as the average error only
increases by approximately 0.17% for each additional
1% of noise. Similarly, this study showed how the
accuracy of the GNL CM method is affected by the
number of sensors and the level of noise for a variety
of benchmark problem types. For the same stiffened
plate, the error for GNL CM increases by approxi-
mately 0.13% for each additional 1% of noise, slightly
lower than the increase for GNL iFEM. This increase
is 0.18% on average for the other benchmark problems
presented here, or 0.05% when the 1.53% outlier of
problem 1, Cantilever Shear, is excluded. For further
comparison, Figure 20 shows how the displacement
reconstruction error evolves as the number of strain
sensors is increased at 0% and 10% noise, respectively.
The GNL CM errors are significantly lower than those
of GNL iFEM when reconstructing displacements for
the same structures and sensors. Generally, GNL CM
also reaches lower errors for most of the benchmark
problems, except for the simplest structures.
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Figure 19. Displacement errors plotted against the noise level for the nonlinear iFEM results (adapted from Figures 12 and 15 of Li
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Discussion

The results indicate that, under noiseless conditions,
the calibration matrix method can produce accurate
or even highly accurate reconstructions of geometric
nonlinear deformation based on data from a small
number of simulated sensors for problems from the
literature and several different benchmark problems,
based on a representative set of calibration load cases.
When noise is introduced to the sensor data, the per-
formance deteriorates, particularly for reconstruc-
tions based on displacement data or the combination

of strain and sensor data and for the simpler struc-
tures. Still, the GNL CM algorithm can perform
accurate displacement reconstructions based on each
type of sensor and accurate force reconstructions
when using strain sensors for all the benchmark prob-
lems, particularly for the problems with more com-
plex deformation. Force reconstructions based on
noisy data from displacement sensors or the combina-
tion of both sensor types only reach acceptable errors
(< 10%) for the simpler problems when a larger num-
ber of sensors is used.



20

Journal of Strain Analysis 00(0)

(a) Force vs Displacement
1.2

Ground truth

——Reconstruction Based On Displacement
Reconstruction Based On Displacement + Noise

End Force (P/Pmax)

Displacement (Ground Truth)
(c) Displacement vs Displacement
——Ground truth

7 | ——Reconstruction Based On Displacement
Reconstruction Based On Displacement + Noise

Displacement (Wtip)
o

Displacement (Ground Truth)

0 1 2 3 4 S 6 74

0 1 2 3 4 S 6 74

(b) Force vs Strain

1.2

Ground Truth

——Reconstruction Based On Strain
Reconstruction Based On Strain + Noise

End Force (P/Pmax)

0 0.002 0.004 0.006
Strain (Ground Truth)

(d) Displacement vs Strain

0.008

0.01

——Ground truth
7 | ——Reconstruction Based On Strain
——Reconstruction Based On Strain + Noise

Displacement (Wtip)
o

0 0.002

0.004
Strain (Ground Truth)

0.006 0.008 0.01

Figure 21. Simplified example of deformation curves, based on problem I, the cantilever beam loaded in shear.

The GNL CM method uses data from a reasonable
number of sensors and can reconstruct the deformation
of each structure accurately. Without noise, it achieves
force errors of 1% or less for all benchmark problems,
using just 96 strain sensors. A force error of 2% or less
is reached for all but one of the benchmark problems
with 96 displacement sensors, or a combination of both
types of sensors. A displacement error of 1% or less is
achieved for all benchmark problems, using just 48 sen-
sors of either type. With noise, force errors for the more
complex structures reach acceptable or good (< 1%)
levels for higher numbers of sensors. The results based
on strain data are generally better than those based on
displacement data or the combination of both types of
data. Counterintuitively, the force reconstructions for
simpler structures only reach acceptable levels (11%) at
lower noise levels (5%) and when using large numbers
of strain sensors (720). The displacement reconstruc-
tions based on noisy data are better and more consis-
tent, typically reaching acceptable results even at the
highest levels of noise with just 48 displacement sensors
and good results around 500 displacement sensors.
Good displacement reconstructions based on strain
data are achieved with just 48 strain sensors, even at
the highest noise levels.

The lower accuracy for the simpler structures under
noisy conditions appears to be due to the fact that their
simpler deformation patterns lead to an effectively
lower number of sensors: especially for problem 1, the

cantilever beam subjected to an end shear force, the
sensors in each row across the width of the beam all
capture the same displacements and strains. When two
sensors always measure (nearly) identical values across
all calibration load cases, this results in (nearly) identi-
cal rows in the sensor matrix S, seen in equations (9)
and (10). This appears to increase the sensitivity to the
deteriorating effects of noise and numerical error, espe-
cially when attempting to use noisy displacement data
to reconstruct applied forces for relatively simple struc-
tures undergoing geometric nonlinear deformation.

A different effect appears to be responsible for the
fact that the force errors are generally higher for recon-
structions based on displacement data than those based
on strain data, and vice-versa for displacement recon-
structions: The CM method is based on interpolation.
When linear interpolation is applied between nonlinear
load cases, the resulting reconstruction will have an
interpolation error, which is apparent even in very sim-
plified scenarios. Consider the scenario shown in Figure
21 of reconstructing the applied force or the vertical tip
displacement for problem 1, the cantilever beam loaded
in shear, based on measurements of displacement or
strain at only a single point and just two calibration
load cases:

The blue curves show the ground truth, along with
orange curves for reconstructions without noise and
red curves for reconstructions with noise (—5% to
+ 5%, homogeneously distributed). There is a clear
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Figure 22. Force ((a) left) and displacement ((b) right) reconstruction errors plotted against the relative distance between

calibration loads.

gap between ground truth and reconstructions without
noise for forces based on displacement (a, top-left) and
for displacements based on strain (d, bottom-right),
while there is no such gap for forces based on strain (b,
top-right) or displacements based on displacement (c,
bottom-left).

Even though this simplified example uses only two
calibration load cases, measured at applied forces of
0.25 and 0.75 (P/Pua) and reconstructs only a single
force or displacement, the same pattern occurs. The
force errors are higher for reconstructions based on dis-
placement data than those based on strain data, and
vice-versa for displacement reconstructions. These
errors can be quantified with the relative two-norm
error from equation (12) and plotted against the rela-
tive distance between the calibration loads, as can be
seen in Figure 22.

This effect is present both with and without random
noise distorting the measurements, and matches the
pattern seen in the GNL CM results for most of the
problems, especially those with a load-deflection curve
similar to the approximately quadratic curve of this
simplified example. The load-deflection curves pre-
sented by Tessler et al.,*> Li et al.”® and most of those
of Sze et al.>® fall in this category. Some of the Sze
benchmark problems depart from this pattern, such as
the open-ended cylinder, which exhibits more complex
buckling and snapping behavior. While interpolation
errors will still occur for these problems, the resulting
reconstruction error will not be as predictable as for
the problems that have approximately quadratic load-
deflection curves.

Under noise-free conditions, the accuracy of this
new GNL Calibration Matrix method is greater than
the state-of-the-art GNL iFEM algorithms that were
presented by Tessler et al.*> and Li et al.>*: GNL CM
achieves displacement reconstruction errors of 2.06%
or lower with 16 sensors or more of either type for all
the benchmark problems presented here. When the
same problems are evaluated, the GNL CM achieves
displacement reconstruction errors of 0.11% or lower,
whereas GNL iFEM achieves errors ranging from
1.61% to 6.32%.

When subjected to noise, the GNL CM method
reaches a displacement reconstruction accuracy similar
to GNL iFEM around 96 sensors of either type, achiev-
ing median errors of 2.4% or lower and maximum
errors of 8.6% or lower at all noise levels for almost all
benchmark problems. The exception is the cantilever
beam when using strain data, which has a displacement
reconstruction error of 30% for 96 strain sensors. The
GNL iFEM algorithm achieves errors up to 6.6% with
3% noise, 7.2% with 5% noise and 7.7% with 10%
noise, whereas the GNL CM algorithm achieves errors
of 0.17%, 0.29% and 1.34% at the same noise levels
for the same structure. The GNL CM method has the
additional advantage that the errors decrease further as
the number of sensors is increased, reaching median
errors of less than 1%, whereas the displacement errors
of GNL iFEM remain approximately the same. This
indicates that GNL CM is a reliable and more accurate
method for finding the deformed shape of structures
undergoing large deformations and rotations.

The GNL CM method also directly reconstructs
applied loads, which GNL iFEM does not. While the
force errors are generally larger than the displacement
errors, they still reach acceptable levels for most of the
benchmark problems when more sensors are used. The
median error for 10% noise and 720 strain sensors is
2.5%, and 9.3% when using 720 displacement sensors.
When benchmark problem 1 is excluded, these median
force errors decrease to 1.8% and 6.6%.

The GNL CM method performs well overall, but it
is hard to predict in advance what level of accuracy will
be achieved based on the characteristics of the problem:
benchmark problems with relatively simple deforma-
tion, such as problems 1, 2 and 7, can have higher or
lower errors than problems with more complex buckled
deformation, such as problems 5 and 6. This could be
due to the fact that simpler deformation patterns lead
to an effectively lower number of sensors, as (near-)
identical data measured by different sensors reduces
the effective rank of the sensor matrix S. The greater
variety in sensor data for more complex deformation
leads to a higher effective rank, allowing more consis-
tent results.
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Additionally, it is hard to predict which type of sen-
sor data will produce the best results. While both types
of sensor or their combination produce good results,
the best results are achieved with strain sensors for
some problems and with displacement sensors for oth-
ers. It is unclear what causes this inconsistency. What is
clear is that the combination of both types of sensor
does not produce results that are superior to both types
of sensor in isolation for any of the problems. For the
GNL CM algorithm there is no clear benefit to using a
combination of strain and displacement sensors.
Instead, an equivalent or better level of accuracy can
be reached with a single type of sensor.

While good results have been obtained here for a
range of different structures and load cases, including
composite laminates and buckling, the problems and
their load cases are still quite simple compared to real-
life structures. The quality may be lower for real applica-
tions, due to potentially disruptive factors that have not
been taken into account here. Some of these factors are
non-uniform and/or skewed noise in the sensor data,
fluctuating loads such as impacts or vibrations which are
not captured quickly enough or at all by the sensor sys-
tem or inaccurate information about the locations and/
or orientations of the sensors relative to the structure.
Real sensors often also do not capture all components of
strain and displacement at a particular point, but only
some subset along certain axes. These and other poten-
tial sources of error should be studied in future work.

Conclusions & future work

The CM method can reconstruct geometric nonlinear
deformation with accuracy superior to iFEM methods
from the literature, under both noiseless and noisy con-
ditions. CM can also reconstruct applied forces
directly, not just displacements and strains, and it’s
accuracy improves as more sensors are used. The most
accurate results are reached when using strain sensors
and, counterintuitively, for structures with more com-
plex deformation.

Applying regularization to CM is only beneficial
with few sensors and/or high noise. Future work could
automate its application, perhaps by making the regu-
larization weight C, proportional to the (expected)
amount of noise and the inverse of the number of
sensors.

To evaluate how the GNL CM algorithm performs
under more realistic circumstances, it should be applied
to more complex structures undergoing a greater vari-
ety of loads, which would be more representative of real
use. Additional research could also confirm whether
more complex deformation always yields more accurate
results. The algorithm should also be evaluated using
real sensor data to validate its performance before it is
deployed for real applications. Fully validating this (or
any other) shape sensing algorithm would require a
full-scale test on a real structure under controlled

conditions, including complete control over the applied
forces.
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