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Robust Covariance Neural Networks
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Abstract—Learning deep representations from covariance in-
formation via coVariance Neural Networks (VNNs) has shown
an improved performance and insights with respect to Principal
Component Analysis (PCA)-based alternatives and better stabil-
ity in finite-sample regimes. VNNs extend the PCA transform
by learning end-to-end the spectral processing function on the
principal directions of the data in each layer. However, VNNs
operate on the pre-computed sample covariance matrix, which is
prone to estimation errors, sensitive to outliers, and not adapted
to the task at hand. To overcome this limitation, we propose
Robust coVariance Neural Networks (RVNNs), a framework that
simultaneously learns a robust estimator of the covariance matrix
and the VNN parameters in an end-to-end manner, leading to
a fully task-aware pipeline. We prove that RVNNs combine the
robustness to outliers with the finite-sample stability of VNNs,
and we show that their end-to-end robust covariance learning
leads to better prediction performance compared to robust PCA-
based approaches on simulated and real-world data from brain
recordings and human motion sensor measurements.

Index Terms—Covariance Neural Networks, Robust Principal
Component Analysis.

I. INTRODUCTION

Processing data via covariance information is widely
adopted and effective in applications where the data observa-
tions are related and interconnected by unknown interactions,
such as fMRI brain data processing [1], [2], financial data
modeling [3], and human action recognition [4], [5], among
others. Prominent data analysis techniques relying on covari-
ance matrix are Principal Component Analysis (PCA) [6],
where the data are projected onto the eigenspace of the sample
covariance matrix to maximize their variance, and stationary
graph signal processing [7], [8], where the covariance graph
is used to encode signal stationarity. However, PCA and other
covariance-based techniques are subject to instabilities related
to the finite-sample estimation of the covariance (and, conse-
quently, principal directions), which may differ significantly
from the true one, especially in sparse low-data settings [6],
[9]. In this context, coVariance Neural Networks (VNNs) [10]
allow to process the principal directions of the data while
achieving a better stability to covariance estimation errors.
Essentially, VNNs are graph convolutional neural networks
operating on the sample covariance matrix as a graph shift
operator, an operation that extends PCA via processing the
principal component of the data in a deep, hierarchical, and
stable way even in low-data regimes [10] and achieving
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posal 222.032. Emails: a.cavallo@tudelft.nl, ayushmanr@iisc.ac.in, spchep-
uri@iisc.ac.in, e.isufi-1@tudelft.nl.

transferability across datasets of different resolutions [11].
This makes VNNs successful also in temporal, sparse, and
biased data settings [12]–[14].

However, data observations often contain missing values or
outliers – e.g., a sensor might fail to send measurements for
a time interval, data transmission can introduce noise, etc. –
and this makes the covariance estimation problematic and data
processing unreliable. VNNs, which precompute the sample
covariance matrix or its sparse/fair variants and later use it for
convolutional processing in a two-stage fashion, are prone to
large inconsistencies in the case of perturbed samples, which
ultimately hinder their performance in noisy data settings.

Robust covariance estimation and PCA in the presence of
perturbed data are widely explored, with several approaches
relying on M-estimators [15], [16], projection pursuit [17],
[18], and low-rank/sparse estimates [19] to reduce sensitivity
to outliers. More recently, Robust PCA (RPCA) has been
integrated with deep learning via deep unrolling [20], [21]
and autoencoder-based architectures [22], which exploit the
expressivity and flexibility of neural networks to improve ro-
bustness to noise. However, these approaches estimate cleaned
principal directions in an unsupervised or self-supervised
manner, which is suboptimal when these directions are then
used to perform a (semi-)supervised downstream task.
Contributions. To counteract the presence of outliers and
missing values in the data, we propose Robust coVariance
Neural Networks (RVNNs), a framework that incorporates
a robust covariance estimator inspired by robust PCA [19]
into the VNN and learns the covariance and neural network’s
parameters jointly in an end-to-end fashion, thus estimating a
task-aware robust covariance to process data. We summarize
our contributions as follows.
(C1) We put forth RVNN, which jointly estimates a covariance
matrix that is robust to outliers and missing values and the
neural network parameters in an end-to-end fashion that allows
for task-aware learning.
(C2) We theoretically show that RVNNs are stable to both
covariance estimation errors due to finite-sample estimation
and to outliers and missing values.
(C3) We experimentally show that the stability of RVNNs
to finite-sample estimations results in consistent performance
under covariance perturbations, improving over RPCA-based
approaches, and we show that the end-to-end robust covariance
learning scheme achieves a better performance than nominal
VNNs and RPCA on synthetic and real datasets from brain and
human motion recognition under a varying range of missing
values and outliers.
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II. BACKGROUND

Consider a data matrix X ∈ RN×T , where each column
xi ∈ RN is an observation of a random variable x with finite
covariance C = E[(x−E[x])(x−E[x])T]. In real-world data,
observations are often corrupted, noisy, or partially unavailable
(i.e., there are missing values). In this work, we assume that the
data matrix X contains sparse and non-structured corruptions,
such that it can be modeled as

X = L+ S (1)

where L ∈ RN×T is a low-rank matrix containing the clean
data observation and S ∈ RN×T is sparse and contains
the corruptions. This framework is the basis of Robust PCA
(RPCA) [19] and applies to a variety of real-world settings
such as video surveillance, face recognition, and collaborative
filtering. We assume that the covariance matrix estimated
from the corrupted observed data matrix (i.e., Ĉ = XXT/T ,
assuming w.l.o.g. that X is zero mean) is a perturbed version
of the covariance matrix of the clean data, denoted as C̃. C̃,
in turn, is a finite-sample approximation of the true covariance
C, such that C̃ ≈ C for T → ∞. We model the perturbation
due to the outliers via an error matrix E such that C̃ = Ĉ+E.

To process the data and their covariance, Covariance Neural
Networks (VNNs) [10] are a powerful tool. A VNN is a graph
neural network that operates on the sample covariance matrix
of the data Ĉ as a shift operator. In detail, a covariance filter
H(Ĉ) produces a shifted signal u from an input signal x as

u = H(Ĉ)x =

K∑
k=0

hkĈ
kx, (2)

where K is the order of the filter and hk are learnable
parameters. By observing the behavior of a covariance fil-
ter in the spectral domain, i.e., by projecting u on the
eigenvectors of the covariance V̂ (where Ĉ = V̂Λ̂V̂T is
the eigendecomposition of the sample covariance), we get
ũ = V̂Tu = V̂T

∑K
k=0 hk[V̂Λ̂V̂T]kx =

∑K
k=0 hkΛ̂

kV̂Tx,
where x̃ = V̂Tx is the same operation as PCA [6]. Focusing
on the i-th entry, we have ũi =

∑K
k=0 hkλ̂

k
i x̃i = h(λ̂i)x̃i, i.e.,

the covariance filter in the spectral domain is characterized by
a polynomial h(λ) =

∑K
k=0 hkλ

k with frequency variable λ

specified on the covariance eigenvalues λ̂i. In this perspective,
a covariance filter extends PCA as it processes the eigenvectors
of the covariance matrix via the polynomial h(λ) and it can
retrieve exactly the PCA transform for a proper choice of
parameters hk [10, Theorem 1].

The l-th VNN layer is composed of a filterbank of Fl−1×Fl

filters (where Fl−1, Fl are the feature sizes of the l−1-th and
l-th layer, respectively) followed by a nonlinearity σ(·). For
the f -th feature of the l-th layer, we have

ul
f = σ

Fl−1∑
j=1

hl
kĈ

kul−1
j

 , (3)

where u0 = x is the input signal. Finally, a VNN Φ(H, Ĉ),
where H collects all parameters hl

k, is a sequence of L

VNN layers. The parameters H are generally optimized to
minimize a task-specific loss L (e.g., negative log-likelihood
for classification tasks, mean squared error for regression
tasks) over a training set (Xtr,ytr), i.e.,

min
H

L(Φ(H, Ĉ),Xtr,ytr). (4)

VNNs are generally applied on the sample covariance
matrix or its sparse/fair variants, which are unreliable if the
observed data contains outliers or missing values, ultimately
leading to worse performance [19]. In this work, we overcome
this limitation via a robust estimate of the covariance matrix
that is task-aware and learned end-to-end.

III. ROBUST COVARIANCE NEURAL NETWORKS

To exploit correlation information in data processing while
gaining robustness to outliers and data corruption, we put forth
Robust VNNs (RVNNs).
Robust covariance matrix structure. Following the model
in (1), we derive that the estimated covariance is

Ĉ = XXT/T = (L+ S)(L+ S)T/T

= (LLT + SLT + LST + SST)/T.
(5)

The term LLT/T is the covariance matrix of the clean data
C̃, thus we get E = C̃− Ĉ = (SLT + LST + SST)/T . The
term SST is the product of two sparse matrices; therefore, it
is also sparse. The terms SLT and LST, instead, have at most
rank equal to the rank of L, and their sum has rank 2·rank(L).
If rank(L) ≪ N , then SLT + LST is low-rank.
RVNN loss. To retrieve the covariance of the clean data C̃
from the observed Ĉ, we aim to estimate two correction
matrices, one low-rank (El) and one sparse (Es), such that
E ≈ Es +El. Thus, we train the RVNN with the objective:

min
H,Es,El

L(Φ(H, Ĉ+Es +El),Xtr,ytr)+ γs∥Es∥1 + γl∥El∥∗
(6)

with L(·) a task-specific loss, ∥E∥1 =
∑N

i,j=1 |[E]ij | as
in [19], ∥ · ∥∗ the nuclear norm and hyperparameters γs, γl.
Stability. Nominal VNNs show relevant advantages in terms
of stability to covariance estimation errors due to finite-sample
size. In our setting, we consider in addition the presence
of outliers or missing values in the observed data, and we
characterize the stability of RVNN to both these sources of
error. In particular, we provide a bound for the spectral norm of
a robust covariance filter operating on the sample covariance Ĉ
and on the true covariance of the clean data C, i.e., the quantity
∥H(Ĉ+Es +El)−H(C)∥, in the following theorem. As a
preliminary, we introduce the notion of a Lipschitz covariance
filter.

Definition 1 Consider a covariance filter H(C) with fre-
quency response h(λ). The filter H(C) is Lipschitz with
constant P if |h(λi) − h(λj)| ≤ P |λi − λj | for every non-
zero eigenvalue pair λi, λj , i ̸= j.

We now provide the result for the robust covariance filter
stability.

1678
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Theorem 1 Consider a data matrix X with outliers and
missing values and let C be the true covariance of the clean
data samples, C̃ be the sample covariance estimated from
T clean samples and Ĉ be the sample covariance estimated
from T perturbed samples (i.e., the observed ones). Consider
also a covariance filter H with fixed parameters H that is
Lipschitz with constant P (cf. Definition 1). The stability of
the covariance filter is bounded with high probability as

∥H(Ĉ+Es+El)−H(C)∥ ≤ P
√
N(1+

√
N)(O(T−1/2)+δ)

(7)
where δ = ∥C̃− Ĉ−Es −El∥ is a measure of the quality of
reconstruction of the clean covariance matrix.

Proof: We begin by adding and subtracting the quantity H(C̃)
in the bound and using the triangle inequality:

∥H(Ĉ+Es +El)−H(C)∥ = (8)

∥H(Ĉ+Es +El)−H(C̃)−H(C) +H(C̃)∥ ≤ (9)

∥H(Ĉ+Es +El)−H(C̃)∥+ ∥H(C)−H(C̃)∥. (10)

The term ∥H(C) − H(C̃)∥ measures the performance dis-
crepancy of RVNN relatively to the errors in estimation of
the covariance matrix due to finite data samples and can be
bounded under Lipschitz assumption with high probability by
using the results in [14, Proposition 2] and in [23, Theorem
5.6.1] as ∥H(C)−H(C̃)∥ ≤ P

√
N(1 +

√
N)O(T−1/2).

The term ∥H(Ĉ + Es + El) − H(C̃)∥, instead, measures
the discrepancy of the filter output due to the outliers in the
sample covariance estimate. Using again [14, Proposition 2],
we get ∥H(Ĉ+Es +El)−H(C̃)∥ ≤ P

√
N(1 +

√
N)δ. ■

We now extend the bound in Theorem 1 to an RVNN.

Theorem 2 Consider an RVNN Φ of L layers with Fl = F for
l = 1, . . . , L and nonlinearities σ(·) such that |σ(a)−σ(b)| ≤
|a − b|. Assume that all the robust covariance filters in the
RVNN are bounded by at most β following Theorem 1. Given
a data sample x with covariance C and ∥x∥ ≤ 1 w.l.o.g., with
high probability it holds that

∥Φ(H,C)−Φ(H, Ĉ+Es +El)∥≤LFL−1β.

Proof: The proof follows from [24, Appendix E]. ■

Theorems 1, 2 show that the stability of RVNNs is affected
by the error on the sample covariance estimation due to finite-
sample size in a way that decreases with the number of
samples as O(T−1/2). This represents an improvement over
RPCA, which is more sensitive to covariance estimation errors
in low-data settings similarly to PCA [6]. Furthermore, the
impact of the outliers results in the term δ in the bound,
which measures the quality of the covariance reconstruction
of RVNN. From [19, Theorem 1.1], it follows that the model
Ĉ + Es + El can reconstruct the clean sample covariance
C̃ perfectly under the assumption that L in (1) is low-rank
and not sparse and S is sparse and not low-rank by solving
a reconstruction problem under the sparsity and low-rank
regularization in (6). While this intuitively suggests that RVNN

can achieve good covariance reconstruction, (6) also includes
a task-aware term that might either allow for covariance recon-
struction even if the assumptions of [19, Theorem 1.1] do not
hold, or decrease the quality of the covariance reconstruction
if it is in contrast with the task-aware loss. Nevertheless, this
improves the nominal VNN, which does not consider the
presence of outliers or missing values in the data, resulting
in potentially unstable behaviors.

IV. EXPERIMENTS

A. Synthetic data

We begin by evaluating RVNN on simulated data. Following
the RPCA model, we generate a low-rank data matrix X with
T = 200, N = 10 and rank R = 3 and create regression
targets for each observation as y = wTX, where w ∈ RN

is a randomly generated vector of coefficients. We divide the
datasets into train/validation/test splits of size 80%/10%/10%.
We introduce missing values by setting a percentage p of the
entries of the data matrix X to zero.

Stability. First, we analyze the stability of RVNN discussed in
Theorem 1. We set the percentage of missing values p = 0.03
and, to generate perturbed covariances due to finite-sample
errors, we first train RVNN and baselines using the sample
covariance from the complete training set, and, during test, we
replace it with a sample covariance computed on a subset of
the training set of varying size. We compare RVNN and a VNN
operating on the data matrix and covariance reconstructed via
RPCA on the regression task. For both models, we use 4
layers of size 32, a 2-layer readout MLP with hidden size 16,
γs = 0.1, γl = 0.1, K = 1, dropout of 0.1, a learning rate of
0.01 with Adam optimizer, a single batch and we train for 2000
epochs (we select these hyperparameters via a search). During
testing, we recompute RPCA for each subset of the training
set. Figure 1 (left) shows that RVNN maintains a consistent
performance when the sample covariance is subject to pertur-
bations due to the finite-sample size, whereas RPCA provides
unstable results and leads to inconsistent performance. This
shows that the stability discussed in Theorem 1 has practical
advantages on a downstream task when the sample covariance
is perturbed due to a small number of samples.

Increasing number of missing values. We further evaluate
RVNN on simulated data with an increasing percentage of
missing values p. We compare RVNN, a VNN on the data
reconstructed via RPCA, a VNN on the clean data (VNN-
C), and a VNN on the perturbed data (VNN-P). For all
models, we use the sample covariance from the complete
training set during test, and we employ the same hyperpa-
rameters mentioned above. We report the average results over
5 repetitions of each experiment with different initializations.
Figure 1 (center) shows that introducing missing values does
not affect VNN performance significantly for p ≤ 0.03, likely
due to the small amount of perturbation introduced, whereas
for larger p it leads to an increase in the MSE for VNN-
P compared to VNN-C. Preprocessing the data matrix and
covariance with RPCA does not help to fill this gap, resulting
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Fig. 2: Classification results on real datasets for increasing percentage of missing samples/outliers p. From left to right, Epilepsy-
missing values, Epilepsy-outliers, Mhealth-missing values, Mhealth-outliers.

in a worse performance for all values of p (even for p ≤ 0.05,
which is its normal operating range [19]). RVNN, instead,
matches the performance of the VNN on the clean data for
p ≤ 0.05 for γs = 0.3 (without El) and even improves
the performance for γs = 0.1, γl = 0.1. This shows the
effectiveness of estimating a task-aware robust covariance
end-to-end, which allows for improvement even on the clean
sample covariance when that is not optimal for the task at
hand. This is confirmed by Figure 1 (right), which shows the
quality of reconstruction of the covariance matrix of clean
data for RPCA and RVNN. RPCA and RVNN with γs = 0.3
(without El) provide similar covariance reconstruction quality,
since larger γs, γl correspond to more focus on the covariance
rather than on the downstream task loss for RVNN. RVNN
with γs = 0.1, γl = 0.1, instead, reconstructs the covariance
very poorly, as its training dynamics are mostly governed by
the task-aware loss, and the learned covariance correction term
in this case does not reflect the original covariance but an even
better matrix for regression performance on the downstream
task. Therefore, the parameters γs, γl allow for a tradeoff
between covariance reconstruction quality and downstream
task performance based on the application needs.

B. Real data

Finally, we assess RVNN on two real datasets. Epilepsy [25]
collects 8000 samples of size 76 from an electrocorticography
time series equally divided before and after an epileptic seizure
event. We preprocess the data following [26] and we perform

a classification task to identify whether a sample is recorded
before or after the seizure event. Mhealth [27] collects record-
ings from wearable devices placed on different body locations
of 10 subjects performing 12 different actions. We follow the
same preprocessing in [14], leading to 5229 samples of 128
observations in each of the body locations, and we perform
a classification task to predict the action performed by the
subject in the recorded sample. To evaluate the robustness of
RVNN, we introduce into both datasets a varying percentage p
of missing values or outlier values ϵ ∼ N (0, 5) in the observed
samples and we compare the same models in Section IV-A.
For all models on Epilepsy, we use 3 layers of size 32, a
2-layer readout MLP with hidden size 16, λ = 1, K = 1,
γs = γl = 0.1, dropout of 0.1, a learning rate of 0.01 with
Adam optimizer, a batch size of 100, and we train for 300
epochs. On Mhealth, instead, we use 2 layers of size 32, a
2-layer readout MLP with hidden size 16, λ = 1, K = 1,
γs = γl = 0.1 no dropout, a learning rate of 0.01 with
Adam optimizer, a batch size of 100, and we train for 200
epochs. We report the average results over 5 repetitions of
each experiment with different initializations. Figure 2 (left)
shows that, on Epilepsy, RVNN performs comparably to the
other baselines for small number of missing values (p ≤ 0.05),
maintaining a close accuracy to the VNN-C, whereas for
p ≥ 0.05, RVNN performs significantly better than RPCA
and VNN-P. With outliers, RVNN improves more significantly
over the baselines even for p ≤ 0.05. This confirms that the
task-aware learning of a robust covariance brings advantages
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in terms of downstream performance compared to RPCA-
based methods, and this extends even to perturbations that
are larger than those that RPCA is designed to correct (i.e.,
p ≥ 0.05). On Realdisp, instead, the effect of missing values
is in general less evident, as the decrease in performance
for VNN-P becomes evident only for p > 0.3. This might
indicate that the information is redundantly spread in the
data features, making the addition of missing values less
impactful. Nevertheless, RVNN outperforms RPCA, VNN-
P and even VNN-C for all values of p. Outliers, instead,
decrease baselines’ performance more strongly, making the
improvement of RVNN more evident (cf. Figure 2 (right)).
This indicates that the covariance correction term learned by
RVNN on this dataset not only compensates for the injected
missing values but also estimates a shift operator that is better
than the clean sample covariance for the task at hand. This
is consistent with the findings in [14], which shows that
on Realdisp the VNN on the sample covariance performs
worse than a VNN on a sparse covariance, highlighting the
suboptimality of the sample covariance for the task. In more
general terms, this experiment demonstrates the flexibility of
RVNN to go beyond the reconstruction of the clean covariance
depending on the application requirements, thanks to the end-
to-end task-aware learning of a robust covariance.

V. CONCLUSION

In this work, we introduced Robust Covariance Neural
Network (RVNN), a graph convolutional neural network that
employs a robust covariance estimate as a shift operator to
account for outliers and missing values. RVNN learns a robust
covariance end-to-end by optimizing a loss on a downstream
task jointly with a covariance correction term, which leads to
task-aware covariance estimation and, ultimately, better perfor-
mance compared to alternatives that separate the covariance
estimation from the task learning. Furthermore, RVNNs are
stable to finite-sample covariance estimation errors, extending
nominal VNNs to the case of missing values and outliers,
and they empirically provide good regression and classification
results on simulated and real data. Future work will explore
other robust covariance estimators for larger or more structured
data perturbations and will analyze this framework in other
application scenarios such as recommendation systems.
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