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Summary

Rockets are becoming increasingly complex, with multiple stages, clustered engines, and diverse ac-
tuator types. As a result, so do the demands on their control systems. These systems must not only
steer the rocket precisely under nominal conditions but also adapt in the presence of actuator faults.
Therefore, this makes effective and fault-tolerant control allocation of high importance. Control allo-
cation determines how control commands, such as desired forces and torques, are allocated among
actuators. This thesis presents a study of optimization-based control allocation methods for multi-stage
rockets. It proposes three optimization formulations that are flexible and extensible, designed for fault
tolerance and scalability. Specifically, it targets reusable vehicles equipped with thrust vector control
(TVC) systems, aerodynamic fins, and reaction control systems (RCS).

The main objective in the work is the optimal distribution of force and torque commands from the guid-
ance and control system to a set of actuators in both nominal and faulty conditions. The thesis eval-
uates several control allocation formulations, including Quadratic Programming (QP), Second-Order
Cone Programming (SOCP), and Mixed-Integer SOCP (MISOCP) approaches. The models minimize
error between commanded and achieved forces and torques by actuator output, while also minimizing
actuator effort for efficient control.

A key contribution is the ability to integrate fault scenarios and multiple actuators without changing the
structure of the optimization problems. Faults considered are thrust loss, TVC jamming, and loss of
TVC power. These faults are included via constraint tightening, allowing the system to reconfigure the
allocation strategy over the available non-faulty actuators.

The first model this thesis proposes is the Angle-Deflection (AD) formulation, which allocates the control
commands over the deflections of the TVC. Furthermore, a bilinear problem formulation is considered
that models both deflection angles and throttleable thrust of engines. The thesis proposes two convex
problems for this bilinear problem, through a linearized method and a force-based SOCP reformulation.

To validate the proposed formulations, simulations were conducted using realistic control commands
and fault cases. Results demonstrate the effectiveness of the optimization-based strategies in achiev-
ing low demand errors and reallocation strategies in case of faults. Furthermore, computational perfor-
mance was analyzed using embedded solvers like ECOS.

In conclusion, the thesis provides scalable, fault-tolerant optimization frameworks for control allocation
in multi-stage rockets. Contributing to development of efficient and resilient control allocation. Future
work can focus on improving thesemethods by optimal (dynamic) parameter tuning, methods for convex
formulations including discrete actuators, an adaptation for on-board implementation and research in
reallocation solutions for multiple faults.
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1
Introduction

In this section, we provide a comprehensive description of the types of problems this thesis aims to
address. Section 1.1 discusses the motivation for applying optimization techniques to these problems,
while Section 1.2 explains the context and application of the problem. In Section 1.3, the goals of the
thesis are stated followed by a brief overview of the thesis structure in Section 1.4.

1.1. Motivation
A control system gives instructions to a system to regulate its behavior. So, the control commands di-
rect the system to perform specific tasks or maintain desired states. The challenge of allocating these
commands over mechanical devices is known as control allocation: how to assign control efforts to
actuators in a way that meets the desired system behavior while minimizing cost functions such as
energy use, actuator wear or deviation from the previous stage. Control systems have uses in multiple
fields, like aerospace, automotive and marine applications. In modern control systems, the number
of mechanical devices is increasing. This increasing number of devices in the systems causes redun-
dancy, offering greater control authority and fault tolerance. However, it also introduces complexity in
deciding how to distribute control demands efficiently among the available devices. As the complexity
of the allocation schemes worsens as the number of actuators increases, there is an increasing need
for systematic control allocation algorithms [20].
In addition, there is growing interest in control methods that are capable of reconfiguration in the event
of actuator failures, enabling the system to adapt its control strategy without compromising mission
objectives. As a result, there is a strong demand for control allocation algorithms capable of automat-
ically distributing control commands across a large number of actuators, fully leveraging the available
maneuvering authority, even under degraded conditions [4, 21, 28, 31].
Optimization in control allocation is essential for ensuring not only system performance but also opera-
tional efficiency, as it allows consideration of secondary objectives. As control surfaces and actuators
have physical limits and dynamic constraints, an optimization approach to allocation allows systems
to operate safely within bounds while adapting to real-time changes. With the growing interest in au-
tonomous systems and sustainable operation, the role of optimization in control allocation offers a
pathway to smarter, more adaptive control architectures in unfavorable conditions or faults.

1.2. Application of control allocation in multi-stage rockets
The application of the optimization model proposed in this thesis is on multi-stage rockets with clus-
tered rocket engines (CRE). Clustering is when multiple engines are fired at the same time, thereby
distributing the thrust and loads, instead of using a single engine. A multi-stage rocket is a launch
vehicle with multiple stages stacked on top of each other, with every stage containing its own engines
and propellant. When a stage runs out of propellant, it is able to separate so that the remaining rocket
is smaller in size and mass, allowing easier acceleration of the rocket. More specifically it is applied

1



1.2. Application of control allocation in multi-stage rockets 2

on a reusable two-stage-to-orbit (TSTO), where separation of two distinct stages is used in order to
achieve orbital velocity and the first stage recovers back to earth. Illustration of the approach can be
seen in Figure 1.1.
The ascent phase of the reusable launcher is the phase from lift-off to separation, illustrated by num-

Figure 1.1: Stage separation of a recovery mission (Figure 5 of [33]).

bers 1-4 in Figure 1.1. This phase is controlled by adjusting the magnitude and direction of the thrust
vector (TV) generated by the rocket engines [33], determined by the motion control system. As can be
seen by number 6 in Figure 1.1, the engines are also used in the descent phase of the first stage to
control magnitude and direction for a successful touchdown. Therefore, these phases are of particular
interest to efficiently use the engines to create the desired magnitude and direction of forces. This
thesis is therefore focused on these parts of the launch, where a simulation of the ascent phase is used
for implementation.
To determine the direction of the launcher, it is important to consider the three principal rotations of the
vehicle. These rotations occur around the three body-fixed axes and are generally referred to as pitch,
yaw, and roll. An illustration of the rotations is given in Figure 1.2, where each rotation describes a
specific change in orientation:

• Roll refers to rotation about the longitudinal z-axis (front-to-back of the vehicle), causing the
launcher to spin around its own axis.

• Yaw refers to rotation about the vertical y-axis, turning the launcher left or right.

• Pitch refers to rotation about the lateral (side-to-side) x-axis, tilting the nose of the launcher up or
down.

The mechanical devices that generate the mechanical forces and moments on the system are called
effectors, like fins or gimbaled engines. Actuators are the electromechanical devices that control the
magnitude and direction of the forces generated by such effectors by physically driving or moving the
effectors [18]. For instance, in an engine, the engine itself is the effector that produces thrust to control
the vehicle’s motion, whereas a valve acts as the actuator by physically adjusting the flow of propellant.
Therefore, the control commands are sent to the actuator, which in turn adjusts the state of the effectors.
In this thesis, the combination of the effector and actuator is generally referred to solely as the actuator
for simplicity. The decision on how the magnitude and direction commands by the control system are
distributed over the available actuators, is where control allocation comes in place. In the following
sections the available actuators in the TSTO and the system architecture are introduced. Furthermore,
possible faults during the missions will be discussed.
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Figure 1.2: Pitch, Yaw and Roll rotations of a rocket with reference to the center of gravity (Figure of [8]).

1.2.1. Actuators
The multi-stage rocket is considered an over-actuated system because it is a system that has physical
actuator redundancy [21]. Actuator redundancy means that the system has more actuators than the
minimum required to control all of its degrees of freedom (DOFs). Here, DOFs represent the indepen-
dent variables needed to define the system’s state. In this thesis, the vehicle’s motion is described
by 6 DOF, existing of 3 translational and 3 rotational motions in 3D space. Forces on the rocket are
primarily due to thrust from propulsion engines at the base of the rocket and moments by gimbaling
these engines [3]. However, forces and torques can also be created by aerodynamic surfaces and the
reaction control system (RCS). To generate time-varying mechanical forces and moments, the individ-
ual actuators control the magnitude and direction of these effectors. The location of the effectors are
illustrated in Figure 1.3.

Figure 1.3: Illustration of the TVC, RCS and Grid Fins, which can all affect the direction and magnitude of the rocket.

Thrust Vector Control (TVC)
The Thrust Vector Control (TVC) scheme consists of liquid engines that are capable of rotating in two
degrees of freedom (pitch and yaw) about a gimbal, as illustrated in Figure 1.4. An engine produces
output thrust force, and the direction of this force is controlled by deflections. The deflections are cre-
ated by a gimbal rotation mechanism. The gimbal rotation involves pivoting the entire engine and thrust
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chamber, resulting in significant weight and mechanical complexity [3]. Nonetheless, TVC remains the
standard actuation scheme for large rockets due to its effectiveness in controlling vehicle attitude’s.
Therefore, by the high effort and power required, minimizing the deflection of the thrust vector control
(TVC) system is desirable.

Figure 1.4: The motion of the angles along the axes of the nozzle, where δ1 rotates around the x-axis (orange) and δ2 rotates
around the y- axis (blue). The gimbal mechanism is the point around which the nozzle is tilted, represented by the black circle

at the base of the nozzle.

The engines among launcher manufacturers for a launch vehicle are commonly throttleable and re-
ignitable [33]. This means it is capable of varying the amount of thrust created, the magnitude of the
force vector, allowing extra freedom of actuator management. Torque is achieved due to the distance
of the engine from the center of gravity where the force is applied.

Reaction Control System (RCS)
In contrary to the TVC, the Reaction Control Thrusters (RCT), which together form the RCS, are cold
gas thrusters that do not have the ability to rotate around a gimbal. They are located on the sides of the
launchers and have the ability to create force only in one direction. Furthermore, the amount of thrust
is not changeable and the engine is either ON or OFF.

Aerodynamic Surfaces
Aerodynamic surfaces such as fins, rudders, or canards are used to steer the vehicle by exploiting
airflow during atmospheric flight. Especially in the lower stages this can provide control authority with
minimal propellant use. However, as the rocket ascends and atmospheric density decreases, its effect
on control decreases. In this application in reusable launchers, the aerodynamic surfaces can also
provide control authority during descent.

1.2.2. System architecture
To satisfy the specific trajectory and velocity to successfully deploy the payload of the rocket into the
desired orbit, a certain force and torque is decided by the guidance and control system. Control al-
location is the system which then distributes this command over the available actuators as illustrated
in Figure 1.5. Therefore, the input of the control allocation is a command of force (Fcmd) and torque
(Mcmd) and dynamic state variables like the center of mass (CoM), mass estimation and inertia.
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Figure 1.5: Control allocation in the Guidance, Navigation and Control (GNC) architecture. On the left we have the input for
the control allocation, which is received from the GNC system. The control allocation is where the optimization formulation is
implemented, such that the output are commands given to the actuators. The actuators, presented on the right, will then move

to a state so that they create the desired commanded force and torque.

1.2.3. Faults
Various faults can compromise mission success and vehicle integrity in multi-stage launch vehicles. In
the last 25 years about 50% of the faults were propulsion failures. Other issues were actuator failures
or problems during the separation phase [24].
The objective of fault-tolerant control is to have the ability to reconfigure the actuator states in case
of failures to continue satisfying the command using the non-faulty actuators. In this approach, we
consider the following failures:

• Thrust reduction/failure: (Partial or full) loss of thrust acceleration or deviation of an engine or
subset of engines;

• Jamming TVC: Failure in the TVC system by persistent off-nominal angles of deflection or a lock
at a zero deflection for one rotation angle of an engine or a subset of engines;

• Loss of power over TVC: In case of loss of power of the TVC, an engine or subset of engines is
free to move and generally has an uncontrolled deflection at its maximum range in one rotation
direction. The thrust is still considered to be able to be controlled.

1.3. Goals
There tend to be an increasing number of actuators in modern control systems, allowing actuator re-
dundancy. For instance modern launchers tend to use multiple smaller engines in clusters instead of
using a few large engines, to improve thrust-to-weight ratios and as smaller engines are easier to man-
ufacture. This also enables the system to be fault-tolerant and have more flexibility in mission demands.
Therefore, the goal of this thesis is to formulate an optimization problem that can jointly compute the re-
quired actuator commands across multiple actuators. These actuators may differ in their contribution to
the system. Furthermore, it is desired to be able to adapt to modern systems with an increasing amount
of actuators. Hence, the goal is to construct a flexible and extensible optimization formulation to ensure
scalability. The main objective of the formulation is to minimize the error between the actuator output
and the control commands, ensuring that the commands are accurately followed and thereby main-
taining reliable system performance. Furthermore, by the actuator redundancy of the over-actuated
system, the goal is to include secondary objectives like minimizing effort and fuel consumption for a
cost-effective access to space. Minimizing effort can be seen as reducing actuator activity to maintain
stability while avoiding rapid gimbal or thrust movements that might strain the mechanical systems or
cause actuator saturation.
Furthermore, the aim is to enable real-time reallocation of actuator commands in the event of faults,
so that the control allocation algorithm can maintain reliable system performance despite failures. Min-
imizing the algorithm’s computational cost is crucial to ensure it can function effectively in a real-time
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environment.

1.4. Outline
This thesis starts with a review of control allocation strategies and fault-tolerant methods from the liter-
ature in Chapter 2, providing context for the approaches adopted in this work. Chapter 3 of the thesis
focuses on three proposed control allocation formulations, starting with a Angle-Deflection (AD) prob-
lem formulation. After this, a more complex bilinear problem is introduced, introducing non-convexity.
Both a linearized optimization formulation as well as a Second-Order Cone Programming (SOCP) for-
mulation are proposed as convex formulations to handle this problem. The SOCP progresses to a
mixed-integer second-order cone programming (MISOCP) model incorporating the RCS and fins. Fur-
thermore, this chapter includes additional adaptions made to the model like maximum rate change of
decision variables, adaption to faults and a dynamic parameter. Implementation details are discussed
in Chapter 4, including the role of the embedded convex solver. Furthermore, this chapter contains the
results of the use of the formulations, with emphasis on computational efficiency, error minimization and
control effort. Furthermore, the results section presents the effectiveness in case of faults and large-
scaled systems. Finally, the thesis concludes with a discussion of findings, practical considerations,
and directions for future research in Chapter 5.



2
Control Allocation in Literature

Control allocation is an active area of research within the context of over-actuated systems [18]. In
these systems, where the number of actuators exceeds the number of control effect dimensions, multi-
ple actuator configurations can produce the same control effect. This redundancy expands the feasible
set of actuator commands, instead of a single-point solution. Consequently, this expanded feasible set
allows for the inclusion of secondary objectives in the control allocation process, such that the feasible
set of solutions shrinks. As a result, control allocation is of interest in environments where actuator
redundancy is common and there is a focus on improving fault tolerance, energy efficiency, and/or
maneuverability. Hence, there are research applications in aerospace, autonomous vehicles, ships
and underwater vehicles, or any area with a control command and a set of available actuators [32, 19,
14, 20]. All with the coinciding goal to assign control inputs to various actuators in order to achieve a
desired performance or behavior.
The pseudoinverse and weighted pseudoinverse methods [26] are widely used as a traditional solu-
tion when solving the control allocation problem. However, formulating the control allocation problem
as an optimization problem is also common in aerospace applications. The added benefit being that
when sufficient control power exists, it allows for secondary objectives [20]. Furthermore, in contrast
to pseudoinverse methods, optimization-based approaches have the ability to incorporate constraints.
The optimization models give the ability to include saturation limits based on the physical or operational
limitations of an actuator, such as maximum output thrust or deflection angles. Additionally, constraints
can account for rate limits, ensuring that actuator states do not change too rapidly.

2.1. Optimization background
Mathematical optimization is the study of finding the best solution from a set of feasible options, either
by minimizing or maximizing an objective function. Where the objective function is a mathematical
formulation of the goal of the problem, which quantifies the quality or cost of different solutions [1].
An optimization problem typically consists of three main components: the objective function, a set of
decision variables, and a set of constraints that define the feasible region. The constraints, which can
be equalities or inequalities, restrict the values that the decision variables can take, based on physical
limitations or system requirements. The standard form of an optimization problem is

minimize
x

f(x) (2.1)

subject to gi(x) ≤ 0, for i = 1, · · · ,m (2.2)
hj(x) = 0, for j = 1, · · · , p (2.3)

where x ∈ Rn is a vector of decision variables, f(x) is the objective function and gi(x) and hj(x) are
the constraints. Optimization problems can be broadly categorized based on the function types of the
objective function and constraints. For instance, the problem is considered linear if f(x), gi(x), hj(x)
are all linear functions ∀i and ∀j. The problem is defined as convex if f(x), gi(x) are convex ∀i and
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2.1. Optimization background 8

Figure 2.1: A hierarchy of convex optimization problems. (LP: linear program, QP: quadratic program, SOCP second-order
cone program, SDP: semidefinite program, CP: cone program.)

hj(x) are affine functions ∀j. A function f(x) is convex if ∀x1, x2 ∈ Rn and λ ∈ [0, 1], (λx1+(1−λ)x2) ≤
λf(x1)+(1−λ)f(x2) holds. Affine functions satisfy the equality (λx1+(1−λ)x2) = λf(x1)+(1−λ)f(x2)
for ∀x1, x2 ∈ Rn and λ ∈ [0, 1]. Finally, an optimization problem is said to be continuous if the objective
and constraint functions are continuous and the feasible region defined by the constraints is connected
and does not have any gaps. The problem structure of a convex optimization problem guarantees that
any local minimum is also a global minimum. As a result, convex problems benefit from robust algo-
rithmic frameworks and can benefit from strong duality under certain conditions [5].
Building on this foundation, constrained optimization refers specifically to optimization problems that
include constraints on the variables in the form of equalities and inequalities. Computationally effi-
cient solutionmethods include interior-point methods [10], first-order methods [23], sequential quadratic
programming (SQP), and barrier methods. These algorithms have been implemented in widely-used
solvers, making constrained optimization practical across disciplines.
The need for real-time decision-making in embedded systems has led to the emergence of embedded
optimization in control theory, a subfield of constrained optimization where numerical optimization algo-
rithms are applied on embedded platforms for optimal decision making [15]. Because of the application
on embedded platforms, these problems are generally constrained with limited memory and computa-
tional power. This has driven the development of lightweight solvers, implementing algorithms that are
generally optimized for small problem sizes and fast solve times.

2.1.1. Second-Order Cone Programming (SOCP) formulation
The Second-order cone programming problem is a convex problem class that lies between linear or
quadratic prgramming and semidefinite programming, as illustrated in Figure 2.1.

Definition 2.1.1 The standard form of a Second-Order Cone Programming (SOCP) problem is

minimize fTx (2.4)
subject to ||Aix+ bi|| ≤ cTi x+ di, i = 1, · · · , N, (2.5)

where x ∈ Rn is the optimization variable to be determined, and the problem parameters are f ∈
Rn, Ai ∈ R(ni−1)×n, bi ∈ Rni−1, ci ∈ Rn and di ∈ R. The norm is the Euclidean norm and the inequalities
of line 2.5 are known as a second-order cone (SOC) constraints. The SOCP is a convex program [22].

2.1.2. Interior Point method (IPM)
The Interior Point Method is a common and powerful method when solving convex optimization prob-
lems, including Second-Order Cone Programs (SOCP). The method approaches an optimal solution by
traversing the interior of a feasible set, following a path toward the optimal point instead of moving along
the boundary as in active-set or simplex algorithms. Primal-dual interior point methods are particularly
well-suited for conic optimization like SOCPs. Each iteration of the primal-dual IPM involves solving
a system of linear equations derived from the perturbed Karush-Kuhn-Tucker (KKT) conditions. The
self-dual and symmetric properties of the second-order cones enable efficient computation of the sys-
tems. Because the self-duality ensures the primal and dual constraints involve the same cone, allowing
the same mathematical operations and properties to apply on both sides of the problem, leading to a
converging duality gap. Furthermore, symmetry leads to simplified linear systems and well-conditioned
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Newton steps, enabling cheap calculations for the KKT system. Polynomial-time convergence IPMs
have been established with a high accuracy and a robust convergence and are known for handling
large-scale problems [25]. Therefore, IPMs are widely applied in optimization solvers for SOCPs.

2.2. Optimization-based control allocation
Control allocation problems have been formulated as optimization problems in literature before. Specifi-
cally because an optimization problem formulation allows all available degrees of freedom to be utilized
such that secondary objectives can be achieved [20]. These optimization problems have shown to be
able to realistically solve the real-time control allocation in flight-control systems due to fast compu-
tation times [4]. There have been multiple different constrained optimization approaches in literature,
such as direct allocation, error minimization, effort minimization and hierarchical dynamic control. The
direct allocation formulation by Durham [12] optimizes the command satisfaction in a way that if the
commands can not be fully satisfied, it keeps the allocated forces and moments in the same direction
as the initial command. However, as this formulation does not take into account secondary objectives
such as actuator usage cost or smoothness, this formulation is not used in the objectives of the pro-
posed formulations in this thesis.

2.2.1. Error minimization
Another optimization formulation that is familiar in control allocation is a minimization of the error be-
tween the commanded output and the effected output. Let u ∈ U be the actuators such that U is a set
bounded by actuator constraints, like minimum or maximum actuator states. Then the set of achievable
control effects (forces/torques), A, can be defined using the set of attainable actuator values so that

A = { τ ∈ Rm : ∃u ∈ U, Cu = τ},

where C ∈ Rm×p is a matrix describing a linear relationship between the actuator values u and their
output forces and torques. Then the error minimization problem is formulated in equation 2.6, where
the difference between the commanded output τcmd and the output by the actuators from the actuator
set is minimized.

min{||Cu− τcmd|| | u ∈ U} (2.6)

The norm in 2.6 has been set to l1, l2 and l∞ norm in previous research, thereby creating both Lin-
ear Programming (LP) formulations as well as Quadratic Programming (QP) formulations [4, 29, 17].
These minimization problems make sure a feasible solution always exists, even when an unattain-
able command is asked. The LP forms have been solved by the simplex methods as well as interior
point methods [7]. Although the simplex algorithm is a combinatorial approach which finds the optimal
solution in a finite number of iterations, cycling often occurs when the optimization problem includes
symmetric actuators in the control allocation problem [4]. Cycling in the Simplex algorithm is when the
algorithm repeats sequences of the same feasible solutions and thereby failing to get to the optimal
solution [7]. Although anti-cycling procedures exist, another drawback from using the LP is that the
optimal solutions of the LP are always found at a vertex of the feasible set. Meaning that the solution
will most often prefer to use a smaller amount of actuators than available. As this solution is generally
less preferred in applications of actuator allocation in launchers, the proposed methods in this thesis
are built upon a QP formulation of the error minimization. In this case, formulation 2.6 is applied with
the Euclidean norm, adapted to a formulation including the physical and operational constraints in a
launcher. In literature the QP has been efficiently solved using active set methods [16], interior-point
methods [30] and an iterative fixed-point method [6]. Similarly as with the LP formulation, numerical
challenges regarding cycling can arise.

2.2.2. Effort minimization
Other optimization-based formulations in literature are focused on minimizing the effort of the available
actuators. For this formulation we define a most preferred state of actuation which needs least effort
u0 ∈ U. Then the goal is to minimize the difference between the this state and the decision variables
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u ∈ U [4], while the control effects satisfy the commands, such that

min{||u− u0|| | u ∈ U, Cu = τcmd}. (2.7)

So in contrast to the error minimization approach, there is no feasible solution to the problem with an
unattainable command where τcmd /∈ A. Another way of incorporating minimal effort is to include it as a
secondary optimization objective, after obtaining a minimum error solution. This is the approach of lexi-
cographic goal programming (LGP) [11] [2], where conflicting goals are sorted in prioritized sequences
of objectives. That is, one first optimizes the most important cost function, say c1,

min{c1|c1 = ||Cu− τcmd||, u ∈ U}. (2.8)

Then for the optimum c∗1, this becomes a constraint in the second optimization problem,

min{c2|c2 = ||u− u0||, ||Cu− τcmd|| ≤ c∗1, u ∈ U}, (2.9)

Although this prioritizing problem has shown to reduce error [11] using an interior point method (IPM)
solver, solving multiple optimization problems per instance is computatively expensive and thereby less
attractive for real-time control.
Another application of effort minimization is a mixed optimization, combining error and effort minimiza-
tion within the same objective function. To be able to prioritize within the mixed optimization, weighing
parameters (λ1, λ2) can be introduced. Such that the objective becomes

λ1||Cu− τcmd||+ λ2||u− u0||. (2.10)

This combined problem can be solved faster than the lexicographic problem and generally with better
numerical properties [4]. Furthermore, the introduction of weighing parameters allows tuning of the
objectives. This may be preferred in situations where the goals of the mission change between phases,
such that the parametervalues are dependent on time (λi(t)).Therefore, the three formulations in this
thesis include a multi-objective approach, where both effort and error are minimized while maintaining
a solution for an unattainable command.
Also, Pascucci [27] considered control effort in a Second-Order Cone Problem (SOCP). However, his
approach of penalizing control effort focuses on minimizing the different actuator efforts from the av-
erage actuator effort. So, enforcing evenly distributed efforts. Let N be the number of actuators, and
λ1, λ2 weighing parameters, then the objective states

min{λ1||ui −
1

N

N∑
j=1

ui||+ λ2||ui − u0,i||}. (2.11)

This cost function enforces an evenly distributed effort over the actuators. Although this may give a
smoother solution and prevents actuator saturation, it also reduces freedom of non-uniform solutions.
However, non-uniform solutions can be interesting for optimization in control allocation, especially in
cases of reallocation after system failures. Therefore, this thesis proposes an SOCP formulation pe-
nalizing actuator effort without enforcing evenly distributed efforts.

2.2.3. Hierarchical dynamic control
When it is desired that the control commands are allocated over a subset of actuators (primary actua-
tors), such that other actuators will only be used if there is an error between commands and the values
produced by the primary actuators, it is said to have a hierarchy of control effectors [20]. Daisy chaining
is an allocation approach that allocates the commands according to this hierarchy. It is a sequential
control allocation where it first allocates the command over the primary control effectors which are con-
strained by saturation and rate limits, then if there is remaining command it passes to the next actuator
in the chain. Therefore, the method is computationally light and easy to implement in real-time systems
and naturally handles actuator limits. However, when the authority of control effectors are applied on
multiple axes this method is likely to create conflicts. Furthermore, it only works for when a strict hier-
archy is known as a priori and may struggle to re-allocate in case of faults. Instead, this thesis uses
individual effort cost parameters in the multi-objective function. This makes it able to have hierarchical
control only in times when it is needed, by increasing the cost parameters of a subset of actuators.
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2.3. Fault models and types
At present, European launch vehicles rely primarily on a passive fault strategy based on hardware
redundancy. However, active fault detection and isolation (FDI) techniques have been developed [13].
Methods and outcomes for guidance and control recovery strategies in launchers have been developed
in ’Fault Tolerant Control of Clusters of Rocket Engines’ (FTC-CRE) by the European Space Agency
(ESA) and EuroGNC [28, 31]. This thesis proposes optimization formulations of which the structure of
the optimization models do not need to change in case of faults. It uses existing constraints, such that
faults are incorporated as input parameters that tighten these constraints. In case of the SOCP, the
cone constraint is restricted to a line or point along a certain direction, enabling the integration of faults
into the model.



3
Control Allocation formulations

In this chapter, we introduce three novel formulations for modelling control allocation. The control com-
mands that are aimed to be satisfied by the control allocation model are the total force and total torque
of the of the control system of the launcher. How the total force and total torque are formed by the
state of the actuators is explained in Sections 3.1, 3.2 and 3.3. These sections are followed by the first
formulation in Section 3.4, introduced as the angle-deflection (AD) problem. In the angle-deflection
(AD) problem, we consider the situation where the nozzles are capable of deflection. In the other two
models, the thrust created by the nozzles are also considered as throttleable. In the linearized prob-
lem (3.6) this decision on the thrust level is included by introducing the differential thrust as decision
variable and including a linearized function to keep the formulation convex. The Second-Order Cone
Programming (SOCP) problem (3.7) is a formulation which considers the individual forces of the actu-
ators as decision variables. Then the actuation values for the deflection angles and thrust levels sent
to the actuators are the unique solution of a pseudoinverse of the individual force vectors.
We compare the results from the models to results based on Pseudo-Inverse (PI) which is elaborated
on in Appendix A. The PI method is particularly modelled for a 5 engine thruster. However, the pro-
posed optimization formulations are generalized to any size of thruster engines. The comparisions of
the formulations with the Pseudo-Inverse can be found in Chapter 4.

3.1. Force computation
To compute the forces in the three directions of the axes, the information needed is the amount of thrust
created by the engine and the direction of the thrust. The direction of the thrust is caused by the angular
deflections of the engine. As can be seen in Figure 3.1, a rotation created by the deflection of δ1 (red in
Figure 3.1) is applied in the yz-plane. However, it stays the same on the x-axis. So, it can be seen as
a rotation around the x-axis of the nozzle. The δ2 (blue in Figure 3.1) creates a rotation of the nozzle
in the xz-plane about the y-axis. As the z-axis is defined as the longitudinal axis, a rotation around
the z-axis is known as a roll rotation. The rotation created by δ1 is also known as the pitch movement
against the xyz-field, and the respective rotation matrix is defined as

Rpitch =

1 0 0
0 cos(δ1) − sin(δ1)
0 sin(δ1) cos(δ1)

 .

Similarly the rotation created by δ2, the yaw rotation, is captured by the rotation matrix

Ryaw =

cos(δ2) 0 sin(δ2)
0 1 0

sin(δ2) 0 cos(δ2)

 .

Let E ⊂ Z be the number of engines in the TVC, so that i ∈ E is an individual engine of the cluster.
If the deflection angles δ1 and δ2 are known, the contributing force in the x, y and z direction can be

12
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computed using the thrust value (Ti) of the engine. Let Fx,i,Fy,i, Fz,i be the forces in x, y and z-direction
generated by engine i. These forces can be calculated byFx,i

Fy,i

Fz,i

 =

1 0 0
0 cos(δ1,i) − sin(δ1,i)
0 sin(δ1,i) cos(δ1,i)

 ·

cos(δ2,i) 0 sin(δ2,i)
0 1 0

sin(δ2,i) 0 cos(δ2,i)

 ·

 0
0
Ti

 (3.1)

=

 sin(δi,2)
− sin(δi,1) cos(δi,2)
cos(δi,1) cos(δi,2)

 · Ti, ∀i ∈ E. (3.2)

Now as the created forces by the nozzles are projected onto the x,y,z-axes, the total force of the vehicle

Figure 3.1: The motion of the angles along the axes of the nozzle.

can be calculated by the summation by the principle of superposition. Therefore, the total force can be
calculated as Fx

Fy

Fz

 =
∑
i∈E

Fx,i

Fy,i

Fz,i

 , (3.3)

The formulation of the forces is now a non-linear function since it contains trigonometric functions. How-
ever, as the deflection angles δ1, δ2 are expected to be small, we can use the first term of the Taylor
expansion of the sine and cosine function as an approximation. In particular, we take the approxima-
tions cos(δ) ≈ 1, sin(δ) ≈ δ. In case we assume the thrust level to be nominal and constant such that
the forces are computed by

Fx,i

Fy,i

Fz,i

 =

 sin(δi,2)
−sin(δi,1)cos(δi,2)
cos(δi,1)cos(δi,2)

 · Ti (3.4)

by Taylor exp.
≈

 δi,2
−δi,1
1

 · Ti, ∀i ∈ E (3.5)
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3.2. Rotation Matrix
The axes of the nozzle along which the angles of rotation move, as in Figure 3.1, are not always aligned
with the axes of the launcher, as illustrated in Figure 3.2. Therefore, a rotation matrix is introduced so
that the total force is properly calculated by aligning all axes of the actuators with that of the launcher.
Individual engines can have a different rotation axes relative to the axes of the vehicle as can be seen
in Figure 3.2. As the goal is to allow scalability, the rotation matrix is generalized such that individ-
ual rotation matrices Ri ∈ SO(3 ) can be supplied as input, where SO(3 ) is the rotation group of a
3-dimensional space such that R ∈ SO(3 ) =

{
R ∈ R3×3

∣∣ R⊤R = I3, det(R) = 1
}
. Therefore, the gen-

Figure 3.2: Axes of engines relative to the vehicles axes.

eral presentation of the rotation matrix in the optimization problem is as follows,

Ri= rotation matrix of engine ia1,i a2,i a3,i
a4,i a5,i a6,i
a7,i a8,i a9,i

 .

Such that for a rotation of 45 degrees rotation in the xy field as in the top right nozzle of Figure 3.2,
results in the following rotation matrix,

Rz rotation (45◦)
√
2
2

√
2
2 0

−
√
2
2

√
2
2 0

0 0 1

.
Then the force computation of an individual engine thrust level times the rotation, times the vector
function of of the deflection of the engine:

Fx,i

Fy,i

Fz,i

 = Ti ·

Ri= rotation matrix of engine ia1,i a2,i a3,i
a4,i a5,i a6,i
a7,i a8,i a9,i

 ·

 sin(δi,2)
−sin(δi,1)cos(δi,2)
cos(δi,1)cos(δi,2)

 (3.6)
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≈ Ti ·Ri ·

 δi,2
−δi,1
1

 , ∀i ∈ E, (3.7)

by the Taylor approximation as in 3.1.

3.3. Torque computation
The torque created by the actuators can be seen as a twist around an axis. This twist is created by
force applied to a place on the object distanced from the center of mass. Therefore, the location of
the actuators on the vehicle with reference to the center of mass is needed for the computation of the
applied torque. We define rx,i the location of actuator i on the x-axis and ryi, rzi on the y− and z−axis
respectively. Then the torque produced by each engine is computed using the body-axis engine forces
as in Equation 3.7 and its location on the rocket,Mx,i

My,i

Mz,i

 =

 0 −rz,i ry,i
rz,i 0 −rx,i
−ry,i rx,i 0

 ·

Fx,i

Fy,i

Fz,i

 =

ry,iFz,i − rz,iFy,i

rz,iFx,i − rx,iFz,i

rx,iFy,i − ry,iFx,i

 (3.8)

Later the location matrix

 0 −rz,i ry,i
rz,i 0 −rx,i
−ry,i rx,i 0

 is referred to as ri ∈ R3×3 for simplicity.

The total output torque of the system including all actuators is defined byMx

My

Mz

 =
∑
i∈E

Mx,i

My,i

Mz,i

 (3.9)

by the superposition principle.

3.4. Angle-Deflection problem
The Angle-Deflection (AD) problem takes the freedom of changing the angles of the Thrust Vector Con-
trol (TVC, 1.2.1) to satisfy commanded torque and force. However, the thrust created by the individual
engines is considered constant. Therefore, the thrust value of the engines are considered nominal.
Nominal thrust is the most efficient thrust level, energy to force-wise, and is therefore the most de-
sired thrust for an engine. The main objective is to control the direction and magnitude of the rocket
by satisfying torque and force. However, to provide a solution although a command is unattainable,
the formulation is based on the Error minimization approach as in Section 2.2.1, instead of using strict
constraints. Furthermore, this formulation allows the introduction of weight parameters such that objec-
tives in the cost function are adjustable over time. As all actuators are homogeneous, only considering
the TVC, there is no hierarchy in actuators.
So let M cmd

x ∈ R,M cmd
y ∈ R be the commanded torque around the x and y-axis. As it is desired to

have no roll around the z−axis, M cmd
z is set to 0. Furthermore, it is favored not to have any lateral

forces, so we set F cmd
x = F cmd

y = 0, while for F cmd
z ∈ R there is a specific command to reach orbit.

Then the error minimization approach has, as objective function,

min λ1
t

∥∥∥∥∥∥
M cmd

x −Mx

M cmd
y −My

0−Mz

∥∥∥∥∥∥
2

+ λ2
t

∥∥∥∥∥∥
0− Fx

0− Fy

F cmd
z − Fz

∥∥∥∥∥∥
2

, (3.10)

forMx,My,Mz the output torque in the three directions and Fx, Fy, Fz the output force. Where λ1
t and

λ2
t are tunable time-dependent parameters. These parameters are used to be able to change the con-
tribution of the differences from the command to the objective, thereby giving freedom to prioritize one
command over another.

3.4.1. Angle-Deflection (AD) problem formulation
The following input parameters and decision variables are included in the AD formulation.
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Input
Let

E ⊂ Z = set of available engines in the TVC
Tnom,i ∈ R+ = the nominal thrust of engine i (in N )
M cmd ∈ R3 = a vector of torque commands by the control system in the x, y and z−direction (in Nm)
F cmd ∈ R3 = a vector of force commands by the control system in the x, y and z−direction (in N )
Ri ∈ SO(3 ) = the rotation system of engine i in comparison with the axes of the thruster (cartesian coordinates)

ri ∈ R3 = the location of engine i with reference to the center of mass (in m)

Decision Variables
Let

δ1,i (= deflection angle δ1 for engine i (in radians)) ∈ [−10π
180 , 10π

180 ]

δ2,i (= deflection angle δ2 for engine i (in radians)) ∈ [−10π
180 , 10π

180 ]

Auxiliary Variables
Fx,i = output force along the x-axis by engine i
Fy,i = output force along the y-axis by engine i
Fz,i = longitudinal output force along the z-axis by engine i
Fx = resultant force by all engines along the x-axis
Fy = resultant force by all engines along the y-axis
Fz = resultant longitudinal force by all engines along the z-axis
Mx,i = output torque around the x-axis by engine i
My,i = output torque around the y-axis by engine i
Mz,i = output roll torque around the z-axis by engine i
Mx = total torque by all engines along the x-axis
My = total torque by all engines along the y-axis
Mz = total roll torque by all engines along the z-axis

Objective

min λ1
t

∥∥∥∥∥∥
M cmd

x −Mx

M cmd
y −My

0−Mz

∥∥∥∥∥∥
2

+ λ2
t

∥∥∥∥∥∥
0− Fx

0− Fy

F cmd
z − Fz

∥∥∥∥∥∥
2
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Constraints
s.t. Fx,i

Fy,i

Fz,i

 = Ti ·Ri ·

 δ2,i
−δ1,i
1

 , ∀i ∈ E, (3.11)

Mx,i

My,i

Mz,i

 = ri ·

Fx,i

Fy,i

Fz,i

 , ∀i ∈ E, (3.12)

Fx

Fy

Fz

 =
∑
i∈E

Fx,i

Fy,i

Fz,i

 (3.13)

Mx

My

Mz

 =
∑
i∈E

Mx,i

My,i

Mz,i

 (3.14)

3.4.2. Maximum angle constraints (QP)
As the nozzles have the ability to deflect to a maximum degree of 10 degrees, constraints have to be
incorporated in the optimization problem such that the solutions are feasible regarding these physical
constraints. Furthermore, in the launcher system to which the formulation is applied, the middle engine
(engine 1) is not deflectable. Therefore, as constraint, these are set to 0 deflection.
As the the maximum angular deflection is 10 degrees of the TVC in the system to which the formulation
is applied, the constraints are as follows

δ1,1 = 0 (3.15)
δ2,1 = 0 (3.16)

− 10
π

180
≤ δj,i ≤ 10

π

180
, for j ∈ {1, 2} and i ∈ E\1 (3.17)

3.4.3. Maximum angle constraint (SOCP)

Figure 3.3: The circle or attainable values of Fx,i, Fy,i, bounded by the radius formed by the computation of output thrust and
maximum deflection.

The deflection of the nozzle as pictured in Figure 3.1 is created by a pushing arm. Therefore, the
maximum angle of deflection is the same in every direction of angulation, which is 10 degrees of rotation.
Hence, in cases where the maximum deflection in both directions of the nozzles are equal, we can
create a constraint on the maximum angulation by constructing a circle of attainable deflections by
using the formula of lateral forces in case of deflections. This is illustrated in Figure 3.3. It can be seen
that the norm of the forces acting on the x and y-axis are smaller than the boundary of the force and
maximum possible angle. This circle that is created by using the maximum angle can be seen as the
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attainable set of forces created by a feasible set of angles.√
|Fx,i|2 + |Fy,i|2 ≤ Ti,nom · tan(10π

180
) (3.18)

Including this constraint in the optimization problem instead of the original linear constraint of the maxi-
mum angle creates a second order cone constraint. Thereby making it a Second-Order Cone Problem
(SOCP).

3.4.4. Deflection penalization
Deflection of the nozzles has a negative effect on the wear and tear of the actuator, as it consists of an
electromechanical device that converts electrical energy into mechanical motion to displace the noz-
zle. Furthermore, any deflection of the nozzle results in a lateral force that does not contribute to the
longitudinal motion of the rocket. These are necessary to steer the rocket and counteract on external
disturbances. However, they must be minimized as a secondary objective given that mutual cancel-
lation of thrusters often result in energy losses. So for a sustainable and cost-effective launch, the
secondary objective is to minimize the deflections made. This can be included in the objective function
by taking the norm of all deflections of all nozzles in both directions, such that the objective function
becomes

min λ1
t

∥∥∥∥∥∥
M cmd

x −Mx

M cmd
y −My

0−Mz

∥∥∥∥∥∥
2

+ λ2
t

∥∥∥∥∥∥
0− Fx

0− Fy

F cmd
z − Fz

∥∥∥∥∥∥
2

+ λ3
t

∥∥∥∥∥∥∥∥∥∥∥

δ1,1
δ2,1
...

δ1,i
δ2,i

∥∥∥∥∥∥∥∥∥∥∥
2

, for i ∈ E

3.4.5. Normalization
When incorporating the deflections into the objective function, the different individual costs contribute to
the full objective in different units. Therefore, the individual costs must be normalized, so the individual
costs contribute proportionally allowing a balanced aggregated objective function despite the different
units and scales. Therefore, the individual costs are divided by its maximum states.
For the torque, the normalization term is defined by the commanded torque ||M cmd||. To make sure
the problem still works if there is no commanded torque such that ||M cmd|| = 0, a relatively small ϵ is
added to the denominator of the fraction. The normalization of the lateral forces is defined by the lateral

forces that exist when there is a maximum deflection,
∥∥∥∥∑i∈E Fx,i(Ti,nom, δmax

1,i , δmax
2,i )∑

i∈E Fy,i(Ti,nom, δmax
1,i , δmax

2,i )

∥∥∥∥
2

, such that this

number is small. The longitudinal force is penalized by the nominal state ||Tnom||2, where deflections

are normalized by the maximum deflections,

∥∥∥∥∥∥∥∥∥∥∥

δmax
1,1

δmax
2,1
...

δmax
1,i

δmax
2,i

∥∥∥∥∥∥∥∥∥∥∥
2

, for a balanced contribution to the full objective

function. Furthermore, the penalization parameters λ1
t , λ

2
t , λ

3
t can be utilized to tune the contribution of

the costs to the total objective function.
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3.5. Bilinear Problem definition
In the AD problem, the only actuation variables considered are the deflection angles of the engines
of the TVC. However, generally the engines in a multi-stage rocket are throttleable, meaning it has
the ability to vary the amount of thrust. Besides influencing the upward force, a varied thrust between
individual engines can also create a torque when the change is non-symmetric with reference to the
center of mass. This varied differential thrust between engines can be interesting when there is a
higher command of torque. Therefore, it is of interest to take into account the difference of thrust from
the nominal state as a decision variable in the optimization model as well. Including the new variable
differential thrust, noted as ∆Ti ∈ R (in N), the force of an individual engine i is computed asFx,i

Fy,i

Fz,i

 = Ti ·Ri ·

 sin(δ2,i)
−sin(δ1,i)cos(δ2,i)
cos(δ1,i)cos(δ2,i)

 ,where Ti = Tnom,i +∆Ti, (3.19)

where Ri is the rotation matrix, Tnom,i the nominal trust and Ti the output thrust of engine i. δ1,i and
δ2,i are the deflection angles as in previous formulation.
By the multiplication of the thrust and deflections, this now becomes a bilinear function and thereby
causes non-convexity. To be able to use an existing on-board SOCP solver, two methods are proposed
in this thesis to reformulate the non-convex problem to a convex formulation. The first suggestion is
quite straightforward, where the bilinear function is linearized around the nominal state of the engines.
Furthermore, another optimization approach is suggested, which uses the individual engine forces as
decision variables instead of the previously defined decision variables of thrust and deflection angles.
Then using the optimal individual engine forces from the optimization problem, the optimal ∆Ti and
δi,1, δi,2 can be calculated with an inverse function. This inverse of the individual engine forces have
a unique solution for the thrust and deflections. In this way the solution of torque is not needed to
be approximated, enforcing accuracy and feasibility. However, solving SOCPs are generally slower
than QPs, making it possibly less attractive for real-time applications like is desired in control allocation.
These methods will be further explained and formulated in the following sections.

3.6. Linearized method
In case of the linearized method we consider the same optimization problem as the AD version. How-
ever, now we assume the thrust of individual engines to be able to throttle between 30% and 110%
of its nominal thrust. Then, if function 3.19 (noted as f for simplicity) is linearized around the nominal
state, which is considered as having Tnom thrust output and no deflections (s.t. cos(0) = 1, sin(0) = 0),a
linear equation can be derived

Fx,i

Fy,i

Fz,i

 = f(Tnom +∆T, δ2,i, δ1,i) (3.20)

by Taylor exp.
≈ f(Tnom, 0, 0) +

df(Tnom, 0, 0)

dTi
(∆T ) +

df(Tnom, 0, 0)

dδi,1
(δi,1) +

df(Tnom, 0, 0)

dδi,2
(δi,2)

(3.21)

= Tnom ·Ri ·

00
1

+∆T ·Ri ·

00
1

+ Tnom ·Ri ·

 0
−δ1,i
0

+ Tnom ·Ri ·

δ2,i0
1

 (3.22)

= Tnom ·Ri ·

 δ2,i
−δ1,i
1

+∆Ti ·Ri ·

00
1

 (3.23)

such that this can be used as linear constraint for the computation of forces in the optimization problem.
To validate the approximation of the linearized model, we study error difference of the linearized forces
compared to the nonlinear forces for all physically available deflection rates. We visualize this in Figure
3.4 for a change of thrust from -100% and 100% of nominal thrust. In the figure possible values for
the deflection angles are on the horizontal axes, and differential thrust is presented by ∆T

Tnom
on the
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Figure 3.4: For F ∈ R3 calculated by the non-linear function (3.19) for the δ1, δ2,
∆T

Tnom
on the axis and Flinear ∈ R3 (3.6) a

linearized function for the same variables, this figure shows the error by ||F−Flinear ||
||F || up to 10% of the non-linear computed

vector F .

longitudinal axis. The error is shown by the different colours, up to 10% error. So let F be the solution
vector of the non-linear computation of equation 3.19 and Flinear the solution vector computed by
equation 3.23. Then the error is computed as ||F−Flinear||

||F || for the variables on the axes. So the error is
the difference in computed force, divided by the actual force computed by the non-linear function. From
the figure it can be seen that the error is generally smaller for small deflections and differential thrust.
For any state of deflection angle, a force approximation is expected to be within the 10% error if ∆T is
between a negative 25% of thrust and a positive 75% of nominal thrust. Therefore, in the optimization
problem, the physical constraints to the differential thrust can be narrowed to stricter constraints by
−∆T ≤ 0.25 · Tnom for the model to predict the forces with a more accurate solution. The upper bound
of ∆T , which is 0.1 · Tnom is already within this range. Another way for a more accurate linearized
formulation is to refer to the previous force reading, instead of the input nominal state. In that case
a linearized function is expected to be closer to the actual value, as the next iteration may be close
to the previous and therefore within the 10% error field. However, high differences in torque or force
commands in small timesteps during certain phases or missions can contradict that assumption.

3.6.1. Linearized problem formulation
Including the ∆T as decision variable in the problem formulation, we have the following input and vari-
able definitions:
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Input
Let

E ⊂ Z = set of available engines in the TVC
Tnom,i ∈ R+ = the nominal thrust of engine i (in N )
M cmd ∈ R3 = a vector of torque commands by the control system in the x, y and z−direction (in Nm)
F cmd ∈ R3 = a vector of force commands by the control system in the x, y and z−direction (in N )
Ri ∈ SO(3 ) = the rotation system of engine i in comparison with the axes of the thruster (cartesian coordinates)

ri ∈ R3 = the location of engine i with reference to the center of mass (in m)

Decision Variables
Let

∆Ti (= the change of thrust of engine i from its nominal thrust (in N )) ∈ [−0.7 · Tnom,i, 0.1 · Tnom,i].

δ1,i (= deflection angle δ1 for engine i (in radian)) ∈ [−10π
180 , 10π

180 ].

δ2,i (= deflection angle δ2 for engine i (in radian)) ∈ [−10π
180 , 10π

180 ].

Auxiliary Variables
Fx,i = output force along the x-axis by engine i
Fy,i = output force along the y-axis by engine i
Fz,i = longitudinal output force along the z-axis by engine i
Fx = resultant force by all engines along the x-axis
Fy = resultant force by all engines along the y-axis
Fz = resultant longitudinal force by all engines along the z-axis
Mx,i = output torque around the x-axis by engine i
My,i = output torque around the y-axis by engine i
Mz,i = output roll torque around the z-axis by engine i
Mx = total torque by all engines along the x-axis
My = total torque by all engines along the y-axis
Mz = total roll torque by all engines along the z-axis

Objective

min λ1
t

∥∥∥∥∥∥∥∥
M cmd

x −Mx

M cmd
y −My

0−Mz

∥∥∥∥∥∥∥∥
2∥∥∥M cmd

∥∥∥
2

+ λ2
t

∥∥∥∥∥∥0− Fx

0− Fy

∥∥∥∥∥∥
2∥∥∥∥∥∥F

max
x

Fmax
y

∥∥∥∥∥∥
2

+ λ22
t

∥∥∥N · Tnom − Fz

∥∥∥
2∥∥∥N · Tnom

∥∥∥
2

+ λ3
t

∥∥∥∥∥∥∥∥∥∥∥∥

δ1,1
δ1,2
...

δn,2

∥∥∥∥∥∥∥∥∥∥∥∥
2∥∥∥∥∥∥∥∥∥∥∥∥

δmax
1,1

δmax
1,2
...

δmax
n,2

∥∥∥∥∥∥∥∥∥∥∥∥
2

+ λ4
t

∑
i∈E

||∆Ti||2
||Ti,nom||2 (3.24)
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Constraints Fx,i

Fy,i

Fz,i

 by Taylor exp.
≈ Tnom ·Ri ·

 δ2,i
−δ1,i
1

+∆Ti ·Ri ·

00
1

 , ∀i ∈ E (3.25)

Mx,i

My,i

Mz,i

 =

 0 −rz,i ry,i
rz,i 0 −rx,i
−ry,i rx,i 0

 ·

Fx,i

Fy,i

Fz,i

 , ∀i ∈ E (3.26)

Fx

Fy

Fz

 =
∑
i∈E

Fx,i

Fy,i

Fz,i

 (3.27)

Mx

My

Mz

 =
∑
i∈E

Mx,i

My,i

Mz,i

 (3.28)

−10
π

180
≤ δj,i ≤ 10

π

180
, for j ∈ {1, 2} and i ∈ E (3.29)

∆Ti ≤ 0.1 · Tnom,i for i ∈ E (3.30)
−∆Ti ≤ 0.7 · Tnom,i for i ∈ E (3.31)

Where 3.25 is the linearized constraint derived as equation 3.6. Constraint 3.26, 3.27, 3.28, 3.29 are
as in the AD model. The first term of the objective function (3.6.1) corresponds to the normalized differ-
ence in torque, the second term is the normalized difference in lateral forces and the third term is the
normalized longitudinal force as in the AD model. The fourth term corresponds to the normalized angle
deflections and the last term the normalized differential thrust. The maximum amount of differential
thrust is defined by constraint 3.30 as the throttleable engines can go up to 110% of its nominal state.
The lowerbound of the engine is defined by 3.31 as 30% of the nominal thrust is the minimum required
thrust if the engine is on. However, constraint 3.31 can be replaced by

−∆Ti ≤ 0.25 · Tnom,i for i ∈ E (3.32)

to assure a maximum of 10% error in the force computation with the non-linear value as shown in Figure
3.4.
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3.7. SOCP - A Force approach
Another approach is not to decide on the∆T, δ1, δ2 as decision variables, but to optimize the distribution
of needed forces and torque over the individual output forces of actuators. Then using an inverse
function, this distribution of force can be distributed per actuator over either deflection or thrust. The
thrust and deflection angles will be the unique solution to the inverse.
However, we need to make sure that the objective of fulfilling the right torque command as well as
secondary objectives like minimizing deflection and thrust effort are still targeted. We are still able to do
this by translating these targets into different formulations. For instance, minimizing deflections can be
seen as minimizing lateral forces, as these lateral forces can only be created by deflections. Therefore,
we can penalize |Fx,i|2 + |Fy,i|2 for every individual engines to target actuator effort by deflection.
Furthermore, the constraints on themaximum thrust per engine can still be incorporated by constraining
the norm of the force vector. This creates a feasible set as an interior of a cone, where the radius is
defined by the maximum angle and thrust value. However the minimum thrust constraint would make
the problem non-convex, as it defines the exterior of the cone. Therefore, for the sake of convexity, this
can be translated into a lowerbound of the longitudinal force Fz, assuming the lateral forces are small
in proportion to the longitudinal force. However, for a more accurate approximation, we can also use
the linearized technique as introduced in previous problem. Then an approximation of the norm of the
force vector is computed, for each engine i, as

||F ||i,approx ≈ ||F0||+
1

||F0||
FT
0 (F − F0) =

FT
0 F

||F0||
,

where F0 =

 0
0

Tnom

. So it is linearized around the nominal state similarly to the previous formulation.
However, this vector F0 can also be adapted to the previous force vector solution for further refinement.

3.7.1. SOCP Problem formulation
Input
Let

E ⊂ Z = set of available engines in the TVC
Tnom,i ∈ R+ = the nominal thrust of engine i (inN )
M cmd ∈ R3 = a vector of torque commands by the control system in the x, y and z−direction (in Nm)
F cmd ∈ R3 = a vector of force commands by the control system in the x, y and z−direction (in N )
Ri ∈ SO(3 ) = the rotation system of engine i in comparison with the axes of the thruster (cartesian coordinates)

ri ∈ R3 = the location of engine i with reference to the center of mass (in m)

Decision Variables
Fv,i ∈ R, ∀i ∈ E, ∀v ∈ {x, y, z}

Auxiliary Variables
||F ||i,approx = an approximation of the total force magnitude (in N ).

Objective

min λ1
t

∥∥∥∥∥∥
∑

i∈E [ri · Fi]x −Mx,cmd∑
i∈E [ri · Fi]y −My,cmd∑
i∈E [ri · Fi]z −Mz,cmd

∥∥∥∥∥∥
2

+ λ2
t

∥∥∥∥∑i∈E Fx,i − Fx,cmd∑
i∈E Fy,i − Fy,cmd

∥∥∥∥
2

+ λ22
t

∥∥∑
i∈E Fz,i − Fz,cmd

∥∥
2

+ λ3
t

∑
i∈E

∥∥∥∥Fx,i

Fy,i

∥∥∥∥
2

+ λ4
t

∑
i∈E(||F ||i,approx − Tnom,i)

2,

where Mz,cmd and Fx,cmd, Fy,cmd is set to 0 in our application to avoid roll torque and lateral forces,
respectively.
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Normalized Objective

min λ1
t

∥∥∥∥∥∥∥∥
∑

i∈E [ri · Fi]x −Mx,cmd∑
i∈E [ri · Fi]y −My,cmd∑
i∈E [ri · Fi]z −Mz,cmd

∥∥∥∥∥∥∥∥
2∥∥∥M cmd + ϵ

∥∥∥
2

+λ2
t

∥∥∥∥∥∥
∑

i∈E Fx,i∑
i∈E Fy,i

∥∥∥∥∥∥
2∥∥∥∥∥∥

∑
i∈E Fmax

x,i∑
i∈E Fmax

y,i

∥∥∥∥∥∥
2

+λ22
t

∥∥∥∑i∈E Fz,i − Fz,cmd

∥∥∥
2∥∥∥Fz,cmd

∥∥∥
2

+λ3
t

∑
i∈E

∥∥∥∥∥∥Fx,i

Fy,i

∥∥∥∥∥∥
2

|E|·

∥∥∥∥∥∥F
max
x,i

Fmax
y,i

∥∥∥∥∥∥
2

+

λ4
t

∑
i∈E(||F ||i,approx−Tnom,i)

2

|E|·Tnom
,

The tunable parameters (λt) can adjust the priority of the following objectives:

λ1
t = cost on the error between commanded and created torque over time (t)

λ2
t = cost on the total lateral force in the x and y direction from the commanded lateral force over time (t)

λ22
t = cost on the difference between the needed and total output force in upward (z) direction over time (t)
λ3
t = cost on individual lateral forces, so indirectly the deflection of every individual engine over time (t)

λ4
t = cost on the differential thrust over time (t)

Constraints √
|Fx,i|2 + |Fy,i|2 ≤ Fz,i · tan(

10π

180
), ∀i ∈ E (3.33)

||Fi|| ≤ Tmax, ∀i ∈ E (3.34)
Tmin ≤ ||F ||i,approx, ∀i ∈ E (3.35)

Where constraint 3.33 makes sure the deflections do not go beyond saturation limits, by creating an
attainable conic set as illustrated in Figure 3.5. The lateral forces Fx,i, Fy,i reflect the deflections, as
these forces by the TVC can only be created by deflections. Furthermore, constraint (3.34) makes sure
the magnitude of every engine is bounded by its maximum thrust. As bounding the magnitude by the
minimum thrust would make the problem non-convex, we approximate the magnitude of the individual
engines. This can be done by assuming the Fz value valid for small nozzle deflections. However, the
linearized approximation of ||F ||i,approx can be used for a convex formulation as well, which is used in
constraint (3.35).

Output
The solution of the SOCP optimization problem gives the optimal distribution of individual force vectors
of the different actuators Fv,i, ∀i ∈ E, ∀v ∈ {x, y, z}. However, as presented by the system architecture,
it is desired to deliver deflection and thrust actuator commands as output. Therefore, these values are
calculated by the inverse of the following force functionFx,i

Fy,i

Fz,i

 = (Tnom,i +∆Ti) ·Ri ·

 sin(δ2,i)
−sin(δ1,i)cos(δ2,i)
cos(δ1,i)cos(δ2,i)

 , ∀i ∈ E,

such that (∆Ti, δ1,i, δ2,i) = f−1(Fv,i)

∆Ti = the change of Thrust of engine i with reference to the nominal thrust.

δ1,i = deflection angle δ1 for engine i

δ2,i = deflection angle δ2 for engine i
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Figure 3.5: Illustration of attainable conic set of deflections and differential thrust of one engine.
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3.8. Rate constraints
Another constraint that is added to the mentioned optimization problems are the rate constraints. The
actuators have a maximum speed and acceleration in changing the nozzle deflection. Therefore, the
following constraint can be added to the AD and linearized problem to enforce feasibility of the solutions
of the problem

||δprev − δ|| ≤ ∆t · δ̇, (3.36)

where δprev is the deflection solution of the previous timestep in the online optimization problem. δ
is the current decision variable on the deflection angle and ∆t is the differential time between the
timesteps. Then the difference between the deflections of consecutive timesteps is constrained by the
rate change δ̇ in [m/s]. Furthermore, the differential in thrust also has a maximum rate of change. This
rate is dependent on α ∈ [1, 10], a time constant of thruster dynamics, referring to the characteristic
time it takes for the thruster output to respond to the change in input by actuator level. Generally α
takes a value between 1 and 10 rad/s, where 1 means the valve opens more slowly and 10 means the
valve opens more rapidly. A valve that can move more rapidly allows bigger difference in thrust over
the same timespan. Discretized, this becomes ||Ti(k− 1)− Ti(k)|| ≤ α ·∆t · Tnom for timestep ∆t and
k being the current timestep. In our simulation in order to incorporate worse case solutions, α is set to
1.
However, as the deflection angles and differential thrust in the SOCP are not direct decision variables,
we need to rewrite this constraint to include it in the problem. Instead of thrust, in this case we bound
the difference in longitudinal force, such that ||Fz,i(k − 1) − Fz,i|| ≤ α ·∆t · Tnom. However, in further
research this may be done by using the magnitude approximation ||Fi||approx introduced in the SOCP
formulation. To bound the rate of deflection the same approach is used as by Pascucci [27], where
we use the small angle assumption again, so applying the Taylor expansion we get tan(δ) ≈ δ, for the
following approximation

||Fxy,i|| = Fz,i · tan(
δ · π
180

) (3.37)

≈ Fz,i ·
δ · π
180

. (3.38)

Then differentiating the equation, we get

˙||Fxy,i|| = δ̇ · Fz,i + δ · ˙Fz,i, (3.39)

by rearranging, the rate of change is defined by

δ̇ =
˙||Fxy,i|| − δ · ˙Fz,i

Fz,i
(3.40)

which we know is bounded by ˙δmax. We assume that Fz,i > 0, such that we get

Fz,i · ˙δmax ≥ | ˙||Fxy,i|| − δ · ˙Fz,i| (3.41)

Then bounding this by the maximum deflection and triangle inequality we get

˙||Fxy,i||+ |δmax · ˙Fz,i| ≥ | ˙||Fxy,i|| − δ · ˙Fz,i| (3.42)

now for a discrete context ˙||Fxy,i|| can be approximated as ˙||Fxy,i|| ≈
||Fprev

xy,i −Fxy,i||
∆t , such that applying

the bound of the absolute values by Equation 3.42 to Equation 3.41, the discrete deflection rate can be
bounded as follows.

||F prev
xy,i − Fxy,i|| ≤ (Fz,i · ˙δmax − |δmax · ˙Fz,i|) ·∆t, (3.43)

can be added as a constraint to the SOCP formulation for maximum deflection rate.
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3.9. Faults
As described in subsection 1.2.3, there are three types of faults considered: loss of thrust, TVC jam-
ming and loss of power of the TVC. To ensure robustness, it is of great value to be able to use the same
optimization model in case of faults, such that the problem automatically adapts and recovers in this
situation. Instead of using separate models in case of failure, therefore the optimization formulation
must be modelled in a way such that the problem is not changed, but the input parameters in case of
faults can tighten the constraints.

3.9.1. Loss of thrust
For the situation where an engine experiences loss of thrust, let S1 ⊂ E be the faulty engines of this
kind. In case of total loss of thrust, this means Ts1 = 0 for s1 ∈ S1. This means the engine is not able
to create any force. In case the thrust gets stuck at a certain level, for instance at 50% of its nominal
state, Ts1 = 0.5 · Tf,nom.
As previously mentioned, it is desired to implement these bounds within the original problem instead
of creating a new problem with these constraints. This loss of thrust can be implemented in the AD
and linearized formulation as two inequality constraints, where the input parameters are normally the
minimum and maximum thrust, such that

Ti ≤ Ti,max (3.44)
Ti,min ≤ Ti (3.45)

Then in case of fault, the inequalities change to the faulty state such that

Ts ≤ Ts,max + ϵ (3.46)
Ts,min − ϵ ≤ Ts, (3.47)

where Ts,max = Ts,min = Ts1 and ϵ both equally small.
By constraining the ∆T as in constraints 3.31 and 3.32 in the linearized problem, the faults bound the
decision variable in the following way

∆Ts ≤ Ts1 − Ts,nom + ϵ (3.48)
−∆Ts ≤ Ts,nom − Ts1 − ϵ, (3.49)

In case of the SOCP formulation, it is not possible to implement these constraints directly on the thrust
value as this is not a decision variable of the problem. Therefore, the bound is implemented by adjusting
constraints 3.35 and 3.36 to the faulty constraints, such that

||Fs|| ≤ Ts,max (3.50)
Ts,min ≤ ||Fs||approx, (3.51)

where Ts,max = Ts,min = Ts1 .

3.9.2. Jamming TVC
Another possibility is that the nozzle is stuck to a certain deflection, such that δf,1 = 0 or δf,2 = 0 for
zero deflection or δf,1 = b1 or δf,2 = b2 for nozzles stuck at a certain deflection b1, b2 ∈ [−10 π

180 , 10
π

180 ].
As can be seen in the SOCP formulation in section 3.7, there is a cone constraint to bound themaximum
deflections. The general cone constraint in the problem is as follows√

|Fx,i|2 + |Fy,i|2 ≤ Fz,i · tan(
10π

180
), ∀i ∈ E ⇔ ||(I − ddT )Fi|| ≤ dTFi · tan(α

π

180
), ∀i ∈ E, (3.52)

where d =

00
1

 , α = 10 is the maximum angle of the cone and Fi =

Fx,i

Fy,i

Fz,i

 .

Now in case of a stuck deflection at b1 and b2, the d vector changes into the direction of the deflection
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such that d =

 sin(b2
π

180 )
− sin(b1

π
180 ) cos(b2

π
180 )

cos(b1
π

180 )cos(b2
π

180 )

 as in equation 3.2. So if the stuck angles b1 and b2 are given

as input variables, the formulation can create d as a vector of constant values, which then determines
the direction of the cone. As the nozzle is stuck, it is not able to deviate in deflections, therefore the
cone becomes a line into one direction. In such cases, we set α = 0, such that the constraint becomes
a line of different magnitudes in the same direction.

3.9.3. Loss of power of TVC
Another type of failure is the total loss of power of the TVC. By thrust eccentricity and quasi-static
acceleration the fault results in a maximum deflection of the faulty engine. The nozzle is seen as
free in deflection, however, it generally aligns with the external force to a position corresponding to
the maximum deflection. Therefore, as an example we construct inclusion of the fault in the same as
the jamming TVC, but now having one of the deflections stuck at the maximum 10 degrees such that

b1 = 10 π
180 , b2 = 0, implying d =

 sin( 10π180 )
− sin( 10π180 )
cos( 10π180 )

 and α = 0. This could be done for b2 containing the

maximum deflection as well.

3.10. Mixed Integer Second Order Cone Programming (MISOCP) for-
mulation - including the Reaction Control System (RCS) and
Aerodynamic fins

The formulation of Equation (3.52) also allows to incorporate actuators that cannot deflect and are
fixed at a certain rotation, for instance for engines in the RCS. Besides that, the constraint adaptation
technique used for handling loss of thrust in subsection 3.9.1 can also be used in cases when the output
force of an actuator is fixed. For example, for aerodynamic fins, whose output force is dependent of a
function of external factors. Therefore, these constructions show that the formulations are able to adapt
to different actuators. However, the discrete nature of the Reaction Control System requires constraints
that are binary. Combined with existing constraints, this makes the problem Mixed-Integer, which is
further discussed in Appendix C. Because the convex conic solver in the control system cannot handle
mixed-integer problems, implementing this formulation is beyond the scope of this thesis. Nonetheless,
the general approach of the formulation allows incorporation of the actuators without changing the
optimization problem structure.

3.11. Dynamic parameter
Now that the linearized and SOCP formulation include the differential thrust as an actuator freedom, it
also gives the freedom to create torque without deflection. As mentioned, generally the TVC deflections
are preferred over the use of differential thrust. Both for the purpose of minimizing energy consump-
tion and flexibility, as the deflections can generally change faster than the differential thrust. However,
in some cases the opposite can be preferred, using differential thrust instead of deflections. For in-
stance, when there is a long term command of constant torque. As it is desired to keep the freedom
of deflections for smaller differences in commands and to minimize the wear and tear of the nozzles,
a differential torque is preferred over nozzle deflections. Therefore, a dynamic parameter can be intro-
duced, which penalizes the costs of deflections more if it is constantly used over a longer period.
To penalize this behaviour, we want λ3

t to be dependent on the previous deflections δprev{1,2},i. To allow
information of history, without having to save all the previous solutions in the system, the following
recursive algorithm is constructed:

λ3
tj,i = ω · λ3

t−1j,i + δj,i(t− 1) (3.53)

where 0 < ω < 1, such that the influence of the deflection solutions of previous time steps decreases
exponentially with time. Therefore, deflections closer to the current time step have more influence on
the penalization term than time steps further away from the current timestep. A higher ω value provides
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Figure 3.6: The dynamic parameter values |λ3
j,i| over time. The brown line at zero defines the values for Engine 1, which are 0

because this engine is considered non-deflectable in this simulation. As all other engines deflect the same way, the
penalization for the other engines all behave the same. It can be seen that during periods when there is more deflection (20-21)

the parameter increases, while it decreases again when there is less deflection.

a higher influence of previous λ, thereby previous deflections, where lower ω values provides higher
influence of the last deflection position. The preference of ω value can be up to the user, however
for the purpose of penalizing long-term constant deflections, a higher ω is advised. The only values
required to be stored for the computation are the single constant values of λk−1 and the deflection
solutions of previous time step δ{1,2},i(k − 1). As the deflections can be both positive as negative, the
cost penalization is defined by the absolute value, as we do want to keep the sign for computations of
further timesteps k + 1. This is as we do want to penalize constant deflections in the same direction,
while avoiding penalizing deflections with different directions over time. This penalization discourages
persistent deflections. So 

|λ3
1,1|

|λ3
2,1|
...

|λ3
1,|E||

|λ3
2,|E||



T

·


δ1,1(t)
δ2,1(t)

...
δ1,|E|(t)
δ2,|E|(t)

 , (3.54)

where λj,i = λ0 + c(|λtj,i |), such that λ0 is a constant penalization and c(x) a class κ function (i.e., c is
a continuous function that is strictly increasing where c(0) + 0).
Figure 3.6 illustrates the behavior of the dynamic parameter values, showing higher penalization for
larger deflection. However, further research is needed to tune parameter ω so that the penalization
effectively targets long-term, sustained deflections. To evaluate whether this approach successfully
redistributes the commands in cases of long-term constant deflections, it should be applied to simulation
data with long-term torque commands.
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Results

In this chapter, the results of solving the different optimization formulations will be discussed. Section
4.1 first elaborates on the simulation setup and the data used to verify the results. It is followed by an
explanation on the conic solver ECOS in Section 4.2, which is used to solve the optimization formu-
lations. In Section 4.3 the solutions of the different optimization problems are compared regarding to
output error, actuation behavior and runtime. Furthermore, solutions in case of failures and large-scaled
actuator sets are presented in this section.

4.1. Simulation
Our evaluation platform was a system equipped with a quad-core Intel Core i7-10510U processor run-
ning at a base frequency of 1.8GHz with a maximum turbo frequency of 4.9GHz. The system had
16GB of DDR4 RAM clocked at 2666MHz in a single-channel configuration. The code of the optimiza-
tion problems were implemented in Python using ECOS as elaborated in Section 4.2.
To evaluate the solutions of the various models, the simulation of an ascent of a two-stage launcher is
used. A two-stage launcher is a rocket composed of two separate stages, with a separation mechanism
between them as introduced in Section 1.2. This simulation is based on the first stage of the vehicle,
which includes the ascent phase of the full vehicle up to separation.

In Figure 4.1, the overall architecture of the system and available data from the simulation is illustrated.
The Allocation Unit (red), is the unit where the constructed optimization problems can be implemented.
In the simulation, the pseudo-inverse allocation method (PI) (Appendix A) was used to allocate the
commanded force and torque over the available actuators as allocation strategy. This method uses
the same input, commanded force and torque, and output, actuator commands, as the optimization
problems. From the simulation, we can use the following data (of which the placement in the architec-
ture can be seen in Figure 4.1):

• Commanded Force (F⃗ cmd) = this is the force that is commanded by the guidance for the specific
velocity (in N )

• Center of Mass (CoM) = the center of the distribution of mass of the vehicle
• Commanded torque (M⃗ cmd) = the commanded rotational force by the control system so the di-
rection of the vehicle aligns with the trajectory (in Nm)

• Demanded Deflection Angles = the solution of the PI-method for the individual deflection of the
actuators (in radians)

• Demanded Thrust = the solution of the PI-method for the individual thrust of the actuators (in
radians)

• Actual Deflection Angles = actual deflection output from the actuator (which may differ from the
demanded due to actuator errors)

30
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• Actual Angular Acceleration = actual angular acceleration output from the actuator (which may
differ from the demanded due to actuator errors)

• Actual Thrust = actual individual thrust by the engines (which may differ the demanded due to
actuator errors)

• (Output) Forces = the actual force output on the vehicle after actuation (in N )
• (Output) Torque = the actual rotational force output after actuation (in Nm)
• Time = the time in seconds for each timestep

The available information from the simulation can, in addition to using it as parameter input for the
optimization models, be used for comparison with previous solutions of the allocation unit.

Figure 4.1: Guidance, Navigation, Control (GNC) architecture and the available data of the simulation (the text in arrows),
where the allocation unit (red block) is the unit where the control allocation optimization problem can be implemented.

The two-stage launcher considered in the simulation has 5 engines of which the middle engine is not
deflectable. The other 4 engines can deflect and are located on the vehicle as illustrated in Figure 4.2.
This system is used for the testing of the optimization problems for the nominal states as well as the
faults. After which, the optimization problems are also applied to a larger problem illustrated in next
Subsection 4.1.

Figure 4.2: The position of the engines of the two-stage 5 engine rocket.

Scalability
To see if the problem formulation adapts properly to a rocket with more engines, we run the same
optimization problems for a thruster with 27 engines. Due to the lack of simulation data for such a con-
struction, the same torque and force commands are used for the scalability validation as in the previous
simulation. To determine the amount of available thrust per engine, the amount of total possible thrust
of previous simulation is divided over 27 engines instead of 5. Furthermore, the engines are located
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as in Figure 4.3. It can be seen as three different rings around the center of mass, such that there
are 15 engines in the outer ring, 9 in the middle ring and there are 3 engines in the center. Similarly
structured as the SpaceX new Starship with 33 engines [34]. This is a multi-stage rocket with reusable
first stage, the type of application we aim to target in this thesis. Let l1 be the radius length for the first
three engines, l2 the radius of the middle ring and l3 the radius of the outer ring. Let k3 be the engines
in the outer ring, k2 the engines in the middle ring and k1 the center engines. Engine k3,i refers to the
ith engine in the outer ring in counter-clockwise direction, where the (x, y)-coordinates are given by

xk3,i = l3 · cos(
2πi

15
), yk3,i = l3 · sin(

2πi

15
) for k3 ∈ {1, · · · , 15} (4.1)

xk2,i
= l2 · cos(

2πi

9
), yk2,i

= l2 · sin(
2πi

9
) for k2 ∈ {1, · · · , 9} (4.2)

xk1,i
= l1 · cos(

2πi

3
), yk2,i

= l1 · sin(
2πi

3
) for k1 ∈ {1, · · · , 3} (4.3)

Figure 4.3: Thruster with 27 deflectable and throttleable TVC engines.

Torque command
The simulation data contains 40 timesteps per second in the ascent phase of a total of 1546 seconds.
In Figure 4.4, the blue diagram represents the commanded torque over time. The green diagram
represents the output torque after actuator activation by the solutions of the PI-solver. The overlap
indicates that the solutions are generally able to match the commanded torque. After 20 seconds in
the ascent phase, there is a high pitch command to tilt the launcher, such that there is some atypical
high command of the torque compared to the rest of the flight. Therefore, this is an interesting point to
analyze the solutions of the different problems, as in such cases it is useful to use both the freedom in
deflection and differential thrust to fulfill the higher demanded torque.
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Figure 4.4: The commanded torque by the guidance (blue) and the created (output) torque after actuation (green) of
Pseudo-Inverse solution over time.

Force command
As can be seen in Figure 4.5, the commanded force (blue) by the control system is constant over time.
However, the measured force resulting from actuation of the actuators, determined by the Pseudo-
Inverse solution (green), has a non-constant behavior. This is due to the fact that the actual commands
are adjusted to external factors during flight. These adaptations are not included in the optimization
problem as they are estimated by the control system and incorporated into the commands before they
are used as input to the optimization problem. Therefore, the force computation in the optimization
formulations will be based on the constant command. However, this makes it difficult to directly com-
pare the computed forces with the solution of the pseudo-inverse. Therefore force solutions will only
be compared as the error between the force resulting from actuator solutions from the optimization
problems and the command.
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Figure 4.5: The commanded force by the control (blue) and the created (output) force after actuation (green) of
Pseudo-Inverse solution over time.

4.2. Embedded Conic Solver (ECOS)
The optimization problems presented in this study were formulated and solved using CVXPY [9], a
Python-based modeling language for convex optimization. As CVXPY allows to define problems in a
readable, declarative manner and automatically converts them into standard forms suitable for numer-
ical solvers. For solving the convex problems proposed in this thesis, the ECOS (Embedded Conic
Solver) [10] was used. ECOS is an efficient open-source solver designed to handle SOCPs. The
ECOS solver employs an interior-point method, with self-dual embedding. This algorithm iteratively
approaches the optimal point while allowing for the detection of infeasibility and unboundedness. Fur-
thermore, its integration with CVXPY ensures a direct workflow from problem definition to numerical
solution.

4.3. Solutions comparison of optimization formulations
To compare the solutions, there are multiple points of interest. Since the problem is intended to be
solved in real-time, the computational runtime is of high interest. Furthermore, it is essential to eval-
uate the error between the commanded torque and force and the resulting output torque and force
after actuator activation. Another measure of interest is the actuator effort and behavior. The effort an
behavior is analysed by the state of the deflection angles and differential thrust over time.
As the goal is to develop a fault-tolerant control allocation, these error and actuator effort solutions are
also of high interest in scenarios involving actuator failures. To assess scalability, solutions are com-
pared across different numbers of engines.

4.3.1. Error
In Figure 4.6 the output torque and force are presented after decision on the control allocation during
the 21-24 seconds of the ascent phase, together with the commanded force and torque. The solu-
tions to the optimization problems are generally equivalent with respect to the Pseudo-Inverse, which
gives different solutions. This is the consequence of the difference described in the force command
in Figure 4.5. In Figure 4.7 the optimization solutions are compared to the commands, by taking the
difference between the output and command torque or force for the time between 19-24 seconds. The
AD solutions give a larger error difference for Mx and My when there is a high command of torque.
The linearized solution is closer to the command, whereas the error of the SOCP is almost zero. This
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shows that the SOCP is generally better in satisfying the larger rotations of torque commands. The er-
ror of the Fz command is largest for the AD and linearized method, showing that the longitudinal force
is not always satisfied. The longitudinal force is highly important during the launch to reach orbit by the
right trajectory, including stage separation timing. If the longitudinal force is not satisfied, for example
during the peak difference at 20 seconds, this might cause an unstable path causing oscillations or an
off-nominal reentry angle.
The solutions for Fx, the lateral forces, are the same for any method. From these graphs it can be con-
cluded that the error of SOCP is generally smallest, which confirms the assumption that this method
is indeed more accurate as it includes less approximations than the linearized method, but has more
actuator freedom than the AD method.

Figure 4.6: Results of torque and force outputs after actuator activation decided by optimization problems in 21-24 seconds
ascent phase.

Figure 4.7: The difference between commanded torque and force and the output torque and force after actuator activation
decided by the optimization problems in 19-24.



4.3. Solutions comparison of optimization formulations 36

4.3.2. Actuation effort and behavior
We also compare the actuation effort and behavior by looking at the states of the deflection angles and
differential thrust. In Figure 4.8, one can see the actuator commands of the original PI method, which
shows larger deflection angles for a higher torque command. Comparing it with Figure 4.9, the solu-
tions of the PI problem and the AD optimization problem have a similar behavior. This is in line with the
expectations as the AD problem has the same freedom as the PI problem, both not having the ability to
differentiate thrust. Furthermore, the problem has the same linear approximations of the trigonometric
functions such that the calculation of the force and torque are exactly the same. So the AD optimization
problem gives the same expected solutions as the original approach, but is more flexible to extend to
multiple engines, actuators and include faults.

(a) Engine 2. (b) Engine 3.

(c) Engine 4. (d) Engine 5.

Figure 4.8: Angular deflection solutions from simulation (PI method) per engine. The left y-axis shows the angle deflection in
degrees, for angle δ1 in yellow and δ2 in purple. The right y-axis shows differential thrust, which is none as the thrust is static in

the PI method. The torque command is presented by the gray line, without axis. This line is there to illustrate the torque
commands when the engines are deflected.
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(a) Engine 2. (b) Engine 3.

(c) Engine 4. (d) Engine 5.

Figure 4.9: Angular deflection solutions from AD optimization problem using the actuator solutions from the ECOS solver per
engine. The left y-axis shows the angle deflection in degrees, for angle δ1 in pink and δ2 in blue. The right y-axis shows

differential thrust, which is none as the thrust is static in the AD method. The torque command is presented by the gray line,
without axis. This line is there to illustrate the torque commands when the engines are deflected.

In contrast, the linearized problem also has the ability to differentiate in thrust. Figure 4.10 shows that
the differential thrust changes between engines. From Figure 4.2, this difference can be explained by
their position. The time when Engine 2 has a negative differential thrust, the opposite engine, Engine
4, has a positive differential thrust. The same conclusion is obtained from the other mirroring engines,
Engine 3 and 5, although in smaller significance. This solution creates the insight that the freedom
of differential thrust in the optimization problem can indeed contribute to extra torque when a larger
change in direction is needed.
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(a) Engine 2. (b) Engine 3.

(c) Engine 4. (d) Engine 5.

Figure 4.10: Angular deflection solutions from the linearized optimization problem using the actuator solutions from the ECOS
solver per engine. The left y-axis shows the angle deflection in degrees, for angle δ1 in red and δ2 in turquoise. The right y-axis
shows differential thrust, which is presented by the green line. The torque command is presented by the gray line, without axis.

This line is there to illustrate the torque commands when the engines are deflected.

Figure 4.11 shows the solutions of the SOCP, where the decision variables are the individual force
vectors. In this solution the differential thrust is also used to create torque, however the overall pos-
itive differential thrust is larger than the negative. As Engines 3,4,5 all have a higher thrust than the
nominal state of the engines. Hence, the total differential thrust is higher, which is penalized in the ob-
jective function. However, it minimizes the difference between the output and commanded longitudinal
force Fz, as obtained in Figure 4.7. Figure 4.12 show how the differential thrust is distributed among
the different engines in the 5 engine thruster. This distribution shows that the uneven distribution of
differential thrust adds a rotation in the same direction as the deflection angles.
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(a) Engine 2. (b) Engine 3.

(c) Engine 4. (d) Engine 5.

Figure 4.11: Angular deflection solutions from SOCP optimization problem using the actuator solutions from the ECOS solver
per engine. The left y-axis shows the angle deflection in degrees, for angle δ1 in light pink and δ2 in light blue. The right y-axis
shows differential thrust, which presented by the green line. The torque command is presented by the gray line, without axis.

This line is there to illustrate the torque commands when the engines are deflected.
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Figure 4.12: In this illustration the behavior of differential thrust and deflection angle solutions of the SOCP is presented for
different engines in the 5 engine thruster in case of high torque command at 21 seconds during ascent phase. The Blue shows

negative differential thrust in N , where the red shows positive differential thrust in N . The arrows show the direction of
deflection.

4.3.3. Runtime
To compare the computational load of the optimization problems, the average runtime of the different
formulations are illustrated in Figure 4.13. The runtime shows the amount of time needed to solve the
optimization problem for one timestep, which has been done for 100 different timesteps with different
input values. The AD problem generally needs less computation time, followed by the linearized prob-
lem and the SOCP has the largest computational load. It should be noted that solving the optimization
based control allocation generally takes longer on an embedded control system in launchers. This can
be up to 100 times slower, so we can expect each instance of the SOCP formulation to be solved in
1 second. In the simulation, the Pseudo-Inverse allocated commands 40 times per second. However,
future work could explore optimizing the code for embedded implementation with lower computational
load, for instance by precomputed values, code-level optimization or hardware optimization.
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Figure 4.13: Runtime (s) of the optimization problem of one timestep in the control allocation problem for the AD, linearized and
SOCP formulation solved with the ECOS solver. Ran for an instance with 5 engines with computer specifics as in Section 4.1.

4.3.4. Faults
The faults are implemented in the system as described in Section 3.9.

Loss of thrust
To see the reallocation of actuator commands in occurrence of loss of thrust, an example is taken
when an engine can only produce 80% of its nominal thrust. So, Ts1 = 0.8 · Tnom for a faulty engine
s1 ∈ S1 ⊂ E as in Section 3.9.1. In the following example, the recovery methods of the different
methods can be obtained for a 80% thrust level for faulty Engine 5.

Figure 4.14: Difference between command and AD problem output for occurrence of fault at 21.4 seconds. The fault is a Loss
of Thrust case of Engine 5, where it constantly uses only 80% of nominal thrust.

Figure 4.14 shows the difference between the force and torque command and the output force and
torque using the actuator values after solving the AD formulation that includes the faulty engine. If one
of the engines has a loss of 20%, the AD formulation is not capable of lowering the longitudinal error
(Fz difference) because the AD formulation cannot adjust the thrust of the other engines. This error can
lead to instability in trajectory tracking, as the control system tries to correct for the mismatch, which
can cause oscillations or divergence from the desired path. Furthermore, it is inefficient as the path
will deviate from the initially planned optimal trajectory. Lastly, if the longitudinal force error becomes
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too large, the rocket may fail to achieve the necessary velocity or attitude for orbit insertion, leading to
mission failure.

Figure 4.15: Difference between command and linearized problem output for occurrence of fault at 21.4 seconds. The fault is
a loss of thrust case of engine 5, where it constantly uses only 80% of nominal thrust.

In Figure 4.15, where the linearized method is applied, we can see that the longitudinal error (Fz dif-
ference) is quickly decreased. The decrease in longitudinal error follows from the increased thrust of
the non-faulty engines. The differential thrust of engines 1-4 increase from the nominal state, as can
be obtained from Figure B.2 in Appendix B. The same recovery strategy can be seen in Figure 4.16
with corresponding individual actuation solutions in Figure B.3. In conclusion, the SOCP and linearized
formulation are able to rapidly decrease the longitudinal force error in case of loss of thrust of 20%.
Showing efficient reallocation of actuator effort over non-faulty actuators to minimize the error from
control commands and thereby supports satisfaction of mission objectives.

Figure 4.16: Difference between command and SOCP output for occurrence of fault at 21.4 seconds. The fault is a Loss of
Thrust case of Engine 5, where it constantly uses only 80% of nominal thrust.
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Furthermore, it is interesting to see how the optimization formulation recovers if one of the engines is
fully shut. In that case Ts1 = 0. For the solution of the AD formulation (Figure 4.17), the same issue
arises as in the previous loss of thrust, where it is not capable of counteracting on the Fz error.

Figure 4.17: Difference between command and AD formulation output during fault at the dotted black line. The fault is a Loss
of Thrust case of Engine 5 such that the engine is not capable of producing any thrust anymore.

The solution of the linearized formulation for total loss of thrust of Engine 5 (Figure 4.18) shows a
solution where the other engines increase thrust to outbalance lost longitudinal force. However, it is
not capable of full recovery for the loss of thrust, as the other engines are bounded by a maximum
increase of thrust of 10%.

Figure 4.18: Difference between command and linearized formulation output during fault at the dotted black line. The fault is a
Loss of Thrust case of Engine 5 such that the engine is not capable of producing any thrust anymore.

For the SOCP, without adapting the cost parameter values, the thrust of the other engines would con-
verge to a minimum as well. However, as longitudinal force is a highly important factor during the
launch, the parameter value of differential thrust and longitudinal error is increased to move to a solu-
tion where the other actuators counteract on the longitudinal force Fz loss, similarly to the linearized
solution. So for efficient use of the formulations, changing cost parameters in case of faults can be
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considered in further research. In that case, the system must be able to detect a fault to actively tune
the cost parameters. Figure 4.19 shows a similar behavior of the SOCP compared to the linearized for-
mulation. Though, the SOCP seems to constantly provide maximum thrust for the non-faulty engines,
where the linearized does not always move to the maximum. This could be due to the lower accuracy
of the linearized method in off-nominal states as illustrated by the 10% error graph in the formulation
Chapter. In cases of faults, the differential thrust and deflections move outside the 10% accuracy set.

Figure 4.19: Difference between command and SOCP formulation output during fault at the dotted black line. The fault is a
Loss of Thrust case of Engine 5 such that the engine is not capable of producing any thrust anymore.

Jamming TVC
In case of a jamming TVC, the nozzle is stuck to a certain deflection. For instance, a nozzle can be
stuck to 0, so that it is not able to deflect from the nominal state. In that case, δi,1 = δi,2 = 0 for faulty
engine i. This is implemented in the formulations according the models described in Subsection 3.9.2.
In Figure 4.20, Engine 4 is stuck to having no freedom of deflection. The recovery strategy by the
solutions of the optimization formulations is to enlarge the deflections of the other available engines. In
Figure 4.20, this is shown for Engine 2 in the AD formulation, where δ1 and δ2 deflect to a 3◦ and −3◦

angle, in times of high torque command. While in the non-faulty case, these deflections were 2◦ and
−2◦. Engine 3 and Engine 5 take show the same deflection results as Engine 2, however Engine 1 is
non-deflectable. The linearized as well as the SOCP formulations take the same recovery strategy, as
can be seen in the Figures of Appendix B.3. However, the overall minimal error from the commands is
obtained by the SOCP formulation, as it also applies differential thrust to the recovery strategy, as can
be seen in Figure 4.21.
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Figure 4.20: AD formulation output for Engine 2 when Engine 4 is not capable of deflecting. The left y-axis show the deflection
in degrees for δ1 in pink and δ2 in blue. The gray line present the torque command over time.

Figure 4.21: Difference of SOCP output from command for Jamming Engine 4 compared to a non-faulty case.

Loss of power of TVC
As described in Subsection 3.9.3, when there is a loss of power of the TVC, it is assumed to have
maximum deflection into one direction of the nozzle. Therefore, to construct the fault, we set δ1,f =
10 · π

180 and δ2,f = 0 for the faulty engine. In this example, we consider Engine 4 as the faulty engine.
In Figure 4.22, the recovery behavior of the AD formulation can be seen. The graphs of the behavior of
the individual engines can be found in Appendix B.4. As a recovery, the other engines start to deflect
in the opposite direction to minimize the torque error. This also causes the lateral forces to increase.
Therefore, as the thrust value of the AD formulation is static, the longitudinal force error increases
compared to a non-faulty solution as can be seen in Appendix B.4. The recovery by the SOCP however,
is able to use the differential thrust as well. The recovery strategy including the differential thrust can be
found in Figure 4.23. The faulty engine produces less total thrust than the nominal state, such that the
faulty deflection has less impact on the produced torque. The other engines increase thrust to make
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up for the lost longitudinal force, which is a consequence of both the decrease of the faulty engine as
well as the increase of lost force by lateral forces of the heavily deflected non-faulty engines. This can
be seen by the effort behavior in Appendix B.4. Furthermore, the deflections behave the same as the
AD solution. Although the linearized formulation is able to differentiate in thrust as well, the solution
of the problem output a 0 differential thrust state, resulting in the same solution as the AD problem.
This could be a consequence of poor tuning of the λ’s or because of the high error possibilities for far
off-nominal cases.

Figure 4.22: AD recovery method when there is loss of power over Engine 4. The red arrow describes the faulty deflection, the
blue arrows present the recovery deflections.

Figure 4.23: SOCP recovery method when there is loss of power over Engine 4. The red arrow describes the faulty deflection,
the blue arrows present the recovery deflections. The blue engines describe negative differential thrust, where the red describe

positive differential thrust.

4.3.5. Scalability
When applying the SOCP method on a problem with more thrusters, as constructed in Section 4.1, the
solution provides asymmetric differential thrust solutions in case of high torque commands. In Figure
4.24, it is shown how the outer engines produce larger absolute differential thrust compared to inner
engines. This is as expected, as differential thrust further away from the center of mass can add up
more to the commanded torque using less thrust, by the larger radius from the center of mass. That said,
it is also expected that the deflections of the engines differ per engine by position. But the actuation
commands of the SOCP formulation have equivalent deflection values for deflections. However, the
engines need less deflection per engine to satisfy the torque command, namely 1.5◦ and −1.5◦ instead
of the 2◦ and−2◦ solutions for the 5 engine simulation data. To show the behavior, the deflection angles
and differential thrust of Engine 10 is presented in Figure 4.25.
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Figure 4.24: Difference in thrust from nominal state for every engine, where the numbers are in Newton. Engine 10 from
Figure 4.25 is marked red.

Figure 4.25: Behavior of Engine 10 in solution of thruster with 27 engines. The angle deflections are presented by the pink and
blue line to the left y-axis, in degrees. The differential thrust (in N ) is presented by the green line, corresponding to the right

y-axis. The gray line presents the behavior of the commanded torque, without axis.



5
Conclusion

In conclusion, this thesis demonstrates three different actuator allocation optimization approaches. The
angle-deflection (AD) problem is an approach for applications in control systems with actuators capable
of deflection and a static output force. The linearized formulation shows a direct approach of including
differential thrust of actuators while maintaining a convex problem by linear approximations. To avoid
these approximations of control output by the actuator values, a SOCP formulation is proposed. This
formulation tackles the allocation problem by optimizing the force output vector of individual actuators
as decision variables. Then an inverse function allocates this optimal individual force vector over de-
flections and thrusts as actuator commands. It is shown in this thesis that an SOCP can be effectively
constructed, while still providing the ability to penalize individual actuator efforts and satisfying actuator
constraints of the TVC.
Furthermore, the formulations are designed so that in case of faults the optimization problem can recon-
figure the output solutions without changing the structure of the formulation. In this thesis we considered
fault types including loss of thrust, jamming TVC and loss of power. The formulation also gives the abil-
ity to include other actuators such as the RCS and aerodynamic fins, although the discrete nature of
the RCS transforms the problem into a mixed-integer optimization problem. As this is not desired in
the control system relying on convex conic solvers, further research has to be done to investigate re-
laxation techniques or other methods to efficiently solve the problem including these actuators.
To give the freedom of defining priority in satisfying multiple objectives in the control allocation problem,
all proposed optimization objectives are tunable by cost parameters. Furthermore, this thesis proposes
a dynamic weighting parameter to enable reallocation of actuator commands in case of constant long-
term actuation of specific actuators. However, further research has to be done to show effectiveness
of reallocation in the control allocation solutions as result of this dynamic parameter.
The formulations were implemented and solved for control commands during the ascend phase of a
rocket. The AD method is the least computationally demanding, but restricting the decision of actua-
tor control solely to deflections. In times of high torque command, the AD problem did not satisfy the
control commands. The linearized and SOCP formulations have a better ability to satisfy the control
commands in cases of high torque command. As these formulations use differential torque for addi-
tional rotation. However, the SOCP is computatively the most demanding, as expected.
Although the SOCP formulation entails a higher computational cost, it provides better accuracy in fault
handling, with flexibility to adjust performance based on system requirements. The linearized formula-
tion has higher errors for approximations of large off-nominal states and thereby is less accurate when
handling faults. However, further research can be done in a sequential approach by linear approxima-
tions around the previous actuator states instead of the nominal.
Furthermore, the formulations show an effective adaptability to larger scaled problems. Nevertheless,
observed discrepancies in deflection distribution across different engines suggests future research to
optimize tuning strategies.
Suggestions for further work also include an adaptation for on-board implementation in flight software.
Overall, this work proposes applicable optimization approaches in control allocation with potential for
further refinement.
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A
Pseudo-Inverse Allocation

Similarly to the Angle-Deflection (AD) problem, the pseudo-inverse allocation problem (PI) does not
account for the engines’ throttle capability. Instead, the method uses a constant nominal thrust value in
the computation of forces and torques. The nominal level refers to the typical or standard thrust level,
which is not necessarily the maximum. More often it is a thrust level that is the most efficient, meaning
it generates the most thrust per unit of fuel consumed. In the PI method, the trigonometric functions of
the delection angles are linearized according to the Taylor expansion as in the AD problem, such that

δ⃗ =

 δi,2
−δi,1
1

. As there is no freedom in the amount of thrust per engine, the individual force and torque

computation of engine i are computed as F⃗i = Tnom
i ·Ri · δ⃗ and M⃗i = ri × F⃗i.

As the PI method used is specifically structured for a thruster where all the engines are similarly +45

degrees rotated from the axes of the vehicle, the rotation matrix is Ri =

 1
2

√
2 1

2

√
2 0

− 1
2

√
2 1

2

√
2 0

0 0 1

 , ∀i. Fur-

thermore, for simplification of the computation the PI method assumes the engines are all symmetrically
located from the center of mass, as in Figure 4.2. It is assumed Engine 1 is not capable of deflecting
and is therefore excluded from the vector of deflection angles. Therefore, the computation of torque
and force, which is the sum of individual force and torque of the engines, are calculated according to
equation (1). We define

A =

√
2

2


Tnom
2 r1z Tnom

2 r1z Tnom
3 r1z Tnom

3 r1z Tnom
4 r1z Tnom

4 r1z Tnom
5 r1z Tnom

5 r1z
−Tnom

2 r1z Tnom
2 r1z −Tnom

3 r1z Tnom
3 r1z −Tnom

4 r1z Tnom
4 r1z −Tnom

5 r1z Tnom
5 r1z

−Tnom
2 r2x −Tnom

2 r2x −Tnom
3 r3y −Tnom

3 r3y Tnom
4 r2x Tnom

4 r2x −Tnom
5 r3y Tnom

5 r3y
−T2 T2 −T3 T3 −T4 T4 −T5 T5

−T2 −T2 −T3 −T3 −T4 −T4 −T5 −T5

0 0 0 0 0 0 0 0



Ω =



δ2,1
δ2,2
δ3,1
δ3,2
δ4,1
δ4,2
δ5,1
δ5,2


, B =


r3y(T

nom
3 − Tnom

5 )
r2x(T

nom
4 − Tnom

2 )
0
0
0

Tnom
1 + Tnom

2 + Tnom
3 + Tnom

4 + Tnom
5

 , such that
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Mx

My

Mz

Fx

Fy

Fz

 = A · Ω+B. (A.1)

Therefore, for a constant thrust and known commanded torque and force vectors, the angular deflec-
tions can be calculated according to the pseudo-inverse such that the solution of the allocation unit
is

Ω = [A]+




Mx

My

Mz

Fx

Fy

Fz

−B

 ,where [ ]+ is the Moore-Penrose pseudo-inverse. (A.2)



B
Fault recovery graphs

B.1. Loss of thrust - 80% Engine 5
AD formulation

(a) Engine 1. (b) Engine 2. (c) Engine 3.

(d) Engine 4. (e) Engine 5.

Figure B.1: Recovery of the AD problem formulation in case of a 20% loss of thrust of an outer engine (Engine 5)
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B.1. Loss of thrust - 80% Engine 5 55

Linearized formulation

(a) Engine 1. (b) Engine 2. (c) Engine 3.

(d) Engine 4. (e) Engine 5.

Figure B.2: Recovery of the linearized problem formulation in case of a 20% loss of thrust of an outer engine (Engine 5)

SOCP formulation

(a) Engine 1. (b) Engine 2. (c) Engine 3.

(d) Engine 4. (e) Engine 5.

Figure B.3: Recovery of the SOCP formulation in case of a 20% loss of thrust of an outer engine (Engine 5)



B.2. Total Loss of Thrust Engine 5 56

B.2. Total Loss of Thrust Engine 5
AD formulation

(a) Engine 1. (b) Engine 2. (c) Engine 3.

(d) Engine 4. (e) Engine 5.

Figure B.4: Recovery of the AD problem formulation in case of a total loss of thrust of an outer engine (Engine 5)

Linearized formulation

(a) Engine 1. (b) Engine 2. (c) Engine 3.

(d) Engine 4. (e) Engine 5.

Figure B.5: Recovery of the linearized problem formulation in case of a total loss of thrust of an outer engine (Engine 5)



B.3. Jamming TVC Engine 4 57

SOCP formulation

(a) Engine 1. (b) Engine 2. (c) Engine 3.

(d) Engine 4. (e) Engine 5.

Figure B.6: Recovery of the SOCP formulation in case of a total loss of thrust of an outer engine (Engine 5)

B.3. Jamming TVC Engine 4
AD formulation

(a) Engine 1. (b) Engine 2. (c) Engine 3.

(d) Engine 4. (e) Engine 5.

Figure B.7: Recovery of the AD formulation in case of a Jamming TVC such that Engine 4 has no deflection

Figure B.8: Difference of AD output from command for Jamming Engine 4 compared to a non-faulty case.



B.3. Jamming TVC Engine 4 58

Linearized formulation

(a) Engine 1. (b) Engine 2. (c) Engine 3.

(d) Engine 4. (e) Engine 5.

Figure B.9: Recovery of the Linearized formulation in case of a Jamming TVC such that Engine 4 has no deflection

Figure B.10: Difference of Linearized output from command for Jamming Engine 4 compared to a non-faulty case.

SOCP formulation

(a) Engine 1. (b) Engine 2. (c) Engine 3.

(d) Engine 4. (e) Engine 5.

Figure B.11: Recovery of the SOCP formulation in case of a Jamming TVC such that Engine 4 has no deflection



B.4. Loss of Power - maximum deflection Engine 4 59

Figure B.12: Difference of SOCP output from command for Jamming Engine 4 compared to a non-faulty case.

B.4. Loss of Power - maximum deflection Engine 4
AD formulation

(a) Engine 1. (b) Engine 2. (c) Engine 3.

(d) Engine 4. (e) Engine 5.

Figure B.13: Recovery of the AD formulation in case of a loss of power of engine 4.

Figure B.14: Difference of AD output from command for Loss of power of Engine 4 compared to a non-faulty case.
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SOCP formulation

(a) Engine 1. (b) Engine 2. (c) Engine 3.

(d) Engine 4. (e) Engine 5.

Figure B.15: Recovery of the SOCP formulation in case of a loss of power of engine 4.

Figure B.16: Difference of SOCP output from command for Loss of power of Engine 4 compared to a non-faulty case.



C
Mixed Integer Second Order Cone

Programming (MISOCP) formulation -
including the Reaction Control

System (RCS)

As the engines of the RCS are generally not deflectable, we can define the vector of deflections as sin(δi,2)
− sin(δi,1) cos(δi,2)
cos(δi,1) cos(δi,2)

 =

00
1

 , for δi,1 = δi,2 = 0. (C.1)

Then the direction of the thrust is defined by the three dimensional rotation matrix Ri as input matrix.
The magnitude of thrust is either the nominal or none, as the engine is not throttleable, therefore,

Ti =

{
Tnom,i if ON

0 if OFF
(C.2)

Incorporating this as a constraint such thatFx,i

Fy,i

Fz,i

 = Tnom,i · xi ·Ri ·

00
1

 , xi =

{
1 if i ON

0 if i OFF
(C.3)

turns the problem into a Mixed Integer Second-Order Conic Programming (MISOCP) problem. As this
makes the problem non-convex, it increases the complexity significantly and cannot be solved by em-
bedded convex solvers like ECOS. Branch and bound algorithms have been explored for MISOCPs,
however, as the goal is real-time implementation, it is assumed to be computatively too heavy. An-
other approach is relax and round. Here, the MISOCP is relaxed into a continuous solution for thrust,
whereafter the solution values are rounded into integer solutions after solving the relaxed problem. This
approach whereby an optimal solution value for one problem is calculated recursively from the optimal
values of slightly different problems is called Dynamic Programming (DP) [35].
Another approach of obtaining a convex problem while incorporating the RCS is by introducing a time
dependent solution of the thrust by taking the integral of applied thrust over one timestep. Instead of
only having two possible state values, it is then possible to have more attainable values of thrust by
adjusting the amount of time the engine is turned on. Such that, turning the RCS system ON for only a
partial amount of time of the timestep, results in output thrust solutions below the nominal. Thereby, the
thruster firing time becomes a decision variable, t ∈ [0,∆t],where ∆t is one timestep, instead of the
boolean xi ∈ {0, 1}. However, there will still always be a minimum amount of thrust when the engine
is turned on, keeping the problem non-convex.
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